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ARTICLE INFO ABSTRACT

Keywords: The latest literature stance holds that, in a 2D framework, the non-local theory of elasticity, as
Non-local theory developed by Eringen, is fundamentally inconsistent because “it does not satisfy the equations
Rayleigh waves of motion for [the] non-local stresses”. In fact, it is believed that the differential form of

Motion equations
Well-posedness
Compatibility conditions

this theory, that is accessible when the attenuation function is a Green function and that is
well-posed, gives different results from the integral formulation. We show that these ideas are
ill-conceived, provided that we adopt the kernel modification approach, by which the constitutive
boundary conditions (CBCs) embedded in the integral formulation are reconciled with the
natural boundary conditions of the problem at hand. Indeed, this kernel modification strategy,
which was first introduced by the authors for 1D non-local models, is necessary to avoid that
the problem becomes over-constrained through (possibly conflicting) natural and constitutive
boundary conditions, and consequently ill-posed. Once the problem is made well-posed, we
show that (1) failure to satisfy the equations of motion is not only expected, but it is in fact
necessary, (2) for the example case of surface waves propagating in a stress-free half-plane, the
integral and the differential formulations coincide, (3) for a force problem, the non-local theory
is generally indeterminate because it lacks compatibility: consequently, for a unique solution,
an extra boundary condition is needed, and (4) multiple Rayleigh wave branches appear as a
consequence of non-locality.

1. Introduction

One of the most noteworthy defect of the classical theory of elasticity is its lack of an internal length-scale that incorporates
the experimental finding that matter is fundamentally granular, which fact plays a very important role for extremely localized
stress/deformation fields. The infinite stress field that appears at the tip of a crack is often taken as a case in point of this deficiency.
This theory prediction possesses strong technical implications, for it prevents the use of a maximum stress criterion to guide crack
propagation. Instead, an energy criterion must be reverted to, through the concept of stress intensity factor (SIF). The need to
overcome this limitation is also especially felt when dealing with nano-structures, whose physical dimensions are comparable
with that of the underlying micro-structure (Karlicic et al., 2015), which fact is known to produce significant deviations from
the predictions obtained at large scales. The theory of non-local elasticity, often credited to Eringen and Edelen (1972) but really
originated by Kroner (1967), has attracted considerable attention in the literature, precisely to address such issues. For the largest
part, this theory has been adopted to study 1D micro- and nano-devices, in view of their great practical importance (Benvenuti &
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Simone, 2013; Mikhasev & Nobili, 2020; Peddieson et al., 2003; Radi et al., 2021; Wang & Liew, 2007). For numerical methods within
non-local elasticity in connection to layered media, one may refer to Chakraborty (2007). This theory belongs to the wide area of
generalized continua (Altenbach et al., 2011) and accounts for long-range interactions, in contrast to strain-gradient theories (Nobili,
2021) which account for short-range effects. The underlying principle of this theory is to express the material response, the so-called
non-local stress, through an integral, over the entire domain, of the familiar local stress. Most importantly, this integral formulation
makes use of an attenuation function (kernel) which may be coming from some micro-mechanical insight, and, for this reason, it is
considered a constitutive assumption.

The non-local theory of elasticity, however, suffers from the major defect of implicitly introducing extra boundary conditions,
named constitutive, through the choice of the attenuation functions. The presence of these constitutive boundary conditions
(CBCs), in addition to the natural boundary conditions (BCs), leads to the problem being over-constrained and, consequently, ill-
posed (Kaplunov et al., 2023). Interestingly, this shortcoming seems absent in the differential formulation of the problem, which
is accessible when the attenuation function (kernel) is the Green’s function of some differential operator £. Well-posedness of the
differential formulation, however, is only apparent, for it emerges as a result of the improper dealing with the integral formulation,
namely from the fact that the CBCs are simply ignored. As a consequence, the differential and the integral formulation of the problem
yield different results.

Understandably, such features of the non-local theory have caused much confusion in the literature, which, for the sake of
simplicity, we may divide into two groups. On the one hand, an overwhelming number of contributions simply ignore the issue
and solve the differential problem with no concern whether this also solves the integral problem. As a matter of fact, this approach
amounts to solving the classical problem with some elaborate inertia forces, see, among many examples, Bhat and Manna (2024),
Biswas (2020), Kaur et al. (2019), Lu et al. (2007), Pramanik and Manna (2024) and references therein. On the other hand, some
authors acknowledge the problem with the integral formulation and revert to the differential formulation instead, often adding extra
assumptions, claiming that this is the only correct pathway for the solution of the non-local problem. As a case in point, one may
refer to the concept of weakly non-local theory introduced by Anh et al. (2023) and Vinh et al. (2024) or to the two-phase non-local
model (TPNM), see Mikhasev and Nobili (2020) and Mikhasev et al. (2024), first introduced by Eringen (1972). Although TPNM
remediates ill-posedness, it suffers from the major shortcoming, that it shares with any strain-gradient model, of necessitating extra
boundary conditions of difficult physical interpretation and determination, not to mention the need to somehow define the phase
parameters (Nobili & Pramanik, 2025).

Matters are further complicated by the very recent realization that the solution of the differential problem does not satisfy the
equations of motion. This result was first observed by Kaplunov et al. (2022) through an asymptotic procedure in the context of
Rayleigh wave propagation, and it was interpreted in support of the idea that the integral problem is ill-posed. The point is further
pressed in Kaplunov et al. (2023) and motivates the adoption of a fully differential approach in Pham and Vu (2024), in an attempt
to depart from the “defective” integral model. In this last contribution, the solution of the differential model is used to determine
the local stresses and, from these, the non-local stresses are calculated by solving the PDE of which the integral formulation is the
Green’s function, i.e. avoiding the integral formulation. Crucially, this PDE is supplemented by the problem BCs, as opposed to the
CBCs. We shall show that this approach is equivalent to solving the integral formulation provided that the attenuation functions are
modified to agree with the natural boundary conditions.

