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LOCAL LIPSCHITZ CONTINUITY FOR ENERGY INTEGRALS
WITH SLOW GROWTH

MICHELA ELEUTERI - PAOLO MARCELLINI — ELVIRA MASCOLO — STEFANIA PERROTTA

ABSTRACT. We consider some energy integrals under slow growth and we prove that the
local minimizers are locally Lipschitz continuous. Many examples are given, either with
subquadratic p, g—growth and/or anisotropic growth.

| May 19, 2021

1. PROLOGUE

When concerned with the W% or C1¢ regularity of local minimizers of energy integrals
of the calculus of variations of the type

F(u) = /Qf (Du (z)) dx (1.1)

we are naturally led to require a qualified converity condition on the energy integrand f :
R™ — R; more precisely, on the quadratic form of the n x n matrix of the second derivatives

D*f = (ffifj) of f

g (ENIAP <Y fag (O XN < (EDIAP, YA EER, (1.2)

1,j=1

where g1, g2 : [0,400) — [0,400) are given nonnegative real functions which allow us to
control the ellipticity in the minimization problem. Of course g; (t) < go (t) for all t €
[0, 4+00); if gy is positive and there exists a constant M > 1 such that g, (t) < Mg, () for all
t € [0,400) then we say that the we are dealing with an wuniformly elliptic problem. This
is the case when the quadratic form )" =1 Jeag; (§) Aidj has a simpler equivalent behavior

as g1 (|€])|A|* and g5 (|€]) |A|* and the regularity process can work easier. However the
assumption go < Mg rules out many interesting energy integrals; in this paper we do not
assume this uniformly elliptic condition.

For instance, in the special case f (§) = g (|£]) with g : [0, +00) — R, a direct computation
(see for instance (6.3) in [31] and [34]) shows that

o) =nin{g" 0.0 w0 =max {0, 0}, veen o0,

t t
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where ¢, ¢” are the first and the second derivatives of g. In this context the uniformly elliptic

case corresponds to compare ¢” (t) and @; i.e. to ask for the existence of two positive
constants m, M such that m@ < g (t) < M@ for all t € (0,400). The p—Laplacian
f(&) = |¢° with p > 1 is a main example of uniformly elliptic energy integrand, with
g(t) = t? and @ = Iﬁg” (t) = ptP~2 Within this uniformly elliptic context - however
nonlinearities of possibly non-polynomial type are allowed - we quote the global (i.e., up
to the boundary) Lipschitz regularity results by Cianchi-Maz’ya for a class of quasilinear
elliptic equations [9] and for a class of nonlinear elliptic systems [10].

Also some energy integrands of p, g—growth can be uniformly elliptic; for instance an
integrand, which does not behave like a power, but which however is an uniformly elliptic
energy integrand, is f(€) = |¢[*TP (o818 lED. iy this case f(€) is a convex function for |¢] > e
if a,b > 0 and @ > 1+ by/2. This function f satisfies the p, g—growth conditions with
p=a—>band g =a+b. It can be shown (see [4],[5]) that f(§) satisfies the As-condition.
To notice however that some convex functions f (£) = g (|¢]) of p, g—growth with p > 1 and
q > p arbitrarily close to p exist, they do not satisfy the As-condition and the corresponding
variational problem are not uniformly elliptic; see Krasnosel’skij-Rutickii [27, p. 28-29],
Focardi-Mascolo [22, p. 342-343], Chlebicka [8] Section 2.4] and Bégelein-Duzaar-Marcellini-
Scheven [B, Remark 3.3].

In this research we are concerned with the W1 regularity of the local minimizers of energy
integrals of the calculus of variations of the type (I1l), when the quadratic form of the second
derivatives D f = (fe,e,) of f is governed by (LZ) where g1, g» : [0, +00) — [0, +00) are given
nonnegative real functions, not only of polynomial type. The first local Lipschitz-continuity
results under this general context has been proposed in the ’90s in [31],[32] by assuming,
among other conditions, that g; (¢), gs (t) are increasing functions in [0, +00). This, when
typified by the model case g, (t) = tP72, g5 (t) = 972, gives ¢ > p > 2. The approach to
regularity, governed by (L2)) with general g;,g> functions not necessarily monotone func-
tions, was given by Marcellini-Papi [34]. Related regularity results, with energy-integrands
f(z,8) = g(z,/¢]) depending on x too, are due to Mascolo-Migliorini [35], Beck-Mingione
[2], Di Marco-Marcellini [18], De Filippis-Mingione [I6]. See also Apushkinskaya-Bildhauer-
Fuchs [I] for a local gradient bound of a-priori bounded minimizers.

More precisely, in [2] Beck-Mingione consider the vector-valued case of maps u : Q C
R” — R™ and f(z,€) = g (|¢]) + h (x) u with the main part g (|¢|) modulus dependent, as
well as in [35],[18],[L6]; they also study the scalar case m = 1 with the more general integrand
not modulus dependent, i.e. of the form f(x,&) = ¢g(§) + h(z) u, however with a growth
assumption from below of power type for some fixed exponent greater than 1 (see (1.33) in
).

Here we focus our attention to slow growth integrands, for which the state-of-art is not so
established. We give a general local W1 regularity result for the minimizers of energy inte-
grals of the type ([LT]),[2)) with an energy integrand f = f (£) not necessarily depending on
the modulus of £ and with g1, g2 : [0, +00) — [0, +00) nonnegative decreasing real functions
(more precisely we require that only g, is a decreasing function), not only of polynomial type.
Precise statements can be found in the next section. We treat general slow growth conditions
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under the ellipticity condition (L2)), where g5 (t) is a decreasing (not necessarily strictly de-

q—2

creasing) function with respect to ¢; of course in the model case g (t) = M (1 + |¢ |2) * this
corresponds to ¢ < 2. As already said, in this article we do not assume uniformly elliptic
conditions, nor the modulus dependence as f (§) = g (|£]).

In this regularity field specific references for slow growth are Fuchs-Mingione [23], who
concentrated on the nearly-linear growth, such as for instance the logarithmic case f(§) =
g (|€]) = [£[log(1 + |£]); also Bildhauer, in his book [3], considered nearly-linear growth.
Leonetti-Mascolo-Siepe [28] considered the subquadratic p,q—growth with 1 < p < q¢ < 2,
with energy densities for instance the type f (&) = g ([€]) = [£[Plog®(1 + [€]).

Here we emphasize some examples which enter in our regularity theory and which seem not
to be considered in the mathematical literature on this subject. The first one is complemen-
tary to the case considered by Bousquet-Brasco [0] for exponents p; > 2 foralli =1,2,... n;
in fact here we can treat the model energy-integral (see Example B3]

Fi(u) = /QZ (1 +uil)% dx (1.3)

when 1 < p; <2 foralli=1,2,...,n. In Section dl we propose some further examples of
anisotropic energy integrands which seem to be new in the mathematical literature on this
subject.

