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Abstract

Structural VAR models (SVAR) produce results that can vary dramatically with the
choice of variables, because information is deficient. We argue that if the variables
of interest belong to a High-Dimensional Factor Model and are replaced in the SVAR
by their common components, the information issue finds a solution, provided that
the number of common components is larger than the number of structural shocks, so
that the SVAR is dynamically singular. This is the Common Components Structural
VAR (CC-SVAR). Our main contribution is that we prove consistency of our CC-SVAR
estimates, which is far from trivial as our estimated SVAR tends to dynamic singularity.
We apply our procedure to monetary policy shocks, finding that, with the CC-SVAR,

results are robust to the choice of variables and well-known puzzles disappear.
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1 Introduction

Since the seminal paper by Sims (1980), Structural Vector Autoregressive (SVAR) models
have become the main tool for applied macroeconomic analysis. In the SVAR approach,
the macroeconomic variables are driven by a vector of “structural shocks”, i.e. economically
meaningful shocks, and react to them according to linear impulse-response functions (IRFs).
The structural shocks are obtained as linear combinations of the VAR residuals by imposing
identifying restrictions based on economic theory.

An unpleasant feature of SVARs is that the results can change dramatically depending on
the choice of variables. This lack of robustness is a serious problem, since unavoidably both
the number and nature of the series to be included in the model are discretionary to some
extent. Figure 1 gives an effective idea of the magnitude of the problem, with reference to the

effects of monetary policy on real activity and prices. The black lines are the IRFs obtained
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Figure 1: US monthly data from 1977:6 to 2008:12. The IRFs of a monetary policy shock, identified
with the proxy of Gertler and Karadi (2015). The black lines are the IRFs of the SVAR(6) with just four
variables: the 1 year bond rate, industrial production growth, unemployment and CPI inflation. The blue
lines are the IRFs for 50 eight-variable specifications, including the above four variables, and differing for
the (random) choice of 4 additional variables.

with the four-variable SVAR including the interest rate, the unemployment rate, industrial
production growth and CPI inflation, identified by using the popular instrument of Gertler
and Karadi (2015).! Unlike in Gertler and Karadi (2015), the Excess Bond Premium (EBP)
is not included in the information set. As a result, both industrial production and prices

increase following a policy tightening, so that we have the price puzzle and a real activity

"'We use US monthly data from 1977:6 to 2008:12 and 6 lags in the VAR.



puzzle. The blue lines are the IRFs obtained with 50 different specifications, including the
four variables above plus four additional randomly chosen macroeconomic series. What the
figure tells us is that, by choosing variables appropriately, we can obtain any result.

Why do the results of SVAR analysis vary so much across different specifications? In
our understanding, the lack of robustness is due to two main causes: VAR information can
be deficient (non-fundamentalness) and is often contaminated by measurement errors.

It is well known by now that the structural shocks of interest not always are linear
combinations of current and lagged VAR variables. When they are not, the shocks are
non-fundamental for the variables, and SVAR analysis fails. Non-fundamentalness usually
occurs when the information set of the VAR variables is smaller than that of the agents.
An obvious example is that in which the number of variables is smaller than the number of
shocks. But even if the number of shocks and variables coincide, the information contained in
the history of the variables can be deficient, especially in presence of news technology shocks
(Forni et al., 2014), fiscal foresight (Leeper et al., 2013) or forward policy guidance (Ramey,
2016).2 Adding variables to enrich information does not necessarily solve the problem, since
observables are usually contaminated by errors, so that, when adding variables, often we
add both genuine information and noise.

The fact that many macroeconomic aggregates are affected by measurement error is
indisputable. Still, the problem has been largely neglected in the literature. There is an
implicit widespread belief that the consequences on SVAR analysis are not serious. However,
Giannone et al. (2006) and Lippi (2021) show that this view is wrong (see also Simulation
1, Section 2.2): even small measurement errors can generate substantial distortions in the
estimates of the IRFs, yielding misleading results. Indeed, measurement errors can be re-

garded as a source of non-fundamentalness. If m variables are driven by ¢ structural shocks,

2Early papers containing examples of non-fundamental economic models are Hansen and Sargent (1991)
and Lippi and Reichlin (1993). More recent works are Fernandez-Villaverde et al. (2007), Alessi et al. (2011),
Sims (2012), Leeper et al. (2013), Forni and Gambetti (2014), Forni et al. (2019).



but are contaminated by m independent measurement errors, their IRF representation will
be driven by m + ¢ shocks, leading to non-fundamentalness.

The lack of robustness might be used to recommend not to use SVAR models for macroe-
conomic analysis, an additional argument for authors who argue that Dynamic Stochastic
General Equilibrium (DSGE) models should become the standard tool in empirical macroe-
conomics, see Chari et al. (2008). The opposite view is upheld in the present paper. We
show that the problem can be overcome within the SVAR approach. Our strategy is the
following. (i) The variables of interest are embedded in a large macroeconomic data set. (ii)

Such data set is modeled by a High-Dimensional Factor Model of the form

Ty = MLy + i = Xa + St

where F} is the vector of factors, y;; is the common component of z; and and &; is the
measurement error. (iii) The SVAR approach is applied to the common components of the
variables of interest as estimated by means of ordinary principal components. We call our
approach Common Component Structural VAR (CC-SVAR).

A detailed description of the CC-SVAR procedure is the following. We start with an m-
dimensional vector y; whose coordinates are the “true”, usually unobserved, macroeconomic
variables of interest. In particular, the variables x; can be interpreted as the “concepts”
of a DSGE model, i.e. the variables as defined by economic theory. We assume that y;
is driven by a g-dimensional structural shock vector u; by means of structural linear IRFs.
Moreover, we suppose that m > ¢, so that x; is dynamically singular, that is, its spectral
density matrix has reduced rank at all frequencies. Both dynamic singularity and linear
structural IRFs are typical of the log-linear approximations of DSGE models around their
steady state.

Dynamically singular stochastic vectors, under the assumption of rational spectral den-

sity, have been extensively studied starting with Anderson and Deistler (2008a). Building
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on their results we argue that in singular rational representations y; = B(L)u;, where B(L)
has an economic-theory based parameterization and wu, is the structural shock vector, u; is
generically fundamental for the vector x;. A precise definition of genericity is given in Ap-
pendix A.1, Definition G. Loosely speaking, a statement on the representation x; = B(L)u,
holds generically if it holds for all values of the parameters on which B(L) depends, with
the exception of a lower-dimensional subset of the parameter space.

The difficulty is that, when y; is replaced by its observed counterpart, dynamic sin-
gularity and the resulting generic fundamentalness of the structural shocks break down.
Our Dynamic Factor model, by using a large macroeconomic dataset, “cleans” the observed
variables from measurement errors, providing an estimate of x;, denoted by y;, so that
fundamentalness is restored. CC-SVARSs consist in the application of SVAR analysis to x;.

From a theoretical point of view, our approach improves over previous factor-based
structural models, such as the Structural Dynamic Factor Model (SDFM) of Stock and
Watson (2005), Bai and Ng (2007), Forni et al. (2009), Stock and Watson (2016), or
the Factor Augmented VAR (FAVAR) of Bernanke et al. (2005). First, the existence of
a finite VAR representation in the structural shocks is not assumed, but derived from the
theory of dynamically singular stochastic vectors. Second, we show that, in the dynamically
singular case, a finite VAR representation does exist, under mild conditions, even when y;
includes the first differences of cointegrated variables. Finally, we provide a proof that the
estimated structural shocks and IRFs are consistent. If y; where not dynamically singular,
this consitency would be an easy consequence of well-known results. What we prove is that
consistency holds even when y; is dynamically singular, so that its VAR representation is not
necessarly unique, a problem that has been overlooked in the above mentioned literature.
This is our main technical result, see Section 3.4. In particular, as compared to Forni
et al. (2009), the present paper innovates in that: (i) we estimate a VAR with the common

components rather than the estimated factors; (ii) we show that the rank reduction of the



VAR residuals is not necessary; this is a simplification, since the estimation of ¢ is not
required; (iii) Forni et al. (2009) assume order 1 for the VAR in the factors, an assumption
that ensures uniqueness of the VAR representation; the above mentioned consistency result
allows us to remove this heavy restriction.

As in FAVARs, the CC-SVAR procedure allows for the inclusion, in the vector y;, of
observable variables, insofar as their measurement error is zero; moreover, it allows for the
inclusion of estimated factors in place of common components. We can say that the CC-
SVAR unifies and encompasses previous structural factor model methods. It essentially
reduces to the SDFM method when the number of common components included in the
VAR is equal to the number of factors, even though, as observed above, the CC-SVAR
procedure does not require estimation of g. On the other hand, the CC-SVAR reduces to
a FAVAR when some variables are included in the vector x; without treatment and the
common components are replaced by the estimated factors. However, the identification of
structural shocks is more direct and transparent, since the restrictions are imposed on the
common components of the variables rather than the factors.

