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ABSTRACT

Modern footbridges are highly susceptible to dynamic vibrations induced by pedestrians. While significant
research has focused on vertical and lateral vibrations generated by walking, the effects of vertical forces
on torsional vibrations remain insufficiently addressed. Traditional assessment methods generally overlook
torsional dynamics, which can be limiting under eccentric pedestrian loading activating torsional modes.
This oversight may lead to inaccuracies in evaluating structural performance, particularly for complex foot-
bridges where torsional effects play a significant role. This paper presents a detailed numerical modelling
approach incorporating both translational and rotational effects induced by pedestrian excitation,
acknowledging the coupling between bending and torsion in vertical vibrations. Numerical analyses are
conducted involving individuals walking with parametrically varied eccentricities and crowd flows simu-
lated at the microscale, to evaluate the structural response under various loading scenarios. A simplified
design-oriented method to account for coupled bending-torsional vibrations is also introduced, based on
multiplication factors enabling traditional bending-only analyses to be easily adjusted to include torsional
effects. The proposed method is validated through experimental testing conducted on a boomerang-
shaped footbridge with asymmetrical cross-section, subjected to single pedestrians walking eccentrically.
Results confirm the method accuracy and highlight the importance of considering bending and torsional
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dynamics for reliable serviceability assessments.

1. Introduction

Pedestrians are a well-recognised source of dynamic vibrations
in lightweight architectural designs, such as modern footbridges
(Van Nimmen et al., 2014). These structures are particularly sus-
ceptible to human-induced excitation due to their slenderness
and flexibility, resulting in low natural frequencies that may align
with pedestrian walking frequencies. This can lead to potential
near-resonances between the structure and human-induced exci-
tation, making the serviceability assessment a critical consider-
ation in the design and evaluation of modern footbridges (Li
et al,, 2025; Lievens et al., 2018; Rodriguez-Suesca et al., 2022;
Van Nimmen et al., 2017). The force generated by walking varies
over time and space, with components in the vertical,
horizontal-lateral, and horizontal-longitudinal  directions
(Bachmann & Ammann, 1987). Among these, the vertical com-
ponent is dominant in magnitude and potentially constitutes the
primary source in generating torsional vibrations.

The serviceability assessment of slender footbridges has tradi-
tionally focused on evaluating flexural responses driven by bend-
ing modes, as these are typically the dominant contributors to

vertical vibrations. However, especially in the presence of geo-
metric or load asymmetries, torsional modes or mixed bending-
torsional modes may be activated, with the interaction between
bending and torsion complicating the overall structural response.
In such cases, overlooking torsional effects can lead to significant
errors in serviceability evaluations, as torsion-induced rotations
directly affect vertical vibrations, particularly at locations farther
from the structure centre of mass.

While significant research has been conducted on vertical
and lateral walking forces (Ingdlfsson et al., 2012; Racic et al,
2009; Venuti & Tubino, 2021; Zivanovi¢ et al, 2005), less
attention has been given to walking-induced torsional effects.
Specialised studies have explored moments in biomechanics
(e.g. gait analysis) (Fukuchi et al., 2019; Lu & Chang, 2012);
however, these studies primarily focus on knee and ankle
movements, rather than the impact of eccentric vertical forces
on the structural dynamics. Indeed, human-induced torsional
effects may couple with flexural vibrations, amplifying dynamic
responses and posing risks to the structural performance.
Despite the growing recognition of torsional dynamics in the
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design of modern footbridges, the research addressing this
aspect is still sparse, highlighting a critical gap in the literature
(Bruno et al,, 2012; Eslami Varzaneh et al., 2025).

Notwithstanding the clear implications for structural ser-
viceability, current codes of practice neglect the torsional
effects of the pedestrian action (BSI, 2008; HIVOSS, 2008; ISO
10137, 2007; SETRA, 2006). This oversight extends to numer-
ical studies, which predominantly focus on vertical pedestrian
forces and the resulting flexural vibrations, while largely over-
looking how such forces may also induce torsional responses
(da Silva et al., 2013; Jiménez-Alonso et al., 2016; Venuti et al.,
2016; Zivanovi¢ et al., 2010). Similarly, serviceability-focused
experimental investigations are typically not supported by
numerical models incorporating the human-induced torsion.
This limitation applies not only to simple, straight footbridges
(Brownjohn et al., 2004; Van Nimmen et al,, 2021), but also
for more geometrically complex structures, such as those with
curved or asymmetrical layouts that exhibit bending-torsional
modes within the typical range of pedestrian pacing frequen-
cies (Bassoli, Gambarelli, et al., 2018; Chen et al., 2024; Zhang
et al,, 2021). Such irregular designs are increasingly common
in modern architecture and engineering (Al-Smadi et al., 2022;
Bursi et al, 2014; Caetano et al.,, 2010; Fenu et al,, 2019; He
et al.,, 2022; Miyachi & Nakamura, 2021; Roda-Casanova et al.,
2024), further emphasising the need for a deeper understand-
ing of pedestrian-induced torsional effects.

In summary, while vertical bending modes dominate cur-
rent serviceability evaluations, ignoring torsional -effects
could limit the accuracy of assessments in certain foot-
bridges, particularly those with non-symmetric designs and/
or subject to eccentric loading conditions which may trigger
torsional modes. Addressing these issues requires a more
detailed approach to numerical modelling, including both
the translational and rotational components of the structure
motion, and representing pedestrians not only as vertical
forces but also as moments arising from these vertical forces.

Within this framework, this paper introduces a generalised
approach designed to capture the interaction between bend-
ing and torsion in vertical vibrations caused by human exci-
tation, addressing the complex nature of these combined
responses. Special attention is given to the influence of both
isolated pedestrians and pedestrian crowds, as these represent
two fundamentally different excitation scenarios. While a sin-
gle pedestrian walking eccentrically and/or on an asymmetric
structural layout is expected to induce significant torsional
effects due to a non-zero moment arm with respect to the
structure centre of mass, in a crowd scenario, opposing
moment arms from multiple individuals may lead to partial
or full cancellation of these torsional contributions. This sug-
gests that (counter-intuitively) torsional effects could decrease
as crowd density increases. However, this cancellation may
not occur when the structure is geometrically asymmetric or
presents non-symmetric behaviour. These expectations motiv-
ate the decision to investigate both single pedestrian and
sparse-to-dense crowd-loading cases, to better understand the
footbridge torsional vibrations induced by walking.

To this end, the proposed method is first validated
through experimental testing. A full-scale test is conducted

on a boomerang-shaped footbridge located in Oslo
(Norway) (Mo et al., 2019), characterised by an asymmet-
rical cross-section, where individuals of varying age and
body mass walk eccentrically across the structure to deliber-
ately induce torsional actions and activate corresponding
reactions. After validating the method on the specific experi-
mental application, further numerical simulations are car-
ried out for single pedestrians walking along eccentrically
varied trajectories, to allow a parametric investigation of the
torsion-induced dynamic response. Also, pedestrian traffic
scenarios with increasing density are simulated, to evaluate
how the inclusion (or omission) of torsional effects influen-
ces serviceability assessments across different usage levels.

Lastly, a simplified design-stage method based on tor-
sional and positional multiplication factors is proposed to
enable fast and practical assessments without ignoring criti-
cal torsion-bending interactions. The multiplication factors
are derived mathematically by comparing the modal equa-
tions of motion with one (bending-related displacement)
and two (bending-related displacement and torsion-related
rotation) degrees of freedom. These multiplication factors
incorporate only modal characteristics and eccentricities
linked to structure and loading, which enables their calcula-
tion a-priori. As a result, they represent a meaningful metric
for predicting the effect of torsional dynamics without the
need for explicitly computing the coupled bending-torsional
response. Indeed, the simplified method allows rapid ser-
viceability checks by operating within a traditional bending-
only framework, which provides the response of the exam-
ined section at its centre of mass, assuming rigid translation.
It then adjusts the computed vibration response to account
for the torsional influence on bending vibrations at the
centre of mass, recognising that rotational effects may either
amplify or attenuate the response there. In addition, a fur-
ther adjustment is applied to forecast the response at cross-
sectional locations situated away from the centre of mass,
since the peak acceleration does not typically occur at the
centre of mass when torsional-related rotations are involved.