The mail regularity result that we propose in this manuscript is Theorem 2Tl stated in the
next section. It gives a more general regularity result than similar results that can be found
in the recent mathematical literature on p, g—growth; see in particular the Remark for
details. Also the integral [, |Du|log® (1 + |Dul) dz, for every a > 0, enters in the regularity
result of Theorem 2.1 Of course a by-product of our general Theorem 2.1] is also the
p, q—growth case, when the ellipticity conditions (IZ2) are satisfied with g; (|€]) = m |£[P2,

q—2

g (|€)) =M (1 + |§|2)T, for some positive constants m, M and exponents 1 < p < ¢ < 2
such that % <1+ % . As well known, this condition guarantees the Lipschitz continuity of
the solutions also when ¢ > p > 1 and classically this is nowadays a well known constraint

for the p, g—growth (see [30],[32],[33]).

The regularity results are stated in the next section, while in Sections B and Ml some
examples are considered in more details. The other sections are devoted to the proofs.

2. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We assume that f : R™ — [0,+00) is a convex function in C(R™) N C*(R™\ By, (0)) for
some tg > 0, satisfying the following growth condition: there exist two continuous functions
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91,92 : [to, +00) = (0,400) and positive constants C;, Cy, o, f and pu € [0, 1] such that

(

g (NP < D fag, (©) NN S g2 (KNI, VA€ € R, [€] 2t
ij=1
t — thge(t) is decreasing and t — tgo(t) is increasing

n—2

1 9
(g2(t)) " < Cit*Pgu(t), ~<B< Vit

g2(IEDIEP < C2[1+ f(9)], a>1, VEER, €] >t
F)/ 1€l = +oo as [€] = 00

\

where ”T*Q in ([2.0))3, in the case n = 2, must be replaced with any fixed positive number less
than 1 — 5.

It is worth to highlight that we require uniform convexity and growth assumptions on

f = f(€) only for large value of |¢| ([7],[19],[20],[21]). We say that u € W'(Q) is a local
minimizer of the integral functional F in (1)) if f (Du) € L} .(Q) and

loc

f(Du)dx < | f(Du+ Dy)dx
o o
for every open set €, ¥ C Q and for every ¢ € VVO1 ’I(Q’ ). The result for slow growth
conditions, under the ellipticity condition (L2]) with g (¢) and go (¢) general functions, can
be stated as follows.

Theorem 2.1 (general growth). Let us assume that f satisfies the growth assumptions in
(Z1), with the parameters o, 3, u related by the condition

2—pu—anp—u) >0. (2.2)
Then any minimizer u € W,2H(Q) of [IT)) is locally Lipschitz continuous in Q and, for every

0 < p < R, Bp CQ, there exists a positive constant C' depending on p, R, C1, Ca, o, B, 11,
g2(to), such that

S— f(Du)}da:} (2.3)

D o wny < O { —mM—

(2—pa

where 9 = m

When we specialize Theorem 2.1 to the subquadratic p,q—growth we obtain:

Corollary 2.2 (p, q—growth). Let f = f(£) be a convex function in C(R™) N C(R™\ By, (0))
for some ty > 0, satisfying the ellipticity conditions

n g-2
mlEPAP <Y fag (AN S M (L+E7) 7 AP, VAEER [ 28,  (24)
ij=1
for some positive constants m, M and exponents p,q, 1 < p < q < 2, such that

2
% <1+ (2.5)
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Then every local minimizer u € W57 (Q) to the energy integral in (L) is of class W,2>° (Q)
and there exists a constant C' > 0, depending only on p,q,n,m, M, such that, for all p, R
with0 <p< R<p+1,

1 (n+2)2p—nq
Dty < s [ e s up ™ e

Br

Let us briefly sketch the tools and the techniques to prove the above regularity results.
A first step is an a priori estimate for smooth minimizers through the interpolation result
stated in Lemma [B.Il The second step is an approximation procedure: we construct a
sequence of smooth strictly convex functions fi, each of them being equal to f for large
|€], in the same outlook in [36],[32]. More in details, if u is a local minimizer of (LL]), we
consider the sequence of variational problems in a ball Bp, Br C €, with as integrand a
suitable perturbation of f, and boundary value data u. = u % ., where . are smooth
mollifiers. Each u, satisfies the bounded slope condition; then, by the well know existence
and Lipschitz regularity theorem by Hartman-Stampacchia [26] each problem has a unique
Lipschitz continuous solution v.. By applying the a-priori estimate to the sequence of the
solutions we get an uniform control in L*° of the gradient of v., which allows us to transfer
the Lipschitz continuity property to the original minimizer w.

The plan of the paper is the following: in Sections Bl @ we present some examples, some
of them being new in this context of general growth conditions. In Section [l we give the
interpolation lemma. In Section [6l we prove the a priori estimate for functionals with general
slow growth by means of the interpolation lemma. In the last section we prove the regularity
results. As we show in the next section, the class of energy integrals that we consider is quite
large, not only polynomial unbalanced p, g—subquadratic growth as in the Corollary .21 but
also logaritmic growth (as in Examples Bl and B.2)) and anisotropic behaviour (Example

B3).

3. EXAMPLES

In this section we present some examples of density function f for which the above as-
sumptions hold.

Ezxample 3.1. f(&) = |£|(log|&))*, a > 0, || > to > 1. For large ¢ ([ZI)); holds for ¢;(t) =

% and go(t) = (1 4 )22+ (logt) . It is easy to check that (210), and ([21)3 hold for every
6 > L. Since g2(J€])|€]* = (1 + a) (€), ([ZJ)4 holds for every o > 1. Moreover, for every
p <1, t"go(t) is decreasing in [t , +00), choosing a > ([22) follows. Therefore Theorem

2.1l applies for every a > 0.

