This is a pre print version of the following article:

Adaptive energy reference for machine-learning models of the electronic density of states / How, W. B.;
Chong, S.; Grasselli, F.; Huguenin-Dumittan, K. K.; Ceriotti, M.. - In: PHYSICAL REVIEW MATERIALS. - ISSN
2475-9953. - 9:1(2025), pp. 013802-013802. [10.1103/PhysRevMaterials.9.013802]

Terms of use:

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing
policy. For all terms of use and more information see the publisher's website.

03/05/2026 09:56

(Article begins on next page)




2407.01068v4 [cond-mat.mtrl-sci] 24 Jan 2025

arxXiv

Adaptive energy reference for machine-learning models
of the electronic density of states

Wei Bin How, Sanggyu Chong, Federico Grasselli Kevin K. Huguenin-Dumittan, and Michele Ceriottilﬂ

. Laboratory of Computational Science and Modeling, IMX,
Ecole Polytechnique Fédérale de Lausanne, Lausanne 1015, Switzerland

The electronic density of states (DOS) provides information regarding the distribution of electronic
energy levels in a material, and can be used to approximate its optical and electronic properties
and therefore guide computational materials design. Given its usefulness and relative simplicity, it
has been one of the first electronic properties used as target for machine-learning approaches going
beyond interatomic potentials. A subtle but important point, well appreciated in the condensed
matter community but usually overlooked in the construction of data-driven models, is that for
bulk configurations the absolute energy reference of single-particle energy levels is ill defined. Only
energy differences matter, and quantities derived from the DOS are typically independent of the
absolute alignment. We introduce an adaptive scheme that optimizes the energy reference of each
structure as part of the training process, and show that it consistently improves the quality of
machine-learning models compared to traditional choices of energy reference, for different classes of
materials and different model architectures. On a practical level, we trace the improved performance
to the ability of this self-aligning scheme to match the most prominent features in the DOS. More
broadly, we believe that this paper highlights the importance of incorporating insights on the nature
of the physical target into the definition of the architecture and of the appropriate figures of merit

for machine-learning models, that translate in better transferability and overall performance.

I. INTRODUCTION

The electronic density of states (DOS) characterizes
the distribution of available energy states for electrons
and can be used to approximate many properties of a
material [I, 2], such as its electrical conductivity and op-
tical properties, and can be used as a screening and in-
verse design tool for computational materials discovery.
Given the good balance between accuracy and cost, the
DOS is often computed using density functional theory
(DFT), where the electrons are treated as non-interacting
fermions and their interactions are modeled by a self-
consistent mean-field potential. Even within this approx-
imate treatment, the calculation of the DOS scales cu-
bically with the number of electrons in the system [3].
Hence, studying the DOS of large and complex systems
is still prohibitively difficult.

Recently, machine learning (ML) has been shown to be
a promising alternative approach to circumvent the ex-
pensive DFT calculations for large systems [4HI0]. Over
the past two decades, there have been significant develop-
ments in the integration of ML in computational materi-
als science, ranging from the development of descriptors
[ITHI4] to different model architectures [I5HI7] to predict
various material properties with high accuracy and low
cost. Aside from the prediction of material properties,
there has also been significant advancements in evaluat-
ing the reliability of these methods [I8,[19] and improving
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the efficiency of ML via dimensionality reduction of the
feature space [20H24].

Even though early efforts in this field focused on pre-
dicting the interatomic potentials [25], more recently
there have been works geared toward modeling the elec-
tronic structure, including the DOS. Broderick and Ra-
jan demonstrated that the prediction of the DOS can be
done by decomposing it using principal component anal-
ysis and subsequently predicting the components using
elemental descriptors [26]. This approach was then fur-
ther extended to metal alloys by Yeo et al. and applied
together with graph neural networks to metallic nanopar-
ticles by Bang et al. [27, 28]. Another approach was
proposed by del Rio and Chandrasekeran et al., using
multilayer perceptrons (MLPs) to effectively learn and
predict the DOS discretized on an energy grid [3, 29].
Similarly, this approach has also been extended to more
complex models such as graph neural networks and at-
tention networks [30, [31]. Furthermore, Ben Mahmoud et
al. performed the prediction of the DOS, both on the dis-
cretized energy grid and the principal components, using
kernel ridge regressors [32].

