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Abstract
Structural Dynamic Factor Models (SDFM) represent a reliable tool to inform
the construction of Dynamic Stochastic General Equilibrium (DSGE) models.
The reason is that the log-linear solution of a DSGE model has a factor structure
which ensures consistency between the representations of the two models. We
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1 Introduction

Dynamic Stochastic General Equilibrium (DSGE) and Structural Vector Autoregres-
sions (SVAR) models play a complementary role in modern macroeconomic analysis.
In particular, DSGE analysis relies on SVAR evidence for several purposes.

We see three ways the literature has used VARs to inform DSGE models. The
first is to use SVARs as a benchmark to assess a DSGE’s ability to fit the data. This
can be done using the DSGE-VAR approach in Del Negro and Schorfheide (2004)
and Del Negro et al. (2007), where the value of the VAR parameters implied by the
DSGE model is used as a prior in a Bayesian VAR and the marginal likelihood is used
to measure the goodness of the DSGE model. The second is to use SVARs in the
estimation of the parameters of DSGE models, either via direct or indirect inference,
see Smith (1993), Del Negro and Schorfheide (2004), Guerron-Quintana et al. (2017)
and the vast literature cited therein. The third, and most popular, is to compare
SVAR and DSGE impulse responses to some shock of interest, in order to verify if the
theoretical transmission mechanisms is empirically plausible.!

This paper argues that Structural Dynamic Factor Models (SDFM) are better at
this third task than SVARs and discusses the advantages of using SDFM as an em-
pirical tool when the goal is to compare impulse responses to some structural shocks.?
With this goal in mind, a necessary requirement is that the effects of a shock of interest
have to be well estimated in the empirical model.

From a theoretical viewpoint, the main reason why SDFM delivers reliable esti-
mates and possibly outperform SVARs is the following. The log-linear representation

of the DSGE model postulates a VAR for the state variables in terms of the structural

IFor example, Gali (1999) investigates the response of hours to technology shocks estimated in a
SVAR to assess the empirical support of RBC and New Keynesian models (see also Christiano et al.
(2007)) and Canova and Paustian (2011) assess the validity of models with rule-of-thumb consumers.

2Consolo et al. (2009) introduce a FAVAR-DSGE model. Understanding how to use SDFM to
globally inform the DSGE model as a whole is left for future research.



shocks.® So, if the state variables were observed, the empirical strategy closest to the
DSGE model would simply be to identify structural shocks in a VAR for the state
variables. This is obviously unfeasible because the state variables are generally not
observed. The SDFM provides however a consistent estimator of a linear transforma-
tion of the states, the factors. The factors are statistical objects with the property of
spanning the same space spanned by the state variables of the model. This implies
that using a VAR for the factors, as done in the factor model, is equivalent to using
a VAR for the states. On the contrary, there is no guarantee that the variables used
in the SVAR contain all the information contained in the state variables. This lack
of information is often referred to as nonfundamentalness (Lippi and Reichlin, 1993,
1994), noninvertibility or informational deficiency (Forni et al., 2019). When the vari-
ables are not sufficiently informative, the estimated impulse response functions are not
reliable and cannot provide useful guidance to inform the DSGE on the transmission
mechanism of a given shock.*5

Informational deficiency can arise because of two main reasons. First, there are too
many shocks relative to the number of variables included in the SVAR. Second, even
if the number of shocks is equal or less than the number of variables, the variables
considered might not convey enough information. The first case arises for instance in
presence of measurement error, see Lippi (2020) and Forni et al. (2020) for a formal

discussion.® The second case might arise for example in situations where a shock affects

3 Aruoba et al. (2022) have extended VAR models to non-linear setups. Here we focus on log-linear
solutions.

4This problem has received much attention in the literature. Ferndndez-Villaverde et al. (2007) and
Forni et al. (2019) provide conditions to check for invertibility. The former states a verifiable condition
to understand whether a set of n variables included in the DSGE admits a SVAR representation to
recover n structural shocks. The latter provides a DSGE model-based measure to assess whether
a given VAR specification can be used to estimate any individual shock of interest and its impulse
response functions.

SWhen the goal is to inform the DSGE on the transmission mechanism of a certain shock, indirect
inference might be problematic, because matching the indirect statistic does not imply matching the
true impulse responses.

6Baumeister and Hamilton (2019) have studied VAR models in presence of measurement error.



the variables with a delay, so that the current value of the variables does not provide
enough information about the current shock. News shocks or anticipated government
spending shocks are two notable examples studied in the literature, see Beaudry and
Portier (2006), Forni et al. (2014) or Leeper et al. (2013). Here we propose a way out:
using a factor model in place of a VAR solves the problem, since factor models are not
affected by informational deficiency (Forni et al., 2009, 2020).

We assess the performance of the SDFM relative to SVARs in recovering impulse
responses by means of Monte Carlo simulations, using the DSGE model of Justini-
ano et al. (2010) as Data Generating Process. We focus on technology and monetary
policy shocks, which have been extensively studied in the literature, as well as news
shocks, which have been shown to likely raise noninvertibility problems in SVAR mod-
els. Technology and news shocks are identified using long run restrictions & la Gali
(1999), while monetary policy shocks are identified using both the SVAR-IV ezternal
instrument approach discussed in Stock and Watson (2018) and Mertens and Ravn
(2013), and the internal instrument approach discussed in Plagborg-Mgller and Wolf
(2021), which should be robust to noninvertibilities.

Regarding the (non-anticipated) technology shock, we show that a two-variables
SVAR including labor productivity and hours worked is not able to recover the correct
impulse response functions. Moreover, results depend on the treatment of hours worked
(log-level vs. log-differences). Similarly, the SVAR is unable to recover the correct
impulse response function of a news (anticipated) technology shock.

As for the monetary policy shock, the SVAR fails in presence of measurement
errors. As observed in Plagborg-Mgller and Wolf (2021), including the instrument in
a non-invertible VAR solves the problem. However, there is a price to pay. As the
authors point out, the method requires the instrument to satisfy the so-called lead-

lag exogeneity condition, which is more stringent than the usual exogeneity condition



required by an invertible VAR. Conversely, the DFM produces correct results even if
the instrument is only simultaneously exogenous.

The above findings help us understanding the results of the empirical sections. In
the empirical analysis, we revisit the old-standing but still unsolved controversy about
the response of hours worked to technology shocks. Gali (1999), using a bivariate
VAR with hours taken in differences, finds that a shock increasing productivity re-
duces hours. On the other hand, Christiano et al. (2004), using hours taken in levels,
finds that hours increase. The result is relevant for discriminating between alternative
economic models. We find that (a) the shocks estimated with both bivariate VAR
specifications are predicted by the factors of a DFM, meaning that both VARs are
informationally deficient. Therefore using the estimated impulse response functions
from those VARs to inform the theoretical model can be misleading; (b) the SDFM
produces the same results, irrespectively of the treatment of hours worked; (c) hours
significantly increase after a positive technology shock. Results (a) and (b) are exactly
what we find in the simulation of Section 3.2.

The above analysis is related to, but different from, Forni and Gambetti (2014) and
Forni et al. (2014). In the former paper we also focus on standard technology shocks,
but do not study their effect on hours worked. We start with a VAR with labor
productivity and the unemployment rate; then we estimate a FAVAR to show that
results change when adding factors. In the latter paper we focus on news technology
shocks. We start with a VAR with TFP and stock prices. Again, we estimate a FAVAR
to show that results change when adding information.

As an additional application, we identify the effects of monetary policy with the
authoritative instrument proposed by Gertler and Karadi (2015). We show that infor-
mationally deficient VAR models may produce puzzling results, even if the instrument

is included in the VAR as suggested in Plagborg-Mgller and Wolf (2021). This is ex-



actly what we find in the simulation of Section 3.5. By contrast, the SDFM produces
results which are in line with the theory.