61’

Exzample 3.2. f(&) = (|&] + 1)L (I€]), g(t) = (1 +t)L(t), k € N, L;, defined as:
Li(t)=log(1+1t), Liy(t) =log (14 Ly (t));
therefore

Ly (t) =

1 /

(1) 1
0 Lhal) = T =

L+ Lp(t) (A4t +Li()--- 1+ Lp_1(t)
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Then we get

O+ L) A+ Leal) 92(t) =

k—1

Q
N
—
~—
—~
—_
+
~
~—
—~
—_
+
~
—_
—~
~
~—
\_/}—l
—_

(1 4+ Ly ( (14 La(t)) - -~ (1 + Ly(t))

1
20+ 6) (1 + Ly(t) - (1 + Ly_1(t))
Similarly to the Example B] for ¢ large enough, =1 and g > &, 2I), and 2I)3 hold.
Moreover, go(|€])[€]? < 2f(€); therefore (21]); holds for every o > 1. Since we can choose

a and [ such that ([22) holds, every local minimizer of the corresponding integral is locally
Lipschitz continuous (see [23] for related results).

i=1

=  qi(t) =

Ezxample 3.3. Next we consider the anisotropic case of the energy integral in (LII) with

=Y lal, E=(&.6, ... &) ERY, (3.1)
i=1
where the exponents p; are greater than or equal to 2 for all i = 1,2,... ,n. Of course f ()

in ([BJ) is a convex function in R™. Note that the n x n matrix of the second derivatives
D*f = ( ffifj) of f is diagonal and the corresponding quadratic form is given by

foifj( )‘)‘ _Zpl z_l |€z

i,j=1

PN, VA EEeR™ (3.2)

This quadratic form is positive semidefinite but is not definite if (at least) one of the ex-
ponents p; is greater than 2; in fact, if for instance p; > 2, then szzl feie, (§) Aidj = 0
when & = (£,0,...,0) # 0 and A = (0, Ay, ..., \,) # 0. Nevertheless, in spite of this lack
of uniform convexity, without using the quadratic form in ([B.2)), the local L>—bound of the
minimizers has been established in [I1]-[I5],[17],[24] under some optimal conditions on the
exponents p; > 1. More recently Bousquet-Brasco [6] proved that bounded minimizers of
the energy integral (LI]), with f as in (B.0), are locally Lipschitz continuous in € under the
condition p; > 2 foralle=1,2,....n

In our context of slow growth we emphasize the locally Lipschitz regularity that we deduce
by Theorem 2.1l when 1 < p; < 2 for all « = 1,2, ..., n, which should make more complete
the case considered by Bousquet-Brasco [6]. More precisely, we have to change the model
example f (£) in (BJ) since f : R® — R there is not a function of class C* around & = 0
when p; < 2 for some ¢ € {1,2,...,n}. The corresponding not-singular model is

n

FO=3(1+)7, t=(a.6.....6) R (3.3)

i=1
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Similarly to (3.2)) we obtain the quadratic form of the n x n matrix of the second derivatives

D*f = (feg,) of f in B3)

S e M =S n (14— 1)) (14+€)7 * AP, YALeR™ (3.4)
1=1

ij=1
Since p; — 2 < 0 for every i € {1,2,...,n}, then

Pi Pi=2
2 2

1+ -1 1+ "> (p—1)(1+6)

> (pi—1) (L+[¢)

where p =: min{p; : i =1,2,...,n} .We obtain

> (p-1) (1+ )T

D fae, OXNN Zp—1) (L+[E7) 7 AP, VAEER™ (3.5)
ij=1
Again for every i € {1,2,...,n}, since p; — 2 < 0 we also have

B pi=2
2

pi(l+ (-1 (1+6) " <p(1+€) 2 <p
and thus from (3.4]) we deduce

Y fee, QXN <2AP, VAELER (3.6)

1,7=1

Therefore, by (8.3]) and (B.6), we have

g (ED A< D fae, (XN < g2 (ENIAP, VA E€R™, (3.7)
ij=1
where g1,¢92 : [0,+00) — (0,400) are the nonnegative real functions defined by ¢ () =

p—

p(p—1)(1+1*) 2 and g (t) = go constantly equal to 2. By Corollary with ¢ = 2 we
obtain the further regularity result too.

Corollary 3.4 (anisotropic energy integrals with slow growth). Let f = f (&) be the model
convex function in B3), with 1 <p; <2 foralli=1,2,...,n. If

2 2 2n

-<14+- & > — h =: i it 3.8

, +- p>—5 where p ie{{glf.l.,n}{p} (3.8)
then every local minimizer u € W,5P (Q) to the energy integral (L), with f(€) in B3), is
of class I/Vli’coo (Q) and there exists a constant C' > 0 depending only on p,n,m, M, such that,
forall p, R with0 < p< R<p+1,

C ST
D0 @ < (e [ 4Dy as) ™

Br
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Note that when n = 2 the bound in (B.8]) simply reduces to 1 < p; < 2foralli =1,2,...,n
More generally we can consider energy integrands of the form

=2 9(&), or F©O=2 a) (3.9)

where, for instance, g (¢) or g; (t) are one of the functions considered above in Examples B.1]

and

4. NEW EXAMPLES OF ANISOTROPIC ENERGY FUNCTIONS

We provide some applications of our Theorem 2.I] and we infer the Lipschitz continuity of
the local minimizers to some class of functionals with anisotropic behaviour.

FExample 4.1. Consider

n

FEO=>_(+&Ph", p>1 Vi=1,..,n (4.1)

i=1

With the same argument of Example B3 we have

1 ya q
1+ 2 < 1+ €%)2
T (LHIEP)* < £ < v (14 16P)
where p = min; p; and ¢ = max; p;. Let us denote by @ (£, ) the quadratic form
Z ffzfz j Y \v/ )\’g E Rn (42)
i,7=1
We have
262(1 4 £2)2pi—2 (14 E2Pi=2 (1 4+ (2p; — 1)€2 ,
foo = — p,é;:( 51)2 i palt é})n ( 2( i 5
(>t (L4 E5)Pr)2 (i (L +&7)pe)?
pip&il (1 + &P (1 + &5)Pi! o S,
f&&j:_ T n 5 gj ) ,j=1,...n, i # 7,
(D ke (L + EG)Pr)2
and then

Q&N <Z(1 +§2)pk> =—(v-w)?
k=1
+<Z1+§k )sz + &P (14 (2p — 1)E) A7,
k=1
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where v; = p;&(1 4 €2)%71)\; and w; = (1 + €2)%. Therefore

n

Q&N (Z(ka ) <Zp11+5 P (14 (2p — 1)E) A

k=1
n n 1-1
1 !
<7 - [+ A <2 | D P
i=1 k=1
For [£] > 1, if ¢ < 2 we have
q=2 q—2
n 2q 1 p2—q
Q&N <2¢° (Z(l +£Z)”'“) A* < 2¢° (1 * g|£|2) A (4.3)
k=1 ’
< Ol
instead, if ¢ > 2 we obtain
q—2
n “2q g2
Q&N < 2¢° <Z(1 +§/§)p’“> AP <2¢% (n (1+[€])7) > A2 < Clel 2N
k=1

Moreover, since

n

(v-w)? < Joffwl* = Zp@ E+EPNY L+

k=1
we have
Q&N (Z( + &) ) szz + &N
k=1
+ (1) (14 (2pi — 1)E sz +ET (14 (s — 1)E7) N
i=1