In this paper, we investigate the propagation of Rayleigh waves within the integral non-local model, by adopting the kernel
modification approach. The idea of kernel modification first appeared in Borino et al. (2003), in the context of damage theory, and
was later borrowed by Eptaimeros et al. (2016) to warrant the unit property of the kernel over a finite (as opposed to infinite)
domain. This concept of kernel modification was embraced and extended in Nobili and Pramanik (2025) and Pramanik and Nobili
(2025) to reconcile the CBCs with the BCs and thus guarantee that the non-local problem becomes well-posed. This result is achieved
while keeping the symmetric character of the kernel, which is indispensable to warrant that the strain energy is a quadratic functional
of the strain. As a consequence of kernel modification, the attenuation functions can no longer be completely and freely defined, as
in a constitutive property. Instead, they are subjected to the effect of the domain boundaries, from which they borrow the relevant
boundary conditions. It is observed that this boundary effect only constrains the arbitrariness of the CBC, while the choice of the
operator £ remains free. Indeed, kernel modification really acts only in the close proximity of the boundaries, the bulk of the material
remaining largely unaffected, see Nobili and Pramanik (2025) and Pramanik and Nobili (2025). Hence, in this restricted sense, the
constitutive nature of the attenuation function remains intact. That boundaries affect the constitutive response may not appear
so strange, especially in connection with nano-structures, as the development of surface elasticity shows (Radi et al., 2021). It is
emphasized that, in a 2D problem, three attenuation functions must be defined and only two of these necessitate kernel modification,
because only two BCs are given. It is also observed that, as it appears in Pham and Vu (2024), this modification is explicitly linked
to the success of the differential model, which makes use of the natural BCs. Finally, we point out that the same attenuation function
is adopted for all stresses in Chakraborty (2007), which approach fails for general BCs.

Once well-posedness is established, in Section 2.1 we develop the solution to the differential problem and in Section 2.2 we show
that its failure to comply with the equations of motion is expected, because it provides the very conditions to the full determination
of the solution. Besides, a closed-form proof that the differential and the integral solutions indeed correspond is given, that hinges on
an integral representation of the Bessel function developed in Appendix A. Interestingly, Section 3 shows that the non-local problem
of elasticity remains indetermined, because an extra CBC is required which may be given arbitrarily. This is a consequence of the
lack of a unique compatibility condition for the non-local stresses. As a result, one attenuation function can be prescribed freely
and it does not require modification. Finally, Section 4 develops the solution for SH waves, and conclusions are drawn in Section 5.
For the reader’s convenience, Appendix C collects a table of symbols used throughout the paper.
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2. On the well-posedness of Eringen’s non-local theory of elasticity

We begin by outlining the approach originally followed by Eringen and Kim (1974) to address propagation of travelling harmonic
waves. This approach was later revised by Kaplunov et al. (2022) to conclude that “the integral nonlocal model for an elastic half-
space is inconsistent, since the nonlocal stresses provided by [this] theory do not satisfy the equations of motion”. We shall indeed
show that, apart from the usual problem attached with the presence of constitutive boundary conditions (CBCs) embedded in the
kernel and extensively discussed for 1D models, failure to satisfy the motion equations is in fact expected and not a problem in
itself.

Let us consider the elastic half-plane V = {(x|,x3) : 0<x3 <oco} in plane strain. Accordingly, the nonzero displacement
components are

up =uy(xy,x3,1),  uz =uz(xy, x3,1), (€D)]
while the governing equations of motion read
tia Y33 = plly, 13y +i333 = pils, (2)

where a subscript comma denotes differentiation with respect to the relevant space coordinate, i.e. ¢, | = dt,;/0x,, and a superposed
dot indicates time differentiation, i.e. ii; = du;/dt>. Besides, p denotes the mass density of the material. Here, following Eringen,
t;j> i,j € {1,3}, express the so-called non-local stress components, that are obtained averaging over the whole domain through the
attenuation functions «; 5 (x,8)

t,-,-(x,t)=/a,.j(x,g)o,.j(g,z)dg, x,£ €V. (nosummation) 3)
\

In general, different attenuation functions (or kernels) may be adopted for different non-local stress components, provided they
satisfy the fundamental properties of unity, impulsivity and symmetry, see Nobili and Pramanik (2025) and Pramanik and Nobili
(2025) for further details. In particular, the kernel functions depend on the internal length parameter, ¢ > 0, that expresses the
stress diffusion length scale; by the impulsivity requirement, we demand that lim,_ «;; = 6, where § = 6(x) denotes Dirac’s delta
(generalized) function.

In contrast, o;; represents the local stress components, that are obtained from the linear deformation components

e =75 (i +u), (C)

through the usual constitutive relations
0ij = Cijus exr> (5)

where C;;, are the elastic constants and summation over twice-repeated subscripts is assumed. Here, for the sake of simplicity, we
assume a homogeneous isotropic material, for which

6;j = 2pe;; + Ad; ey, (6)

where y and 1 are the usual Lamé parameters and ;; is the Kronecker’s symbol (the danger of confusion with the delta function
should not be great). The problem formulation is completed by the traction-free boundary conditions

t3=1t33=0, at x;3=0, @

which are properly formulated in terms of the non-local stress components (see Pham & Vu, 2024 for reference to the several
literature contributions which incorrectly employ the local stresses instead).