The remainder of the paper is organized as follows. Section 2 presents a theoretical
discussion of the consequence of the presence of measurement error and nonfundamen-
talness in SVAR. Section 3 presents the results of the simulations. Sections 4 and 5

present the empirical analyses. Section 6 concludes.

2 DSGE and dynamic factor models

In this Section we introduce the factor model and its relationship with DSGE models.

2.1 The dynamic factor model

Let x; be a n-dimensional vector of economic variables.”® The variables x;; are sta-

tionary, possibly after detrending, and can be represented as

xit:Xit+§it7 1'21,...,00, (1)

where &;; is the idiosyncratic component, x;; is the common component and the two
are orthogonal to each other at all leads and lags. Given t, the x’s, for ¢ € N, span
a finite-dimensional space, whose dimension is . This implies that there exists an
r-dimensional vector F;, weakly stationary, whose coordinates are the static factors,
such that

Xit = \anFuy + -+ X B = By o xe = AF, (2)

7A rigorous definition of a High-Dimensional Dynamic Factor Model requires that the vector z; is
part of an infinite-dimensional vector, so that we can make assumptions by letting n tend to infinity,
see Forni et al. (2000), Stock and Watson (2002a,b), Bai and Ng (2002). Here, making reference to
the version in Forni et al. (2009), we limit ourselves to recalling the main features of the model.

8Baribura et al. (2010) and Giannone et al. (2015) propose large-dimensional VAR models.



where x; is the n-dimensional vector of the x’s and A is the n x r factor loading matrix.
The common components Y;; and the factors F; are driven by a ¢g-dimensional vector
of structural common shocks wu;, with ¢ < r. More specifically, the r-dimensional vector

F, has the VAR representation®

QL) Fy = & = Suy, (3)

where (L) is a stable polynomial matrix of order p with Q(0) =1 and S'isar X ¢
matrix of constants. Equation (3) implies that the structural shocks belong to the in-
formation space spanned by the VAR residuals, so that the factors are informationally
sufficient for u; (i.e. the structural shocks are fundamental for F}).

By inverting (3) and using (2), we obtain the impulse response function represen-
tation

zy = AQ(L) *Suy + & = ®(L)uy + & (4)

where ®(L) is the matrix of structural impulse response functions. Estimation, iden-

tification and inference are discussed in the online Appendix A.

2.2 Factor model representation of a DSGE model

Suppose that the data generating process is a DSGE model which admits the fol-
lowing state-space representation, the ABCD representation, as defined in Fernandez-

Villaverde et al. (2007),
St = AStfl + But (5)

xt = Csi—1+ Dy (6)

where u; is a g-dimensional vector of structural shocks, x; is a n-dimensional vector

9The existence of a VAR representation for the factors is perfectly compatible with cointegration
among the variables in the panel, see Forni et al. (2020).



of economic variables, s; is an m-dimensional vector of stationary state variables (¢ <
m), A, B, C' and D are conformable matrices of parameters and B has a left inverse
B~! such that B™'B = I,

From the ABCD representation we make explicit the link between the DSGE model

and the factor model discussed above. From equations (5) and (6) we get

Xt = Gfi (7)

where G = (DB™' C — DB7'A) and f; = (s s;_l)/. The vector f; has the VAR

representation
fo = Afi+ By, (8)
- A 0Oy N B
with A = , B = , I, is the m-dimensional identity matrix and 0,, a
L, O, O,

m X m matrix of zeros.!® Equations (7)-(8) reduce to the minimal representation

Xt = AF (9)

Ft = QFt_1+SUt (10)

where A = GP, Q = P 'AP, S = P 'B, P! being a left inverse of P.!! There
are two important remarks to notice about representation (9)-(10). First, F; = P71 f,
spans the same information space as f; = (s, s}_;)’, so that F; contains all the relevant
information about the DSGE dynamics. Second, F; follows the VAR representation

(10), where, in general, the residuals have reduced rank, i.e. ¢ < r.

10Unlike representation (2)-(3), representation (7) is not necessarily minimal (i.e., the representation
of the model with the smallest number of factors), since the covariance matrix of f;, ¥, may have
reduced rank r < 2m. We can easily derive the minimal representation. If (7) is not minimal, then
there exist a 2m x r matrix P such that f; = PF;, where F; has a nonsingular covariance matrix.

"Boivin and Giannoni (2006) and Gelfer (2019) have proposed to estimate DSGE models in a
data-rich environment. Their approach is to link a large dimensional dataset to the states of the
model by assuming a linear relation between the states and the observables.



By inverting the VAR for F;, we obtain the MA representation

xe = ®(L)u, = A(I — QL)™' Suy, (11)

where ®(L) is the matrix of impulse-response functions. Assuming that the economic

variables are observed with error, we obtain

v =N+ & =D(L)u + &, (12)

where & is a vector of measurement errors. By comparing (4) and (12) it is seen that,
when the variables are observed with error, the linearized DSGE model has a factor
representation with Q(L) =1 — QL.

In practice, one can compare the empirical impulse response functions estimated
with the factor model for a given shock to those of the DSGE. Under the null hypothesis
that the DSGE is the DGP, the two should be similar. If not, this suggests some sort

of misspecification of the DSGE model.

2.3 DMeasuring informational deficiency

Consider again the structural model (11):

Xt = (L)uy (13)

where each individual variable is observed with measurement error x; = x; + &. Sup-
pose, as it is done in SVAR analysis, that we consider a ¢-dimensional subvector y;

of x;: y, = Wuxy, where W is a selection matrix selecting elements from x;. The



relationship between observables and shocks is then

Yr = (WfI)(L) W) "l (14)
&
It is immediately seen that the presence of measurement error makes (14) noninvertible
simply because there are more shocks than variables. In this sense, measurement error
can be simply considered a type of information deficiency. With no measurement error
¥ can still be noninvertible, depending on the roots of the determinant of W®(L).
Notice however that even if the representation is noninvertible, some (but not all)
of the shocks and their impulse response functions can still be estimated. This is a very
important point since a large part of the contributions in the VAR literature aims at
identifying typically a single shock. Thus, the relevant question is: is the informational
content of vector y; enough to correctly estimate a given shock of interest? Sims and
Zha (2006) and Forni et al. (2019) have proposed a measure of informational deficiency
of a set of variables y,; relative to a shock u;. The measure, called ¢;, is defined as one
minus the R? of a regression of the structural shock wu;; onto the residuals of a VAR
on y,;. If deficiency is zero, §; = 0, the structural shock is a linear combination of the
VAR residuals: the present and the past of y; contain enough information to estimate
uy. If deficiency is maximal, §; = 1, the present and the past of y; do not provide any
information about the structural shock.
In the simulations that follow we rely on ¢§; in order to understand whether a
VAR for y,; is enough informative. The 9; for each shock will take into account both
informational deficiency of the variables themselves (i.e. the y;) and the impact of

measurement errors in reconstructing the shock and its impulse responses.

10



3 Simulations

In this section we assess the validity of the factor model and the VAR as empirical tools
to inform on DSGE models using Monte Carlo simulations. We focus on technology
and monetary policy shocks, two shocks which have been extensively studied in the
literature.

First, we consider a (non-anticipated) technology shock. We find that a two-
variables VAR including labor productivity and hours worked is unable to recover
the correct impulse response functions. Moreover, results vary substantially depend-
ing on the treatment of hours (log-levels vs. log-differences). By contrast, the SDFM
performs well, independently of the treatment of hours. These findings help us un-
derstanding the empirical application of Section 4: according to VAR estimation,
technology shocks have different effects on hours worked, depending on whether hours
are taken in levels or differences, whereas the treatment of hours does not affect SDFM
estimation.

Concerning monetary policy, we find that the “internal instrument” method solves
VAR invertibility problems, but only when the instrument fulfills the so called “con-
ditional lead-lag exogeneity” property. If this property does not hold, the VAR model
fails dramatically, whereas, again, the DFM model performs well. This helps us under-
standing the empirical results of Section 5, where internal IV identification produces
puzzling impulse-response functions.