For every ¢ > 1 and |¢| > 1 we deduce

NI

n

QEN 2 <Z<1 +fi>m) W —p) S (14PN

k=1 i=1 (4.4)
P’ —p g
> P (0 ma{6]) AR 2 clerE A
We note explicitly that if 1 < p < ¢ then 2p — 2 — ¢ < p — 2. Therefore, by denoting
r=2%-q  and g9 42 (4.5)
q

with r < p < ¢ < s <2, by [@3) and ([£4) we obtain that f(£) in (LI) satisfies the
assumptions (1)), and (ZT)); with

g(t) =ct™? and ga(t) = Ct52, (4.6)
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Therefore the function f(£) in (AT satisfies all assumptions in ([2.I]) with

-2 2
IL[/:Q—S7 /B:n S—i—i—— and O[:f,

2 n P

when we impose the bounds
2—p
np —p
We are in the conditions to apply Theorem 211 In the next Corollary we state what we
have proved by the computations above for this example, about the energy integral

2
a < <~ s< —=p—+r.
n

1

F (u):/ﬂ(z (1 + Jug, 2)’”) dz . (4.7)

i=1

Corollary 4.2. Let 1 <p=min;p; < ¢=max;p; <2 and r,s as in {{.J). If

2 2 1 1
s<—p+r < g<1+——2<———), (4.8)
n p n p g

then the local minimizers of the energy integral Fy in (A1) are locally Lipschitz continuous

i 2.

Remark 4.3. At a first glance we may think that the assumption (4L8) of Corollary is
more restrictive that the similar assumption % <1+ % in Corollary 2.2] valid under the
general p, g—growth. But, if we apply correctly Corollary to Fy, on the contrary we had
a more restrictive assumption than the above condition ([Lg]). In fact by (@) we have here
g1(t) =ct™2 g5 (t) = C't*7% and the estimate of the quadratic form (2I]); becomes

LTINS Y fae (NN SCIETTPIAT VALER g =1, (49)
ij=1
Then Corollary applied to F, gives the regularity of minimizers under the bound s <
(1 + %) r = %7’ + 7, which is a more restrictive condition than the above assumption (E8])
s < %p+r, sincer =2p—q=p+ (p—¢q) <p when p <q.

Therefore the general bound of Corollary gives a less precise result than Theorem 2.1
when applies to the energy integral (£7). This fact also shows that Theorem 2.1 gives a more
general regularity result than similar results that can be found in the recent mathematical
literature on p, g—growth.

Example 4.4. Let

p = min; p; and ¢ = max; p; < 2, and

QEN =D hee,(ONA;, VAEER™ (4.11)

ij=1
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We prove that the associated quadratic form to A is semidefinite, i.e. Q (£,\) > 0. In fact

3

Y (Z |§’f|2pk> =— > sign(&&)pip &I HEG P TIAN,
k=1

wi=1 (4.12)
) I @07 — pa)l& AL
k=1 =1

By proceeding as above we have

A) (Z I&ch”’“) = —(v-wl + ) l& Y (2] - p)l& A
k=1 k=1 i=1

v; = pil&Pt N and w; = sign(&;)|&[P. In this case the quadratic form @ is degenerate

(Q (&, \) =0if (¢£-)) =0) but positive semidefinite:

A) <Z\§k|2pk> >Z\£ |2”kZ — P& 2N > 0.
k=1

=1

PN =) (2pF - pi) (&
=1
1

_1
2p¢)1 o )\ZQ

On the other hand, if max;{|&|} > 1,
A) (Z \§k|2pk> < Z(Qp? —pi)l&
k=1 ;
(2¢° — ¢ Z (Z\& |2p’“> N
=1 k=1

since 37, €[ > (maxi{|&[}) > 1,

) (ZI&I””“) (2¢° - q) <Z|§ |2p’“> A
k=1

Now, again using max;{|&;|} > 1,

=
Q=

1 1

D_l6 ™ = (max{l&l})  — ( I@‘””“) < (max(lelyr)” "
k=1 k

=1

therefore

q—2

Qe < 2q—q<z|fk|2pk> AP < 24" ) (max{lel}) " IA?

Nl
Q|

< ClEPT AP
In this case Q (£, \) < C€]772|A|? when ¢ > 2. We denote by

zg(q_z)w (4.13)
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with 1 < p = min; p; < ¢ = max; p; < 2. We consider the ellipticity conditions (2.4]), with s
replaced by ¢, for the function

F(&) = €] + h(E). (4.14)
Since
f<1+2 — g<1+g,
p n p n

from Corollary we obtain the proof of a further regularity result for the following energy
integral

n 2
:/|Du|p+ <Z|u$i|2pi> dz. (4.15)
Q i=1

Corollary 4.5. If 1 < p =min,; p; < ¢ = max; p; < 2 satisfy
n
T 144 — qg<p'= P , (4.16)

p n n—p

then any local minimizers of Fs in (EI0) is locally Lipschitz continuous in §).

We can consider also different integrands related with h in (£I0). By taking in account
Example B and Example B.2] we can consider, for 1 < ¢ <2, s=3— % >q,

f(&) = l¢](log [€])* Z|€z|2+ [&nl?, a >0, (4.17)
or
F(&) = [€] L (I€]) + Z il + 1€a ], (4.18)
Assumption (2.1 holds with go(¢) = C't*~% and respectively
(logt)e1 c
t)=c—~"— or t) = ’
a(t) / 9 = 0T L) U+ Lo (0)
n—2 1 2
nw=2-s, p> Ss—=+—, a>s.
2 n

Therefore, if s < 1+ 2, by Theorem ] the corresponding local minimizers are locally
Lipschitz continuous.
5. INTERPOLATION LEMMA

As usual we denote by Bp a generic ball of radius R compactly contained in 2 and by B,
a ball of radius ¢ < R concentric with Bpg.

Lemma 5.1 (interpolation). Let v € LS. (2) and let us assume that for some ¥ > 1, ¢ >0
and for every o and R such that 0 < p < R

1 c
vl||?. gin/ v| dx . 5.1
1ol < gy | 0 (51)
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Then, for every A € (%51,1) (i.e., in particular with ¥ (1 — X) < 1) there exists a constant
cx such that, for every o < R,

1-9(1-))

C) A
V| jooigy < 7n/ v|” dz. 5.2
RS e L (5.2)

Proof. Fixed )\ € (%, 1), we make use of the interpolation inequality

1—-) A 1—) A
o] do = / o ol di < ol / o] da.
B, B, B

4

By the assumption (G.1) we obtain

. B(1—N) R
v dx < ﬁ/vdx) /vd:c.
fowaes (tge [ ) fom
-1

We denote by v := ¥ (1 —\) and we observe that 0 < v < 1 since A > *5=. Thus the
previous estimate has the equivalent form

1 Y
vdxgc“// v’\dx-<7n/ vdx) . 5.3
BQII B|| R0 BR|| (5.3)

4

Given gy and Ry, with 0 < gy < Ry < 09 + 1, we define a decreasing sequence g, by
or = Ry — RO;,CQO, k=0,1,2,... In (53) we pose 0 = g and R = gg,1. Since R — o =

Ho— )
Ok+1 — Ok = “5rgi%, We obtain

\ on(k+1) v
/ [v| do < c”/ lv|* dx - 771/ lv| dz |
B Br, (R0 — 00) Bopin

Denote By, = fBQ |v| dz for kK =0,1,2,.... The last inequality becomes
k

Ok

By<c | )td 200 g
r < C / v|” dr - 7 .
Br, (RO _ QO) Y~ k+1

We start to iterate with £ =0,1,2, ...