Together, Egs. ((2),(3),(4),(6)), supplemented by the BCs (7), describe the nonlocal problem of plane elasticity, in the unknowns
(1). For the problem to be fully described, we also need to provide the attenuation functions a;;. In this form, the problem is governed
by a complex system of integro-partial differential equations subject to a set of boundary conditions, some of which are explicit, as
in Egs. (7), while some others are implicit, for they are embedded in the choice of the attenuation functions. Matters are greatly
simplified, at least in terms of the solution process, if, following Eringen (1983), the attenuation functions are chosen in the form
of the Green’s function attached to some differential operator, the usual choice being the Helmholtz operator

L=1-¢a, (8)
where A= % + % represents the 2D Laplace operator. With this move, the integral nature of the problem may be eliminated by

application of the 3perator £, and this leads to a purely differential formulation that is easier to deal with. Indeed, upon application
of the Helmholtz operator to Egs. (3), one obtains the differential formulation for the non-local stresses

Lt;; = o), (©)

which is oblivious of the CBCs. Similarly, applying the operator £ to the equations of motion (2) and using Egs. (9), we have

o1, T 0133 = /’2’:‘:1’ } (10)
o131 + 0333 = pLiis,
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which, using the stress—displacement relations (6) and expressing the operator £ as in Eq. (8), yields

A+ 2wy gy + A+ pus g3 + puy 33 = pily — €2p (i gy + il 33) » } an

(A puy 13+ pus gy + (A + 2p)us 33 = pily — €2p (il gy + i3 33) »

that is a special case of Egs. (15, 16) in Chakraborty (2007). Indeed, Egs. (11) correspond' to Eq. (6.9.15) in Eringen (2002) and
“replace the Navier equations of classical elasticity”. Indeed, they provide a fully differential formulation of the problem, which
stands regardless of the CBCs embedded in the integral formulation and, in this sense, it is oblivious of these. As a result, much
confusion has appeared in the literature owing to the fact that, while the differential formulation (11) can always be solved, subjected
to the natural BCs, the relevant solution may not correspond to that of the integral problem, from which it originated. Indeed, it
is important to note that the equivalence between the integral (3) and the differential formulation (9) holds strictly for an infinite
domain, i.e., V = R3. If the domain V is a proper subset of R?> with a boundary S, then the non-local stress defined in Eq. (3)
naturally satisfies a constitutive boundary condition (CBC) of the form

ot; (%, 1)

“on +B(x, 0t;(x,1) =0, x €S, (12)
where n denotes the outward unit normal to S at x and the function f(x,) is determined by the properties of the kernel function
a;; (x,&). Thus, for a domain V C R? (i.e., a domain with a non-empty boundary), the integral Eq. (3) is equivalently represented
by the differential Eq. (9), provided that the latter is supplemented by the constitutive boundary condition (12).

As we shall presently see, and as it is the case for 1D nonlocal elasticity (Nobili & Pramanik, 2025), the fact that the integral
and the differential formulation differ emerges whenever the CBCs embedded in the attenuation functions fail to comply with the
natural BCs (7), whence the integral problem is ill-posed. If, on the other hand, the attenuation functions are chosen in such a
way so as to satisfy the natural boundary conditions, the problem may be solved in both the integro-differential as well as in the
purely differential forms, and the corresponding solutions coincide. It is remarked that, as it will be explained, considerations of
well-posedness have no connection with the fact that the solution of the differential problem fails to satisfy the motion Egs. (2).
Indeed, as illustrated by Nobili and Pramanik (2025), the well-posed character of the problem is a matter of kernel modification,
according to which the kernel function may be modified so as to replace the CBCs attached to the original kernel with another
set that complies with the natural BCs. Accordingly, the attenuation functions cannot be decided at the onset, irrespectively of the
problem at hand, and in this sense they become part of the unknowns. In fact, the only thing that can be successfully established
at the onset is the differential operator £, of which the attenuation functions are the Green’s functions. This feature of the problem
is especially relevant for restricted 1D model, such it is the case of the Euler-Bernoulli beam theory, for which multiple natural
boundary conditions appear against only one available attenuation function, see Pramanik and Nobili (2025). In contrast, as we
shall presently see, the plain strain problem, and in general any 2D and 3D problem, suffers from the opposite defect, by which
multiple attenuation functions are available and only a few natural BCs exist which enable to define the appropriate CBCs. In this
spirit, provided the CBCs are made to comply with the natural BCs, the nonlocal problem of elasticity is indetermined.

2.1. Travelling wave solution

Let us develop the theory for the special case of harmonic disturbances, such that the displacement and the stress components
move as harmonic plane waves in the x; direction

{wn0j 15} Gepoxsnt) = {UL 835, Ty } () @170, j=1,3, 13)

where k is the wavenumber, ¢ is the phase velocity of the wave and i = —1. Accordingly, the differential formulation (11) may be
rewritten as
2 _ 2,202 2002 2,2y _ 2 2_ 2 -
(2 —K2) U + K2 {F( + K*e?) - 2} Uy + 1k (2 - 2) Uj =0, a4
(] —I222) UY + 2 {21+ k*e?) = 3} Uy + 1k (] = ¢3) U] =0,

where ¢, = \/(A+2u)/p and ¢, = /u/p are the longitudinal and the shear wave velocity, respectively, and prime denotes
differentiation with respect to the only remaining space variable x;. We let the shorthands ¢, = ke and « = ¢;/c, > 1. The system
(14) leads to the single fourth order ODE

(6121)2 - 1) (K2 - 61202) Ul"” + K2 (02 (26;11)2 + 26‘]2 (02 - 1) - 1) -2 (02 (2612 + 1) - 2)) U]”
+k* (0? (ef%—l)—l) (k2 =0? (€f+1))U1 =0, (15)
whose solutions decaying along the x; direction amount to

U (x3) = k7! [Aje k013 4 Ajemhbaxs] |
T g 16)
Us(x;) = tk™! [blAle kbyxy 4 b_zze kbzx_;:l i

1 Letting y = 0 to account for the Helmholtz operator only.
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where A,, A, are dimensionless arbitrary constants, and we have let the dimensionless wavenumbers for bulk waves

2 2

v

—r p= 1
, ,

K2 — efu2 1- efvz

by =[1- 17)

together with the dimensionless wave speed v = ¢/c,. In Egs. (17) the branch of the square root is chosen such that R(b;,) > 0,
where, for any complex number z, it is z = R(z) + :J(z). A pair of real bulk wavenumbers is obtained provided that » < 1/b; with

by=4/1+ ef. Plugging Egs. (16) into Egs. (6), and in view of Eq. (4), the amplitude of the local stress components o;; is immediately
obtained