One detail that has been often overlooked in previ-
ous works is the lack of an absolute electronic energy
reference in the quantum mechanical calculations of infi-
nite bulk systems [33]. Typically, the energy reference is
defined as the average Hartree potential in the cell [34]
based on

1

Vi = a BrV(r). (1)

cell

where V (r) represents the Hartree potential at point r,
and € represents the volume of the unit cell. Due to
the conditionally convergent nature of the potentials in
an infinite bulk system, the average Hartree potential is
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usually ill defined[35].

This issue is very well recognized in condensed-matter
modeling, and several approaches have been developed to
alleviate its impact by defining an external energy refer-
ence within the system. One class of methods attempts
to define the vacuum potential within the cell. This can
be achieved by creating a surface, introducing sufficient
amounts of empty space into the unit cell for the po-
tential to converge to a constant value [36]. For suffi-
ciently porous systems, the vacuum potential can also
be estimated as the spherical average of the electrostatic
potential at the center of the pore [37]. An alternative
approach is to build a cluster model of the lattice em-
bedded in the potential of the periodic crystal [38]. By
virtue of being a cluster model, the calculation will in-
clude a vacuum region where the energy reference can
be defined. Nevertheless, these methods only work well
for specific system types and cannot be generalized to all
bulk systems. Additionally, it is important to note that a
true external energy reference for an infinite bulk system
is still ill defined and these approaches only serve to pro-
vide a proxy for it. Due to the lack of an absolute energy
reference, only the quantities that are independent of the
energy reference can be compared against experimental
observables [39].

Conversely, given that experimentally relevant quanti-
ties of interest are independent of the energy reference,
the choice of such reference is arbitrary and inconsequen-
tial. However, most ML methods do not treat the DOS in
a way that is independent of the energy reference, but in-
stead employ either the average Hartree potential, Vi1, or
the Fermi level, FEr, of the system as the energy reference
of each structure in the dataset. Therefore, the energy
reference chosen for each structure can have an impact
on the performance of a ML model. For instance, an en-
ergy reference that is poorly defined across the dataset
can lead to common spectral features being shifted to dif-
ferent energy ranges for each structure. This artificially
increases the complexity of the dataset and can introduce
discontinuities in the mapping between descriptors and
targets that hamper model learning.

In this paper, we present a ML framework that treats
the energy reference of the DOS of each structure in the
dataset as an optimizable parameter. The framework is
demonstrated on descriptors built on the smooth overlap
of atomic positions (SOAP) power spectrum using both
linear and nonlinear models. We showcase the effective-
ness of this approach in improving the performance of
machine learning predictions of the DOS and its derived
quantities. Four datasets of varying complexity and ele-
mental compositions are used to assess the performance
of this framework. For each dataset, the framework is
compared against the other commonly used energy ref-
erences, Vi and Er. We show that treating the energy
reference of the DOS as an optimizable parameter consis-
tently leads to the best performing models for both the
DOS and the observables that can be derived from it, and
rationalize these results in terms of the alignment of the

main spectral features of the DOS. Furthermore, we also
highlight the enhanced transferability of the adaptive-
reference models to larger system sizes. This framework
can improve the generalizability of ML methods for the
prediction of the DOS, especially on datasets where com-
mon spectral patterns are not well aligned when employ-
ing conventional energy references.

II. METHODS

Although experimentally accessible quantities derived
from the DOS are independent of the energy reference,
ML models are typically trained and evaluated in a way
that does depend on the relative alignment of the en-
ergy reference chosen for the dataset. This is seen in the
mean squared error (MSE) loss function that is typically
employed for ML DOS:

L(W) = &Z/dE(DOS%(E) —DOSXV(E)> . (2)
A

In this loss function, N represents the number of struc-
tures in the dataset, W represents the parameters of
the model, DOSE(E) represents the DOS obtained from
quantum chemical calculations for structure A, and
DOSY (E) represents the DOS predicted by the model
with parameters W. Here, changing the energy refer-
ence of DOSg(E) by replacing F with F + A, where A
parameterizes the changes in the energy reference, would
result in a different loss value.

