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A B S T R A C T

The full mathematical representation of natural convection is very complex, as it involves, besides continuity
and the equations for the transport of momentum and energy, one state equation for density and three
laws for the dependency of the thermophysical parameters on pressure and temperature. In addition it
requires the representation of pressure work and viscous dissipation in the energy equation. Most numerical
simulations and theoretical studies of natural convection use a simplified model based on the Oberbeck–
Boussinesq approximation. With respect to the general formulation, the simplified problem is characterized
by a divergence-free velocity field, uses constant thermophysical parameters and neglects viscous dissipation
and pressure work. Although the Oberbeck–Boussinesq equations have become a physical case in themselves,
in certain flow conditions non-Oberbeck–Boussinesq phenomena are non-negligible thus significantly affecting
the flow solution. The aim of the present work is to quantitatively identify the flow conditions that give
rise to non-negligible non-Oberbeck–Boussinesq phenomena. We demonstrate that the use of direct numerical
simulation data combined with the theoretical framework provided by Gray and Giorgini (1976) represents a
sound practice to address this issue. The test-case selected is the Rayleigh–Bénard problem at Ra= 0.7 × 106

with air as working fluid. Direct numerical simulations carried out using the compressible, variable property
formulation and the Oberbeck–Boussinesq approximation highlight that a 5% tolerance on variations of the
thermophysical properties of air around the reference state (𝛩̃0, 𝑃0) = (30 ◦C, 1 atm) only marginally affects
the statistical values of both global and local quantities. However, this tolerance represents a very stringent
condition that for a tank of height 𝐻̃ = 2 m filled with air at a reference state (𝛩̃0, 𝑃0) = (30 ◦C, 1 atm) leads to
a rather low maximum Rayleigh number of the order of 1010 that can be investigated without considering the
influence of non-Oberbeck–Boussinesq effects. Hence, some doubts about the use of the Oberbeck–Boussinesq
approximation for the study of high Rayleigh numbers are envisaged at least for air as working fluid.
1. Introduction

Thermally driven turbulence is a rich multi-physics problem in-
volving heat transfer and fluid mechanics where buoyancy effects are
given by density variations with temperature and pressure. The first
methodical set of observations on natural convection was carried out by
Henri Bénard at the university of Paris and reported in the publication
‘‘Les tourbillons cellulaires dans une nappe liquide’’, published in the
first days of January, 1901. Since then, a large number of studies
have been published, aiming at sharing improved knowledge on these
phenomena. In present days, thermal convection studies can be car-
ried out theoretically, experimentally or numerically. As compared to
experiments, numerical investigations provide a complete spatial and
temporal representation of the phenomenon.

∗ Corresponding author.
E-mail address: andrea.cimarelli@unimore.it (A. Cimarelli).

In simulations where buoyancy effects are taken in full considera-
tion, density is a function of both temperature and pressure 𝜌̃ = 𝜌̃(𝑝̃, 𝛩̃)
and the same dependency holds for viscosity 𝜇̃, specific heat 𝑐𝑝 and
thermal conductivity 𝜆̃. Also pressure work and viscous dissipation
are accounted for. However, the variable properties approach requires
the use of specific numerical methods which can be both expensive
numerically and prone to instabilities. Another possible approach, to be
applied in cases where pressure effects are regarded as less important,
is the low-Mach number approximation. Within the low-Mach number
approach, density and the other parameters depend on temperature
only.

In the Oberbeck–Boussinesq approximation, density is considered
constant in all terms of the momentum and internal energy equations
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except for the source term of momentum 𝜌̃ ̃𝑔𝑖, which accounts for the
effects of gravity. The source of momentum is linearized about a refer-
ence temperature 𝜌̃ ̃𝑔𝑖 = 𝜌̃0

[

1 − 𝛼̃0 (𝛩̃ − 𝛩̃0)
]

𝑔̃𝑖. Gravity is the single term
in the momentum equations which sets a two-way coupling between
the velocity field and temperature. The resulting flow is divergence-
free and this makes the mathematical problem more easily amenable
to numerical solution. In the Oberbeck–Boussinesq approximation 𝜇̃, 𝑐𝑝,
𝜆̃ and the isobaric expansion coefficient 𝛼̃ are kept constant; pressure
work and viscous dissipation are neglected.

Aside from physical inconsistencies derived from the hypothesis of
egligible pressure work [1,2] and viscous dissipation, the Oberbeck–
oussinesq approximation will inevitably lead to errors. Limits of ap-
licability for natural convection cases are investigated in detail in
he work by Gray and Giorgini [3]. Depending on the selection of the

characteristic scales, their approach is applicable to natural convection
n different configurations like horizontal layers or vertical plates. In
heir theory, fluid properties are assumed to vary with temperature and
ressure. Linear expressions for the fluid properties are substituted in
he governing equations and the result is made non-dimensional. This
llows to recover the Oberbeck–Boussinesq model under the hypotheses
f a number of parameters being small. Finally, each of such hypotheses

is reconsidered to obtain the range of dimensional parameters which
ensures validity of the Oberbeck–Boussinesq approximation. Deviations
from the Oberbeck–Boussinesq model depend upon the properties of
he working fluid and the specific case investigated, including vertical

size of the domain, range of temperatures and reference pressure 𝑃0 and
temperature 𝛩̃0. The theory by Gray and Giorgini [3] is not accompa-
nied by an assessment of typical errors affecting global quantities like
the Nusselt number or first and second order statistics of the velocity
r temperature fields in canonical, natural convection cases.

A number of studies are found in the literature, which discuss the
ffects of variable properties on different natural convection configu-
ations. The early study by Zhong et al. [4] considers a differentially
eat cavity in laminar conditions. Convection close to vertical walls
s considered by Hernández and Zamora [5],Morrone and Campo [6].

A fairly large body of literature discusses the effects of non-Oberbeck-
oussinesq in Rayleigh-Bénard convection. Given that results also de-

pend on the fluid employed, Rayleigh-Bénard works can be classified
in studies using SF6 as a gas close to its critical point [7], ethane [8,9];
and cryogenic Helium [10].

