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Notation

a wave amplitude

A cross-sectional area

c specific heat

Dh hydraulic diameter

f friction factor

h heat transfer coefficient

H maximum wavy wall channel height

Hav average channel height

k turbulent kinetic energy

I unit diadic I = (100; 010; 001)

Lx,Ly,Lz length of the domain in x, y, z direction

L periodic length in x direction

ṁ mass flow rate

n coordinate normal to the wall surface

Nx,Ny,Nz number of grid points in x, y, z direction

Nu Nusselt number

p periodic part of the pressure field, also wet perimeter

P pressure field

Pr molecular Prandtl number, Pr = ν/α

q square-root of turbulent kinetic energy q =
√
k

Qs time-averaged volume flow rate per unit spanwise width of the channel
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Re Reynolds number, Re = Dh um/ν

Re∗ Reynolds number of the reference velocity, Re∗ = u∗ δ/ν

Reτ Reynolds number of the friction velocity, Reτ = uτ δ/ν

Sij mean rate of strain Sij =
1
2

(
∂ui

∂xj
+ ∂ui

∂xj

)

Sw wall surface

T temperature field

Tw wall temperature

Tb bulk temperature

Tb,in bulk temperature at the channel inlet

t time

t∗ reference time, t∗ = δ/u∗

u streamwise velocity component

u velocity vector

u∗ reference velocity, u∗ = βδ/ρ

uτ friction velocity, uτ = τw/ρ

um mean velocity, um ≡ Qs/Hav

v vertical velocity component

V averaging volume

w spanwise velocity component

x unit vector for the spatial coordinate

x, y, z streamwise, vertical, and spanwise coordinate
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Greek letters

α thermal diffusion coefficient α = k/ρc

αt eddy diffusivity

β pressure drop assigned along x

δ half the average channel height

δij Kronecker delta

ǫ dissipation rate of turbulent kinetic energy

η curvilinear coordinate in direction normal to the wall

λ periodic length, wavelength

Λ temperature decay rate along x

ΛL temperature decay rate along the periodic length L

ν kinematic viscosity

νt eddy viscosity

ω specific dissipation rate ω = ǫ/k

θ periodic temperature variable

ξ curvilinear coordinate in direction tangential to the wall

ρ density

τw,u, τw,l wall shear stress of the upper and lower wall

ζ dissipation rate of q

Subscripts

b bulk

m mean

w wall

w, u upper wall

w, l lower wall

τ friction value
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Superscripts

•′ fluctuating value

•+ wall units

• time averaged value

〈•〉 spatial average
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Chapter 1

Introduction

Liquid metals can be used for many engineering applications,

as for the design of advanced nuclear reactors, where they are

often employed as coolants. The high thermal conductivity of

liquid metals, and hence their low molecular Prandtl number,

imply that the molecular thermal conduction in metal fluids

is significant not only in the near-wall layer, but also in the

core flow. The thermal boundary layer in a liquid-metal flow

is thicker with respect to a non-metal flow and develops faster

with respect to the dynamic boundary layer. These features,

together with the high thermal capacity and low kinematic

viscosity of liquid metals allow for a great heat transfer effi-

ciency. The use of liquid metals in cooling systems also pro-

vides safety advantages due to their high boiling point, and

the quick solidification in case of leak. Moreover they allow

for the use of magnetohydrodynamics pumps, instead of mov-

ing machines. However reliable physical models of convective

heat transfer in liquid metals are still lacking. A detailed

knowledge of velocity and thermal fields is needed for model

development and it is almost impossible to obtain through
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1 Introduction

experiments, because of the opacity of these fluids and the

care required in handling them. Numerical simulation is a

valuable tool for investigating heat and mass transfer in low-

Prandtl number flows. In the last twenty years a large number

of numerical studies have been conducted in this field, but in

the fundamental case of flat channel flow, as in (Kawamura

et al. 1998), (Na et al. 1999), (Kawamura et al. 2004), (Kozuka

et al. 2009).

Figure 1.1: Wavy groove heat exchanger.

Periodic, corrugated geometries are very common in heat

exchangers as they promote heat transfer through turbulent

mixing. The flow over such geometries is characterized by

separation and reattachment phenomena, which are beneficial

for heat transfer enhancement. Wavy surfaces are largely used

in heat transfer devices, an example is shown in figure 1.1, and

a number of work are available in the literature dealing with

flows over wavy surfaces, both experimental works, as (Zilker

and Hanratty 1979), (Hudson 1993), (Hudson et al. 1996),

(Kuhn et al. 2008), and numerical, as (Maaß and Schumann

1996), (Patel et al. 1991), (Cherukat et al. 1998), (Choi and

2



1 Introduction

Suzuki 2005), (Rossi 2010), (Dellil et al. 2004).

The present thesis deals with a numerical study of tur-

bulent forced convection in a channel with a top flat wall

and a bottom wavy wall, for different Prandtl numbers. The

Reynolds number investigated is Re = 19 000, based on the

mean bulk velocity and hydraulic diameter. Three differ-

ent values are considered for the Prandtl number: a very

low-Prandtl number, Pr = 0.025, which corresponds to the

liquid Lead-Bismuth Eutectic, a order one Prandtl number,

Pr = 0.71, which corresponds to air, and an intermediate

value between these two, Pr = 0.2, which is one of the lowest

Prandtl number for a gas and corresponds to a Helium-Xenon

gas mixture.

Direct numerical simulation (DNS) and Reynolds-Averaged

Navier-Stokes (RANS) methods have been used for the nu-

merical simulations, being the first method the most rigorous

for investigating turbulence, but also the most demanding in

terms of computational costs, and the second one the largely

used in common practice, being much less elaborate and much

less expansive in terms of CPU. DNSs are performed by means

of a home-made code and the RANS simulations by using the

OpenFOAM 2.0.1 CFD package.

This study aims at investigating on the combined effects

of the wavy wall shape and of the Prandtl number from low

to unit values, on the turbulent heat transport mechanisms.

Direct simulations are performed to this end. Moreover, by

means of RANS simulations, it aims to assess the performance

of the two different eddy-viscosity models, k-ω SST model

(Menter 1993) and q-ζ model (Gibson and Dafa’Alla 1995),

selected for their good characteristics.

The thesis includes eight chapters. The current chapter 1
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1 Introduction

is to introduce to the subject of the work and to describe the

way the thesis is organized in the different chapters.

In the chapter 2 the main characteristics of turbulent flows

are briefly discussed, as well as the possible solutions to the

problem of the simulation of turbulence. The numerical meth-

ods selected for the present study are introduced, the DNS

method and the RANS method, by discussing on their funda-

mentals, and their main advantages and disadvantages.

The chapter 3 focuses on the problem statement: the ge-

ometry of the problem and the assumptions on the flow regime

and fluid properties are presented first, thus establishing the

physics of the problem. To follow, the computational do-

main and the set of boundary conditions considered for the

numerical simulations are described. Finally, the governing

equations for mass, momentum and energy are written and

the non-dimensional key parameters are defined.

Chapter 4 is concerned with the numerical methods em-

ployed for the solution of the governing equations. The DNS

method is discussed first: the numerical techniques adopted

for the present DNS simulations are described, the details of

the mesh type and grid spacings used for the domain dis-

cretization are provided, and also a schematic description of

the numerical procedure used in code for the solution of the

governing equations, and details on the numerical schemes

adopted for the temporal and spatial discretization. Sub-

sequently, the RANS method is described. The two eddy-

viscosity models selected for RANS simulations, the k-ω SST

model (Menter 1993) and the q-ζ model (Gibson and Dafa’Alla

1995), are presented, as well as the standard-gradient trans-

port model used in the RANS simulations for the modeling of

the eddy-diffusivity. The mesh used for the domain discretiza-
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1 Introduction

tion and the numerical procedures adopted for the solution of

the equations are provided also in this case, as done for the

DNS case.

In the chapter 5 the validation study conducted for the

DNS method is presented. For the validation of the DNS

method a direct simulation for a Reynolds number of Re =

13 700 based on the mean velocity and the hydraulic diameter

has been performed, which is comparable to those of reference

data, the experiments by Hudson (1993) and DNS data by

Cherukat et al. (1998), available for the velocity field. The

profiles of the main averaged quantities and first order mo-

ments are successfully compared with both the experiments

and previous DNS data.

In the chapter 6 the results obtained by DNSs at Re =

19 000 are presented. Results are provided for the velocity

field and for the three different thermal fields corresponding

to the different Prandtl numbers investigated. The main focus

is on the flow separation effects and Prandtl number effects on

the turbulent heat transport mechanisms. Maps of the instan-

taneous velocity field are displayed both in the longitudinal

plane and cross-sections of the channel, also the streamlines

and the profiles of the time-averaged velocity field are repre-

sented, as well as the profiles of the root-mean-square of veloc-

ity fluctuations and Reynolds stress. Moreover, a quadrant-

hole analysis of Reynolds stress is conducted, thus identifying

the relative contribution of four quadrants –corresponding to

four different types of event– to the formation of statistics.

The global value of the friction factor is provided, and it is

compared with reference values for the flat channel case. Maps

of the instantaneous temperature fields are displayed for dif-

ferent cross-sections of the channel, and the profiles of the

5



1 Introduction

time-averaged temperature fields are represented. For com-

parative purposes the profile of the mean temperature fields

in the flat wall region is depicted together with the DNS re-

sults by Kawamura et al. (1998), and the log-law for the

thermal field by Kader and Yaglom (1972). The profiles of

the root-mean-square of temperature fluctuations and turbu-

lent heat fluxes are drawn and, as for the Reynolds stress,

a quadrant-hole analysis is performed for the turbulent heat

fluxes. The local and global values of the Nusselt number

are given. Maps of turbulent Prandtl number are depicted in

the lower region of the channel, while an x-averaged profile

of turbulent Prandtl number is drawn in the region close to

the upper flat wall. Finally the performance of some differ-

ent turbulence diffusion models is assessed against the DNS

results.

The chapter 7 includes the results obtained by RANS sim-

ulations for Re = 19 000 and for Pr = 0.71. The suitability of

the two-equations eddy-viscosity turbulence models k-ω SST

(Menter 1993) and q-ζ model (Gibson and Dafa’Alla 1995)

for the present case study is evaluated by comparison with

the results obtained by direct simulations. For comparative

purposes the results provided by DNS are averaged over the

time and the spanwise direction z. Streamlines and velocity

contours as provided by the RANS simulations and DNSs are

represented. The ability of the two selected viscosity models

in the prediction the flow separation and reattachment posi-

tions, the size of the mean recirculation bubble, and the profile

shape of turbulent kinetic energy and Reynolds stress is dis-

cussed. The contours of the thermal field and the profiles of

the vertical turbulent heat flux are presented, and the global

value of the heat transfer rate is also provided.
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The last chapter contains the conclusions, encompassing

the main results obtained in the present study.
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Chapter 2

Numerical simulations of

turbulence

Turbulent flow regime occurs in most of engineering applica-

tions, and the effectiveness of the turbulent transport of mo-

mentum, heat and mass is of a primary importance in many

of these applications, as in heat transfer devices.

The main characteristics of turbulent flows are briefly dis-

cussed in the following, as well as the problem of numerical

simulation of turbulence, before introducing the two numeri-

cal methods selected for the present study: the DNS method

and the RANS method.

Turbulent flows are characterized by chaotic property changes.

Turbulent variables are strongly and irregularly varying both

in time and space, and in all the three spatial dimensions. The

turbulent fluctuations occur on a broad range of time scales

and length scales. The largest scale of motion, known as in-

tegral scale L, is comparable to the domain size, it contains

the most of the energy and controls the transport and mixing.

