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Keywords: In the case of crossings of isolated pairs of quantum resonances for double-well potentials it
Quantum resonances is possible to observe that, under appropriate conditions, the associated metastable states are
Survival amplitude equally localized on both wells. This property, together with the fact that the imaginary parts

Avoided crossing of the two resonances coincide, results in the establishment of an interference phenomenon

between the two metastable states that characterizes the time dynamics of certain physical
observables. In this way, it is possible to lay the theoretical foundations for the design of a
quantum device to assess whether or not the model’s parameters assume pre-assigned values.

1. Introduction

In his celebrated paper Berry [1] discusses the crossing scenario that occurs for Hamiltonian systems represented by a 2 x 2
matrix depending on the some parameters. In the special case of Hermitian systems the real-valued eigenvalues may cross for some
values of the parameters. Varying the system’s parameters along a closed curve, the eigenvectors undergo a characteristic geometric
phase change when the crossing point is encircled. In the non-Hermitian case the two eigenvalues are complex-valued and we can
observe a richer scenario because, varying the parameters, typically two different kind of crossings may occur. That is, in one case
(named type I crossing) the real parts of the complex-valued eigenvalues show an avoided crossing while the imaginary parts cross;
in the second case (named type I crossing) the imaginary parts of the complex-valued eigenvalues show an avoided crossing while
the real parts cross.

This second type of crossing was described first by Avron [2] for Wannier-Stark ladders of quantum resonances. Later [3]
gave a criterion in order to establish the kind of crossing, again in the context of Wannier-Stark ladders of quantum resonances,
and then [4,5] extended such a criterion to a more general family of Schrodinger operators studied in the semiclassical limit.
More recently [6] explored the avoided crossing scenario and the change of the geometric phase along close paths of the system’s
parameters in the case of quantum resonances of a double-Dirac’s § potential in a constant (Stark) field.

Let us recall that a quantum resonance, associated to a metastable state, is a complex number whose real part is the energy of
the state and its imaginary part is strictly negative and gives the rate of the decay of the state. The mathematical definitions of
resonances are typically stationary; e.g.: if the system is associated to a Schrodinger operator H then resonances may be defined
as the poles of the meromorphic continuation of the kernel of the resolvent operator [H — E]~!. In fact, quantum resonances may
be defined by means of several equivalent ways: e.g by means of the Siegert’s outgoing conditions or by means of complex dilation
methods (see the papers [7-15] and the references therein for a review).

E-mail address: andrea.sacchetti@unimore.it.
1 Andrea Sacchetti is member of Gruppo Nazionale per la Fisica Matematica of Istituto Nazionale di Alta Matematica (GNFM-INdAM). This work is partially
supported by the Next Generation EU - Prin 2022CHELC7 project "Singular Interactions and Effective Models in Mathematical Physics" and the UniMoRe-FIM
project “Modelli e metodi della Fisica Matematica”.

https://doi.org/10.1016/j.a0p.2025.170122

Received 5 May 2025; Accepted 1 June 2025

Available online 14 June 2025

0003-4916/© 2025 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/aop
https://www.elsevier.com/locate/aop
https://orcid.org/0000-0001-6292-9251
mailto:andrea.sacchetti@unimore.it
https://doi.org/10.1016/j.aop.2025.170122
https://doi.org/10.1016/j.aop.2025.170122
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aop.2025.170122&domain=pdf
http://creativecommons.org/licenses/by/4.0/

A. Sacchetti Annals of Physics 480 (2025) 170122

In their seminal paper [16] Garcia-Calderén and Peierls discussed the possibility to expand the propagator operator S* = e~/"#
in terms of the resonances E of the Schrodinger operator H = —:—Xzz + V, where V is a real-valued potential and x € R, and their
associated metastable states; at this moment, for argument’s sake, let us assume the units such that # = 1 and 2m = 1 where m is the
mass of the particle. Let G(x, y; E), with SE > 0, be the kernel of the resolvent operator. For x # y it is an analytic function and its
poles in the non-physical plane SE < 0 are the resonances of H. Assuming that V satisfies some suitable assumptions, for instance V'
is a smooth function with compact support and H has no zero energy resonance, then the kernel U'(x, y; ) of the evolution operator
S’ is given by [17]

Vx,yin = Y e () + > ey () +0(™/?), as t - +oo, )}
resonances E eigenvalues E

where the metastable states y associated to the resonances E are normalized as (¢, y) = 1 and the eigenfunctions (still denoted
by wg) associated to the real-valued eigenvalues E are normalized as usual: (y,wg) = 1; by (-, -) we denote the usual scalar product
in the Hilbert space L2(R, dx).

Suppose to consider now the time evolution of a quantum observable; for instance of the survival amplitude defined as

A@) =y, S'wp)

where y is the initial (normalized) wavefunction; if H has no eigenvalues then (1) becomes

At) = D cpe ™ 1 0073?), as t - 40, )
resonances E
where
cg = Wo. Wg) (W0, Vi) - 3)

Thus, in absence of stable states the survival amplitude decreases in time and we can observe different kinds of decay:

- for short times, in the so called quadratic Zeno region, the dominant term comes from the quadratic approximation of the
exponential [18] ;

- for intermediate times the dominant term comes from the exponentially decay effect associated with sharp resonances (that
is with imaginary part small enough: |SE| < 1);

- finally, for long times the dominant term is given by the power-law tail O(r=3/2).

We consider now the case where the potential V' has a double-well shape and the Hamiltonian H has no eigenvalues and it admits
only two sharp quantum resonances E; and E,. Then (2) takes the form

2
~ —itE
A@) = Z cg e, 4
j=1
for intermediate times, where the coefficients ¢ E depend on the initial wavefunctions y,,. Therefore, from (4) we expect that A(r)
exhibits one of the following behaviour:

- A(t) has a damped oscillating behaviour when the imaginary parts of the two resonances E; are close enough and when the
coefficients cg, are both not too small (in absolute value). In this case an interference effect is triggered and .A(r) has a
pseudo-period given by T = 2z /w, where w = |RE, — RE,|;

- A(t) has an exponential decay behaviour without significant oscillations when the imaginary parts of the two resonances E; are
quite different from each other or when one of the two coefficients ¢, is very small; indeed, for example, if |SE,| < |SE,|
or if cg, ~ 0 then A(*) = cp, e~'E1 has a purely exponentially decreasing behaviour.

In this paper, in order to investigate this fact with numerical experiments, we consider a one-dimensional double-well potential
with two square wells. In fact, in this explicit model numerical investigation becomes relatively easy; furthermore, it is a typical
potential in heterostructures and thus it can be a prototype for a proposal of quantum devices. Eventually, we consider also
theoretical investigations for more generic double-well potentials in the semiclassical limit.

In the case of the potential plotted in Fig. 1 — full line — we say that it is a stable double-well potential and the Schrodinger operator
has discrete eigenvalues in the interval («,0), where a < 0. When we vary the model’s parameters then we can make the eigenvalues
closer and closer; since in dimension one the eigenvalues are always non degenerate then they cannot cross and an avoided crossing
picture occurs.

On the other hand, in the case of an unstable double-well potential (see Fig. 1 - broken line) then there are no eigenvalues but
quantum resonances, and when we vary the model’s parameters they can cross; in particular the two different kinds of resonances
crossing introduced above may occur: type I or type I1 crossings. Only in exceptional cases, for very particular values of the model’s
parameters, the exact intersection of the two resonances may occur.