A number of works have attempted to distinguish between non-
Oberbeck-Boussinesq effects and the transition to the ultimate regime
as possible causes for a sudden change – measured by Ahlers et al. [11]
 in the scaling of Nusselt at high Rayleigh numbers. Direct numerical
imulation of Rayleigh–Bènard convection in glycerol (Pr = 2548)
sing temperature-dependent thermophysical properties is carried out
y Horn et al. [12]. The Oberbeck–Boussinesq model assumptions
re not met for glycerol at ambient conditions. Simulations including

variable coefficients show a remarkable breakdown of the vertical
symmetry, where the top boundary layer is thicker than the bottom one.
The comparison of results against simulations performed at constant
roperties allows the authors to conclude that the scaling of Nu with
a is only slightly affected by non-Oberbeck-Boussinesq conditions.
13] present measurements of the azimuthal diffusivity of large-scale

circulation for Rayleigh-Bénard in a cylindrical geometry and report
that what observed in the experiments [11] is indeed a transition to the
‘‘ultimate state’’. In the very recent work by Weiss et al. [14], the theory
by Gray and Giorgini [3] is used to calculate the maximum achievable
Rayleigh number within the Oberbeck–Boussinesq approximation for

ater, air, helium, pressurized SF6 as well as cryogenic helium. In
addition [14] perform DNS of cryogenic helium and pressurized SF6 at
igher Rayleigh number than the limit suggest by the theory [3]. The
esult is that while the most sensitive deviation from the Oberbeck-
oussinesq model is in the dependence of 𝑐𝑝 from temperature, 𝑐𝑝

variations do not alter significantly heat transfer characteristics. The
2 
authors conclude that the increase of 𝛾 observed in Nu ∼ Ra𝛾 [11], is
n good part because of transition to the ultimate regime [15].

This paper focuses on Rayleigh-Bénard convection in air and eval-
ates typical errors in local statistics and global quantities which are
o be ascribed to non-Oberbeck-Boussinesq effects. The starting point
f the analysis is the work by Gray and Giorgini [3]. Results are

reported from three simulations: one uses the Oberbeck–Boussinesq
approximation at Ra = 0.7 × 106 and Pr = 0.7, the other two employ the
ully incompressible model at the same Rayleigh and Prandtl numbers

but use reference states (𝑃0 and 𝛩̃0) and experimental parameters
(𝐻̃ and 𝛥𝛩̃) because these entail different levels of non-Oberbeck-
Boussinesq effects. The levels of non-Oberbeck-Boussinesq effects are
graded by the relative magnitude of residuals 𝜎, which is defined
through an extension to the theory by Gray and Giorgini [3]. There,
a term is deemed negligible when its magnitude is less or equal to one
tenth of the non-negligible terms used for comparison. Here the idea
is generalized and we use a ratio 𝜎 between the terms neglected and
the terms used for comparison: 𝜎 = 0.1 and 𝜎 = 0.05. The accuracy in
the determination of global quantities and local statistics is finally set
in relation with the two selected levels of 𝜎.

2. The governing equations of thermal convection

2.1. General framework

The governing equations for a Newtonian fluid of variable proper-
ties read
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜕 ̃𝜌
𝜕𝑡

+
𝜕 ̃𝜌 ̃𝑢𝑗
𝜕 ̃𝑥𝑗

= 0
𝜕 ̃𝜌 ̃𝑢𝑗
𝜕𝑡

+
𝜕 ̃𝜌 ̃𝑢𝑖𝑢̃𝑗
𝜕 ̃𝑥𝑗

= − 𝜕 ̃𝑝
𝜕 ̃𝑥𝑖

+
𝜕 ̃𝜏𝑖𝑗
𝜕 ̃𝑥𝑗

+ 𝜌̃ ̃𝑔𝑖

𝜌̃ ̃𝑐𝑝 𝜕𝛩̃𝜕𝑡 + 𝜌̃ ̃𝑐𝑝𝑢̃𝑗 𝜕𝛩̃𝜕 ̃𝑥𝑗
= 𝛼̃𝛩̃

(

𝜕 ̃𝑝
𝜕𝑡

+ 𝑢̃𝑗
𝜕 ̃𝑝
𝜕 ̃𝑥𝑗

)

+
𝜕 ̃𝑞𝑗
𝜕 ̃𝑥𝑗

+ 𝜏𝑖𝑗 𝑆̃𝑖𝑗

𝑝̃ = 𝑓𝑒𝑞 .𝑠𝑡𝑎𝑡𝑒
(

𝛩̃ , 𝜌̃
)

𝜇̃ = 𝑓𝜇
(

𝛩̃ , 𝑝̃
)

𝜆̃ = 𝑓𝜆
(

𝛩̃ , 𝑝̃
)

𝑐𝑝 = 𝑓𝑐𝑝
(

𝛩̃ , 𝑝̃
)

(1)

where the tilde ⋅̃ indicates dimensional quantities,

̃𝑖𝑗 = 2𝜇̃
(

𝑆̃𝑖𝑗 −
1
3
𝑆̃𝑘𝑘 𝛿𝑖𝑗

)

𝑞𝑖 = 𝜆̃ 𝜕𝛩̃
𝜕 ̃𝑥𝑖

are the diffusive momentum and heat fluxes, 𝜇̃ and 𝜆̃ are the dynamic
iscosity and the thermal conductivity and

𝑆̃𝑖𝑗 =
1
2

(

𝜕 ̃𝑢𝑖
𝜕 ̃𝑥𝑗

+
𝜕 ̃𝑢𝑗
𝜕 ̃𝑥𝑖

)

is the rate of deformation tensor. Here, 𝑢̃𝑖, 𝑝̃ and 𝛩̃ are the fluid
elocity, pressure and temperature, 𝜌̃ and 𝑐𝑝 are its density and isobaric
pecific heat coefficient while 𝛼̃ is the thermal expansion coefficient.
n the above equations, it is implicitly assumed that the effect of

volume viscosity is negligible, i.e. the intensity of the phenomena of
compression/expansion are assumed to be small enough to allow the
thermodynamic property of the fluid to restore almost immediately
equilibrium. In order to close the system of equations, an equation of
state and thermodynamic relations for the determination of the fluid
properties must be specified. In Eqs. (1), the latter are specified for the
ynamic viscosity, for the thermal conductivity and for the specific heat
oefficient.

A widely used model of Eqs. (1) is the Oberbeck–Boussinesq ap-
proximation [16]. It consists in assuming that all the fluid properties
re constant except for density when used in the determination of

buoyant forces. Furthermore, it is assumed that viscous dissipation and
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the variations of internal energy with pressure are negligible. The
ccuracy of the approximation is addressed in the following section

Section 3. The Oberbeck–Boussinesq system of equations significantly
implifies and reads

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕 ̃𝑢𝑖
𝜕 ̃𝑥𝑖

= 0
𝜕 ̃𝑢𝑖
𝜕𝑡

+
𝜕 ̃𝑢𝑖𝑢̃𝑗
𝜕 ̃𝑥𝑗

= − 1
𝜌̃0

𝜕 ̃𝑝∗
𝜕 ̃𝑥𝑖

+ 𝜈̃0
𝜕2𝑢̃𝑖

𝜕 ̃𝑥𝑗𝜕 ̃𝑥𝑗
− 𝛼̃0𝑔̃𝑖𝜃

𝜕𝜃
𝜕𝑡

+
𝜕𝜃 ̃𝑢𝑗
𝜕 ̃𝑥𝑗

= 𝜅̃0
𝜕2𝜃

𝜕 ̃𝑥𝑗𝜕 ̃𝑥𝑗

(2)

where it is also assumed that density variations in the buoyancy term
ave a linear dependence on temperature

