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ABSTRACT

This work provides accurate analytic relations for the pull-in voltage of electrostatically actuated circu-
lar nanoplates with an elastically restrained edge, modeled according to the classic Kirchhoff thin
plate theory taking into account the van der Waals attractive force. The cases of clamped or simply-
supported edges are recovered as limit cases of the more realistic boundary conditions considered
here. The electrostatic loading distribution is approximated by considering the deflection of the elas-
tically restrained circular plate under a uniformly distributed transverse loading. The Green'’s functions
of the plate under the elastically restrained boundary conditions are then used for calculating the
deflection of the plate center due to the assumed loading distribution, which also depends on the
deflection of the plate center. A closed-form nonlinear relation between the applied electrostatic
loading and the deflection of the plate center is thus obtained, which displays a maximum at the
pull-in voltage. The analytical model can also capture the effects of intermolecular attractions, which
becomes relevant when the distance gap between the electrodes becomes of few nanometers. A
comparison with the numerical and experimental results available in the literature for the limit case
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of clamped edge is then provided to assess the accuracy of the approximated analytical model.

1. Introduction

Micro- and nanoplates are basic structural components
widely used in MEMS and NEMS devices with notable
application as sensors and actuators. Applying a differential
voltage between two electrodes, one connected to the plate
and the other to the ground at a small distance from the
plate, is the most common actuation principle due to its
simplicity and high efficiency [1,2]. As the differential volt-
age between the electrodes increases, the plate deflects
toward the fixed base electrode and consequently, the elec-
trostatic attractive force acting on it also increases. Beyond a
critical value of the applied voltage, the plate deflection
becomes unstable and will cause the collapse of the nano-
plate onto the fixed electrode [3-7]. An accurate investiga-
tion of this phenomenon, known as the pull-in instability, is
fundamental to guarantee the effective design of reliable
MEMS and NEMS devices. In Particular, investigating the
pull-in behavior of electrostatically-actuated thin circular
plates is essential for the correct design of micropumps,
which are the main component used in drug delivery sys-
tems for accurately regulating very small volumes in several
industrial, chemical, medical, and biomedical applications
[8]. Such a nanoelectromechanical system is also the basic
technology employed in the fabrication of capacitive micro-
phones [9-11], energy harvesting systems [12,13], and many

sensors and actuators. For these devices, it is crucial to
accurately predict the occurrence of pull-in instability, as
contact between the two electrodes can damage the device.
Owing to the number of applications in which they are
involved, many studies on the pull-in instability of micro-
and nanoplates have been performed in the literature,
ranging from the simple 1-D lumped models, which impose
significant limits on their accuracy [14,15], to more effective
numerical and semi-analytical approaches [16]. The continu-
ous model developed in Liao et al. [17] for circular thin
plates is formulated through a fourth-order nonlinear partial
differential equation according to the Kirchhoff theory of
thin plates, whose solution is approximated by using the
Galerkin method and assuming the first mode shape func-
tions of the plate as trial functions. Moreover, the results are
validated by comparison with finite element simulations and
experiments. Nabian et al. [18] linearized the governing
equation using a step-by-step linearization method and then
solved the linear system of equations by the finite difference
method. Ahmad and Pratap [19] used the Galerkin-weighted
residual technique to solve the thin-plate electrostatic-elastic
equation, by using the quasistatic deflection of the plate sub-
ject to a uniformly distributed loading as a trial function,
which satisfies all the boundary conditions (BCs). A similar
approach was recently adopted by Zabihi et al. [20] and
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Havreland and Thomsen [21], where the investigation of cir-
cular nanoplates under electrostatic actuation was extended to
consider the effects of nonlocal and strain gradient material
behavior, in-plane prestress, and large deflection, respectively.

