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A B S T R A C T

An analytical solution is presented for the contact problem with clearance between a loaded rigid pin and a 
circular ring made of functionally graded material (FGM), which is inserted around a hole in an infinite isotropic 
elastic plane. It is assumed that the elastic shear modulus of the FGM ring varies continuously with the radius 
according to a power law, while the Poisson’s ratio is taken costant. The most general expressions for the stress 
and displacement fields in polar coordinates are considered, both for the FGM ring and the elastic plane. The 
frictionless contact conditions yield a set of dual trigonometric series equations that can be reduced to a linear 
system of infinite equations, then solved by truncation. Due to nonlinearity of the advancing contact problem, an 
inverse method of solution is employed, namely, the contact stress distribution is derived for a set of contact 
angle values. The corresponding pin load is then calculated, and a nonlinear pointwise relationship is obtained 
between the contact angle and the pin load. By properly tuning the variation of the material properties within the 
ring thickness, the contact angle can be increased. Consequently, more uniform distributions can be achieved for 
the contact pressure and the hoop stress along radial directions, thereby preventing mechanical failure in many 
fasteners and bolt connections. To compare the stress distributions in the plate with and without the FGM 
annular reinforcement around the hole, a new solution is worked out as a particular case for the problem of a 
rigid circular pin in frictionless quasi-conformal contact with a hole in an isotropic elastic plane, and the stress 
shielding effect consequent to the introduction of the FGM ring is clearly illustrated. The analytical results are 
then validated against Finite Element predictions, as well as by verifying the invariance of the sum of the classical 
M-integral, taken along circular contours surrounding the hole, together with an area integral that compensates 
for the path dependence of the M-integral in inhomogeneous elastic materials, showing very good agreement.

1. Introduction

In a pinned connection with clearance, stress concentrations typi
cally take place along the contact region, potentially compromising the 
integrity of the joint, especially for brittle materials. To enhance the 
wear resistance and fatigue strength of bearing components, such as 
cylindrical joints and rivet holes, a machine design methodology that is 
commonly employed involves the creation of surface-hardened bearing 
surfaces surrounding the hole [1], utilizing techniques such as carbu
rizing, nitriding, or induction hardening [2]. The objective of these 
techniques is to create a hard surface layer while preserving the ductility 
of the core material. This combination enhances the component per
formance by increasing its wear resistance and durability under high 
load, reducing friction, and hindering crack initiation and propagation 
under cyclic loading, thus extending its operational life. However, 
during the hardening process, this methodology may introduce surface 
defects or residual stresses, which could have a detrimental effect on 

fatigue life [3].
A further effective method of enhancing the load-bearing capacity 

and durability of cylindrical joints consists in the insertion of a rein
forced ring, composed of high-strength material, around the hole that is 
in contact with the pin [4,5]. Based on this technique of hole rein
forcement, an innovative procedure has been proposed in [6,7] for the 
assembly of a safe pin-loaded joint in a holed glass plate. The method 
involves the introduction of a steel ring that is adhered to the plate by 
means of a soft resin layer. The ring, which is in direct contact with the 
loaded pin, allows to mitigate high stress concentrations in the brittle 
glass plate, while the soft layer smooths the contact pressure distribution 
along the hole rim in the glass plate. However, the change in material 
properties at the interface between the ring and its surroundings may 
result in considerable interface shear stress, which could potentially lead 
to debonding of the components.

Functionally Graded Materials (FGMs) have the potential to replace 
or supplement the surface-hardening technique or the insertion of a 
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harder collar in some applications. Indeed, their composition and 
properties undergo a gradual transition over a specific volume (typically 
from surface to core). These materials may display a gradual transition 
from a hard to a soft phase, from a metallic to a ceramic phase, or even a 
combination of both. The use of FGMs in bearing design entails the 
customization of material properties, including hardness, wear resis
tance, and toughness, across the entire component rather than merely on 
its surface. The integration of different materials in variable proportions 
throughout the thickness of components enables the development of 
innovative design methodologies [8–10]. For instance, the incorpora
tion of ceramic phases within the contact region has been proved to 
enhance wear resistance. The gradual variation of material properties 
inside the bearing surface leads to a smooth distribution of stress and 
strain fields, which could reduce the risk of surface crack initiation and 
propagation compared to traditional surface-hardened methods 
[11–14]. The stress concentrations that appear along the contact region 
in cylindrical joints can be efficiently reduced by the introduction of a 
FGM ring in contact with the loaded pin, whose mechanical properties at 
the outer rim approach those of the surrounding elastic plane. This 
expedient can lead to a continuous and more uniform stress distribution, 
thus enhancing the fatigue life of the joint by increasing its durability 
under cyclic loading conditions [15,16]. The enhanced performance 
achieved through the implementation of FGMs leads to a reduction in 
maintenance requirements and an extension of service intervals, 
consequently decreasing overall lifecycle costs. In contrast, the fabri
cation of FGMs necessitates the implementation of advanced 
manufacturing techniques, including powder metallurgy, additive 
manufacturing, and other specialized processes to create gradual prop
erty variation. This request has the effect of increasing the complexity of 
the production of FGM components and potentially increasing the cost 
of the process compared to traditional surface-hardening methods. 
Therefore, the employment of FGMs in the design of innovative con
nections presents a series of challenging possibilities. However, a critical 
evaluation of their efficacy must be conducted on a case-by-case basis, 
against traditional surface-hardening methods, considering the specific 
performance requirements, manufacturing capabilities, and cost con
straints of the application.

With the advancement of additive manufacturing tech
nologies—such as powder-bed fusion, material extrusion, and sheet 
lamination—it is now possible to fabricate functionally graded materials 
(FGMs) with continuously varying Young’s modulus across spatial di
mensions, typically achieved by appropriately blending different con
stituent materials [17]. A special case of interest involves cylindrical 
elastic bodies in which the elastic properties vary radially but remain 
constant in the tangential direction. Such radial inhomogeneity can arise 
from various processes, including directional cooling that induces a 
microstructural gradient [18], phase segregation during centrifugal 
casting [19,20], and surface modification using laser-based techniques 
[21]. Radially graded FGMs have been extensively studied in the context 
of axisymmetric problems, especially for structural components such as 
tubes, rings, disks [22,23], and curved beams [18,24–26]. Additionally, 
several analytical studies have investigated the influence of radial in
homogeneity on non-axisymmetric problems [27–33].

The design of loaded pinned joints is a classical non-axisymmetric 
problem in contact mechanics, since it represents the most common 
technique for connecting an articulated assembly of mechanical com
ponents. In general, the pin is a cylinder with a high modulus of elas
ticity in contact with the surrounding material, which usually has a 
lower modulus of elasticity. To ensure a sufficient degree of rotational 
motion of the joint, the hole is slightly larger than the pin. In this case, 
clearance exerts a significant influence on the contact pressure distri
bution, and an excessively large amount may lead to wear, fatigue, and 
failure over time. Due to clearance, the contact between the pin and hole 
is confined to a limited part of the hole surface, whose extent is unknown 
and increases non-linearly with the pin load. For this motivation, this 
kind of advancing contact problem usually requires advanced numerical 

techniques [34–36]. From the mathematical perspective, this contact 
condition yields a mixed boundary value problem with a moving 
boundary, which can be formulated in terms of dual series or integral 
equations. To obtain a closed-form analytical solution to the problem, it 
is customary to assume a frictionless contact condition [37–44]. Indeed, 
accounting for friction necessitates the implementation of a numerical 
procedure [45–47,35]. A further simplification frequently adopted in 
the literature consists in assuming the pin as rigid, if sufficiently stiff 
with respect to the surrounding material [47–50].

The possibility of reducing the Stress Concentration Factor (SCF) in a 
hole of an elastic plane using FGMs was initially explored in [51], where 
a Finite Element analysis of the problem of a FGM plane subjected to 
far-field uniaxial loading was conducted. It was showed that the SCF can 
be mitigated by gradually increasing the Young’s modulus away from 
the hole, according to an exponential or power-law grading function. 
Subsequently, the analytical solution for the SCF around a circular hole 
in an infinite FGM plane under remote biaxial tension and pure shear 
loading, was presented in [52], by assuming that the elastic properties 
vary according to exponential functions. Later, the SCF reduction due to 
the introduction of a FGM annular ring around a circular hole in an 
infinite homogeneous plane under remote uniaxial tension was inves
tigated analytically in [53,54]. The stress distributions in a panel with a 
circular hole under far-field uniaxial loading with the hole rim lined 
with either a compressible or an incompressible FGM ring were obtained 
in [55,56], respectively. It was observed that the introduction of the 
FGM ring reduces both the contact pressure and maximum hoop stress in 
the panel. Specifically, the SCF can be reduced by about an order of 
magnitude by appropriately grading Young’s modulus in the radial di
rection, namely by progressively decreasing it towards the hole. Addi
tionally, it was found that it is possible to grade the Young’s modulus of 
the FGM ring to achieve the same SCFs at the hole rim and the interface 
between the ring and the panel simultaneously. A similar conclusion was 
provided by the analytical investigation in [57]. The SCF reduction 
obtained by adopting a linear variation of the Young’s modulus with the 
radius was examined in [23]. A comparative analysis on the SCF 
reduction caused by the introduction of four different FGM layers 
around a circular hole in an infinite homogeneous panel was performed 
in [58] using the extended finite element method (XFEM). It was re
ported that the power law function is more effective in minimizing SCF, 
compared to exponential or sigmoid FGMs. The SCF reduction caused by 
a non-monotonic tri-linear variation of the elastic modulus in an annular 
FGM inclusion inserted around a circular hole in elastic thin plate and 
cylindrical shells subject to remote loading was numerically investigated 
in [59,60] recently, showing that it is possible to reduce the SCF by >50 
%. By converting an optimization problem into a nonlinear program
ming problem, in [61] it was established that a sigmoidal distribution of 
the Young’s modulus around the circular hole allows the hoop stress to 
attain a minimum value along prescribed radial directions.