By means of the new results obtained in this paper we can emphasize that the occurrence of quantum resonance crossing of type
I is related with a further fact: at the crossing point the two metastable states y; and yy, associated to the quantum resonances
E, and E, are substantially equally supported within both wells. This result is well known in the case of eigenvectors associated to
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real-valued eigenvalues for symmetric stable double-well potentials, but the fact that this property holds true even for asymmetrical
stable or unstable double-well potentials is rather new. In fact, we already know that when we broke the symmetry in a stable
double-well potential then the wavefunctions suddenly localize themselves on just one of the two wells [19,20] ; on the contrary,
as far as we know, it is a rather new fact that we can tune the stable/unstable asymmetrical double-well potential’s parameters
in such a way that the two eigenvalues/resonances (almost) cross and the associated wavefunctions/metastable states are equally
supported within both wells.

Therefore, when the initial states y,, is prepared on just one well then, according with (4), we can see an oscillating behaviour
of the survival probability only in the occurrence of quantum resonance crossing of type I. Indeed, for such a kind of crossing then
lcg, | = lcg, | because the two metastable states are equally supported within both wells; on the other hand c¢j ~ 0 or ¢g, ~ 0 in the
case of quantum crossing resonances of type I or, in the case of quantum resonances crossing of type I, when we are sufficiently
far from the crossing point.

The paper is organized as follows.

In Section 2 we introduce the one-dimensional double-well potential with square wells, it is physically inspired from heterostruc-
ture devices studied by means of the envelope function approximation.

In Section 3 we discuss the spectral properties of the stable double-well model. The results described in Section 3.1 in the case of
symmetric stable double-well potentials are basically well known; however, it is useful to take them up again in view of the discussion
of subsequent sections where new results are presented. In fact, we will show that the eigenvectors are substantially supported within
both wells when we are close to a crossing point even in the case of asymmetrical double-well potentials. Furthermore, we give a
rigorous justification of this fact by collecting some results obtained in the semiclassical limit 7 <« 1.

In Section 4 we discuss the resonances crossing in the case of an unstable double-well model. Also in this case we show that the
metastable states are substantially supported within both wells when we are in the type I crossing point. Furthermore, also in this
case we give a rigorous justification of this fact in the semiclassical limit 7 < 1.

In Section 5 we compute the survival amplitude .A(7). In particular, we show that when we are in a neighbourhood of the crossing
point of type I then it has an oscillating behaviour because of formula (4). Since this formula holds true only in approximate sense
we compute the survival amplitude numerically too, by making use of the spectral splitting method (explained in Appendix), in
order to numerical validate the use of formula (4).

In Section 6 we close with some comments and the proposal of a design of a quantum sensor.

2. Description of the model

Here, we consider the one-dimensional time-dependent Schrédinger equation

ho —
Por =My  wn) € LA(R.d2), ®)
w(z,7)| =0 = wo(2)
where y(z) is the initial wave-function; { denotes the Schrédinger operator
n? d?
=—— —— 47V,
2m dz?

formally defined on the Hilbert space L?(R,dz), with potential V(z); & is the Planck’s constant and m is the particle’s mass.

We assume that the potential V has a double-well shape. For instance, in numerical experiments V is a square double-well potential
(see Section 2.1); however, in the semiclassical limit our analysis may be extended to a more general family of potentials, like the
mexican hat potential (see, e.g. [21] and the references therein).

Furthermore, a one-dimensional toy model where the two wells are given by a couple of attractive Dirac’s 6 [22] has been
considered too; in fact, one may extend this model to the case of higher dimension (see [23] for the theoretical treatment of Dirac’s
6 in any dimension). Finally, we should also mention that one can consider the case where the distance between the two wells
vanishes (see [24] for the two-dimensional model, see also the references therein); although this problem may be of some interest
in a general theoretical analysis we must underline that the phenomenon of resonances crossing takes place only when the length
of the inner barrier is sufficiently large.

If we denote

VY, :=liminf V(z)

|z] =00

and V, the two minimum values of the potential then we speak of

- stable double-well potential when V, or V_ are strictly less than V,, in this case the discrete spectrum of H is not empty;
- unstable double-well potential when V, < min[V_,V, ], in this case the discrete spectrum of H is empty.
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Fig. 1. Full line represents a stable double-well potential V, ,, o with an internal barrier with length L, in dimensionless units, and two infinite barriers (-0, x,)
and (x,,+c0). Broken line represents an unstable double-well potential ¥, , , with an internal barrier with length L, and an external one with length L, in
dimensionless units. For sake of definiteness in the picture we have chosen «; = a, = @; and a < 0 denotes their common value.

2.1. Heterostructure potential

Square double-well potentials will be considered in numerical experiments; thus we will introduce them in detail. Furthermore,
they are useful in order describe the dynamics of electrons in heterostructures (see [25] for a review on heterostructures). For
instance, we may consider GaAs/Ga, Al As heterostructures, where s € (0,1) and r = 1 — s, with two wells of the kind

Ga, Al As[¢,, - GaAs[ty - Ga, Al As[¢,, -GaAs/Ga, Al As., (6)

The two wells have lengths ¢, and ¢, and the internal (or inner) barrier has length £, . In the envelope function approximation
the time independent Schrédinger equation is reduced to a one-dimensional equation where the potential has a stable double-well
shape with two square wells (see Fig. 1 — full line — in dimensionless units). We also extend our analysis to the unstable double-well
model of the kind

Ga, Al As[¢,, - GaAs[ty - Ga Al As[¢,, - GaAs[t),, - Ga, Al As/GaAs, @

where ¢, is the length of the external (or outer) barrier; in such a case the shape of the one-dimensional potential in the envelope
function approximation is represented in Fig. 1 — broken line — in dimensionless units.
With more details, in the envelope function approximation the time independent Schrédinger equation takes the form
n? d?

HI[IZSW where H:_mﬁ-'- U1,09,03 *

z€R, ®

where m is the effective mass of the electron. The potential V, (z) is a piecewise constant function of the form

1,02,03
0 ifz<z :=0

v ifzy<z<zy =247,
0 ifzp<z<z3:=2+7¢
v, ifzz<z<zyi=z3+47,,
0 ifzg<z<z5:=24+7¢),
vy ifzg<z

Yoy ,0p.05(2) = , where v,0, <0 and v; <0. ©)

Thus, the two wells correspond to the intervals (z,, z,) and (z3, z,), the internal barrier corresponds to the interval (z,, z;) and the
external barrier, that is present when v; < 0, corresponds to the interval (z,, z5). Hereafter, for the sake of definiteness, we have
chosen z; = 0.

Remark 2.1. We underline that this model includes the case where the external barrier has infinite length, i.e. £,, = +co, by choosing
vy =0, as in Section 3. Furthermore, we emphasize that in the case of heterostructures of the kind (6) and (7) the potential in the
well has the same value, i.e. v; = v,; however one can consider, in principle, even cases where v; # v, as in Section 3.2.