The paper is organised as follows. Section 2 introduces
serviceability assessments, including the traditional back-
ground focusing on vertical bending vibrations (Section 2.1)
and the generalised approach developed to account for the
combined effects of torsional and flexural vibrations induced
by pedestrians (Section 2.2). Section 3 describes the experi-
mental validation of the proposed bending-torsion service-
ability assessment method on a full-scale footbridge,
including a description of the test setup (Section 3.1) and a
comparison between experimental data and method numer-
ical predictions related to the specific test case (Section 3.2).
Section 4 deals with additional parametric numerical simula-
tions, used for comparison between the traditional and pro-
posed methods in serviceability evaluations, including: single
pedestrians following paths with different eccentricities
(Section 4.1) and crowds with free-to-congested traffic den-
sities (Section 4.2). Section 5 derives and validates torsional
and positional multiplication factors to facilitate simplified
design-stage assessments. Finally, Section 6 summarises the
key findings and outlines directions for future research.



2. Mathematical framework for structural vertical
vibration analysis

This section presents the mathematical formulation underly-
ing the analysis of human-induced vertical vibrations in ped-
estrian bridges. Section 2.1 covers the traditional framework,
which considers pedestrians as vertical forces and the associ-
ated structural vertical displacements. Section 2.2 introduces
an extended approach that accounts for both vertical forces
and the corresponding induced moments, leading to foot-
bridge vertical vibrations resulting from a combination of dis-
placements and rotations. Since the proposed extension is
generalised to handle coupled vibrations, it can be applied to
evaluate the vibration contribution of any vertical mode,
including pure bending, coupled bending-torsional, and pure
torsional modes.

2.1. Traditional background for bending vibrations

The structural response to pedestrian loading is traditionally
calculated wusing Euler-Bernoulli beam theory, which
assumes that the structure behaves as a linear elastic beam
under bending. Considering only the vertical displacement
and its associated deflection with no torsional rotation or
transverse deformation, the equation of motion for the
dynamic system reads:

M,,w (t) + Cyw (t) + wa(t) = Pw(t) (1)

where M,,, C,, and K,, are the mass, damping and stiffness
matrices, respectively, of size n x n, where n is the number
of beam discrete nodes; w(t) is the n x 1 vector of vertical
displacements at time #; P, (¢) is the n x 1 pedestrian load
acting on the beam over time.

In modal analysis, the displacement w(t) is expressed as
a sum of contributions from the beam natural modes of
vibration:

w(t) = ®yq(t) )

where ®,, is the n X m matrix containing the mode shapes,
with m being the number of modes, and ¢(t) is the m x 1
vector of modal coordinates, which describes how the amp-
litude of the m modes varies with time.

By substituting the modal expansion (Equation (2)) into
the equation of motion (Equation (1)) and exploiting the
orthogonality of the mode shapes, the complex system is
decoupled into a set of independent second-order ordinary
differential equations, each representing the behaviour of a
single mode. These equations describe the dynamic response
gj(t) of each mode j as a single-degree-of-freedom system
with its own mode shape ¢,, ;, circular frequency w;, damp-
ing ratio ¢;, modal mass M; = ¢,, jTMW(,bw)j and generalised
external force Pj(t) = ¢, ;" Pu(t):

0)+ 25506+ o) =20 ®)

Once each mode of interest is treated as a single-degree-
of-freedom system (Equation (3)), modal coordinates are
translated back to physical displacement through modal
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0 0.5 1 1.5
Time (s)
Figure 1. Step-by-step force model proposed by Li et al. (2010): periodic

single-step forces, shown as grey dashed lines, and overall force, represented
by a solid black line.

superposition (Equation (2)), summing the contributions of
each mode to reconstruct the total structural response.

As concerns pedestrian loading, this paper adopts the
single-step model proposed by Li et al. (2010), which for-
mulates the footfall force P;(t) using a Fourier series:

5

k

P(t)=G, > DLFsin (”T t) 0<t<T, (4)
k=1 ¢

where i indicates the footstep, G, is the subject weight, k is
the 1-to-5 harmonic counter, DLF is the k-th dynamic load
factor, and T is the foot-ground contact time. According to
Li et al. (2010), dynamic load factors DLFj and contact time
T. are pacing frequency dependent. Once the step force
Pi(t) is defined, the periodic walking time history P(t) is
constructed by replicating it with period T. This process
results in an overlapping time At between the steps taken
by the left and right feet, as illustrated in Figure 1. In this,
the pacing frequency f; can be evaluated based on the vel-
ocity vs. Here, the cubic equation proposed by Bruno and
Venuti (2008) is adopted:

fi = 0.35v) — 1.59v* + 2.93v, (5)

Therefore, step parameters are evaluated as T = 1/f,,
T, =T/0.76 and At = 0.24T,, in line with Li et al. (2010).
Following the determination of the pacing frequency f;, the
dynamic load factors DLF, can also be obtained, using the
formulation offered by Li et al. (2010):

DLF; = akfs + by (k =1, ...,5) (6)

where f; is expressed in Hz, and coefficients a; and by are
listed in Table 1 for the relevant harmonics (k from 1 to 5).

Step forces are applied at T time increments and I =
vs/f; space increments, where I indicates the step length.
Switching from a nodal force projection to a direct summa-
tion of step forces, the modal force can alternatively be cal-
culated by weighting each i-th step force by the amplitude
of the mode shape at the exact position where the foot is
placed:

Pi(t) = b Pi(t) 7)
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where ¢, ; ; is the j-th mode shape component evaluated at
footfall location i.

2.2, Extension to coupled bending-torsional vibrations

In combined bending and torsional vibrations, the vertical
displacement of any point of the cross-section depends not
only on the bending-induced deflection but also on the ver-
tical component introduced by the torsional rotation (see
Figure 2). In this scenario, points on the cross-section
experience varying vertical displacements, necessitating two
degrees of freedom to account for both bending-related dis-
placement and torsional rotation, assuming no transverse
deformation.

Building on this, the equation of motion describes a sys-
tem of n discrete nodes, each including the vertical

Table 1. DLF coefficients after Li et al. (2010).

16Hz <f, <232Hz 232Hz < f, < 24Hz

dk bk dg bk
k=1 —0.0698 +1.211 —0.1784 +1.463
=2 +0.1052 —0.1284 —0.4716 +1.210
k=3 +0.3002 —0.1534 —0.0118 +0.5703
=4 +0.0416 —0.0288 —0.2600 +0.6711
k=5 —0.0275 +0.0608 —0.0906 —0.2132
(@)

©

©

(®

translation due to bending and the rotational movement
due to torsion:

M W (tH+C W (t) + KW(t) = R(t) (8)

where: W(t) is a 2n x 1 column vector representing the
generalised movements (displacements w and rotations ) at
the n nodes; M is the 2n X 2n generalised mass matrix, rep-
resenting how the mass is distributed across the nodes,
accounting for inertia in both translational (M,,) and rota-
tional (Mp) movements; C is the 2n X 2n generalised damp-
ing matrix, modelling the energy dissipation within the
system incorporating both translational (C,,) and rotational
(Cp) components; K is the 2n x 2n generalised stiffness
matrix, defining the relationship between forces/moments
(K,) and displacements/rotations (Ky) at each node; R(¢) is
the 2n x 1 generalised external load vector acting on the
beam, which includes forces corresponding to displacement
degrees of freedom and moments corresponding to rotation
degrees of freedom. In this, the human-induced moment
can be determined by multiplying the pedestrian force vec-
tor P,(t) (nx 1) by the moment arm vector dy (n x 1),
where each component of dy represents the distance from
the corresponding nodal force application point to the
structure centre of mass:

=

z
y7
® y
o
2’ 2
h Yy’
(h) y
z
T z’

Figure 2. Simply supported beam: in undeformed condition (a and b), subject to pure bending (c and d), pure torsion (e and f), and a combination of bending
and torsion (g and h); the left column illustrates the entire beam, while the right column focuses on the mid-span cross-section, with motion governed by vertical

displacement w and/or rotation 0.
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Here, diag(P,(t)) (n x n) indicates the square matrix
with the entries of P, (t) along the main diagonal.

Applying modal decomposition, the equation of motion
is separated into components that correspond to each mode.
The system is therefore reduced to independent single
degrees of freedom (modes) characterised by their own
amplitudes over time. The relationship can be expressed as:

W(t) = 0Q(1) (10)
implying:
Qi)
-] e
B(t) (0N Q(t)

where @ is a 2n x m matrix, with m being the number of
contributing modes, including the mode shape matrices for
displacements ®,, and rotations @y, each of size n X m. Q(¢)
is the modal amplitude vector of size m x 1, where Q;(t) cor-
responds to the amplitude of the j-th mode (with j =1, ...,m).