𝜌̃ = 𝜌̃0
(

1 − 𝛼̃0 𝜃
)

with

𝜃 = 𝛩̃ − 𝛩̃0

the temperature variations. Here 𝜈̃ = 𝜇̃∕𝜌̃ and 𝜅̃ = 𝜆̃∕𝜌̃ ̃𝑐𝑝 are the
kinematic viscosity and temperature diffusivity of the fluid and the
subscript 0 denotes fluid properties at a reference state. A modified
pressure is also introduced, incorporating the hydrostatic potential at
the reference density into the pressure gradient:

𝑝̃∗ = 𝑝̃ + 𝜌̃0𝑔̃𝑗 𝑥̃𝑗

2.2. Non-dimensional formulation

In order to have a better insight on the main features of both system
f Eqs. (1) and (2), it is relevant to introduce reference scales for

their non-dimensionalization. By considering the particular problem of
natural convection across a flow layer where a temperature difference
is imposed, the problem can be made non-dimensional by using the
flow layer thickness 𝐻̃ , the imposed temperature difference 𝛥𝛩̃ and the
free-fall velocity

̃𝑓 =
√

𝑔̃ 𝛼̃0 𝛥𝛩̃ 𝐻̃

that is commonly considered as a meaningful measure of the intensity
f the buoyancy-driven motions. Here, 𝑔̃ is the magnitude of the
ravity acceleration. In the case of variable fluid properties, reference
alues for density, dynamic viscosity, thermal conductivity and specific
eat coefficient, 𝜌̃0, 𝜇̃0, 𝜆̃0 and 𝑐𝑝0 must also be used. Accordingly,
he fully compressible and variable property system of Eqs. (1) in a
on-dimensional form reads

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜕 𝜌
𝜕 𝑡 +

𝜕 𝜌𝑢𝑗
𝜕 𝑥𝑗

= 0

𝜕 𝜌𝑢𝑗
𝜕 𝑡 +

𝜕 𝜌𝑢𝑖𝑢𝑗
𝜕 𝑥𝑗

= − 𝜕 𝑝
𝜕 𝑥𝑖

+

√

Pr
√

Ra

𝜕 𝜏𝑖𝑗
𝜕 𝑥𝑗

+ 1
Fr𝜌 ̂𝑔𝑖

𝜌𝑐𝑝
𝜕 𝛩
𝜕 𝑡 + 𝜌𝑐𝑝

𝜕 𝛩 𝑢𝑗
𝜕 𝑥𝑗

=

𝐸
(

𝜕 𝑝
𝜕 𝑡 + 𝑢𝑗

𝜕 𝑝
𝜕 𝑥𝑗

)

+ 1
√

Ra Pr

𝜕 𝑞𝑗
𝜕 𝑥𝑗

+
𝐸
√

Pr
√

Ra
𝜏𝑖𝑗𝑆𝑖𝑗

𝑝 = 𝑓𝑒𝑞 .𝑠𝑡𝑎𝑡𝑒
(

𝛩̃ , 𝜌̃
)(

𝜌̃0𝑈̃
2
𝑓

)−1

𝜇 = 𝑓𝜇
(

𝛩̃ , 𝑝̃
)

𝜇̃−1
0

𝜆 = 𝑓𝜆
(

𝛩̃ , 𝑝̃
)

𝜆̃−10

𝑐𝑝 = 𝑓𝑐𝑝
(

𝛩̃ , 𝑝̃
)

𝑐−1𝑝0

(3)

where 𝑔̂𝑖 = 𝑔̃𝑖∕𝑔̃ is the unit gravity vector. In accordance with the
non-dimensional form of the governing equations, the flow solution in
 p

3 
natural convection is determined by the Rayleigh, Prandtl, Froude and
ckert non-dimensional groups

Ra =

(

𝑈̃𝑓 𝐻̃
𝜈̃0

)2

Pr

Pr =
𝜈̃0
𝜅̃0

Fr =
𝑈̃2
𝑓

𝑔̃𝐻̃

=
𝑈̃2
𝑓

𝑐𝑝0 𝛥𝛩̃

(4)

While the Prandtl number is given by the property of the fluid in
the reference state, the Rayleigh, Froude and Eckert numbers indicate
the dominant processes in the flow. In particular, the Rayleigh and
Froude numbers can be interpreted as a measure of the intensity of the
buoyancy-driven inertial motions with respect to viscous diffusion and
gravity forces, respectively while the Eckert number can be understood
as a measure of the kinetic energy with respect to thermal energy.
These non-dimensional groups do not uniquely determine the solution
in the variable property case. Indeed, the equation of state and the
constitutive relations embedded in the flow system (3) introduce a
dependence of the non-dimensional flow solution also to the reference
state of the flow system (𝛩̃0, 𝑃0) as better shown in the next section
Section 3.

This dependence on the reference state of the flow system is lost
when considering the Oberbeck–Boussinesq assumption. Indeed, the
on-dimensional form of the system of equations under the Oberbeck–
oussinesq assumption (1) reads

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜕 𝑢𝑗
𝜕 𝑥𝑗

= 0

𝜕 𝑢𝑗
𝜕 𝑡 +

𝜕 𝑢𝑖𝑢𝑗
𝜕 𝑥𝑗

= − 𝜕 𝑝∗
𝜕 𝑥𝑖

+

√

Pr
√

Ra

𝜕2𝑢𝑖
𝜕 𝑥𝑗𝜕 𝑥𝑗

− 𝜃 ̂𝑔𝑖

𝜕 𝜃
𝜕 𝑡 +

𝜕 𝜃 𝑢𝑗
𝜕 𝑥𝑗

= 1
√

Ra Pr
𝜕2𝜃

𝜕 𝑥𝑗𝜕 𝑥𝑗

(5)

where the dependence of the Oberbeck–Boussinesq solution on the
sole values of the Rayleigh and Prandtl numbers is now evident. By
comparing the system of Eqs. (3) and (5), it is evident that low values
of the Eckert number are required to make the Oberbeck–Boussinesq
assumption valid. In closing this section, let us notice that it is usual to
characterize natural convection in terms of the Rayleigh number rather
than the widely used Grashof number,

Gr = Ra
Pr

being the onset of motion from the pure conduction regime determined
y a critical value of Ra.

3. Oberbeck–Boussinesq assumption: explicit conditions and va-
lidity regions

The Oberbeck–Boussinesq equations have been used over the years
by almost all numerical and theoretical studies of natural convection. It
is then important to address the conditions under which the Oberbeck–
Boussinesq approximation can be reasonably considered as valid. A
formally precise formulation that allows us to define explicit conditions
that limit the applicability of the Oberbeck–Boussinesq equations has
been provided by Gray and Giorgini [3]. We briefly summarize the key
oints in the following.