From these studies, one can conclude that, although it may not be the 
optimal solution for reducing the SCF, power-law grading can success
fully capture the effects of varying stiffness across the plate, which are 
important for assessing the contact pressure and SCF near the hole [62]. 
In particular, the power-law model can be efficiently used when there is 
a smooth but non-linear variation in material properties. It is often the 
most practical option for a FGM plate with a hole, because it provides an 
optimal balance between capturing smooth material transitions and 
handling the stress concentration effects around the hole. In the special 
case of unitary grading exponent, it recovers the linear grading model. 
The latter model is characterized by its simplicity and is applicable when 
material properties exhibit straight variation [23]. However, it might be 
too simple and might not adequately capture the complex stress redis
tribution that occurs around the hole. It may be particularly useful for 
preliminary analyses. Exponential grading is often chosen to model 
material variations that initially occur gradually and then change 
rapidly over a short distance. This model can accurately capture rapid 
material transitions near the hole, where stress concentrations are of 
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critical importance. However, the adoption of this model is usually more 
complex compared to power law grading. Sigmoidal grading models a 
smooth transition from one material property to another without any 
abrupt changes. It can be suitable for applications where the material 
transition occurs gradually, but not as smoothly as a power law. 
Sigmoidal grading is an excellent choice for simulating smooth and 
controlled material variations with the ability to fine-tune the transition, 
especially if the material property change is concentrated around a 
specific region, such as near the hole edge, without affecting the entire 
plate. However, the implementation of this model requires careful 
analysis to ensure numerical stability and to capture the stress distri
bution accurately. Instead of assuming a specific assigned function for 
modelling the variation of the material properties, some authors pro
posed to divide a FGM layer into several sub-layers where the elastic 
modulus varies linearly, thus approximating an arbitrary function with a 
piecewise linear one [63,64]. In conclusion, the selection of the grading 
law depends on the expected material behavior and how accurately 
stress concentrations and variations in material properties must be 
captured. In any case, power-law grading is a relatively simple yet 
effective model that is often a suitable starting point.

The SCF reduction in a pinned joint under non-axisymmetric loading, 
where the pin is perfectly fit into a hole in an elastic plate with a FGM 
inter-layer, was investigated in [65]. Since the difference in the elastic 
moduli of the pin and the plate is responsible for the stress concentration 
in the softer material, it has been demonstrated that the use of an in
termediate FGM layer with a variable Young’s modulus, expressed as a 
power function of the radius, can reduce the gap in rigidity between the 
joint components and consequently the SCF. Recently, the analytical 
solution to the frictionless contact problem under clearance-fit condi
tions between a rigid circular pin and a circular FGM lug with power law 
grading was obtained in [66]. This study proved that the Hertzian dis
tribution of the contact pressure is valid for very low load levels and a 
small contact zone, whereas for high loading levels, the contact pressure 
distribution is almost constant within the central part of the contact 
zone, and two pressure bumps take place near the ends of the contact 
zone, whose magnitude decreases as the lug thickness increases thus 
approaching an almost Hertzian distribution for very thick lugs. 
Furthermore, it has been demonstrated that the load-bearing capacity of 
the pin-lug connection can be enhanced by increasing both the elastic 
modulus and the strength of the FGM lug near the surface in contact with 
the loaded pin.

To date, no analytical solutions have been published in the technical 
literature for the contact problem with clearance between a loaded pin 
and a FGM ring embedded in an infinite elastic plane. In the present 
work, the plane problem of a loaded rigid pin in advancing contact with 
a FGM ring inserted around a hole in an isotropic elastic plane is 
investigated under clearance-fit conditions for the first time. It is 
assumed that the elastic shear modulus of the FGM ring varies radially 
according to a power law, continuously approaching that of the sur
rounding elastic plane. The Poisson ratio is assumed to be constant and 
equal for both the FGM ring and the elastic plane. In Section 2, the stress 
and displacement fields in the elastic plane and the FGM ring are rep
resented using a Michell-type series. For the FGM ring in particular, 
these fields are derived from the solution outlined in [28] for a 
power-law radial variation of the elastic modulus. Using the frictionless 
contact boundary conditions, the problem is then reduced to the solution 
of a set of dual trigonometric series equations. Following the approach 
developed in [38,66–68], a linear system of infinite equations is derived 
for the unknown coefficients of the Michell-type series representations 
and then solved by truncation in Section 3. To compare the stress dis
tributions in the plate with and without the FGM annular reinforcement 
around the hole, a novel solution to the problem of a rigid circular pin in 
frictionless quasi-conformal contact with a hole in an isotropic elastic 
plane is then worked out in Section 4 as a particular case. Results are 
then presented in Section 5 for the contact angle and the stress com
ponents both in the FGM ring and the elastic plane, for various loading 

levels and geometrical and material parameters. The correctness of the 
analytical results is verified in Section 6 by exploiting the invariance 
property of the M-integral along circular contours surrounding the hole. 
First, a combination of the classical M-integral for homogeneous elastic 
solids with an area integral, derived using the Gauss-Green theorem to 
ensure that the sum of the two integrals remains invariant, is presented 
in Appendix B. Then, it is shown that substituting the analytical stress 
and displacement fields into this combination yields a constant value at 
any distance from the hole. The results are also validated against Finite 
Element predictions in the Supplementary Material.

The present contribution intends to offer practical suggestions 
regarding the optimal conditions for enhancing the load-bearing ca
pacity of pinned connections by exploiting the properties of FGMs. 
Furthermore, this work paves the way for innovative optimization in the 
design of cylindrical joints, with potentially wide applications.

2. Problem formulation

The problem of a loaded rigid pin in frictionless quasi-conformal 
contact with a FGM ring embedded in an infinite isotropic elastic 
plane, illustrated in Fig. 1, is considered. The inner and outer radii of the 
FGM ring are denoted by ri and ro, respectively. The elastic shear 
modulus μ of the FGM ring displays a power-law radial variation ac
cording to the relation 

μ = μ0(r/ro)
m
, (2.1) 

where μ0 is the shear modulus of the homogeneous elastic plane and m is 
the grading index.

To perform a fully analytical investigation under plane stress or 
plane strain loading conditions, we assume that the FGM ring and the 
elastic plane have the same constant Poisson coefficient ν. We consider a 
small radial clearance δ = ri − rp between the rigid pin and the FGM ring, 
where rp is the pin radius, thus leading to an advancing contact problem. 
Indeed, the contact length between the two components increases as the 
load P applied to the pin increases. The variation of the shear modulus 
along the radial direction is sketched in Fig. 2 for specific positive and 
negative values of the grading index m.

A cylindrical coordinate system (0, r, θ) is considered with the origin 
coinciding with the centre of the FGM ring and the axis θ = 0 laying 
along the direction of the applied load P (Fig. 1).

Fig. 1. Loaded rigid pin in a hole in an isotropic elastic plane with a FGM 
annular reinforcement.
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The cylindrical components of the stress and displacement fields 
within the FGM ring, containing only even and single-valued terms in θ, 
follow from the solution to two-dimensional elastic problems involving 
graded materials in radial coordinates presented in [28]: 

σrr(r,θ) ro

2μ0δ
=
∑2

i=1

[

B0i

(
r
ro

)ai

+B1i

(
r
ro

)b1i

cosθ
]

+C
ro

r
cosθ

+
∑∞

n=2

∑4

i=1
Bni

(
r
ro

)bni

cosnθ,

σθθ(r,θ) ro

2μ0δ
=
∑2

i=1

[

B0i(ai +1)
(

r
ro

)ai

+B1i

(
r
ro

)b1i

(b1i +2)cosθ
]

+CΔ
ro

r
cosθ+

∑∞

n=2

∑4

i=1
Bni

(
r
ro

)bni

(bni+2)Δnicosnθ,

σrθ(r,θ) ro

2μ0δ
=

[
∑2

i=1
B1i

(
r
ro

)b1i

+CΔ
ro

r

]

sinθ+
∑∞

n=2

∑4

i=1
Bni

(
r
ro

)bni

nΔnisinnθ,

(2.2) 

ur(r,θ)
δ

=
∑2

i=1

[

B0i κi

(
r
ro

)ai+1− m

+
B1i Γ1i

2(1 − ρ2)