The energy contained by the largest eddies is then transferred

8



2 Numerical simulations of turbulence

Figure 2.1: A schematic diagram of energy cascade by Pope

(2000). lDI and lEI indicate, respectively, the demarcation

line between the dissipation (D) and inertial (I) subranges,

and the energy (E) and inertial (I) subranges.

to smaller and smaller eddies, until it is dissipated by viscos-

ity. The scale of the smallest eddies is known as Kolmogorov

scale η, and it is almost entirely determined by the rate at

which it receives energy from the large scales, and by the vis-

cosity. The inertial subrange is instead the range of scales cor-

responding to the energy cascade, the process of transferring

energy from the largest and unstable eddies to successively

smaller eddies until the smallest eddies of the Kolmogorov

scale. As the Reynolds number increases the difference be-

tween the integral scale and the Kolmogorov scale becomes

larger. A schematic diagram of energy cascade is given in fig-

ure 2.1, by Pope (2000). A further important characteristic of

turbulence is the vorticity, for instance the stretching of three-

dimensional vortices is one of the principal mechanisms which

increases the turbulence intensity. The turbulent diffusivity

also plays an important role for accomplishing the turbulent

mixing and enhancing the momentum, heat and mass trans-

fer rates. Turbulent flows are furthermore highly dissipative,

shear stress rapidly dissipate the kinetic energy, which is irre-

9



2 Numerical simulations of turbulence

versibly converted into internal energy.

Numerical simulations of turbulent flows, which are three-

dimensional, time-depending and random, with a wide range

of time scales and length scales, represent a difficult task in

the field of numerical simulations. The mass, momentum and

energy conservation equations of the instantaneous field have

to be solved. For incompressible flow of a Newtonian fluid

with constant thermophysical properties they read:

∂uj

∂xj

= 0 (2.1)

∂ui

∂t
+

∂(ujui)

∂xj

= −1

ρ

∂P

∂xi

+ ν
∂2ui

∂x2
j

(2.2)

∂T

∂t
+ uj

∂T

∂xj

= α
∂2T

∂x2
j

(2.3)

In numerical simulations the instantaneous behavior of

turbulent variables is commonly treated following a Reynolds

decomposition, which separates the mean value from the fluc-

tuating part of such variables:

u(x, t) = u(x) + u′(x, t) (2.4)

T (x, t) = T (x) + T ′(x, t) (2.5)

Due to the fluctuations, transport mechanisms originate

from the advection term of the Navier-Stokes and energy equa-

tions. The contributions appearing in the non-linear acceler-

ation term of the momentum conservation equation have di-

mension of stress and are conventionally referred to as Reynolds

10



2.1 DNS approach 2 Numerical simulations of turbulence

stress, u′

iu
′

j, while the contributions appearing in the energy

conservation equation are referred as turbulent scalar fluxes

u′

iT
′. Reynolds stress and the turbulent scalar fluxes repre-

sent the only difference between the conservation equations

for instantaneous quantities and averaged quantities:

∂uj

∂xj
= 0 (2.6)

∂ujui

∂xj
= −1

ρ

∂P

∂xi
+

∂

∂xj

(
ν
∂ui

∂xj
− u′

iu
′

j

)
(2.7)

∂ujT

∂xj

=
∂

∂xj

(
α
∂T

∂xj

− u′

jT
′

)
(2.8)

2.1 DNS approach

Direct numerical simulations solve the mass, momentum and

energy conservation equations of the instantaneous variables,

without averaging or approximation other than numerical dis-

cretization, whose errors can be estimated and controlled.

DNS represent the most rigorous method for investigating the

flow dynamics and the heat transfer mechanisms in turbulent

flows. By solving all turbulent scales, DNSs provide a precise

description of the dynamic features and heat transfer mech-

anisms in turbulent flows. To this aim the computational

domain and the mesh used for direct simulations have to be

adequately designed: the computational domain has to be

large enough to contain the largest turbulence eddies, there-

fore each linear dimension of the domain must be at least a

11



2.1 DNS approach 2 Numerical simulations of turbulence

few times the integral scale, L, while in order to solve the

dissipative scales the mesh size has to be of the same order

of magnitude of the universal Kolmogorov scale, η. For ho-

mogeneous isotropic turbulence, the simplest to investigate,

a uniform grid can be used and the number of grid points in

each direction must be at least equal to the ratio between the

integral scale and the Kolmogorov scale. This ratio can be

shown proportional to Re3/4, where Re is the Reynolds num-

ber based on the magnitude of velocity fluctuations and the

integral scale. Also, an accurate time history is required. For

the simplest homogeneous isotropic turbulence the number of

time-step required is proportional to Re3/4 (Pope 2000). The

processing speed and the memory of the computer limit the

number of grid points and time-step used in numerical simu-

lations, so that DNSs can be performed only for relatively low

Reynolds number values. Further, due to the very fine grid

used in the near wall region, where turbulent eddies of very

small size occur, numerical instability may originates from

the viscous terms involving wall-normal derivatives, so these

terms have been often treated implicitly. Another difficulty

in DNSs is the assignment of initial and boundary conditions.

The effects of initial conditions influence the flow for a con-

siderable time, usually a few “eddy-turnover times”, which

corresponds to the integral time-scale, and so that the first

part of simulation that is started with artificial initial con-

ditions must be discarded being not physical. For channel

flow the best choice for initial condition has been found to be

a mixture of the mean velocity, instability modes and noise.

Similar considerations can be applied to the boundary con-

ditions at the inflow of the domain. Direct simulation must

be run for some time before the flow develops all of the cor-

12



2.2 RANS approach 2 Numerical simulations of turbulence

rect characteristics of the physical flow. This time strictly

depends on the physics of the turbulent flow. In separated

flows, there are regions that communicate with the remainder

of the flow on a very long time scale and the development

process can be very slow, making very long run time neces-

sary. Due to the high computational cost DNSs can not be

used as design tool, and also the detailed descriptions in time

and space provided by DNS are often not needed for design

purposes. DNSs rather represent a research tool, which allows

for statistical information and database construction.

2.2 RANS approach

Differently from DNS, the Reynolds-Averaged-Navier-Stokes

approach is largely used in common practice, due to its lower

computational cost. In this case the time-averaged conserva-

tion equations are solved, equations (2.6), (2.7), (2.8). The

additional terms included in these averaged equations, the

Reynolds stress and the turbulent scalar fluxes, introduce

new unknowns, so that additional equations are needed for

the closure of the problem. RANS methods are distinguished

into two different type on the base of the approach they use

to solve the turbulence closure problem. The RANS meth-

ods based on the Reynolds stress model (RSM), which solve

transport equations for all the Reynolds stress components,

not really largely used as still quite complicate, and the RANS

methods based on the Bussinesq hypothesis, which are instead

less elaborate and largely employed. The Boussinesq hypoth-

esis assumes that the deviatoric Reynolds stress, −u′

iu
′

j +

2/3kδij, is proportional to the mean rate of strain Sij =

1/2 (∂ui/∂xj + ∂uj/∂xi). It is formulated as follows:

13



2.2 RANS approach 2 Numerical simulations of turbulence

−u′

iu
′

j +
2

3
kδij = 2νtSij (2.9)

where the positive scalar coefficient νt is the turbulent vis-

cosity, also called eddy-viscosity. The momentum equation for

the averaged variables incorporating the turbulent-viscosity

hypothesis is:

∂ujui

∂xj

= −1

ρ

∂

∂xi

(
P +

2

3
ρk

)
+

∂

∂xj

[
(ν + νt)

∂ui

∂xj

]
(2.10)

where (ν+νt) is known as the effective viscosity, νeff , and

(P + 2/3ρk) as the modified pressure.

The unit of νt is the same of the molecular viscosity, and

because it is added to the molecular viscosity in the aver-

aged momentum equation it is known as eddy-viscosity. The

Boussinesq hypothesis implies an isotropic turbulence, and

a proportional relation between the Reynolds stress and the

strain rate, which are not valid in general. However these as-

sumptions considerably simplify the turbulence closure prob-

lem and the computer demands decrease substantially. Also,

the RANS eddy-viscosity turbulence models perform reason-

able in many flow cases, not really in the more complex flows,

where strong flow acceleration or deceleration occur, or for

example where the curvature effects are significant. Eddy-

viscosity turbulence models (EVMs) are differently accurate

depending on how they model the eddy-viscosity: the coeffi-

cients they use, the functions they use for damping νt in the

near-wall region, and the set of boundary conditions. They

are fundamentally distinguished into three classes: the sim-

plest zero-equations EVMs, which include an algebraic rela-

tion for νt, and the more accurate one-equation models and

14



2.2 RANS approach 2 Numerical simulations of turbulence

even more accurate two-equation models, which solve extra

transport equations of turbulence scalar variables for the mod-

eling of νt. The two-equation EVMs are of the most used

turbulence models in industrial design. Fundamental mod-

els are the standard k-ǫ model developed by Launder and

Sharma (1974), which solves the extra transport equations of

the turbulent kinetic energy k and its dissipation rate ǫ, and

k-ω model by Wilcox (1988), which solves the extra transport

equations of the turbulent kinetic energy k and the specific

dissipation ω. A number of two-equation EVMs are avail-

able today, being this kind of models easy to modify, tune

and improve (Bredberg 2001) and probably new models will

be introduced, considering the great interest of the applied

research community in this issue, especially into extent the

suitability of such simple models to the more complex flow

configurations.

For predictions of the temperature field, scalar fluxes mod-

els are needed in addition to the modeling of the turbulent

velocity field. The standard gradient-transport model is the

simplest model, numerically robust and largely used. It is

based on the Simple Gradient Diffusion Hypothesis (SGDH),

which assumes the scalar flux vector aligned with the mean

scalar gradient:

u′

iT
′ = −αt

∂T

∂xi
(2.11)

where αt is the isotropic eddy-diffusivity, which makes the

scalar fluxes proportional, and therefore aligned, to the mean

scalar gradient. However, this approach even for simple turbu-

lent flows does not give realistic predictions, mainly as it does

not account for the anisotropic character of turbulent scalar

15



2.2 RANS approach 2 Numerical simulations of turbulence

fluxes, as for example proved by Corrsin (1974) and Kim and

Moin (1989). An algebraic flux model, instead, consider an

eddy-diffusivity tensor, which is generally nor diagonal neither

symmetric, thus accounting for the anisotropy of the turbu-

lent scalar fluxes. Among the algebraic flux models a number

of formulation are available, some of them applied successfully

also to complex flows, as in (Suga 2004), (Younis et al. 2007).

A second-order full stress transport closure, which directly

solves the transport equations of the turbulent stress, should

provide more accurate predictions. However, as many studies

demonstrate, e.g.(Wang et al. 2004), this is true only in some

cases depending on the flow configuration, and this dissuades

from the use of such a complex approach in industrial CFD

practice.

In the present work DNSs are performed by use of a second-

order finite volume code, home-made, and RANS simulations

by use of OpenFOAM 2.0.1 CFD package. Two different

two-equations eddy-viscosity turbulence models have been se-

lected for RANS simulations: the Gibson’s q-ζ model (Gibson

and Dafa’Alla 1995), and the Shear-Stress Transport k-ω model

(k-ω SST) (Menter 1993). The standard gradient transport

model is used for the turbulent scalar fluxes modeling.

A description of the numerical methods employed is given in

the chapter 3.
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Chapter 3

Problem statement

The problem statement is provided in the following: the ge-

ometry of the problem and the assumptions on the flow regime

and fluid properties are presented first, thus establishing the

physics of the problem. In the following, the computational

domain and the set of boundary conditions considered for the

numerical simulations are described. Finally, the governing

equations for mass, momentum and energy are presented both

in dimensional and the non-dimensional form.

3.1 Geometry and assumptions

The geometry of the problem consists of a channel with a flat

top wall and a wavy bottom wall, and it is unbounded in both

the streamwise x and the spanwise direction z, as shown in

figure 3.1, where the coordinate system of axes x y z and the

main flow direction are also indicated.