Figure 2 shows the IRFs of the same 50 specifications of Figure 1, obtained with the
CC-SVAR. The result is striking: the 50 lines are perfectly overlapping, so it looks as if
there is only one line. Note that neither the price puzzle nor the real activity puzzle show
up, despite the fact that the specifications do not include necessarily the EBP nor other

financial series.
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Figure 2: US monthly data from 1977:6 to 2008:12. The IRFs of a monetary policy shock, identified with
the proxy of Gertler and Karadi (2015). The blue line is obtained by plotting the IRFs for the same 50
eight-variable specifications of Figure 1 obtained with the CC-SVAR.



In the empirical part of the paper, we apply the CC-SVAR method to the study of the
effects of monetary policy shocks on the main macroeconomic variables, an highly debated
problem in macroeconometrics. As shown above, the results of SVAR analysis are not
robust. By contrast, with the CC-SVAR, the puzzles disappear and the results are robust
both across specifications and across different identification schemes.

The paper is organized as follows. Section 2 discusses the implications of measurement
errors and non-fundamentalness for SVAR analysis within a simple Real Business Cycle
Model. Section 3 presents the model, the estimation procedure and the consistency results.
Formal proofs are given in the Online Appendix. In Section 4 the estimation procedure
described in Section 3.6 is applied to simulated data based on the model discussed in Section

2. Section 5 presents the empirical application. Section 6 concludes.

2 Illustration by a simple model

The model discussed in Leeper et al. (2013) is employed here as a laboratory to discuss the
consequences of narrow information sets (non-fundamentalness) and measurement errors.
The model is a simple Real Business Cycle (RBC) model with log preferences, inelastic
labor supply and two shocks: wu,,, a technology shock, and u,;, a tax shock. A non-
standard feature of the model is the fact that the tax shock has a delayed effect on taxes,

the so-called fiscal foresight. The equilibrium capital accumulation is

ky = aki_y +a; — 52 0'EiTiyit,

1=0

where 0 < <1,0< 60 <1, =(1-0)7/(1 — 1), 7 being the steady state tax rate, 0 < 7 <
1; as, k; and 7 are the log deviations from the steady state of technology, capital and the
tax rate, respectively; F; denotes expectation at time ¢, conditional on a;—j, ky—j, 74—;,7 > 0.
Technology and taxes are assumed, for simplicity, to be i.i.d processes, i.e. a; = u,,; and

Tt = Ury4—2, Where u-; and u,, are shocks that economic agents can observe. The equation



for taxes implies a delay of two periods. Solving for k; we obtain the following equilibrium

ARMA representation:

1 0 0 0 1
0 1—aL 0|Xt=|—=0(L+6) 1]|u, (1)
0o 0 1 L? 0

where L is the lag operator, x; = (a¢ k; )" and w; = (urt uay)'

2.1 Full versus narrow information sets

In the standard SVAR approach, as the variables are driven by two shocks we should estimate
a SVAR including two of the three variables in the system. However, the vector u; =
(Urs ua,t)/ is non-fundamental for all pairs of variables. Indeed, considering the square
subsystems including technology and capital, technology and taxes, capital and taxes, the
determinants of the corresponding submatrices of the moving average matrix polynomial in
(1) are, respectively, 6(z + ), —z?, —z%. The second and the third vanish for z = 0. The
first vanishes for z = —@ if 7 #£ 0, for all z € C if 7 = 0. This implies that standard SVAR
techniques are unlikely to correctly estimate the dynamic effect of the fiscal shock.

A quantitative assessment of the distortion caused by non-fundamentalness in the two-
dimensional SVARs within system (1) is obtained here by a simulation exercise (Simulation
1). We generate 1000 different dataset with 200 time observations from model (1) using the
parameterization in Leeper et al. (2013) for «, 0, 7 and u;. For each of the datasets we
estimate a VAR(4) including taxes and capital and we identify the tax shock by imposing
that it is the only one driving cumulated taxes in the long run, a restriction that is satisfied
in the model.

Panel (a) of Figure 3 plots the estimated impulse-response functions for a tax shock. The
red dashed lines are the theoretical impulse response functions. The solid lines represent the

mean (across datasets) of the point estimates. The grey areas represent the 16th and 84th
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Figure 3: Simulation 1. Non-fundamentalness and measurement errors. Estimated IRFs for the tax shock.
The red dashed lines are the theoretical IRFs. The solid lines represent the mean (across 1000 simulated
datasets) of the point estimates. The grey areas contain the point estimates between the 16th and 84th
percentiles. Panel (a): SVAR(4) with Capital and Taxes. Panel (b): SVAR(3) with Capital, Taxes and
Technology. Panel (¢): SVAR(3) with Capital, Taxes and Technology when Technology is measured with a
5% error.

percentiles of the point estimate distribution, corresponding to the 68% confidence interval
commonly used in macroeconometrics. As the red lines lie outside the bands, the true effects
are very badly estimated. The responses obtained by the SVAR neatly anticipate the peak
response in the true impulse response functions. Both taxes and capital react immediately
and then the effects vanish.

Results radically change by using all of the available information. Indeed, provided that

7 # 0, the matrix B(L) in (1) has a left-inverse, so that we have the VAR(3):

1 0 0 a; 0 1
. . 2 2 Urt
(0 92L)L (1 04L)(9(92 0L+ L*) (;_12; k| =1 =60 1 ‘ (2)
2 _ 2 Uq,t
=L d—al)l” 1+ L) \7 0 0

Note that the autoregressive matrix is stable, since its determinant is (1 — aL) and || < 1.
Using the same data and identification scheme as in the previous exercise, we estimate (2).

Results are displayed in Panel (b) of Figure 3. Using the full information set, the



impulse response functions are estimated extremely well, the red dashed and solid black
lines perfectly overlapping. Note that correct estimation crucially depends on the fact that

information is enlarged without adding further shocks or noise.

2.2 Measurement errors

Typically, many of the macroeconomic variables used in SVAR models are affected by mea-
surement error. To understand the implications of this, we modify model (1) by adding
measurement errors, i.e. we consider the vector variable x; = x; + &, where the vector
& = (& 0 0) is white noise and orthogonal to the shocks u,; and u,; at all leads and lags.
The data are generated using the same parameterization of the previous section, with &/
accounting for 5% of the variance of the series a;. Using the full vector we estimate again a
VAR(3) with the same identification scheme.

Panel (c) of Figure 3 reports the estimated impulse-response functions. Surprisingly,
with a measurement error as small as that used in the generation of the data, and affecting
only one of the variables, the effects of the tax shock are very badly estimated. We come

back to this point in Section 3.7.

3 Common Component Structural VARs

Let x; be an m-dimensional vector whose coordinates are the “true” macroeconomic vari-
ables of interest. We assume that y; has an ARMA structural representation driven by a
g-dimensional structural shock vector u; and that m > ¢, so that x; is dynamically singular
(more variables than shocks). This has the implication, based on Anderson and Deistler
(2008a), that generically x; has a finite-length VAR representation and that u, is fundamen-
tal for ;. On the other hand x; can only be observed with measurement errors. We obtain

a consistent estimate x; by means of factor-model techniques and show that the CC-SVAR,
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i.e. the SVAR applied to x;, produces consistent estimates of u; and the IRFs of x; with

respect to uy.

3.1 The Impulse-Response Function representation

Assumption 1. Structural representation. The zero-mean m-dimensional vector x; is the

stationary solution of the vector ARMA equation:
H(L)x: = K(L)u, (3)

where: (&) u; is a weak white noise q-dimensional vector of orthonormal shocks. (b) H(L)
is an m X m polynomial matriz such that H(0) = I, and det H(z) = 0 implies |z| > 1.

K (L) is a full rank m x q polynomial matriz, i.e. K(z) has full rank for z a.e. in C. Thus
Xt = H(L) 'K (L)u; = B(L)u; = Bous + Brugy + - -+ (4)

(c) The vector u; is structural, so that the matrices B; = E(x;u;_;) are structural. We
suppose that H(L) and K (L) are structural as well, although of course there exist alternative

ARMA representations of x¢, with u; as the driving white noise.

Equation (1) is of course a special case of (3). Equations of the form (3) or (4) are easily
obtained from the the state-space representation of a linearized DSGE, see e.g. Giannone
et al. (2006). Regarding (c), to fix ideas we may suppose that the upper ¢ x ¢ submatrix of
By in (4) is lower triangular, so that the shocks w;, impact contemporaneously on the y;,
1=1,...,q, according to a recursive scheme. In Section 3.4 a recursive scheme will be used

as a simplifying assumption.

Assumption 2. Dynamic singularity, static non-singularity. (a) The number of variables
m 1s larger than the number of shocks q, so that x; is dynamically singular, that is, the
spectral density matriz ¥X(0) = B(e')B(e™") is singular for all 0 € [—x, 7], (b) The

covariance matriz of x;, denoted by Xy, is non-singular.
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As already observed in the Introduction, dynamic singularity is a feature of most DSGE
models, a prominent example is Smets and Wouters (2007), see also Canova (2007), pp. 232-
3, for general considerations. Moreover, we suppose that the number of structural shocks
driving the economy is independent of the dimension of x;. Thus, if in a first formulation
of the model we had m = ¢, the model obtained by augmenting y; with auxiliary variables

would fulfil the condition required in Assumption 2(a).