.
ony 2n'y-2
ch/ o de s ——— ny/ o de - ———B]
BRO‘ | (RO_QO)V( BR0| | (Ro —00)"" ?

and for general k£ =1,2,3,... we have

A
Y fBRO |v|" dx

(Ro - Qo)m

By

VAN

Since 0 < v < 1, passing to the limit as k — 00, > 07’ < ocand Y o 7' = ﬁ Moreover
the increasing sequence By = fBQ |v| dz is bounded by fBR |v| dz for k = 0,1,2,... Thus
k 0
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k

0l
(B <fB |v] d:c) (fBR |v] da:) and the right hand side converges to 1 as k — oo.
0
Therefore, in the limit as k — oo, there exists a constant ¢; such that

1

1 E
B:/ vl de <c 7n/ ot dx . 5.4
o= 1<<RO_QO>W b ) (5.4

Fixed o < R we consider g = 2 and, by combining the assumption (5.1I) and (5.4)), since

R—0=0-¢0andy=19(1-\),

ol < <H I dx)ﬁ
BN
: ((@C;Cgl)" ((R - 0" /BR o d‘”) )

9

= 9
1 / N 1—v ( 1 / A )119(1A)
<c v|" dx =c| =7 v|” dx ,
< < g, ) (g 1

which gives (B.2) and the proof of the Lemma is concluded. O

6. A PRIORI ESTIMATES

In order to simplify the notations, without loss of generality in this section we assume
that to = 1. First of all we give a technical result.

Lemma 6.1. Let us assume that 2.1))y and 2Z1)5 hold. Then for every v > 0 there exists
a constant C3 = C3(CY , go(1)) > 0 independent of v, such that

(14t)3+1-F t

PRSP §1+/ (1+5s) T sv/g1(1+s)ds (6.1)
(5 +1-— 6) 0

for every t > 0, where , forn > 2, 2" = %, while, for n =2, 2* can be any number greater
than ﬁ

Proof. 1f t > 0 then, by assumption (2.1I)3

t t
1+/ (1+s) 2 s\/gr(L+5)ds > 1+/ 1+8) 2 s———(145) Pgo(1 + 5)2 ds.
0 0

L
2

On the other hand, since g, is decreasing, go(1 + s)27 > go(1 + )%

Cs |14 go(1 +t)i"

and therefore

1+

1 1 ¢ ~y—2 t 1 1
Jo 1+t_*/ 1+$T_B$d$§1+/ 1+s o 1+5)Pgo(1+4 s)7 ds.
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By Lemma 2.2 in [2I], we have that (see (2.6) here): let ap > 0 there exists a constant ¢
depending on ag, but independent of o > «g, such that

(14+1)* < ca? <1 + /Ot(l +5)* s ds) : (6.2)

In our case a := “’—;2 —f+2=3+1-PFanda>q:= 2% Inequality ([6.2]) is valid for all
t > 0 so in particular for t > 1 and it entails

! 14t)~
0

— 1.
ca?

The last inequality implies

*|"‘

1
1+ —g(1+1)2

t
/ (1+ s)%_ﬁsds
0

N
1 L | (1T4t)zts
> 1+ ga(1+1)27 5 — 1
Ve c(3+1-9)
L (14 1)3 s 1
~ g L 1+

1 =
T R LI L

Now we observe that, for every ¢ > 0, since ¢, is decreasing,

*|"‘

gg(]_ + t) 2¥ = él.

1 1
e = Vot

Thus summing up

t
1—'—01-'-/ 1-'-5 2 \/g11—|—8 d8>1‘|—
0

which in turn implies

(14¢)3+15

1
21 9
\/ﬁlg< ) c(I+1-7)

g

t
(1+Cl){1+/ (1+s) =R sv/g1(1+s)ds
0
> 1+CH+/ (14 )7 sv/g1 (1 + s) ds
0

1 L (14t)ztF
1+ ga(1 +1)2*
VG c(G+1-p)
therefore, by setting Cy := (1 + Cy)/Ci ¢, we get (6.1 for Cs = C% We note explicitly that
C, may depend on n but it is independent of . O

Lemma 6.2. Assume that [ satisfies the growth assumptions [21))y, 12, @I)s. In
addiction, assume that f(£) is of class C*(R"™) and for every M > 0 there exists a positive
constant £ = (M) such that

CIAP <Y fae (XA YAEER €] = M. (6.3)

ij=1
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If u € W,o°(Q) is a a local minimizer of (L), then for every 0 < p < R, Br C Q there
exists a positive constants ¢y depending only on Cy, 5, g2(1), such that

2—np
(1L + (|Duf = 1)4]l1(5,))

‘i / (1+ (1Dul - 1)2)%gs(1 + (|Du] — 1)) de

(6.4)
S E-pr

Proof. Since the local minimizer u is in I/Vlicoo(Q), it satisfies the Euler equation: for every

open set €)' compactly contained in  we have
/ Y fe(Du)gede =0 Ve Wy*().
Q=1

Moreover, by the techniques of the difference quotient (see for example [25] Ch. 8, Sect. 8.1]),
u e W2(Q), then the second variation holds:

loc

/ D fee, (D g o pr dr =0, Vk=1,...,n, Yo W)
Q-

ij=1

For fixed k = 1,...,nlet n € C} (') be equal to 1 in B, with support contained in Bp, such
that |Dn| < ﬁ, and consider ¢ = n? u,, ®((|Du| —1);) with ® non negative, increasing,
locally Lipschitz continuous on [0, +00), such that ®(0) = 0. Here (a), denotes the positive
part of a € R; in the following we denote ®((|Du| — 1)) = ®(|Du| — 1);. Then a.e. in Q

Bar = 201,10, ®(| Dl = 1)+ 7, ®(| Dl = 1)+ 720, @ (| Dl = 1) [(| D] — 1)-1,..