Following the same procedure as presented in Section
2.1, applying the modal expansion and the orthogonality of
mode shapes, the original system is decoupled into a set of
independent second-order ordinary differential equations,
one for each mode j:

]

(12)
where the modal mass is calculated based on the transla-
tional mass M, and rotational mass My, correspondingly
weighted by the mode shape for displacements ¢,,; and
rotations ¢y ;, as:

Mj* = ¢w,jTMw¢w,j + ¢0,jTM0¢0,j

The modal generalised force can be calculated by projec-
ting Equation (9) onto the modal basis:

(13)

Ri(t) = yj Pult) + ¢g,;" (diag(P(1))do)

Since the pedestrian force P(t) is the sum of each i-th
step force (described in Equation (4)), applied at locations
which generally do not coincide with the n finite element
nodes, the mode shapes ¢,,; and ¢y ;, originally defined at
the nodes, are interpolated at these footfall positions. This
ensures that the modal force accurately reflects the spatial
distribution of the step loads and their associated moment
arms. With this interpolation from nodes to footfall loca-
tions, the modal force is evaluated as:

Rj(t) = Zd)w’j’i Pi(t) + Z¢(-),j,i Pi(t)di

(14)

(15)

In this formulation, each i-th step force P;(t) is weighted
by the interpolated bending mode ¢, ; ; and by the torsional
mode ¢y ;; scaled by the moment arm d;, calculated as the
offset between the i-th foot position and the structure centre
of mass. This allows both force and moment effects to be
properly accounted for in the modal force R;(t).
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Once the modal amplitude Qj(t) is determined, displace-
ments and rotations can be computed from the mode

shapes:
6] - [3Jov

The vertical displacement at a generic point H along the
cross-section, at a distance e from the centre of mass, is
then calculated as follows:

(16)

WH’]' = Wj + 9]'6 (17)

Similarly, the velocities (translational and rotational) and
accelerations (translational and rotational) can be obtained
by substituting the first and second time derivatives of Q;(t)
into Equation (16), and then combining them to obtain the
overall vertical response in terms of velocity or acceleration
through Equation (17).

In summary, this methodology allows for the accurate
determination of vertical responses (displacements, veloc-
ities, or accelerations) at any location along the cross-
section by incorporating both bending and torsional action
and reaction contributions. The only required inputs are the
pedestrian loading, the position of the section centre of
mass, its distance from both the force application point (i.e.
the moment arm) and the cross-sectional location of inter-
est, as well as the modal parameters of the considered
mode(s). In this context, the translational mode shape, ¢,, ;,
is evaluated along the structure centre of mass, calculated
for each section based on the geometry and density of the
corresponding beam segment. The translational mode shape
computed at both sides of the deck can be used to derive
the corresponding rotational mode shape, ¢ ;, through geo-
metrical considerations. It is important to emphasise that
there is no specific threshold in ¢,; that can be used to
classify a mode as mainly bending, mainly torsional, or a
balanced combination of bending and torsion. In fact, the
relevance of torsional effects depends not only on the rela-
tive amplitudes of translational and rotational components
of the mode shape, but also on the associated modal masses
and the loading moment arm, as will be further discussed in
Section 5. Nevertheless, the proposed framework is general
and can therefore be applied to estimate the vibration con-
tribution of any vertical mode, including pure bending, pure
torsional and bending-torsional coupled modes.

3. Serviceability experimental validation

This section presents and discusses the experimental tests
conducted on the Bumerang Bridge (Norway) (Mo et al.,
2019) to validate the proposed method for bending-torsion
serviceability assessment. Section 3.1 describes the structural
characteristics and testing setup, while Section 3.2 shows the
comparison between experimentally recorded vibrations and
those numerically predicted by applying the method to the
specific test case.
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Figure 3. Bumerang footbridge in Oslo, Norway.

3.1. Structure description and test setup

Located in Oslo, the Bumerang bridge serves as a key link
within the Groruddal area pedestrian and cycling network,
connecting the city centre with eastern recreational areas (see
Figure 3). The bridge is constructed from weathering steel,
best known under the trademark COR-TEN steel, a rusty
material which provides a durable, low-maintenance solution
that is well-suited to the Norwegian climate. However, as a
steel structure with slender design, it is relatively flexible,
potentially prone to pedestrian-induced vibrations.

In line with this expectation, the bridge was selected based
on preliminary dynamic tests, which revealed that the first
vertical mode has: (a) a natural frequency within the typical
range of pedestrian pacing frequencies, suggesting its sensitiv-
ity to human-induced vibrations, and (b) a mixed bending-
torsional mode shape, making the structure particularly suit-
able for validating the proposed model. Torsional vibrations
arise due to the structural asymmetry in plan, elevation, and
cross-section, as detailed in the following.

Figure 4 presents the structure technical layout and typ-
ical cross-section, with structural characteristics described
below. The plan view of the footbridge follows a curved,
boomerang-like path to align with adjacent routes while
avoiding trees and other natural obstacles in the surrounding
forest. Supported between concrete abutments by three slen-
der steel columns, the bridge has a total curved length of
83 m subdivided into four spans: two fully straight spans of
20.25m, one span covering most of the curve with a curved
length of 20.5m, and a final span that ends the curve and
continues straight which measures 22.5m. The abutments
are positioned with a 1.9-meter elevation difference, and the
bridge deck presents a space-varying slope to accommodate
this vertical offset. The structure is designed as a continuous
steel box girder with a trapezoidal cross-section, positioned
asymmetrically within the deck to counteract the torsional
effects caused by the boomerang-shaped alignment. The gir-
der cross-section maintains constant dimensions along the
length of the footbridge, with a smaller base of 700 mm, a
larger base of 900 mm, and a height of 850 mm. Cantilevered
wings, acting as discrete stiffening elements, extend asym-
metrically from the box girder, providing a standard 3-meter
deck width which expands to 4 metres at the curve. A

tapered reinforced concrete slab, with an average thickness
of 100 mm, is placed atop, adapting in width to match the
deck varying breadth. The concrete slab collaborates with the
steel box girder by means of shear stud connectors.

The dynamic testing employed a traditional monitoring
system with ten PCB 393B31 piezoelectric mono-directional
accelerometers, operating at a sampling frequency of 100 Hz.
Data acquisition was performed using a HBM system. To
achieve broad spatial coverage of the structural response,
accelerations were recorded at predefined locations along
both sides of the structure, corresponding to the inner and
outer curves (axis A and C in Figure 4, respectively). On the
outer side, only vertical accelerations were measured, while
on the inner side, both vertical and radial-horizontal com-
ponents were acquired. This measurement arrangement was
selected to match the expected dynamic behaviour of the
system, in which sections translate and rotate with negligible
transverse deformation, as discussed in more detail in
Section 3.2.

Due to the limited number of available accelerometers, the
full set of measurement locations and directions was obtained
through a multi-setup testing approach. As illustrated in
Figure 4, measurement points are marked with coloured
markers: empty red circles indicate reference locations used
across multiple setups, while filled blue circles denote positions
instrumented in a single setup. To ensure measurement redun-
dancy for consistent dataset alignment, each setup included at
least four reference sensors (two measuring vertical accelera-
tions and two measuring radial-horizontal accelerations) and a
set of mobile sensors repositioned to progressively cover the
remaining measurements.

Accelerations acquired under ambient environmental
conditions served as input for Operational Modal Analysis
(OMA), which was employed to identify the modal proper-
ties of the structure. Specifically, the COVariance-driven
Stochastic Subspace Identification (SSI-COV) (Peeters & De
Roeck, 1999) was employed. Following the PoSER (Post
Separate Estimation Re-scaling) approach, modal parameters
were estimated independently for each setup and subse-
quently re-scaled and merged to construct global mode
shapes. Re-scaling was performed using a least-squares fit-
ting procedure on the reference sensor portions of each
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Figure 4. Bumerang bridge plan view and cross-sections with extreme widths (3 and 4 m), with accelerometer locations indicated by empty red circles (multi-

setup reference sensors) and by filled blue circles (single-setup sensors).

partial mode shape, to ensure consistency across setups.
This procedure revealed a first mode primarily characterised
by horizontal motion, while the second, third, and fourth
modes exhibited vertical bending-torsional behaviour.
Modal frequencies and damping ratios were obtained as the
average of the OMA results across all setups, leading to
natural frequencies of 2.93, 3.38, 4.85, and 5.58Hz (as
reported in Table 2), and damping ratios of approximately
0.5% for all modes.