Remark 2.2. In this paper we consider the simplest case where the effective electron mass in the wells coincides with the one in
the barriers and it is given by m = 0.067m,, for GaAs lattices (m, is the electron mass) and the matching conditions are of the form

w(z) and dy (@)

continuous at z,, n=1,...,5. (10)

In fact, such an approximation holds true provided that the parameter s € (0, 1) is not too large, typically s < 0.3 (see Fig. 2.17
by [25]). A more refined model is to assume that the effective mass m,, in the wells is different from that m, in the barriers; that is,
if we denote by y,,(z), (resp. w,(z)), the solution of the time independent Schrodinger equation in the wells (resp. barriers), then
the matching conditions satisfy the so-called Ben-Daniel and Duke conditions (see §2.6 by [25])

1 dyy(z,) 1 dy,,(z,)

w(z,) = w,,(z,) and m—b iz Tm dz n=1,....5. an
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However, in this paper, we do not dwell on the analysis of such matching conditions (11).

2.1.1. Dimensionless units
If we set z = Ax, where 1 = 1A = 10719 m then Eq. (8) takes the dimensionless form

d2
Hy = Ey where H=—d—W+V

2 ay,0p,03 °

x €R, (12)

where £ = AE, V= AV, A= 3 x,=2z,/i, n=1....5, and (see Fig. 1)

0 if x<x,:=0
a  ifx;<x<x,
0 if x, <x < x3
a ifxy<x<xy
0 if x4 < x < x5
ay  if x5 <x

vV, (x) =

00,03

where a;=v;/A, j=12,3. 13)

Then, the lengths of the wells and barriers are, in dimensionless units, ij = A’lfwj and L,,j = A’lf,,j, j = 1,2. Furthermore, Eq. (5)
becomes
{ i‘;—"t’ = Hy, where t= At/h

14
w(x, Do = Yo(x) a4

Remark 2.3. Since m = 0.067m,, for a GaAs lattice then

2 2.2
A= —01100)- 10716 5
2 mA? Kg-m?
Concerning a;, in the numerical experiments we assume, for the sake of definiteness, that v 5 is of the order of some hundreds of
meV; for instance, if v ;= =165 meV (which corresponds to the case s ~ 0.2) then

a;=0v;/A=~165 meV/A = —0.264(4) - 1072.

3. Stable double-well model

In this Section we discuss at first the spectral properties of the Schrédinger operator H formally defined by (12) on L%(R), where
a,ay < 0 and a3 = 0 (see Fig. 1 - full line); in this case stationary states are admitted and for this reason we denoted this model
as stable double-well model. In particular, in Section 3.1 we consider the case of stable double-well potentials with a; = a,; in
Section 3.2 we consider the case where a; # a,.

In both cases, by varying the model’s parameters we show the occurrence of the avoided crossing phenomenon between the two
energy levels of the stationary (ground) states. Then, we numerically show that in a neighbourhood of the (avoided) crossing point
the associated wavefunctions are equally supported within both wells; outside of this neighbourhood it turns out that one of the two
wavefunctions is mostly supported within just one of the two wells, while the other wavefunction is mostly supported within the
other well.

Eventually, in Section 3.3 we prove that the above result can be explained in the semiclassical limit when # goes to zero, with
a full agreement with the outputs of the numerical experiment performed for fixed values of the parameters in a realistic model.

With more details, the spectrum of the Schrédinger operator H, formally defined on L*(R) as H = —:—; + Vayar.00 is such that
6,5s(H) = [0, +00), where o,,,(H) is the essential spectrum of H. The discrete spectrum of H, that consists of isolated eigenvalues,
is contained in the interval (a,0), « = min(e,, @,), and the eigenvalues and wavefunctions are obtained by assuming the matching
conditions

d .
w(x) and % continuous at x,, n=1,...,4, (15)
and the outgoing conditions
w(x) > 0 when x — +co.

Since we are interested in studying the avoided crossing phenomenon for an isolated doublet of eigenvalues E, and E, of H, then
we look for a general solution to equation Hy = Ey for E € (&,0), @ = max(a;, a,) < 0, given by:

aexp(kx) if x<x; :=0
beos(hyx) +csin(hyx)  if x; <x<x,
w(x) =9 dexp(kx)+eexp(—kx) if x; <x<x3
fcos(hyx) + gsin(hyx)  if x3 <x < x4
hexp(—kx) if x4 <x
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Fig. 2. Here we plot the avoided crossing picture for the two states E, < E, (the ground state E, is the full line, E, is the broken one) of H when the length
L,, of the second well varies from 40 to 80; since the length L, of the first well is 60 then the avoided crossing point is for L,, = L,, =60. The length of the
barrier is L, =40 in the left hand side panel, in the right hand side panel we consider the case of a larger barrier with L, = 80. The dot lines correspond to
the eigenvalues of the two single well operators H, and H, defined by (16) obtained by filling one of the two wells.

where
k=V-E>0 and h;=/E—q;>0, j=12.

By choosing the parameters appropriately, the discrete spectrum of H has a doublet of two ground states with energy levels E, and
E, which almost cross each other for some values of the model’s parameters.

Here, we consider two different situations. In the first one both wells have the same depth, i.e. a; = a,; we refer to this model
as a symmetric stable double-well model. In the second one the two wells have different depth, i.e. a; # a,; we refer to this model as
a asymmetrical stable double-well model.

3.1. Eigenvalues avoided crossing in a symmetric stable double-well model

Here, we consider two numerical experiments with different barrier lengths; we assume that:

- The heterostructure parameter s is chosen such that «; , = —0.264(4) - 10~2 in dimensionless units, furthermore a; = 0.
- The left hand side well has length L,, = 60 in dimensionless units.

- In the first numerical experiment the barrier has length L, =40 in dimensionless units; in the second numerical experiment
we consider the case of a larger barrier where L, = 80 in dimensionless units.

- The value L,, of the length of the other well runs between 40 to 80 in dimensionless units.

For these values of the model’s parameters the discrete spectrum of H has stationary solutions with two ground states with
energy levels E; < E, that almost cross each other at L,, = L, because of the symmetry of the potential. We plot the avoided
crossing picture in the case where L, =40 (see Fig. 2 - left hand side panel); in the case of a larger barrier such that L, = 80 the
avoided crossing picture is plotted in Fig. 2 - right hand side panel. One can observe the typical avoided crossing phenomena: that
is when L, is close to L,, the two eigenvalues E, and E, become closer and closer but they cannot cross because the ground state
E, is always non-degenerate (in fact, in dimension one all the eigenvalues are non-degenerate). The avoided crossing phenomenon
is more evident for larger barriers. In Fig. 2 we also plot — dot lines — the energies of the ground state of the two operators

d2 2

d
Hl = —E + Val,OA,O and H2 = —E + VO,az,O (16)

with single well potentials V, o, and V;,,  obtained by filling one of the two wells.

As a further analysis we estimate how much the normalized wavefunctions y, and y, associated to E, and E, are supported
within each of the two wells. In fact, it is well known that in the symmetric case, where L,, = L, , the two wavefunctions y, and
v, respectively are even and odd functions and then they are equally supported within both wells. In order to give a measure of
how much the wavefunctions are supported within each well let us introduce the following quantities:

X X4
P, :/ |Wj(x)|2dx and P, :/ |Wj(x)|2dx’ j=12. an
X1

X3
If one wavefunction, say v, is mostly supported within just one well, say the left hand side well [x;, x,], then P, , will be close
to the value 1 and P, to the value zero. On the other side, in correspondence of the crossing point, that is when L,, = L,,, the

two wavefunctions are even and odd functions and then P,=P,~ %, j=12.

wy?
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Fig. 3. In the case of L, =80 we plot the graphs of the quantities P, , (full line) and P,, (broken line) in the left hand side panel; in the right hand side panel
we plot the graphs of the functions P,, (full line) and P,, (broken line). When L,, runs in the interval [55,65] the well where each wavefunction is mostly
supported interchange with the other one.