One solution to this would be to redefine the training
and evaluation metrics to be independent of the energy
reference. This can be achieved by reformulating the
MSE loss such that the predicted DOS is evaluated on
the energy reference that minimizes the loss:

L(W):;XA:IEiAn /dE(Dosg(E+AA) (3)

— DOSX}’(E)) .

In this revised MSE, Ay is a parameter that shifts the
energy reference of DOSg, and is chosen to be the value
that minimizes the MSE for the DOS of structure A pre-
dicted by the model.

Although Eq. is a better metric to evaluate the
quality of trained models, implementing it as a loss to
drive the training process results in significantly longer
training times, as seen in Sec. I of the Supplemental
Material. In view of this, our approach for DOS learn-
ing instead treats A4 of the structures in the training
dataset as a parameter to be optimized alongside the
model parameters during model training, corresponding



to a self-aligning loss:

LW, A L) = %Z/dE (Dosg(E+AA) @)
A

)

— DOSZ{’(E))

where A 4 is an optimizable parameter that shifts the en-
ergy reference of DOS%. Fig. Shows a schematic of the
effect of optimizing A 4 for a self-aligning loss. By intro-
ducing A 4 as an optimizable parameter, the model is free
to adjust the energy reference while training. This way,
the loss of the model would not be artificially inflated
by a choice of energy reference that has poor alignment
between the structures in the dataset, which is not phys-
ically relevant. As a result, the weights of the model
would be more responsive to the loss induced by the phys-
ically meaningful spectral details of the DOS. We show
in the Supplemental Material that the joint optimiza-
tion of Ay and W through the loss achieves simi-
lar results to the optimization of W using the loss
at much shorter training times. Additionally, the joint
optimization framework can be easily integrated into ex-
isting DOS ML workflows via a simple modification of
the model training loop (Sec. [ILA]). The remainder of
this section discusses the structure of the model and the
construction of the ML targets.

A. Model details

We employ a locality ansatz where the global DOS of a
structure A is decomposed into contributions from each
atomic environment, A;, where i runs over all atoms in
structure A,

1
DOSA(E) = 3~ > LDOS4,(E), (5)
AiEA

where N4 represents the total number of atomic envi-
ronments in structure A and LDOS 4, represents the lo-
cal contribution of environment A; to the global DOS.
Additionally, the models are constructed such that they
predict the DOS at different energy values on a grid in a
multitarget regression manner.

To account for differences in system sizes across the
dataset, we always plot and assess the accuracy of the
DOS after normalizing it by the number of atoms in
the structure. However, we do not explicitly enforce a
normalization of the DOS predictions to the number of
available energy levels, because we usually avoid predict-
ing the (inherently inaccurate) region corresponding to
the highest energy levels. We initialize the DOS align-
ment — and use as baseline alignment scheme — based
on the Fermi level Ep, as it usually provides much bet-
ter results than the mean Hartree potential. Furthermore,
to only capture the relative energy references across the

structures in the dataset, the mean of A 4 is subtracted
out such that the mean change in energy reference across
the dataset is 0. For models trained without optimizing
the energy reference, the loss was defined as in Eq. .

In this paper, our framework was incorporated in both
linear models and MLPs, using the SOAP power spec-
trum as input features. The MLPs have one hidden layer,
with a number of neurons equal to the number of input
features. Specific details about the SOAP power spec-
trum, model architecture and training can be found in
Sec. III of the Supplemental Material.

B. Constructing the DOS

To construct the DOS for a bulk structure from a finite
number of k points, one can apply Gaussian broadening
to the eigenenergies,

2 Y el -5 ©

" n€bands k
1 22

g(r) = We_zﬂ, (7)

where § € {Vi, Er}, indicates the fixed energy reference
used to define the dataset, N} indicates the number of k
points from which the eigenenergies were computed from,
(k) represents the eigenenergy of each band, n, at dif-
ferent k points, and o represents the Gaussian broadening
parameter. The DOS is normalized with respect to N4
to allow for meaningful comparisons between different
systems with different number of atoms.