A Finite Element Model (FEM) of the structure was
developed using Strand7, as illustrated in Figure 5. The
model employs shell elements to represent the bridge deck
box girder, with a layered shell formulation for the concrete
slab. The columns are modelled using beam elements. In

Table 2. Comparison between experimental and FEM-derived modal parame-
ters corresponding to mode 1 (first horizontal mode), mode 2 (first vertical
mode), mode 3 (second vertical mode), and mode 4 (third vertical mode).

Mode 1T Mode 2 Mode 3 Mode 4
Experimental natural frequency (Hz) 2.93 338 4.85 5.58
Numerical natural frequency (Hz) 297 3.31 497 5.73
Natural frequency error (%) 1.37 2.07 247 2.69
Modal assurance criterion (-) 0.96 0.96 0.94 0.85

total, the FEM model consists of about 2200 nodes, 115
beam elements and 2700 plate elements. Nodes are spaced at
an interval of 2.25m along the straight segments, corre-
sponding to the locations of the stiffening elements present
in each section marked in Figure 4. The mesh is refined
along the curved segment to ensure a more accurate
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Figure 5. Finite element model of the Bumerang bridge in Strand7 with deck hidden; zoom on the curve highlights cross-section geometrical variation.

representation of the geometry and local modal behaviour. A
similar refinement has been applied to the pier in the curved
segment and at the abutments. In addition to the self-weight
of the structural elements (which depends on the material
density and area), the superimposed dead loads include the
weight of the concrete slab, the waterproofing and surfacing
layers, and the pedestrian railings. As boundary conditions,
the FEM model considers the structure supported on top of
the steel columns (fully fixed) and resting on the abutments,
which provide only vertical restraint allowing rotations. The
FEM was calibrated based on experimentally identified
modal characteristics. A comparison between the experimen-
tal and calibrated FEM modal parameters is presented in
Table 2 and Figure 6, indicating a good correlation in both
natural frequencies and mode shapes, especially for the lower
modes. In particular, the second mode, corresponding to the
first vertical mode, is the primary focus for the vertical ser-
viceability assessment addressed in this paper. In this regard,
the FEM only purpose is to refine the spatial resolution of
the second mode shape, as further explained in Section 3.2.
This is helpful with the objective of this work, particularly in
the context of parametric microscale pedestrian flow model-
ling (see Section 4.2). In practical serviceability applications,
however, a detailed FEM is not required to apply the pro-
posed method. For this reason, no further modelling details
are provided.

In addition to environmental conditions, accelerations
were also recorded under pedestrian loading. Three individ-
uals, differing in gender, age, and weight, walked one at a
time at about 1.34m/s (pre-selected as widely recognised as
the typical walking velocity under undisturbed conditions
(Buchmueller & Weidmann, 2006)) along the outer side of
the structure. Compared to walking along the centreline,
this positioning amplifies the excitation of torsional vibra-
tions. The maximum pedestrian-induced structural accelera-
tions, experimentally recorded by sensors, are compared to
numerical predictions computed in accordance with both
Sections 2.1 and 2.2, to discuss the operation of the tradi-
tional pure bending framework and the bending-torsion
coupled framework, respectively, in cases where eccentricity
is present in both the structure and the loading. Details con-
cerning the test-based numerical computations are provided

(d)

Figure 6. Bumerang bridge undeformed state in black, experimentally identi-
fied mode shapes in red (bold) and FEM mode shapes in blue, for the first (a),
second (b), third (c), and fourth (d) modes.

below, beginning with the general bending-torsion formula-
tion, followed by the analytical simplifications introduced by
the traditional bending-based method.

3.2. Test-based numerical simulation and validation

The numerical analysis focuses on the acceleration contribu-
tion associated with the second mode (j = 2), the first to
exhibit predominant vertical vibrations. The curved span
(sections 18-27 in Figure 4) is selected for evaluations, as
this is where the examined mode attains its maximum verti-
cal amplitude. The considered span consists of sections with
varying geometry, leading to shifts in the centre of mass



along its length. As shown in Figure 4, the distance between
points A (the inner deck edge) and B (the centre of tor-
sional stiffness, which also coincides with the centre of
bending stiffness) remains constant, while the distance
between B and C (the outer deck edge) increases along the
curve. The mass associated with each section is evaluated
based on the tributary area approach; therefore, since the
spacing between consecutive sections varies, each section
has a different mass, mass distribution, centre of mass, and
corresponding moment of inertia. For instance, Figure 4
illustrates how geometric variation affects the centre of mass
(G), using as examples two cross-sections with deck widths
of 3 and 4m. This procedure enables the assembly of the
translational and rotational mass matrices, M,, and M.

For each section, the degrees of freedom are defined as
the vertical displacement w of the centre of mass G and the
rotational angle 0, as depicted in Figure 7. Indeed, for the
specific case study, the transverse deformation of the section
is negligible: by linearising the FEM-derived deflections at
the cross-sectional edges (A and C) to simulate the deflection
of G, an error of approximately 1% compared to the FEM
simulation is obtained. As a result, only two degrees of free-
dom are used, describing the rigid translational and rota-
tional motion of the section, assuming that the cross-section
remains transversely undeformed. Given the high Modal
Assurance Criterion (MAC) values for the second mode
shape (please refer to Table 2), the FEM-derived mode shape
components are incorporated into the analysis, as they pro-
vide a more detailed spatial definition along the bridge com-
pared to the experimentally obtained modes. The vertical
components of the mode shape ¢,, , are computed using the
FEM at the centre of mass G defined for each section.
Additionally, the FEM-derived vertical components of the
mode shape at the deck edges (outer points A and C) are
used to determine the rotational mode shape ¢, ,. Finally,
the modal mass M; is calculated by weighting the transla-
tional and rotational mass matrices, M,, and My, by the cor-
responding mode shapes, ¢,, , and ¢, , (see Equation (13)).

For each test subject, pedestrian loading is calculated
using the step-by-step model by Li et al. (2010) (Equation
(4)), considering individual weights of 50, 65, and 75Kkg,
along with a walking speed of 1.34m/s. This velocity corre-
sponds to a step frequency of 1.91Hz, calculated using
Equation (5), and a step length of 0.70m, computed as the
ratio of speed to step frequency. During the experimental
campaign, pedestrians were required to walk as close as pos-
sible to the railing along the outer side of the deck C. This
implies that their walking loading produces a moment with
lever arm equal to the radial-horizontal distance from point
C to the centre of mass G, which varies across each nodal
section. To ensure that the modal force is amplified accord-
ing to the mode shape amplitude at each foot position, the
mode shapes and the moment arms are linearly interpolated
at space intervals corresponding to the step length.

The modal equation of motion of Equation (12) is applied
with the experimentally identified natural frequency and
damping ratio. The derived modal amplitude is used to
determine modal accelerations through Equation (16). Pure
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Figure 7. Cross-section rotational-translational motion characterised through
two degrees of freedom, namely the vertical displacement w of the mass centre
G and the angle 0.

translational and rotational accelerations are combined
through Equation (17) to obtain the overall vertical acceler-
ation at section 22, where the deflection is near its maximum
and an accelerometer is installed for comparison. Within this
section, the external edge C is selected, where the distance
from the centre of mass G, denoted by e, is greatest, imply-
ing the highest rotational contribution to the vertical
response. The maximum vertical acceleration over time, due
to the combined effects of bending and torsion, is evaluated
numerically for each test subject and compared with the
maximum accelerations experimentally recorded at the outer
edge of section 22, illustrated in Figure 8. This comparison,
presented in Table 3, demonstrates the effectiveness of the
proposed method, with a relative error dyq(We, We' )
between the experimental (WéXP ) and numerical (W)
structural maximum accelerations of approximatively 2% for
the first two test subjects, and around 10% for the third. The
greater error observed for the third subject is likely due to
the subject walking at an unsteady speed, deviating from the
target velocity of 1.34m/s.

A similar simulation is conducted according to the tradi-
tional approach, which considers only the bending contribu-
tion to the vertical displacement, w, as a single degree of
freedom. This approach leads to Equation (1), which only
considers the translational component of the modal mass
and neglects pedestrian-induced moments in the modal
force. With this simplification, the numerically obtained
maximum accelerations (#c), presented in Table 3, exhibit a

relative error J.e(Wc, WSXP) of over 50% compared to the

experimental values (WEXP) for all three test subjects.
Comparable outcomes are observed by comparing the
experimental and numerical Root Mean Square (RMS) peak
accelerations, with errors for the three test subjects amount-
ing to 13.17, 24.28 and 21.22 % in the case of the bending-
torsion framework, respectively, and significantly higher
errors of 48.78, 44.03 and 64.56 % when using the tradi-
tional bending-only approach. These results underscore the
importance of accounting for the combined effects of tor-
sional and bending vibrations in cases involving asymmetric
geometries, eccentric loads and torsional modes within the
range of typical pedestrian pacing frequencies, as the vertical
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Figure 8. Experimentally measured accelerations induced by the three test
subjects, with corresponding peak values indicated by green dots.