We have numerically computed the quantities P, , and P;,, j = 1,2, in the case of larger barrier corresponding to L, = 80; as
one can see in Fig. 3 the two wavefunctions are mostly supported within just one of the two wells when we are far from the crossing
point (that is when |L,, — L, | 2 5), and

|
PM;%P =, j=12,

Jr 2
when the model’s parameter L,, is in a neighbourhood of the crossing point. With more details, it turns out that the first
wavefunction y; is mostly supported within the left hand side well [x,, x,] when L,, < L,, —5, and when L, becomes bigger than
L, +5 then y, is mostly supported within the other well [x3, x,1; the opposite situation holds for . On the other hand, when L,
runs from L, -5 to L, +5 then the interval where y,; is mostly supported switches from the first well to the second one, and the
interval where y, is supported switches from the second well to the first one. A similar result holds true also when L, =40, even
if the neighbourhood of the crossing point in which the wavefunctions switch the well where they are supported with the other one
is larger of the one observed for L, = 80; in fact, one can check that the switch of the wells occurs when L,, runs from L, - 15
to L, +15.

3.2. Eigenvalues avoided crossing in an asymmetrical stable double-well model

From 2 and 3 it turns out that the avoided crossing phenomenon between the two energy levels E, and E, is connected to
the fact that the two associated wavefunctions are, at the crossing point, supported within both wells. In the case of symmetric
potentials, where a; = a, and L, = L,,, this phenomenon can be explained by means of the fact that the wavefunctions must
be even or odd functions and thus P, , = P;, at the crossing point. The question now is: what happens in the case of asymmetrical
potentials? Because in dimension one the eigenvalues are always non-degenerate then the avoided crossing phenomenon still occurs
even for asymmetrical potentials; but, in principle, its is not clear whether at the crossing point the wavefunctions are still equally
supported within both wells like in the case of symmetric potentials. In order to understand what happens we consider now the
numerical experiment where:

- a; = —0.264(4) - 1072 < a, = —0.2 - 1072; hence, we are considering an asymmetrical double-well potential where one well is
deeper that the other one;

- L, =60;

- L, =80;

- L,, runs in the interval [110, 150].

In a neighbourhood of L,,, = 130 we can observe in Fig. 4 an avoided crossing picture between the two energy levels E, and E,, and
the two associated wavefunctions y; and y, are supported within both wells; on the contrary, when L, has value quite different
from the critical value where the avoided crossing phenomenon occurs, that is |L,,, —130] 2 10, then each wavefunction is mostly
supported within just one of the two wells. Hence, also in the case of the asymmetrical stable double-well potential considered
we have the same picture already observed in the case of the symmetric stable double-well potential; that is the avoided crossing
phenomenon is associated to the interchange of the well where each wavefunction is supported.
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Fig. 4. In the case of asymmetrical double-well where a, < @, the two ground states E, (full line) and E, (broken line) exhibit in the left hand side panel an
avoided crossing scenario in a neighbourhood of the value of L,, for which the two ground states (dot lines) of the single well operators H, and H,, obtained
by filling one of the wells, exactly cross. We also plot the graphs of the quantities P, , (full line) and P,, (broken line) — central panel — and of the quantities
P, , (full line) and P,, (broken line) - right hand side panel.

3.3. Explanation of the avoided crossing picture in the semiclassical limit

From the numerical experiments performed in Sections 3.1 and 3.2 we can conjecture that in stable double-well models, both
symmetric and asymmetrical, the avoided crossing phenomenon of isolated doublets of energy levels is always associated with the interchange
of the well where each wavefunction is supported.

In order to theoretically understand why an avoided crossing scenario occurs for both symmetric and asymmetrical stable double-
well potentials and where the associated wavefunctions are mostly supported we make use of the semiclassical results (which means
h <« 1) developed by Helffer and Sjostrand [26,27] . In such a treatment some regularity assumptions on the potential V are required.

The idea is that the two eigenvalues E,, E,, and the associated wavefunctions y, and y,, are connected to the ones of a simple
2 X 2 symmetric matrix

u P
(18)
< S )
where y, and p, are the ground states of the two single well operators similar to H, and H,, defined by (16) obtained by filling

one of the two well, and where f is a real-valued coupling semiclassical parameter. In fact, the eigenvalues of the matrix (18) are
given by

1 1
3 ) £ 54/ Gy = o) + 42

and thus at the crossing point the splitting of the two eigenvalues is given by |p|.

3.3.1. General setting
We recall some facts by making use of the notation in §4 by [27] and simplifying, as much as possible, the treatment. In this
section we denote by H = — ;’—mA+v the Schrédinger operator formally defined on L?(R?) (in our one-dimensional model introduced

in Section 2 we have d = 1), for argument’s sake [27] we assumed that 2 m = 1, if not we simply rescale 7 — h/v/2m. The potential
V(z), z € R?, is assumed to be a regular, i.e. ¥ € C®(R9), real-valued function such that

=00 < Vpjp = zienngd V(2) < Vo = \li?l‘llf, V(z).
Let

VI (Vi) = {2, j=1,2,... N}
for some N > 1. Then for any fixed V,;, < € < V,;, + 6 <V, for some 6 > 0 small enough, let

—1 _ N

V7 (-0, ) = UL U
where U; are compact and disjoint sets called wells with zero diameter with respect to the Agmon (pseudo-)distance p, defined as
follows:

Az, 8 E) = irylf/\/max[v —&,0lds
r

where y is any path in R? connecting z and ¢. In the case of a double-well potential then N = 2 for any £ bigger than the two
minimum values of V. In the following, for argument’s sake, we assume that V;;, < 0 and we fix £ = 0.
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Let
B, = {z € RY : pa(z,U;;0) < n}

where 5 > 0 is fixed and small enough. Let M; = RY\ [U,;B,,| and let P; be the Dirichlet realization H on M;.

Remark 3.1. In fact, we may also introduce the single well Schrodinger operator formally defined by ; = —%A +V; on L*(RY)
where V,=¢;V; ¢;isa smooth function with values in [0, 1] such that

_ 0 if z¢ B i 20
¢f(z)_{ 1 if ze B,
That is V; is, in fact, the single well potential obtained by filling all the wells, but the jth one. Then, in the semiclassical limit, the
discrete spectrum of P; coincides with the one of 7, j =1,..., N.
Let I(h) = [@(h), f(h)] be a given interval such that
};IE(]) ah) = ;1113% Bh)=0.
By construction, the spectrum of ¢(#) of H in the interval I(h) is purely discrete, as well as the spectrum o(P;) of each P;. Then

(see Theorem 4.2.1 [27]) it is possible to prove that there exists a one-to-one correspondence

b U, [oP)nIn)] - o(H) N I(h)

such that
[b(A) = Al < Ce™/™ YA€ a(P) N I(h),
for some C > 0 and ¢ > 0 independent of 7 and A.
Let n (resp. n;) be the cardinality of the set of discrete eigenvalues (counting multiplicity) of H (resp. H;) in I(h), by the above
result it follows that n = Zji V1S and let us denote by y,, the normalized wavefunction associated to &,, € c(H)NI(h), m=1,...,n,

and by @i those associated to Hjp Ec(PNI(), € =1,...,n;. Let y; be the smooth function with values in [0, 1] which is zero in
the neighbourhoods B, , of the wells U, and one outside the larger neighbourhoods B, ,, containing the wells Uy, for # # j; let

l{lj,k =XiPjk> k= 1,2,...,nj.