(
r
ro

)b1i+1− m

cosθ
]

− 2C
1+ρ2+mρ2

m(m+4 − 2ρ2)

(
r
ro

)− m

cosθ+
∑∞

n=2

×
∑4

i=1

Bni χ1ni

2(1 − ρ2)

(
r
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)bni+1− m
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uθ(r,θ)
δ

=

[
∑2

i=1

B1i Γ2i

2(1 − ρ2)

(
r
ro

)b1i+1− m

+2C
1+ρ2 − m+2mρ2

m(m+4 − 2ρ2)

(
r
ro

)− m
]

sinθ

+
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n=2

∑4

i=1
Bni

(
r
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)bni+1− m χ2nisinnθ
2n(1 − ρ2)

,

In Eq. (2.2), B0i and B1i (for i = 1, 2), and Bni (for i = 1, 2, 3, 4 and n ≥
2) are arbitrary constants to be determined from the boundary condi
tions. Moreover: 

a1,2 =
m
2
− 1 ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m2

4
+ 2mρ2 + 1 − m

√

,

b11,12 =
m
2
− 1 ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m2

4
+ 2mρ2 + 4

√

,

Δ =
m − 2ρ2(m + 1)

m + 4 − 2ρ2 ,

κi =
1 − (1 − 2ρ2)(ai + 1)
2 (1 − ρ2)(ai − m + 1)

,

Γ1i =
1 − (b1i + 2)(1 − 2ρ2)

b1i − m + 1
,

Γ2i = b1i + 1 + 2ρ2 − Γ1i, (i = 1, 2)

Δni =
bni + 1

bni − n2 + 2
, (2.3) 

bn1,n2 =
m
2
− 1 ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ln1 +
̅̅̅̅̅
ln2

√√

,

bn3,n4 =
m
2
− 1 ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ln1 −
̅̅̅̅̅
ln2

√√

,

ln1 = n2 +
m2

4
+ mρ2 + 1,

ln2 = n2( 2 + mρ2)2
− m2( 1 − ρ2)2( n2 − 1

)
,

χ1ni =
1 − (bni + 2)(1 − 2ρ2)Δni

bni − m + 1
,

χ2ni = (bni + 2)Δni − 1 + 2ρ2 − χ1ni, (n = 2, 3, ...; i = 1, ...,4)

where 

ρ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − 2ν

2(1 − ν)

√

, ν =

⎧
⎨

⎩

ν for plane strain,
ν

1 + ν for plane stress.
(2.4) 

Note that a typo occurs in the expression of χ2ni in [28]. The general 
expressions of the stress and displacement fields in the elastic homo
geneous region are given in [69,70]. Considering only the stress terms 
vanishing at infinity, one has: 

σ0
rr(r,θ) ro

2μ0δ
= D0

(ro
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)2
+
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(
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(ro
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∑∞

n=2

[

Cn n(n+1)
(ro

r

)n+2
+Dn (n − 2)(n − 1)

(ro

r

)n
]

cosnθ,

σ0
rθ(r, θ) ro

2μ0δ
= −

[

D1 ρ2ro

r
+ 2C1

(ro

r

)3
]

sinθ

−
∑∞

n=2

[
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sinnθ,

(2.5) 

Fig. 2. Variation of the shear modulus along the radial direction for specific 
values of the grading index m.
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The continuity conditions between the elastic homogeneous plane 
and the outer surface of the FGM ring, at r = ro, require 

σ0
rr(ro, θ) = σrr(ro, θ),

σ0
rθ(ro, θ) = σrθ(ro, θ),

u0
r (ro, θ) = ur(ro, θ),

u0
θ(ro, θ) = uθ(ro, θ),

(2.6) 

for 0 ≤ |θ| ≤ π, and the frictionless contact conditions between the rigid 
pin and the inner surface of the FGM ring, at r = ri require 

σrθ(ri, θ) = 0, for 0 ≤ |θ| ≤ π,
σrr(ri, θ) = 0, for α ≤ |θ| ≤ π,
ur(ri, θ) = v0cosθ − δ(1 − cosθ), for 0 ≤ |θ| ≤ α,

(2.7) 

where α is the unknown contact angular extent and v0 denotes a rigid 
body motion of the pin along the loading direction. The contact condi
tion (2.7)3 was derived and discussed in [34,42,44] for a contact prob
lem between a cylindrical pin and a hole, and it holds for small clearance 
δ << ri.

By imposing the boundary conditions (2.6) and (2.7)1, using the 
stress and displacement fields for the FGM ring (2.2) and for the elastic 
plane (2.5), one obtains the following relations for the unknown con
stants that appears in the expressions of the stress and displacement in 
the elastic plane in terms of the constants Bni (i = 1, 2, 3, 4; n = 0, 1, 2,…) 
entering the stress and displacement fields in the FGM ring: 

D0 =
∑2

i=1
B0i,

D1 =
Δ − 1

2Δ
∑2

i=1
λb1i+1B1i,

C = −
1
Δ
∑2

i=1
λb1i+1B1i,

C1 =
1
2
∑2

i=1

[(

1 −
ρ2

2
+

ρ2

2Δ

)

λb1i+1 − 1
]

B1i,

V =
1
2
∑2

i=1

[

1 −
Δ + 1

2Δ
λb1i+1 +

4(1 + ρ2 + mρ2)λb1i+1

m(m − 2ρ2 − 2mρ2)
+

Γ1i

1 − ρ2

]

B1i ,

Dn =
∑4

i=1

nΔni − 1
2(n − 1)

Bni,

Cn =
∑4

i=1

1 − Δni (n + 2)
2(n + 1)

Bni, (n = 2,3, ...)

(2.8) 

where λ = ri/ro < 1 is the FGM ring aspect ratio. Moreover, the following 
relations are also obtained between constants B01 and B02: 

∑2

i=1
(1+ κi)B0i = 0, (2.9) 

between constants B11 and B12: 

∑2

i=1

[
2m (1 − ρ2) λb1i+1

m − 2ρ2 − 2mρ2 −
b1i + 3
1 − ρ2

]

B1i = 0, (2.10) 

and between constants Bni for i = 1, 2, 3, 4, and n = 0,1,2,…: 

∑4

i=1
λbni Δni Bni = 0,

∑4

i=1

[

χ1ni − 2
n (1 + n ρ2)Δni − n − ρ2

n2 − 1

]

Bni = 0,

∑4

i=1

[

χ2ni + 2n
n (n + ρ2)Δni − 1 − n ρ2

n2 − 1

]

Bni = 0.

(2.11) 

From Eqs. (2.9), (2.10), and (2.11) one can find 

B02 = − B01
1 + κ1

1 + κ2
,

B12 = − β B11,

Bni = cni Bn1, (n = 2, 3, ...; i = 2, 3,4)

(2.12) 

respectively, where 

β =
2mλb11+1(1 − ρ2)

2
− (m − 2ρ2 − 2mρ2)(b11 + 3)

2mλb12+1(1 − ρ2)
2
− (m − 2ρ2 − 2mρ2)(b12 + 3)

, (2.13) 

and cn2, cn3, and cn4, for n ≥ 2, can be calculated from the system (2.11) 
using (2.12)3.

The contact conditions (2.7)2,3 then yield the following dual series 
equations 

∑2

i=1
B0iλai +

Δ − 1
Δ

∑2

i=1
B1iλb1i cosθ +

∑∞

n=2

∑4

i=1
Bniλbni cosnθ = 0,

for α ≤ |θ| ≤ π,

∑2

i=1
B0iκi λai +

∑2

i=1
B1i λb1i

[
Γ1i

2(1 − ρ2)
+

2(1 + ρ2 + mρ2)

m(m − 2ρ2 − 2mρ2)

]

cosθ

+
∑∞

n=2

∑4

i=1
Bni

λbni χ1ni

2(1 − ρ2)
cosnθ =

(δ + v0

δ
cosθ − 1

)
λm− 1,

for 0 ≤ |θ| ≤ α.

(2.14) 

Using relations (2.12), from Eq. (2.14) one obtains 

B01

(

λa1 − λa2
1 + κ1

1 + κ2

)

+ B11
Δ − 1

Δ
(
λb11 − β λb12

)
cosθ

+
∑∞

n=2
Bn1

∑4

i=1
cni λbni cosnθ = 0, for α ≤ |θ| ≤ π,

B01

(

κ1λa1 −
1 + κ1

1 + κ2
κ2λa2

)

+ B11

[
λb11 Γ11 − βλb12 Γ12

2(1 − ρ2)

+
2(1 + ρ2 + mρ2)

(
λb11 − βλb12

)

m (m − 2ρ2 − 2mρ2)

]

cosθ

+
∑∞

n=2
Bn1

∑4

i=1
cni

λbni χ1ni

2(1 − ρ2)
cosnθ =

(δ + v0

δ
cosθ − 1

)
λm− 1,

for 0 ≤ |θ| ≤ α,

(2.15) 

namely: 

E. Radi                                                                                                                                                                                                                                            



A0

2
+
∑∞

n=2
Ancosnθ = 0, for α ≤ |θ| ≤ π,

A0

2
λa1 κ1(1 + κ2) − λa2 κ2 (1 + κ1)

λa1 (1 + κ2) − λa2 (1 + κ1)
+
∑∞

n=1

An fn

1 − ρ2 cosnθ

=
(δ + v0

δ
cosθ − 1

)
λm− 1, for 0 ≤ |θ| ≤ α,

(2.16) 

where 

A0 = 2B01

(

λa1 − λa2
1 + κ1

1 + κ2

)

,

A1 = B11
Δ − 1

Δ
(
λb11 − β λb12

)
, (2.17) 

f1 =
Δ

2(Δ − 1)

[
λb11 Γ11 − β λb12 Γ12

λb11 − β λb12
+

4(1 − ρ2)(1 + ρ2 + mρ2)

m (m − 2ρ2 − 2mρ2)

]

,

and 

An=Bn1

∑4

i=1
cniλbni ,

fn=
1
2

(
∑4

i=1
cniλbni χ1ni

)/(
∑4

j=1
cnj λbnj

)

, (n=2,3,⋯).