Since the energy reference for each structure is defined
to be its cell average Hartree potential, the eigenenergies,
en(k), are also referenced to the cell average Hartree po-
tential by default. To obtain the DOS referenced to Vi
or the Fermi level, the energy reference J is set to either
zero or the Fermi level with respect to Vi, respectively.
The Fermi level, Eg, relative to Vg is defined such that:

DOS% (E)

na(4) = | " 4B DOSY () (8)

— 00

where ny,(A) indicates the average number of valence
electrons per atom used in the DFT calculation of system
A, and Ef is the Fermi level of structure A relative to
V.

As the DOS is represented on a discretized energy grid,
calculating the change, and the derivative, of the DOS
with respect to a change in the energy reference would
be computationally expensive as one would have to re-
calculate Eq. @ again, for a large number of structures
and eigenenergies. To tackle this, cubic Hermite splines
[40] are built on the DOS, where the DOS function is
represented piecewise by a third-degree polynomial that
is defined by the value and derivatives at the end points
of the interval. Given that A 4 in Eq. and Eq. is
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FIG. 1. A schematic that highlights the difference between the standard loss and the self-aligning loss in training ML models

for DOS predictions.

always applied on DOSZ instead of DOSY7 the splines
only need to be built once before model training.
Additionally, to evaluate the performance of the mod-
els on derived quantities of the DOS that are indepen-
dent of the energy reference, secondary observables such
as DOS(Er) and the distribution of excitations, X (6),
are also calculated for each structure. The equation for
the distribution of excitations is defined as follows [32]:

Xa(0) = / / dEAE DOSY(E) fep(E — Ef)r—o (9
DOS% (E')(1 = fen(E' — B )r=0)6(E — E' — )

It can be observed that X 4(6) is independent of the en-
ergy reference since the Fermi level of the system, Elél,
acts as an independent point of reference. In this pa-
per, the excitation energy, 6, is defined on an energy grid
ranging from 0 to 2 eV, with a 0.05 eV grid spacing.

C. Datasets

A total of four datasets were used to evaluate the ef-
fectiveness of the joint optimization scheme. The first
dataset comprises 927 silicon structures obtained from
Barték et al. [41], spanning across four different bulk
phases: diamond, beta-tin, liquid and amorphous bulk,
and surfaces. DFT calculations of the structures were
performed using FHI-aims [34] with the parameters em-
ployed by Ben Mahmoud et al. [32]. Additionally, 211
diamond defect structures of two different sizes, 63 and
215 atoms, were also obtained from Barték et al. [41]
for evaluating the transferability of the models to larger
system sizes. The second dataset is adapted from Cheng
et al. [42] and is composed of bulk hydrogen configura-
tions at high pressures, including a phase transition be-
tween solid and liquid hydrogen. 20,000 structures were

Standard deviations of targets

pDOsYt  DOSPr  DOS(Er) X(0)
Si 0.367 0.284 0.144 0.0880
H 0.104 0.0711 0.0187 0.00200
BaTiO3 0.318 0.244 0.000139  0.00251
GagAsi—, 5.67 2.69 0.124 0.116

TABLE I. Standard deviation for the targets across datasets.
DOSY® and DOSPF refers to the DOS constructed with
the Hartree potential and Fermi level energy reference re-
spectively. Due to the significant bandgap present in the
structures of BaTiOs, the highest occupied molecular orbital
(HOMO) was used in place of Er to define the Fermi level
energy reference. Note the minuscule variability of DOS(EF)
for BaTiOgs, compatible with its nature of a large band-gap
insulator. The very large variability of DOS"H is very high
for GazAsi_g, due to the poor alignment of the core levels
when using V4 as the reference.