If we denote by IT the eigenprojector operator associated to the eigenspace F of H in I() then we set
Vi =¥

this family of vectors can be proved to be a basis of the space F and we denote by e; , its orthonormal realization. By construction
the vectors @; , ¥; 4, v;, and e; , are essentially supported on the set B;, containing the well U;; in particular

/ |ej<k|2dz~l and / |ejyk|2dz~0 as h<1, forany k=1,....,n;.
Bj, Rd\Bj.ﬂ

3.3.2. Application to the stable double-well model

We restrict now our analysis to the one-dimensional (i.e. d = 1) double-well case (i.e. N = 2), where we choose the interval I(#)
such that it contains just two discrete and simple eigenvalues o(P;) N I(h) = {u;}, j = 1,2; in such a case n; = n, = 1 and thus we
simply denote u I for u 15 € for e L and so on. Then (see Theorem 4.3.4 and formula (4.3.29) by [27]) in the semiclassical limit
h < 1 it follows that the restriction of H to the eigenspace F is simply described by means of the 2 x 2 matrix:

b m

where § is a real-valued coupling parameter such that g = O(h~No)e=7i/" for some N, € N and where p; := p,(U;,U,;0) > 0 is the
Agmon distance between the two wells U; and U,.
Therefore 6(H) n I(h) has only two eigenvalues &; , approximated by the two eigenvalues of the matrix in (19):

1 i1 —p; .
& = S0+ )+ (CIY S\ Gy = i) + 452 + O(™)e /M j=1.2,

with associated normalized wavefunctions

< mo P >+O(h°°)e"’i/h as h<1 19)

W ~up ety ey, as h<1;

Uy ; ) . . . .
where u; = < Lj > = \,:_II are the normalized eigenvectors of the matrix; that is:
Up i Uj
J

1 1
“’f:< bt >=< Ly = ) = (<1 5 Gy = 1P + 42 ) 20)

9
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In conclusion; when we are in a neighbourhood of the crossing point, that is |4; — u,| < ||, then

1 1/v2
ij( —=1 ) ” ”’N< ~-1//V2 > wheh

which means that the two wavefunctions are both equally supported within the two wells. On the other hands, if we are far from
the crossing point, that is when |y, — uy| > ||, then

1
w1~< i~ > and w2~< (1) ) as h<l1,
p

that is

u1~<(1)) and u2~<(1)>, as h<l1,

which means that one wavefunction is supported within one well and the other wavefunction is supported within the other well.
We can summarize these semiclassical arguments in the following proposition:

Proposition 3.1. In a stable double-well model the (avoided) crossing of isolated doublets of eigenvalues E, , is related to the fact that
the associated wavefunctions y, , are equally supported within both wells in the sense that P;, ~ P;, ~ %, j = 1,2, as h goes to zero,
in a neighbourhood of the crossing point. On the contrary, when we are far from the crossing point then each associated wavefunction is
supported within just one well.

Remark 3.2. This theoretical result, which holds true in the semiclassical limit as 7 goes to zero, is in a good agreement with the
numerical experiments (see Figs. 4 and 5) obtained for a fixed value of the Planck constant. In fact, potential v, ,, . does not
satisfies the above regularity assumptions; however, we could regularize it in order to fit with the conditions of [27] .

4. Unstable double-well model

Here we consider the spectral properties of the Schrodinger operator H formally defined by (12) where, in dimensionless units,
the unstable potential Veay agsas 0 is the piecewise constant function (9) with a; < min(e;,a,) < 0 (see Fig. 1 - broken line). Thus,
the two (internal) wells correspond to the intervals (x|, x,) and (x3,x,), and the two barriers correspond to the interval (x,, x3),
conventionally denoted internal (or inner) barrier, and to the interval (x,, x5), conventionally denoted external (or outer) barrier.
In contrast to the case discussed in Section 3, where for a; = 0 the operator H may have eigenvalues, in the case a3 < min{a;, ,}
it cannot have eigenvalues, but quantum resonances associated to metastable states, and for such a reason we call V,, ,, ,, an unstable
double-well potential. In fact, quantum resonances have a strictly negative imaginary part, and the discussion of their intersection
as the model’s parameters vary is much more intricate than the one discussed in Section 3 in the case of real-valued eigenvalues.

More precisely, we recall that we may have two types of crossings between two resonances E; and E,:

- Type I crossing when there is an exact crossing of the imaginary part of the resonances, i.e. SE, = SE,, and an avoided
crossing of their real parts;

- Type II crossing when there is an exact crossing of the real part of the resonances, i.e. RE, = RE,, and an avoided crossing
of their imaginary parts.

With more details, it is well known that ¢(H) = 0,,(H) = [a3,+c0) if a3 < a;,, and then the discrete spectrum is empty and
there are no eigenvalues. Eventually, there exists quantum resonances defined by means of the matching conditions

w(x) and % continuous at x,, n=1,...,5, 21)
and from the outgoing conditions

w(x)—>0 as x - —©
and (Siegert’s approximation method, see i.e. [8])

w(x)=e* for x> x5, where hy=+E —a3.

Because E can take complex values, it is necessary to specify how the cut in the complex plane for the square root function is
chosen; we define \/E for w € C\ [0, +o0) such that S\/E > 0, everywhere; for w € [0, +00) we write \/E =Vw+i0.
The general solution to equation Hy = Ey satisfying the outgoing conditions, where RE € (a3,0) and SE <0, is

aexp(kx) if x<x;:=0
bcos(hyx) + csin(h;x) ifx; <x<x,
d exp(kx) + e exp(—kx) if x, <x < x3
fcos(hyx) + gsin(hyx)  if x3 < x < xy
hexp(kx) + ¢ exp(—kx)  if x, < x < x5
mexp(ihsx) if x5 <x

y(x) =

10
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Fig. 5. Let L, =60. Here we plot the real part (left hand side panel) and the imaginary part (central panel) of the two resonances E, (full line) and E, (broken
line); dot lines correspond the real part of the quantum resonances of the two unstable single well operators. In this case we observe a type I crossing. In the
right hand side panel we plot the quantities P, , (full line) and P,, (broken line).
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Fig. 6. Let L, = 100. Here we plot the real part (left hand side panel) and the imaginary part (central panel) of the two resonances E, (full line) and E,
(broken line); dot lines correspond the real part of the quantum resonances of the two unstable single well operators. In this case we observe a type I/ crossing.
In the right hand side panel we plot the quantities P, , (full line) and P, (broken line).

where

k=+v—-E and hj=,/E— s J=1,2,3.

Here, for the sake of simplicity, in the numerical experiments we assume that the unstable double-well is such that

a=a;=ay=0a3<0.