For reliable predictions of the pull-in voltage of circular
nanoplates, the flexibility of the support must be taken into
account properly. To this aim, rotationally restrained edges are
more realistic BCs than the classical simply-supported and
clamped edges. Moreover, the classical BCs can be recovered
in the limiting case when the rigidity of the rotational con-
straint tends to zero or infinity. The effects of rotationally
restrained edge on the pull-in voltage of micro- and nano-
beams were investigated by Abadyan et al. [22] and Radi et al.
[23], and a remarkable variation of the pull-in voltage with the
rigidity of the rotational constraint was detected. While the
effects of rotationally restrained edges on the dynamics and
buckling of circular plates have been extensively investigated
[24-26], the electrostatic response of circular plates with rota-
tionally restrained edges is investigated here for the first time.

With respect to previous approaches, which are based on
numerical or semi-analytical procedures, the present investi-
gation provides an approximated but closed-form relation
between the applied voltage and the central plate deflection
of an electrostatically actuated circular nanoplate modeled
according to the classic Kirchhoff thin plate theory, and sub-
ject to the van der Waals intermolecular force. The max-
imum value of this relation then yields the pull-in voltage
and the corresponding plate deflection.

The boundary value problem is governed by a fourth order
nonlinear ODE, and it can be equivalently formulated in terms
of a nonlinear integral equation, whose kernel is the Green’s
function of the axisymmetric problem. As the electrostatic
loading distribution acting on the plate depends on the plate
deflection nonlinearly, an analytical solution is impractical, and
an approximated solution is sought here. To obtain the closed-
form approximate relation between the applied voltage and the
deflection of the plate center, the loading distribution is calcu-
lated by considering the deflection of the plate under a uni-
formly distributed load, which causes the actual unknown
deflection of the plate center. The Green’s function of the plate
elastically restrained at the edge under axisymmetric loading is
then used for calculating the deflection of the plate center due
to the assumed loading distribution.

The present approach may be seen as the first steps of an
iterative analytical procedure. The starting point consists in
assuming a preliminary shape function for the plate deflection
used for calculating the electrostatic load acting on the plate.
This preliminary shape function corresponds to a uniform
load distribution, as that occurring for a negligible plate
deflection. Then, the exact plate deflection caused by the cal-
culated electrostatic load distribution is obtained by using the
axisymmetrical Green’s function for the circular plate. In this
way, a closed-form nonlinear relation between the applied
electrostatic loading and the deflection of the plate center is
obtained, which displays a maximum at the pull-in voltage. A
similar approach based on the use of Green’s function was
also exploited by Radi et al. [23,27,28] and by Bianchi and
Radi [29], to define accurate analytical upper and lower

bounds on the pull-in voltage of micro- and nanocantilevers
and carbon nanotubes. The effects of the intermolecular
attractions and flexibility of the elastic constraint are put in
evidence and discussed. The special cases of simply-supported
edge and clamped edge are derived in the limits of vanishing
and infinitely large stiffness of the rotational spring, respect-
ively. A comparison with numerical and experimental results
available in the literature was then provided to assess the
accuracy of the approximate analytical model, which defines a
safe operation voltage regime for the device.

2. Governing nonlinear equations

A typical configuration of a micropump device based on the
electrostatic actuation of a thin circular plate is illustrated in
Figure 1. The architecture of the device consists of a thin
circular plate electrode of radius a, and thickness h, sepa-
rated by an initial gap distance g from the fixed base elec-
trode. The plate is supported along the edge and elastically
restrained by a rotational spring of stiffness k.

A voltage difference V applied between two electrodes gener-
ates an electrostatic attractive force causing radially symmetric
deflection of the nanoplate. Let u(r) represent the transverse
deflection of the plate toward the fixed electrode, where r is the
radial coordinate taken from the plate center (0 <r <a).

The nonlinear ODE governing the problem of deflection
of a thin circular plate under electrostatic actuation,
obtained from the classical Kirchhoff plate theory, can then
be written as [17,18].