(2.18) 

To remove the rigid body displacement v0, we apply on Eq. (2.16)2 
the operator 

L[ϕ] =
dϕ
dθ

+

∫ θ

0
ϕ(s) ds, (2.19) 

as suggested in [71,72], thus obtaining 
[

λm− 1 +
A0

2
λa1 κ1(1 + κ2) − λa2 κ2(1 + κ1)

λa1 (1 + κ2) − λa2 (1 + κ1)

]
(
1 − ρ2)θ

−
∑∞

n=1
Anfn

n2 − 1
n

sinnθ = 0,
(2.20) 

for 0 ≤ |θ| ≤ α. Then, we apply the procedure used in [66–68] for 
solving a set of dual series equations similar to Eqs. (2.16)1 and (2.20). 
To this aim, we rearrange Eq. (2.20) in the form 

∑∞

n=1
Ansinnθ = (cA0 + d)θ +

∑∞

n=1
hn Ansinnθ, for 0 ≤ |θ| ≤ α, (2.21) 

where 

c = −
λa1 κ1(1 + κ2) − λa2 κ2(1 + κ1)

2[λa1 (1 + κ2) − λa2 (1 + κ1)]

(
1 − ρ2)

d = −
(
1 − ρ2) λm− 1,

hn = 1 +
n2 − 1

n
fn.

(2.22) 

It is possible to check that 

fn = −
1
n
+

3m − 2ρ2(m + 1)
2n2 + o

(
n− 2), as n→∞, (2.23) 

and thus hn = O(n− 1) as n →∞. The latter asymptotic behavior is 
required for the convergence of the solution to Eq. (2.21). The set of dual 
Eqs. (2.16)1 and (2.21) can be solved by using the procedure presented 
in [73], developed in [38], used in [67] and recently adopted in [66,68,
74], which yields the following relations for the coefficients An, for n =
0, 1, 2,…: 

A0 = − 4 (c A0 + d)ln
(

cos
α
2

)
+
∑∞

n=1
n hn An Jn, (2.24) 

An = (c A0 + d)Jn +
1
2
∑∞

j=1
jKnjhj Aj, (n = 1, 2, ...) (2.25) 

where [38]: 

Jn =
1
n
[Pn− 1(cosα) − Pn(cosα)], (2.26) 

Knj =
(1 + cosα)sin2α

2
(
n2 − j2

) [(n + 1)P(0,1)
j− 1 (cosα)P(1,2)

n− 2 (cosα)

− (j + 1)P(0,1)
n− 1 (cosα)P(1,2)

j− 2 (cosα)],
(2.27) 

and Pn(t) and P(a,b)
n (t) denote the Legendre and Jacobi polynomials of 

order n, respectively. Note also that Jn → 0 as n →∞.
The results provided in Section 3 in [75] have been used in calcu

lating the integrals (2.26) and (2.27) together with Eq. (3.3) reported in 
[76]. A detailed derivation of the result (2.27) is illustrated in 
Appendix B in [68]. Note that for j = n, the coefficient Knn in (2.27) is 
undetermined and thus it must be calculated as a limit [68], namely 

Knn =
(1 + cosα)sin2α

4n

{

P(0,1)
n− 1 (cosα)P(1,2)

n− 2 (cosα) + (n + 1)×
[

P(0,1)
n− 1 (cosα) d

dn
P(1,2)

n− 2 (cosα) − P(1,2)
n− 2 (cosα) d

dn
P(0,1)

n− 1 (cosα)
]}

.

(2.28) 

The resultant of the contact pressure distribution must be equal to 
the total load P applied to the pin, namely 

P = − 2 ri

∫ α

0
σrr(ri, θ)cosθ dθ. (2.29) 

By using Eq. (2.2), (2.12), (2.17), and (2.18), then Eq. (2.29) yields 

P = − 4μ0 δλ
∫ α

0

(
A0

2
+
∑∞

n=1
Ancosnθ

)

cosθ dθ. (2.30) 

By calculating the definite integral in (2.30), the load P becomes 

P= − 4μ0δλ
[
A0

2
sinα+

A1

2

(

α+ sin2α
2

)

+
∑∞

n=2
An

n cosα sinnα − sinα cosnα
n2 − 1

]

.

(2.31) 

The rigid body motion of the pin follows from Eq. (2.16)2 for θ = 0 as 

v0 = δλ1− m

[
A0

2
λa1 κ1(1 + κ2) − λa2 κ2 (1 + κ1)

λa1 (1 + κ2) − λa2 (1 + κ1)
+
∑∞

n=1

An fn

1 − ρ2

]

. (2.32) 

3. Approximate solution

An approximated solution of the system of infinite algebraic Eqs. 
(2.24) and (2.25) for the unknown coefficients An can be obtained by 
truncation if a sufficiently large number of terms N is considered, 
namely: 

A0 = − 4(cA0 + d)ln
(

cos
α
2

)
+
∑N

n=1
n hn An Jn, (3.1) 

An = (cA0 + d)Jn +
1
2
∑N

j=1
j Knj hj Aj, (n = 1,2, ...,N). (3.2) 

Once the coefficients An, for n = 0, 1, 2, …, N have been obtained, 
then an additional number M of coefficients can be calculated by using 
the following approximate relations 

An = (cA0 + d)Jn +
1
2
∑n− 1

j=1
j Knj hj Aj, (n = N + 1,N + 2, ...,M), (3.3) 
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which hold based on the decaying behavior of the terms hn and Jn for 
large n.

A discrete inverse procedure is then applied to calculate the relation 
between the load P applied to the pin and the contact half-angle α. An 
increasing value of α is considered at each step and correspondingly the 
first M + 1 unknown coefficients are calculated from the solution to the 
linear system of Eqs. (3.1) - (3.3). Then, the total load P acting on the pin 
that causes an angular contact extent of 2α is derived from the relation 
(2.31).

4. Loaded pin in a hole in an isotropic elastic plate

The problem of a loaded rigid pin of radius rp in frictionless quasi- 
conformal contact in a hole in an infinite elastic plane, illustrated in 
Fig. 3, is considered here as a special case of the approach developed in 
Sections 2 and 3 in the limit as m → 0. Let ro, μ0, and ν denote the hole 
radius, the shear modulus, and the Poisson coefficient of the isotropic 
elastic plane, respectively. Let δ = ro − rp be the small radial clearance 
between the rigid pin and the hole.

The stress and displacement field within the isotropic elastic plate 
are assumed in the form (2.5), where no rigid motion of the plate is 
assumed, namely V = 0. Then, the frictionless contact conditions be
tween the rigid pin and the hole surface, at r = r0 require 

σ0
rθ(ro, θ) = 0, for 0 ≤ |θ| ≤ π,

σ0
rr(ro, θ) = 0, for α ≤ |θ| ≤ π,

u0
r (ro, θ) = v0cosθ − δ(1 − cosθ), for 0 ≤ |θ| ≤ α,

(4.1) 

where α is the unknown contact angular extent and v0 denotes the rigid 
body motion of the pin along the loading direction.