4.1. Resonances crossing in an unstable double-well model

We consider two numerical experiments, one with a (relatively) small internal barrier, and the other one with a (relatively) large
external barrier. In both models:

- The heterostructure parameter s is chosen such that « := &) 53 = —0.264(4) - 102 in dimensionless units.

- The left hand side well has length L,, = 60 in dimensionless units.

- The external barrier has length L, =40 in dimensionless units.

- In the first experiment the internal barrier has length L, = 60 in dimensionless units; in the second experiment the length of
the internal barrier is larger, i.e. L, =100 in dimensionless units.

- The value, in dimensionless units, of the length L,, of the right hand side well runs between 40 and 80.

Let E; and E, be the two resonances of H with lower energy levels; when L, runs in the interval [40, 80] the real and imaginary
parts of these two resonances vary and, for a critical value for L,, , they may cross. From the numerical experiments it turns out
that when the length of the internal barrier is small enough, e.g. L, = 60 in dimensionless units, then the crossing point is for L,,
close to the value of L, and one can observe in Fig. 5 a type I crossing. On the other side, when the length of the internal barrier
is large enough, e.g. L, = 100 in dimensionless units, then also in this case the crossing point is for L,,, close to the same value as
before but, as one can observe in Fig. 6, a type II crossing occurs.

11
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As done in Section 3, even in the case of resonances we can estimate how much each metastable state y; associated to the
resonance E;, j = 1,2, is supported within one of the two wells by means of the quantities P; , defined in (17).

Remark 4.1. We have to stress that the normalization condition for metastable states must be discussed; in our numerical
experiments, for argument’s sake, we assume the normalization condition on the two wells; that is we assume that

X4
/ ly;()Pdx=1, j=1,2.
X1

In Fig. 5 - right hand side panel - we plot the functions P, , and P, for L, = 60 and we see that at the crossing point of the
imaginary parts of the two resonances there is an interchange of the well where y, is mostly supported; a similar result holds true
for y,. In contrast, in Fig. 6 - right hand side panel — we plot the functions P, , and P, for L, =100 and we see that in this case
there is no an interchange of the well where y, is mostly supported; a similar result holds true for y,. Thus, we can conjecture that
in an unstable double-well model the crossing phenomenon of type I of quantum resonances is associated with the interchange of the well
where each metastable state is mostly supported; on the other hand, in the case of crossing phenomenon of type 11 of quantum resonances
there is no interchange of the well where each metastable state is mostly supported.

4.2. Explanation of the resonances crossing in the semiclassical limit

Even in the case of quantum resonances a result similar to the one given in Section 3.3 holds true for the operator

n? g2
H——EE+V, (22)

where V is an unstable double-well potential with two minimum points z; and z, such that
Vpin = V(z1) =V(23) 2V, := llirflinf V(z).
Z|—00

Also in this section, for argument’s sake, we fix the units such that 2 m = 1.

In fact, in the semiclassical limit # < 1 and under the assumption that the unstable double-well potential V is an analytic function
satisfying some technical assumptions (see Hypotheses 1-3 in [4,5]) has been proved that the reduction to a 2 x 2 matrix of the
form (19) gives the two resonances and the associated metastable states; furthermore, a criterion in order to establish the kind of
crossing has been provided. These results can be summarized as follows.

For some fixed £ > V), then V™! ((—c0, £]) = U, UU, U O, where the two wells U, and U, are compact and disjoint sets with zero
diameter with respect to the Agmon distance, and where O is an unbounded set. For instance, if V is the square potential V, ,, ..
as in Fig. 1 — broken line — and max[v;,v,,v3] < € < 0 then U, = [z,, z,] and U, = [z3, z4] are the two wells, [z,, z;] is the internal
(or inner) barrier, [z, z5] is the external (or outer) barrier and O = [z5, +).

Let H; = —hzﬁ +V;, j = 1,2, be the two single well Schrédinger operators defined as in Remark 3.1 ; then, one can prove that
(see [4] and, in particular, Lemma 13) H; has a ground state resonance u ; such that Ru o~ yf’, where u? is the discrete ground
state eigenvalue of the operator P; defined in Section 3.3 with zero Dirichlet boundary condition outside a neighbourhood of the
Jjth well U;. Furthermore,

-~ U..0:uP
3'(/4])— ¢je 2pa( ij.Mj )/h, j—1,2,
where

AU}, 03 ) = Pa(z i p})

inf
z€0U;,{€00
is the Agmon’s distance between the well U; and O and where ) ;> J = 1,2, are positive constants such that
—1p=1/2 & 7 1/2
c'n 2 <, <cnl (23)

for some positive constant C. In order to study the crossing scenario we observe that, by varying the values of the parameters of
the model, we may have that Ry, and Ry, take the same value y; this is the crossing point. Assume that at this crossing point we
have that p,(U;, O; u) = p; + p, where p; := p,(U;,U,; p) is the Agmon’s length of the internal barrier and p, := p,(U,, O; p) is the

Agmon’s length of the external barrier. For instance, in the case where V=7V, , . then this condition is fulfilled where

pi = pa(zp,2354) and p, = p (24,255 1) -

Then, similarly to Section 3.3, we can compute the resonances of H = —hzj—; + V by means of the reduction to the 2 x 2 matrix
(19), with a different remainder term (see [4,5] for details), where the complex-valued coupling term f is such that g ~ Jeri/h as
h goes to zero, and where || satisfies (23). Therefore, the two ground state resonances of M are given by

1 1
Eo~ 5(;41+;42)1\/Z(;41—/42)2+ﬁ2, as h<1.

12
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From this fact it follows that in the semiclassical limit # < 1 and in a neighbourhood of the crossing point the unstable double-well
operator } has two resonances &, , with real part close to u. In particular, we have that

Ejp~p— i%q;ze_zf’f/h + %\/—qgge““’e/h + @le~20i/h | as hx 1,
at the crossing point where u := Ru; = Rpu,. Therefore
- if p; < 2p, then
Eg~p— i%@e‘zﬂe/" + %cﬁe‘”i/h, as h<1,
and so we observe a type I crossing;
- if p; > 2p, then
Ejp~p— i%qsze_z”e/h + i%(}sze_z”eﬁ' , as h<l,
and so we observe a type I crossing.
For what concerns the metastable states v , associated with &, it turns out that the two eigenvectors w; of the 2 x 2 matrix
are given by (20). Therefore, at the crossing point where Ry, = Ry, then

1
F2e2Cre=r/h as h<1.

Wi~ _gye2ee/n ’ +1
442

24317*/71/ h

— (=1
Hence,

- if p; < 2p, then

1
wj~< L ) 24)

the normalized eigenvectors u; of the 2 X 2 matrix are given by

B 1/V2
N < ~Y/V2 ) (25)

and the metastable states y, , are equally supported within both wells.
- if p; > 2p, then

1 1
w, ~< 0 > and w2~< %e—(Zﬂe—m/h ) (26)

the normalized eigenvectors u; of the 2 x 2 matrix are given by

u1~<(1)>andu2~<(1)> 27)

and the metastable states y, , are mostly supported within different wells.

We can summarize these semiclassical arguments in the following proposition:
Proposition 4.1. In an unstable double-well model the crossing of the two resonances &, , can generically be of type I or 1. In particular,
in the semiclassical limit h < 1:

- if p; < 2p, then we have a type I crossing
- if p; > 2p, then we have a type II crossing

where p; is the Agmon length of the internal barrier and p, is the Agmon length of the external one.
Furthermore, in the case of type I crossing the associated metastable states y, , are equally supported within both wells in the sense that

Py~ P~ %, Jj = 1,2, as h goes to zero, in a neighbourhood of the crossing point. On the contrary, when we are far from the crossing

point or when we are in the case of type I crossing then the two metastable states are mostly supported within different wells.