Table 3. Maximum accelerations for each test subject (50, 65, and 75kg) eval-

. - exp . . . .
uated both experimentally (W ") and numerically, considering the combined
flexural and torsional vibration contributions (W¢) and the flexural vibration
contribution only (w¢), with corresponding relative errors (Jye).

Test subject # 1 2 3
W (m/s) 0.0417 00514 0.0681
We (m/s?) 0.0406 0.0528 0.0609
St (We, WEP) (%) 2.64 272 10.57
e = wg (m/s?) 0.0183 0.0238 0.0274
St (e, W) (%) 56.12 53.70 59.77

contribution induced by torsional rotations is significant
and cannot be neglected.

4. Parametric numerical simulations

This section presents extended numerical simulations con-
ducted to assess the influence of torsional effects on struc-
tural vibrations induced by pedestrian excitation, by
systematically varying pedestrian loading configurations.
Specifically, Section 4.1 investigates the impact of varying
the position of individual pedestrians relative to the struc-
ture centre of mass, which results in different moment
arms, and Section 4.2 addresses the effect of different traffic
densities in crowd scenarios, which lead to diverse load dis-
tributions on the deck.

4.1. Effect of offset in single pedestrian trajectories

To generalise the findings presented in Section 3.2, numer-
ical analyses are conducted considering a 65kg pedestrian
walking along trajectories with different offsets from the
structure axis of mass centres. These simulations involve the
same dynamic loading but differ in moment arm d, and
consequently in the magnitude of the pedestrian-induced
moment in the modal generalised force (see Equation (15)).
Additionally, the structural vertical acceleration is calculated
at different positions on the section through Equation (17),
with each position having varying eccentricities e. Both the
moment arm d and eccentricity e vary within the range
from +2.19m at C (outer side) to —1.81m at A (inner
side).

Figure 9(a) illustrates the numerically obtained accelera-
tions along the z-axis as a function of the moment arm d of
the pedestrian loading (x-axis) and the geometrical eccentri-
city e (y-axis), enabling an analysis that accounts for both
loading and structural eccentricities relative to G (corre-
sponding to zero on both x and y axes). Accelerations are
evaluated using both the traditional bending approach, rep-
resented by the transparent surface with a black edge, and
the proposed bending-torsion framework, represented by
the solid shaded surface. As expected, this comparison
graphically demonstrates that the structural acceleration
evaluated using the traditional pure-bending approach
remains constant, irrespective of the pedestrian and struc-
tural positions. In contrast, the proposed method accounts
for both variables, leading to results that vary depending on
the combination of d and e.

Figure 9(b) illustrates the relative difference between the
traditional framework and the proposed method, i.e. the dis-
crepancy in structural response when torsional effects are
excluded versus included. The traditional assessment is lim-
ited to the case of a pedestrian walking perfectly along the
structure axis of mass centres (with d = 0) inducing acceler-
ation at the mass centre of the examined section (e = 0).
Therefore, the maximum discrepancies occur when both d
and e are at their maximum values and have the same sign.
In such instances, relative differences can reach almost
250% (see Figure 9(b)). These analytical results further high-
light the excessive simplicity of the traditional method in
predicting human-induced vibrations, as the structural
acceleration depends critically on both the position of the
load and the location where the structural response is eval-
uated: the greater the eccentricity of the external forcing,
the stronger the induced torsion, resulting in increased
cross-sectional rotation and amplified vibrations at points
farther from the centre of mass.

4.2. Effect of crowd flow density

To fully assess the dynamic behaviour of footbridges due to
human excitation, it is essential to evaluate the impact of
torsional effects not only from individual pedestrians but
also from pedestrian crowds. While an individual walking
along an eccentric trajectory with respect to the structure
centre of mass generates a clearly defined torsional moment,
the situation becomes more complex in the case of a crowd.
In such scenarios, pedestrians may simultaneously occupy
both sides of the deck, with opposing moment arms relative
to the axis of mass centres. This distribution can lead to a
reduction or partial compensation of the overall torsional
effects, thereby reducing the total torsional contribution to
the structural response.

To investigate the significance of torsional accelerations
in vertical motion under crowd loading, numerical simula-
tions are performed considering crowds of varying densities.
These analyses aim to determine the extent to which tor-
sional components influence the vertical dynamic response
of the structure when subjected to realistically spatially dis-
tributed pedestrian loads. To this aim, crowd dynamics is
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Figure 9. Vertical structure accelerations as a function of pedestrian moment arm d and response eccentricity e (where for both d and e, —1.81 corresponds to
point A, 0 to G, 2.19 to (): (a) comparison between bending-only (black-edged transparent surface) and bending-torsion (filled shaded surface) models; (b) relative

difference between the two.

simulated using the Social Force Model (SFM), a widely
adopted approach that represents pedestrian movement as
the result of social, psychological, and physical interaction
forces (Helbing et al., 2005). Specifically, the SFM models
each pedestrian individually in a microscopic framework,
where trajectories and velocities are updated at each time
step based on the surrounding environment. Each pedes-
trian is assigned a specific desired walking speed, represent-
ing the speed they would maintain in the absence of
external influences. Their motion is governed by a combin-
ation of forces, including attractive forces towards a destin-
ation, social attraction to visual stimuli or sub-group
members, repulsive interactions with other pedestrians, and
avoidance of obstacles or boundaries.

The method originates from Helbing and Molnar (1995),
and numerous adaptations of the SEM have since been pro-
posed. In this study, the version of the SFM released by
Bassoli and Vincenzi (2021) is adopted, calibrated according
to the Weidmann’s speed-density relationship (Weidmann,
1993). The latter provides an empirical formulation for aver-
age pedestrian velocity under free-to-congested conditions;
accordingly, tuning the SFM to reproduce it supports a real-
istic simulation of crowd dynamics across varying traffic lev-
els. Pedestrian densities ranging from 0.2 to 1.5 ped/m? (at
0.1 ped/m” increments) are investigated by setting the corre-
sponding number of individuals on the deck as input to the
SEM. Specifically, crowd density is maintained constant
throughout the simulation by reintroducing each pedestrian
onto the structure after they exit, ensuring a steady number
of individuals on the deck at all times. The detailed proced-
ure is described in Eslami Varzaneh et al. (2024) and sum-
marised in the following:

e For each density level, 150 independent simulations are
conducted to ensure statistical robustness of the results,
each initialised with randomised starting conditions.
These include randomly assigned pedestrian initial posi-
tions and desired walking speeds, drawn from a normal
distribution of free-flow walking velocities (Buchmueller
& Weidmann, 2006), with a mean of 1.34 m/s and a
standard deviation of 0.26 m/s. Additionally, pedestrian

body weights are randomly assigned based on a log-
normal distribution, reflecting typical population statistics
(Portier et al., 2007), with a mean of 73.85kg and a
standard deviation of 15.68 kg.

The SEM provides the time-varying position and velocity
of each pedestrian in the crowd, accounting for their
interactions throughout the simulation. For instance, the
trajectory followed by an example pedestrian within a
simulated crowd flow is represented in Figure 10(a) (red
line). Note that the just mentioned path exhibits irregu-
larities, reflecting changes in the pedestrian desired direc-
tion and speed due to interactions with the surroundings.
SEM outputs are then converted into dynamic loading, as
detailed in the following. For each pedestrian, the two-
dimensional velocity components obtained from the SFM
simulation are combined to derive the instantaneous
walking speed, from which the time-varying step fre-
quency is computed through Equation (5), according to
Bruno and Venuti (2008). The timing of each footstep is
determined iteratively, with each step duration calculated
based on the pacing frequency derived at the instant of
the preceding footstep. The spatial position of each step
is taken from the pedestrian two-dimensional trajectory
generated by the SFM at the corresponding step applica-
tion time. For the example pedestrian of Figure 10(a),
this leads to the definition of the foot standing points
marked by red circles.