By imposing the boundary conditions (4.1)1, one obtains the 
following relations for the unknown constants that appears in the fields 
(2.5): 

C1 = −
ρ2

2
D1, Cn = −

n − 1
n + 1

Dn. (4.2) 

The contact conditions (4.1)2,3 then yield the following dual series 
equations 

D0

2
+ D1cosθ −

∑∞

n=2
Dn(n − 1)cosnθ = 0, for α ≤ |θ| ≤ π, (4.3) 

1 − D0 −
D1

2
cosθ + 2

∑∞

n=2
Dn

(
1

1 − ρ2 −
1

n + 1

)

cosnθ

=
(

1 +
v0

δ

)
cosθ, for 0 ≤ |θ| ≤ α,

(4.4) 

Applying the operator L defined in Eq. (2.19) to Eq. (4.4) in order to 
remove the rigid body displacement v0, from Eq. (4.3) and (4.4) one has 

A0

2
+ A1cosθ +

∑∞

n=2
Ancosnθ = 0, for α ≤ |θ| ≤ π, (4.5) 

1 − ρ2

2
(1 − A0)θ +

∑∞

n=2
An

(

1 +
ρ2

n

)

sinnθ = 0, for 0 ≤ |θ| ≤ α, (4.6) 

where 

A0 = D0,

A1 = D1,

An = − (n − 1)Dn, (n = 2, 3, ...).
(4.7) 

Finally, Eq. (4.6) can be rewritten in the form 

∑∞

n=1
Ansinnθ = −

1 − ρ2

2
(1 − A0)θ − ρ2

∑∞

n=1

An

n
sinnθ = 0, for 0 ≤ |θ| ≤ α,

(4.8) 

The set of dual Eqs. (4.5) and (4.8) can be solved by using the pro
cedure employed in Sections 2 and 3, which yields the following re
lations for the coefficients An, for n = 0, 1, 2,…: 

A0 = 2
(
1 − ρ2) (1 − A0)ln

(
cos

α
2

)
− ρ2

∑∞

n=1
An Jn, (4.9) 

An = −
1 − ρ2

2
(1 − A0)Jn −

ρ2

2
∑∞

j=1
Knj Aj, (n = 1,2, ...), (4.10) 

where Jn and Knj are defined in (2.26) and (2.27). An approximate so
lution of the system of infinite algebraic Eqs. (4.9) and (4.10) for the 
unknown coefficients An, for n = 0, 1, 2, …, N, can be obtained by 
truncation if a sufficiently large number of terms N is considered. Once 
the first N + 1 unknown coefficients An, have been calculated, then the 
pin load P is given by 

P= − 4μ0δ

[

A0sinα+A1

(

α+
sin2α

2

)

+
∑N

n=2
2An

n cosα sinnα − sinα cosnα
n2 − 1

]

.

(4.11) 

According to Eq. (4.4) for θ = 0 and using Eq. (4.7), the rigid body 
displacement of the pin is 

v0 = − δ

[

A0 +
A1

2
+
∑N

n=2

2An

n − 1

(
1

1 − ρ2 −
1

n + 1

)]

. (4.12) 

5. Results

The main objective of this study is to investigate which type of FGM 
reinforcement can be used to reduce the stress concentration factor in a 
pinned connection with clearance. For illustrative purposes, a uniform 
Poisson’s ratio ν = 0.3 is assumed both for the elastic plate and the FGM 
ring. Initially, the plane strain condition is taken into consideration, and 
then the plane stress condition is briefly addressed in Sect. 5.1. The 
stress and displacement fields in the FGM ring and in the infinite 
isotropic elastic plane are obtained by considering a set of values of the 
contact half-angle α and then calculating the corresponding resultant 

Fig. 3. Geometry and loading of the rigid pin in a hole in an isotropic 
elastic plane.
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load applied to the pin. To achieve an adequate degree of accuracy in the 
results, N ≥ 40 terms are taken for the truncated system (3.1)-(3.2).

The convergence of the series expansion is illustrated in Fig. 4, which 
shows the variation of the ratios An/A0 (for 0 ≤ n ≤ N) as the number of 
terms increases (N = 10, 20, 30, 40), with m = 1, λ = 0.6, and various 
contact region extents. As the number of terms N increases, the higher- 
order terms An become negligible compared to the leading term A0, 
particularly for larger contact regions. It can be observed that a large 
number of terms is required to obtain a sufficiently accurate solution 
only when the contact region is very small, a scenario of limited prac
tical relevance. The convergence improves with increasing contact 
angle, likely due to the assumption of conformal contact embedded in 
Eq. (2.7)3. Similar convergence trends are observed also for various 
values of the material and geometric parameters m and λ, thus denoting 
that convergence requirements are primarily dictated by the extent of 
the contact region. The results plotted in Fig. 4 thus show the appro
priateness to truncate the system (3.1)-(3.2) to the first 40 terms for a 
contact angular extent α ≥ 0.1 π.

To mitigate the occurrence of oscillations in the plots due to the 
Gibbs phenomenon, the Lanczos sigma factors [77] have been intro
duced in the trigonometric series expansion of the stress and displace
ment fields.

Fig. 4. Variations of the ratios An/A0 for N = 10 (a), N = 20 (b), N = 39 (c), N = 40 (d), for m = 1, λ = 0.6, and for various values of the contact angle α.

Fig. 5. Contact pressure distribution predicted by the present model for a rigid 
pin (solid lines) and by the analytical model proposed by Hou and Hills [22] for 
a ratio between the elastic moduli of the pin and the holed plane equal to 3.
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The effects of the clearance amount, grading of material properties, 
and geometry on the stress fields are assessed by varying the grading 
index m and the aspect ratio λ = ri/ro of the FGM ring. As m tends to 0, 
the special case of uniform shear modulus presented in Section 4 is 
recovered. In this case, the predictions of the present approach are 
consistent with those for a rigid pin in a hole in a homogeneous elastic 
plane provided in [38,41,71]. Moreover, the approach proposed here is 
validated against previous analytical results available in the literature 
[44] for the particular case of m = 0, as reported in Fig. 5.

The normalized variations of the contact half-angle α with the pin 
load factor P/(μ0δ) under plane strain conditions are plotted in Figs. 6a, 
b, for specific values of the grading index m, both for a thin FGM ring 
with ri/ro = 0.8 (Fig. 6a), and a thicker one with ri/ro = 0.6 (Fig. 6b). As 
the pin load P increases or the clearance δ decreases, the contact half- 
angle increases non-linearly and approaches a limit value lower than 
π/2. In the absence of the FGM ring, it is known that the theoretical 

maximum contact half-angle is approximately 84◦, namely 0.467π [44]. 
The contact angle also increases as the grading index m increases, 
namely as the elastic modulus of the FGM ring decreases moving from 
the outer to the inner rim (see Fig. 2), so that the inner part of the ring 
becomes softer. Indeed, for a positive grading index, the elastic shear 
modulus increases within the FGM ring moving from the surface in 
contact with the pin towards the interface with the elastic plane. There, 
it reaches the same value μ0 as the infinite elastic plane (see Fig. 2). An 
increase in the contact angle then implies a corresponding reduction in 
the contact pressure.

In general, a lower elastic stiffness of the FGM ring close to the 
contact surface also implies a larger reduction of the material strength 
just where the highest stress concentration occurs. Therefore, the load- 
bearing capacity of the FGM ring with a positive grading index de
pends on these two effects: a reduction in the stress concentration factor 
and an associated reduction in the material strength.

Fig. 6. Normalized variations of the contact half-angle α with the pin load P under plane strain condition for specific values of the grading index m, for a thin FGM 
ring with ri/ro = 0.8 (a), and a thicker FGM ring with ri/ro = 0.6 (b).

Fig. 7. Normalized variations of the pin load P with the rigid pin displacement for specific values of the grading index m, for a thin FGM ring with ri/ro = 0.8 (a), and 
a thicker FGM ring with ri/ro = 0.6 (b).
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The normalized relations between the pin load and the pin 
displacement are plotted in Fig. 7 for the same set of values of the 
grading index m and aspect ratio ri/ro considered in Fig. 6. These vari
ations are almost linear, even though the advancing contact problem is 
non-linear, in agreement with the findings of the FEM investigations in 
[35]. Furthermore, the same load causes a greater pin displacement for 
positive grading indices than for negative ones. However, the slope of 
these plots does not vary monotonically with the grading index m.

The variations of the contact pressure p along the contact surface 
between a rigid pin and a FGM ring with ri/ro = 0.6, normalized by the 
constant shear modulus μ0 of the outer elastic plane, are plotted in 
Figs. 8a,b, for various contact angles, for positive and negative grading 
indices (m = 1 and m = − 1, respectively). Unlike the contact problem 
between a rigid pin and a FGM lug, where the contact pressure distri
bution displays two symmetrical bumps near the endpoints of the con
tact region [66,68], the contact pressure distribution for this problem is 
almost Hertzian, thus it vanishes at the ends of the contact region, and 
attains a maximum at the centre of the contact region, i.e. at θ = 0. This 
trend was also observed for a rigid pin in a hole in an elastic isotropic 
plane [41,49], as well as for the contact problem between two 
deformable cylindrical solids with FGM coatings with exponential 

variation of the elastic moduli [78]. Under the same contact angular 
extent, for ri/ro = 0.6, the maximum contact pressure for m = − 1 is about 
1.3 times higher than that for m = 1. A similar relation holds also be
tween the pin loads P that cause the same contact angular extent for m =
− 1 and m = 1.

As already observed, the FGM strength varies with the local shear 
modulus, and it is expected to increase with the local shear modulus of 
the FGM [13], meaning that FGM rings with m < 0 are expected to be 
stronger than those with m > 0, if the basic shear modulus μ0 is the same. 
Therefore, a straight comparison between Figs. 8a and 8b is not mean
ingful, as these results occur under different pin loads that cause the 
same contact angles for m = 1 and m =− 1, according to the results in 
Fig. 6.