The hypothesis of fully developed flow and thermal field

is assumed. In the case of a channel with constant cross-

flow area this means that the profile of the time-averaged

17



3.1 Geometry and assumptions 3 Problem statement

Figure 3.1: Geometry of the problem.

velocity field does not vary along the streamwise coordinate

x (hydraulic development):

∂u(x, y)

∂x
= 0

and that the time-averaged non-dimensional temperature

(T (x, y) − Tw(x))/(Tb(x) − Tw(x)), where the bulk temper-

ature Tb = u−1
m

∫
A
uTdA, does not varies along x (thermal

development):

∂

∂x

[
T (x, y)− Tw(x)

T b(x)− Tw(x)

]
= 0

For a streamwise periodic channel flow, the hypothesis

of periodically fully developed velocity field can be assumed,

with similar profiles in x and x + λ, where λ is the periodic

length (Patankar et al. 1977):

u(x, y) = u(x+ λ, y)

18



3.2 Computational domain and BCs 3 Problem statement

Also, the periodic fully developed thermal conditions can

be written as follows:

T (x, y)− Tw(x)

T b(x)− Tw(x)
=

T (x+ λ, y)− Tw(x+ λ)

T b(x+ λ)− Tw(x+ λ)

Numerical investigations of turbulent forced convection in

the wavy channel flow have been performed for three different

fluids: air, whose Prandtl number is Pr = 0.71, Helium-Xenon

gas mixture with Pr = 0.2, and liquid Lead-Bismuth Eutectic

with Pr = 0.025.

3.2 Computational domain and BCs

0 1 2 3 4 5 6 0 1 2 5 4 5 6
0

1

2

z
x

y

Figure 3.2: Three-dimensional computational domain of

DNSs.

Numerical experiments are possible in a domain of finite

volume. A three-dimensional computational domain, periodic

in the streamwise direction and homogeneous in the spanwise

direction is considered in this study to perform direct numeri-

cal simulations. The computational domain is depicted in fig-

ure 3.2, together with the coordinate system. For RANS sim-
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0 1 2 3 4 5 6
0

1

2

x

y

Figure 3.3: Two-dimensional computational domain of

RANS.

ulations a two-dimensional domain is considered, which cor-

responds to the longitudinal section of the DNS 3D-domain,

see figure 3.3.

The shape of the wavy wall yw in the x - y plane is de-

scribed by the function:

yw = a cos

(
2πx

λ

)
(3.1)

where a is the amplitude of the wave and λ its wavelength,

see figure 3.4. In the present investigations wavelength and

amplitude are set equal to 2δ and 0.1δ, where δ corresponds to

half the average channel height Hav. Geometrical parameters

have been selected to match the geometry investigated in the

experiments by Hudson (1993) and subsequent DNSs by Maaß

and Schumann (1996) and Cherukat et al (1998).

As displayed in figure 3.2 and 3.3 the length of the com-

putational domain in streamwise direction encompasses three

periodicities, thus the domain size in x is Lx = 6δ. It is

smaller than the domain selected by Cherukat et al. (1998)

as they perform the computations over four periodicities, but

the smaller Lx employed does not spoil the accuracy of present
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1 2 3
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x

y

Figure 3.4: Details of the computational domain.

results, as demonstrated by validation in chapter 4 and also

corroborated by the λ2 analysis by Calhoun and Street (2001),

who show that typical large scale structures have size in stream-

wise direction, λx = λ. The size of the domain in z is instead

larger with respect to the domain selected by Cherukat et al.

(1998), it is Lz = 6δ as required for simulating the low Prandtl

number temperature fields.

The flow is driven by a constant pressure drop imposed

in x direction. To simulate the flow over an infinite series

of waves, periodic boundary conditions (BCs) are set both in

the periodic streamwise direction and homogeneous spanwise

direction. At walls no-slip BCs are assigned and a uniform and

constant temperature is fixed, the same for both the upper

wall and the lower wall.

21



3.3 Governing equations 3 Problem statement

3.3 Governing equations

The governing equations are presented for unsteady, incom-

pressible flows, and with constant fluid properties. No heat

sources nor sinks are considered and viscous dissipation is ne-

glected. The buoyancy effects are not encompassed, so that

the temperature is considered as “passive” within the flow

field and subjected to forced convection by the flow.

Dimensionless equations are obtained using the following

reference quantities:

• for length, half the average channel height δ

• for velocity, u∗ = (βδ/ρ)1/2, where β is the constant

pressure drop imposed in the streamwise direction x di-

vided by length of the computational domain in stream-

wise direction Lx:

P (x, y, z)− P (x+ Lx, y, z)

Lx

= β (3.2)

• for time, t∗ = δ/u∗

• for temperature, the bulk temperature of the channel

inlet Tb,in

Further normalization is performed for the temperature

variable in order to obtain a periodic representation of the

temperature field, as outlined in section 3.3.2.

3.3.1 Mass and momentum equations

For the simulation of a fully developed flow in a channel, the

pressure field P can be expressed as the sum of a linear and

an unsteady periodic contributions:
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P (x, y, z, t) = p(x, y, z, t)− βx (3.3)

so that periodic boundary conditions can be imposed to

the pressure field in the streamwise direction.

The conservation equations for mass and momentum in

dimensionless form read as follows:

∇ · u = 0 (3.4)

∂u

∂t
+∇ · (u⊗ u) = −∇p +

1

Re∗
∇2u+ b (3.5)

where b is the unit vector in x direction, since in the non-

dimensional form, β = 1. The Reynolds number Re∗ is defined

as Re∗ = u∗δ/ν. The friction Reynolds number, Reτ is con-

ventionally introduced for numerical simulations of turbulent

channel flows, and it is formed using a velocity scale repre-

senting only viscous drag effects, uτ =
√
τw/ρ. The Reynolds

number Re∗ has to be distinguished from the Reτ , as this lat-

ter takes into account of both the viscous drag effects and the

form drag effects.

3.3.2 Energy equation

Accordingly to our assumptions, the non-dimensional form of

the energy conservation equation reads:

∂T

∂t
+∇ · (uT ) = 1

Re∗Pr
∇2T (3.6)

where the Prandtl number is defined as Pr = ν/α.

A further normalization of the temperature field is intro-

duced for the direct simulations of the temperature field with
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prescribed temperature conditions, by enabling a streamwise

periodic variable to be calculated instead of the actual tem-

perature field. The technique used is those proposed by Stalio

(2002/2003) for time-dependent fully developed temperature

fields with uniform temperature boundary conditions. The

technique has been first introduced in the case of ducts with

a constant cross section and then extended to the case of

ducts having periodic variations of cross-sectional area. The

technique is summarized in the following.

Ducts of a constant cross-section

Thermally developed flows in duct with a constant cross sec-

tion are characterized by the fact that the shape of the tem-

perature profile does not change in the streamwise direction:

∂

∂x

(
T (x, y)− Tw

T b(x)− Tw

)
= 0 (3.7)

Also, the y-derivative of equation (3.7) at the uniform tem-

perature wall:

∂T

∂y

∣∣∣∣
w

T b − Tw

=
h

α
(3.8)

does not depend on x, which implies, in case of constant

flow properties, that the time averaged heat transfer coeffi-

cient h does not vary with x.

To the condition ∂h/∂x = 0 corresponds an exponential

decay along x of the temperature difference between the fluid

and the solid wall. By neglecting the effects of the streamwise

diffusion, an energy balance over the length dx of the plane

duct reads:
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qw p dx = ṁ c dT b (3.9)

where qw(< 0) is the heat flux at the wall and p is the wet

perimeter, ṁ is the mass flow rate and c is the specific heat.

Equation (3.7) can be written also in the form:

dT b

dx
T b − Tw

= − hp

ṁc
(3.10)

where the heat transfer coefficient h appears. As equation

(3.10) does not depend on x, a positive constant Λ can be

defined:

Λ = −
d
dx
[T b(x)− Tw]

[T b(x)− Tw]
(3.11)

which represents the exponential temperature decay rate

along x, and it can be considered that in a fully developed

regime:

T (x, y) = T (x1, y) e
−Λ(x−x1) (3.12)

where, for the sake of simplicity, Tw is set to zero. Hence,

a normalized temperature θ can be introduced:

θ(x, y, z, t) =
T (x, y, z, t)

e−Λ x
(3.13)

whose averaged value θ does not depend on x, so that for any

streamwise length l:

θ(0, y, z, t) = T (0, y, z, t) =
T (l, y, z, t)

e−Λ l
= θ(l, y, z, t) (3.14)

25



3.3 Governing equations 3 Problem statement

Unlike the temperature T , periodic boundary conditions can

be assigned for the normalized temperature θ, and this makes

such variable θ more suitable for direct numerical simulations

of heat transfer in ducts.

The transport equation of the periodic variable θ is ob-

tained by introducing θ in the energy equation (3.6):

∂θ

∂t
+

∂(ui θ)

∂xi
= α

∂θ2

∂x2
i

+ (αΛ2 + uΛ) θ − 2αΛ
∂θ

∂x
(3.15)

From the volume integral of equation (3.15) it results that

the ensemble averaged temperature θ increases exponentially

in time:

∫

V

∂θ

∂t
dV = αΛ2

∫

V

θdV (3.16)

and this feature has to be considered when equation (3.15) is

numerically solved. A further characteristic is that the vari-

able θ is defined a part from a multiplicative constant C, being

C any real constant, included C = 0. Hence, if the temper-

ature field θ is a solution of equation (3.15), Cθ satisfies the

same equation too. To identify at every integration time-

step, dt, the unique physical solution of equation (3.15), an

appropriate boundary condition has to be added, in this case

that the ensemble averaged bulk temperature T b is constant

in time:

∫

V

∂θ

∂t
dV = 0 (3.17)

To calculate the constant temperature T b, solution to the

equation (3.15), the calculated θ field has to be corrected after

each integration time step as follows:
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θ̂ = θe−αΛ2dt (3.18)

For the corrected variable θ̂ results that:

∫

V

θ̂(t)dV =

∫

V

θ(t0)dV (3.19)

being θ(t0) the initial condition field.

Finally, to simulate a fully developed flow and heat trans-

fer in a duct with a constant cross-section and a uniform tem-

perature at wall it is required to calculate the temperature

decay rate Λ along the streamwise direction and the solution

of the transport equation of the streamwise periodic variable

θ.

Extension to periodic ducts

The technique introduced in the previous section is here ex-

tended to the case of flows in fully developed conditions in

ducts with streamwise periodic variations of the cross sec-

tional area. The assumptions of constant flow properties and

prescribed uniform temperature at walls are retained.

An energy balance, which does not take into account of

the streamwise diffusion, reads:

qw p dξ = ṁ c dT b (3.20)

where qw(< 0) is the wall heat flux in direction normal to

the wall and ξ is the curvilinear coordinate along the solid

wall shape. Differently from the case of duct with constant

cross-section, in this case the temperature decay rate Λ is not

uniform:
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Λ(x) =
h(x) p

ṁc
dx

dξ

(3.21)

but for periodic variation of the duct cross-section in the

streamwise direction it can be proved that Λ is periodic as

well (Patankar et al. 1977), Λ(x) = Λ(x + L), and if a ΛL is

defined as:

ΛL =
1

L

∫ x1+L

x1

Λ(x) dx (3.22)

then ΛL is independent of the starting point x1. By assuming

Tw = 0 and by considering the definition of Λ, equation (3.21),

the energy balance can be also written in this form:

dT b

dx
= −Λ T b (3.23)

whose integration yields:

ln
(
T b(x2)

)
− ln

(
T b(x1)

)
= −

∫ x2

x1

Λ(x)dx (3.24)

and also:

Tb(x+ L) = Tb(x) e
−ΛL L (3.25)

As the ensemble averaged temperature profiles at periodic

distances L, 2L, 3L, . . . are self-similar in this case (Patankar

et al. 1977), the equation (3.25) yields also:

T (x+ L, y) = T (x, y) e−ΛL L (3.26)

Therefore, the normalized temperature can be defined:
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θ(x, y, t) =
T (x, y, t)

e−ΛL x
(3.27)

whose ensemble average θ has the property:

θ(x, y, t) =
T (x, y, t)

e−ΛL x
=

T (x+ L, y, t)

e−ΛL (x+L)
= θ(x+ L, y, t) = . . .