3.2 Existence of a finite-length VAR representation for y;

We now present and illustrate some basic consequences of Assumptions 1 and 2.

3.2.1 Zeroless m x ¢ matrices and finite-length VARs

Let us start with an elementary example. Consider the 2-dimensional vector x; = (x1¢ X2¢)',

where

X1t = U + klut,l, Xot = Uz + k2ut717 (5)

u; being a scalar white noise and (k; ko) any point in R%. The vector y; is dynamically
singular, since it has two entries (m = 2) driven by just one shock (¢ = 1). If k; # ko we
have u; = (ko — k1)~ (kax1: — k1x2:)- This can be used to replace u;_; in (5), obtaining

ks

ko — kq

ki

T kg —ky

X1t (k2X1,t71 - k1X2,t71) + U, Xot = (k2X1,t71 - leQ,z%l) + Uy, (6)

which is a VAR(1) representation for the MA(1) vector x;. Thus u; belongs to the space
spanned by current and past values of x;, the white noise u; in (5) is fundamental and x;
has a finite-length autoregressive representation for all values of the parameters k£ and ks,
with the exception of the line k; = k.

Model (1) in Section 2 provides another example of a dynamically singular vector having
a rational MA representation, which admits the VAR representation (2), unless 7 = 0.

It is easily seen that in both examples the existence of a finite VAR occurs when the

12



values of the parameters are such that the matrix K (L) has the property defined below:

Definition 1. Zerolessness. The m x q matriz K(L), with m > q, is zeroless if the rank of

K(z) is q for all complex numbers z.

Note that if m = ¢ then K (L) is zeroless if and only if it has a constant determinant,
a very special case. On the other hand, if m > ¢, a sufficient condition for zerolessness of
K (L) is that it contains at least two g X ¢ submatrices whose determinants have no common

zeros. A crucial consequence of zerolessness is proved in Anderson and Deistler (2008a):

Proposition AD1. Anderson and Deistler. Under Assumptions 1 and 2, if the matriz K (L)
is zeroless, there exists a finite m x m stable matriz polynomial f((L) such that f((L)K(L) =
Ko = By (we say that K(L) is a left inverse of K(L)), so that, setting A(L) = K(L)H(L),
Xt has the finite-length VAR representation A(L)x; = Kou; = Bouy. As Ky has mazimum
rank (because K (L) is zeroless), u; lies in the space spanned by current and past values of

X¢t, B-e. Uy is fundamental for x;.

We see that in examples (1) and (5) the matrix K (L) is zeroless with the exception
of a lower dimensional subset of the parameter space. Precisely, in Example (1) the two-
dimensional subset of {0 < a <1, 0 <0 <1, 0 <7 <1} where 7 =0. In Example (5) the
one-dimensional subset of R? where k; = ky. Thus in both cases, according to the Definition
of genericity given in the Introduction, K (L) is generically zeroless.

Now the question is whether the result holding for such elementary cases can be extended
to any model fulfilling Assumptions 1 and 2. Relevant cases are:

(I) Like in example (5), each entry of K (L) has its own parameters which vary independently
of those of the other entries. In this case K (L) is generically zeroless. This is shown in
Anderson and Deistler (2008b), Proposition 1 and Forni et al. (2015).

(IT) However, in this paper we are interested in the case in which, like in example (1), the

entries of K (L) jointly depend on the parameters of an economic model. As observed below

13



Definition 1, a sufficient condition for zerolessness of K (L) is that K (L) contains at least two
g X g submatrices whose determinants have no common zeros. In Appendix A.1 we prove
that either (Z) that condition generically holds, or (W) it generically fails to hold. Note that
usually in the dynamically non-singular case neither of the alternatives holds generically.
(IIT) Moreover, alternative (W) above holds only if the coefficients of K (L) fulfill a restriction
which has a purely mathematical motivation (see Appendix A.1). Based on this observation
and our knowledge of theory-based macroeconomic models, we claim that generic zeroless-
ness is typical, with the possible exception of those cases in which y; is the first difference of
a cointegrated I(1) vector. In that case a zero of K(L) at z = 1 may be directly motivated
by the theory. In the next section we show how such zeros can be “removed”.

For a different approach on non-fundamentalness, based on a non-Gaussian framework,

see e.g. Lanne et al. (2017) and Gouriéroux et al. (2020).

3.2.2 Dynamic singularity and cointegration

Now let x; = (1 — L)X}, where X;; is I(1) for ¢ = 1,...,m. For simplicity suppose that
(1 — L)X, = K(L)uy. If x; is not dynamically singular, cointegration of X; implies that
K(L) has a zero at z = 1, so that a VAR in y; is misspecified and the estimation either of
an Error Correction Model (ECM) or a VAR in the levels X; is recommended.

On the other hand, the rank at zero of the spectral density of a dynamically singular
vector x; is ¢ at most, with ¢ < m, so that X; is necessarily cointegrated with cointegration
rank m — ¢ at least, that is c = m — ¢ + k, with 0 < kK < ¢. As our aim here is to show how
a zero at z = 1 can be assumed away, we suppose that K (L) is zeroless for z # 1.

Assume firstly that x = 0. In this case the rank of K(1) is ¢, i.e. K(L) is zeroless,
Proposition AD1 applies and X; has, despite cointegration, a finite-length VAR representa-
tion in differences. This important feature of dynamically singular vector processes has been

largely ignored in the factor model literature. If k = 0, dynamic singularity not only ensures
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generic fundamentalness of u;, but also solves the representation and estimation difficulties
arising from cointegration in the standard non-singular case. Simulation 7 in the Online
Appendix F .4 illustrates this point.

If k > 0 the matrix K (1) has a zero at 2 = 1 and a VAR in differences is misspecified.?
However, k > 0 can be convincingly ruled out for most macroeconomic applications. Indeed
r > 0 implies that, for some of the shocks, the IRF of all the variables has the factor
(1 —L). Of course a demand shock for example may well have transitory effects on trended
real activity variables. But there are no theoretical reasons why it should have transitory
effect on prices and monetary aggregates, or have the factor (1 — L) in the impulse response
functions of 1(0) variables like interest rates, risk premia, term spreads or unemployment
rates. This also suggests that, in empirical situations, k = 0 can be forced, so to speak, by

augmenting y; with suitable variables. See Appendix A.2 for additional details.

3.2.3 Genericity of zerolessness

Based on the above discussion of a possible zero of K (L) at z = 1, and the arguments in
(I), (II) and (III) in Section 3.2.1, we believe that assuming that K(L) is zeroless, either

directly for x; or for an augmented version of it, has a sound motivation. Thus:
Assumption 3. Zeroless IRFs. The matriz K(L) is zeroless.

Under Assumptions 1, 2 and 3, by Proposition AD1, the vector y; has a finite-length
VAR representation

A(L)xe = vy (7)

where vy = Bouy and A(L) is stable. As By has full rank ¢, u;, as well as vy, is fundamental

for x;.

3Barigozzi et al. (2020) show that generically the dynamically singular vector x; has several alternative
finite-length ECMs, producing the same impulse-response functions, with a number of error correction terms
ranging from x to m — g + K, see p. 20. The methods used in Barigozzi et al. (2020, 2021) and those in the
present paper are very close. Indeed, our definitions and results could be adapted to include ECMs. This
however is left for future research.
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3.3 Adding (and removing) measurement errors

We suppose that only x; = y; +¢& is observable. We also suppose that x; is a subvector of an
observable n-dimensional vector ,,; = (x;), ¢ = 1,...,n where n is large, possibly as large or
even larger than 7T, the number of observations for each series. High-Dimensional Dynamic
Factor Model techniques have been used to obtain estimators of x;, which are consistent as
n,T — oo. Let us mention here Forni et al. (2000), Stock and Watson (2002a,b), Bai and

Ng (2002), Forni et al. (2015, 2017). Formally:

Assumption 4. Embedding y; in a Large-Dimensional Dynamic Factor Model.
Suppose that the vector x; fulfils Assumption 1.

(a) The vector x; is not observable. The observable vector x,; has the representation:
xp = x¢+ & = B(L)uy + &

(b) Without loss of generality, the entries of xy, i.e. xy, i = 1,...,m, are the first m series
of the sequence xyy = X+ &, 1 =1,...,00, where: (1) for i >m, xiu = b;(L)uy, b;(L) being
a one-sided square-summable filter, (ii) the vector ({14 &or -+ Est)' s zero mean, weakly
stationary for all s € N. The components &, are orthogonal at all leads and lags to ug, so
that & and xji—x are orthogonal for all v and k.

(c) The researcher observes the first n series xy, i =1,...,n, with n > m.

The variable x;; is called the common component and the variable &; the idiosyncratic
component of x;. The idiosyncratic component of y;; is usually interpreted as containing
specific causes of variation, plus measurement error. However, if y; is one of the main
macroeconomic aggregates, like GDP or consumption, specific causes of variation should
cancel in the aggregation and the idiosyncratic component is likely to contain only measure-
ment error.