The method is based on a linearized Taylor expansion of the prop-
rties of a Newtonian fluid as a functions of two thermodynamic
ariables, temperature and pressure (𝛩̃0, 𝑃0). By inserting these ex-
ansions on the system of governing equations and by making them
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non-dimensional, different non-dimensional constant multipliers ap-
pear, providing a measure of the relative importance of the different
terms of the equations. The multipliers are defined as follows,

𝜖1 = − 1
𝜌̃0

𝜕 ̃𝜌
𝜕𝛩̃

|

|

|

|0
𝛥𝛩̃ 𝜖2 =

1
𝜌̃0

𝜕 ̃𝜌
𝜕𝑃

|

|

|

|0
𝜌̃0𝑔̃𝐻̃

𝜖3 =
1
𝑐𝑝0

𝜕 ̃𝑐𝑝
𝜕𝛩̃

|

|

|

|

|0
𝛥𝛩̃ 𝜖4 =

1
𝑐𝑝0

𝜕 ̃𝑐𝑝
𝜕𝑃

|

|

|

|

|0
𝜌̃0𝑔̃𝐻̃

𝜖5 =
1
𝜇̃0

𝜕 ̃𝜇
𝜕𝛩̃

|

|

|

|0
𝛥𝛩̃ 𝜖6 =

1
𝜇̃0

𝜕 ̃𝜇
𝜕𝑃

|

|

|

|0
𝜌̃0𝑔̃𝐻̃

𝜖7 =
1
𝜆̃0

𝜕𝜆̃
𝜕𝛩̃

|

|

|

|0
𝛥𝛩̃ 𝜖8 =

1
𝜆̃0

𝜕𝜆̃
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|
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|

|0
𝜌̃0𝑔̃𝐻̃

(6)

thus highlighting that for a given reference state (𝛩̃0, 𝑃0) denoted by
the subscript 0, these multipliers depend only on the working flow
conditions (𝛥𝛩̃ , 𝐻̃). The validity of the Oberbeck–Boussinesq equations
requires that the multipliers of the non Oberbeck–Boussinesq terms are
small,

|𝜖𝑖| ≤ 𝜎 𝑖 = 1, 10 (7)

and that the multipliers to the pressure work and viscous dissipation
terms in the thermal energy equation are also small,
|

|

|

|

|

𝛼̃0
𝑐𝑝0

(

𝑔̃𝐻̃𝛩̃0

𝛥𝛩̃

)

|

|

|

|

|

≤ 𝜎

|

|

|

|

|

𝛼̃0
𝑐𝑝0

(

𝑔̃𝐻̃
)

|

|

|

|

|

Pr ≤ 𝜎
(8)

where 𝜎 ≪ 1 is a threshold identifying an acceptable deviation from
the strict Boussinesq behavior. For the complete derivation of Eqs. (6)
and (8) the reader is referred to Gray and Giorgini [3]. Eqs. (7) and (8)
can be recast as

𝛥𝛩̃ ≤ 𝜎
|

|

|

|

1
𝜌̃
𝜕 ̃𝜌
𝜕𝛩̃

|

|

|

|

−1

0
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|

|
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𝜕𝑃
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|
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|

−1
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𝑐𝑝

|

|
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|

−1

0

(9)

Eqs. (9) represent a system of explicit conditions that pose limits to
the working flow conditions (𝛥𝛩̃ , 𝐻̃) for any given Newtonian fluid and
reference state condition (𝛩̃0, 𝑃0). Notice that these conditions are not
limited to any particular geometry.

The validity region of the Oberbeck–Boussinesq approximation
for natural convection problems where air is the working fluid for
a reference state (𝛩̃0, 𝑃0) = (30 ◦C, 1 atm) is reported in Fig. 1.
The limits of validity have been defined by using the value 𝜎 =
0.1, i.e. a 10% tolerance on variations of thermophysical proper-
ties around reference state values is admitted [3]. The plot allows
us to clearly understand the role played by each property of the
fluid in limiting the applicability of the Oberbeck–Boussinesq approx-
imation. From Fig. 1, it is immediately apparent how the limits in
the working flow conditions are more compelling for the temper-
ature difference 𝛥𝛩̃ than for the characteristic length 𝐻̃ , see also
Table 1 where limiting values are reported for different reference
state conditions. These limits on (𝛥𝛩̃ , 𝐻̃) pose also constraints in
the maximum Rayleigh number achievable under the validity of the
4 
Fig. 1. Validity regions of the Oberbeck–Boussinesq equations for a 𝜎 = 0.1 tolerance,
using air as working fluid, for a fixed reference state (𝛩̃0 , 𝑃0) = (30 ◦C, 1 atm).
Horizontal lines denote the limit of applicability of the Oberbeck–Boussinesq equations
on the characteristic length scale of the problem 𝐻̃ given by the variation of the
fluid properties with pressure (conditions in the right column of (9)). The vertical
lines denote the limit of applicability of the Oberbeck–Boussinesq equations on the
characteristic temperature difference of the problem 𝛥𝛩̃ given by the variation of the
fluid properties with temperature (conditions in the left column of (9)). Colors identify
the fluid variable associated with the validity condition: density 𝜌̃ (black), dynamic
viscosity 𝜇̃ (blue), isobaric heat coefficient 𝑐𝑝 (red), thermal conductivity 𝜆̃ (green)
and thermal expansion coefficient 𝛼̃ (violet). The inclined black line denotes the limit
imposed by the pressure work term being negligible (last condition in the left column
of (9)). The dashed lines display values of the working flow conditions (𝛥𝛩̃ , 𝐻̃) at
constant Rayleigh number. The red dashed line corresponds to the Ra investigated in
the present work, while the blue dashed line corresponds to the maximum Ra that
can be experimentally investigated in a tank of air whose height is 𝐻̃ = 2𝑚. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

Oberbeck–Boussinesq equations, see again Table 1. All these aspects
should be carefully taken into account especially when comparing
numerical simulations performed using the Oberbeck–Boussinesq as-
sumption with experiments that, as shown by the plot in Fig. 1, can
easily exceed the limits of its validity. Caution must be taken also when
considering experiments using water as the working fluid, as shown in
Table 1. In this respect, the increase of the reference temperature 𝛩̃0
partially mitigate this issue by slightly expanding the validity region,
see again Table 1. The range of validity of the Oberbeck–Boussinesq
approximation is slightly wider in a physical system characterized by
high reference temperatures.