Proceeding along the lines of [32], we therefore deduce that

[ 200000l = 1)1 3 e (Dt 1, d
Q

ij=1

+ [ R(DU =14 3 foa (Dt 0, d

i,j=1

+/9772(1),(|Du| - 1)+ Z ffifj(Du)uﬂcﬂCkuﬂ%mDu - 1|)+]$i dx = 0.

ij=1
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We estimate the first integral in the previous equation by using the Cauchy-Schwarz inequal-
ity and the Young inequality so that

[ 200000 = 14 3 foe (Dt i o

ij=1

1 1
< / 2®<‘Du‘ - 1)+ (772 Z fﬁz’&j (Du)u%l‘ku%l‘k> (Z f&iﬁj (Du>77$iu:vknzvju:vk> dx
Q

i,j=1

1,7=1

1 n
<5 [ RUDU = 1)) 3 feg (D)t do

ij=1
1 / O((1Dul = 1)1) S fere, (DU, ey 1,
ij=1

Therefore we deduce

1 n
5 | PRDU = 10 3 fog (D, o
2 Jo ij=1
2,/ -
+ / WO (|Dul = 1)+ Y fee,(Du)ug,[(|Du = 1)), do
Q <
i,7=1
<2 [ (DUl = 1)1 Y fo, (D)t s, o
ij=1
Since a.e. in §2
(|1Dul)z; = o Dop Upiwp ey, i [Dul > 1,
[(I1Dul = 1) 4], = Pul kT
0 if |Du| <1,
by summing up in the previous chain of inequalities with respect to k = 1,...,n we obtain

Z Z ffiﬁj (Du)uﬂcgﬂ%uwk[(|Du| - ]‘)+]1‘i - |Du| Z f&'fj (DU)[(|DU - 1|)+]xj [(|Du| - 1)-1—]%’

therefore we deduce the estimate

[PeDU = 12 3 fo (D)t d
Q

ki j=1

+ /QHQIDUICP'(IDUI — 14 Y e, (Dw)(1Du = 1])4], [(1Du = 1])4]., do

1,7=1

<4 [ DU =11 3 foa (Do, oy

kyi,j=1
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Using the inequality |D(|Du| — 1), |*> < |D?*ul?* and the ellipticity condition in [II); we
obtain

/S)nz[q)(lDul — 1) +[Dul@’(|Du| — 1)4]g1(1 + (| Du| = 1)4)) | D(|Du| — 1), * dz

= AHQ[@(IDUI — 1)+ + |Du|®(|Du| = 1)+]g1(|Dul) | D(|Dul = 1) [* dz

(6.5)
< 4 [ Do ®(1Du] = 1), g2(|Dul D d
0
= 4 /Q |Dnf? ®(|Dul = 1)+ go(1 + (|Dul = 1)) | Dul* da.
Let us define .
t)=1 +/ VO(s)gi(1+s)ds  Vt> 0. (6.6)
0

By Jensen’s inequality and the monotonicity of ®, since ¢ + tgs(t) is increasing,
t t
1
Gt)=1+ / \/@(5)(1 +5)g1(1 + s) ds <1 +/ \/(I)(s)(l +5)go(1 + 3)1 T ds
0 0
<1+/P)(1+1)g(1 \/_dsg1+2\/<I)(t)(1+t)g2(1+t)\/1+t,

hence [G(¢)]? < 8[1 + ®(¢)(1 + t)? 92(1 +t)]. On the other hand
[D((G((|1Du| = 1))
< 2|DyP[G((|Dul = 1)) + 20*[G"((|1Dul — 1)) [ D((| Dul — 1))/
< 16|Dnl* (1 + @(|Du| = 1)+ g2(|Dul)| Duf?) + 20 (| Dul — 1)1 g1(|Dul) [ D(| Dul ).
Since ®(|Du (x)| — 1)1 =0 when |Du (z)| < 1, by (63]) we get

/Q D(n G((|Du| — 1)) dz

< 24 [ 1Dy (1+ (Dl = 1)sga(IDul)| D) do (6.7)

— 2 / Dyl (1 + ®(1Dul = 1)1 ga(1 + (|Dul — 1)2) (1 + (|Du] = 1);)? de.
Q
Let us assume
Pt)=(1+t)** ~4>0. (6.8)
By the Sobolev inequality, there exists a constant cg such that

{/[nG(ODUI -1 daf} < cs / [D((G(|Du| = 1)) d (6.9)

where 2* = nT if n > 2 and a number greater than = 1f n = 2. We apply (6.1]) with the
choice t = (|Du| — 1)

(|1 Du|=1)+ 42
G((|[Dul - 1)) = 1+/ (1+s) T sv/g 1+ s)ds
0
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> Oy |14 go(1 4 (|Dul — 1)1)%

(1+(|1Dul - mﬁﬂ-ﬁ]

2
G109

thus by (67)) we obtain that there exists ¢ = ¢(C3) > 0 such that, for all v > 0,

2
2%

{ [ 0 14 (Dul = 107 g1+ (D] - 1)) dx}

<16 (F+1-5) [ D0 L+ 0+ (Dul = 1027 (1 + (1Dul = 1).) da

< c(r+2" [ |DoP [+ 1+ (Du] = 17" ul1 + (1Dul = 1] da
(6.10)

where we used once more (6.7)) and (€9). The iteration process follows now the arguments
contained in [34]; for the sake of clarity we focus on the main steps. From now on, we label
the constants; this will be useful in the sequel. We set 0 := (v 4 2) and we notice that, since
v >0, then 0 > 2. Then

2

{ / (14 (1+ (1Du] = 1))2% gy(1+ (IDul = 1), dx}2
Be (6.11)

5\’
<o (p=) [ [+ 0D = 1)ie0 + (100 - 1) dn
- p Br
c1 = ¢1(C3) > 0, for all § > 2. We fix p and R such that p < R and we introduce the
decreasing sequence of radii {p;}i>0
R—p
2t 7

pi=p+ Vi >0,
observing that p < piy1 < p; < R = po. Correspondingly we define as well the increasing
sequence of exponents {d;};-, such that

2*

50 =2 and 5@'+1 = (52 — Qﬁ) —

;. vizo.