The force associated with each footfall is described via
Equation (4) in line with Li et al. (2010). The overall
walking-induced load from a single pedestrian is
obtained by summing the contributions from all individ-
ual footfalls along their path. When applied to the pedes-
trian example in Figure 10(a), this results in the force
depicted in Figure 10(b). While an isolated pedestrian is
described by a periodic walking force (see Figure 1), a
pedestrian within a crowd displays irregular gait patterns,
with steps that vary from one another, as shown in
Figure 10(b). To compute the total crowd-induced load,
the forces generated by all pedestrians are superposed.
This superposition is justified as the pedestrian flows
generated by the SFM produce realistic temporal and
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Figure 10. Single pedestrian walking within a SFM-simulated crowd: (a) path travelled to cross the examined span (bold red line), foot standing points (red markers) and
corresponding moment arms (blue lines); (b) single step forces (grey) and overall force (black); (c) single step moments (grey) and overall moment (black).

spatial distributions of step forces: inter-subject variabil-
ity is captured through the random assignment of
desired walking speeds, while intra-personal variability
emerges from the continuous adaptation of each pedes-
trian pace in response to external factors, including
human-human interactions.

e The two-dimensional footstep coordinates generated by
the SFM (e.g. red markers in Figure 10(a)) play a key
role in evaluating the moment associated with each step
force, as they enable the computation of the correspond-
ing step moment arms (blue lines in Figure 10(a)).
Accordingly, step forces (grey lines in Figure 10(b)) are
multiplied by their respective moment arms to compute
the step moments (grey lines in Figure 10(c)). The sign
of each step moment depends on whether the foot place-
ment is to one side or the other of the structure centre
of mass (dash-dotted in Figure 10(a)). To calculate the
total moment induced by the crowd, the step forces of
all pedestrians are combined over time and space.

e To evaluate the overall crowd-induced modal generalised
force for the bending-torsion combined framework,
Equation (15) is used. Each step force is weighted by the
translational mode shape amplitude evaluated at the foot-
step position, projected onto the axis of mass centres
along its normal. Similarly, each step moment is scaled by
the rotational mode shape amplitude at the footfall loca-
tion. When the traditional bending-only framework is
applied, the generalised modal force defined in Equation
(15) simplifies accordingly, and the modal mass in
Equation (13) reduces to include only the translational

contribution. In this context, the influence of human-
structure interaction could be captured by considering the
equivalent modal parameters of the crowd-structure sys-
tem instead of those of the empty footbridge (as suggested,
for instance, by Bassoli, Van Nimmen, et al. (2018)). This
aspect is worth noting but remains beyond the scope of
the present work.

Crowd-induced structural accelerations predicted by the
two approaches are shown in Figure 11, along with their
relative difference. Blue indicates results from the traditional
bending-only framework, red represents those from the pro-
posed bending-torsion coupled approach, and black shows
their discrepancy. Solid lines denote the mean maximum
response from the 150 SFM simulations performed at each
crowd density level, with standard deviation bands denoting
the corresponding variability ranges. Particular attention is
drawn to the trend of average maximum structural acceler-
ation as a function of pedestrian density. Notably, this trend
is not monotonically increasing in Figure 11(a): regardless
of the method used (i.e. for both red and blue colours),
acceleration levels rise with density up to a certain point,
beyond which they slightly decrease. This observation
underscores that increasing crowd density does not neces-
sarily correspond to the most critical loading condition for
the structure. On one hand, higher densities lead to greater
total pedestrian mass, which typically amplifies structural
response. On the other hand, congestion effects in denser
crowds tend to reduce the average pedestrian step fre-
quency. Depending on whether this frequency shift moves
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Figure 11. Vertical structural accelerations due to SFM-simulated crowds as a function of pedestrian density and response eccentricity e (where e = —1.81 at A,
e=0at G, e=2.19 at (), with solid lines showing the mean over 150 simulations and shaded areas denoting one standard deviation: (a) traditional bending-only
approach (blue) and proposed bending-torsion coupled framework (bold red); (c) relative difference between the two (black).

closer to or farther from the structure natural frequency, the
dynamic amplification may increase or decrease. Therefore,
the worst-case scenario depends on the interplay between
mass loading and frequency alignment, and understanding
this interaction is essential for identifying the most demand-
ing crowd configuration for a given structure.

The results obtained using the two methods present a
key difference. The traditional approach does not account
for torsional rotations and therefore predicts identical accel-
erations at all points across the cross-section, regardless of
their eccentricity e. In contrast, the proposed method com-
bines bending and torsional contributions to the vertical
acceleration. These contributions are additive and amplify
the response at point C (and more generally where e > 0),
while they are opposing and thus partially cancel out at
point A (e < 0). As expected, the traditional method under-
estimates the accelerations at point C compared to those
predicted by the proposed method, and overestimates them
at point A. At the mass centre G (e = 0), the accelerations
predicted by the two methods still do not coincide, as the
associated modal mass differs between the two frameworks.
All this is graphically evident in Figure 11(a) and quantita-
tively supported by Tables 4-6, which report the mean max-
imum structural accelerations at points G, C, and A,
respectively, evaluated using the bending-torsion (Wg, We,
W,) and traditional bending-only (g, w¢, Wwa) methods
across varying crowd density levels.

Another noteworthy observation concerns the relative dif-
ference between the two modelling approaches. The average
difference (black line in Figure 11(b)) is strongly influenced
by the location along the cross-section at which structural
acceleration is evaluated, while it remains nearly constant
across different crowd densities. However, the variability (or
dispersion, illustrated as the standard deviation band in
Figure 11(b)) of this difference depends on the crowd dens-
ity. As the crowd becomes denser, pedestrian distribution
across the deck becomes more uniform, and the overall tor-
sional contribution decreases. This is because pedestrians
walking on opposite sides of the mass centre generate tor-
sional actions of opposite sign, which tend to balance each
other out, thereby reducing their combined influence on the

structural response. Nevertheless, the relative difference
between the two approaches does not vanish along the mass
centre G (e =0), even at high crowd densities. This is due
to the fact that, although the crowd may be symmetrically
distributed with respect to the deck geometrical centreline
(i.e. midpoint between edges A and C), this centreline does
not coincide with the mass centre G, which is offset due to
the structural eccentricity of the cross-section.

5. Multiplication factors for simplified assessment

To enable a simplified assessment, multiplication factors are
analytically derived, allowing adjustment of accelerations
obtained by considering bending effects only. This strategy
retains the practicality of the traditional bending-only
framework while extending it through straightforward cor-
rection terms that account for torsional rotation induced by
human loading at multiple cross-sectional positions. Two
multiplication factors are introduced: the first, ooy, adjusts
the vertical acceleration predicted at the cross-sectional
centre of mass G to incorporate torsional contributions; the
second, o0s(H) scales this value to estimate the acceleration
at any point H across the section, capturing the increasing
influence of rotational effects with distance from G. For
these reasons, they are respectively referred to as the tor-
sional multiplication factor and the positional multiplication
factor, as indicated in their respective subscripts.

The torsional multiplication factor o is derived by
mathematically comparing the modal displacement com-
puted through the bending-only (¢,,; ¢;) and bending-
torsion (¢, ; Q; + ¢y ; Q;) frameworks. When a consistent
normalisation of the modes is adopted, this equals compar-
ing the modal forces from the two frameworks. This
requires ¢,,; to be the same within the two frameworks,
meaning that the maximum vertical displacement compo-
nent is normalised to unit and rotational components are
scaled accordingly. Note that this would not be valid if the
modes were normalised to modal masses. Under these con-
ditions, the multiplication factor o is estimated by divid-
ing the modal generalised force (right-hand side) of the
Equations (12) and (3), leading to the following expression:
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Table 4. Mean maximum structural acceleration at point G for different crowd
densities, comparing evaluations from the bending-only (ws) and combined
bending-torsion (W) approaches, simplified predictions using the torsional
multiplication factor (cors) and corresponding relative difference (dye).

Torsional factor oo (-) 0.9727

Density (ped/m?) 0.30 0.70 1.10 1.50
W (m/s?) 0.6562 1.2813 1.7498 17321
We (m/s?) 0.6535 1.2252 1.6789 1.7168
W6 kors (M/52) 0.6357 1.1918 1.6331 1.6699
Srel (W6 0ttors, W) (%) 3.1302 6.9845 6.6699 3.5861

Table 5. Mean maximum structural acceleration at point C for different crowd
densities, comparing evaluations from the bending-only (w¢) and combined
bending-torsion (W) approaches, simplified predictions using the positional
multiplication factor (opos(C)) alone or in combination with the torsional
multiplication factor (o4ors) and corresponding relative differences (Jyel).