2 1 1
n n " !
() + 20(0) = Sl () + i)
eV? A
= + (1)

2D [g - u(r)]2

g

Figure 1. Schematic of the electrostatic actuation of a thin circular plate with
elastically restrained edge by a rotational spring of stiffness k.
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Where the prime denotes the derivative with respect to the
argument within the brackets, ¢=8.854 107" C* N™! m™
is the relative permittivity of the air, A is the Hamaker con-
stant which takes into account the material properties of the
electrodes (for two identical metals interacting across vac-
uum (air) A has values in range (3-5) 107 J [30]), and

ERh?

D=Sa—ny @

Is the flexural rigidity of the plate, where E is the Young
modulus of elasticity and v is the Poisson ratio.

The electrostatic force at the right end member of the
ODE Eq. (1) provides an approximation of the capacitance
between two parallel plates for which the fringing fields at
the boundary are neglected.

Note that the Kirchhoff plate theory provides accurate
results when the thickness of the plate is relatively small (i.e.
for 1/10 <h/R<1/20) and the plate deflection is of the
same order of the plate thickness.

The BCs are determined from the requirement of the
radially symmetrical conditions at r =0, namely

u"(0) =0, u(0)=0, (3)

And from the elastic restraint conditions along the sup-
ported edge of the circular plate at r =g, which require van-
ishing transversal displacement and a linear relation between
the slope and the radial bending moment exerted by the
rotational spring surrounding the plate, namely
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W (0) =0,
W"(0) =0,
w(1) =0, ®)

W)+ v+ 1) w(1)=0.

Note that the limit cases of a simply-supported circular
plate (SSCP) and a clamped circular plate (CCP) are recov-
ered for y =0 and y —o0, respectively.

2.1. Green’s functions for an elastically restrained
circular plate

The Green’s function G(p, t) for an elastically restrained cir-
cular plate under axisymmetric loading is the plate deflec-
tion at radial coordinate p due to a line load distributed
along the circle of radius t, namely the solution of the fol-
lowing ODE [31]:

0'G 206196 10G_
ot pop> propr pdp
Where 6 denotes the Dirac delta function, subject to the
same BCs Eq. (8) on the function G and to the following
continuity conditions at p = t:
G(tt,t) =Gt ,t), G(tt,1) =G (t,1),
G'(tt,t) =G"(t",1), G"(tT,t)-G"(t,t)=1.

3(p—1), )

(10)

By imposing the BCs Eq. (8) on the function G and the
continuity conditions Eq. (10), the Green’s function for an
elastically restrained circular plate of unit radius can be uni-
vocally determined as

u(a) =0, m,(a) =k v'(a), (4)
{(1_t2)3+1/+;{—(1—1/—x) p?
Glpnt) = 1+v+

34+v+y—(1l-v—y £

+(p2+t2)lnt2] , for 0<p<t,

(11)

[(1—p2) 1+v+y

Where k is the rotational stiffness of the elastically
restrained boundary and

my = — (u” + ; u’) , (5)

Is the bending moment per unit width along the radial
direction.
By introducing the following nondimensional quantities:

o u f— eV2at — Aa* _ak ©)
P=2 W_g’ - 2Dg¥’ W_67th4’ =D
The governing ODE Eq. (1) becomes
2 1 1
W"(p) +=w"(p) ——w"(p) +—=w(p
(p) 5 (p) = (p) pE (p)
B dw
= + @)
1=w(p)®  [1-w(p)]’

And the BCs Egs. (3) and (4) require

0| ~+ O~

+(p2—|—t2)lnr2} , for t<p<1.

Thus, the BVP formed by the ODE Eq. (7) and the BCs
Eq. (8) can be equivalently formulated in terms of the fol-
lowing nonlinear integral equation

34+v+y—(1-v—y £
+
1+v+y

B ow
{u—waw*wl—wmr}tw+

lj (1_t2)3+l/+x—(1—1/—x) p?
8 1+v+y

B aw
d
{u—wuw*[l—wmr}tt

Therefore, the deflection w, at the center of the plate
(p=0) is given by

(p*+£)In pz]

w@)zéjﬁl—pﬁ

0

+ (p* + t*)In tz}

(12)
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3
Wy = — J{M( t)+t21nt2
8J|[1+v+y

B dw
dt.
{u “woP - w<t>]3}t t

3. Approximated pull-in voltage

(13)

To work out an approximated relation between the nondi-
mensional voltage parameter  and nondimensional deflec-
tion wp, we introduce the deflection generated by a
uniformly distributed loading on the plate that causes the
deflection wy of the plate center at the right-hand sides of
Eq. (12).