For our simulation exercises we use the medium-scale DSGE of Justiniano et al.
(2010). The model has seven shocks and it is equipped with all the frictions that
are considered necessary to capture the persistence of macro data: habit persistence,
adjustment costs to investment, sticky prices, sticky wages, etc. We use the same

specification and parameterization in Justiniano et al. (2010).

11



To estimate the factor model, we need a large cross section. We build our large
dataset as follows.

1. Apply the Kalman smoother to the DSGE using as observables the most re-
cent versions of the 7 data series used in the estimation of the DSGE in Justiniano
et al. (2010), namely GDP, investment, consumption, wages, hours, interest rate and
inflation and obtain smoothed estimates of all DSGE variables, states and controls.

2. Project the 229 series of our actual large N dataset (the data) on the smoothed
states of the DSGE and collect the projection matrix, M. The matrix M captures the
empirical relationship between the states of the DSGE and the data and it is used to
generate the simulated large N dataset.!?

The simulations are constructed as follows. From the DSGE model we first generate
all states and stationary endogenous variables. The seven shocks are Gaussian i.i.d.
with variance equal to the variance resulting from the estimates of the DSGE model in
Justiniano et al. (2010). For each simulation, the large dataset is produced multiplying
the matrix M just described by the simulated states. A measurement error of the
appropriate size is added to all the series, where needed.

We use a very large number of time observations, T' = 5000. We need a large
sample to show that VAR models may produce asymptotically biased and therefore
inconsistent estimates (whereas SDFM estimates are asymptotically correct). Using a
number of observations comparable to those of actual data sets we could only show
that there is a small sample bias. In the Appendix we report small sample simulations
using 1" = 235. The basic result is that the DFM still performs better than the VAR,
except that the differences are not as stark as with 7" = 5000. In each simulation we

generate 100 artificial datasets.

12This is the same approach used in Boivin and Giannoni (2006) and Gelfer (2019) to match large
cross-sections to DSGE models. In their approach, observed variables are linear and contemporaneous
functions of the states.

12



3.1 Technology shocks with TFP

We first focus on the standard technology shock. As in Justiniano et al. (2010),

log TF'P;, denoted a;, follows

ay = Q41 + ,Tt (15)
Ty = pTia + 1 (16)

where T} is the growth rate of technology, driven by the surprise shock 7;. We employ
a simple bivariate VAR which includes the growth rates of TFP and the log of hours
worked. Identification of the technology shock, along the lines of Gali (1999), is ob-
tained using the model-based restriction that the only shock affecting TFP in the long
run'? is technology. We normalize the size of the shock by imposing that the estimated
and the theoretical responses of TFP at horizon 25 are equal.

We start by analyzing the performance of the SVAR and the SDFM in absence of
measurement error.'*

The left column of Figure 1 reports the average of the estimated IRF's for the SDFM
and the VAR (red with circles and blue with crosses lines, respectively) along with the
16th and 84th percentiles (dashed for SDFM, dotted for VAR) and the theoretical IRF's
(black solid lines). The figure shows that both models perform very well in estimating
the impulse responses. The result for the VAR is particularly interesting since it is
a case where, even if the model is noninvertible because there are only two variables
and seven shocks, still the impulse response functions of the technology shock can

be correctly estimated. The result is in line with the §; associated to the technology

shocks which is equal to zero. Next, we add a Gaussian i.i.d measurement error &; to

13Long run here is computed using impulse responses 500 steps ahead.

14Tn all estimates in the main text, the SDFM is estimated with r = 17 and ¢ = 7 and both the
SDFM and the VAR are estimated with 4 lags, which is the standard number of lags used in empirical
works with quarterly data. In the small sample analysis in the Appendix we use information criteria
to select all the parameters of the two models. In the robustness section, online Appendix B, we show
results with one lag, the number of lags in the VAR for the states in the DSGE solution.

13



each stationary variable y;; of the DSGE model and build x;; = xi + &:. We then
transform and cumulate the series entering the VAR in levels. The measurement error
is therefore I(0) for I(0) variables and I(1) for I(1) variables. We scale the size of the
variance of the measurement error by setting the ratio k; = % = 0.9, so that the
variance of the measurement error is 10% of the variance for each variable.

To get a first sense of how the introduction of the measurement errors affect infor-
mation deficiency, we compute again the §;. Now the ¢; associated to the technology
shock increases from 0 to 0.10. All in all, the effect of measurement error appears to
be relatively moderate and the VAR is expected to perform reasonably well even in
this case. Figure 1, right column, confirms our prior: measurement error alone does
not contaminate substantially the performance of the two empirical models (yet the
SDFM turns out to marginally improve upon the VAR in identifying the IRF's of hours
after horizon 4).'

In the online Appendix B we do a “stress test” on the SDFM by increasing mea-
surement error to the unrealistic figures 20%, 50%, 80% of the variance of each series.
The SDFM performs reasonably well even in the worst case, while the VAR does not.

In conclusion, a simple bivariate VAR with TFP and hours is able to correctly
estimate the technology shock and the correspopnding IRFs. Adding measurement
errors of reasonable size produces modest effects. To better interpret these results
consider that TFP is driven only by the technology shock, Aa; being a simple AR(1)
model, see equation (16). Hence TFP alone provides enough information to recover
the shock. In other words, the VAR, albeit small, is not affected by informational

problems (as far as the technology shock is concerned).

15 Another way to interpret the results above is to notice that the TFP is the technology shock.
Having TFP in the VAR is very similar to ordering it first in a VAR identified a la Choleski. This is the
so-called internal IV procedure. Plagborg-Mgller and Wolf (2021) show that this approach, provided
some conditions on the instrument are satisfied (see the discussion in section 3.5), is delivering the
correct IRFs up to an horizon equal to the number of lags in the VAR, even in presence of measurement
error.

14



3.2 Technology shocks with labor productivity

In this subsection we replace TFP with labor productivity, defined as log(Y/L). This
will be useful to better understand the empirical results of the following section, where
we revisit the debate, originated by Gali (1999), about the effects of technology shocks
on hours worked. In Figure 2 we show the impulse response functions obtained with
a bivariate VAR on variables contaminated with measurement error (the J; for a VAR
with 4 lags is 0.12). The left column shows IRFs with hours entering the VAR and the
SDFM in levels, the right column with hours entering the models in first differences.
We use two different treatments for hours worked in light of the discussion between
Gali (1999) and Christiano et al. (2007) on the correct way to treat hours worked to
identify a technology shock.

The SVARs with different hours specifications produce different and incorrect re-
sponses of hours. The comparison of these results with those of the previous subsection
suggests the following interpretation. Unike TFP, labor productivity is driven by other
shocks, in addition to the technology shock. Hence the bivariate SVAR with labor
productivity and hours worked is informationally deficient, because there are more
than two shocks driving these two variables. When hours are taken in differences,
over-differencing represents an additional invertibility problem: this is the reason why
results depend on the treatment of hours. By contrast, the SDFM captures the cor-
rect IRFs even when hours worked are taken in differences. An explanation of this
last point and a thorough discussion of all these results is provided in Subsection 3.4

below.

15



3.3 News shocks

We now modify the model by replacing the standard technology shock with a news
technology shock, a shock generating noninvertibilities even without measurement er-

rors. The log-linear version of TFP, a;, is modeled as

Ay = A¢—1 + Nt (17)

Ny =oNi 1+ €4 (18)

where ¢ = 0.8 and V(¢;) = 0.04. N, is the news component of TFP and ¢ is
the news shock with four periods of anticipation. In this model, the value of TFP
observed up to time ¢t does not provide information abut the current shock, but only
on past shocks until time ¢ —4. Hence the econometrician suffers from an informational
mismatch.

We first estimate a VAR with TFP and hours. The news shock is identified as
the only shock with a long run impact on TFP. We study large samples (7" = 5000)
without measurement error. The §; for the news shock is 0.99, so we expect to see
that the VAR is unable to correctly capture the IRFs and the shock. Results are in
the first column of figure 3: the IRFs from the VAR are far away from the true ones.
On the contrary the factor model performs extremely well.