Obviously, the constraints on the validity of the Oberbeck–Bouss-
inesq approximation become more strict for small tolerances 𝜎. As
shown in Table 2, a significant reduction in the maximum temperature
difference 𝛥𝛩̃𝑚𝑎𝑥 and in the size of the cell 𝐻̃𝑚𝑎𝑥 is required to decrease
the tolerance from 𝜎 = 0.15 to 𝜎 = 0.05. This also leads to a
significant decrease in the maximum Rayleigh number achievable, see
again Table 2.
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Table 1
Limiting values of the working flow conditions (𝛥𝛩̃𝑚𝑎𝑥 , 𝐻̃𝑚𝑎𝑥) and of the Rayleigh
umber achievable Ra𝑚𝑎𝑥 under the validity of the Oberbeck–Boussinesq equations for
= 0.1.
Fluid 𝛩̃0 𝑃0 𝛥𝛩̃𝑚𝑎𝑥 𝐻̃𝑚𝑎𝑥 Ra𝑚𝑎𝑥
Air 30 ◦C 1 atm 28.2 ◦C 269 m 4.93 × 1016
Air 50 ◦C 1 atm 31.3 ◦C 311 m 6.12 × 1016
Air 70 ◦C 1 atm 33.2 ◦C 343 m 6.74 × 1016
Water 15 ◦C 1 atm 1.3 ◦C 1260 m 2.38 × 1019
Water 30 ◦C 1 atm 3.5 ◦C 1610 m 3.65 × 1020

Table 2
Dependence of the limiting values of the working flow conditions (𝛥𝛩̃𝑚𝑎𝑥 , 𝐻̃𝑚𝑎𝑥) on the
hreshold 𝜎 for a fixed reference state (𝛩̃0 , 𝑃0) = (30 ◦C, 1 at m).
Fluid 𝜎 𝛥𝛩̃𝑚𝑎𝑥 𝐻̃𝑚𝑎𝑥 Ra𝑚𝑎𝑥
air 0.05 14.1 ◦C 67 m 3.74 × 1014
Air 0.1 28.2 ◦C 269 m 4.93 × 1016
Air 0.15 42.3 ◦C 605 m 8.27 × 1017
Water 0.05 1.7 ◦C 403 m 2.85 × 1018
Water 0.1 3.5 ◦C 1610 m 3.65 × 1020
Water 0.15 5.2 ◦C 3623 m 6.24 × 1021

4. Direct numerical simulations of Rayleigh–Bénard convection

In accordance with the above reasoning, experiments in natural
convection are likely to be influenced by non-Oberbeck–Boussinesq
phenomena. On the contrary, numerical simulations are almost always
performed by solving the Oberbeck–Boussinesq equations. This aspect
represents an issue especially for research topics such as the ultimate
regime of natural convection [17] where both experimental and numer-
cal data are often used together to assess the scaling of heat transfer.
he risk is that anomalous scaling can rise due to the collection of
ata where non-Oberbeck–Boussinesq effects are randomly included.
s a consequence, the characterization of the effects of non-Oberbeck–
oussinesq phenomena on the main features of natural convection in
he turbulent regime is deemed of relevant importance. Such informa-
ion would help in clarifying and possibly correct anomalous scaling
n data set including both numerical and experimental data and would
e a further step toward a better comprehension of turbulent thermal
onvection.

In the present work we aim at addressing the issue of non-Oberbeck–
Boussinesq effects by performing direct numerical simulations of

ayleigh–Bénard convection using both the Oberbeck–Boussinesq equa-
ions (2) and the full system of Eqs. (1) under two validity conditions
𝜎 = 0.1 and 0.05, i.e. when a 10% and 5% tolerance on variations of
thermophysical properties around reference state values is admitted,
espectively. The use of two values of 𝜎 allows us to assess also

the actual conditions to be verified in experiments in order to avoid
non-Oberbeck–Boussinesq effects.

4.1. Numerical settings

The full governing equations (1) and the Oberbeck–Boussinesq
equations (2) have been solved using the finite volume solver Open-
OAM in the settings of a Rayleigh–Bénard cell at Ra = 0.7 × 106 and
r = 0.7. For the variable property flow case, the equation of state for
 perfect gas is used together with the Sutherland’s law for viscosity
nd the modified Eucken correlation [18] for the thermal conductivity.

The JANAF tables are finally used to compute the 𝑐𝑝 coefficient in
 polynomial form, even though the dependence of the specific heat

with temperature for air at the chosen reference state is practically
negligible.

Second-order central schemes are used to discretize space while a
second-order implicit scheme is used for time integration. The equa-
tions are solved in a numerical domain whose dimensions are
(𝐿 , 𝐿 , 𝐿 ) = (8𝐻 , 𝐻 , 8𝐻). Here 𝑥 (𝑢), 𝑦 (𝑣) and 𝑧 (𝑤) denote the
𝑥 𝑦 𝑧

5 
streamwise, wall-normal and spanwise directions (velocities), respec-
tively. Periodic boundary conditions are applied in the wall-parallel
directions. At the top and bottom walls constant temperature values are
imposed. The domain is discretized with (𝑁𝑥, 𝑁𝑦, 𝑁𝑧) = (256, 130, 256)
olumes. The grid elements are homogeneously distributed in the

wall-parallel directions and clustered at the wall in the wall-normal
directions. The resulting spatial resolution in terms of Kolmogorov
length scales is (𝛥𝑥, 𝛥𝑦|𝑤, 𝛥𝑧)∕𝜂𝑤 = (2.81, 0.48, 2.81) where 𝜂𝑤 is the
Kolmogorov scale evaluated at the wall, i.e. the smallest value reached
within the flow. Further details about the grid resolution and the
validation of the numerical results are reported in Appendix.

Statistics are computed by performing a spatial average along the
all-parallel directions and a temporal average over 33 flow samples

gathered every 15𝐻∕𝑈𝑓 times after the initial flow transient has been
ashed out. The resulting average operator will be denoted with ⟨⋅⟩.
he Favre decomposition of variable property flow quantities in a mean
nd fluctuating field will be also adopted that for a generic quantity 𝛽
eads

𝛽 = ⟨𝛽⟩𝐹 + 𝛽′′ (10)

where the Favre average is defined as ⟨𝛽⟩𝐹 = ⟨𝜌𝛽⟩∕⟨𝜌⟩.

4.2. Flow configuration

As already shown in Section 2, the non-dimensional solution of
the Oberbeck–Boussinesq equations (5) depends only on the values
of the Rayleigh (Grashof) and Prandtl numbers. Here, we selected Ra
= 0.7 × 106 and Pr = 0.7. This value of the Prandtl number is independent
of the working flow conditions (𝛥𝛩̃ , 𝐻̃) and is representative of air in
a wide range of reference state conditions, say 0 ◦C < 𝛩̃0 < 400 ◦C and
1 atm < 𝑃0 < 20 atm. On the contrary, the Rayleigh number is strongly
dependent on the working flow conditions (𝛥𝛩̃ , 𝐻̃) meaning that the
non-dimensional solution of the Oberbeck–Boussinesq equations (5) is
epresentative of all the possible combinations of (𝛥𝛩̃ , 𝐻̃) that give the
ame Rayleigh number. In particular, for a given Rayleigh number Ra0
he combination of working flow conditions is