The normalized variations of the hoop stress σθθ along the inner 
surface of a FGM ring with ri/ro = 0.6 are plotted in Figs. 8c,d, for various 
contact angles and for m = 1 and m = − 1, respectively. This stress 
component may be responsible for the formation and propagation of 
radial cracks under the contact region where it attains its maximum 
value. The hoop stress displays a finite maximum at an angular coor
dinate θ slightly larger than the contact half-angle, whose magnitude 
increases with the pin load. For ri/ro = 0.6, the maximum hoop stress for 

Fig. 8. Normalized variations of the contact pressure (a, b) and hoop stress (c, d) at the inner rim of the FGM ring (at r = ri) with the angular coordinate θ, for a 
positive grading index m = 1 (a, c) and a negative grading index m = − 1 (b, d), for the aspect ratio ri/ro = 0.6 and various contact angles.
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Fig. 9. Normalized variations of the radial (a, b), shear (c, d), and hoop (e, f) stresses along the interface between the FGM ring and the outer elastic plane (at r = ro) 
with the angular coordinate θ, for various contact angles, for a positive grading index, m = 1 (a, c, e), and a negative one, m = − 1 (b, d, f), for the aspect ratio ri/ro =

0.6 and various contact angles.
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m = − 1 is about 2.7 times higher than for m = 1, under the same contact 
angular extent. When the contact angle and the pin load are small, the 
hoop stress can be negative (compressive) in a limited region near θ = 0, 
where it reaches its minimum value. As the contact angle and the pin 
load increase, the hoop stress becomes positive (tensile) also at θ = 0, 
whereas it becomes slightly negative at θ = π.

The normalized variations of the contact pressure, − σrr, along the 
interface between a FGM ring with ri/ro = 0.6 and the infinite elastic 
plane, namely at r = ro, are plotted in Figs. 9a,b, for various contact 
angles, both for m = 1 and m = − 1. The magnitude of the contact 
pressure distribution displays a maximum at θ = 0, it is compressive for 
small values of the angular coordinate θ slightly larger than the contact 
half-angle α, and it becomes tensile for larger values of θ. These results 
show that the contact pressure along the interface between the FGM ring 
and the elastic isotropic plate, under the same contact angle, for m = − 1 
(Fig. 9b) is a bit higher than that for m = 1 (Fig. 9a) of about 12 %. A 
similar result holds also for the normalized variations of the shear stress 
plotted in Figs. 9c,d. These variations display opposite signs for small 
and large values of the angular coordinate θ. The maximum shear stress 
occurs at an angular coordinate θ larger than π/2, and this maximum 

increases with the size of the contact half-angle α. In this case, however, 
the maximum shear stress for m = − 1 is about 60 % higher than that for 
m = 1.

The normalized variations of the hoop stress with the angular coor
dinate θ along the interface between the FGM ring and the outer elastic 
plane, namely at r = ro, are plotted in Fig. 9e,f, for various contact angles, 
for m = 1 and m = − 1, respectively. The hoop stress is almost every
where tensile on the outer surface of the FGM ring and it becomes 
compressive very near θ = π, and its maximum is attained at about θ =
0.3π. Moreover, the maximum hoop stress at r = ro for m = 1 and m = − 1 
is almost the same.

The normalized variations of the hoop stress along the radial di
rections θ = 0 and θ = α, are plotted in Fig. 10, both for m = 1 and m =
− 1. These results clearly show that no jump in the hoop stress occurs at 
the interface between the FGM ring and the infinite elastic plane, 
because the elastic parameters are continuous across the interface. The 
trend of the hoop stress within the FGM ring at θ = 0 displays a drastic 
change for positive and negative values of the grading index. Indeed, for 
positive m, the hoop stress in the FGM ring significantly decreases 
moving inwards from ro to ri (Fig. 10a) and it attains a maximum on the 

Fig. 10. Normalized variations of the hoop stress with the radial coordinate r along the radial directions θ = 0 (a, b) and θ = α (c, d), for various contact angles, for a 
positive grading index m = 1 (a, c) and a negative grading index m = − 1 (b, d), for a FGM ring with aspect ratio ri/ro = 0.6.
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outer surface of the FGM ring, whereas an opposite trend is observed for 
m = − 1 (Fig. 10b). In this case, the maximum hoop stress shifts from the 
outer to the inner surface of the FGM ring, and its magnitude rapidly 
rises as the contact angle and pin load increase. This behavior aligns 
with earlier studies showing that in FGMs the stress distribution tends to 
follow the spatial gradient of the Young’s modulus [23,79]. It can be 
shown that for m ≈ 0.25, the hoop stress within the FGM ring is almost 
uniform along the radial line θ = 0. As the grading index increases, the 
radial variation of the hoop stress decreases also at the angular coordi
nate θ = α, as shown in Figs. 10c,d. In particular, the maximum hoop 
stress along the radial line θ = α, which occurs at r = ri, is reduced by 
about 63 % when m increases from − 1 to 1. However, an almost uniform 
variation of the hoop stress along this radial direction occurs only for m 
> 1. This result is fully consistent with the findings in [52,53], which 
indicate that the optimal grading index for mitigating the SCF in a FGM 
ring inserted around a hole in a remotely loaded plate is approximately 
m = 1.1.

If the pin is inserted into a hole in a homogeneous material, it is 
reasonable to expect that reducing the contact pressure leads to an 
enhancement of the load-bearing capacity of the connection. However, 
if the material is inhomogeneous, the problem becomes considerably 
more complex. To evaluate the advantages produced by material 
grading, it becomes necessary to consider the effects of the variations of 
both the SCF and the material strength with the material grading. 
However, when designing with FGMs, it can be difficult to rely on a fixed 
allowable stress due to the lack of consistent data about FGM yield 
stress. Indeed, FGMs have a continuously changing material composi
tion, which complicates the prediction of resulting material properties, 
with the exception of the Young’s modulus. The latter can be accurately 
estimated by theoretical methods based on the Hashin-Shtrikman 
bounds in the absence of experimental data. It has been demonstrated 
that many porous materials, including cellular materials [80] and bones 
[81,82], generally exhibit power law variations in both strength and 

elastic modulus with density. In agreement with [13], it can thus be 
concluded that the most effective structural design can be achieved by 
maintaining radial variations in the effective stress and material 
strength to a nearly coinciding level.

An alternative approach to shape and material optimization is pro
vided by the technique of topological optimization. In [83] the authors 
employed this technique on the basis of the minimization of the 
maximum von Mises equivalent stress, instead of trying to keep it under 
a fixed allowable stress. This technique has the potential to provide a 
valuable insight into the process of form finding, as well as facilitating 
the identification of optimal distributions of multi-materials to minimize 
stress concentration in contact problems.

In the following, the distribution of the von Mises equivalent stress is 
calculated, with the aim of ensuring that it remains below the allowable 
stress of the FGM. This approach allows us to take full advantage of the 
FGM’s ability to reduce and/or migrate stress concentrations, which is 
the objective of the optimal material composition designing.

To explicitly display the effect of material grading on the effective 
stress reduction, in the following, the analytical distributions of the von 
Mises equivalent stress σeq in the FGM ring and in the isotropic elastic 
plane, under the pin load P/(μ0δ) = 20, are plotted for different grading 
indices of the FGM ring. In particular, the analytical distribution of the 
normalized von Mises equivalent stress under plane strain loading 
condition, namely 

σeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 − ν + ν2)(σrr + σθθ)
2
− 3 σrrσθθ + 3 σ2

rθ

√

, (5.1) 

are plotted in Fig. 11 for ri/ro = 0.8 and in Fig. 12 for ri/ro = 0.6, under 
the same pin load P = 20 μ0δ for positive (m = 1), null (m = 0), and 
negative (m = − 1) values of the grading index.

The maximum equivalent stress consistently occurs at the center of 
the inner rim of the FGM ring (θ = 0). This maximum increases for 
negative grading indices and decreases for positive ones, in agreement 

Fig. 11. Analytical distributions of the normalized von Mises equivalent stress σeqri/(2μ0δ) under plane strain condition in the FGM ring with aspect ratio ri/ro = 0.8 
and the isotropic elastic plane, under the pin load P/(μ0δ) = 20, for positive (m = 1) (a), null (m = 0) (b), and negative (m = − 1) (c) grading indices.
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with the general trend that stress levels rise with increasing elastic 
modulus. Accordingly, FGMs with higher elastic moduli exhibit elevated 
stress concentrations, but also greater material strength, and vice versa. 
For instance, incorporating an FGM ring with a positive grading index 
(e.g., m = 1) can reduce the peak equivalent stress by approximately 14 
% compared to the unreinforced case (m = 0), provided the ring is 
sufficiently thick (Fig. 12a). The reduction is slightly lower for thinner 
rings (Fig. 11a). This occurrence highlights the stress-shielding effect 

brought by a positively graded FGM ring, where the shear modulus 
decreases from the outer to the inner boundary (i.e., the shear modulus μ 
near the hole is lower than the shear modulus μ0 of the outer elastic 
plane).

However, as a reduction in elastic modulus also entails reduced 
mechanical strength, a negatively graded FGM (m < 0) may be prefer
able if the material strength enhancement outweighs the associated 
equivalent stress increase. For example, with m = –1, the maximum 

Fig. 12. Analytical distributions of the normalized von Mises equivalent stress σeqri/(2μ0δ) under plane strain condition in the FGM ring with aspect ratio ri/ro = 0.6 
and the isotropic elastic plane, under the pin load P/(μ0δ) = 20, for positive (m = 1) (a), null (m = 0) (b), and negative (m = − 1) (c) grading indices.