In this case informational deficiency is caused by the fact that TFP does not
convey timely information about the shock, and is not necessarily solved by introducing
additional series in the VAR. To show this, we focus on a VAR with 5 variables,
similar to the one used by Barsky and Sims (2011). The variables are TFP, hours,
GDP, consumption and investment. The value of §; is 0.986. Figure 3, right column,
displays the impulse response functions for TFP and hours. Again, the VAR is unable

to estimate the IRFs, whereas the SDFM can.

16



3.4 Interpreting the results: an illustrative example

The following stylized example may help understanding the above results. Let us

assume that productivity changes, Aa;, and hours, h;, follow the model

St
Aay c+al f b
= dy | - (19)
hy 1 10
€t

where a, b, c and f are parameters, s; is a technology shock, d; is a demand shock and
e; can be interpreted either as an additional shock or a measurement error. Notice
that h; = s; + d; is already stationary without differencing.

Let us consider first the SVAR of Subsection 3.1, the one with TFP and hours
worked, which works reasonably well. The corresponding model is obtained by setting
f=b=0and |c/a|] > 1. Since b = 0, the third column of the matrix can be ignored,
together with the measurement error e;. Moreover, since f = 0, productivity is driven
only by the technology shock. The determinant of the relevant 2 x 2 submatrix is
¢+ aL, which vanishes for L = —c/a. Since |c¢/a| > 1, the model is invertible and the
SVAR is successful. We have shown that a small value of b does not change things
substantially.

Now let us consider the case in which f = b = 0, as above, but ¢ = 0. In this case
the technology shock has a delayed effect on productivity; in other words, it is a news
shock, just like the one of Subsection 3.3. The determinant vanishes in 0, so that the
model is not invertible and the SVAR fails, even if there are no measurement errors.

Finally, let us turn to the general case f # 0 and b # 0. In this case the model is
“short”, i.e. we have more shocks than variables, so that the two variables together

cannot convey enough information to recover s;. This is the case of Subsection 3.2,

17



where TFP is replaced by labor productivity and the SVAR does not work properly.

What happens if h; is taken in first differences? The model becomes

St
Aay c+al f b
= dy | (20)
Ahy; 1-L 1—-L 0
€

Even assuming b = 0, we have a square model where the determinant vanishes for
L = 1, since hours are over-differenced. Hence we have an additional invertibility
problem. This is the reason why the VAR with h; and the one with Ah; deliver
different results (both incorrect).

To get an intuition of the reason why the SDFM works well in all cases, assume
that we have two factors, Fy;, and Fy;, following equation (20), where however b = 0,
since the factors are free of measurement errors. In addition, we have a third factor
F3;, conveying additional information on s; and d;. For example, let F3; = d;. In this

case we have the system

Fy c+al f
St

Fyl=11-L 1-1L : (21)
dy

Fs, 0 1

The situation is now reversed. The system is “tall”, i.e. we have more variables than
shocks. Intuition suggests that in this case we have enough information to find s;.
Indeed, tall systems always admit a finite order VAR representation, provided that
the MA matrix is zeroless.! In our case the matrix is zeroless irrespective of the

values taken on by a, ¢ and f, so that the system is invertible. For instance, assuming

16Zeroless means that the column rank is maximal for any complex value of L, see Anderson and
Deistler (2008).
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for simplicity f = 0 and letting « = a/(c + a), 8 = a*/(c+ a), v = 1/(c + a), the

factors have the VAR(2) representation

l—alL —BL BL-pBL2) [Py ¢ 0
St

yL 14+al cyL+al?| | Fx| =11 1
dy

0 0 1 Fy 01

Hence s; can be obtained from current and past values of the factors, even if Fy; is
overdifferenced and even in the case of s, being a news shocks, i.e. ¢ = 0.7

On the other hand, if Fy, = h; = s;+d;, the structural representation of the factors

becomes
Fi, c+al f
St
Fy | = 1 1
dy
Fy, 0 1

In this case the factors have the simple VAR(1) representation

1 —al alL Fi; c f

St
0 1 0 Fl =11 1

dy
0 0 1 Fy, 01

In conclusion, the structural factor model is informationally sufficient for the shock,
and therefore is able to deliver the correct impulse response functions, irrespectively

of the values of a, ¢ and f and the factors being overdifferenced or not.

3.5 Monetary policy shocks

We now focus on the performance of the SVAR and the SDFM in estimating the

impulse response functions of the monetary policy shock. We specify the VAR with

I"Notice that in the last case F; is an exact linear combination of the past of Fy, and Fj,.
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4 variables, the interest rate, GDP, inflation and GDP in the flexible price allocation.
These variables are the only variables entering the DSGE’s Taylor rule. This implies
that the four variables are informationally sufficient for the monetary policy shock,
being the shock, by construction, a combination of these four variables. Indeed, the 9;
for the monetary shock in absence of measurement error is zero.

Identification of the monetary shock is achieved using an external proxy SVAR
scheme. As shown by Stock and Watson (2018) and Mertens and Ravn (2013), if the
VAR is globally invertible, that is, all the shocks display 9; = 0, and an instrument z;
for the monetary policy shock satisfying the two conditions discussed below is avail-
able, then it is possible to identify the IRFs to the monetary policy shock. The two
conditions are: (a) relevance: the instrument must be contemporaneously correlated
with the shock of interest, (b) contemporaneous exogeneity: the instrument must be
contemporaneously uncorrelated with all the other shocks.

However, the 4-variables VAR above is not globally invertible: not all the shocks are
linear combinations of the present and the past of the VAR variables.!® Therefore the
external proxy SVAR with an instrument satisfying only (a) and (b) does not work.
Miranda-Agrippino and Ricco (2021) reports the validity condition of the external
proxy estimator when only m < n shocks are invertible. The instrument must fulfill
(a), (b) and (c) limited lead-lag exogeneity, i.e. the instrument is uncorrelated at all
leads and lags with the shocks that are not invertible.

We construct an artificial instrument z; for the monetary policy shock u,,,+ satis-

fying conditions (a), (b) and (c). Precisely

2t = QUmpt + Uy, (22)

18Tt suffices to note that 4, the number of variables in the VAR, is less than 7, the number of
structural shocks in the DSGE.
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where a = 0.5, var(u,,) = 0.048, v, being a Gaussian zero-mean process, independent
of the structural shocks (at all leads and lags), with variance equal to 20% of the
variance of ;. The vector of impact effects is obtained by regressing the VAR
residuals onto the instrument. The dynamics is obtained by post-multiplying the
reduced-form Moving Average obtained from the VAR by the vector of the impact
effects. We normalize the IRFs by imposing that the impact effect on the interest rate
is equal to the one of the DSGE model.

We first analyze the estimates in a world with no measurement error. The first
column of Figure 4 displays the estimated impulse response functions of GDP, inflation
and the interest rate. As expected, the responses are perfectly captured. The SDFM
delivers the correct impulse responses simply because the VAR on the factors F; is
globally invertible, see equation (10): property (c) is not needed in the factor model.
The importance of this will be clear in the next experiment.

Next, we add a 10% measurement errors to all variables but the interest rate.!®
The presence of measurement error, unlike for the technology shock, raises the §;
substantially, from 0 to 0.73.2° The second column of Figure 4 reports the responses
of the three variables. The IRFs obtained from the VAR are clearly off, with a large
real activity puzzle (top panel). On the contrary, the factor model performs very well
delivering the correct response for each of the three variables.

Unlike Subsection 3.1, here the presence of measurement errors generates a large
and empirically problematic deficiency in an otherwise informationally sufficient VAR.
Why the consequence of measurement errors are so different in the two cases? Our
explanation is the following. In the DSGE model the technology shock is very much

similar to the TFP growth process, the coefficient p in (16) being small (0.23 in JPT).