The normalized deflection of an elastically restrained cir-
cular plate subject to a uniformly distributed load p, which
satisfies the BCs Eq. (8), is given by

_p? 3+vt+y—(1—-v—y) £
I1+v+y

+(p* +t*)In pz} tdt+

o _ . 2
%J{(l—t2)3+y+i+$+; AN +(p2+t2)lnt2} tdt,
P
(14)
Namely [24]
w(p) = ;’4<1—p>(1—p2+m) (15)

Therefore, the deflection caused by a uniformly distrib-
uted load p that causes the deflection w, of the plate center
is

w(p) = wo(1 — p*)(1 — cp?). (16)

Where w, is the normalized deflection of the plate center
produced by the distributed load p (wy < 1), and

CI+v+y

: 17
S5-v+y (17)

Therefore, we can assume 1/3 < ¢ < 1. By introducing the
approximate deflection Egs. (16) in (13), we obtain the fol-
lowing approximated nonlinear relations between the nondi-
mensional parameters f and wy:

(1-1)b+tlnt
16W0_OCWI1 —wo(1-1)(1—c r)]3d

p= ; (18)
(1-1)b+rlnt
[1=wo(1=7)(1=c 7)] sz

Stm

Where the substitution t = #* has been introduced and

_34+v+ty

. 19
1+v+y (19)

The integrals in Eq. (18) have been calculated in closed-
form, thus obtaining the following accurate analytical
results:

j (I1-7)b+7lnt
) [1—wo(1=17)1—=c 1))

I—Wo

MRy 2 L (2% (20)
z \l+c—z \1+c+z ’

j (1-1)b+r7lnt
) [1-wo(1—-17)(1—c 7))

1 (1+c)wo 22
:W{[3bC(1—C)+ ]ln

4(1 - Wo)

+3¢(1 4 ¢) [Liz <%) -4 (ﬁ)] }

1 ><{6Z)c (1+c)+bc+w0

+2(1 — W)Wy 22 22 1—wy

43(1_‘:)2—1} ln(l—wo)}. (1)

1 1 1- 1-
- { T o + Zcbln

Wo +W0

272
Where

z=1/(1-c)* + 4c/wo, (22)

And Li, denotes the dilogarithm function [32],
Lir(x) = Zp_ 00 XK

namely

4, Results and discussion

The approximate relations between the nondimensional elec-
trostatic loading parameter  and the nondimensional deflec-
tion of the plate center wy are plotted in Figure 2 according
to Eq. (18), for six values of relative rotational stiffness y,
four values of the van der Waals force, and v =0.3.

These plots show a nonlinear increase of the applied volt-
age with the deflection of the plate center, which attains a
maximum at about wy, = 0.45 in the absence of intermolecu-
lar attractions, namely for oy, = 0, and for smaller deflec-
tions when the van der Waals force is considered. The
maximum voltage f* and the corresponding deflection of
the plate center wy* define the limit of the stable device
response. They identify the pull-in voltage and pull-in
deflection, respectively. The device behavior is stable for
plate deflection lower than the critical one wy*, and it
becomes instable when f=pf* and w, = wy*. As the
restraint stiffness increases, a high electrostatic voltage is
required for deflecting the plate and the pull-in voltage
increases correspondingly, see also Figure 3 which provides
the variations of f* and wy* with the relative rotational
stiffness y, for four values of the van der Waals force. The
Poisson ratio v has a negligible influence on the pull-in
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Figure 2. Approximate relations between the nondimensional electrostatic loading parameter f# and the nondimensional deflection of the plate center w, for some
values of the relative rotational stiffness y and van der Waals parameter oyy.
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Figure 3. Approximated variation of the approximated pull-in parameters * and wy* with ¥, for »=0.3, for four values of the van der Waal parameter ay,.
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voltage, except for small values of y. Therefore, we only con-
sidered the value »=0.3 in Figures 2 and 3. A limited influ-
ence of the Poisson ratio is observed on the pull-in
deflection wy* as it can be observed in Figure 4 where the
variations of the pull-in deflection of the plate center wy*
with the relative rotational stiffness y, are plotted for three
values of the Poisson ratio v, in the absence of intermolecu-
lar forces (o = 0). In particular, the latter results show
that the pull-in deflection is almost constant for large values
of the rotational stiffness y, and it has a limited range of
variation as y tends to 0.