(3.28)

The normalized temperature variable θ, being periodic in the

streamwise direction, can be conveniently used for direct nu-

merical simulations of time-dependent flows in ducts with

streamwise periodic geometry and uniform wall temperature.

The temperature field T at every time-step can be calculated

by solving the equation (3.15) for the normalized tempera-

ture θ with the same procedure as for the case of ducts with

a constant cross-section.

At each time-step, ΛL is calculated integrating:

Λ(x) =
2

Reτ Pr

1

QsT b

∂T

∂η

∂ξ

∂x
(3.29)

where Qs is the specific flow rate and η is the curvilinear co-

ordinate normal to the wall. Differently from the flat channel

case, the volume integration of the transport equation for θ is

not computed analytically, and the correction of θ to obtain

a constant Tb solution is provided by evaluating the integral:

∫

V

∂θ

∂t
dV > 0 (3.30)

through a running average over a time interval of several large-

eddy-turnover-times (LETOT) and then dividing by the latest

available value of the integral.
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3.4 Non dimensional parameters

Non dimensional, global parameters for the present case-study

are the Reynolds number, the friction factor and the Nusselt

number:

Re ≡ 2
Qs

ν
; f ≡ 2(τw,u + τw,l)

1
2
ρ u2

m

; Nu ≡ 2Hav h

k
(3.31)

where Qs is the time-averaged volume flow rate per unit span-

wise width of the channel, the average velocity is then defined

as um ≡ Qs/Hav. Wall shear stress of the upper and lower

wall τw,u and τw,l are calculated on the projected horizontal

area. In the Nusselt number formula 2Hav corresponds to the

hydraulic diameter.

In the numerical code the Reynolds number Re∗ is as-

signed, while non-dimensional parameters Re, f and Nu are

evaluated in terms of non-dimensional quantities by

Re = 2Re∗Qs; f =
4Hav

u2
mRe∗

〈
∂u

∂y

〉∣∣∣∣
w

; (3.32)

The friction Reynolds number, Reτ , which does not coin-

cide with Re∗ is defined as

Reτ =
uτδ

ν
; uτ =

√
τw,u + τw,l

2ρ
(3.33)

The Nusselt number in terms of non dimensional quantities is

evaluated from

Nu =
2Hav

〈Tb〉 − Tw

〈
∂T

∂η

〉∣∣∣∣
w

(3.34)
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A local Nusselt number can be defined starting from the

equation (3.34)

Nu(x) =
2Hav

Tb − Tw

∂T

∂η

∣∣∣∣
w

(3.35)

whereas the local Nu(x) allows for the discussion of heat

transfer performance in specific portions of the channel.
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Chapter 4

Numerical procedures

This chapter focuses on the numerical methods employed for

the solution of the governing equations. The domain dis-

cretization and the numerical techniques adopted for DNS

simulations are described first. Subsequently, the mesh and

the turbulence models used for RANS simulations methods

are illustrated.

4.1 DNS simulations

In the present DNSs the instantaneous velocity field u and

temperature field θ are determined by solving equations (3.4),

(3.5) and (3.15). The actual temperature field T is then recov-

ered as explained in section 3.3.2. The Reynolds number value

Re = 19 000 is simulated, and Re = 13 700 only for validation

purposes. The Prandtl number simulated are Pr = 0.025,

Pr = 0.2 and Pr = 0.71.
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Figure 4.1: The 265×187×221 computational mesh used for

Re = 19 000, longitudinal view.

Figure 4.2: Detail of the 265×187×221 computational mesh

used for Re = 19 000, longitudinal view.

4.1.1 Domain discretization

A structured, curvilinear and orthogonal mesh is employed for

the discretization of the 3D computational domain in figure

3.2. The number of grid points set for the calculation at

Re = 19 000 is 265×187×221 along, respectively, x, y and

z. A section of the mesh in the x-y plane is displayed in

figure 4.1. A detail of the 265×187 computational mesh in

the x-y plane is shown in figure 4.2.

To check the validity of the results obtained, a simulation

for Re = 13 700 has also been performed to match the flow
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regime of available published data for the same geometry by

Hudson (1993) and by Cherukat et al. (1998). The mesh

employed for the validation has 253×129×161 grid points

along x, y and z.

Reτ ∆x+ ∆y+mean y+
w

∆y+max ∆z+

Present Re = 19 000 282 6.7 3.3 0.53 5.5 7.9

Present Re = 13 700 216 5.3 3.6 0.58 5.7 8.3

Maaßet al.(1996) Re = 11 400 - 10.2 - 1.6 12.4 10.2

Table 4.1: Grid spacings in wall units.

Grid spacings for the two Reynolds number values simu-

lated are given in Table 4.1, together with the friction Reynolds

number values. In the same table some details of the mesh

used by Maaßand Schumann (1996) are also reported for com-

parison.

4.1.2 Numerical method

The Navier-Stokes equations, equations (3.4) and (3.5), and

the equation for the variable θ, equation (3.15) with periodic

Λ, are solved by a second order projection scheme, as proposed

in (Gresho 1990). The numerical integration from the instant

t(n) to t(n+1) = t(n) + ∆t is performed through the following

steps:

1. The temperature decay rate Λ
(n)
L is calculated by the

integration of equation (3.29)

2. The new θ field is evaluated:
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θ(n+1) − θ(n)

∆t
=

− 1

2

[
3 (u · ∇θ)(n) − (u · ∇θ)(n−1)

]
+

+
1

2 Re∗Pr

(
∇2θ

(n+1)
+∇2θ

(n)
)
+

+
1

2

[
3 σ(θ(n),Λ

(n)
L )− σ(θ(n−1),Λ

(n−1)
L )

]

(4.1)

where σ(θ,ΛL) is the source term of the energy equation

(3.15)

3. The θ field is corrected to obtain a constant T b solution,

as discussed in section 3.3.2

4. The intermediate velocity field ũ(n+1) is determined:

ũ(n+1) − u(n)

∆t
=

− 1

2

[
3 (u · ∇)u(n) − (u · ∇)u(n−1)

]
+

+
1

2 Re∗

(
∇2u

(n+1)
+∇2u

(n)
)
−∇p+ x

(4.2)

5. The auxiliary variable φ is calculated from the Poisson

equation:

∇2φ = ∇ũ(n+1) (4.3)

with ∂φ/∂n = 0 at all wall boundaries, where n is the

wall-normal coordinate.

6. The tentative velocity ũ(n+1) is updated, by projection,

in order to obtain a divergence free velocity field u(n+1)
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from the relation:

u(n+1) = ũ(n+1) −∇φ (4.4)

7. The new pressure field is computed at t(n+1) from:

p(n+1) = p(n) +
φ

2∆t
(4.5)

In equations (4.1) and (4.2), the Crank-Nicolson scheme is

used for the temporal discretization of the viscous terms, while

the Adams-Bashfort scheme is used for the convective terms

and the source term of the energy equation. A finite volume

method is used for the integration of the equations (4.1) to

(4.3). The spatial discretization is performed by means of

second order central difference schemes.

The transport equations are solved with use of an ap-

proximate factorization method, while the Poisson equation is

solved by a fast Poisson solver. Further details can be found

in (Stalio 2002/2003).

4.2 RANS simulations

RANS simulations are performed for the Reynolds number

value Re = 19 000 and the only Prandtl number value 0 71.

The two-equations eddy-viscosity turbulence models k-ω SST

(Menter 1993) and q-ζ model (Gibson and Dafa’Alla 1995)

have been selected for the modeling of the Reynolds stress.

The standard gradient-transport model has been used for re-

produce the turbulent heat fluxes.

The transport equations of the averaged variables and based

on the Boussinesq hypothesis, equation (2.9), read:
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∂uj

∂xj
= 0 (4.6)

∂ujui

∂xj
= −1

ρ

∂

∂xi

(
P +

2

3
ρk

)
+

∂

∂xj

[
(ν + νt)

∂ui

∂xj

]
(4.7)

∂ujT

∂xj
=

∂

∂xj

(
α
∂T

∂xj
− u′

jT
′

)
(4.8)

4.2.1 Domain discretization

Figure 4.3: Detail of the 288×128 computational mesh.

The mesh used for the discretization of the 2D-domain,

figure 3.3, is structured, non-orthogonal, with 288×128 grid

points along x and y. The mesh nodes are uniformly dis-

tributed along x, and like as a “bell-curve” along y. The first

node from the wall is located on average at a y+ = 1.17. This

grid refinement has been adopted to use the q-ζ model with-

out resorting to the wall functions, thus to optimize the model

performance. A detail of the mesh is shown in figure 4.3.
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4.2.2 Numerical methods

The two-equations eddy-viscosity turbulence models k-ω SST

and q-ζ have been selected for their favorable characteristics

into treat flows with the alternating occurrence of adverse and

favorable pressure gradients, as it occurs in the present case

study. In particular, the k-ω SST model (Menter 1993) is

renown for a good behavior with separated flows, and the q-ζ

model (Gibson and Dafa’Alla 1995) is particularly suited for

the modeling of separating flows, and also it has the favor-

able characteristic that both model variables (q =
√
k and its

dissipation rate ζ) are zero at the wall and are well behaved,

in that they vary linearly with the distance from the wall for

small y, thus not requiring the use of the wall-functions “to

bridge” the viscous near-wall region.

The Simple Gradient Diffusion Hypothesis (SGDH) is used

to reproduce the turbulent heat fluxes, as it is the most largely

used in the common practice and a very simple model.

The k-ω SST model

The Shear-Stress Transport k-ω model was developed by Menter

in 1993 to combine the accuracy of the k-ω model in the near-

wall region with the free-stream independence of the k-ǫmodel

in the far field. This is obtained by multiplying both the

formulation of the standard k-ω model and k-ǫ model by a

“blending function” and then to add together the two formu-

lations. The blending function is designed to be one in the

near-wall region, which activates the k-ω model, and zero far

from the surface, which activates the k-ǫ model. The def-

inition of the turbulent eddy-viscosity, νt, accounts for the

transport of the turbulent shear-stress, the reason why the
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model is called Shear-Stress Transport k-ω model.

The transport equations of the turbulent scalar variables

k and ω read:

Dk

Dt
=

∂

∂xj

[
(ν + σkνt)

∂k

∂xj

]
+Gk − Yk (4.9)

Dω

Dt
=

∂

∂xj

[
(ν + σωνt)

∂ω

∂xj

]
+Gω − Yω +Dω (4.10)

being σk and σω model constants.

In the transport equation of k the term Gk represents the

generation of turbulent kinetic energy, Yk instead represents

the dissipation of turbulent kinetic energy, and they are cal-

culated as:

Gk = −u′

iu
′

j

∂uj

∂xi
(4.11)

Yk = β∗ωk (4.12)

where β∗ is a constant.

In the transport equation of ω, the terms Gω, Yω and Dω

represent, respectively, the generation term, the dissipation

term and the cross-diffusion term. They are calculated as

follows

Gω = − γ

µt

u′

iu
′

j

∂uj

∂xi

(4.13)

Yω = βω2 (4.14)
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Dω = 2(1− F1)σω2
1

ω

∂k

∂xj

∂ω

∂xj
(4.15)

being γ, β, and σω2
model constants and F1 the blending

function. The eddy-viscosity νt is determined following this

expression:

νt =
a1k

max(a1ω; Ω)
(4.16)

where Ω = ∂u/∂y. The above expression guarantees that

in the regions of adverse pressure gradients, where the pro-

duction of turbulent kinetic energy is greater than dissipation

(or Ω > a1ω), the νt is determined as

νt =
a1k

Ω
(4.17)

and that for the rest of the boundary layer, where this lat-

ter expression leads to infinitely high eddy-viscosity at points

where Ω goes to zero, νt is calculated as

νt =
a1k

a1ω
(4.18)

For the complete formulation of the model see (Menter

1993).