Sij(03) = 1 [Py jypAre™™ + Qs jypAge™ ], i j =13, (18
where

Pr=i{k*— (k2 =2)02}, Py=-2b, Py=1{x?-2-«%H}},
1402 19
0,=-0;=2, Q,= _#,

In order to proceed to the determination of the non-local stress components, we need to define the attenuation functions. In
particular, we shall choose all of them as the Green’s functions attached to the Helmholtz operator (8). Furthermore, we specify the
CBCs of 1,3 and 53 according to the natural BCs (7) coupled with the decay condition at infinity. Consequently, we set

ay3(x1, X3, 81, 83) = as3(xy, %3, €1, 83) = Gy (x, X33 81, &3) — G (x5 x35€1, =83), (20)

where

(21)

1 (x) = &)% + (x5 — &3)?
Gl(xlsx3§§1’§3):ﬁK0(\/ L =3 >

€

and K (r) is the zero-th order modified Bessel function of the second kind (Abramowitz & Stegun, 1948, §9.6). The appearance in
(20) of the difference of two Bessel functions is motivated by the method of images and warrants that

a13(x1,0,€1,83) = a33(x1,0,£,,83) =0, (22)

so that, as a consequence of such property, the non-local stress components (3) feature a pair of CBCs corresponding to the natural
BCs (7), alongside decay at infinity. It is interesting to observe that in Kaplunov et al. (2022, Eq.(2.2)), only one Bessel function
is used as the attenuation function, and consequently, the integral formulation is doomed to fail. This motivates the appearance
of a boundary layer, which attempts to accommodate for conflicting boundary conditions. In contrast, the same combination of
two Bessel functions as in (20) appears in Pham and Vu (2024) where, however, it is never really used because the (equivalent)
differential formulation (9) is employed instead. It is important to emphasize that the two Bessel function attenuation kernel (20)
is no longer of the difference type, i.e. it is no longer a difference kernel, and this fact has been already observed in Nobili and
Pramanik (2025) and Pramanik and Nobili (2025), with reference to 1D problems, in connection with the idea that accounting for
the presence of the domain boundary S inevitably leads to an inhomogeneous kernel.

Remarkably, we have no BCs at our disposal to uniquely define the CBCs for ¢,;, which may be thus arbitrarily chosen. To fix
ideas, we define a;, as a single Bessel function, namely

ay1(xy,x3,81,83) = Gi(x, x3: 81, &3), (23)

and this choice should be contrasted with that in Pham and Vu (2024), where the combination (20) is adopted instead. Consequently,
as a result of the latter choice and upon accounting for Eringen’s representation for the non-local stress (3), the equally arbitrary
CBC 1}, = 0 at x3 = 0 is introduced by Pham and Vu (2024). As it can be deduced by direct inspection (see the Appendix A), our
choice of a single Bessel function leads, instead, to the CBC

ths—€ byt =0, atx;=0, (24)

that is at variance with the second option for the CBC for #,; suggested in Pham and Vu (2024, Eq.(4.30)), the latter being motivated
by an analogy with the 1D problem. We thus see that the non-local problem is non uniquely defined, inasmuch as some CBCs are
concerned. Indeed, a definite choice must be made for some attenuation functions only, to comply with the natural BCs of the
problem and avoid ill-posedness, while the others remain arbitrary (at least in terms of CBCs). This matter is further elucidated in
Section 3.

2.2. Solution of the integral formulation
The non-local stress components #;;(i, j = 1,3) are obtained from
(o] [s+]
t,-j(x1,x3»t)=/ d§3/ @;; (x[sx3;éls§3>O-ij(élaé3’t)d§ls i,j=13, (25)
0 —0

5
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and, by virtue of the integral representation formula (A.6) for the Bessel function, we are in a position to actually compute the
integrals in closed form, without recourse to any approximations. Indeed, plugging Eqgs. (13) and (18) into the integrals (25) and
choosing a favourable order of integration, the amplitude of the non-local stress components follow (for the details of the derivations
see the Appendix B)

kb kb
T”(X3) =y L <efkb1x3 — Me k€| X3> + L <efkb2X3 — we ksl x3>:| s (26a)

| 1+¢e (1-7) 2by L+e (1-13) 2b;
[ P4, —kb kB xs QA kb kB

Ti3(x3) = | ————< <e 13 —¢ "€ (28— 5 (26b)
| 1+¢e (1-07) L+e2 (1-83)
Y b A b

T33(x3) = p 1+523(11_b2) <e_kb“‘3 —et X3> + 1+e(223(12_b2) <e_kaX3 - X3>] ' (269
L 1 1 1 2

It can be easily verified that the non-local stress components (26) satisfy the natural boundary conditions (7), as well as the extra
CBC (24) and the decay property at infinity. Indeed, they may be equally obtained through solving the differential problem (9)
subject to the boundary conditions ((7), (24)) and to the decay condition at infinity, where o; ; are given by (18) and the travelling
wave assumption (13). In fact, this very approach is followed in Pham and Vu (2024), although assuming the CBC ¢,; = 0, in the
belief that the integral approach cannot be pursued because it is ill-posed.