In the following, we investigate the two limit cases of
CCP and SSCP, which are recovered as y — oo and y —
00, respectively.

The approximate relations between the nondimensional
electrostatic loading parameter f and the nondimensional
deflection of the plate center w, are plotted in Figure 2a for
vr=0.3 and for six values of relative rotational stiffness y,

4 1-wy

p=

64w (1 — wp) — 2 [Zwom —(2=3wp) In (1 —wp) — y/WoIn SRV 3(1 =wo) L(wo)

of f* with the relative rotational stiffness y. The Poisson
ratio v has a negligible influence on the pull-in voltage,
except for small values of y. Therefore, we only considered
the value »=0.3 in Figure 2. The corresponding variations
of the pull-in deflection of the plate center wy* with the
restraining parameter y are plotted in Figure 3 for three
values of the Poisson ratio v. These results show that the
pull-in deflection is almost constant for large values of the
rotational stiffness y, and it has a limited range of variation
as y tends to 0.

In the following, we investigate the two limit cases of
CCP and SSCP, which are recovered as y — oo and y —
00, respectively.

5. Limiting cases and validation of results

For a CCP, namely for y — oo, by using the result (A.7),
relation Eq. (18) provides

U : (20)

according to Eq. (18). These plots show a nonlinear increase
of the applied voltage with the deflection of the plate center,
which attains a maximum at about w, = 0.45.

This maximum voltage /* and the corresponding deflec-
tion of the plate center wy* define the limits of the stable
device response. They identify the pull-in voltage and pull-
in deflection, respectively. As the restraint stiffness
increases, a high electrostatic voltage is required for
deflecting the plate and the pull-in voltage increases corres-
pondingly, see also Figure 2b which provides the variation

0.450
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< 0.447F ]
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aw= 0

0.444

20 40 60 80
X

Figure 4. Variations of the approximated pull-in deflection of the plate center
wo* with the relative rotational stiffness y, for three values of the Poisson ratio
v, in the absence of intermolecular forces (o, = 0).

2wy + (1 — wo)[L(wo) = In (1 —wy)]

Where

L<wO>=¢w—olmz< A ﬂlﬂ (1)

\/W_o—1> _Li2<\/w_o+

5.1. Pull-in voltage in the absence of intermolecular
attraction

In the absence of intermolecular attraction, namely for oy,
= 0, from Eq. (20) the maximum of the nondimensional
voltage parameter f for a CCP is attained at the nondimen-
sional deflection wy* = 0.4473 and is given by * = 13.587.
This value corresponds to the solid red curve in Figure 5,
which turns out to be a bit lower than the experimental
results obtained by [33] in his PhD thesis for a microplate
with thickness h=3pm and gap distance g=1pum.
Therefore, the present analytical results for the pull-in volt-
age seem to be conservative. The present investigation
indeed takes into account for the nonlinearity of the electro-
static force, but it neglects the nonlinear spring hardening
due to the stiffening effect of the inplane tension occurring
for large plate deflection [34-36], specially for thin plates.
The conservative reduction of the predicted pull-in voltage
with respect to the experimental results observed in Figure 5
may thus be a consequence of neglecting this peculiar stiff-
ening contribution.