Positional factor cpos(C) () 1.5443

Density (ped/m?) 0.30 0.70 1.10 1.50

We (m/s?) 0.3596 0.7021 0.9588 0.9491
We =g (m/s?) 0.6535 12252 1.6789 1.7168
W ttorsOpos (C) (M/s2) 0.3483 0.6530 0.8948 0.9150
Srel (W 6tors pos (C), W) (%) 3.1302 6.9845 6.6699 3.5861
W 6005 (C) (M/s?) 0.3596 0.7021 0.9588 0.9491
Srel (W gtzp0s (C), W) (%) 0.0000 0.0000 0.0000 0.0000

Table 6. Mean maximum structural acceleration at point A for different crowd
densities, comparing evaluations from the bending-only (w,) and combined
bending-torsion (W,) approaches, simplified predictions using the positional
multiplication factor (cpes(A)) alone or in combination with the torsional
multiplication factor (oiors) and corresponding relative differences (Jyey).

Positional factor apes(A) (-) 0.5479
Density (ped/mz) 0.30 0.70 1.10 1.50
Wy (m/s?) 1.0134 1.9787 2.7022 2.6748
Wy = We (M/s?) 0.6535 1.2252 1.6789 1.7168
W OttorsOpos (A) (M/57) 0.9817 1.8405 2.5220 2.5789
ém(wgumrsapos(f), Wa) (%) 3.1302 6.9845 6.6699 3.5861
W gotgos (A) (m/s?) 1.0134 1.9787 2.7022 26748
Sret (W 60tpos (A), Wa) (%) 0.0000 0.0000 0.0000 0.0000
T
e bo,j Moy ;
Ohors = | 1 +——2d | /| 1+~ (18)
(bw)j,z ¢w,j Mw(z)w,j

with subscript z indicating the nodal section of interest.

This factor allows for the inclusion of the rotational
modal mass (in the denominator) and the torsional contri-
bution in the modal action (in the numerator), weighted by
the rotational mode shape and amplified by the moment
arm d. The definition of d is straightforward when simulat-
ing individual pedestrians, as it directly corresponds to the
eccentricity of the pedestrian trajectory relative to the centre
of mass. However, for crowds, d should be interpreted as an
equivalent moment arm. For instance, assuming a uniform
distribution of pedestrians along the deck, d can be esti-
mated by calculating the offset between the centreline and
the centre of mass, representing the resulting moment arm
considering the balancing effects of people walking on
opposite sides of the structure.

The positional multiplication factor opos(H) is derived
from Equation (17) by comparing two cases: the structural
response at a generic eccentric point H on the cross-section
(characterised by an eccentricity e) and the response at the
centre of mass G, where the eccentricity is zero and,

consequently, the rotational contribution vanishes. By divid-
ing the expressions for these two conditions, the positional
multiplication factor is obtained as:

¢(),j,z e
¢w,j,z

This factor accounts for the alteration in structural verti-
cal acceleration, velocity, or displacement resulting from the
rotational motion of the cross-section. The rotational contri-
bution adds to (or subtracts from) the translational response
in proportion to the eccentricity e, i.e. the distance between
the generic point H and the centre of mass G.

The multiplication factors provide an a-priori estimation
of the torsional contribution entity compared to bending-
only vibrations at different cross-sectional locations. Indeed,
by just knowing the modal parameters (masses and mode
shapes) and the pedestrian offset to the structural centre of
mass G (i.e. d), the torsional multiplication factor s ena-
bles to quantify the contribution of torsion to the bending-
torsion vibration coupling at G. Specifically, aors is around
1 when the torsional contribution is negligible, which occurs
when the load is applied close to G or under symmetric
crowd loading conditions around G. The positional multipli-
cation factor opos(H) allows the estimation of the torsional
rotation contribution to the response at the section outer-
most points (i.e. those farthest from G), based solely on the
mode shapes and the distance e between the considered
point H and G. Specifically, factor apos(H) is greater than 1
when the moment-induced rotation increases the vertical
displacement caused by the force, and less than 1 otherwise.

To validate the proposed multiplication factors, the
extended numerical simulations performed with both the
bending-only and bending-torsion frameworks are employed
for both single pedestrian and crowd loading scenarios, pre-
viously introduced in Sections 4.1 and 4.2, respectively. In
the case of individual pedestrians, the structural accelera-
tions computed at the centre of mass using the bending-
only approach (see the black-edged surface of Figure 9(a) at
structural point G, i.e. corresponding to e =0) are multi-
plied by the torsional multiplication factor o, and these
estimates are compared against the values obtained using
the full bending-torsion model (see the shaded surface of
Figure 9(a) at e = 0). Additionally, the bending-only acceler-
ations at the centre of mass are further scaled using the pos-
itional multiplication factor op.s(H) to estimate structural
accelerations at generic points H on the cross-section. These
results are then compared to the bending-torsion outcomes
computed directly at those locations (see Figure 9(a) for
non-zero values of e). In both cases, the difference between
full computations and simplified estimations turns zero due
to the way tors and opos(H) have been defined, demonstrat-
ing the effectiveness of the multiplication factors in replicat-
ing the full bending-torsion response based on simplified
bending-only results, regardless of the pedestrian trajectory
(i.e. independently of d).

The same validation procedure is applied to crowd loading
scenarios, with simulations performed at different pedestrian
densities. For each density level, structural accelerations at

dpos(H) = 1+ (19)



the centre of mass W obtained from the bending-only model
(see blue curve at e = 0 in Figure 11(a)) are corrected using
the torsional multiplication factor oo and compared against
those from the bending-torsion model We (red curve at
e = 0). Results for selected densities are presented in Table 4,
with similar trends observed at other traffic levels.

These corrected accelerations Wgtos are then further
scaled by the positional multiplication factor opo(H) to esti-
mate accelerations at eccentric locations on the cross-section
(e.g. H=C and H = A). These estimates are compared
with direct bending-torsion model outputs at the same loca-
tions (red curves at A and C in Figure 11(a)), as shown in
Tables 5 and 6. In these tables, the relative difference 0, is
calculated between the accelerations obtained using the
bending-torsion method and those estimated by scaling the
results from the bending-only framework.

The level of discrepancy remains consistent across all the
locations on the section: in G (Sp(Wgttiorss W), in C
(5rel(wG(xtorsapos(C)7 WC)) and in A (5rel({’i’GO‘torsfxpos(A)s WA))
This indicates that differences stem primarily from the torsional
multiplication factor, while the positional multiplication factor
introduces no additional deviation. This is further confirmed
by scaling W from the bending-torsion model with the pos-
itional multiplication factor: 5rel(WGocpos(C), We) =0 and
Orel (W gtpos(A), Wa) = 0, as reported in Tables 5 and 6.

Overall, under crowd conditions, the positional scaling
maintains high accuracy, while the torsional correction
introduces a moderate average deviation of about 6% across
all densities. This discrepancy is primarily attributed to the
non-uniform width of the footbridge along its length, which
causes the equivalent moment arm d to vary spatially.
Additionally, while the crowd centre of mass may, on aver-
age, be centred on the deck over the course of the simula-
tion (as verified by averaging all step moment arms within
each simulation), it can be eccentric at the specific time
when the peak modal acceleration occurs, making the esti-
mation of the equivalent moment arm d more challenging
under crowd conditions. Nevertheless, the observed devi-
ation is considered fully acceptable in view of the simplifica-
tions adopted. In conclusion, the two multiplication factors
are analytically derived rather than empirically calibrated,
ensuring exact results when no additional assumptions are
required (i.e. for simulating single pedestrians). In crowd
scenarios, however, the estimation of an equivalent overall
moment arm introduces some approximation, as it relies on
the assumption of a uniform spatial distribution of pedes-
trians in the crowd. While this may lead to slight deviations,
the resulting differences remain limited and fully acceptable
for practical applications.

Also, it is worth highlighting that, in the specific applica-
tion case, the torsional multiplication factor o, results in a
value slightly below unity, approximately 0.97 (see Table 4).
This outcome can be explained by analysing the relative con-
tributions of the torsional and vertical components in both
the numerator and the denominator constituting the oo
definition (see Equation (18)). Specifically, while the tor-
sional rotation adds a small increment to the generalised
force (through the crowd equivalent moment arm d,
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computed in line with the uniform distribution assumption,
and the ratio ¢ ;/¢,,;), the corresponding increase in modal
mass is proportionally larger. In fact, the torsional modal
mass represents about 7.5% of the vertical one, which leads
to a greater increase in inertia than in forcing. As a result,
the torsional effects (although aligned in direction with the
vertical motion) contribute more to the system resistance
than to its excitation, ultimately reducing the modal response
compared to the vertical-only case.