19We do not add a measurement error to the interest rate since it can be argued that the interest
rate is not affected by measurement errors.

20As the monetary policy shock now is not invertible, the instrument defined in (22) is not valid
anymore in a VAR. The instrument is still valid in a SDFM, as the VAR on F; is globally invertible.
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Hence the shock is estimated with an error which is essentially the same error affecting
TFP. By contrast, the dynamics of the monetary shock is important, involving sev-
eral regressors and lags with large coefficients. The measurement errors affecting all
regressors can therefore produce sizable biases in the estimates of the parameters and
the shock itself.

Plaghorg-Mgller and Wolf (2021) propose to include the instrument into the VAR,
ordered first, impose a Cholesky identification scheme and take the impulse response
functions of the first shock, normalized according to their impact effect on a given
variable. We refer to this procedure as the “internal proxy” procedure. This method
works even if the shock of interest is not invertible, therefore even in the presence of
measurement, errors, provided that the instrument fulfills suitable conditions.

This procedure requires (a) relevance: the instrument must be contemporaneously
correlated with the shock of interest, (b) contemporaneous exogeneity: the instrument
must be contemporaneously uncorrelated with all the other shocks, and (d) conditional
lead-lag exogeneity: the instrument must be uncorrelated with all shocks at all leads
and lags, controlling for the lags of the VAR variables.

Note that conditions (a), (b) and (d) are true for the instrument of equation (22).
The third column of Figure 4 shows the results obtained with the “internal instru-
ment” procedure (blue lines with crosses). The factor model estimates (red lines with
circles) are the same of the other columns and are obtained with the standard external
instrument method. Now the SVAR works much better (even though the confidence
bands for GDP are very large and the estimates are somewhat biased for horizons
larger than the number of lags in the VAR).

As stated above, the “internal proxy” method requires the lead-lag exogeneity
condition (d), which is not required when we have global invertibility, as is the case

with the SDFM. Stock and Watson (2018) convincingly argue that conditions (a), (b)
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and (d) are much more demanding than conditions (a) and (b) alone. To see what
happens when condition (d) is violated, we construct a different proxy, fulfilling (a)
and (b), but not (d):

Zt = QUmpt + P—1 + vy (23)

where a = 3 = 0.5, v; is as in (22) and w0 is real wages, as generated by the DSGE.?!

Figure 5 shows the results obtained using Z; in place of z; (the Data Generating
Process being the same as above). The IRFs obtained with the ezternal prozy SVAR
method are shown in the left column (blue lines with crosses) and those obtained
with the internal prory SVAR method are shown in the right column (blue lines with
crosses). The SDFM estimates are obtained with the external proxy method and are
the same in the two columns (red lines with circles). The figure shows that the SDFM
does very well, with the red lines perfectly overlapping the true IRFs (black solid lines),
whereas the SVAR does dramatically bad, independently of the method used. In sum,
even in the case of proxy identification, because of the global invertibility property of

the SDFM, less stringent assumptions are needed on the instrumental variable.

3.6 Shocks estimates

So far, we have focused on estimation of the IRFs. However, in some cases it is useful
to estimate the shock itself (mainly for historical decomposition). Hence, for some of
the experiments studied in the previous subsections, we estimate the structural shocks.
Table 1 shows the average correlations of our shock estimates with the true shocks,

together with the 5-th and the 95-th percentiles of the distribution of the correlations.

For the technology shock, consistently with the IRF results, the shocks are very well

21'We just selected one variable among those of the DSGE model. Any DSGE variable not present
in the VAR would do the same job.
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Technology (TFP) News (bivariate) Monetary
0.96 0.98 0.99
N SDFM (0.9 0.99) SDFM (0.95 0.98) SDFM (0.99 0.99)
OO VAR 1.00 VAR 0.01 VAR 1.00
(0.%8915.00) (-0.02 0.03) (1.%0917.00)
. SDFM (O'%égoéi%) SDFM. 7, SDFM (o.%% oo
: VAR - :
VAR (0.92 0.94) (-) VAR (0.48 0.51)

Table 1: Correlation among actual (simulated) and estimated shocks. The top figure
in each box is the average across 100 simulations. In parenthesis, the 5th and 95th
percentiles. The VAR to identify the technology shock is estimated with TFP and
hours in levels. The monetary VAR is estimated using the instrument in equation
(22).

estimated by both models with and without measurement errors. For the news shock
(second column) without measurement error, the SVAR fails, the average correlation
being 0.01, as against 0.98 of the SDFM. Finally, for the monetary policy shock (third
column), both models perform well without measurement error, but with error the
SVAR performs very poorly, the correlation with the true shock being 0.50, as against
0.97 of the SDFM.

In summary, this section shows that (a) both measurement errors and delayed ef-
fects on the TFP can produce sizable invertibility problems, which are reflected in bad
estimates of the shock and the IRFs of interest obtained with SVAR models; (b) differ-
ent transformations of the variables significantly affect the estimates of IRFs in SVAR
models; (c¢) the SDFM is not affected by these problems; (d) with a valid instrument,
the internal instrument SVAR approach can perform well even under noninvertibility;

however, the validity conditions for the instrument are more demanding than those

required in the SDFM.
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4 Empirics: Technology shocks and hours worked

In this empirical analysis we revisit the long-standing but never resolved empirical
controversy about the effects of technology shocks on hours worked. Gali (1999),
using a bivariate VAR with labor productivity and hours worked, finds that the shock
driving productivity in the long run reduces hours worked. This result is relevant
for discriminating between alternative theories, as it is at odds with real business
cycle theory, which predicts an increase in hours, and in line with the standard New
Keynesian model. Several papers, among which Basu et al. (2006) and Francis and
Ramey (2005), confirm Gali’s finding. In contrast, using alternative VAR specifications
and identification strategies, other papers, among which Christiano et al. (2003, 2004),
Dedola and Neri (2007) and Peersman and Straub (2009), argue that the empirical
evidence on the effect of a productivity shock on hours worked is not very robust and
could be consistent with a positive effect on hours worked. In particular, Christiano
et al. (2003), CEV henceforth, show that, if hours worked are taken in levels, rather
than in first differences, as in Gali (1999), technology shocks increase hours.

Here we show that small VARs are affected by noninvertibility problems and pro-
duce results that depend dramatically on the treatment and choice of the variables. By
contrast, SDFM results are robust: hours increase (after a nearly zero impact effect)
independently of the treatment. These findings are in line with the simulation results

of Subsection 3.1.

4.1 SVAR results

To begin with, we estimate Gali’s VAR and CEV’s VAR with our sample, spanning

from 1960:11 to 2019:11. As for the measure of productivity, we use labor productivity,
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as in both Gali ’s and CEV’s VARs.?? We estimate two bivariate VAR(4) specifications
with labor productivity and per capita hours worked: in the former (VAR Ia) hours
are taken in log-differences; in the latter (VAR Ib), hours are taken in log levels.?
In both cases the technology shock is identified as the only shock that has long-run
effects on labor productivity. Figure 6 shows the results. The black solid lines are the
point estimates of the IRFs, the shaded areas are the 68% confidence intervals.

The controversy is confirmed: hours reduce when specified in growth rates (left
panels) and increase when are taken in levels (right panels).

Since small VARs can in principle be affected by noninvertibility, it is natural to
ask whether more information-rich VARs provide different results, possibly consistent
with different treatments of hours worked. The choice of the variables, however, is far
from obvious. Here we show results for three reasonable specifications.

In the first one we include productivity, hours, unemployment, inflation and the
federal funds rate, with hours in differences (VAR IIa) and in levels (VARIIDb). In the
second one we include productivity, hours, GDP, consumption and investment, again
with hours in differences (VAR Illa) and in levels (VARIIIb). In the third one we
include productivity and hours, plus three financial variables providing information
about the term spread and the risk premium: the federal funds rate, the 10-years
Treasury bond rate and the Moody’s BAA rate (VAR IVa and VAR IVb). In VAR
ITI, trending real activity variables are taken in levels to avoid possible cointegration
problems. We use 4 lags for all models.