𝐻̃ =
(

𝜈̃0𝜅̃0
𝑔̃ ̃𝛼0

Ra0
)1∕3

𝛥𝛩̃−1∕3 (11)

and is reported with a red dashed line in Fig. 1.
Contrary to the Oberbeck–Boussinesq approach, the non-dimensiona

solution of the full governing equations (3) depends also on the spe-
cific reference state of the flow system (𝛩̃0, 𝑃0) and on the specific
working flow conditions (𝛥𝛩̃ , 𝐻̃) through the equation of state and
the constitutive relations embedded in the flow system (3). Hence, the
low solution of the full governing equations (3) is representative of

a single combination of working flow conditions and reference states
(𝛥𝛩̃ , 𝐻̃ , 𝛩̃0, 𝑃0) for a given fluid. From a non-dimensional point of view,
this specificity is highlighted by the dependence of the solution also
on the Froude and Eckert numbers, beside the Rayleigh (Grashof) and
Prandtl numbers. Indeed, these two additional non-dimensional groups
prescribe the characteristic temperature difference and length of the
problem. In particular, for a given Froude number 𝐹 𝑟0 a constant value
of 𝛥𝛩̃ is prescribed for each reference state condition,

𝛥𝛩̃ =
𝐹 𝑟0
𝛼0

(12)

On the other hand, for a given Eckert number 𝐸0 a constant value of
𝐻̃ is prescribed for each reference state condition,

𝐻̃ =
𝑐𝑝0
𝑔̃ ̃𝛼0

𝐸0 (13)

Hence, the non-dimensional solution of the full governing equations (3)
is representative of a single reference state of the flow system (𝛩̃0, 𝑃0)
and of a single working flow condition (𝛥𝛩̃ , 𝐻̃) corresponding to a
Rayleigh number given by the intercept of relations (12) and (13), i.e.

Ra =
𝑐𝑝0 𝐸 Fr (14)
𝛼̃0𝜅̃0𝜈̃0
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Fig. 2. Direct numerical simulations of Rayleigh–Bénard convection at Ra = 0.7 × 106 and Pr = 0.7: instantaneous temperature fields n-OB05 case (left panels) and for the n-OB10
case (right panels) evaluated at the edge of the thermal boundary layer 𝑦 = 𝛿𝜃 (top panels) and at the cell mid plane 𝑦 = 𝐻∕2 (bottom panels).
In accordance with the above reasoning, the full system of variable
property equations (1) has been solved for a specific reference state
(𝛩̃0, 𝑃0) = (30 ◦C, 1 atm) with air as working fluid, i.e. Pr = 0.7.
Two different working flow conditions have been selected both giving
Ra = 0.7 × 106. The first one, (𝛥𝛩̃ , 𝐻̃) = (30 ◦C, 0.064 m), has been chosen
in order to study non-Oberbeck–Boussinesq effects in flow conditions
where 𝜎 = 0.1, i.e. when the Oberbeck–Boussinesq assumptions are
considered valid within a 10% of tolerance. These values correspond
to Fr = 1.006 and 𝐸 = 2.07 × 10−6. The second working flow condition
selected is (𝛥𝛩̃ , 𝐻̃) = (15 ◦C, 0.08 m), corresponds to 𝜎 = 0.05 and has
been selected in order to investigate reliable values of 𝜎 for the recovery
of the Oberbeck–Boussinesq flow solutions. These values correspond to
Fr = 0.957 and 𝐸 = 2.59 × 10−6. Let us notice that, in both flow cases,
the threshold values in the variation of the thermophysical properties
of the fluid 𝜎 are given by the conditions for 𝜖1 and 𝜖9. A view of the
instantaneous pattern taken by the temperature field at the edge of the
thermal boundary layer and at the cell half-height is reported in Fig. 2
for both simulations.

The very small values taken by the Eckert number in both the flow
conditions examined, suggests that the Oberbeck–Boussinesq assump-
tion of a negligible role played by the viscous dissipation and pressure
work in the energy balance is actually reasonable. As expected, the
Eckert number assumes a smaller valuer for the 𝜎 = 0.1 case thus
suggesting that thermal energy covers a more important role in the
determination of the flow solution than in the 𝜎 = 0.05 case.

For the sake of brevity, the flow solution of the Oberbeck–Boussinesq
equations (2) will be referred to as the OB case. On the other hand, the
6 
flow solution of the variable property equations (1) at flow conditions
corresponding to a 10% of tolerance of validity of the Oberbeck–
Boussinesq assumption (𝜎 = 0.1) will be denoted to as n-OB10 while
that corresponding to a 5% of tolerance as n-OB05.

5. Non-Oberbeck–Boussinesq effects under different validity con-
ditions

We start the analysis by considering first the behavior of the Nusselt
number when non-Oberbeck–Boussinesq effects are taken into account
for two different validity conditions, 𝜎 = 0.05 and 0.1. We measure
𝑁 𝑢 = 7.38, 7.22 and 8.16 for the OB, n-OB05 and n-OB10 cases respec-
tively. It is then evident that the non-Oberbeck–Boussinesq effects are
relevant also for integral quantities such as the overall heat transfer rate
of the flow system. Notice that this quantity measured by the Nusselt
number is of primary interest for both research and applications. The
present results unequivocally show from a quantitative point of view
that non-Oberbeck–Boussinesq effects can be neglected only for flow
conditions (𝛥𝛩̃ , 𝐻̃) that allow for a maximum of a 5% on variations of
the thermophysical properties around reference state values (𝜎 = 0.05).
This conclusion applies also for almost all the statistical feature of the
flow as shown in the following.

In Fig. 3, the mean temperature profiles for the three simulated flow
cases are reported. The solution of the Oberbeck–Boussinesq system
of Eqs. (2) is found to collapse with the solution of the full variable
property equations (1) when a tolerance 𝜎 = 0.05 is admitted. On
the contrary, when 𝜎 = 0.1 a significant deviation in the temperature
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Fig. 3. Rayleigh–Bénard convection at Ra = 0.7 × 106 and Pr = 0.7: mean temperature
profiles for the OB case (solid), for the n-OB05 case (dotted) and for the n-OB10 case
(dashed). The inset plot shows an enlarged view of the temperature profiles in the core
of the flow.

profiles is observed as well as a loss of up-down symmetry in the
mean solution [19], see also the inset plot in Fig. 3. In particular, a
teeper decrease of temperature profile is induced by non-Oberbeck–
oussinesq effects when 𝜎 = 0.1 is admitted, in accordance with the
reviously observed increase of the overall amount of heat transfer

measured by 𝑁 𝑢. This increase of mixing is not accompanied by an
ncrease of the intensity of the temperature fluctuations. On the con-
rary, the temperature variance is found to actually decrease when
on-Oberbeck–Boussinesq effects with tolerance 𝜎 = 0.1 are consid-
red, see Fig. 4(a). This decrease in the intensity of the temperature
luctuations reflects on the intensity of the velocity fluctuations induced
hrough buoyancy. As shown in Fig. 4(b), the variance of both the wall-
ormal and wall-parallel velocity fluctuations indeed decrease when

non-Oberbeck–Boussinesq effects with tolerance 𝜎 = 0.1 are considered,
n line with the observed reduction of the temperature fluctuations.
gain, when a flow case with a 5% tolerance on variations of the

hermophysical properties is considered, the non-Oberbeck–Boussinesq
ffects are found to be almost negligible also for the turbulent intensi-
ies. As shown in Fig. 4(a) and (b), the variance of both temperature
nd velocity fluctuations is indeed found to recover the behavior of the