Different consistent estimators of y;;, denoted y;, have been proposed in the factor-

model literature. Some of them are mentioned at the beginning of Section 3.5. Of course
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each one of them contains an estimator of the vector x;, denoted x;. For the moment we
do not select a particular estimator y;. Rather, we show that u, and the IRFs implicit
in equation (7) are consistently estimated using any estimator y; fulfilling Assumptions A
and B below. Then, starting with Section 3.5, we focus on the static principal component

estimator of Stock and Watson (2002a,b) and show that it fulfills Assumptions A and B.

Notation 1. (a) Let (y:) and (z) be zero-mean s-dimensional vector processes. X3
denotes the (population) s X s covariance matriz E (ytzg_k). ﬁlz’z, the sample counterpart
of X7, is defined as ZZ;HI wz, /(T — k). The s x s autocovariance matrices of (y:) are
obuviously denoted by ¥} and ZA?Z (b) By xe = (Xat), i =1,....m, t =1,...,T, we denote

an estimator of x; based on xy, i =1,...,n,t=1,....T, (c¢) 7, = Xe — Xt, (d) ||-|| denotes

the euclidean norm for vectors and the spectral norm for matrices.

Assumption A. Properties of x;. We have: ||x: — xt|| = ||7¢]| is Op(rn.r), where rpr — 0

as min(n, T) — oo. Moreover, ||$2X]| is O, (1/\/T> for k> 0.
Assumption B. Covariance Ergodicity. For all k, ||SY — XX|| = O, (1/\/T>

Assumption A, first part, states that the estimator is consistent as min(n,7") — oo,
the rate being 7, 7. Moreover, second part, the structural shocks are sample orthogonal,
asymptotically, to the lags of the estimator, with the rate 1/ VT.  Assumption B is a
standard ergodicity property. It can be obtained under the assumption of linearity of the

processes and finite fourth cumulants of the driving shocks (see Hannan, 1970, Theorem 6).

3.4 Estimating a dynamically singular VAR
It is convenient to re-write the population VAR in (7) as
Xt = Aixe—1 4+ Apxa—p + v = AZpy + vy, (8)

where Z; = (X} Xi—1 --- Xi—pr1)» Ve = Bouy is a white-noise vector of dimension m and rank

q, with v;; orthogonal to x;;—x and &;;_ for all ¢, 7 and all positive k.
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A major difficulty with (8) is that, as pointed out in Anderson and Deistler (2008a), the
variance-covariance matrix of the regressors, ¥Z, can be singular. A simple example will
suffice here. Consider the case m = 3, ¢ = 1, B(L) = By+ B1 L+ ByL?+ B3 L3, and suppose
that the 12 entries in the matrices B; can vary independently of one another. The vector Z;_
has 3p components, each being a linear combinations of w;_1, ..., u—p, Ut—p_1, Ut—p_2, Ut—p_3,
thus the components of Z;_; lie in a linear space of dimension p + 3. This implies that if
p > 2, so that 3p > p + 3, the components of Z;_; are collinear and Y7 is singular. On the
other hand, if p =1 in (8), then (I — A;L)(By + B1L + BoL? + B3L?) = By, which implies
12 linear equations for the 9 entries of A;, a system with no solutions for generic values of
the entries of the matrices B;, j =0, ..., 3, see Appendix A.3 for details.

What we learn from this example is that in the dynamically singular case the matrix
A(L) is not necessarily unique. On the other hand, equation (8) is a projection equation, so
that, by uniqueness of the orthogonal projection, the projection AZ;_; and the residual v;
are unique. Of course, the vector of structural shocks u; and the matrix of impulse response
functions B(L) are unique as well.* As A(L) is not necessarily unique, the estimated VAR
coefficients do not necessarily converge. This is the problem, mentioned in the Introduction,

> Here we show that, even

which has been overlooked in previous factor model literature.
if the VAR in (8) is not unique, so that the estimated VAR coefficients may not converge
at all, the estimated VAR residual v;, the estimated vector of structural shock 4; and the

estimated impulse-response matrix B (L) converge to v, u; and B(L), respectively.

The empirical counterpart of (8) is
Xt = Al)%t—l + -+ Apf(t—p + 0 = AZAt—l + Uy, 9)

where AZ,_; is the sample projection of x; onto Z,_1 and 9, is the residual. Even if ¥Z is

4 Note that, inverting the matrix A(L), we obtain y; = A(L) 'v; = A(L)~!Byu;. On the other hand, y;
has a unique MA representation in u;, so that A(L)~'By = B(L), independently of which matrix A(L) we
choose.

°If p=1, X¥ = X, which is non-singular by Assumption 2(b). Thus (8) is unique.
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singular, singularity of f]g is very unlikely, owing to the estimation error ;. In this case A
is unique and can be estimated by a standard VAR. On the other hand, the entries of 7; can
be collinear (the case of a null entry of 7; is discussed in Section 3.6), so that collinearity of
Zi 4 might in principle occur. In this case, we evaluate the regressors in Z, in reverse order
from the last to the first and discard them whenever they are redundant, see Deistler et al.
(2011). The corresponding columns of A are set to 0. This defines uniquely A and therefore

A(L)=T—-AL—---— A,L”. Of course &, = A(L)Y; is unique because it is the residual of

the sample projection equation (9). Our first result concerns the consistency of v;.

Proposition 1. Consistency of the VAR residuals. Under Assumptions 1 through 4, A
and B, we have ||0; — ]| = O, (max(rn,T, 1/ﬁ)) . or, equivalently, ||AZ,_y — AZ,_y|| =

O, (maX(TmT, 1/\/T)> :

The proof is given in the Online Appendix B.

Let us turn now to the structural shocks and response functions. For simplicity we
specialize Assumption 1(c) by adopting the Cholesky scheme. Our consistency results can
be easily adapted to all the structural relations between u, and the matrices B; that are

currently used to identify macroeconometric models.

Assumption 1(c)’. Cholesky scheme. We suppose that, after possible reordering of the

variables x4, 1 =1,...,m,

Q
vy = Bouy = U, (10)

R
where ) is q X q, lower triangular with positive entries on the main diagonal and R is
(m—q) xq.
Using (10) and partitioning v; and Xf as
v Yy Xz

Ve = 5 28 - ) (11)
U?] Z[21] 2[22},
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where UP] is ¢x 1 and X1q) is ¢ X g, we see that v, = Q_lvgl] and that () is the lower-triangular

Cholesky factor of Xj1;). Moreover, as is easily seen, R = X;(Q)". Summing up,
S=0QQ,  w=Q'vw,  R=Sp(@)", Bj=(QR).

Correspondingly, partition ¢, and 28 as

~

(" o [Zmn Zpe
Vs = 28 = s
’0?] Yy X2
where @F] is ¢ x 1, 2[11} is ¢ X q. By Proposition 1, 2[11} converges to ;) in probability,
thus det 2[11] is bounded away from zero in probability. Then let i][ll] = QQ' be its Choleski
factorisation and define u; = Q‘lﬁill. Summing up,
/

Sy = QO i = Q oY, R=%p(Q) 7", B = (Q’ Rl) (12)

Lastly, By, k=0, ..., 00, is defined by solving A(L) P B.L* = By, that is

Proposition 2 establishes consistency and consistency rates for 4, and Bs.

Proposition 2. Consistency of the estimated structural shocks and IRFs. Under As-
sumptions 1, as specified in Assumption 1(c), through 4, A and B: (a) ||u; — wl|| =

0, (max(rn,;p, 1/\/7)), (b) For any k > 0, Hék — Bil| =0, (max(rnyT, 1/\/T)>

The proof is given in the Online Appendix C.

3.5 An estimator of y; fulfilling Assumptions A and B

From now on we focus on the ordinary principal component estimator. CC-SVAR analysis
with the dynamic principal component estimator, see Forni et al. (2000) and Forni et al.
(2015, 2017), is left for future research.

Here we specialize the Dynamic Factor Model defined in Assumption 4 by assuming a

static factor representation.
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Assumption 5. Static factor representation. The common components x;; are linear com-
binations of orthonormal static factors Fi, k = 1,...,r, where r > q. The r-dimensional
vector Fy has an ARMA representation like (3) in the structural shocks u; and therefore a

rational MA representation like in (4):

Xit = AL+ + N F = NEF (13)

F, = Br(L)u. (14)
Combining Assumption 4(b) with equations (13) and (14)

Xe = (X1t Xmt) = B(L)uy = Ay Fy = Ay Br(L)uy,

where A,, is the m x r matrix with rows X;, i = 1,...,m. Assumption 2(b) and orthonor-
mality of F; imply that the rank of A,,A], is m.

Some notation is needed for the following assumptions.

Notation 2. (a) s = (1t -+ Tot)s Xow = (X1t =+ Xut) and &,; = (&4 -+ &u)'. Note
that, by Assumption 4(a), we have T, = Ty, Xt = Xt @nd & = &,,,. (b) TE, TX and T%
are k-lag covariance matrices of the processes (Znt), (Xn:) and (€,,), respectively. XX, see
Notation 1, is the upper-left m x m sub-matriz of I'f, which is n xn. The sample counterpart
of % is T% = Z?zkﬂ T, ./(T—k). (c) py and u?, 1y and ,&5, are the j-th eigenvalues,

in decreasing order of magnitude, of Ty and Fg, fé‘ and f‘g, respectively.