Fig. 13. Normalized variations of the contact half-angle α with the pin load P under plane stress condition for specific values of the grading index m, for a thin FGM 
ring with aspect ratio ri/ro = 0.8 (a), and a thicker FGM ring with ri/ro = 0.6 (b).
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equivalent stress rises by about 10 % relative to the m = 0 case (Figs. 11c 
and 12c), but the corresponding increase in material strength may be 
more substantial.

These results are consistent with the known behavior of FGMs, where 
both stress and strength tend to follow the elastic modulus gradient: 
regions with higher stiffness bear greater loads and typically exhibit 

improved mechanical integrity due to reduced microdefect/porosity 
density. Thus, for m < 0, both stress and stiffness increase toward the 
inner rim, whereas the opposite trend is expected for m > 0. The results 
presented in Figs. 11 and 12 for m = 1 and m = − 1 are validated in the 
Supplementary Material through comparison with FE simulations per
formed using COMSOL 6.1. Additionally, the half contact angle α is 

Fig. 14. Analytical distributions of the normalized von Mises equivalent stress σeqri/(2μ0 δ) under plane stress condition in the FGM ring and in the isotropic elastic 
plane, under the same pin load P/(μ0δ) = 20, for m = 1 and ri/ro = 0.8 (a), m = − 1 and ri/ro = 0.8 (b), m = 1 and ri/ro = 0.6 (c), and m = − 1 and ri/ro = 0.6 (d).
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compared with the FE predictions, showing a maximum deviation of 5 
%.

5.1. Results under plane stress loading condition

This subsection presents some results obtained under plane stress 
loading conditions, with the intention of bring out the small discrep
ancies observed when compared to the plane strain condition. In 
particular, the normalised variations of the contact half-angle α with the 
pin load P under plane stress loading conditions are plotted in Fig. 13 for 
the same geometrical and material parameters considered in Fig. 6. 
These outcomes show that the contact angle exhibits a slight increase 
under plane stress loading conditions in comparison with plane strain. 
Moreover, the contour plots of the normalized von Mises equivalent 
stress σeqri/(2μ0δ) under plane stress loading conditions, where 

σeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
rr + σ2

θθ − σrrσθθ + 3 σ2
rθ

√

, (5.2) 

are reported in Fig. 14 both in the FGM ring and isotropic elastic plane, 
in order to compare them with the corresponding plots obtained in 
Figs. 11 and 12 for the plane strain condition, under the same pin load P 
= 20μ0δ, for m = 1 and m = − 1. This comparison shows that the von 
Mises equivalent stress turns out to be a bit higher under plane stress 
loading condition, both in the FGM ring and in the outer elastic plane, 
specially for positive grading index (m = 1).

6. Validation of results by using the M-integral

In a homogeneous elastic material, the M-integral is an energy-based 
path-independent integral associated with scaling transformations 
(dilatation of the coordinate system), which is defined by: 

M =

∮

C

(
w I − ∇uTσ )n ⋅r ds, (6.1) 

where r = r er denotes the position vector in the plane, being er the unit 
vector along the radial direction, w = w(ε) is the strain energy density, 
being ε the strain tensor, C is a counterclockwise contour enclosing a 
hole or inclusion, n denote the outward normal to the contour C. From 
the physical point of view, the M-integral calculated along a contour 
enclosing a hole represents the energy release due to an expansion of the 

hole [84].
In a radially inhomogeneous material the strain energy density de

pends on both the strain tensor ε and the radial distance r, namely w = w 
(ε, r). In this case, the M-integral is no longer path-independent and a 
correction term due to the material gradient must be added to the 
classical form (6.1). It can be proved that the following quantity must be 
invariant (Appendix B) 

M(r) =
∮

C(r)

(
w I − ∇uTσ

)
n ⋅r ds +

∫ro

r

r2dr
∫π

− π

∂w
∂r

dθ, (6.2) 

where C(r) is the circle of radius r < ro surrounding the hole. Therefore, 
the contour term in (6.2) evaluated in the FGM ring depends on the 
radius r, but the combined expression M(r) is invariant (in the absence of 
body forces and for solutions satisfying equilibrium and compatibility) 
provided that the area integral is included. Note that, for r > ro, namely 
in the homogeneous elastic material ∂w/∂r = 0, so that the area integral 
in (6.2) vanishes and the M-integral assumes the classical form (6.1). In 
practice, both terms in (6.2) must be considered to obtain a contour- 
independent value in a FGM. This is the key correction noted in the 
literature for FGM [85], viscoelastic [86], thermoelastic [87], and 
damaged/fractured solids [88].

One of the most practical and powerful uses of the M-integral 
(especially in FGMs) is to validate analytical or numerical results, 
because the M-integral provides a global, invariant energetic measure of 
the solution when all correction terms (such as the FGM gradient term) 
are properly included. Namely, if the M-integral is computed along 
several contours enclosing the hole and the same value is obtained, then 
the analytical stress and displacement fields satisfy equilibrium, 
compatibility, and constitutive relations consistently. Thus, the M-inte
gral acts like an energy conservation check for the analytical fields. 
Therefore, we can use the invariant property of Eq. (6.2) to validate the 
analytical solution here obtained for a pin-loaded hole surrounded by a 
FGM ring embedded in an elastic homogeneous plane.

Under plane strain or plane stress loading conditions, the strain en
ergy density for a radially inhomogeneous material with a constant 
Poisson ratio is defined as 

w = w(ε, r) = μ(r)
[
ε2

rr + ε2
θθ +2ε2

rθ +
ν

1 − 2ν (εrr + εθθ)
2
]
, (6.3) 

Fig. 15. Normalized variations of the M-integral with the radius r of the closed circular contour enclosing the pin-loaded hole for various values of the grading index 
m, and the aspect ratios ri/ro = 0.6 and ri/ro = 0.8, for the contact half-angle α/π = 0.4.
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where ν has been defined in (2.4), then correspondingly 

M(r) =
r2

2

∫π

− π

[

σ0
θθ

u0
θ,θ + u0

r

r
− σ0

rr u0
r,r − σ0

rθ

(

u0
θ,r +

u0
θ − u0

r,θ

r

)]

dθ, (6.4) 

for r > ro, namely in the homogeneous elastic plane, and 

M(r) =
r2

2

∫π

− π

[
σθθ

uθ,θ + ur

r
− σrrur,r − σrθ

(
uθ,r +

uθ − ur,θ

r

)]
dθ

+
m

4μ0

∫ro

r

r1− mdr
∫π

− π

[
(1 − ν)

(
σ2

rr + σ2
θθ

)
− 2νσrr σθθ + 2σ2

rθ
]
dθ,

(6.5) 

for ri ≤ r ≤ ro, namely in the FGM ring.
The variations of the M-integral, defined in Eqs. (6.4) and (6.5), with 

the radius r of the closed circular contour enclosing the pin-loaded hole 
under plane strain condition, are plotted in Figs. 15a,b for various values 
of the grading index m, and the aspect ratios ri/ro = 0.6 and ri/ro = 0.8, 
for α/π = 0.4.

Here, the M-integral for the pin-loaded hole surrounded by a FGM 
ring is found to be constant for every values of r, thus validating the 
analytical results obtained for the stress and displacement fields both in 
the FGM ring and in the homogeneous elastic plane. Moreover, it turns 
out to be negative and its magnitude increases as the grading index 
decreases, as well as the contact angle increases, as illustrated in Fig. 16. 
The sign of the M-integral depends on the difference between the value 
of the strain energy term and the work of external forces. A negative M- 
integral around a loaded hole in an elastic material indicates that the 
total potential energy Π would increase under a virtual expansion of the 
hole, since M = − ∂Π/∂ri.

Although the M-integral is positive for a hole subjected to uniform 
internal pressure, a negative value can occur when the increase in strain 
energy outweighs the work performed by the boundary pressure. Spe
cifically, the contact pressure on the hole rim does positive work during 
expansion, which tends to reduce Π, while the surrounding material 
stores additional strain energy. When the net effect of strain energy 
increase dominates, the M-integral becomes negative, reflecting a 
configuration that resists expansion. Fig. 15 shows that an increase in 
the shear modulus of the FGM ring, which corresponds to larger negative 
values of the grading index, yields a corresponding increase in the 

magnitude of the negative M-integral. Moreover, as the contact half- 
angle α tends to its limit value, a bit lower than π/2, the magnitude of 
the M-integral becomes unbounded.

7. Conclusions

An analytical solution has been obtained for the contact problem 
involving a loaded, rigid, circular pin in contact with an infinite elastic 
plate containing a hole of a slightly larger radius surrounded by a FGM 
ring with power-law radial grading of the elastic shear modulus. The 
same constant Poisson ratio has been considered both for the FGM ring 
and the elastic plane. Assuming a Michell-type series representation for 
the stress and displacement fields, the mixed boundary value problem 
has been first transformed into a dual trigonometric series problem, 
which is then reduced to a linear system of infinite equations and finally 
solved by truncation. Both conditions of plane strain and plane stress 
have been considered here. The focus is on the possibility of reducing the 
peaks in the contact pressure and hoop stress by adopting an optimal 
radial variation of the shear modulus of the FGM ring.