Oberbeck–Boussinesq solution when 𝜎 = 0.05.
It is worth now trying to investigate the origin of the increase

f mixing induced by non-Oberbeck–Boussinesq effects with tolerance
𝜎 = 0.1. In accordance with the previous analysis, the increase in the
Nusselt number is not induced by an increase of the intensity of the
temperature and velocity fluctuations, see again Fig. 4(a) and (b). A
ossible explanation of this increase can be than given by the analysis

of the third- and fourth-order statistical moments of the temperature
field. In Fig. 5, the skewness 𝑆𝜃 and kurtosis 𝐾𝜃 of the temperature
ield are reported. Non-Oberbeck–Boussinesq effects are again found to
e negligible when a 5% tolerance is considered (𝜎 = 0.05). On the

contrary, for the flow conditions corresponding to a 10% tolerance on
he variations of the fluid properties (𝜎 = 0.1), an increase of both
he skewness and kurtosis is observed. A possible interpretation is the
ollowing.

The skewness of temperature fluctuations in Rayleigh–Bénard con-
ection is generally negative near the wall and positive away from it,
ee again Fig. 5(a). The change of sign occurs at the thermal boundary

layer thickness evaluated as 𝛿𝜃 = 𝐻∕2𝑁 𝑢 that in the present flow
cases is 𝛿𝜃 = 0.07 for the OB and n-OB05 cases while 𝛿𝜃 = 0.06 for
the n-OB10 case. The negative sign of the skewness highlights the
presence of small areas of intense negative fluctuations of temperature
within the thermal boundary layer. On the contrary, the positive sign
of the skewness unveils the presence of small areas of intense positive
fluctuations of temperature in the bulk of the flow. Notice that skewness
has an odd behavior with respect to the cell center. Accordingly, the
thermal boundary layers are characterized by extreme events of wall
impingement of plumes while the bulk of the flow by extreme events
7 
Fig. 4. Rayleigh–Bénard convection at Ra = 0.7 × 106 and Pr = 0.7. (a) Temperature
variance profiles and (b) vertical (red) and wall-parallel (black) velocity variance
profiles for the OB case (solid), for the n-OB05 case (dotted) and for the n-OB10 case
(dashed).

Fig. 5. Rayleigh–Bénard convection at Ra = 0.7 × 106 and Pr = 0.7. (a) Third-order
oment 𝑆𝜃 and (b) fourth-order moment 𝐾𝜃 of temperature profiles for the OB case

solid), for the n-OB05 case (dotted) and for the n-OB10 case (dashed).
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Table 3
Limiting values of the maximum temperature difference 𝛥𝛩̃𝑚𝑎𝑥 that can be imposed in
𝐻̃ = 2 m tank experiment and of the Rayleigh number achievable Ra𝑚𝑎𝑥 under the

alidity of the Oberbeck–Boussinesq equations for 𝜎 = 0.05.
Fluid 𝛩̃0 𝑃0 𝛥𝛩̃𝑚𝑎𝑥 𝐻̃ Ra𝑚𝑎𝑥
Air 30 ◦C 1 atm 14.1 ◦C 2 m 0.99 × 1010
Air 50 ◦C 1 atm 15.6 ◦C 2 m 0.82 × 1010
Air 70 ◦C 1 atm 16.6 ◦C 2 m 0.67 × 1010
Water 15 ◦C 1 atm 0.6 ◦C 2 m 4.76 × 1010
Water 30 ◦C 1 atm 1.7 ◦C 2 m 3.50 × 1011

of plumes ejected from the walls and traversing the cell height. The fact
that skewness in the bulk is more intense in flow conditions where a
10% tolerance on the variations of the fluid properties occurs (𝜎 = 0.1)
suggests that non-Oberbeck–Boussinesq effects manifest in plume ejec-
tion events carrying an higher temperature difference with respect to
the background. The observed increase of kurtosis at values higher than
the classical Gaussian distribution, further suggests that non-Oberbeck–
Boussinesq mechanisms make the bulk of the flow more and more
dominated by these intermittent and extreme events. Accordingly, we
might conjecture that the increase of mixing induced by non-Oberbeck–
Boussinesq phenomena and measured with 𝑁 𝑢 is related with the
establishment of a flow pattern of thinner but more intense thermal
plumes traversing the cell height, see the instantaneous pattern taken
by the temperature field at the cell mid-plane reported in the bottom
panels of Fig. 2. This pattern is more efficient in carrying out heat
exchange between the two walls even if is associated with a smaller
emperature variance due to the relative small area occupied by such

plume structures.

6. Final remarks

Results from three direct numerical simulations are presented to
ssess non-Oberbeck–Boussinesq effects on Rayleigh–Bénard convec-
ion of air at Ra = 0.7 × 106 and Pr = 0.7. One DNS, identified in

the text by the acronym OB, numerically solves the incompressible
system of equations derived from the Oberbeck–Boussinesq assumption.
In this case the solution is fully determined by the Rayleigh and Prandtl
umbers. The other two simulations (n-OB05 and n-OB10) employ a

variable-density formulation, include viscous dissipation and pressure
work in the energy equation and account for the dependency of fluid
properties (𝜌̃, 𝜇̃, 𝜆̃ and 𝑐𝑝) on pressure and temperature. In this case,
the non-dimensional solution depends additionally on the Froude and
Eckert numbers, on the fluid (through the state equations used), on
experimental conditions (𝛥𝛩̃ , 𝐻̃) and reference states (𝛩̃0, 𝑃0). By using
the formalism provided by Gray and Giorgini [3], simulations n-OB05
nd n-OB10 are designed to share the same Rayleigh and Prandtl

numbers of the incompressible solution but for two different levels of
olerance on variations of the thermophysical properties of the fluid:
𝜎 = 0.05 and 𝜎 = 0.1, respectively. This is obtained by tuning the
experimental conditions (𝛥𝛩̃ , 𝐻̃) = (30 ◦C, 0.064 m) and (𝛥𝛩̃ , 𝐻̃) =
(15 ◦C, 0.08 m) for the two n-OB cases, while keeping the same reference
state (𝛩̃0, 𝑃0) = (30◦) C, 1 atm).