Assumption 6. Pervasiveness of the factors and the shocks, non-pervasiveness of the id-
iosyncratic components. (a) There ezists constants ¢, Cj, J=1,...,r, such that ¢; > ¢j11,
j=1,...,r=1,and 0 < ¢; < liminf, oo n~'p} < limsup, . n~"'u} <G, (b) There exists

a real £ > 0 such that sup,,cy ,uf </

Assumption 6(a) ensures that the static factors are pervasive; it could be replaced by suit-
able assumptions on the factor loading matrices A,. Assumption 6(b) is obviously satisfied

if the idiosyncratic components are mutually orthogonal and their variances are uniformly
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bounded. However, it is milder than mutual orthogonality in that it allows for a limited

amount of cross-correlation.

Assumption 7. Uniform covariance ergodicity. Denote by Vi i, Viij» Vai; and Vi, ; the
entries of 'y, fﬁ, 'Y and f;‘, respectively. There exists a p > 0 such that: (a) T E(},; —

77;6,1‘]')2 <p, (b) T E(&,’f” — 7;5,1']')2 <p, ()T E(%‘fj)Q <p, foralli, j, k and T.

For a motivation of Assumption 7 see the comment under Assumption B. Here we assume

in addition that the upper bound p is the same for all 7.

Definition 2. The principal component estimator. Let W} = (w;1 -+ W;,)" be a normalized
column eigenvector of f“g corresponding to fij (so that W'y 15 the j-th principal component
of ). Let T, be the n x m matriz with zeros in the last n —m rows and I, in the first
m. The principal component estimator of X+ = Xmt S Xt = I;LWI’Wxxnt, where W= is the

n X r matriz with Ww§ on the j-th column, that is, Xi = Z;Zl WHEWT T, 1= 1,...,m,

Proposition 3. Properties of the principal component estimator. Under Assumptions I-
7, for all k: (a) ([l = 1% = xil| = Opmax(1/v, 1/VT)): (b) ISY]] s O, (1/VT)
for k > 0; (c) ||ZX = %Y = O, (1/\/7) Thus X fulfills Assumption A, with r,r =

max(1/v/n,1/V/T), and Assumption B.

The proof of Proposition 3 is given in the Online Appendix D.
A comment on Assumptions 4 through 7 and Proposition 3 is in order. The following

example illustrates our point. Let us specify the model in Assumption 4 as follows:

Ty = U+ U1 + &y
(15)
Ty = U + gita for ¢ > 1.

Of course this model has a static representation. Setting F; = u; and Fy = uy_1, represen-
tation (13) is xy, = Fyy + For + &1 and xyy = Fyy + & for @ > 1. However, Assumption 6

holds here with » = 1 (Fy, is not pervasive) and this has the consequence that the ordinary
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PCA estimator of the common and idiosyncratic components of x1; converges to u,, instead
of uy + w1, and &y + w1, not &, respectively.® On the other hand, assuming that the
common components x;;, from Assumption 4, have representation (13) with r factors and
that all the r factors Fj;, are pervasive, as we do in Assumption 6, ensures that the PCA
estimator of the common component of z;; is a consistent estimator of x;; for all 7. Thus,
Assumptions 4 through 6 rule out the example (15) and, more in general, all dynamic factor
models fulfilling (4) but containing weak factors as defined in Gersing et al. (2023).” Finite
dimension of the factor space and ruling out weak factors are limitations of the present

paper that we plan to overcome in future research.®

3.6 Summary of the estimation procedure

Based on the above results, we propose the following estimation procedure.

(E0) Select a large data set with n series and T observations. Transform the series to get

stationarity and standardize them to have zero mean and unit variance. The standardized

series are the entries of our vector x,;.

(E1) Estimate 7. Out of the vast literature, beginning with Bai and Ng (2002), proposing

consistent estimators 7, in the application of Section 5 we use Alessi et al. (2010). Choose

m in such a way that ¢ < m < 7. We discuss the choice of m in the next subsection.

(E2) Given 7 and m, estimate the common components according to Definition 2. Possibly,

de-standardize the series to get the common components of the non-standardized variables.
If there is a strong a priori belief that the variable s is free of measurement error,

the variable itself can be included in the model without treatment, i.e. we can use for

this variable the alternative estimator yg = x4 in place of Y. Moreover, any common

SFor this and other examples see Lippi et al. (2023).

"For a general discussion of the relationship between static and dynamic factor models see Gersing (2023).

8Notice also that, in Assumption 4 we suppose that the common and the idiosyncratic components are
orthogonal at all leads and lags. This assumption is unnecessarily restrictive, as far as the consistency of the
PCA estimator of the common components is concerned, Proposition 3(a). Indeed, such consistency requires
only current orthogonality. However, dynamic orthogonality is necessary for our proof of Proposition 3(b),
which is crucial to prove consistency of the estimator of the structural shocks u;.
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component Y which is of no direct interest for the analysis can in principle be replaced by
an estimated factor, i.e. any one of the first r principal components of x,,, provided that
the resulting vector has non-singular variance-covariance matrix.
(E3) Estimate a VAR for x; (or Xy, X: being the estimator having x4 in place of x4), to get
an estimator of the matrix A(L) and the VAR innovations v; (see equation (7)).
(E4) Identify the structural shocks by SVAR techniques applied to A~'(L) and v,.

About inference, let us observe that existing structural DFM bootstrap procedures, see
e.g. Stock and Watson (2016), Forni et al. (2009), Forni and Gambetti (2014), can be easily

adapted to CC-SVARs.

3.7 The choice of m

The choice of m is a key step of the estimation procedure. Our first recommendation is to
set m larger than ¢+ 1. If x, were observable, the choice m = ¢+ 1 would produce the correct
result as shown in Simulation 1 and Simulation 5, Appendix F.2. However only an estimate
of x; is available; as n is finite, x; still includes a residual of the idiosyncratic components,
so that it is not exactly dynamically singular. When m = ¢ 4+ 1 the estimates can still be
inaccurate even if the residual idiosyncratic component is small. This problem disappears
when m > ¢ + 1. This point is discussed thoroughly in Appendix E and illustrated with
Simulation 5, Appendix F.2.

A simple way to ensure that m > ¢ + 1 is to set m equal to its largest possible value,
i.e. m = r. There are two additional arguments in favor of this choice. First, in empirical
applications, ¢ is unknown and has to be determined by existing information criteria. Such
criteria, albeit consistent, may deliver wrong results in small samples. Thus setting m to
its maximum value 7 is the safest choice. If we choose m = 7, estimation of ¢ in a CC-
SVAR is not strictly necessary. On the other hand, estimating ¢ could be useful to check

that r is actually larger than ¢. Second, if m = 7, the estimated shocks of interest and
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the corresponding estimated IRFs are the same, irrespective of the choice of the variables
included in the VAR.? The intuition is simple: since the entries of ; are linear combinations
of the estimated factors in F} (i.e. the first m = 7 principal components of our large data
set), when y; is m-dimensional it spans the same linear space as Fy, for any choice of the
variables (provided that the loading matrix of x; is invertible). This fact has two important
consequences. The first is that selecting the variables to be included in the CC-SVAR is
not an issue. The natural choice is the set of variables which are needed for identification
and, if required to complete the information set, we can include the common components
of other variables of interest, or even some of the estimated factors, i.e. the principal
components themselves. This is what is done in some of the simulations below and in the
empirical application. The second is that, if we are interested in the IRFs of some variables
which have not been included in the CC-SVAR, we can simply estimate another CC-SVAR
including these variables. This practice, which is common in empirical work, is questionable
within the standard SVAR framework, since, as shown in the Introduction, changing the
variables may change the information set and therefore the estimated shock of interest. By

contrast, it is perfectly justified within the CC-SVAR approach, when setting m = r.

3.8 The choice of r

As stated above, r can be estimated by any one of the available consistent criteria. However
different consistent criteria often provide different estimates in small samples. In Appendix
F.3, we show that the estimates of the IRFs improve as 7 increases from values below r, the
true value, to r and stabilize for values greater than r.

This finding can be used in empirical applications, where r is not known. We can use
the estimate 7 as the baseline specification and estimate the IRFs. Then we can assess the

robustness of the results by using a range of values for 7 around the baseline.

9This result holds only asymptotically in the case ¢ < m < r.
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4 Simulations

The procedure described in Section 3.6 is now applied to simulated data sets based on the
model of Section 2. Firstly we write our variables a;, k; and 7; as linear combinations of 5
factors: ki, wgt, Ury, Uri—1, Uri—2. Then we generate a data set with 200 variables, by taking
random linear combinations of these factors. Finally, we add errors to all variables to get
the observable series. Details are reported in Appendix F.1.