subselected from the entire dataset. Of the 20,000 struc-
tures, 5000 structures were obtained from ab initio molec-
ular dynamics, and 2143 structures were selected from
each of the seven iterations of a random structure search
simulation[43] using farthest point sampling. DFT calcu-
lations of the structures were performed using Quantum
Espresso [44H46] with the parameters employed by Ben
Mahmoud et al. [47]. The third dataset involves bulk
BaTiOgs structures, a perovskite crystal which exhibits
strong ferroelectric properties and has technological rel-
evance [48]. Four phases, rhombohedral, orthorhombic,
tetragonal, and cubic, are included in the dataset. The
dataset comprises 840 structures, with 210 structures in
each phase and is obtained from the NpT subset of the
BaTiO3 dataset built by Gigli et al [49]. The last dataset
is that of a GazAs;_, binary system over a wide range
of temperatures, pressures, and stoichiometry in order to
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FIG. 2. DOS overlay plots of each dataset with different energy references is shown in each panel. Each overlay plot contains
50 different lines, corresponding to the DOS of 50 different structures in the dataset indicated in each panel. Each row depicts
the DOS under a different energy reference. In the first row, the energy reference used is the average Hartree potential (Vi),
followed by the Fermi level (Er) in the second, and the adaptive energy reference in the third. The curves relative to Vi
have been rigidly shifted by a global value to visually align with those computed using Er. Due to the significant band gap in
BaTiOs, the highest occupied molecular orbital (HOMO) was used in place of Er for the initial alignment and the visualization.

accurately represent the changes in the electronic behav-
ior of the system across the binary phase diagram. This is
particularly important as GaAs is a semiconductor with
excellent electronic and optical properties, lending itself
applications in solar cells and photonics [50, 5I]. The
dataset is obtained from Imbalzano and Ceriotti [52] and
is composed of crystalline structures, liquid phases, and
various interfaces. The dataset is then recomputed at a
higher level of theory to account for van der Waals in-
teractions and a larger number of electronic bands. The
computational parameters for all the datasets used are
detailed in Sec. IV of the Supplemental Material.

With the exception of the hydrogen dataset, the pre-
dicted DOS energy range spans from 1.5 eV below the
lowest eigenenergy to 3 eV above the maximum Fermi
level in the dataset, while the splines are defined up to
6 eV above the maximum Fermi level to enable shifts
beyond the predicted DOS energy range. Meanwhile for
the hydrogen dataset, due to high A4 values and high
predicted Eg, the DOS energy range instead spans up
to 7 eV above the maximum Fermi level and the splines
are defined up to 12 eV above the maximum Fermi level.
For all datasets, both the splines and DOS energy range
are discretized on a grid with a spacing of 0.05 eV. The
standard deviations of the targets for each dataset are
shown in Table. [[ providing a scale to gauge the accu-
racy of predictions relative to the intrinsic variability of

the target values.

Each dataset is split randomly in a 7:1:2 ratio to give
the training, validation and test set, respectively. Smaller
subsets, taken at 25%, 50% and 75% of the training and
validation data, were also used to train the model to con-
struct learning curves.

III. RESULTS

A. Evaluation of model performance

To assess the impact of the choice of energy reference,
we evaluate the performance of each model on the DOS
and its derived quantities using the root mean squared
error (RMSE), defined as the square root of the corre-
sponding MSE value, on the test set. To evaluate each
model in a way that is independent of the energy refer-
ence, the MSE is calculated using an optimal alignment



Linear models test RMSEP©S Multilayer perceptrons test RMSEPOS
[eV~%5atom ™ !state] [eV~5atom ™ *state]
Dataset Vu Er Adaptive Vu Er Adaptive
Si 0.0578 0.0428 0.0399 0.0409 0.0332 0.0299
H 0.0332 0.0292 0.0268 0.0300 0.0256 0.0227
BaTiOs3 0.0681 0.0267 0.0226 0.0288 0.0246 0.0182
GagAsi—» 0.203 0.0993 0.194 0.0969

TABLE II. DOS RMSE of models trained on different datasets and different energy references. The DOS RMSE is evaluated
on the test set and has units of eV ~%%atom ™ 'state. For Ga,As1_,, there were no models trained using the cell average Hartree
Potential as the energy reference due to the wide range of Fermi levels in the dataset. Additionally, due to the significant
bandgap present in the structures of BaTiOs the highest occupied molecular orbital (HOMO) was used in place of Er to define
the energy reference.