The point estimates are plotted in Figure 7, together with the bivariate VAR, which

is our benchmark. The red lines, corresponding to specification IV, are roughly similar

22Using the (utilization adjusted) Total Factor Productivity developed by Fernald (2012) gives very
similar results.

23Labor productivity is taken in log-differences, as in both Gali ’s and CEV’s VARs. The hours
series is the HOANS series, relative to the nonfarm business sector, divided by civilian noninstitutional
population aged 16 years or more, taken from the Fred database. The log is multiplied by 100 to get
percentage variations for the IRFs. Labor productivity is the OPHNFB series, FRED data base.
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to the baseline VAR. Specifications II and III (blue and green lines, in order) produce
IRF's for hours which are positive and roughly consistent across different treatments of
hours, but the effects estimated with specification II are larger, particularly when hours
are taken in differences. In summary, results differ substantially across specifications,
especially if hours are taken in first differences, and it is hard to tell which is the most

reliable.

4.2 Assessing the empirical evidence

In this subsection we analyze whether the VAR specifications above contain enough
information to estimate the technology shock. To this end, we perform the invertibility
test suggested by Forni and Gambetti (2014). This test consists in regressing the
estimated shock onto the lags of the principal components of a large data set and
performing a standard F-test for the joint significance of the regressors. If the null
is rejected, the shock is predicted by the principal components and informational
sufficiency is rejected, i.e., the VAR does not contain enough information to estimate
the structural shock of interest. To compute the principal components, we take the
the quarterly FRED-QD data set and apply the transformation described in the next
subsection.

Table 2 reports the p-values of the F-test obtained when regressing the estimated
technology shock onto the lags of the first seven principal components of our data set
(the one with hours in differences). The basic finding is that the null of invertibility is
rejected at the 5% level for the shocks of both VAR Ia (Gali) and VAR Ib (CEV). Our
conclusion is that neither of the bivariate VAR specifications contain enough informa-

tion to recover the technology shock, so that the estimated IRF's are not reliable.
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1lag 2lags 3lags 4 lags

VAR Ia  0.060 0.021 0.035 0.026
VAR Ib  0.000 0.000 0.000 0.002
VAR Ila 0.112 0.175 0.405 0.389
VAR IIb 0.051 0.215 0.335 0.447
VAR IIla 0.011 0.056 0.192 0.173
VARIIIb 0.016 0.080 0.270 0.165
VAR IVa 0.258 0.079 0.053 0.087
VAR IVb 0.355 0.318 0.404 0.188

Table 2: p values of the F-test for the significance of the regression of the estimated
VAR shocks onto the lags of the first 7 principal components of our large macroeco-
nomic data set (hours in differences).

Regarding the other VAR specification, the result is mixed. VAR Illa and IIIb are
rejected at the 5% level; VAR IIb and IVa are rejected at the 10% level. VAR Ila
(Figure 7, left panels, blue lines) and VAR IVb (Figure 7, right panels, red lines) are

not rejected and with both specifications hours increase after a technology shock.

4.3 SDFM results

Let us now consider the results obtained with the SDFM model. Our analysis is
based on the quarterly FRED-QD data set of McCracken and Ng (2021), extended
to the most recent data. To get a balanced panel, we retained only series spanning
from 1960:11 to 2019:1, ending up with 229 series. We transformed each series to reach
stationarity. For hours worked, we performed two different transformations: differences
(DFMa) and levels (DFMDb).?* Then we estimated two factor models. In both cases
we used r = 13 and three lags of the factors.?> The productivity shock is identified,

as in the VAR models above, as the only shock affecting productivity at the 10-year

24We applied these transformation to two hours worked series, per capita HOANBS and per-capita
HOABS.

25The number of factors is set by using the log-criterion of Alessi et al. (2010); the number of lags
is set according to the AIC. For simplicity, in the estimation we skipped the rank reduction step, by
setting the number of shocks equal to the number of factors.
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horizon.

Figure 8 shows the IRFs obtained with the factor model. The basic finding is that
now results are robust to the treatment of hours, the IRFs of both TFP and hours
being similar in the two columns. The shocks estimated with the two data treatments
are almost identical, the correlation coefficient being 0.99.

According to the SDFM, hours increase after a productivity shock and the shape
of the IRF is similar to that of VAR Ib (CEV). Does this mean that CEV’s VAR is
in line with the factor model? Not quite. In fact, we have seen that the test of Table
2 rejects VAR Ib. Firstly, the IRF of productivity is different. According to VAR Ib,
the IRF is almost flat. According to the SDFM, the dynamics of productivity is given
by an initial jump, followed by a slow diffusion process. Secondly, the shock estimated
with the SDFM is very different from the one of VAR Ib, the correlation coefficient

being just 0.26.

5 Empirics: Monetary policy shocks

In the last decade, instrumental variable identification has become the most popular
method to study the effects of monetary policy. In this section we identify the monetary
policy shock and estimate its impulse response functions by using the authoritative
instrument proposed by Gertler and Karadi (2015). We compare the IRFs obtained
with different SVAR specifications with those obtained with the SDFM. The basic
result is that SVAR models can deliver puzzling results, even if we use the internal
instrument method discussed in Plagborg-Mgller and Wolf (2021). By contrast, SDFM
results are in line with the theory. Our findings can be explained in the light of the

simulations in Section 3.
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5.1 SVAR results: external instrument

In this subsection we present results from different VAR specifications, using the stan-
dard, external IV method. Precisely, we estimate a VAR (VAR I) including the In-
dustrial Production index and the CPI index, plus an interest rate; following Gertler
and Karadi (2015), we use the 1-year Treasury Bond rate. The frequency is monthly.
Then we estimate a VAR (VAR II) including the three variabls discussed above plus
the spread between the 10-year Treasury Bond rate and the Moody’s BAA bond rate,
which can be regarded as a measure of the risk premium.?® Finally, we estimate a
VAR (VAR III) including all variables in VAR II, plus the S&P500 stock price index.
The IP index, the CPI index and the stock market index are taken in log levels. The
time span is 1960:1 — 2008:12, so that the zero lower bound period is excluded. For
these three VAR specifications we identify the monetary policy shock by the external
IV method; precisely, we identify the impact effects by regressing the VAR residuals
onto the instrument. The IRFs are then normalized to get an impact effect of 100
basis points on the interest rate. All VAR models include 12 lags.

Figure 9 shows the results. With VAR I we have the price puzzle; moreover,
we have a real activity puzzle, since industrial production increases significantly on
impact following a contractionary shock. In the second line, reporting results for VAR
I1, both puzzles disappear; however, the monetary shock does not affect significantly
real activity.?” In the third line (VAR III) we have results in line with economic theory:

both industrial production and prices reduce significantly after a contractionary shock.

26The Excess Bond Premium used by Gertler and Karadi (2015) is not available for our time span.

2TThe difference with respect to Gertler and Karadi (2015) is due to the different time span and
the fact that we use for the risk premium a different indicator, since the ECB is not available until
1973.
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5.2 Testing for invertibility

We conjecture that the results of the previous subsection are driven by information: the
first two VAR specifications do not contain enough information to recover the monetary
shock. To verify this, we perform the invertibility test of the previous section. We
regress the estimated shock onto the lags of the first 8 principal components of our

large monthly data set, described below. Results are reported in Table 3.

1lag 2lags 3lags 4lags b5 lags 6 lags

VART 0.002 0.000 0.000 0.000 0.000 0.000
VAR II  0.001 0.000 0.001 0.000 0.000 0.000
VAR III  0.702 0.554 0.240 0.182 0.271 0.444

Table 3: p-values of the F-test for the significance of the regression of the estimated
VAR shocks onto the lags of the first 8 principal components of the FRED-MD monthly
macroeconomic data set.