The statistical analysis of the simulations reveals that using air as
he working fluid and for the experimental conditions selected, non-
berbeck–Boussinesq phenomena significantly affect local and global

esults when a 10% tolerance (𝜎 = 0.1) is allowed. The non-Oberbeck–
oussinesq effects consist in a decrease in the intensity of turbulent
luctuations of temperature and velocity and an increased mixing.
ccordingly, a non-negligible heat transfer enhancement is observed

n the variable property solution: it consists in a 10% Nusselt number
ncrease (𝑁 𝑢 = 7.38 for the OB case and 𝑁 𝑢 = 8.16 for then-OB10 case).
nstead, when a 5% tolerance on the variations of the thermophysical
roperties is considered (𝜎 = 0.05), the non-Oberbeck–Boussinesq
ffects are found to be negligible in both the global and local statistics.
 (
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Although there have been several significant works devoted to
understanding and quantifying non-Oberbeck–Boussinesq effects, the
present results demonstrate how suitable the use of DNS data com-
bined with the Gray and Giorgini’s theoretical framework is for the
design of numerical and experimental campaigns for the study of
Rayleigh–Bénard convection. As an example, by considering an exper-
iment of turbulent Rayleigh–Bénard convection performed in a tank
of height 𝐻̃ = 2 m filled with air at 𝑃0 = 1 atm, the maximum
Rayleigh number that can be investigated without the influence of non-
Oberbeck–Boussinesq phenomena is rather low of the order of 1010,
see Table 3 and the blue dashed line in Fig. 1. In the hypothesis that
lso for water the Oberbeck–Boussinesq approximation is acceptable

for 𝜎 = 0.05, the maximum Rayleigh number that can be investigated
without the influence of non-Oberbeck–Boussinesq phenomena with
water as working fluid is also rather low of the order of 1011, see
gain Table 3. By further considering that these limiting values of

Rayleigh number cubically decrease with decreasing tank heights, it is
easonable to conclude that experiments are almost always affected by
on-Oberbeck–Boussinesq phenomena. These phenomena are quantita-

tively shown here to modify also integral properties such as the Nusselt
number. Hence, gathering results from experiments with those from
numerical simulations can easily lead to incorrect interpretations when
the latter are performed under the Oberbeck–Boussinesq assumption.
In conclusion, the present results clearly support the use of DNS data
ombined with the Gray and Giorgini’s theoretical framework as a best
ractice for the design of research activities involving both numerical
nd experimental data.
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Appendix. Assessment of the spatial resolution and validation

The present simulations of Rayleigh–Bénard convection at Ra =
0.7 × 106 and Pr = 0.7 have been performed using a finite volume
second-order accurate discretization in a structured Cartesian grid.
The domain size is (8𝐻 , 𝐻 , 8𝐻) and the number of volumes used is
256, 130, 256) that are homogeneously distributed in the two horizontal

directions and stretched in the vertical one in order to achieve higher
evels of resolution in the near-wall region. As already stated in the
ain body of the work, the corresponding resolution at the wall where

the Kolmogorov scale reaches its minimum value is (𝛥𝑥, 𝛥𝑦|𝑤, 𝛥𝑧)∕𝜂𝑤 =
2.81, 0.48, 2.81). This spatial resolution satisfies classical requirements
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for a direct numerical simulation. However, in order to further validate
the numerical approach used, we report here a deeper assessment of
the spatial resolution of the overall numerical method and a validation
of our results against the high-order spectral simulation performed
by Togni et al. [20].

A critical numerical aspect to conduct accurate numerical simula-
tions of turbulent Rayleigh–Bénard convection is the number of grid
points used to discretize the thermal and kinetic boundary layers. An
universal criterion to determine the adequate grid resolution within the
boundary layers has been derived in [21] and for the particular case of
𝑃 𝑟 = 0.7 takes the following approximate form,

𝑁𝐵 𝐿,𝜃 ≈ 0.35Ra0.15

𝑁𝐵 𝐿,𝑢 ≈ 0.31Ra0.15
(A.1)

where 𝑁𝐵 𝐿,𝜃 and 𝑁𝐵 𝐿,𝑢 indicate the prescribed minimum number of
grid points inside the thermal and kinetic boundary layers, respectively.
For the present value of the Rayleigh number, this criterion leads to
𝑁𝐵 𝐿,𝜃 ≈ 2.63 and 𝑁𝐵 𝐿,𝑢 ≈ 2.33. By evaluating the thermal and kinetic
boundary layer thicknesses as

𝛿𝜃 = 𝐻
2Nu

𝛿𝑢 =
𝐻 Pr(0.357−0.022 logPr)

2Nu

(A.2)

where the latter is an exact relation provided by Shishkina et al.
[21], we measure that our simulations make use of 17 and 15 grid
points within them thus largely exceeding the recommended minimum
requirements.

A classical way to further assess the resolution is by checking the
degree to which the consistency relations are fulfilled by the numerical
data set. These exact relations can be derived from the governing
equations [22] and allow us to estimate the Nusselt number by using
different statistical observables which are separately affected by the
spatial resolution,

𝑁 𝑢1 = 1 +
√

Ra Pr⟨𝑣′𝜃′⟩𝑉 (A.3)

𝑁 𝑢2 = 1 +
√

Ra Pr⟨𝜖⟩𝑉 (A.4)

𝑁 𝑢3 = 1 +
√

Ra Pr⟨𝜖𝜃⟩𝑉 (A.5)

Here, ⟨⋅⟩𝑉 indicates the volume average on the whole domain, while
𝜖 and 𝜖𝜃 are respectively the pseudo-dissipation rate of kinetic energy
and of square temperature,

⟨𝜖⟩𝑉 =

√

Pr
√

Ra

⟨

𝜕 𝑢𝑖
𝜕 𝑥𝑗

𝜕 𝑢𝑗
𝜕 𝑥𝑖

⟩

𝑉
(A.6)

⟨𝜖𝜃⟩ =
1

√

Ra Pr

⟨

𝜕 𝜃
𝜕 𝑥𝑖

𝜕 𝜃
𝜕 𝑥𝑖

⟩

𝑉
(A.7)

The use of the consistency relations with data from the OB, n-OB05 and
n-OB10 cases leads to estimates of the Nusselt number that deviate by
a maximum of 2% from the nominal one computed with the averaged
temperature gradient at the wall.

Finally, in order to validate the overall numerical method we per-
formed an additional direct numerical simulation under the Oberbeck–
Boussinesq approximation at Ra = 1.7 × 105 and Pr = 0.7 in order to
match the parameters of the high-fidelity spectral simulation performed
by Togni et al. [20]. The domain size is (8𝐻 , 𝐻 , 8𝐻) and the number
of volumes used is (128, 130, 128). The numeric settings and the grid
properties are the same used for the OB, n-OB05 and n-OB10 cases
analyzed in the present work. In order to validate the integral proper-
ties of the solution, we compute first the Nusselt number. We measure
Nu = 5.00 that closely agrees with Nu = 4.98 computed by Togni et al.
[20]. On the other hand, the profiles of first- and second-order statistics,
as computed with the present method and compared with the reference
data are reported in Fig. A.6. The very good agreement also for these
statistics and the quality of the spatial resolution tests reported so far
suggest that the overall accuracy of the present results is good.
9 
Fig. A.6. Comparison between first- and second-order statistics as obtained by the
present numerical method and by Togni et al. [20]: (a) average temperature, (b)
root-mean-square temperature, (c) horizontal root-mean-square velocity and (d) vertical
root-mean-square velocity.
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Data will be made available on request.
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