For instance, if the crowd were not uniformly distributed
but instead eccentric (e.g. due to a temporary concentration
of pedestrians on one side of the deck), the value of the
numerator could exceed that of the denominator due to the
increased moment arm d. Similarly, even a limited load
eccentricity d could lead to oo > 1 when combined with
either a relatively small torsional modal mass (i.e. reduced
structural inertia to torsion) or a high ratio between the tor-
sional and vertical mode shape amplitudes (i.e. stronger tor-
sional contribution in the mode shape). In such cases, the
torsional effects become non-negligible. On the other hand,
regarding opos(H) (see Equation (19)), its value being
greater or less than one depends on the ratio of rotational-
to-translational mode shapes, as well as whether the tor-
sional and bending contributions combine constructively
(for example at C, where e > 0) or destructively (at A,
where e < 0). This opposite behaviour is clear in Tables 5
and 6, respectively showing opos(C) > 1 and opes(A) < 1.

In conclusion, all this highlights how both multiplication
factors (otiors and opos(H)) depend on the balance between
the torsional action introduced by the loading and the struc-
tural torsional resistance. These factors can be calculated a-
priori and may serve as useful indicators for determining
whether more detailed investigations into torsional human-
induced effects are necessary. In such cases, the traditional
bending-only framework may still be adopted, as long as
appropriate response amplification or reduction is applied
to reflect torsional effects.

6. Conclusions

This study addresses a critical gap in the evaluation of
pedestrian-induced dynamic effects on footbridges, particu-
larly with regard to torsional vibrations. While traditional
serviceability assessments primarily focus on vertical bending
vibrations, this approach overlooks the significant influence
of torsional effects, especially in footbridges with asymmet-
rical geometries and/or load distribution asymmetries which
may activate torsional modes. The results presented in this
paper emphasise the need for a more complete consideration
of both bending and torsional dynamics in the analysis of
pedestrian-induced vibrations.

The generalised model proposed here, which accounts for
the coupling of bending and torsional vibrations, was vali-
dated through a detailed experimental test on a boomerang-
shaped footbridge with an asymmetrical cross-section. This
test involved pedestrians with varying weights walking along
the outer side of the deck, to demonstrate the amplifying
effect of eccentric loading on vertical vibrations. The
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comparison between experimental and numerical results
showed that the designed method effectively captures the
combined bending and torsional responses, confirming the
model accuracy and applicability.

Further numerical simulations considering varying eccen-
tricities in pedestrian loading reinforced these conclusions.
The increased vibrations observed with more eccentric load
positions, particularly at points farther from the centre of
mass, underline the inadequacy of conventional models in
predicting real-world conditions. These results suggest that
pedestrian-induced vibrations should be evaluated using a
combined bending-torsion framework to ensure accurate
predictions of structural behaviour and serviceability.

Similar conclusions can be drawn from the crowd simu-
lations, even though torsional contributions may appear less
significant due to the natural balancing effect caused by
people walking on opposite sides of the deck. This balancing
becomes more pronounced as the crowd density increases
and the pedestrian distribution becomes more uniform.
However, even when the external loading is symmetric,
structural eccentricities can still lead to amplified accelera-
tions at positions farther from the centre of mass. In add-
ition, non-uniform pedestrian flows (for example, due to a
temporary obstacle on one side of the deck) may increase
torsional vibrations with growing crowd density. This sug-
gests the need for further numerical investigations in future
applications involving non-uniformly distributed crowds.
These considerations underline the importance of adopting
a bending-torsion framework not only for isolated pedes-
trians but also for dense pedestrian flows.

To retain simplicity in the assessment phase, two multi-
plication factors are proposed, enabling the extension of tra-
ditional bending-only evaluations to include torsional effects
in a straightforward yet reliable manner, without the need
for complex coupled simulations. The first multiplication
factor accounts for torsional contributions at the centre of
mass, while the second extrapolates the response to other
cross-sectional points based on their positional eccentricity.
These factors can be calculated in advance and used to
decide if a more detailed study of torsional effects from
pedestrians is needed. If so, the generalised bending-torsion
framework can be used, or the classical bending-only
method can be kept, with the response simply adjusted
using these two factors to account for torsional effects.

Both the detailed and simplified methods proposed here
are tested and validated against both single pedestrians and
crowds, modelled accounting for inter-pedestrian variability,
intra-personal variability due to external factors and human-
human interactions. Furthermore, both the methods allow
accounting for the main effects of human-structure inter-
action, namely the modal change in the system mass and
damping. This can be achieved, for instance, by implement-
ing the equivalent modal parameters of the crowd-structure
system rather than those of the empty structure.

In conclusion, this study offers a more accurate and
robust method for analysing footbridge dynamics under ped-
estrian loading. The inclusion of torsional effects is shown to

be essential for capturing the true structural response, ensur-
ing improved precision in serviceability checks and better
protection of user comfort. Future developments should aim
to extend the experimental validation to a broader range of
bridge types, considering both single pedestrian and real
crowd scenarios, to further confirm the general applicability
and reliability of the proposed approach.

Indices and Counters

Footstep counter

Mode counter

Harmonic counter in Fourier series
Number of retained vibration modes
Number of discrete beam nodes

3o~

Structural Dynamics

Vertical displacement vector (n x 1)

0(t) Torsional rotation vector (n x 1)

W(t) Generalised displacement vector: [w(t); 0(t)] (2n x 1)

M, Translational mass matrix (n X n)

My Rotational mass matrix (n X n)

M Generalised mass matrix: diag(M,,, My) (2n X 2n)

Cy Translational damping matrix (n x n)

Cy Rotational damping matrix (n x n)

C Generalised damping matrix: diag(C,, Cp) (2n x 2n)

K, Translational stiffness matrix (n X n)

Ky Rotational stiffness matrix (n x n)

K Generalised stiffness matrix: diag(K,,Kp) (2n x 2n)

P,(t) Nodal pedestrian load vector (n x 1)

Pi(t) Footfall force from step i at its own spatial location and time ¢

P(t) Sum of all step forces P;(t) evaluated at footfall locations
(not nodal)

dy Nodal moment arm vector for torsion (n x 1)

d; Moment arm of the i-th footfall force

d Global moment arm for force P(t)

R(t) Generalised nodal external load vector
[Py, (t); diag(Py,(t))dp] (21 x 1)

D,, Mode shape matrix for displacements (n x m)

[ON Mode shape matrix for rotations (n x m)

() Mode shape matrix (2n X m)

q(t) Modal amplitude vector (m X 1)

g;(t) Modal amplitude of mode j

Q(1) Modal amplitude vector (m x 1)

Q(1) Modal amplitude of mode j

P j Vertical mode shape vector for mode j (n x 1)

Py Rotational mode shape vector for mode j (n x 1)

ujoi Vertical mode shape amplitude of mode j at the spatial
location of step i

bo.j.i Rotational mode shape amplitude of mode j at the spatial
location of step i

M; Modal mass of mode j (bending only)

M; Generalised modal mass of mode j (bending + torsion)

Py(t) Generalised vertical modal force on mode j

Ri(t) Total generalised modal force on mode j (including
moment contributions)

wj Natural circular frequency of mode j

& Damping ratio of mode j

w;(t) Reconstructed displacement for mode j (n x 1)

0;(t) Reconstructed torsional rotation for mode j (n x 1)

w; Modal vertical displacement at the examined section centre
of mass

0; Modal rotation of the examined section

H Generic point on the cross-section

e Distance between H and the section centre of mass

Wh,; Modal vertical displacement of H combining w; and 0;e



Pedestrian Parameters

Gy Pedestrian weight

Vs Walking speed

f Pacing frequency

T Step period

T, Foot-ground contact time

At Overlap time between left and right footfalls
DLFj Dynamic load factor of k-th harmonic

ag, by Dynamic load factor coefficients for the k-th harmonic
I Step length

Experimental Application

A Inner deck edge

B Centre of torsional and bending stiffness

G Centre of mass

C Outer deck edge

WP,

W;Xp Experimental peak accelerations at A, C

ﬁ’Ay 1‘4‘/(;,

We Numerical peak accelerations at A, G, C from the bending-
_ only framework

WA> WG>

WC Numerical peak accelerations at A, G, C from the bending-

torsion framework

Multiplication Factors

ltors Torsional multiplication factor
tpos(H)  Positional multiplication factor
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