Most notably, the boundary conditions ((7), (24)) hold regardless of the arbitrary constants A,, A,. It is therefore no surprise that
the motion equations are not satisfied, because indeed they provide the very conditions for the determination of such constants. The
following argument motivates this result. It should be emphasized that the assumptions which were introduced for the attenuation
functions a3 and @33, and more specifically for the CBCs attached to them, namely Egs. (22), are not enough no guarantee that
the natural BCs (7) are indeed satisfied. This is because, appealing to the theory of Green’s functions (Lanczos, 1996, §5.6), it is, in
general,

~ ) de;;  df;

f,;(x) = /V a;;(x,8)0;;(§)dE — € /aV <Et,-j - d—na,-j> dé, 27)
where o;; is the Green’s function of the Helmholtz operator £ and n is the outward unit normal to the volume V. Clearly, the first
integral gives the volume contribution and amounts to Eringen’s definition (25) of the local stresses #;;. Obviously, the second term,
which is a surface contribution, needs to disappear for the Eringen approach to be valid, i.e. for having 7;; = #;;. This outcome only
occurs when «;; = 0 and when 7;; = 0. Indeed, if this is not the case, Eringen’s expression for the non-local stresses is incomplete
and does not amount to the Green’s function of the differential problem. In fact, this double requirement guarantees that 7;; = 1,
and that the strain energy fv 1;;¢;;dx is a quadratic functional of strain. Yet, so far, we have only demanded that ¢;;(x;,0,¢;,&;) =0,
i.e. a restriction has been cast upon the attenuation function, but nothing has been required for 7;; on the surface, and precisely this
last constraint amounts to the motion equations being satisfied. In other words, the requirement that the motion equations are
satisfied is a further condition, which needs to be enforced to obtain self-adjointness of the problem and, ultimately, to obtain the
enforcement of the natural boundary conditions (7). It is therefore clear that the fact that the motion Egs. (2) are not satisfied when
plugging in the non-local stresses #;; that were obtained from the differential formulation is in no way connected to the integral
theory being ill-posed (which fact rests entirely on the requirement that the CBCs be a subset of the natural BCs). Instead, failure
to satisfy the motion equation is a natural feature which emerges from the fact that the boundary conditions (7) have not yet been
enforced properly on the system.

In a similar fashion, one may equally argue that the fact that the motion equations are not immediately satisfied amounts
to the fact that 7;; and #;; are not equal, which means that the differential and the integral problem do not correspond. In this
alternative interpretation, enforcing the fulfilment of the motion equations amounts to requiring that the integral and the differential
formulations are equivalent.

A third argument may be given that explains why it is natural to expect that the solution (16) of the differential problem (11)
fails to comply with the motion Egs. (2). Indeed, the Navier Egs. (11) enforce a stronger (in the sense of differentiation) form of
equilibrium, namely Egs. (10) as opposed to (2), which fact introduces a spurious part of the solution. In fact, the solution of the
stronger form (10) differs from the solution of the motion Egs. (2) by any homogeneous solution of the Helmholtz operator £,
i.e. by its kernel set. Such spurious solution provides precisely the non-vanishing terms in the motion Egs. (2) and one may easily
see, either by direct application of the Helmholtz operator or by appealing to the theory of the Green’s function (Lanczos, 1996), that
this spurious solution may be written in the form given by the last integral in (27), whence we are back to the previous argument.

At this stage, some comments are in order. First, it is remarkable that, in the non-local theory, the boundary conditions take
the form of (i.e. are enforced through) the motion equations: a situation that, to the best of our knowledge, has no counterparts in
other frameworks. Second, so far only homogeneous conditions have been imposed on 7,3 and ¢33 (and equally on a3 and a33), and
yet more general conditions may be applied, in the form (12), without significantly affecting to the procedure. In other words, the
appearance of homogeneous conditions is not so essential.

The non-local stress components (26) satisfy the governing equations of motion (2) if

203P, — 16y (b3 +€1by) Py 2020, — 1€ (b3 + €1b,) Oy
1
L+e2 (1-07) L+e? (1-b3)

A, =0, (28a)
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€1

Fig. 1. Dispersion diagram of Rayleigh waves: Dimensionless phase velocity v against the dimensionless non-local parameter ¢, = ek, for different values of the
Poisson’s ratio, namely v = 0.1 (black, solid), v =0.2 (blue, dashed) and v = 0.3 (red, dot-dashed). It is emphasized that only the fundamental branch is shown,
the presence of multiple branches being illustrated in Fig. 2.

20 T T LT T T T T

0.0’\H“\“H\H“\“H\H“F

€1
Fig. 2. Dispersion diagram of Rayleigh waves: Dimensionless phase velocity v against the dimensionless non-local parameter ¢, = ek, for x = 1.6. Multiple

branches (black, solid) are shown against the bulk waves b, =0 (red, dashed), b, = 0 (green, dotted) and v = e]‘l (blue, dot-dashed).

by Py —1€, Py b305 —1€,0,
(o) TR
e (1- 1) € (1- 2)

Ay =0, (28b)

which is a homogeneous algebraic system in the unknowns A, and A,. To obtain non-trivial solutions of this system, the determinant
of the coefficient matrix must be zero and this condition yields the dispersion relation for the propagation of elastic waves

2b3 (4by +1P3Q,) + 21e1 b5 (P, + P3) +1€7bs (P Qy +2b, Py +2by Py + 4ib) ) — €]b; (4by —1P,Q,) =0. (29)

It is a straightforward matter to verify that, in the limit of the purely local elasticity, i.e. as ¢ — 0, the dispersion Eq. (29) reduces
to

41— 1—::—2—(2—02)2=0, (30)

thus recovering the classical secular equation for Rayleigh waves. Here, we have used the connection « = 4/2(1 — v)/(1 — 2v), where
v denotes Poisson’s ratio.
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Fig. 1 plots the (first) real solution of the dispersion relation (29) in terms of the phase velocity » as a function of the non-local
parameter ¢,. It appears that the phase velocity » decreases with increasing ¢, while it exhibits an increasing trend with the Poisson’s
ratio v. Fig. 2 reveals that, as a result of non-locality, three dispersion branches are present for ¢, > ¢, and that the two highest
modes sit very close to the bulk modes b, = 0 and b, = 0. Indeed, we can say that, just like Rayleigh waves are perturbations of
shear waves, similarly, the second and third branches are perturbations of the corresponding bulk waves. Interestingly, all branches
are decaying depthwise and, unlike for the couple stress theory (Nobili et al., 2020), no depth-travelling modes are present. Indeed,
it seems that this wave pattern is here observed for the first time.