The model has been employed by means of the CFD pack-

age OpenFOAM 2.0.1, where a first order spatial scheme has

been used. The behavior of the model variables in the viscous

sublayer has been modeled by the use of wall-functions.
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4.2 RANS simulations 4 Numerical procedures

The q-ζ model

For the modeling of the Reynolds stress the q-ζ model solves

extra transport equations for q, the square-root of turbulent

kinetic energy q =
√
k, and ζ , the dissipation rate of q, ζ =

ǫ̃/2q, where ǫ̃ is the isotropic dissipation rate. As mentioned

above, the main characteristic of this model is that both its

variables, q and ζ , are zero at the walls and vary linearly

with the distance from the wall for small y. The use of wall-

functions, which should be highly restrictive, especially when

separated flow regions or recirculation regions occur, is not

required in this case.

The equations for the model variables are:

Dq

Dt
=

∂

∂xj

[
(ν +

νt
σq

)
∂q

∂xj

]
+Q− ζ (4.19)

Dζ

Dt
=

∂

∂xj

[
(ν + σζνt)

∂ζ

∂xj

]
+

ζ

q
(Cζ1fζ1Q− Cζ2fζ2ζ) + Ψ

(4.20)

where Q is the rate of production of q:

Q = γ1
∂ui

∂xj

(
∂ui

∂xj
+

∂uj

∂xi

)
(4.21)

and

Ψ = 2νγt

(
∂2ui

∂xk∂xm

)(
∂2ui

∂xk∂xm

)
(4.22)

γt =
Cµfµ
4

q2

ζ
(4.23)
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4.2 RANS simulations 4 Numerical procedures

and where Cζ1, Cζ2 and Cµ are model constants and fζ1,

fζ2 and fµ are damping functions.

The eddy-viscosity is:

νt = 2qγt (4.24)

The model constants are the same of the standard k-ǫ

model, while the damping functions are different accounting

also for the viscous effects in the near-wall region. The com-

plete formulation and the constants values are reported in

(Gibson and Dafa’Alla 1995).

Simulations have been performed by use of OpenFOAM

2.0.1, where a first order solver has been used.

The standard gradient-transport model

On the base of the standard gradient-transport model, dis-

cussed in section 2.2, the turbulent scalar fluxes are modeled

as follows:

u′

iT
′ = − νt

Prt

∂T

∂xi

(4.25)

where the ratio νt/Prt represents the eddy-diffusivity, αt. Prt
is the turbulent Prandtl number, to be set uniform. As men-

tioned in chapter 2, such an approach is very simple and nu-

merically robust, however, by considering an isotropic eddy-

diffusivity, it fails to represent the local dependence of the

heat flux on the Reynolds stress and the mean shear. Also, it

poses the problem of selecting a suitable value for the uniform

turbulent Prandtl number, while it depends on the molecular
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4.2 RANS simulations 4 Numerical procedures

Prandtl number value, on the geometry of the problem and

flow regime. For the present RANS simulations the turbulent

Prandtl number has been fixed equal to 0.85. As revealed by

DNS results the assumption of a uniform distribution of Prt
is not verified in the present case study (section 6.2), however

the mean value of turbulent Prandtl number results quite close

to 0.85, which is the value conventionally assigned to Prt in

case of a molecular Prandtl number of order unity. The tur-

bulent heat fluxes distribution, as predicted by the SGDH

approach, is moreover strictly influenced by the turbulence

model adopted for the eddy-viscosity νt. These features will

be also recalled in the analysis of the results.
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Chapter 5

Validation of DNS

method

This chapter includes the validation study performed for the

present DNS method.

For the validation study DNS simulations have been per-

formed for a Reynolds number value 13 700, which is com-

parable with those of the reference data, the experiments by

Hudson (1993) and DNS data by Cherukat et al. (1998). Ref-

erence data, available for the velocity field, have been taken

directly from figures shown in (Cherukat et al. 1998), in par-

ticular Figures (10a), (10b), (11a) and (11b). These figures

display the profiles of the mean velocity components and the

profiles of the root-mean-square fluctuating velocity compo-

nents.

The Reynolds number based on the mean velocity and the

hydraulic diameter of the present simulation Re = 13 700 does

not match exactly the Reynolds number of reference data,

Re = 13 840 becouse in the numerical methodology employed,

where the flow is pressure driven, the average velocity is a re-
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Figure 5.1: Profiles of the mean streamwise velocity compo-

nent normalised by the bulk velocity for crest and trough. Red

lines indicate present results; symbols indicate measurements

by Hudson (1993); black lines are for the DNS by Cherukat

et al. (1998).

sult of the simulations.

xs/λ xr/λ

Present 0.14 0.57

(Cherukat et al. 1998) 0.14 0.59

Table 5.1: Separation and reattachment positions of the mean

flow, comparison between DNS results.

Flow separation occurs for the selected flow regime, and

a mean recirculation bubble is found extending from past the

crest of the wave to past the trough. Flow separation and

reattachment locations are indicated in table 5.1, where they
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Figure 5.2: Profiles of the mean vertical velocity component

normalised by the bulk velocity for crest and trough. Red

lines indicate present results; symbols indicate measurements

by Hudson (1993); black lines are for the DNS by Cherukat

et al. (1998).

are successfully compared to the results by Cherukat et al.

(1998).

Figures from 5.1 to 5.4 display the comparison between

current results and reference data. Profiles of the main aver-

aged quantities and first order moments are seen to be quite

well represented by the present simulations, when compared

to both experiments and previous numerical simulations.
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Figure 5.3: Profiles of the root-mean-square of the fluctuating

velocity component normalised by the bulk velocity for crest.

Symbols indicate measurements by Hudson (1993); black lines

are for the DNS by Cherukat et al. (1998).
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Figure 5.4: Profiles of the root-mean-square of the fluctuat-

ing velocity component normalised by the bulk velocity for

trough. Symbols indicate measurements by Hudson (1993);

black lines are for the DNS by Cherukat et al. (1998).
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Chapter 6

Results of DNS

simulations

The results obtained by DNS simulations at Re = 19 000 are

presented in this chapter. Three different temperature fields

are encompassed, for Pr = 0.025, 0.20 and 0.71. The results

for both the velocity and the temperature fields are provided

in terms of the non-dimensional variables, as defined in section

3.3.

The main focus is on the flow separation effects and Prandtl

number effects on the turbulent heat transport mechanisms.

Further, the accuracy of three selected turbulence diffusion

models is assessed against the DNS predictions of turbulent

heat fluxes, with comments on the accuracy of the selected

models in case of separated flow conditions and non unity

Prandtl number fluids.

After a statistically steady state is reached, fluid flow and

thermal field realizations are saved every 0.05 non-dimensional

time units and for a period of 12.5 flow-through times, in
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6.1 Velocity field 6 Results of DNS simulations

order to form statistics. The mean quantities besides being

integrated in time are also averaged over the three waves and

the spanwise length Lz.

6.1 Velocity field
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Figure 6.1: Profiles of the streamwise component of the time-

averaged velocity field and streamlines.

Streamlines of the averaged velocity field on the periodic

module of the channel are depicted in figure 6.1, together

with profiles of the streamwise component of velocity. Closer

streamlines over the crest of the waves indicate flow accelera-

tion; past the crest, the adverse pressure gradient encountered

induces flow separation. The separation and reattachment lo-

cations are detected, respectively, at xs = 0.28 and xr = 1.1.
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6.1 Velocity field 6 Results of DNS simulations

The thickening of the boundary layer before separation is evi-

dent from profiles of u; also the steep velocity gradient at the

restart of the boundary layer can be observed. Peak veloc-

ity profiles are located well above y = 1, i.e. above half the

averaged channel height, this indicates that the lower wall un-

dulation has a non-negligible influence on the turbulent flow

features across the whole channel.

Figure 6.2: Longitudinal view of the instantaneous velocity

field for Re = 19 000 at z = 3. Red and blue colors correspond

to higher and lower velocity respectively.

A longitudinal view of the instantaneous velocity field is

shown in figure 6.2. A cross-sectional view of the instanta-

neous velocity field is instead reported in figure 6.3 for dif-

ferent streamwise position, x = 3.2 which corresponds to the

attached mean flow upstream the separation point, x = 4

which is in the mean recirculation region, and x = 4.3 which

corresponds to the restart of boundary layer of the mean flow.

A very different behavior is observed in the region close to the

wavy wall as the streamwise position varies from x = 3.2 to

the subsequent x = 4 and x = 4.3. It can be inferred that

much more intense fluctuations occur in correspondence of

the mean flow recirculation region and the restarting bound-
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6.1 Velocity field 6 Results of DNS simulations

(a) x = 3.2

(b) x = 4

(c) x = 4.3

Figure 6.3: Cross-sectional view of the instantaneous velocity

field for Re = 19 000. Red and blue colors correspond to to

higher and lower velocity respectively.

ary layer region, with respect to the region close to the crest

of the wave, where the flow is fully attached to the wall. This

also confirms the beneficial effects of flow separation and reat-
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6.1 Velocity field 6 Results of DNS simulations

tachment on the turbulent mixing.

x

y
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Figure 6.4: Profiles of the root-mean-square velocity fluctu-

ations. Solid line, u′

rms; dotted line, v′rms; dashed line, w′

rms.

The grey area is the region where Reynolds stress −u′v′ are

greater than 2.1.

Figure 6.4 shows the root-mean-square fluctuation profiles

for all three components of the velocity; root-mean-square

profiles undergo significant modifications for different axial

positions. The region with peak velocity fluctuations is lo-

cated above the trough, correspondent to the shear layer which

separates from the crest of the wave and develops downstream.

The grey area in figure 6.4 represent the shear layer region

where Reynolds stress are the most intense, in particular they

locally exceed the threshold −u′v′ ≥ 2.1.

Reynolds stress profiles are drawn in figure 6.5. In the lower

portion of channel the profiles of Reynolds stress exhibit two
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Figure 6.5: Profiles of the Reynolds stress −u′v′. The grey

area is the region where Reynolds stress −u′v′ are greater than

2.1, while in the whole field −0.50 < −u′v′ < 3.13.

different peaks where attached flow condition subsists, i.e.

x < xs and x > xr: the peak in the near-wall region, and the

peak which falls in the separated shear layer. On the up-slope

portion of the wave the peak values in the near-wall region are

negative. This means that also the derivative in y direction

of the turbulent shear stress is locally negative, making the

turbulent flux of momentum in vertical direction oppose to

the momentum flux of viscous origin.

A quadrant-hole analysis is also conducted to investigate on

the events contributing to the production of Reynolds stress.

In quadrant-hole analysis, firstly introduced by Lu and Will-

marth (1973), velocity fluctuations are conditionally sampled

to determine the relative contribution of four quadrants –
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6.1 Velocity field 6 Results of DNS simulations

corresponding to four different types of event– to the for-

mation of statistics. At any point of a statistically steady

flow, the contribution from quadrant k (k = 1, . . . , 4) to the

Reynolds stress with threshold level (hole size) h is given by

φk
RS(h) =

(u′v′)k

u′v′
Dk

RS(h) (6.1)

where the average (u′v′)k is restricted to data belonging to

quadrant k, andDk
RS(h) is the duration fraction of the Reynolds

stress in quadrant k for which the threshold level h is satisfied

Dk
RS(h) =

1

N

N∑

j=1

Ikj (h) (6.2)

The indicator function Ikj (h) = 1 if (u′, v′) is in the k-th quad-

rant and |u′v′| ≥ h
∣∣u′v′

∣∣ in the same location, while Ikj (h) = 0

otherwise.