Remark 4.2. In the one dimensional model (22) where the potential V is given by the piecewise constant function (9) we have that

23
pi = / \/ vz)l,uz,u3(z) - ﬂdZ = (23 - ZZ) V—H= fb] V—H
Z
25
Pe = / \/ Vu],vz.v3(z) —udz= (ZS - Z4) V—H= sz V—H-
24

13
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Therefore, in the first experiment where £, = 60A and Cy, = 40A then

s 3

2, 26, 4
and there is a good agreement between the semiclassical result and the kind of crossing (see Fig. 5). In the second experiment where
¢y, =100A and £, = 40A then

s s

20, 26, 47
and also in this case there is a good agreement between the semiclassical result and the kind of crossing (see Fig. 6). As discussed in
Remark 3.2 we could think to regularize the potential Y, in order to fit wit Hypotheses 1-3 [4,5] ; however, we do not dwell
here on such a technical problem.

sU2,03

5. Survival amplitude

It is important to note that the time behaviour of some physical observables depends on the type of crossing of the resonances.
Let us consider, for example, the survival amplitude A(r) = (y,|y) where y is the wave function of the initial state at ¢, (for sake of
simplicity we may always assume that ¢, = 0), and where y = e~y is the wavefunction of the state at instant ¢; i.e. it satisfies to
the time dependent Schrodinger equation in dimensionless units (14). In the double-well model considered in the previous section
where we have two resonances E, and E, then the behaviour of the survival amplitude is expected to be given, at intermediate
times, by formula (4).

If the model’s parameters are such that we are in the case of type IT crossing or if we are in the case of type I crossing but we
are far enough from the crossing point then SE; # SE, and thus one of the two terms e¢~""Fi decays much faster than the other one.
Hence, we expect to observe an exponentially decreasing behaviour of A(r) without significant oscillations.

On the other side, if we are in the case of type I crossing and the model’s parameters are such that SE, = SE,, then there is a
damped oscillating behaviour due to the interference effect between the two resonances, and in this case the dominant behaviour
of | A(r)| is given by:

—1S —i
e~ 1ISE| ¢k, +CE2‘-’ iot| (28)

with pseudo-period T = 27 /@ where w = RE, — RE,.

Therefore, we can conjecture that when we have a resonances crossing of type I and SE, is quite close to SE, then we expect to
observe a damped oscillating behaviour for the survival amplitude A(f). On the other hand, when we have a resonances crossing of type
11 or in the case of type I, with the model’s parameters such that SE is quite different from SE,, then we expect to observe a damped
behaviour of the survival amplitude without significative oscillations.

This scenario becomes more evident when one chooses the initial state y,, prepared within only one of the two wells. In fact, in
such a case if SE; is different enough from SE, then one of the two coefficients cg, and cg, is negligible because one of the wave
functions y, , of the metastable states is supported within one well and the other one is supported within the other well; hence,
from (3) one of the coefficients ¢ E, is expected to be very small (in absolute value).

We compute now the survival amplitude for the unstable double-well model introduced in Section 4 by making use of formula
(4) and also by making use of the spectral splitting method in order to numerically test the validity of (4) in an explicit model.

5.1. Survival amplitude in the unstable double-well model

We consider two numerical experiments for the Hamiltonian (12), one with a (relatively) small internal barrier such that we
have a resonances crossing of type I, and the other one with a (relatively) large external barrier such that we have a resonances
crossing of type II. In both models:

- The heterostructure is chosen such that « := a3 = —0.264(4) - 1072 in dimensionless units.
- The left hand side well has length L,, = 60 in dimensionless units.
- The external barrier has length L, =40 in dimensionless units.

We assume, for argument’s sake, that the initial normalized wavefunction y, coincides with the ground state normalized
2
wavefunction of the single well operator formally defined by H; = —:7 + V4, 00 ON L*(R, dx). For L, =60and a; = —0.264(4)- 1072
then H, has a ground state with energy

Ey = —0.168(7) - 1072

and
ekx if x<x;:=0
yo(x) = Cq cos(hx) + 1.3303)sin(hx)  if x; <x <x :=x + L, . (29)
11.757(2)e~** if x, <x

14
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Table 1

Table of values of the resonances E; and of the coefficients gy J = 1,2, for different values of
L,,; where L, =60 corresponds to a type I crossing. The exact crossing of the imaginary part
occurs at L, = 60.341(2). Calculation of w and T makes sense only when SE, ~ SE,, that is for
L, close to 60.

w,

L, =50 L, =60 L, =70
RE, —0.169(9) - 1072 —0.173(4) - 1072 —0.185(6) - 1072
SE, —0.119(1) - 1075 -0.931(7) - 1073 —0.122(1) - 107*
RE, —0.147(5) - 1072 —0.164(3) - 1072 —0.167(7) - 1072
SE, —0.296(0) - 10~* —0.106(2) - 10~ —0.117(3) - 1075
® 0.910(2) - 10~*
T 0.690(3) - 10°
Rep, 0.933(4) 0.427(4) 0.527(3) - 10!
Sep, 0.382(9) - 1072 0.134(9) - 107! 0.215(3) - 1072
Rep, 0.293(1) - 107! 0.415(8) 0.915(6)
SCE; 0.302(7) - 1072 0.150(0) - 107! 0.361(4) - 1072

where

k=+/—E, =0.0410(7) and h=\/E, —a, = 0.0308(3)
and
C =0.0815(1)

is a normalization factor.

5.1.1. Type I crossing - L, =60
In this case the internal barrier has length Ly, =60 in dimensionless units; then, see Section 4.1, we have a resonances crossing
of type I. We consider then the cases where the right hand side well has length

i. L, =50 in dimensionless units;
ii. L,, =60 in dimensionless units;

iii. L,, =70 in dimensionless units.

In Table 1 are collected the values of E;, j = 1,2. It turns out that in the cases L,, = 50 and L,, = 70 the term SE, is
quite different from S E, and thus from (4) we expect to observe an exponentially damping behaviour of A(r) without significant
oscillations because the interference effect between the two metastable states is not triggered for two reasons:

- one metastable state decays much more faster than the second one;
- one metastable state is mostly supported within one well while the other metastable state is mostly supported within the other
one (see Fig. 5), hence we have that |CE, | ~# 1 while |c52| ~ 0 (or vice versa).

On the other hand, in the case ii. where L,, = 60 we expect to observe oscillations of A(¢) because SE; ~ SE, (in fact, the exact
crossing point for the imaginary part of resonances is for L,,, = 60.341(2)) and then an interference effect is triggered; furthermore, in
such a case the two metastable states are equally supported within both wells (see Fig. 5 again) and then we have that |c E ) # leg,|.