Multilayer perceptrons RMSEP©S(Er) Multilayer perceptrons RMSEX
[eV~tatom ™ 'state] [eV P atom 2state?]
Dataset Vu Er Adaptive 1% Er Adaptive
Si 0.0235 0.0236 0.0201 0.00702 0.00683 0.00614
H 0.00944 0.00994 0.00796 0.000857 0.000979 0.000843
BaTiOs3 0.0953 0.141 0.0629 0.0207 0.0322 0.0123
GagAsi—» 0.0356 0.0362 0.0254 0.0137

TABLE III. RMSE on secondary quantities for MLP models trained on different datasets and different energy references.
All RMSEs are evaluated on the test set. The RMSE for DOS(Er) has units of eV~ 'atom™!state and that of X has units
of eV~ %%atom 2state®. For GagzAs1—z, there were no models trained using the cell average Hartree potential as the energy
reference due to the wide range of Fermi levels in the dataset. Additionally, due to the significant bandgap present in the
structures of BaTiOz the HOMO was used in place of Er to define the energy reference.

strategy, analogous to the definition in Eq. (3): DOS(EF) is a scalar quantity, the MSE can be defined as

1
DOS(Er) _ - 2
. . MSE (W) == (5a—ya), (12)
MSEPOS(W) = )i nglAn N4
A

/ dE (DOS&{(E +A4)

(10) where 4 represents the DOS(FEy) derived from the pre-
dicted DOS of structure A and y represents the DOS(Er)
derived from the corresponding quantum chemical calcu-
lations. Although 74 may represent only one point on the
predicted DOS spectrum, it depends indirectly on the en-
tire DOS, up to the Fermi level due to the normalization
condition in Eq. .

Since X 4(0) is a function of the excitation energy, 6,
the errors have to be integrated across 6 as defined in the
following,

2
_ NLA 3 LDOSZ{,(E)) .

A;€eA

The variables follow the same conventions as those used
in Eq. (3). Additionally, LDOSY refers to the predicted
atomic contribution to the DOS of atomic environment
A;, as in Eq. . For diagnostic purposes, we also use an
energy-resolved MSE computed using the optimal align-
ment for each structure,

MSEX (W) = ;;/w()g(e) XA(e)) . (13)

1
MSEPOS(W, E) = — DOSY(E + A 11 .
(W, E) N XA: AE+Aq) (11) where, X 4 represents the distribution of excitations ob-
9 tained from the predicted DOS of structure A and X 4 is
1 derived from the corresponding quantum chemical calcu-
N Z LDOSX(E)) lation.
A€A

With the exception of the Ga,As;_, dataset, three
different energy references, Vi, Er, and the optimizable
For the derived quantities that are independent of the energy reference, were employed for each dataset and
energy reference, namely DOS(Er) and X (), the quan-  their results were compared against one another. For
tities are derived from the predicted DOS and compared the Ga,As;_, dataset, the Vi energy reference was not
against that from quantum chemical calculations. As employed due to the wide range of Fermi levels relative to
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Difference in energy-resolved RMSE for the MLP models trained using the Fermi level versus the adaptive energy

reference for the dataset. Green regions indicate where the model trained on the adaptive energy reference perform better,
while red regions indicate that the Fermi level energy reference perform better. The gray lines show the DOS overlay of the
adaptive energy reference, shown in the third row of Fig. [2] in the same plot. It is important to note that the gray lines do not
share the same scale as the green and red curves and they are only plotted as a visual cue to relate the change in error to the
main DOS features. It can be seen that models trained on the adaptive energy reference outperform those referenced to the
Fermi level across the majority of the energy range. Additionally, for Ga,As1—, and BaTiOs, it can be observed that spectral

alignment coincides with the regions of largest improvement.