Quadrant-hole analysis of the Reynolds stress has been

performed for subsequent axial positions and two different

vertical distances from the wall y+ = 10 and y+ = 50. Quad-

rant analysis has also been performed on the upper wall of the

wavy channel at the same distances y+ = 10 and y+ = 50 from

the solid wall and streamwise locations. Results obtained at

the upper wall do not depend on x. Accordingly, the con-

tribution φk
RS(h) calculated on the upper flat wall is herein

referred to as reference data and are used for comparison in

the following discussion. As shown in figure 6.6, sweep events

are seen to provide the largest contribution to the production

of Reynolds stress for axial coordinates x = 0.1 to x = 1.0,

also ejections are seen to contribute significantly. This can

be set in relation with the presence of well identified stream-

wise vortices. The inception of streamwise vortices in the
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Figure 6.6: Quadrant-hole analysis of Reynolds stress for sub-

sequent axial positions at y+ = 10. Circles correspond to

x = 0.1, dots to x = 0.3 squares to x = 0.5, triangles to

x = 1.0 and asterisks to x = 1.5. Solid blue lines indicate

reference data.

up-slope region and their projection over the trough before

their “loss of identity” was already observed by Calhoun and

Street (2001). For x = 1.5, sweeps, k = 1 and k = 3 events

of very large intensity with respect to the mean concur with

opposite sign to form the local Reynolds stress value. The

outward interaction is the largest contribution; this is in di-

rect relation with the negative value for −u′v′ in the near-wall

region about x = 1.5, see figure 6.5. At a larger distance from

the wall and for example at the y+ = 50 of our calculations,
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Figure 6.7: Quadrant-hole analysis of Reynolds stress for sub-

sequent axial positions at y+ = 50. Circles correspond to

x = 0.1, dots to x = 0.3 squares to x = 0.5, triangles to

x = 1.0 and asterisks to x = 1.5. Solid blue lines indicate

reference data.

quadrant analysis results are more similar to the reference

data, see figure 6.7.

Friction factor

Friction factor values calculated as in equation (3.32) are re-

ported in Table 6.1 together with reference values for the flat

channel from the literature. Due to the presence of a sepa-

ration bubble, viscous drag on the wavy wall is smaller than

that calculated on the upper flat wall. Friction on the upper
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6.2 Temperature field 6 Results of DNS simulations

flat channel flat channel flat wall wavy wall

Eq. (6.3) (Moser et al. 1999) Present Present

Re = 19 000 0.0249 - 0.0345 0.0247

Re = 11 172 0.0338 0.0324 - -

Re = 24 405 0.0278 0.0260 - -

Table 6.1: Friction factor values in the wavy channel for the

flat wall and the wavy wall. Flat channel results are reported

for comparison; DNS data at Re = 11 172 (Reτ = 180) and

Re = 28 405 (Reτ = 395) are taken from (Moser at al. 1999);

the empirical relation by Dean is given in (Dean 1978).

wall is instead larger than the value given for a flat channel

case at the same Re and calculated by an empirical relation

devised by Dean (1978).

f = 0.292 Re−1/4 (6.3)

The closest available published data from flat channel DNSs

are also reported in Table 6.1. The relation by Dean provides

values which exceed the DNS data. The fact that the friction

factor on the flat wall of the wavy channel is higher with

respect to those predicted by Dean relation for flat channel

case clearly indicates that the undulation of the lower wall

increases the flat wall drag.

6.2 Temperature field

In order to make the temperature fields calculated for the

Prandtl number Pr = 0.025, 0.20 and 0.71 comparable, they

have been scaled. As the θ-field is defined a part from a
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6.2 Temperature field 6 Results of DNS simulations

multiplicative constant, equation (3.13), the scaling has been

performed as follows:

θs = θ · ReτPr
(〈

∂θ

∂y

〉∣∣∣∣
w,u

)
−1

(6.4)

The selected multiplicative constant also makes the tem-

perature distribution in the flat wall region comparable to

those of the flat channel case for isoflux BCs at walls (qw =

ReτPr), that is convenient for the discussion of results.
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Figure 6.8: Profiles of the averaged thermal field θs together

with the mean recirculation bubble. Solid lines correspond

to Pr = 0.71, dashed lines to Pr = 0.20, dash-dot lines to

Pr = 0.025.

Profiles of the averaged temperature field θs are repre-

sented in figure 6.8. As can be noticed, the temperature

distributions depend strongly on the Prandtl number investi-
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6.2 Temperature field 6 Results of DNS simulations

(a) Pr = 0.025

(b) Pr = 0.20

(c) Pr = 0.71

Figure 6.9: Longitudinal view of the instantaneous tempera-

ture fields for Re = 19 000. Red and blue colors correspond

to higher and lower temperature respectively.

gated. A typical turbulent shape is observed in the Pr = 0.71

case, while a laminar profile corresponds to Pr = 0.025, al-
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Figure 6.10: x-Averaged temperature profile. Solid black line

corresponds to Pr = 0.71, dashed lines to Pr = 0.20, dash-dot

line to Pr = 0.025. The grey solid lines correspond to the log-

law for the thermal field. Symbols correspond to DNS data

by Reτ = 180 and circles for Reτ = 395.

though the velocity field is the same. The temperature dis-

tribution calculated for Pr = 0.20 follows more closely results

for Pr = 0.71.

From the maps of the instantaneous temperature fields,

drawn in figure 6.9, it can be seen that, as opposite to the Pr =

0.025 case, for Pr = 0.20 and Pr = 0.71 the smaller eddies are

very different from the largest one, as much by increasing the

Prandtl number. In these cases it results that the Prandtl

number effects on the passive scalar field is similar to the

Reynolds number effects in dynamics of turbulence, where

the difference between the largest eddies and the smallest one
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Figure 6.11: kθ as function of the wall-normal distance from

the flat wall. Solid black line corresponds to Pr = 0.71, dashed

lines to Pr = 0.20, dash-dot lines to Pr = 0.025.

as scale increases with increasing Reynolds number.

With reference to figure 6.8 it can be seen that in the

region close to the upper wall the mean temperature variation

in the streamwise direction are small, the maximum relative

variation (θs,max−θs,min)/Tb = 0.0038, for a distance from the

upper wall which is in terms of friction units y+u = 79. The x-

averaged θs(y
+
u ) profile is represented in figure 6.10, together

with the DNS results by Kawamura et al. (1998) for the flat

channel case. As opposed to Pr = 0.71 and Pr = 0.20 cases,

for Pr = 0.025 a logarithmic region in the mean temperature

profile can not be distinguished. In figure 6.10 the straight

grey lines represent the log-law for the thermal field (Kader

and Yaglom 1972):
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θs
+
(y+u ) =

1

kθ
log(y+u ) + cθ (6.5)

The straight lines are drawn only for the values of the

Prandtl number 0.20 and 0.71, since a constant slope for the

logarithmic profile (1/kθ) can not be obtained for Pr = 0.025,

as shown in the following. Coefficients kθ and cθ of equation

(6.5) have been calculated by using the present DNS data in

the relationships:

kθ(y
+
u ) =

1

y+u

(〈
dθs

+

dy+u

〉)
−1

(6.6)

cθ(y
+
u ) = θs

+ − 1

kθs
log(y+u ) (6.7)

being the equation (6.6) obtained by the y-derivative of

(6.5), and the equation (6.7) correspondent to the equation

(6.5) explicit for cθ. The profile of kθ(y
+
u ) is represented in

figure 6.11. An almost constant behavior is observed for Pr =

0.20 and Pr = 0.71 and for 50 < y+u < 100, where kθ results

equal to 0.41, very close to the value found by Kawamura et

al. (1999) in channel flow (kθ = 0.4). The profile of cθs(y
+
u ),

which is not represented here for sake of brevity, also shows

a plateau, where cθ = −3.8 for Pr = 0.20 and cθ = 2.9 for

Pr = 0.71.

The profiles of the root-mean-square of temperature fluc-

tuations are depicted in figure 6.12 for different axial posi-

tions. For Pr=0.025 case the temperature fluctuations are

less intense and the shape of the profiles does not correspond

to a turbulent temperature field, coherently with the laminar

profiles of the correspondent averaged thermal field. Differ-

ently from the flat channel case minima θ′s,rms are observed
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Figure 6.12: Profiles of θ′s,rms. Solid lines are for Pr = 0.71,

dashed lines are for Pr = 0.20, dotted lines are for Pr = 0.025.

Dash-dot lines in the bottom inset indicate the separation and

reattachment locations.

beyond the half channel height, at y = 1.4, this indicates that

the influence of the lower wall shape is also felt beyond the

half channel height. At the upper wall the profiles do not

vary with the streamwise coordinate, and peaks of tempera-

ture fluctuations are observed at y+u = 15 for Pr=0.71 and

further from the wall, at y+u = 29 for Pr=0.20, consistently

with the thicker conductive layer of the averaged temperature

field in the latter case. Close to the wavy wall the shape of

the profiles significantly changes along x. For the streamwise

location within the recirculation region, i.e x = 0.7, double

peaks appear, the peak closer to the wall corresponds to the
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6.2 Temperature field 6 Results of DNS simulations

top boundary of the mean bubble, while the other one corre-

sponds to the separated shear layer. In the up-slope portion

of the wave, i.e. x = 1.3 and i.e. x = 1.7, where strong tem-

perature gradients occur in the near wall region, a sharper

peak of θ′s,rms is found close to the wall, while the peak cor-

respondent to the separated shear layer seems considerably

reduced.
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Figure 6.13: Profiles of u′θ′s. Solid lines are for Pr=0.71,

dashed lines are for Pr=0.20, dotted lines are for Pr=0.025.

At the bottom, dash-dot lines indicate the separation and

reattachment locations.

Profiles of the streamwise and vertical components of the

turbulent heat fluxes are drawn respectively in figure 6.13 and

figure 6.14. The results obtained for Pr=0.025 are consistent

with the laminar profiles of the correspondent averaged ther-

mal field. Figures 6.13 and figure 6.14 show that the results

obtained for Pr=0.20 and Pr=0.71 markedly diverge in the
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Figure 6.14: Profiles of −v′θ′s. Solid lines are for Pr=0.71,

dashed lines are for Pr=0.20, dotted lines are for Pr=0.025.

At the bottom, dash-dot lines indicate the separation and

reattachment locations.

near wall regions, as much as the separated flow region is

approached, while they almost overlap in the channel core.

Larger peaks are obtained for Pr=0.71. The profiles of u′θ′s,

figure 6.13, show a peak at a distance from the wall which

corresponds to the separated shear layer. Moving from the

separated flow regions on the down slope portion of the wave,

i.e. x = 0.3 and x = 0.7, to the attached flow regions on the

up-slope portion of the wave, i.e. x = 1.3 and x = 1.7, the

peak of u′θ′s occurring in correspondence of the shear layer

becomes less intense, and a further peak appears within the

thermal boundary layer, which is locally very thin. The pro-

files of the vertical component of the turbulent heat fluxes

v′θ′s, figure 6.14, also peak in correspondence to the separated
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shear layer. In the fully accelerated boundary layer which de-

velops on the up-slope portion of the wavy wall, i.e. x = 1.7,

the profile of v′θ′s changes sign and becomes negative, very

similarly to the local behavior of the Reynolds stress profile.

Also, the turbulent contribution to the vertical heat fluxes has

locally the same sign of the advective contribution −vθs, in

fact both θs and v are positive in this region, and it is noticed

that such a concordance occurs even where a peak Nusselt

number is found, as can be seen from figure 6.17.
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Figure 6.15: Quadrant-hole analysis of turbulent heat fluxes

for subsequent axial positions at y+ = 10. Circles correspond

to x = 0.1, dots to x = 0.3 squares to x = 0.5, triangles to

x = 1.0 and asterisks to x = 1.5. Solid blue lines indicate

reference data.
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Figure 6.16: Quadrant-hole analysis of Reynolds stress for

subsequent axial positions at y+ = 50. Circles correspond

to x = 0.1, dots to x = 0.3 squares to x = 0.5, triangles to

x = 1.0 and asterisks to x = 1.5. Solid blew lines indicate

reference data.

As for the Reynolds stress, a quadrant-hole analysis is con-

ducted to investigate on the events contributing to the pro-

duction of turbulent heat fluxes. The quadrant contributions

to the total averaged value of turbulent heat flux Dk
HF (h)

are calculated similarly as for Reynolds stress, section 6.1.