First of all we check that §; > 2 for all 7+ > 0. By induction this is equivalent to require

g<1— 2% that is 2* > ﬁ and this is always satisfied.
We can rewrite ([6.I1]) with p = p;i1, R = p;, 0 = d;. For every ¢ > 0 we then obtain
1

2
2%

[1+ (14 (|Du| = 1)4)°* 1 g2((1 + | Du| — 1))] dfc}

Pit1

<a(32) [ [ 0 0D = 10 (Dl = 1) e
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By iterating the previous inequality, we are able to deduce

1

)i+1

%)
*|N’

(
14 (14 (|Dul = 1)4)% g (1 + (|Du| = 1),)] daz}

Pi+1

<o [ [+ (DUl - D1+ (1Dul - 1)) do,

R

where, by induction we computed

9* i+1 i+1 9% k 9* i+1 i 9 k
m=2(5) -0 (5) (5) s )

o i+1 1 — l)H—l o i+1 9* o (612)
:2(?) e :2<5) [1_52*—2] 205
2*
and where
too { " ) o 2) 4o o ox\ 2% . (zl)k
(N L { MERTEA L
,g) (R—pp " o | (R=p)? \ 2
Yis(2)
< ( s z) o ()T (F) = O
(’—p) (R—p)>—
Now, by (21])s we have that,
t 1
1+ 2go(t) < gQ(I)gQ(l) + t2go(t) < <92(1) + 1) t2go(t). (6.13)
So we can write
(2%)1'4»1
[/ (1+ (|Du| — 1))’ go(1 + (| Du| — 1)) da
B
c
< [ [0+ 0Dul = 1) Pt + (D] = 1] do
— p 2% —2 B
cy = C3 <g%(1) + 1). Finally, by (6.12), d;11 (%)Hl — [2- 22*2_*2] as i — -+00, so passing to
the limit we obtain
(11 + (|Dul = 1) || pooqp,) > 72"
(2%)1'-!»1

i——4o00

= lim [/B_(l + (| Dul = 1))+ go(1 + (|Du| — 1)) dz

Cs

IN

T [ 04Dl = D Pault + (Dul - 1))
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Therefore (G4) is proved, in fact n = 2% if n > 2 and 2 < 2% if n = 2. Notice that

O<2—nﬁ<1sinee%<ﬁ<%. O

Lemma 6.3. Assume that f satisfies the assumptions of previous lemma and 22) and
u € W>(Q) is a local minimizer of (LI)). Then for every 0 < p < R, Br C €, there exists
a positive constant C = C(p, R, Cy, Cy, o, [, 11, go(to)), such that

1 o
Dul| SC{i/ 1+ f(Du d:p} 6.14
[Dul| o< (5,) R BR( (Du)) (6.14)
; _ (2—pa
with 0 = S hatp )
Proof. Set
V=V(z)= 1+ (Dul = 1)4)*g:(1 + (IDul = 1)5).
By (1)), we have
2
V=5, < Cu (11 + (I1Dul = D4llzs,) "
so inequality (64]) becomes

Cs

T /B ) V(z)dz.

Let a > 1 satisfies ([2.2]) we can apply Lemma 51l with v =V, ¢ = 22—_:6 and A = L. In fact
we have

2-np
IV llz=s,) = <

2—np «

Therefore we deduce the existence of a constant cg such that, for every o < R, the following
estimate holds

amB—p)<2—p e M (1—1)<1 — Y1-N<1l (615

1—9(1—X) Q—H(Ea(fgﬁ—u) Ce 1
) _ —ma 5
Wliedsy = IVInG™ < e | VI

Now, by (2Zd))4, if |Du| > 1,
V = (1+(IDul = 1)1)%95(1 + (|Du| = 1)4) = |Dul?gs(|Dul) < C5 (1 + f(Du))*,
otherwise
V=14 (|Dul = 1)4)%ga(1 + (|Dul = 1)1) = ga(1) < g2(1) (1 + f(Du))™.
Therefore

(2—p)a
C7

2—p—a(nB—p)
et /BRO(1 + f(Du) dx] (6.16)

Vg, <

holds for ¢; := max{C, g2(1)}acq. Finally, since by @)y V > go(1)|Dul, @I4) holds for

(2—p)a _
C = c72—u—a(un6—u) /g2(1) and 0 = 72_;3&@;_”). [



22 M. ELEUTERI - P. MARCELLINI - E. MASCOLO - S. PERROTTA

7. PROOFS OF THE RESULTS OF SECTION
We use the following approximation Lemma.

Lemma 7.1. Assume that f : R" — [0,400) be a convex function and v € W,5H(Q) such

loc

that f(Dv) € LL (Q). For Y open set compactly contained in 2 and p. be smooth mollifiers

loc

with support in B.(0) we define v. = v * p. € C°() i.e.
ww) = [ -l e, (1)
B.(0)

Then, for every open ball B, compactly contained in €V,
lim [ f(Dv.)de= [ f(Dv)dx. (7.2)
e—0 B, B,

Proof. By Jensen’s inequality

f(Dv.(x)) < / | P SDete =) dy

By integrating over B, for ¢ sufficiently small we obtain

F(Due(a)) dz < / oew) | F(Do(z —y)) dudy

B:(0) By,

< / p:(y) dy f(Dv(x))dx < f(Dv(x))dx
B:(0) Bo+te

B/H-s

By

and then
limsup [ f(Dve(z))dz < f(Dv(z)) dx.

e—0 By, By
By the other hand, Dv. converges to Dv in L'(B,,R™), then the lower semicontinuity of the
integral yields

lim inf /B f(Dvo@))dz > [ F(Du(z))da

e—0 B,

proving (7.2]). O

Proof of Theorem [2l. Consider the functional (LI) with f satisfying (21I). For every k € N,
let us consider the sequence f; defined as follows (see [30]):

fe(€) = F(E)(A = (&) + (f) * ne(8), (7.3)

where 7 are standard mollifiers and ¢ € C*(R"), 0 < ¢(§) < 1 for every £ € R", (&) = 1
if |¢] <tp+1and ¢(&) =0if [€] >ty +2. fr € C3(R™) and

[re €l 1o+ 2
o= {(m) ce) 16l <ty

Therefore the sequence { f; } converges to f uniformly and we can suppose |f(£)— fi(§)] < 1
for every £ € RY and k € N. Moreover, for sufficiently large k, f; is a convex function and
D?f,.(€) is positive defined for |£] > o + 1. Since fi,(&) = f(&) for |¢] > to + 2, then [ZT))
holds with tg + 2 instead of tg.
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Let h € C*([0,+00)) be the positive, increasing, convex function defined by

h(t):{tg((st —t+3) telo0,1)

Observe that h € C?(R?), 1" is non negative and hA” > 0 in [0, 1). For k£ € N denote

(@ =+ 0 ()

and define the integral functional

Fr(v) = fr(Dv) dz.
Br
Notice that f, € C%(R™) and that it is uniformly convex on compact subsets of R™. Let Bp
be a ball compactly contained in Q and u € W21 () be a local minimizer of the functional
(CI). Since u. € C*(Bpg), then it verifies the bounded slope condition (see for example
[26] and [25, Theorem 1.1 and Theorem 1.2]) and then Fj, has unique minimizer v, ; among
Lipschitz continuous functions in Br with boundary value u. on 0Bg. By (21); and [34]