Vi, at around 24 eV. To truncate the DOS energy range
at 3 eV above the maximum Fermi level, the DOS energy
range would extend up to 27 eV above the Fermi level
for certain structures. Such a wide energy range exceeds
the maximum eigenenergy calculated for some structures
resulting in an unphysical behavior, whereby the DOS
decays quickly to zero at high energy levels for those
structures due to a limitation in the number of bands
calculated. Thus, aside from the Ga,As;_, dataset, a
total of six different models were trained for each dataset
and their performance on the DOS RMSE on the test
set are shown in Table[[I] As the adaptive reference pro-
vides the best performance on the secondary quantities
for both MLPs and linear models, only the results for
the MLPs are shown in Table [[II] while that of the linear
models are shown in Sec. V of the Supplemental Mate-
rial.

B. Discussion

Results show that MLPs consistently perform better
than linear models in predicting the DOS on the test
set (Table , which is expected considering that MLPs
have more parameters and can also capture nonlinear re-
lationships between the features and the DOS. As for
the choice of energy reference, the Fermi level usually
leads to smaller RMSE than the average Hartree poten-
tial. The adaptive energy alignment approach further im-
proves the accuracy of the ML models, where the degree
of improvement can vary significantly depending on the
dataset of interest. For the silicon and hydrogen datasets,

the improvement in RMSE is rather small at roughly 10%
compared to the Fermi level alignment, with relatively
larger improvements for MLPs compared to linear mod-
els. Meanwhile, for Ga, As;_,, the improvements against
Fermi level alignment are roughly 50% for both types of
models, while it is 15% and 25% for linear and MLPs
respectively on the BaTiO3 dataset.

The enhancements in the ML model performance with
the adaptive energy alignment scheme can be attributed
to the improved matching of the position of prominent
spectral features. This effect is most pronounced for the
Ga,As;_, and BaTiO3 datasets (see Fig. , where the
lowest lying 3d band of Ga become best aligned under the
adaptive alignment scheme in the Ga,As;_, dataset, and
similarly the first two peaks in the case of the BaTiOj3
dataset. As optimal alignment between such recurring
energy state in the dataset is achieved, ML models are al-
lowed to focus primarily on accurately resolving the finer
features and patterns in the DOS without being burdened
with the complex task of correctly placing these com-
monly appearing states at different energy levels, which
may depend on global quantities such as the concen-
tration of defects in a structure, and are therefore not
straightforwardly associated with the local structural mo-
tifs upon which the ML model is based.

Similar trends can be generally observed for the sec-
ondary quantities derived from the DOS predictions on
the test set. Secondary quantities derived from the pre-
dictions of models trained on the adaptive energy refer-
ence typically performs the best. The degree of improve-
ment is less significant for silicon and hydrogen while it
is usually more pronounced for Ga,As;_, and BaTiOg.
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FIG. 4. Histogram of A4 for the training structures for each dataset for MLPs. The histograms are normalized with respect
to the sizes of the training set to make the sum of all bins equal to 1.

Although there were no significant changes in the per-
formance of DOS(Er) for Ga,Asi_,, improvements of
roughly 15% can be observed for silicon and hydrogen
and BaTiOg3 exhibits more substantial improvements —
a factor of 2 relative to the accuracy of a model using
a Fermi level alignment, and 34% relative to using Vy,
which in this case is the best fixed reference. Note that
the error for DOS(EF) is very large in the case of BaTiOs,
especially in comparison to the minuscule variability of
this quantity in the dataset (see Table E[) This is due to
the fact that — barium titanate being a large band gap
insulator — small errors in the DOS values in the occu-
pied bands can dramatically shift the Fermi level, moving
it toward the states below or above the gap.  Mean-
while, for the predictions of X (), there was a negligible
change in performance for hydrogen but there were im-
provements of 10% of silicon and significantly more im-
provements for Ga,As;_, and BaTiO3 at 41% and 46%,
respectively.

To investigate the model performance at different en-
ergy channels, the DOS RMSE was compared energywise
between MLPs trained using the Fr and self-aligned en-
ergy reference. To calculate the energy-resolved RMSE,
Eq. was used. The results are shown in Fig. where
the vertical axis denotes the change in RMSE, calculated
by subtracting the RMSE on the adaptive reference from
the RMSE on the Fermi level reference. From the lower
quadrants, it can be seen that the improvements in DOS
performance when using the adaptive energy reference
are most prominent at the energy ranges of common spec-
tral features. This corroborates the previous statement,
whereby the misalignment of these features hinders the

model performance by further complicating the learning
problem.