Quadrant-hole analysis has been performed for the same sub-

sequent axial positions and two different vertical distances

from the wall y+ = 10 and y+ = 50, as considered for the

quadrant-hole analysis of Reynolds stress. Further, the re-
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sults obtained at the flat wall do not depend significantly on

x and the contribution φk
HF (h) calculated on the upper flat

wall is referred to as reference data in the following discus-

sion. Figure 6.15 shows that sweep is the leading mechanism

in the formation of turbulent heat fluxes for all y+ = 10 lo-

cations. For x = 1.5, outward interactions contribute in a

large part as well, but they prevail only at smaller distances

from the wall, where also the turbulent heat flux in y direc-

tion becomes negative. At a larger distance from the wall, for

y+ = 50, the quadrant analysis results are very close to the

reference data, figure 6.15, more close for turbulent heat flux

than for the Reynolds stress.

Nusselt number

Pr = 0.025 Pr = 0.20 Pr = 0.71

Nu 12.2 37.1 77.3

Table 6.2: Global values of the Nusselt number.

Profiles of the local Nusselt number Nu(x), equation (3.34),

are represented in figure 6.17. The profile of Nu(x) at the

upper flat wall is almost perfectly horizontal, thus indicat-

ing that the undulation of the lower wall does not influence

significantly the heat transfer rate at the upper wall of the

channel. As the Prandtl number decreases from 0.71 to 0.025

both the local and global Nusselt number decreases too, see

also table 6.2, and this can be ascribed to the laminarization

of the heat transport as the molecular Prandtl number de-

creases from 0.71 to 0.025. The Nu(x) profile at the wavy

wall shows a local minimum after the separation point, and
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a local maximum at the up-slope portion of the wave. The

locations of Nusselt minima and maxima move downstream

for decreasing Prandtl number value. The relative difference

between the maximum and minimum Nusselt value, ∆Nu,

with respect to the mean value of the Nusselt number at the

flat wall, ∆Nu/Nuw,u decreases for decreasing the Prandtl

number, from 1.39 for Pr = 0.71, to 1.27 for Pr = 0.20 and

1.05 for Pr = 0.025, thus showing that the flow separation

and reattachment affect the heat transfer rate as much as the

Prandtl number of the fluid increases from 0.025 to the almost

unity value 0.71.

Turbulent Prandtl number

The turbulent Prandtl number is an important parameter for

practical heat transfer analyses.

Prt =

u′v′
∂θs
∂y

v′θ′s
∂u

∂y

(6.8)

The turbulent Prandtl number is widely used in the tur-

bulence diffusion models, and often it is assumed to be con-

stant and unity, at least for molecular Prandtl number equal

or greater than one. A number of correlations have been

also proposed, which take into account of the Prt dependence

on the molecular Prandtl number and the wall-normal dis-

tance (Kays 1994).

The evaluation of the turbulent Prandtl number is of great

interest for the present case study, where also not unity molec-

ular Prandtl number are investigated and a very different flow
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dynamics develops in the region of the upper-flat wall and

lower-wavy wall.

The equation (6.8) has been evaluated on the base of DNS

results. The wall-normal profiles of turbulent Prandtl number

in the region close to the upper flat wall are represented in

figure 6.18. For Pr = 0.71 the Prt is almost uniform and

around unity, and for Pr = 0.20 it only slightly diverges from

this trend. Instead, for Pr = 0.025 the profile shape is rather

different and higher values are obtained, given a less intensity

of the term v′θ′s in this case.

When turbulent convection is calculated over a non-planar

surface and the flow separates, not only the Prt diverges from

unity but it also loses its significance locally. Maps of the

turbulent Prandtl number in the lower portion of the channel

are represented in figure 6.19. The range of values around

unity, 0.6 < Prt < 1.4, has been selected to discriminate

the regions of the domain where Prt largely diverges form

unity, and going also to ±∞, from the regions where it stays

around unity. For the Pr = 0.71 case, figure 6.19(a), the

turbulent Prandtl number value diverges very close to the wall

and in the areas localized up to the crest of the wave. A very

similar Prt map is obtained for the Pr = 0.20 case. For the

Pr = 0.025 case, as figure 6.19(b) shows, the equation (6.8)

provides diverging values for larger areas and more irregularly

distributed with respect to the Pr ∼ 1 case.

Critical analysis of different turbulent diffu-

sion models

A common practice in the turbulence modeling is to employ

the standard gradient diffusion hypothesis (SGDH) for repro-
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duce the turbulent thermal fluxes. The SGDH model provides

for the present turbulent thermal flux components this formu-

lation:

u′θ′s = − νt
Prt

∂θs
∂x

(6.9)

v′θ′s = − νt
Prt

∂θs
∂y

(6.10)

As highlighted in chapter 2 this approach provides a rather

rough approximation of the turbulent heat fluxes, also for the

basic case of the turbulent flat channel.

In the following, three different turbulence diffusion mod-

els are encompassed. Their accuracy into predict the scalar

flux components, u′θ′ and v′θ′, is assessed against the DNS re-

sults. The variables used in the models formulation are those

calculated with the present DNS, in order to discriminate the

only errors due to the scalar transport modeling.

The selected turbulence diffusion models are those based

on the standard gradient diffusion hypothesis (SGDH), the

general gradient diffusion hypothesis (GGDH) by Daly and

Harlow (1970) and the high order-general gradient diffusion

hypothesis (HO-GGDH) by Abe and Suga (2001). The GGDH

model assumes for the present case the form:

u′θ′s = Cθτc

(
u′2

∂θs
∂x

+ u′v′
∂θs
∂y

)
(6.11)

v′θ′s = Cθτc

(
u′v′

∂θs
∂x

+ v′2
∂θs
∂y

)
(6.12)

where Cθ is a model constant, and τc the characteristic

time-scale, correspondent to the ratio between the turbulent
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kinetic energy and its dissipation rate (k/ǫ). The GGDH can

be considered an improved version of the SGDH, as it also

takes into account the non-alignment of the turbulent scalar

fluxes and the mean temperature gradient.

The HO-GGDH model is an high-order extension of the

GGDH:

u′θ′s = Cθ
τc
k

(
u′2

2∂θs
∂x

+ u′v′
2∂θs
∂x

+ u′2u′v′
∂θs
∂y

+ v′2u′v′
∂θs
∂y

)

(6.13)

v′θ′s = Cθ
τc
k

(
u′2u′v′

∂θs
∂x

+ v′2u′v′
∂θs
∂x

+ u′v′
2∂θs
∂y

+ u′2
2∂θs
∂y

)

(6.14)

A preliminary discussion is performed for the flat channel

flow, before to investigate the more complex case of the sepa-

rated wavy channel flow. The DNS data by Kawamura et al.

(1998) have been used in this case for the models variables

and as reference data for the models predictions of u′θ′s and

v′θ′s. The values of the scalar fluxes provided by the DNS and

by the diffusion models are of different order of magnitude:

the SGDH and GGDH predictions are greater than the DNS

results of O(101), the HO-GGDH predictions are greater than

the DNS results of O(103). For this reason the assessment of

the selected scalar fluxes models is performed just by compar-

ing the unit vector parallel to u′θ′
s
as predicted by the DNS

and by the thermal diffusion models. The unit vectors parallel

to −u′θ′
s
, as predicted by the present DNS and by the three

diffusion models selected, are depicted in figure 6.20. Four

different distances from the wall are considered. The results

obtained for Pr = 0.20 are not shown here as they are very
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similar to those obtained for Pr = 0.71, consistently with the

similar distribution of the correspondent turbulent Prandtl

number and of the mean temperature gradients. From both

the figures 6.20(a) and 6.20(b) it can be seen that the GGDH

model approximates the DNS results at best, but its perfor-

mance gets worse as moving far from the wall. The predictions

of the HO-GGDH model are instead closer to the DNS results

for larger distances from the wall. From the comparison of the

results obtained for Pr = 0.025 and Pr = 0.71 it seems that

the modeled fluxes do to not change with the Prandtl number,

as opposed to the DNS predictions.

The results obtained in the case of the wavy channel are

represented in figure 6.21 for the different streamwise loca-

tions x = 0.3, 0.7, 1.3, 1.7. The results for Pr = 0.20 are quite

similar to those obtained for Pr = 0.71, and they are not

represented. In this case the accuracy of the selected turbu-

lence models varies significantly with both the vertical and the

streamwise coordinate. The GGDH model predictions are in

general in a better agreement with the present DNS results.

The results of the GGDH and HO-GGDH models are in a

fairly good agreement in the mean recirculation region, where

their accuracy seems to be not compromised by the separated

flow conditions. The SGDH, instead, behaves locally at worst,

even by predicting wrong the sign of the streamwise compo-

nent of the scalar fluxes. By comparing the figures 6.21(a)

and (b) the models predictions appear as not significantly af-

fected by the Prandtl number variation, as observed in the flat

channel case, and this confirms the validity of the assumption

of a constant turbulent Prandtl number in eddy-diffusivity

models.
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Figure 6.17: Profiles of the local Nusselt number: the straight

lines represent Nu(x) at the upper wall, the curved lines

represent Nu(x) at the lower wall. Thick-solid lines are for

Pr=0.71, thin-solid lines are for Pr=0.20, thin-dashed lines

are for Pr=0.025. At the bottom, dash-dot lines indicate the

separation and reattachment locations.
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Figure 6.19: Map of the turbulent Prandtl number in the

lower portion of the channel. Dark-grey is for Prt > 1.4;

light-grey for 0.6 < Prt < 1.4 and white for Prt < 0.6.
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Figure 6.20: Unit vectors of the averaged turbulent heat fluxes

u′θ′
s
for the flat channel case. (a) Pr = 0.71; (b)Pr = 0.025.

Gray arrows are for DNS results, square arrows head forthe

GGDH model, star arrows head for the HO-GGDH and circle

arrows head for the SGDH model.
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Figure 6.21: Unit vectors of the averaged turbulent heat fluxes

u′θ′
s
. (a) Pr = 0.71; (b)Pr = 0.025. Gray arrows are for DNS

results, square arrows head for the GGDH model, star arrows

head for the HO-GGDH and circle arrows head for the SGDH

model.
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Chapter 7

Results of RANS

simulations

In this chapter the results obtained by RANS simulations for

Re = 19 000 and only one Prandtl number value Pr = 0.71 are

presented. The two-equations eddy-viscosity models k-ω SST

(Menter 1993) and q-ζ model (Gibson and Dafa’Alla 1995) are

used for the modeling of the Reynolds stress, and the standard

gradient-transport model is used for reproduce the turbulent

heat fluxes.

The results provided by DNS, averaged over the time and

the spanwise direction z, are also reported for comparative

purposes. Both results by RANS and DNS simulations are

shown averaged over one periodicity of the channel, and they

are presented in terms of the non-dimensional variables.

7.1 Velocity field

Figure 7.1 shows the streamlines and velocity magnitude con-

tours of the averaged velocity field as obtained by the two
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DNS q-ζ model k-ω SST

xs xr xs xr xs xr

Re = 19 000 0.14 λ 0.55 λ 0.14 λ 0.47 λ 0.12 λ 0.70 λ

Table 7.1: Flow separation and reattachment locations.

encompassed eddy-viscosity models and by DNS for the se-

lected Reynolds number Re = 19 000. Both the RANS mod-

els successfully predict the occurrence of separated flow con-

ditions, with a fair agreement with DNS. Locations where

flow separation (xs) and reattachment (xr) are detected by

the different numerical methods are listed in table 7.1. The

separation point is captured properly by both models, while

the q-ζ model is found to be more accurate in predicting the

reattachment point. Both RANS models show much thicker

recirculating regions as compared to the DNS results. In par-

ticular, the mean vortex predicted by the k-ω SST model is

remarkably bigger.

It is interesting to note that k-ω SST velocity contours are

almost flat, as if little affected by the wall shape. This is due

to the fact that, in this case, the separated flow almost covers

the entire area between the crests of the wavy wall. Due to

the different sizes and shapes of the mean vortices, contours

are more distorted for q-ζ and DNS instead, the main flow

being deviated towards the ascending segment of the wall.