In Simulation 2 we compare the CC-SVAR with the estimation procedure of Forni et al.
(2009) (Standard Procedure SDFM henceforth) and the FAVAR. Firstly, we estimate: (a) a
Standard Procedure SDFM, with two lags in the VAR, with a too small number of common
shocks, i.e. ¢ =1, and (b) a Standard Procedure SDFM, two lags, with the correct number
of shocks, i.e ¢ = 2. In both cases 7 is, correctly, equal to 5. Secondly, we estimate (c) a
CC-SVAR(2) with m = 7 = 5. Finally, we estimate (d) a FAVAR(2) including capital,
taxes, technology and the first two principal components. In all cases we use two lags in

the estimation. Again, we perform 1000 replications. The results are reported in Figure
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Figure 4: Simulation 2. Standard Procedure SDFM, CC-SVAR, FAVAR. Estimated IRFs for the tax shock.
The red dashed lines are the theoretical IRFs. The solid lines represent the mean (across 1000 simulated
datasets) of the point estimates. The grey areas contain the point estimates between the 16th and 84th
percentiles. Panel (a): Standard Procedure SDFM, with two lags, with ¢ =1 < ¢ (# = r = 5). Panel (b):
Standard Procedure SDFM, two lags, with § = ¢ = 2 (# = r = 5). Panel (¢): CC-SVAR(2) with Capital,
Taxes and the first 3 principal components (m = # = 5). Panel (d): FAVAR(2) with Capital, Taxes and the
first 3 principal components.

4. Panel (a) shows the results for the mis-specified SDFM. Not surprisingly, with this data
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generating process, where ¢ = 2, setting ¢ = 1 has dramatic consequences on the estimates
of the impulse response functions. With a different DGP and a larger ¢ we can expect a
smaller bias. However, the point is that, in real data applications, ¢ can be underestimated,
leading to sizable estimation errors. Panels (b) and (c) refer to the correctly specified SDFM
and the CC-SVAR, respectively. It is hard to see any difference between the two figures.
This suggests that the rank reduction applied in Forni et al. (2009) can be ignored with no
consequences on the quality of the estimates. Moreover, as argued above, with the CC-SVAR
(with m = r) we do not need an estimate of ¢, which is safer, in view of the results of Panel
(a). Finally, panel (d) reports the results for the FAVAR model. Owing to measurement
errors, the estimates are clearly worse than those in panels (b) and (c).

Simulation 3 deals again with the choice of the specification of the variables included
in the model. Here, we use just one data set and compare the SVAR, the FAVAR and the
CC-SVAR. Regarding the SVAR model, we estimate one hundred of three-variable VAR/(2)
specifications, including capital, taxes, and the (3+1)-th variable, i = 1, ..., 100. The results

are reported in Figure 5, Panel (a). The figure shows that the choice of the third variable

Panel (a) Panel (b)

Taxes Capital Taxes

Capital Taxes

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

Figure 5: Simulation 3. Different variable specifications for a deficient VAR, the FAVAR and the CC-
SVAR. Estimated IRFs for the tax shock, for a single simulated data set. The black lines are the theoretical
IRFs. The red lines are the CC-SVAR estimates obtained with different variable specifications. Panel (a):
SVAR(2) with Capital, Taxes and a third variable, changing across specifications. Panel (b): FAVAR(2)
with Capital, Taxes, a third variable, changing across specifications, and the first two principal components.
Panel (c¢): CC-SVAR(2) with Capital, Taxes, a third variable, changing across specifications, and the first
two principal components.
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produces huge differences in the estimated impulse response functions, both because of the
information delivered by the common component of the third variable and the extent of
the contamination induced by the measurement error. Panel (b) refers to FAVAR models
including capital, taxes, the (3 + i)-th variable, i = 1,...,100, plus the first two principal
components. Again we use two lags. Here the estimated IRFs are much closer to each other,
since information is not deficient. However, there is still some variability due to the size
of the measurement error included in the third variable. Panel (c) refers to the CC-SVAR,

where, as already argued in Section 3.7, all IRFs are identical.

5 Empirical application

In this section we illustrate the advantages of CC-SVAR analysis by means of an applications
on monetary policy shocks. Our main results are the following. (I) As a consequence of
non-fundamentalness and measurement errors the results of the SVAR analysis are rather
unstable, depending on which variables are included in the vector. (II) Some improvement
is obtained with FAVAR models. (IIT) With CC-SVAR, instability disappears and robust
conclusions can be drawn.

To estimate the common components we use the monthly dataset of McCracken and
Ng (2016).19 We exclude a few variables to obtain a balanced panel and we end up with a
monthly dataset with 122 variables. We transform each series to reach stationarity. Accord-
ing to the criterion proposed by Alessi et al. (2010) we set 7 = 8. In the Online Appendix
G we show that CC-SVAR results are robust to changes of the number of factors.

We consider 50 different VAR specifications characterized by different vectors a:{, j =
1,...,50. Each of them includes five variables. Four of them are common to all vectors:
the unemployment rate, industrial production growth, inflation and a policy rate. Each

model includes an additional variable of the panel which differs across models and is chosen

0The data set is available at https://research.stlouisfed.org/econ/mccracken /fred-databases/.
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randomly. The sample spans from 1977:6 (the beginning of the Volcker era) to 2008:12 (to

exclude the ZLB period).

For each of the 50 specifications, we identify the shock using three different identification
schemes. Firstly, a Cholesky scheme. The ordering of the five variables is the following: the
unemployment rate, industrial production growth, inflation (the CPI taken in log differ-
ences), the 1-year bond rate and the fifth additional variable. The monetary policy shock is
the fourth one.

The second and the third schemes are based on the proxy SVAR method (Mertens and
Ravn (2013) and Stock and Watson (2018)). In the second we use the Gertler and Karadi
(2015) instrument (GK henceforth). In the third the Miranda-Agrippino and Ricco (2021)
instrument (MAR henceforth). The policy rate is the 1-year bond rate, to be consistent

with the specifications used in both the above mentioned papers.
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Figure 6: US monthly data. The IRFs of a monetary policy shock. Cholesky identification. The red
lines are the CC-SVAR estimates obtained with different variable specifications. First column: SVAR(6)
for 50 five-variable specifications, differing for the fifth variable. Second column: FAVAR(6) the variables
in the first column are augmented with the first 3 principal components. Third column: CC-SVAR(6): the
variables in the first column are replaced with their common components; in addition, we include the first
2 principal components (m = 7). Fourth column: same as the third column, but 3 principal components

(m=#=238).
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Figure 7: US monthly data. The IRFs of a monetary policy shock. Proxy MAR identification. The red
lines are the CC-SVAR estimates obtained with different variable specifications. First column: SVAR(6)
for 50 five-variable specifications, differing for the fifth variable. Second column: FAVAR(6) the variables
in the first column are augmented with the first 3 principal components. Third column: CC-SVAR(6): the
variables in the first column are replaced with their common components; in addition, we include the first
2 principal components (m = 7). Fourth column: same as the third column, but 3 principal components
(m =7 =238).

The first column of Figures 6-8 reports the estimated IRFs for a VAR(6). Each blue
line represents the impulse response function of a particular specification, so that each
box contains 50 different lines. A striking result is the heterogeneity in the estimated
responses, despite the fact that specifications differ only for the fifth variable. Drawing
robust conclusions about the propagation of monetary policy shocks is very hard. Notice
also that most specifications exhibit the price puzzle in Figures 6 and 8 and a real activity
puzzle in Figure 8 (industrial production increases following a contractionary shock).

To understand the effects of enlarging the information set, we augment each 5-variable
specification with the first 3 principal components. We then run a FAVAR(6). Here in-
formation is enhanced but still the model is affected by measurement errors. The results
are reported in the second column of Figures 6-8. Completing information seems to have
important consequences, particularly because the price puzzle disappears with the Cholesky
identification scheme, as observed in Bernanke et al. (2005). However, three principal com-

ponents are not enough to solve the puzzles of Figure 8, and still results vary considerably
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Figure 8: US monthly data. The IRFs of a monetary policy shock. Proxy GK identification. The red
lines are the CC-SVAR estimates obtained with different variable specifications. First column: SVAR(6)
for 50 five-variable specifications, differing for the fifth variable. Second column: FAVAR(6) the variables
in the first column are augmented with the first 3 principal components. Third column: CC-SVAR(6): the
variables in the first column are replaced with their common components; in addition, we include the first
2 principal components (m = 7). Fourth column: same as the third column, but 3 principal components
(m=7=238).

across specifications with all identification schemes.

To understand the implications of measurement errors we repeat the same exercise as
before but replacing the variables with their common components. In addition, we include
in the CC-SVAR either two principal components (m = 7, third column), or three principal
components (m = r = 8, fourth column). To verify whether the condition m > ¢ is fulfilled,
we estimate the number of shocks ¢ by using the log criterion of Hallin and Liska (2007),
which gives ¢§ = 4. We see in the third column of the figures that results are much more
robust to specification changes. In the fourth column, as argued in Section 3.7, all lines
are perfectly overlapping. Importantly, with the CC-SVAR all puzzles disappear; moreover,
results are quantitatively similar not only across different VAR specifications, but also across

different identification schemes.
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6 Conclusions

CC-SVARs apply SVAR techniques to dynamically singular vectors including the common
components of the variables of interest. We claim that CC-SVARs provide a solution to
the difficulties arising with possible non-fundamentalness of the structural shocks and mea-
surement errors in macroeconomic variables. In our empirical application the CC-SVAR
produces results that, unlike those obtained with SVAR analysis, are both sensible and
robust with respect to changes in specification.