Additionally, in Fig. [ the histograms of the A4 val-
ues for the training structures in each dataset also sup-
port this interpretation. The two distinct peaks at pos-
itive and negative A4 for BaTiOg3 are indicative of the
multimodal nature of the dataset that contains struc-
tures sampled from several distinct ferroelectric phases.
These observations suggest that optimizing the energy
reference to improve model performance results in the
alignment of common spectral patterns in the dataset.
Hence, this accounts for the disparity in improvement in
model performance for different datasets, as the effec-
tiveness of this framework will depend on the degree of
similarity in the DOS spectra within the dataset, and on
whether one of the common choices of reference leads to
substantial shifts of these features in different structures.

Finally, we consider effects beyond improvements in
accuracy and assess the transferability of the ML mod-
els under different energy alignment schemes. For this,
we target vacancy defects in bulk silicon and retrain the
models on an extended Si dataset which also includes 100
small vacancy structures with 63 atoms, randomly split
into training and validation sets in a 7:1 ratio. The mod-
els were then evaluated on 111 large vacancy structures
with 215 atoms, and the results are shown in Table [V}
From the table, it can be seen that using the adaptive
energy reference results in significantly better transfer-
ability to larger system sizes compared to the best per-
forming fixed reference for each target, with a reduction
of the RMSE by 38%, 23% and 59% compared to the
better one of the two pre-existing alignment schemes for



DOS, DOS(EFr), and X(0), respectively. This example
showcases the better resilience of a self-aligning model
with respect to factors, such as defect concentration, that
affect the internal energy references while being poorly
reflected in the local descriptors that underlie most ML
models.

Multilayer perceptrons performance

RMSE % FEr Adaptive
DOS 0.0354 0.0343 0.0212
DOS(Er) 0.0141 0.0331 0.0108
X(0) 0.00424 0.00392 0.00159

TABLE IV. RMSE on the DOS and secondary quanti-
ties on the large (215-atoms) vacancy structures for MLP
models trained on the silicon dataset, extended by includ-
ing only 63-atoms vacancy structures. The units are consis-
tent with the previous tables, with eV ~%®atom™'state, and
eV latom !state, and eV~ °"atom2state? for the units of
the RMSE of the DOS, DOS(FEr), X (0) respectively.

IV. CONCLUSIONS

To conclude, we propose an improved DOS learn-
ing framework that optimizes the energy reference of
each structure. We compared the performance of this
framework against two conventional energy alignment
approaches: the mean Hartree potential and the Fermi
level. Across four datasets, models trained under the
adaptive framework consistently outperform others in
terms of the DOS and its derived quantities. Addition-
ally, we provide some justification behind the optimiza-
tion process. Energy ranges in the DOS that experience
the greatest improvement in performance contain com-
mon spectral patterns that are shared across the dataset
and the optimization process works to align them. Hence,
the approach is likely to provide the best increase in
performance when dealing with datasets in which there
are significant regions of the DOS that remain constant
across the structures, but are rigidly shifted when us-
ing conventional energy references. Furthermore, models
trained under this framework are better able to extrap-
olate to larger system sizes. More generally, this paper
highlights the significance and the benefits of defining
evaluation metrics in a manner that is consistent with

the physics of the problem. For instance, the concept
of optimizing an internal or ill defined reference can be
readily applied to applications outside of the DOS. To
give a few examples, this approach can also be easily ex-
tended to the optimization of the energy reference for the
prediction of the spatially resolved density of states. Ad-
ditionally, it can also be applied to the prediction of the
Hamiltonian of bulk structures [I1} [53H55], whereby the
eigenvalues obtained from the Hamiltonian do not have
a well defined external energy reference.
SUPPLEMENTAL MATERIAL

The Supplemental Material contains further informa-
tion on the model architecture and the reference datasets,
as well as further benchmarks, and references to several
relevant publications [56H63].
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