Remark 5.1. This result qualitatively agrees with the numerical calculation of |.A(#)| (see Fig. 7 - right hans side panel) obtained
by making use of the spectral splitting method (see Appendix). In fact, in correspondence of a resonances crossing for L,,, = 60 in
both pictures an oscillating beating behaviour (full line in Fig. 7) occurs where the (pseudo-)period obtained in Table 1 by means of
the imaginary part of the resonances practically coincides with the one of the figure constructed by means of the spectral splitting
approximation. The calculation based on the spectral splitting approximation was carried out by means of a Fortran programme
running on an IMac Chip Apple M1 - 8 core processor with 8 GB of RAM for 62 h and 17 min; the spatial mesh consists of the
division of the interval [—140,360] into 20000 points, 10000 time iterations were carried out for ¢ varying in the interval [0, 50000].

5.1.2. Type II crossing

In this case the internal barrier has length L, = 100 in dimensionless units and, see Section 4, we have a resonances crossing
of type I'T and thus SE, is quite different from SE, for any value of L,, . In particular, we consider then the cases where the right
hand side well has length

wy

i. L,, =50 in dimensionless units;
ii. L, =60 in dimensionless units;

iii. L,, =70 in dimensionless units.
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Fig. 7. Beating behaviour of |A(1)], ¢ € [0,4-10°], in the case of type I crossing for L, =60. Dot line corresponds to the case L,, = 50, broken line corresponds
to the case L,, =70. Significant oscillations are observed (full line) only when we are close to the crossing point, that is for L,, = 60; we recall that we have an
exact crossing ‘of the imaginary part of the two resonances when L, =60.341(2). In the left hand side panel A() is computed by means of formula (4). In the
right hand side panel A(#) is computed for ¢ € [0,5 - 10*] (which corresponds to the box in the left hand side picture) by means of the spectral splitting method;
a good qualitative agreement, that is significant oscillations only occur for L, close to the crossing point, between the two calculation methods emerges.

Table 2

Table of values of the resonances E; and of the coefficients Cg, J = 1,2, for different values of
L,,; where L, =100 corresponds to a type /I crossing. Since SE, is quite different from SE,
then the calculation of @ and T does not make sense.

L,, =50 L,, =60 L, =70
RE, —0.168(7) - 1072 —0.169(5) - 1072 —0.184(8) - 1072
SE, —0.554(8) - 107 —0.154(6) - 10~ —-0.131(7) - 107
RE, —0.149(1) - 1072 —0.168(5) - 1072 ~0.168(6) - 1072
SE, -0.303(5) - 10~ -0.423(3) - 1075 -0.495(1) - 1077
Ry, 0.996(9) 0.736(4) 0.996(4)
Sep, 0.244(2) - 1073 0.136(0) - 107! 0.213(8) - 107
Reg, 0.138(2) - 1072 0.166(3) 0.227(2) - 1072
Sep, 0.190(1) - 1073 0.112(2) - 107! 0.128(0) - 1073

In Table 2 are collected the values of E s J =12 Since SE, is, in all the three cases, quite different from JE, then from (4)
it is evident that we expect to observe an exponentially damping behaviour of .A(r) without significant oscillations. In fact, also in
this case we checked that the numerical calculation of A(r) carried out by means of the spectral splitting method fully agrees with

this prediction.
6. Conclusion

The study of crossings of isolated doublets of quantum resonances opens a rich scenario for the understanding of the dynamical
behaviour of some physical observables. In this work, the analysis was considered in the case of uni-dimensional double-well
potentials.

Initially, a propaedeutic study restricted to the simplest case of real-valued eigenvalues is carried out; where it is shown, both
numerically on a realistic model inspired by heterostructures and theoretically in the semiclassical limit, that near the (almost)
crossing point of the two eigenvalues the associated eigenvectors of the quantum system tend to be equally supported within the
two wells also in the case of asymmetrical double-well potential. In contrast, outside of such a neighbourhood, the eigenvectors are
instead supported within just a single well.

Next, the case of quantum resonances, which have a strictly negative imaginary part, is considered, and it has been observed
by numerical experiments and then demonstrated in the semiclassical limit that the effect explained above continues to exist. More
precisely, in the case of resonances crossing of type I, where the imaginary parts of two resonances cross and where there is an
avoided crossing of their real parts instead, the metastable states decay with the same speed and they are equally supported on
the two wells. This fact can be associated with a damped oscillating behaviour of the survival probability because an interference
phenomenon is established.

This effect underlies the proposal for a quantum sensor that can measure, quickly and easily, whether the model’s parameters
are closed or not to predefined values, as described in a toy model with two Dirac’s 6 [22], by simply observing whether the survival
amplitude has a (damped) oscillating behaviour or not. This line of research deserves to be deepened with the study of a quantum
sensor that checks whether an external DC electric field has a predefined value. More precisely, we can consider a heterostructure

16



A. Sacchetti Annals of Physics 480 (2025) 170122

where the electric field has the direction of the effective potential; as the electric field strength varies, the quantum resonances
can cross when the strength of the DC electric field assumes a critical value, and if the nature of the crossing is of type I, damped
oscillating behaviour of the survival probability is observed, otherwise a simple damping without beating occurs.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Appendix. Spectral splitting method

The effect of the resonances, and of their associated metastable states, to the time behaviour of the survival amplitude is based
on the assumption of the validity of (4) in the realistic model introduced in Section 2 inspired by heterostructures. We will check
this fact by means of a numerically study of the behaviour of .A(r) by making use of the spectral splitting approximation method
we briefly resume now (see, e.g., [28,29]).

An efficient numerical treatment of the time-dependent Schrodinger equation is based on the Lie-type splitting approximation.
The basic idea is quite simple: our aim is to consider an evolution equation of the type

. oy
N _ g
Yo THY Oy e IR, d2), (30)
W|r=t0 =¥
where 7, = 0 and where, for argument’s sake, we fix the units such that a=1and 2 m =1,
H=Hy+V
2 .
where H, = —# is the free Hamiltonian and V is a real-valued potential. Let us denote by S"y, the solution to (30) where S* = e iH1

is the associated evolution operator; let us denote by X’ = ¢~Ho’ and Y’ = ¢~¥" the evolution operators respectively associated to
the equations

Oy Oy
— = and i— =Vy.
Cor oV Yo TV
That is X' is the integral operator

(e7™'p) (x) = ! /ei(x‘Y)2/4’(p(y)dy
4rit JR

and (Y'e) (x) = e="V ™ g(x) is a multiplication operator. It is well known that, in general,
Sy # XYy, V6 €R\ {0},

but this difference may be proved, under some circumstances, to be small when § is small. More precisely, if one fix any * > 0, a
5 > 0 small enough and a positive integer number » such that ¢ = né < t*, then the solution y = S’y to (30) can be approximated
by

[x°Y°]" vy, (31)

up to a remainder term that goes to zero when § goes to zero. In fact, a better result may be obtained by means of the Strang-type
method where the solution y to (30) is approximated by

[X5/2Y5X‘5/2]" Vo'

however, for sake of definiteness we restrict our analysis to the Lie-type approximation method (31). The crucial point is to give a
rigorous estimate of the remaining term

Rwo = 5"y — [X°Y°]"yy. (32)
Typically one has that
IR, woll 2 < C6 (33)

for some positive constant C = C(y,*) independent of n < r* /5. We should also mention that a purely formal (not completely
rigorous) argument suggests that [30]

IRl 2wy < C82e°

for some positive constant C = C(y, T), provided that the potential V' (x) is a bounded function and w, € H%(R).
Data availability

All data generated or analysed during this study are included in this published article.
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