Although we have introduced and discussed the CC-SVAR technique with reference to
the DFM model described in Section 3.5, a similar method applies in the General Dynamic
Factor Model, that is when the assumption of a finite number of static factors does not
necessarily hold and the common components are estimated by frequency-domain methods,

see Forni et al. (2000) and Forni et al. (2015, 2017). This however is left for future research.
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For Online Publication - Appendix

A Appendix to Section 3.2

A.1 Zerolessness of K(L)

We firstly need an explicit parameterization of the polynomial matrix K (L) in Assumption

1. Let us write the entries of K (L) as
k’z‘j(L) = kijo+ ki L+ -+ kijsL°. (A.1)

The number of coefficients is @ = (s + 1)mg.

Assumption P. Parameterization of the polynomials in equation (A.1). We suppose that
the entries of K(L) depend on v parameters, where v > 0. Precisely, let P, the parameter
space, be an open and connected subset of R”. The w coefficients kijo, fori =1,...,m,

7=1,...,q9, a=0,...,s, are rational functions defined on P, with no poles for all p € P.

Assuming that P is open is a convenient simplification. All the results below hold if P
contains a subset which is open in R” and dense in P. Definition P includes:
(i) Structural economic models, like (1), with the minor modification 7 > 0. As a rule, in
this case v < w, so that the parameterization produces restrictions on the coefficients k;/ g.
(ii) The Free-Parameter case in which the parameters are the coefficients ks themselves

and P C R%.

Definition G. Generic property in P. We say that a property holds generically in P of it

holds in an open and dense subset of P.

As we need explicit reference to the parameters p, we use K(p, L), k;;(p, L), etc. Let

|
Du(p.L) = Duo(p) + Das (D)L +-- -, ac M, M:{l,...,L},

1



be the determinant of the a-th ¢ X ¢ submatrix of K (p, L) (the ordering of the submatrices
is immaterial). For a given p, a sufficient condition for zerolessness of K (p, L) is that for at
least a couple a,b € M, a # b, D,(p, L) and D,(p, L) have no common zero.

The following statement generalizes Anderson and Deistler (2008b), Proposition 1, to
the case in which the coefficients of the entries of the matrix K are restricted by the param-

eterization in Assumption P:

Proposition AD2. Assume that Assumption 1 holds and m > q. Define Z as the set of all
p such that for at least a couple a,b € M, a # b, D,(p, L) and Dy(p, L) have no common
zero, and W as P — Z, i.e. the set of all p such that for all couples a,b € M, a # b,
D.(p, L) and Dy(p, L) have common zeros. Then either

(Z) generically p € Z, so that K(p, L) is generically zeroless, or

(W) generically p € W.

Proposition AD2 can be restated by saying that if (Z) holds [if (W) holds| for an open
subset of P, then (Z) holds [(W) holds| generically in P.
Proof. We proceed by steps.
(i) The coefficients of D, (p, L) are rational functions with no poles in P, hence each one of

them is either zero for all p € P or generically non-zero. Thus, given a € M, either

(A) there exists an integer d, > 0 such that generically D,(p, L) has degree d, with

non-zero leading coefficient, or
(B) D.(p, L) is the zero polynomial for all p € P. In this case we set d, = —1.

(ii) If d, = 0 for some a € M, so that generically D,(p, L) has no roots, then (Z) holds.
(iii) Because K (L) is full rank, Assumption 1(b), d, > —1 for some a € M.

(iv) If d, = —1 for all but one ¢ € M with d. > 0, then (W) holds.

(v) It remains to prove the proposition under the assumption that d, # 0 for all a € M, so

that (ii) does not apply, and that d, > 0 for at least two distinct elements in M, so that

2



(iv) does not apply. Equivalently, we assume that {a € M, such that d, = 0} = () and that

the set
N ={a € M, such that d, > 0} = M — {a € M, such that d, = —1}

contains at least two distincts elements. We need the following definition and result:

Proposition R. The resultant of the scalar polynomials with real coefficients
Alx) = apx’ +---+ap, B(z) =byz” + -+ by,

with v > 0, w > 0, is a polynomial function R, depending on a;, © = 0,...,v and b;,

J=0,...,w, with integer coefficients. If a, # 0 and b, # 0, then
R(ay,...,a0;by,...,bp) =0,

if and only if A(x) and B(x) have a common (complez) root. See e.g. van der Waerden

(1953), pp. 83-5.

Let PT be the subset of P such that for p € PT the leading coefficient of D.(p, L) is not zero
for all ¢ € N'. PT is open and dense in P. Thus genericity in P’ implies genericity in P.

Let R, (p) be the resultant of D,(p, L) and Dy(p, L) and

R(P)= Y. Ralp) (A2)

c,deEN, c£d

As R(p) is a rational function with no poles in P, then one of the following alternatives
holds:
(1) Generically in PT, R(p) > 0. The leading coefficients of D.(p, L) and Dy(p, L) are not

zero for ¢,d € N and p € PT. As each addendum in (A.2) is either zero or generically



positive in P, by Proposition R, there exist ¢*,d* € N, ¢* # d*, such that, generically in
PT, D.(p, L) and Dy-(p, L) have no common roots, so that (Z) holds.
(2) R(p) = 0 for all p € PT. By Proposition R, D.(p, L) and D4(p, L) have a common root
for all c,d € N, ¢ # d and all p € Pf. Thus generically in PT (W) holds. Q.E.D.
The equation R(p) = 0 is the purely mathematical restriction we refer to in point (III),
Section 3.2.1.
Let us point out that the condition “p € Z” is sufficient for “ K (p, L) is zeroless” but not

necessary, as the following simple example shows. Let

K<p7L): 0 L—p2 )

L—ps L—ps

where (p; ps p3) € P, where P is an open subset of R®. We have D;(p, L) = (L—p;)(L—p»),
rows 1 and 2, Dy(p, L) = (L — p1)(L — p3), rows 1 and 3, Ds(p, L) = —(L — p2)(L — p3),
rows 2 and 3. We see that generically R(p) = 0, so that (W) holds, but generically K (p, L)
is zeroless.

The example above suggests that the result in Proposition AD2 can be improved. How-
ever, we believe that Proposition AD2, as it stands, and our discussion of zerolessness in

Sections 3.2.1 and 3.2.2 are sufficient to motivate Assumption 3.

A.2 More on cointegration in the dynamically singular case

Let us begin by an example in which, despite cointegration, we have a VAR in differences,
because of dynamic singularity. Let us go back to the example of equation (5), with y;, =

AX;, and take the linear combination

(1+ k2)xue B (1+ K1)xo _ (1+k)(1 - L)Xy, B (1+Fk1)(1— L)Xy
ko — kq ko — kq ko — kq ko — kq

= (1 — L)uy.



By integrating both sides we get

(k)Xo (k)Xo
— —

where C' is a constant. Hence X;; and Xy, are cointegrated. Nevertheless representation (6)
holds for x;, so that X; has a VAR(1) representation in differences. In this case we have
m = 2 and ¢ = 1, so that the cointegration rank cannot be larger than 1 and x = 0.

In the reminder of this section the motivation for K = 0 given at the end of Section 3.2.2
is presented in greater detail. Consider a three-dimensional vector X; with /(1) coordinates,
driven by the two-dimensional structural shock u;. Suppose that the effect of us; on the

three variables X; is permanent and that the effect of u;; on Xj; and Xy, is transitory.

Thus:
(1- L)Xy, (1—L)a(L) b(L)
(1—L)Xy | =K(L)w=| (1 —L)e(L) d(L) o , (A.3)
(1- L)Xy L) g(L) ’

where the entries of the second column of K (L) do not vanish at z = 1.

(A) If, for example, the variables X;;, j = 1,2,3, are GDP, consumption and investment,
respectively, and u; is a demand shock, then f(1) =0 and x > 0.

(B) However, suppose that the variable X3, is an (1) price or monetary aggregate. We claim
that there are no reasons based on economic theory why demand or monetary policy shocks
should have a temporary effect on X3;. The same conclusion holds if X3; is an I(0) variable
among interest rates, risk premia, term spreads or the unemployment rate. Dropping (1— L)
in front of X3 in (A.3), there is no reason why f(L) should contain the factor 1 — L. In
general, if the vector of interest contains both real and monetary (1) variables or both I(1)
and 7(0) variables, as is the case in the empirical application in Section 5, we can safely
assume that K(L) has no zero at z = 1.