As expected, the first two VAR specifications are deficient, as invertibility is re-
jected at the 1% level. By contrast, invertibility of the third VAR specification, in-

cluding stock prices, is not rejected.

5.3 SVAR results: internal instrument

Plagborg-Mgller and Wolf (2021) observe that the internal instrument method works
even if we do not have invertibility, provided that the instrument satisfies the lead-lag
exogeneity condition. In the simulation section we have shown that, if such condition
is violated, the internal instrument method can fail.

In the present subsection we use the internal instrument method applied to VAR
[. We include the instrument into the VAR, ordered first, and identify the monetary
policy shock as the first one in the Cholesky scheme. Again, we use 12 lags in the

VAR.?

28Notice that necessarily, with the internal instrument method, the time span must coincide with
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The estimated impulse response functions are reported in Figure 10, upper line.
The price puzzle is solved; however, the real activity puzzle is still there. Moreover,
the IRF of the interest rate is very different from that of VAR III. Our explanation is
that the instrument does not satisfy the lead-lag exogeneity assumptions, so that the

internal instrument method fails.

5.4 SDFM results

Our SDFM analysis is based on the monthly FRED-MD data set of McCracken and
Ng (2016). To get a balanced panel, we retained only series spanning from 1960:1 to
2008:12, ending up with 122 series. We transformed each series to reach stationarity.
Then we estimated the model with 8 factors and 12 lags.?® Identification is obtained by
the external IV method. Results are shown in Figure 10, bottom line. The estimated
IRF's are in line with the theory and similar, both qualitatively and quantitatively, to
those obtained with VAR III (Figure 9, bottom line).

Finally, Figure 11 shows a few robustness checks for the SDFM: in the first column,
we show the results for a different number of lags (p = 6 and p = 9); in the second
column we change the number of factors (r = 9 and = 10); in the third column we
use the instrument of Miranda-Agrippino and Ricco (2021); in the fourth column we
change the sample span, starting in 1979:8, the beginning of the Volcker mandate. We

conclude that results are reasonably robust.

the time span of the instrument, so that, for this exercise, we are forced to use the time span 1990:1—
2008:12.
29The number of factors is set by using the log-criterion of Alessi et al. (2010).
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6 Conclusions

We have argued that Structural Dynamic Factor Models are better suited than Struc-
tural VARs to inform and guide the construction of shocks’ transmission mechanisms in
DSGE models. The reason is that SVARs may be informationally deficient. Our sim-
ulations show several cases where SVAR analysis produce inconsistent IRF's, whereas
the IRFs estimated with the SDFM are always consistent. Of course, there can be
cases where SVARs perform accurately and we have shown some of them. Overall,
however, we believe that the SDFM is a safer choice.

In the empirical study, we first revisit the old controversy about the effects of
technology shocks on hours worked and, second, we study the effects of a monetary
policy shock. Using a bivariate SVAR with productivity and hours, the effect is positive
when hours are taken in levels, negative when hours are taken in differences. By using
the SDFM, technology shocks, after a nearly zero impact effect, persistently increase
hours worked, irrespectively of their treatment (differences or levels). Both SVAR
specifications are informationally deficient and produce misleading results.

We then identify a monetary shock using the instrument of Gertler and Karadi
(2015), with different VAR specifications. We find that SVAR models may fail to
deliver IRF's in line with the consensus economic view, even if we use the internal

instrument method. By contrast, the SDFM produces credible results.
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Appendix: small sample results

In this Appendix we study what happens in small samples. The sample size is equal
to T' = 235, matching the number of observations in the data. In all the experiments,
a 10% measurement error has been added to all variables, including those entering
the simulated large dataset used in the DFM estimation, but the interest rate. The
number of factors r is selected using the criterion proposed by Alessi et al. (2010) and
the number of shocks ¢ using the criterion by Hallin and Liska (2007). The number of
lags in both the VAR and the SDFM is selected by the BIC criterion.

Figure 12 displays the IRFs in response to a technology shock. The factor model
behaves extremely well, with bands clearly wider than those in the large sample case,
while the VAR has problems in identifying the impulse response of hours after horizon
4 and the confidence bands for the response of hours are very large.

Figure 13 displays the IRF's in response to a news shock. The SDFM have problems
to correctly capture the 4 lags of delay of the shock. This is due to the limited number
of estimated factors suggested by the information criterion used. Aside from that,
IRFs are correctly captured. The VAR, once again, displays in small samples the
same biases shown in large samples and very large confidence bands.

Figure 14, left column, displays the IRF's in response to a monetary shock with an
external instrument (the instrument being generated by equation (22)). The factor
model captures correctly all impulse responses, with bands clearly wider than those in
the large sample case. The VAR on the other side is unable to capture the response
of all variables, even with very large confidence bands.

The right column shows the IRFs in response to a monetary shock with internal
instrument (again with the instrument being generated by equation (22)). Concerning
the VAR, because of the presence of few lags selected by the BIC in the estimated
model, impulse responses are in line with the true ones only up to horizon 1. After
that horizon, biases are evident.

All in all, these results show that the SDFM does better than the VAR, except

that the differences are not as stark as with 7" = 5000.
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Figure 1: Identifying a technology shock - Bold line: true response. Circles: SDFM,
r =17, q = 7, pr = 4. Crosses: VAR, pyar = 4. Dashed lines: 16-th and 84-
th percentiles of the distribution of 100 simulations, SDFM. Dotted lines: 16-th and
84-th percentiles of the distribution of 100 simulations, VAR. T = 5000. Left: no
measurement error. Right: measurement error (k; = 0.9).
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Figure 2: Identifying a technology shock - VAR with log(Y/L). Bold line: true re-
sponse. Circles: SDFM, r = 17, ¢ = 7, pr = 4. Crosses: VAR, pyar = 4. Dashed
lines: 16-th and 84-th percentiles of the distribution of 100 simulations, SDFM. Dot-
ted lines: 16-th and 84-th percentiles of the distribution of 100 simulations, VAR.
T = 5000. Left: measurement error (k; = 0.9), hours in levels. Right: measurement
error (k; = 0.9), hours in first differences.
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Figure 3: Identifying a news shock - Bold line: true response. Circles: SDFM, r = 17,
qg="T, pr = 4. Crosses: VAR, pyar = 4. Dashed lines: 68% percentiles of the distri-
bution of 100 simulations, SDFM. Dotted lines: 68% percentiles of the distribution of
100 simulations, VAR. T" = 5000. No measurement error. Left: two variables. Right:
five variables.
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Figure 4: Identifying monetary shocks. Bold line: true response. Circles: SDFM,
r =17, ¢ = 7, pr = 4. Crosses: VAR, pyar = 4. Dashed lines: 68% percentiles
of the distribution of 100 simulations, SDFM. Dotted lines: 68% percentiles of the
distribution of 100 simulations, VAR. T" = 5000. Left column: No measurement error,
external instrument. Center column: measurement error (k; = 0.9), external instru-
ment. Right column: measurement error (k; = 0.9), internal instrument. Instrument
z generated as 2 = QUpp ¢ + V.
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Figure 5: Identifying monetary shocks. Bold line: true response. Circles: SDFM,
r =17, ¢ = 7, pr = 4. Crosses: VAR, pyar = 4. Dashed lines: 68% percentiles
of the distribution of 100 simulations, SDFM. Dotted lines: 68% percentiles of the
distribution of 100 simulations, VAR. T" = 5000. Left column: measurement error
(k; = 0.9), external instrument. Right column: measurement error (k; = 0.9), internal
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instrument. Instrument generated as: z; = QUpp ¢ + L1 + vy.
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Figure 6: Impulse response functions to a productivity shock, identified as the only
shock affecting productivity at the 10-year horizon. First column: VAR(4) with labor
productivity and per-capita hours worked in log-differencies. Second column: VAR(4)
with labor productivity and per-capita hours worked in log-levels. Black line: point
estimate. Shaded areas: 68% confidence bands.
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Figure 7: Impulse response functions to a productivity shock, identified as the only
shock affecting productivity at the 10-year horizon. First column: per-capita hours
worked in log-differencies. Second column: per-capita hours worked in log-levels. Black
line: point estimate of the benchmark bivariate VAR I. Blue lines: point estimates of
VAR 1II. Green lines: point estimates of VAR III. Red lines: point estimates of VAR
IV. Shaded area: 68% confidence bands for the bivariate VAR 1.
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Figure 8: Impulse response functions to a productivity shock, identified as the only
shock affecting labor productivity at the 10-year horizon. First column: SDFM(3) with
per-capita hours worked in log-differences. Second column: SDFM(3) with per-capita
hours worked in log-levels. Black line: point estimate. Shaded areas: 68% confidence
bands.
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Figure 9: Identifying a monetary policy shock. First row: external IV, VAR 1. Second
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row: SDFM.
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Figure 11: Robustness checks for DFM results. First column: p = 6 (purple line),
p = 9 (green line). Second column: r = 9 (purple line), » = 10 (green line). Third
column: instrument of Miranda-Agrippino and Ricco (2021) (purple line). Fourth
column: time span 1979:8—2008:12 (violet line).
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Figure 12: Identifying a technology shock - Circles: factor model. Crosses: VAR. Bold
line: true response. Dashed lines: 68% percentiles of the distribution of 100 simu-
lations, factor. Dotted lines: 68% percentiles of the distribution of 100 simulations,
VAR. T = 235. Measurement error: k; = 0.9.