Results such as pin load-contact angle relations, contact pressure 
distributions, and stress distributions within the FGM ring and the 
elastic plane are obtained in closed form for various grading parameters, 
aspect ratios, and loading levels, then validated against FE simulations 
and using the invariance properties of the M-integral. From these results, 
the progressive contact between the pin and the inner surface of the 
FGM ring can be clearly observed in the presence of clearance. In 
particular, the size of the contact region is found to increase non-linearly 
with the pin load and to approach an asymptotic value lower than π/2 as 
the pin load increases. The contact pressure exhibits an almost Hertzian 
distribution for all load levels and contact zone sizes, thus it vanishes at 
the contact ends and attains a maximum at the centre of the contact 
region.

The introduction of a FGM ring with a positive grading index allows 
to reduce the hoop stress and von Mises equivalent stress. Indeed, if the 
shear modulus of the FGM ring progressively decreases towards the 
inner ring surface then the FGM in contact with the rigid pin is more 
compliant and thus the size of the contact region becomes larger. 
Consequently, a reduction of the contact pressure is observed. However, 
for positive grading index also the FGM strength decreases with the 
elastic modulus near the inner rim of the ring. For negative grading 
index instead, the stress level increases at the inner rim ring, just where 
the material is stronger, whereas it decreases within the ring thickness 

Fig. 16. Normalized variations of the M-integral with the contact half-angle α for various values of the grading index m and the aspect ratios ri/ro = 0.6 (a) and ri/ro =

0.8 (b).
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and in the elastic plane. If the increase in the material strength is more 
substantial than the increase in the stress level, then a FGM ring with 
negative grading indices can shield the elastic plane by localizing stress 
in the stiffer inner region, which is also the strongest.

Graphical results and comparisons with the solution of the problem 
without the FGM ring, namely for m = 0, can help mechanical and 
material scientists to design new tailored materials that can increase the 
load-bearing capacity of pinned connections by exploiting the peculiar 
properties of FGMs.

The present analytical solutions could also be useful for validating 
further theoretical and numerical investigations on FGM pin-loaded 
joints. A further generalization of the present approach may include 
the elastic deformability of the pin, which can be easily implemented 
within the current approach. Most importantly, experimental results are 
needed to validate the load-bearing capacity of the pin in hole connec
tion according to the variation of the strength with the elastic modulus, 
which depend on the specific kind of FGM.

In conclusion, we have demonstrated that is possible to reduce the 
stress concentration factor created by the load transmitted by a stiff 
circular pin to the rim of a hole in an elastic isotropic plane by inserting 
an FGM ring around the hole, whose thickness and variation of the 
elastic properties along the thickness are chosen appropriately. The 
findings of the present study offer valuable insights for the effective 
design of a number of structural pinned connections, including bearing 
bolt connections and aircraft skin fasteners, by exploiting the innovative 

capabilities provided by FGMs.
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Appendix A

The set of dual Eqs. (2.16)1 and (2.21) can be solved for the coefficients An, (n = 0, 1, 2,…) by using the procedure proposed in [73,89] and adopted 
also in [66–68], based on the introduction of an auxiliary stress function φ such that 

A0

2
+
∑∞

n=1
Ancosnθ = H(α − θ)cos

θ
2

∫ α

θ

φ(s) ds
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ , for 0 ≤ |θ| ≤ π. (A.1) 

where H(α− t) is the Heaviside unit step function. Then, the coefficients An, for n = 0, 1, 2,…, of the Fourier cosine series expansion (A.1) are given in 
[67,73,89]: 

A0 =
2
π

∫ α

0
cos

θ
2

dθ
∫ α

θ

φ(s) ds
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ =
2
π

∫ α

0
φ(s)ds

∫ s

0

cos(θ/2) dθ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ =
̅̅̅
2

√
∫ α

0
φ(s)ds, (A.2) 

An =
2
π

∫ α

0
cos

θ
2

cosnθ dθ
∫ α

θ

φ(s) ds
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ =
2
π

∫ α

0
φ(s)ds

∫ s

0

cos(θ/2)cosnθ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ dθ

=
1
π

∫ α

0
φ(s)ds

∫ s

0

cos(n + 1/2)θ + cos(n − 1/2)θ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ dθ =
1̅
̅̅
2

√

∫ α

0
[Pn(coss) + Pn− 1(coss)]φ(s)ds, (n = 1,2, ...),

(A.3) 

where the following Mehler’s integral for the Legendre polynomial ([73], Eq. 2.6.20) has been used 
∫ s

0

cos(n + 1/2)θ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ dθ =
π̅
̅̅
2

√ Pn(coss), (n = 0,1, 2, ...). (A.4) 

Now, using Eq. (A.3) and the following result ([73], eqn 2.6.31) 

1̅
̅̅
2

√
∑∞

n=1
[Pn(coss)+Pn− 1(coss)]sinnθ =

H(θ − s)cos(θ/2)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
coss − cos θ

√ , (A.5) 

from Eq. (2.21) it follows 
∫ θ

0

φ(s) ds
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
coss − cos θ

√ =
1

cos(θ/2)

[

(cA0 + d)θ +
∑∞

n=1
hn Ansinnθ

]

, for 0 ≤ |θ| ≤ α, (A.6) 
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which is an integral equation of the Abel type. Then, Eq. (A.6) can be inverted to obtain the auxiliary stress function φ, namely 

φ(s) =
2
π

d
ds

∫ s

0

sin(θ/2)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − cos s

√

[

(cA0 + d)θ +
∑∞

n=1
hn Ansinnθ

]

dθ, (A.7) 

Using the following integral provided in the appendix of [38] 
∫ s

0

θ sin(θ/2)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ dθ = −
̅̅̅
2

√
π ln
(

cos
s
2

)
, (A.8) 

and the result 
∫ s

0

sin(θ/2) sinnθ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cosθ − coss

√ dθ =
π

2
̅̅̅
2

√ [Pn− 1(coss) − Pn(coss)], (n = 1,2, ...), (A.9) 

which follows from Eq. (A.4), the integrals in eqn (A.7) can be calculated in closed form, thus obtaining 

φ(s) =
1̅
̅̅
2

√
d
ds

{

− 4(c A0 + d)ln
(

cos
s
2

)
+
∑∞

n=1
hnAn[Pn− 1(coss) − Pn(coss)]

}

, (A.10) 

namely 

φ(s) =
1̅
̅̅
2

√

{

2(cA0 + d) +
∑∞

n=1
nhnAn[Pn(coss) + Pn− 1(coss)]

}

tan
s
2
. (A.11) 

Then, using the results 
∫ α

0
[Pn(coss) + Pn− 1(coss)]tan

s
2

ds =
1
n
[Pn− 1(cosα) − Pn(cosα)], (A.12) 

∫ α

0
[Pn(coss) + Pn− 1(coss)]

[
Pj(coss) + Pj− 1(coss)

]
tan

s
2

ds =
(1 + cosα)sin2α

2
(
n2 − j2

)
[
(n + 1)P(0,1)

j− 1 (cosα)P(1,2)
n− 2 (cosα) − (j + 1)P(0,1)

n− 1 (cosα)P(1,2)
j− 2 (cosα)

]
, (A.13) 

provided in the appendix in [68], the introduction of eqn (A.11) in (A.2) and (A.3) yields the relations (2.24) and (2.25) for the coefficients An, for n =
0, 1, 2,…

Appendix B

Path dependence of the contour M-integral for FGMs follows from the transformation into an area integral evaluated on the area A surrounded by 
the closed contour C, whose outward normal unit vector is denoted by n. Indeed, it is easy to prove that 

div(w r − σ∇u r) = 2w + r⋅∇w − σ⋅[∇u + (∇∇u)r] − (∇u) r⋅ div σ. (B1) 

Then, by using the balance condition in the absence of body forces, div σ = 0, the compatibility condition ε = (∇u +∇uT)/2, and the definition of 
strain energy density, 2w = σ:ε, one obtains 

div(wr − σ∇u r) = r⋅(∇w − σ⋅∇∇u) = r⋅
(

∇w −
∂w
∂ε ⋅∇ε

)

= r⋅
∂w
∂r

∇r =
∂w
∂r

r. (B2) 

Using relations (A2) and the Gauss-Green theorem, it straight follows that 
∮

C

(
w I − ∇uTσ

)
n⋅r ds =

∫

A

div(w r − σ∇u r)dA =

∫

A

∂w
∂r

r dA, (B3) 

where C is an arbitrary closed contour surrounding the area A. The result (6.2) is then obtained by considering the annular region A between the outer 
circle of arbitrary radius r > ri and the inner circle of radius ri coincident with the hole rim. For a homogeneous elastic material the strain density does 
not depend explicitly on r, and thus Eq. (B.3) implies path-independence of the M-integral.
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