(3.3)],

2 r 1 1 2
g1(IEDIAI S;j(fk)&éj(f))\i)\jﬁ g2(|§|)|+mm A%,

for every A\, & € R", || > to+2. On the other hand, since by 21)2 ¢ go(t) > (to+2)g2(to+2)
for t >ty + 2,

1
k(to + 2)

92(t)
/{Z(to + 2)2g2(t0 —+ 2)

1
9.0) + 1<)+ < 205(1)
for k sufficiently large. Therefore f; satisfies (ZI)) with ¢, 4 2 instead of o, 2g» instead of g
and constants €'} and C5 independent from k. Moreover, as k — oo, fr — f uniformly on

compact subsets of R” and then

lim fr(Dv) dz = f(Dv)dx for every v € W (Bg).

k—o0 Br Br
Since fk is uniformly convex on compact sets and v, is Lipschitz continuous in Bg, all the
assumptions of Lemma hold and, by the a priori estimate (6.I4]), for every p < R there

exists a positive constant C' depending on p, R, «, 5, u, C1, Cs, g2(to), but independent on
k such that

1 B 0
Dugllpesy < C2— | 14 fu(Do.y)d
1Dl < € [ 14 D e

C {ﬁ /BR 1+ fi(Du,) daz}e,

IN
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) — — @2-pa
2—p—a(nf—p)’
every € > ( we have

where the last inequality depends by the minimality of v, ;. Therefore, for

k—o00

1 0
limsup || Dve || (B, < C {7/ 14+ f(Du. dx} = M..
[ Dve el oo (5,) R= ) BR( (Du)

The sequence v j is bounded in W*°(B,) with respect to k, then there exists a subsequence
k; — 0, such that {v.,} is weakly* convergent to 0. in W*°(B,) and for every p < R

| Dol s, < C {ﬁ/BR(l+f(Due) dx}e. (7.4)

We prove that v.;, converges to v. in WLY(Bg) and then v, € u + Wol’l(BR). Indeed by
([2.1))5 and the minimality of v.;, as j — oo we have

f(Dvey,)de <1+ fkj(Dv&kj) de <1+ fkj(Due) de — 1+ f(Du.) dx

Br Br Br Br

By de la Vallée-Poussin Theorem we can choose the sequence k; such that Dv.y, — Dv. in
L'(Bg) and then v, —u. — (0. —u.) € WOI’I(BR). On the other hand, for every § > 0
and for every k sufficiently large, | f,(€) — f(€)| < 8, for every |£| < M + 1, therefore by the
minimality of v,

f(Doey,) de = / (F(Dver) = i (Dver)) + Jo (Do, ) da

B, B,

Br

By lower semicontinuity in Wh1(Bg), passing to the limit for ;7 — oo, we get

f(Dv.) dzx < liminf f D, ;) dr < lim fk (Du.)dx + 6| Bp|

B, j—o00 j—o00 Br

= f(Dug)dx+5|BR|

Br
for every 6 > 0 and p < R, and then for p — R and § — 0
f(Dv.)dx < f(Du.) dx
Bgr Br

Again by de la Vallée-Poussin Theorem and ([[4]), we have that there exists a sequence
e; — 0 such that 0., —u., = v —u in W,y ' (Bg) and {v.,}; is weakly * convergent to v in
Whe>(B,) for every 0 < p < R. By the lower semicontinuity of the functional

f(Dv)dz < liminf f(Dv,,)dr < lim f(Duy,) dx = f(Du)dx.  (7.5)

BR _]*)OO BR ]HOO BR BR



LOCAL LIPSCHITZ CONTINUITY WITH SLOW GROWTH 25

Then v is a minimizer for (L)) with Q@ = Bg. Moreover from (Z.2)) and (Z4]) we have that

o converges to ¥ in W5 and
. TR . 1 ’
||D'U||L°°(Bp) S h]n—l>1£f ||Dvej||L°°(Bp) S ]li)r{.lo C {m /BR(l + f(DUSJ) dl‘}

e {ﬁ/ng(lJrf(Du)d:c}g.

Therefore v and u are two different minimizers of F' in Br. Since f(§) is strictly convex for
|€| > to, by proceeding as in [19] it is possible to prove that the set

Du(x) + Dv(x) - to} .

2
||Du||L°°(Bp) S ||DU+ D’{}HLOO(BP) + ||D®||L°°(Bp) S 2t0 -+ ||D@||L°°(Bp)

(7.6)

EO::{:L’EBR:

has zero measure. Therefore

(]
Lemma 7.2. Let f be a positive function in C*({& € R™ : |£] > to}) satisfying ellipticity
conditions (Z4). Then there exists t > to such that
m 2M _
" ep <o)< g g > &
soler < F© < Z2eln g &

if1<p<q, f€) > Zle|logle] or £(6) < 2ME|loglé] if p=1 or g =1 respectively.

Proof. Without loss of generality we can suppose to = 1. We will prove the left hand side in
([Z0), the right hand side being analogous. We consider the real function ¢ : [1,400) — R

defined by ¢ (t) = f (t %) Then ¢ € C*[1,+00) and its first and second derivatives hold

¢%02<Dd(ﬁ%)ﬂ%); WUJZﬁik@(ﬁ%)i%

ij=1
and, by &4)), ©"(t) > mtP~2. Therefore, integrating from 1 to ¢ we obtain

¢®—wﬂJ2{£dWJ_n if p>1

mlogt iftp=1

and again

o(t) — (1) > Df (i) (t—1)+ {

(P — 1) ifp>1
€] m(tlogt —t) ifp=1.

Therefore, for ¢t = |£| we have

-l >
_L(E|—1) 4+ 47
F&) 2 ~L{K] >+{m<|§|log|§|—|5|> itp=1

where L = max{|Df(v)|: |v] = 1}. O
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Proof of Corollary[2Z2. We have to prove that the assumptions of Theorem 2.1] are satisfied.
First of all, notice that assumptions ([ZI)); and(ZI)), hold for g,(t) = mt*~2 and go(t) =
Mt1=2. Moreover, for every t > 1,

2

(92(0))# = M2 — tr

then (21I))3 holds for 3 > 5 = ”2—;261 — L+ % By Lemma [[2 for « > a = ¢/p and [{] large
enough,

el = mietr < ar (Z2) (e} < () e peee

and (2.1])4 holds. Moreover, by Lemma [[.2 also (2.1])5 holds. Therefore, all the assumptions
of Theorem 2] are satisfied if (Z2]) is satisfied, that is

n-+2
a<—21 = . 25—517;— = 1.
nB+q—2 P 59— 5D P n

since i = 2 — q. In order to obtain the correct exponent in (2.6]), notice that in this case by

(616]) we can conclude

qo
qg—a(nf+q—2)

C7
Dul|%.. < 7/ 1+ f(Du))dz
e e MR

- qo o 2
Since TamiTeD — ey e get 2.9). O
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