49



TFP

2 4 (5] 8 10 12 14 16 18 20

Hours

o
o] o
Ny
3 - .

2 4 (5] 8 10 12 14 16 18 20

Figure 13: Identifying a news shock - Circles: factor model. Crosses: VAR. Bold line:
true response. Dashed lines: 68% percentiles of the distribution of 100 simulations,
factor. Dotted lines: 68% percentiles of the distribution of 100 simulations, VAR.

T = 235. Measurement error: k; = 0.9.
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Figure 14: Identifying a monetary shock - Circles: factor model. Crosses: VAR. Bold
line: true response. Dashed lines: 68% percentiles of the distribution of 100 simu-
lations, factor. Dotted lines: 68% percentiles of the distribution of 100 simulations,
VAR. T = 235. Measurement error: k; = 0.9.

o1



Online Appendix

A. Identification and estimation of the factor model

Although A and F; are not unique, under the model assumptions, y; = AF;, =
AQ(L)'e; is unique. To get an MA representation with ¢ orthonormal shocks we
observe that the covariance matrix of the VAR residuals can be represented as Y. =
VMV’ where M is the ¢ x ¢ diagonal matrix having on the diagonal the ¢ non-zero
eigenvalues of ¥, and V' is the r X ¢ matrix having on the columns the corresponding
eigenvectors. Then, defining W = VM2 v, = W'e, and R = VM'/? we get the
representation

Xe = AQ(L)™' Ruy. (24)

The above representation is a fundamental MA representation with orthonormal shocks.
Starting from the above representation we can get the structural shocks as u; = H'vy,
where H is a ¢ X q orthogonal matrix (see Rozanov (1967), pp. 56-7; see also Section
3.2 in Forni et al. (2009)). The corresponding matrix of impact effects S is obtained
as S = RH. Lastly, the determination of the matrix H can be obtained by imposing

restrictions on the impulse response functions of the x’s, i.e.
O(L) = AQ(L)"'RH,

such as zero impact or long-run effects, just in the same way as in standard VAR
analysis. Of course, we can identify a single shock along with its impulse response
function by limiting ourselves to determining just a single column of the matrix H.
Coming to estimation, we first transform the variables to get a stationary vector
x; and estimate the number of static factors to get 7. Then we estimate the static
factors themselves by means of the first # ordinary principal components of the x’s,
and the factor loadings by means of the associated eigenvectors. Precisely, let 3, be
the sample variance-covariance matrix of x;: our estimated loading matrix A is the

n X r matrix having on the columns the normalized eigenvectors corresponding to the



first largest 7 eigenvalues of f]x, and our estimated factors are Ft =N 2430

Second, we set a number of lags p and run a VAR(p) with F} to get estimates of
Q(L) and the residuals ¢, say Q(L) and &,.

As a third step, having an estimate ¢ of the number of dynamic factors, we obtain
an estimate of the non-structural representation (24). Let 3. be the sample covariance
matrix of ;. We first estimate the matrices V' and M, by computing the largest ¢
eigenvalues and the corresponding eigenvectors of S..; then we compute R = VM2
and & = M~Y2V’é. When performing partial identification, this “rank reduction”
step can be skipped (Forni et al., 2020).

Finally, we obtain an estimate of H by imposing suitable identification restrictions
on the estimated impulse response functions. The estimates of the structural impulse
response functions is given by ®(L) = AQ(L)™*S, where S = RH. The structural
shocks are estimated as u; = H' Uy.

For the consistency of this estimation procedure see Forni et al. (2009), Proposition
3 and (Forni et al., 2020), Propositions 1-3.

To get the confidence bands, we bootstrap the estimated VAR residuals €; and use
A and A(L), along with the initial conditions £, ... ,Fp, to construct the artificial
series ;. Then we add the estimated idiosyncratic components ét = x; — X¢ to get the
artificial series =} = y! + & and estimate the model to get the IRFs ®'(L). We repeat
the procedure m times to get Pi (L), j=1,...,m. Finally we take suitable percentiles

of the IRFs distribution for each horizon.3!

30Notice that the factors F; and the loadings A are not identified, since given any non-singular
r X r matrix M, we have x; = A*F}, where A* = AM~! and F; = MF;. Hence, strictly speaking,
we do not estimate F; and A but a basis of the space spanned by F; and the corresponding factor
loading matrix. This however is not a problem in the present context since we are only interested in
the product x; = AF;, which is identified.

31 Estimation of the DFM entails the estimation of a VAR for the factors, which are stationary. One
might wonder if this does not lead to cointegration problems. The answer is no. The reason is that in
the DFM the spectral density matrix of the factors is singular. For singular vector variables, unlike
the standard non-singular case, (a) I(1) variables (in our case the cumulated sum of the factors) are
always cointegrated; despite this, (b) a (finite order) VAR for I(0) variables (in our case the factors)
does exist, except very special cases. For a broader discussion see Forni et al. (2020).



B. Robustness

We show impulse responses by changing the size of the measurement error and the
number of lags in the VAR and the SDFM. In Figure 1 we change the size of measure-
ment errors from 20%, left column, to 50%), center column, to 80%, right column. The
factor model performs surprisingly well, even if the volatility of the estimates widens as
measurement error increases. The VAR, on the other side, has problems in capturing

the responses.
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Figure 1: Identifying technology shocks. Bold line: true response. Circles: SDFM,
r =17, ¢ = 7, pr = 4. Crosses: VAR, pyar = 4. Dashed lines: 68% percentiles
of the distribution of 100 simulations, SDFM. Dotted lines: 68% percentiles of the
distribution of 100 simulations, VAR. T" = 5000. Left column: measurement error
(k; = 0.8). Center column: measurement error (k; = 0.5). Right column: measurement
error (k; = 0.2).

The VAR for the states in the DSGE solution has one lag. As long as the factors

span the space of the states, the SDFM should perform well even with one lag as



opposed to 4. In Figure 2 we show results with pp = pyag = 1. The SDFM performs
very well, while impulse responses estimated with the VAR are in line with the true

ones up to horizon 1.32
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Figure 2: Identifying technology shocks. Bold line: true response. Circles: SDFM,
r =17, q = 7, pr = 1. Crosses: VAR, pyar = 1. Dashed lines: 68% percentiles
of the distribution of 100 simulations, SDFM. Dotted lines: 68% percentiles of the
distribution of 100 simulations, VAR. T" = 5000. Measurement error (k; = 0.9).

32We thank a referee for suggesting the exercises in this Appendix.
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