Using the finite difference method [18], found a bit larger
nondimensional pull-in voltage, namely * = 13.745. Using a
fifth-order Taylor series expansion method [17], proposed the
following approximated value for the pull-in voltage of a CCP:

. D¢’
ea

(22)
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Which yields * = 14.735. The related pull-in deflection is
wo* = 0.415.

Using the Galerkin-weighted residual technique, Ahmad
and Pratap [19] obtained the approximated pull-in voltage
f* = 14.287, and proposed the following analytical relation

D 3
V' = 5.46) | —5
& a

For a SSCP, namely for y=0, and ay = 0, Eq. (18)
yields

(23)

80 ; ;
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20+
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Figure 5. Variations of the pull-in voltage of a CCP with the plate radius g, in
the absence of intermolecular forces (xy = 0): experimental results and
approximated analytical results.
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Where

¢:\/(2—V)2+(5—V)(1+V)/W0. (25)

The variation of the nondimensional voltage parameter f§
given by the analytical relation Eq. (24) is plotted in Figure
6a for three different values of the Poisson coefficient.

The maximum nondimensional voltage parameter f* is
calculated numerically from the analytical relation Eq. (24)
and then plotted in Figure 6b as a function of the Poisson
coefficient. Moreover, the following simple linear variation
is found to approximate the variation of f* with the
Poisson coefficient

P = 2.68 + 2.04v, (26)

Which holds for 0 < v <0.5. From the approximation Eq.
(26) and Figure 6b, it can be observed that the pull-in volt-
age for a SSCP circular plate increases with the Poisson
coefficient, while the approximated pull-in voltage for a
CCP is found to be independent of the Poisson coefficient.

6. Conclusions

This work provides an approximated closed-form relation
between the electrostatic voltage applied to a circular

3.8

SSCP

3.6l

3.4}

3.0l

—_— ’[-}*
----- 2.68+2.04v

2,6’\ 1 1 1 I

(a)

0.0 0.1 0.2 0.3 0.4 0.5

(b)

Figure 6. (a) Approximate relation between the nondimensional electrostatic loading parameter f# and the nondimensional deflection of the plate center w;, for
three values of the Poisson coefficient, (b) variation of the approximated pull-in voltage parameter * with the Poisson coefficient (blue solid line) and approxi-

mated linear variation Eq. (26) (dashed red line) for a SSCP.
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nanoplate elastically constrained against rotation at its edge
and the deflection of the nanoplate center, by considering
also the effects of the van der Waals intermolecular attrac-
tions, which become relevant at the nanoscale. The classical
BCs of clamped or simply-supported edges are recovered in
the limit case of infinite or vanishing rotational stiffness,
respectively. We proposed an accurate analytical model of the
switching system under electrostatic actuation, based on the
Green’s function for a circular plate elastically restrained
against rotation along the edge, under axisymmetric loading.
Then, we used this model to derive a closed-form approxi-
mated relation for the pull-in voltage that is convenient for
the accurate design and optimization of MEMS and NEMS
devices. It allows for estimating the pull-in voltage and deflec-
tion in advance, so that designers can ensure that the device
operates in agreement with the specification requirements.

The results display a significant influence of the con-
straint rotational stiffness as well as the van der Waals
attraction on the critical pull-in voltage and tip deflection.
Moreover, they show close agreement with the numerical
solutions presented in the literature for estimating the pull-
in voltage of a CCP, thus validating the effectiveness of the
proposed method. A sensible reduction of the predicted
pull-in voltage with respect to experimental results is
observed, specially for thin plates, which may be due to
the stiffening effect of the inplane tension here neglected.
No pull-in voltage predictions or experimental results can
be found in the literature for an elastically restrained
circular plate or a SSCP. The results obtained here also
show that the pull-in voltage of a SSCP increases almost lin-
early with the Poisson coefficient v. All these findings can
be useful for the accurate preliminary design of many
MEMS and NEMS switch devices.
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