Above the recirculating region a separated turbulent shear

layer develops, thus raising the turbulence intensity. The ve-

locity maps of figure 7.1 suggest that DNS and RANS com-

putations provide different extension of such region, where

strong vertical velocity gradients occur. In particular, it can
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be inferred that the shear layer modeled by RANS is con-

siderably thinner, and placed at a smaller distance from the

wavy wall. This is confirmed also by the qualitative profiles

of turbulent kinetic energy reported in figure 7.2. Peaks of k

predicted by DNS are found further from the wall than those

predicted by RANS models; the same holds for the location

where the free-stream value is approached. It is interesting

to note that such peaks are not even always present in RANS

profiles, hence corroborating the above observations.

Figures from 7.3 to 7.5 report the profiles of the second

order moment −u′v′, as extracted from the DNS data and

reconstructed from RANS results. All profiles are scaled by

their maximum value. A qualitative analysis indicates that

the q-ζ model gives results which are comparable to those

obtained by DNS, especially in the vicinity of the upper flat

wall. Once again, in the turbulent shear layer, the DNS pre-

dict sharp peaks of the Reynolds stresses that are underesti-

mated by RANS models. Sign inversions of the second order

moment past the reattachment point are also detected by di-

rect simulations. Once again, such features cannot be found

in the RANS profiles: this confirms the fact that RANS mod-

els predict stronger velocity gradients in the vicinity of the

wavy wall, when compared to DNS. As already observed for

k, the intensity of the fluctuations in the core flow predicted

by RANS models is comparable with the peak values close to

the lower wall. This is especially true for the k-ω SST.

A further parallelism between DNS and RANS results can

be observed in the profiles of −u′v′. The second order mo-

ment changes its sign halfway through the vertical extension

of the channel. The vertical location of such a sign inversion

predicted by DNS is fairly well reproduced by both RANS
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models. This confirms the overall adequacy of both q-ζ and

k-ω SST turbulence models for the simulation of the effect of

separation on the main flow.

7.2 Temperature field

Maps of the averaged temperature field in the vicinity of the

wavy wall are depicted in figure 7.6. In the case of RANS, tur-

bulent transport of thermal energy is modeled by employing

a fixed turbulent Prandtl number, equal to Prt = 0.85. The

features of the RANS-obtained thermal fields largely depend

on the computed flow field and, consequently, on the turbu-

lence model adopted.

The comparison of RANS results with DNS brings forth

some remarkable concordances and discrepancies. Firstly, a

look at the temperature contours of figure 7.6 suggests that

peaks of the heat transfer rate are present in the separation

and reattachment areas, whilst the thermal boundary layer

enlarges within the boundaries of the recirculation regions,

creating lower temperature gradients. Such features are ob-

servable both on DNS and RANS results. It is to be noted

that the position and size of the low-temperature spots are

coherent with the predicted size of the recirculation zones;

hence, these appear as more pronounced in the temperature

maps related to RANS results (figure 7.6(b) and (c)). On the

other hand, the thermal boundary layer past the reattachment

point appears slightly thinner in RANS results, if compared

to DNS. Such a tendency can be ascribed to the overpredic-

tion of near-wall velocity gradients already observed for RANS

models, and it is confirmed by the qualitative profiles of fig-

ures 7.7, 7.8 and 7.9, where fluctuations of the vertical con-
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vective fluxes are plotted at selected streamwise locations. As

a matter of fact, the RANS-obtained profiles exhibit strong

negative peaks of the turbulent fluctuations near the wavy

wall, as a result of higher vertical temperature gradients.

DNS q-ζ k-ω

76.2 117.6 60.5

Table 7.2: Global Nusselt number values.

Nusselt number

Table 7.2 reports the global Nusselt number values obtained

by the different numerical methods encompassed. It is seen

that the q-ζ model, although providing a good qualitative

representation of the mean flow and temperature field, over-

estimates the Nusselt number by a rough 50% with respect to

the DNS data, whilst the k-ω SST provides a closer, slightly

underestimated guess, in spite of its worse overall agreement

with DNS results. Such apparent discrepancies are instead

explainable by the observations brought forth in the previous

discussion. All the results suggest that, globally, the effect of

turbulence on flow and heat transfer is significantly overpre-

dicted by RANS models with respect to the directly simulated

regimes. In turn, higher wall temperature gradients are com-

puted past the reattachment point, thus justifying the results

obtained by the q-ζ model. As for the k − ω SST result, it

can be explained by the prediction of a larger recirculation

zone, which, as already observed, is associated with a wider

region of low heat transfer rates, thus compensating the high

gradients in the ascending section of the wavy wall.
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Figure 7.1: Streamlines and contours of the time-averaged

velocity module for Re = 19 000. Mean flow direction is from

left to right.
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Figure 7.2: Profiles of turbulent kinetic energy together with

streamlines for Re = 19 000. Mean flow direction is from left

to right. All profiles are scaled by their maximum value.
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Figure 7.3: Profiles of−u′v′ obtained by DNS for Re = 19 000.
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Figure 7.4: Profiles of −u′v′ reconstructed by q-ζ model data

for Re = 19 000.
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Figure 7.5: Profiles of −u′v′ reconstructed by k-ω SST model

data for Re = 19 000.
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Figure 7.6: Contours of the time-averaged periodic thermal

field for Re = 19 000 and Pr = 0.71.
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Figure 7.7: Profiles of v′T ′ obtained by DNS for Re = 19 000

and Pr = 0.71.
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Figure 7.8: Profiles of v′T ′ reconstructed by q-ζ model data

for Re = 19 000 and Pr = 0.71.
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Figure 7.9: Profiles of v′T ′ reconstructed by k-ω SST model

data for Re = 19 000 and Pr = 0.71.
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Chapter 8

Conclusions

In this work the problem of turbulent forced convection in a

channel with one wavy wall and one flat wall has been nu-

merically investigated. The numerical simulations have been

conducted for a Reynolds number Re = 19 000, based on the

mean bulk velocity and hydraulic diameter. The flow has

been assumed incompressible, fully developed and driven by

a constant pressure drop. The channel walls have been consid-

ered at a uniform temperature. Three different values of the

Prandtl number have been investigated: Pr = 0.025, which

corresponds to the liquid Lead-Bismuth Eutectic, Pr = 0.2,

which corresponds to Helium-Xenon gas mixture, and Pr =

0.71, which corresponds to air. The buoyancy effects have

been neglected, the temperature is a passive scalar, and three

different temperature fields have been calculated for the three

different Prandtl number values.

By means of direct numerical simulations both the ef-

fects of the wavy wall shape and the Prandtl number on

the heat transport mechanisms have been analyzed. Also

with use of DNS results, the reliability of some largely used
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eddy-diffusivity models has been evaluated in relation to the

separated flow conditions and the non-unity Prandtl number

values. Further, by means of RANS simulation, the perfor-

mance of two different eddy-viscosity turbulence models, the

k-ω SST model (Menter 1993) and q-ζ model (Gibson and

Dafa’Alla 1995), selected for their good characteristics, is as-

sessed against the DNS results.

A validation study has been conducted for the DNSmethod.

For the validation of the DNS method a direct simulation for

a Reynolds number of Re = 13 700 based on the mean ve-

locity and the hydraulic diameter has been performed, which

is comparable with those of reference data, the experiments

by Hudson (1993) and DNS data by Cherukat et al. (1998),

available for the velocity field. The profiles of the main av-

eraged quantities and first order moments provided by the

present DNS have been successfully compared with both the

experiments and previous DNS data.

For the discussion of the DNS results, the mean quanti-

ties have been averaged over the three waves and the span-

wise length Lz, besides being integrated in time. For the se-

lected flow regime, the mean flow separates past the crest and

reattaches past the thought of the wave. A separated shear

layer is observed above the mean recirculation region. In the

separated shear layer and in correspondence of the restart of

boundary layer, at the flow reattachment position, the veloc-

ity fluctuations are very intense, and this confirms the benefi-

cial effects of flow separation and reattachment on the turbu-

lent mixing. A change of sign in the Reynolds stress profiles

is observed on the up-slope portion of the wave, where also

the outward interactions represent the main contribution to

the Reynolds stress. Due to the separated flow region, the
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friction factor on the wavy wall is smaller than on the up-

per flat wall. The friction factor on the upper wall is instead

larger than the value given for a flat channel case at the same

Reynolds number, as in this case the undulation of the lower

wall increases the flat wall drag.

The temperature field results to depend strongly on the

Prandtl number investigated. The mean temperature profiles

display a typical turbulent shape in the Pr = 0.71 case, while a

laminar profile corresponds to Pr = 0.025, although the veloc-

ity field is the same. The temperature distribution calculated

for Pr = 0.20 follows more closely results for Pr = 0.71. Also,

the maps of the instantaneous temperature fields show that a

greater difference between the largest eddies and the smallest

one occur as the Prandtl number increases from 0.025 to 0.71.

On the up-slope portion of the wavy wall, the profiles of the

vertical turbulent heat flux change sign, very similarly to the

local behavior of the Reynolds stress. A peak heat transfer

rate is calculated locally, while a minimum heat transfer rate

corresponds to the region after the separation point. As the

Prandtl number decreases from 0.025 to 0.71 the effects of

flow separation and reattachment on the heat transfer rate

are less intense, and the Nusselt number decreases both lo-

cally and globally. The undulation of the lower wall does not

influence significantly the heat transfer rate at the upper flat

wall, where an almost flat profile of the Nusselt number is

obtained. Over the non-planar surface, where the flow sep-

arates, the Prt loses its significance locally: diverging values

are calculated, and for larger areas as much as the molecular

Prandtl number diverges from unity.

From the assessment of the turbulence diffusion models,

standard gradient diffusion hypothesis (SGDH), general gradi-
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ent diffusion hypothesis (GGDH) and high order-general gra-

dient diffusion hypothesis (HO-GGDH), it results that their

accuracy into predict the turbulent heat fluxes varies signifi-

cantly with both the vertical and the streamwise coordinate.

The GGDHmodel predictions are in general in a better agree-

ment with the present DNS results. The SGDH model, which

is the most commonly used for the modeling of turbulent ther-

mal fluxes, in the separated flow region does not even able to

predict the sign of the streamwise component of the scalar

fluxes. The models predictions seem to be not significantly

affected by the Prandtl number variation, and this confirms

the validity of the assumption of a constant turbulent Prandtl

number in eddy-diffusivity models.

Results by RANS simulations, for Re = 19 000 and only

one Prandtl number value, Pr = 0.71, indicate that both the

selected eddy-viscosity turbulence models, the k-ω SST and

q-ζ models, are able to predict the occurrence of flow separa-

tion. Both RANS models predict successfully the separation

location, while a thicker recirculation region and a different

reattachment location result with respect to the DNS data.

Also, the shear layer modeled by RANS is considerably thin-

ner and closer to the wavy wall.

The position and size of the low-temperature spots are

coherent with the predicted size and extent of the recircula-

tion zones, hence, these appear as more pronounced in the

temperature maps related to RANS results. All the results

suggest that, globally, the effect of turbulence on flow and

heat transfer is significantly overpredicted by RANS models

with respect to the directly simulated regimes. In general,

the q-ζ model demonstrates itself to be in a better agreement

with the DNS predictions of mean flow and temperature pat-
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terns. Instead, a less satisfactory concordance is found on

the average heat transfer rates: the q-ζ model overestimates

the Nusselt number by a rough 50% with respect to the DNS

data.

Even if the flow separation is often used for heat trans-

fer enhancement, the mechanisms which are responsible of

the heat transfer increase are not fully understood yet, and

turbulence models commonly used are often not adequate for

investigating such phenomena. This is currently an open issue

which should be fully recognized by the scientific and applied

research community.

Part of the work performed in this thesis focused on heat

transfer in liquid metals. Given the high density of these flu-

ids, practical Reynolds number are rather high. It is clear

from results given in the selected flow regime that the use

of liquid metals in cooling systems would be advantageous

for example in terms of safety, but not for enhancing the

heat transport with respect to the fluids with Prandtl num-

ber of order unity. Direct simulations at high Reynolds num-

ber would be performed, and in these case other numerical

methods would be more suitable than direct simulations, as

large-eddy-simulations or Reynolds stress model.
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