3. Indeterminacy of the non-local theory

So far we have seen that, provided that the CBCs embedded in the attenuation functions «;; and a3; are reconciled with the
natural boundary conditions (7), the non-local problem becomes well-posed and both the integral and the differential formulations
lead to the same solution. We also saw that the extra CBC (24) is required to fix the attenuation function «,; for the non-local stress
11, which does not emerge from standard mechanical considerations. We now discuss this deficiency in some more depth and show
that it is a manifestation of the problem indeterminacy.

Let us consider a stress problem, wherein all boundary conditions are expressed in terms of the non-local stresses. For the sake
of clarity, it is remarked that this is not the case of this wave propagation problem, for which only the BCs at x; = 0 qualify, while
the decay condition at infinity is enforced on displacement. Clearly, in a plane problem, three non-local stresses are present, namely
11,13 and 33, and for their determination we need three PDEs and three boundary conditions. However, as it is the case for the
classical theory, only two PDEs and two boundary conditions stand, respectively the motion Egs. (10) and the natural BCs, say (7).
In the classical theory, this deficiency is remediated by the compatibility condition

(1=v) (01133 + 033,11) =V (011,11 +03333) = 201315 = 0, (31

that, using the classical motion equations, takes the usual form

a (o +o033) = % (i g +il33) - (32)
In the non-local problem, compatibility still holds in the form (31) for the local stresses, whence, making use of (9), we get

L[ =v) (t1133 +133,01) = v (1101 +13333) — 2013,13] =0,
that is

(=) (ty133 +133,01) = v (fin +13333) = 20313 = B, (33)

where i = h(x|, x3,1) is any homogeneous solution of the operator £. Then, using the motion Egs. (10), one arrives at

& (1 +133) = 72 (i +iiy5) = h, 34
which replaces (33) of classical elasticity. In particular, for the Helmholtz operator, we can eliminate the Laplacian operator and
obtain

4 . "
111+133—011—533_€2m(“1.1+“3,3)=€2h' (35

It is emphasized that the only condition standing on 4 is the requirement that it decays at infinity, because this emerges from
the same requirement holding on 7, 33, u; and u; (note that this is an extra condition anyway). Other than this, » remains
undetermined, hence the need for the extra condition (24). In the classical limit ¢ = 0, & drops out from Eq. (35) that provides
a connection for the determination of ¢;; (which we know to be equal to o) once 35 is fixed, for example by the natural boundary
conditions of the problem. This is no longer the case for the non-local theory, because, in general, 7;; remains undefined, through the
homogeneous solution # of the Helmholtz operator, once 33, u; and u; are defined. As it was already observed, adding a solution of
the homogeneous equation £4 = 0 amounts to the modification of the CBC for ¢,,. In other words, for Eringen’s non-local elasticity
to be determinate, in either integral or differential form, an extra boundary condition needs to be (freely) prescribed on the non-local
stresses. Conversely, to achieve well-posedness, the attenuation functions draw their CBCs from the natural BCs of the problem.

4. SH-waves in a non-local half-space

Let us consider SH-waves that propagate in the x; direction and decay in the x; direction of the elastic half-plane V =
{(xl,x3) DXy > O}. For out-of-plane motions, the only nonzero displacement component is

uy = up(xy,x3,1), (36)
and the local stress components o,;(j = 1,3) follow in the usual way

0y =iy, j=13. (37)
The equation of motion for SH-wave propagation reads

11,1 + 133 = pily, (38)
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subjected to a single traction-free boundary condition
t); =0, at x3 = 0. (39

The nonzero non-local stress components #,;(j = 1,3) are obtained through the usual integral relation (3) from the relevant local
stress oy;. In particular, we set

le(xlvxs’f)=/0 d53/ Gy (x1,x3:€1,&3) 091 (&1, &5, 1) dEp, (40a)

’23()‘1’)‘3’0:/0 d§3/ Gy (x1,x3:€1,&3) 03(&4, &3, 1) dEy, (40b)

where the attenuation function a,; = G, is chosen as the difference of two Bessel functions so that the associated CBC corresponds
to the equilibrium boundary condition (39). In contrast, we are free to choose the attenuation function «,, and we decide, as before,
to stick with the single Bessel function G,. The integral definition (40) admits the equivalent differential formulation

L, =0y, j=1.3, (41)
provided that this is accompanied by the boundary condition (39) and by the constitutive boundary condition (cf. Eq. (A.16))
thz—€ byt =0, at x3 =0. (42)

Upon applying the operator £ = 1 —¢? A to the equation of motion (38) and making use of Eqs. (41), we obtain the equation of
motion in terms of the local stresses

.. 2 (. ..
91,1 + 0033 = pily — € p (il 11 +1ip33) - 43

As it was already observed, this step is bound to introduce spurious solutions corresponding to the kernel of the operator £.
Consequently, appealing to the stress—displacement relation (37), we retrieve the fully differential formulation of the problem

p (w1 + 1y 33) = piiy — €%p (il 11 +ii33) » (44)

whose solutions, however, need to be confronted with the original equation of motion (38) to rule out the spurious contributions.
Consideration of harmonic waves travelling along the x; direction yields

{12,00),12;} (x1, %3, 1) = {Up, S5, Ty }(x3) X170, j = 11,3, (45)
which, plugged into (44) and accounting for decay along x3, provides
U, (x3) = k71 Aze7*b2%3, (46)

where A; is a dimensionless arbitrary constant to be determined by enforcing the boundary conditions. Eq. (37), together with Egs.
((45),(46)), lends the amplitude of the local stress components

—kbyx3

Sy,(x3) = tuAse Sy3(x3) = —pby Age~*b2%3 (47)

from which the amplitude of the non-local stress components can be immediately obtained by integration according to the definition
(40), i.e.

A by +eby —k%
Ty (x3) = — 12/4 : N <e_kb2"3 S i Lo x3>, (48a)
1+e2 (1-12) 2by
bA kb
Th3(x3) = —% <e_kb2"3 _fa x3> . (48b)
L+e (1-03)

It can be easily verified that the non-local stress components defined by Egs. (48) satisfy the BC (39) as well as the CBC (42). In
fact, they may be equally obtained from the differential formulation (41) supplemented by the CBC (42) and the BC (39). Notably,
such boundary conditions hold regardless of the constant A;, which can only be determined from the original equation of motion
(38) that gives the algebraic relation
by+e1b
byby — € %312

- 4 =0, (49
1+e2(1-02)

Thus, looking for non-trivial solutions of this equation, we obtain the dispersion relation of SH-waves, namely
2by(1 +€3) — ) (by +€,by) =0, (50)

according to which the dimensionless phase velocity (v = ¢/c,) immediately follows
1+ 3¢
ot = —‘“2 (51)
(1 + e%)
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Fig. 3. Dispersion diagram of SH localized waves: Dimensionless phase velocity » against the dimensionless non-local parameter ¢, = ek, where k is the
wavenumber.

It is straightforward to see that, in the limit of purely local elasticity, i.e., as ¢ — 0 (equivalently ¢; — 0), the dispersion Eq. (51)
simplifies to ¢ = ¢,, indicating the absence of SH localized waves propagating in a traction-free local elastic half-space. However,
in the presence of non-local effects, the surface SH-wave becomes dispersive, with its phase velocity decreasing while the non-local
parameter ¢, increases, as illustrated in Fig. 3.

5. Conclusions

We study Rayleigh and shear horizontal (SH) localized waves in an elastic half-plane within the integral form of the theory
of non-local elasticity. Since this theory is generally over-determined, as a result of the presence of implicit boundary conditions,
named constitutive, which are embedded in the attenuation functions, a kernel modification procedure is adopted. By this procedure,
already introduced by the authors for 1D non-local problems in Nobili and Pramanik (2025), constitutive boundary conditions
(CBCs) are made to coincide with the natural boundary conditions (BCs) of the problem, while the symmetric nature of the kernel is
preserved to guarantee a quadratic strain energy density. Once the problem is thus made well-posed, it may be solved by adopting
the differential formulation and then plugging the result into the integral expressions to determine the non-local stresses. This
last step is possible, in closed form, in light of an integral representation for the Bessel function, that is presented in Appendix
A. The thus obtained expressions for the non-local stresses fail to comply with the motion equations, a result already highlighted
by Kaplunov et al. (2022) in asymptotic form for the single Bessel function kernel and there interpreted as a further proof that the
integral formulation “appears to be ill-posed” (Kaplunov et al., 2023). Instead, we show that this outcome is not only expected but
indeed necessary to the full determination of the solution. Besides, the solution corresponds to what can be obtained following a
completely differential approach, as in Pham and Vu (2024), thus demonstrating that the integral and the differential formulations
are indeed equivalent. Finally, we show that the non-local theory, provided that it is made consistent by kernel modification, is
also indeterminate, in the sense that one CBC can be set arbitrarily. This result comes as a consequence of the lack of a unique set
of compatibility conditions for the non-local stresses (because compatibility only stands for local stresses). This last feature has no
counterpart in reduced 1D models, such as beams. Discussion of the dispersion relations for Rayleigh and SH waves completes the
paper and highlights several solution branches which seem to have gone unnoticed.
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Appendix A. Green functions and corresponding CBCs

In this section, we present the construction of the Green’s function for the differential operator £ = 1 — ¢4 and derive the
corresponding constitutive boundary conditions (CBCs) for harmonic plane waves in the x; — x5 plane.
To get the Green’s function of the Helmholtz operator in the plane we look for solutions of

£G(x;, x3) = 8(x)8(x3), (A1)
that decay at infinity. Since the problem is even, we may apply the cosine Fourier transform in both spatial directions, for example

G(s,x3) = % /000 G(x;,x3) cos(sx;)dx, (A.2)
whose inverse transform is

G(x,x3) = /000 G(s,x3) cos(sx;)ds. (A.3)

A simple calculation shows that

1 o cos(se‘lxl)cos(pe‘lx;)
G(xy,x3) = — ~—dsdp, A.4
(x1,x3) 2 //0 T2 12 p (A.4)

which is even and symmetric in x; and x5. It is possible to perform one integration, although this inevitably destroys the symmetry
of the expression

G(x1,x3) = (A.5)

1 /°° cos(se™ x)) exp(=V/1 + s2¢”! |x3|)Cl
_ s,
2ze? Jo m

where the absolute value has been introduced to preserve the even character of the function. In particular, letting x; = 0, one
retrieves the formula (Abramowitz & Stegun, 1948, §9.6.21). Equivalently, one may write

-1 -1

1 © exp |—t{me T (x; — &) +n3e (x3 — &3)

G (xp.x3:61.85) = — 2// [={m 1 21 23 3793 }]dmd% (A.6)
dr2e? J)-co L+ny+m

which can be written after performing the integration with respect to #; as

-1
Gy (X1, X33 81, Ey) = _/ exp[ I =&l /1_+ ]exp[ inze~(x; — 53)] . (A7)
3

Thus, after some manipulations

/°° [ VG &P+ (5 - &)
exp | —
0

Gi(xy,x3;¢1,63) = Py

€

cosh(z)] dz, (A.8)
that corresponds to the closed analytical expression given in Olver et al. (2010, §10.32) as

T E VY + (xn— )2
G](x],x3;§1,§3)=ﬁ](o<\/(xl 51)6 (5~ &) > (A.9)

Now, we proceed to determine the CBC for the Green’s function G,(x;,x3;&,,&;) in the semi-infinite domain x; > 0 for the
problem

[oe) o
T(xlsx3)=/ df3/ Gi(x1,x3:¢1,83) 0(&), &) d&, . (A.10)
0 —o0
Using the integral representation of the Green’s function defined in Eq. (A.6), we have
1 oo o o0 o —i{me (=g +me (x3-83)}
T(xy,x3) = =) / d53/ dé, / dﬂ}/ 5 > o (&1, &3)dn;. (A.11)
4rze® Jo —c0 -0 —c0 1+ m + 13

To obtain a CBC of the form defined in Eq. (12), we set up the integral and perform the integration with respect to #; as follows

oT(x,. — _ =gl 2 e
9Ty x3) +aT(xy,x3) = / ‘53/ di’l*/ i 'l ‘ R 53)6(51753)d§|s (A.12)

93 ,/1+113

where « is a constant to be determined. Consideration of harmonic waves propagating in the x, direction yields
o(xy,x3) = S(x3)exp(tkxy), (A.13)
whence, after performing the integration with respect to £, Eq. (A.12) becomes

dT (xy, x3)

+aT(xy,
0%, aT(xy,x3)

11
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= 5 oxplkx;) / dé&; / — 2 exp { e (x5 — &)} S(&)dn;. (A.14)
Finally, integrating with respect to #;, we have
AT (x,, ® g — —&)e b -
M +aT(x,x3) = 1 exp(zkxl)/ @ senlx; = y)e” by exp —sz dé,, (A.15)
0x3 : 2e 0 by € : :

where sgn(x) is the sign function. Thus, it is straightforward to see that, at x; = 0, the above integral evaluates to zero for a = —e~1b;.
This implies that the CBC for the case of harmonic plane waves and for the Green’s function G|, is given by
oT (xy, x3)
0x3
An alternative approach to derive the constitutive boundary conditions (CBCs) is to analyse the boundary term arising in the
integral representation of the non-local stress based on Green’s function theory. From Eq. (27), the boundary term is given by

%s:/ doy . dfy o, (A17)
gv\dn Y dn Y

where the 7;; must satisfy appropriate boundary conditions to vanish the boundary term for a self-adjoint boundary value problem
and ensure the symmetry of the associated Green’s function.
For a half-space domain x5 > 0, subject to decay conditions at infinity, the boundary term in Eq. (A.17) reduces to

—e by T(x;,x3) =0, at x; = 0. (A.16)

© /da; dr..
BT = / ( S — (0133161 0)75(61.0) — ; <¢1,0>a,-,-(x1,x3;¢1,0>) dg;. (A.18)

3

Now, for a specific case where «; ;= G1(x1,x35¢1,83) (cf. Eq. (A.7)), the boundary term can be written as
- of;;
© _meal o 6,0 - 5460
- // P 3 gmin3€” X3 3 d¢,dn;. (A.19)
47e?

‘/1+n;‘:

For a time-harmonic formulation, assuming 7; (X1 x3) = T(x3)e'1, the boundary term simplifies to

—1 T _ 7! \x —&

BT = 1 /w omimexs 1€ n;T(0) —T'(0) [/ - Ixi=¢l sl H”Se’k:'df ] dns. (A.20)
4re? /i i 'Ig o

After performing the integrals over & and 73, we obtain

1 e 1T -T'0) _,

—Z B e

2e by

BT = “lhyxy ethxn (A.21)

For the boundary term BT to vanish, the function T(x;), representing the amplitude of the harmonic non-local stress, must satisfy
the boundary condition

T'(0) — e b3 T(0) = 0. (A.22)
This provides the CBC for the Green’s function «;; = G, (x,, x3; ¢}, &;) for the non-local representation (27) with no boundary integral.

Appendix B. Integration of the non-local stress components

In this Section, we carry out the integration of the local stress components to get the non-local stress components according to the
integral representation (25). For the sake of definiteness, we provide the derivation of 7,,(x,,x3) by making use of the attenuation
function «;; = G| and accounting for the travelling wave assumption (13). Consequently, we need to calculate

T} (x3)e™ =/o dfa/ Gy (x1.x3:81.83) S) (&)e*er dg, (B.1)

that, by the integral representation (A.7) for G,(x,, x3;&;,&;) and in view of the exponential form of the local stress S;; = Pe 0173,
becomes

_bal 51‘ ]+ﬂ
3 -
Ty (x3)e™ 1 = yo— / dé, / dns / e3¢ (3 =83) gmkbids g1k g (B.2)
re 7/ 1+ 113

Upon performing the integration in the specific order &,#; and &;, one gets, successively,

i€ (x3=83)
TII(X3) - / 51 / 1’] + bz kb]é} dl’[}, (B'S)
3
p Ix3— czlb
Tt = 3 |7 e ttnag, B4
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and finally

Ty, (x3) =

1+e (1-52)

2b,

Appendix C. Nomenclature

by +eb -k
(e—kb1x3_ 3T 601 ks

International Journal of Engineering Science 216 (2025) 104321

Ay, Ay, Ay Arbitrary integrating constants X, Xy, X3 Field point vector and its
coordinates
by, by Wavenumber for bulk waves R3 3D Euclidean space
c Phase velocity V.S Elastic half-plane and its boundary
cp, 6 Longitudinal and shear wave £ Helmholtz operator
velocity
Ciju Elastic constants a; Attenuation functions
e;; Linear deformation components 8 Dirac’s delta
G, G, Kernel functions 8 Kronecker’s symbol
h, h Homogeneous solutions of the A 2D Laplace operator
operator £
1 Imaginary unit € Non-local internal length
parameter
k Wavenumber K Velocity ratio
K, Zero-th order modified Bessel A Lamé parameters
function of the second kind
n Unit normal vector v Poisson’s ratio
tij> 1 Non-local stress components &8, 8 Source point vector and its
components
t time variable P mass density
uy, y, Uz Particle displacement components o Local stress components
U, S, Ty; Amplitude of the harmonic wave v Dimensionless phase velocity

displacement, local and non-local
stress components
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