(C) Moreover, suppose, as we do starting with Section 3.5, that the vector of interest X, is



part of a large vector X;, whose coordinate variables are all driven by w;. Suppose also that
the vector of interest X; is I(1), cointegrated and, for example, x = 1. It is highly likely
that X, contains variables which, belonging to a different “family”, as X3, in (B), can be
used to augment X; and obtain a larger vector with x = 0.
(D) The simple idea of forcing, so to speak, £ = 0 in the case of dynamically singular
I(1) vectors, by augmenting the vector of interest with suitable variables, is likely to apply
to any hypotetical situation in which non-zerolessness is implied by economic-theory based
restrictions.

The arguments in points (B) and (C) can be easily generalized. Let X;; be I(1), for all
i=1,...,m+1,qg<m, X, = (X1 Xor - Xom)', Xo = (X1 Xop -+ Xpny1y) and let

(1- L)X, K(L)
(1- L)X, = - w = K(L)u,. (A.4)

(1= L)Xy g1 (L)

Assume that the cointegration rank of X is ¢ = m — ¢+ k with £ > 0. Because rank K (1) =
g — K < g, it is possible that X, has no additional cointegration vector with respect to Xj,
i.e. kpy1(1) can be independent of the rows of K(1). In that casec=¢=m+1—q+ R,
so that k =k — 1:

Remark 1. If m > q and k > 0 and we add to X, the variable X,, 114, driven by uy, and the
cointegration rank stays the same, the value of k decreases by one. This is a generalization
of our argument in (B), Section 3.2.2.

On the other hand, if k = 0, so that rank K (1) = ¢, then k,,.1(1) is a linear combination
of the rows of K(1), that is ¢ = ¢+ 1. Thus K = k = 0. Moreover, looking at (A.4), quite
obviously,

Remark 2. If m > q and we add to X; the variable X, 11+, driven by u,, the IRFs of X,
do not change.

What may happen is that K (L) is zeroless whereas K (L) is not, so that u; may be obtained



by a finite-lenght VAR of X;.
Let us now replace X;; with Y;; = X, + &, the £’s being measurement errors. As a rule,

the rank of Y; is m and that of Y; is m + 1. Let

(1- L)Y, = C(Lyw,, (1—L)Y; = i

be the IRFs that are consistently estimated by a SVAR for V; and Y}, respectively, so that
w; and w; are fundamental for Y, and fft, respectively. We suppose that w, and w,; have
been identified consistently with the restrictions identifying u,. For example, u;, w; and w;
are identified by recursive schemes, as in Section 3.4.

Because the rank of Y; and Y; are m and m + 1, respectively, c = k, ¢ = k. As ¢ > ¢, we
have & > k, so that no zero of C(L) at z = 1 can be removed by adding variables. Moreover,
it is fairly easy to see that generically C’(L) # C(L) and w;; # wj, for j =1,...,m, see e.g.

Lippi (2021). Thus, we see that neither Remark 1 nor 2 hold for Y; and ;.

A.3 Non-uniqueness of the VAR in the dynamically singular case

In Section 3.4 we consider the example with m =3, ¢ =1, B(L) = By+ B1L+ ByL?+ B3 L?,
where the 12 entries in the matrices B; can vary independently of one another. If we take

p=1in (8), we have (I — A;L)(By + Bi1L + ByL* + B3L?) = By, that is

ABy =By, AiBy =By, AiBy= B3, ABs=0. (A.5)

As the matrices B; are 3 x 1, generically By, By, B; are independent and

Bg = OéoBQ + Clel + O{gBQ.



Using (A.5),

0= A1B3 = A1<OéQB() + OélBl + OéQBg) = OéoBl + OélBQ + OéQBg

= OéQOéoBo + (Oéo + 042CV1)Bl + (al + 043)327

which implies g = o = ap = 0, i.e. B3 = 0, which is not generic. In conclusion, generically
X: has no VAR(1) representation. On the other hand, as argued in Section 3.4, p > 1 implies

singularity of Z; 1, i.e. non-uniqueness of A in (8).

B Proof of Proposition 1

B.1 Preliminary

The convergence of 9; to v; may seem a trivial consequence of the continuity of the or-
thogonal projection. That is, convergence of x; and Zi1 to x: and Z; 1, respectively,
should imply convergence of P(%, | Zi_1) to P(x:| Zi—1) and of &, = x; — P(¢ | Zi—1) to
vy = Xt — P(x¢| Zi—1). However, while continuity of the orthogonal projection with respect
to the regressand, given the regressors, is fairly obvious, continuity with respect to the
regressors does not necessarily hold if the covariance matrix of the regressors tends to a sin-
gular matrix. An elementary example is the following. Let Y and Xj, k£ € N, be zero-mean
stochastic variables with E(X?) = 1, and oy, a sequence of non-zero real numbers such that

ar — 0 as k — oo. Then
so that limg_,, P(Y | axX%) = 0 if and only if limy_,., E(Y X)) = 0. On the other hand,

P(Y| lim a,X¢) = P(Y]0) = 0.



The proof below shows that the assumptions of Proposition 1 ensure convergence of the
projection P(x; | Zt,l) to P(x:| Zi—1) even when the covariance matrix of 7,1 tends to

singularity.

B.2 Proof

Let us denote by d the rank of ¥¢ and partition Z; (possibly after reordering) as Z; =
(€ S;)', where det (3§) # 0. We have S, = NQ, and Z, = M€, where M = (I; N')', so

that we can re-write the projection equation (8) as
Xt = a1+ v = P(xe| Zi-1) + vy, (B.1)

where P denotes the population projection and o = AM is unique.
The empirical counterpart of the above equation is given by the regression equation (9),
ie.

Xt = AZt—l + 0 = P()Zt|ZAt—1) + Uy,

where P denotes the sample projection.

In analogy with €2, and S, let Q) be the vector including the first d entries of Z, and
S, be the vector including the remaining mp — d entries. Now, let us consider the sample
regression equation

St - p(gt|Qt> + 191} - NQt + ’l§t, (BQ)

where 239 = 0. Let us write J; as J, = HY;, where H is (mp —d) x d, d<mp—d, and U,
is standardized by imposing

T-1
(T -1 00, =1 (B.3)
t=1

Note that, since ?§‘t depends on n and 1", H and d depend on n and T as well. The vectors

Q, and ¥, are sample orthogonal, i.e. ig” = 0, see (B.2). Moreover, they span the same



linear space as the entries of Z,. Hence we can decompose the sample projection P ()%t|2t_1)

into the sum of the projections ]5()215|Qt,1) =4, and P()%thgt,l) = (30,1, i.e.
Xt = AZy 0y = 6y + B&t—l + 0y, (B.4)
where 25’9 =0 and f)li”; = 0, so that, defining
) T-1
Yoo =T =17 Z Q.02
t=1

we have df)ngl = XAJTQ and § = XAJ{‘&. Equation (B.4) is the sample analogue of (B.1).

Subtracting (B.1) from (B.4) we get
Xe = Xe = 7 = (aQu_1 — aQy) + BU1 + (v, — ). (B.5)

Since the left-hand side is O, (7, r) by Assumption A, in order to prove Proposition 1, that
is |0y — ve]| = O, <max(rn7T, 1/VT )), it is sufficient to show that the norms of the first two

terms on the right side are O, (max(rn,T, 1/@))

Lemma 1.

(i) [1& = al| = O, (max(rr, 1/VT));

(ii) 1|41 — aQ || = O, (max(rar, 1/VT));
(iii) |1557]] = Op(1/VT);

(i) 130,111 = O (max(rar, 1/VT)).

Proof. (i). We have
a—a= [(dif}j,l - azg) p (zgzm - 23)} (x) (B.6)

Now consider the first term of the difference in square brackets. Using (B.1) and (B.4), we
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get dﬁ]ngl —aXf = f]’fg pRAES (ZXQ Zi‘9> + 272 L 9% Assumption B implies that
|[2X =X | = 0,(1/V/T), while || 272+ 5¥7|| is O, (r.r) by Assumption A. Turning to the
second term, we have EQT—l — = <250],T 1 ZQ> +309 T 1+ZO 7_1- Assumption B implies
that HEOT =261l = 0p(1/VT), while HEOT 1T OT 711118 Op(ry7) by Assumption A. Since
|@|| is O,(1), the norm of the factor in square brackets of (B.6) is O, (max(rn,T, 1/ﬁ))
Since ||(X§)71]] = O(1), (i) follows.

(ii). We have 4001 — a1 = a1 + (& — @)Qi_1. As ||@]] is O,(1), by Assumption A
the norm of the first term is O, (7, 7). Moreover, by result (i) the norm of the second term
is O, (max(rn,;p, 1/\/T)> so that (ii) is proved.

(ili). By Assumption A we have ||2/X|| = O, <1/\/T> fork=1,...,p. It follows that ||S¢Z]]
is O, <1/\/T> as well. But 6, = H*Hét, H* being a left inverse of H, is a linear combination
of the entries of Z, see (B.2), and is bounded in probability, see (B.3), implying (iii).

(iv). We have = S8 = X 4 S0 — o599 4 500 4 5570 By P = 500 _ 500 — 500,
Hence = —aigﬁ + 271”5 + f]’i”g. The norms of both the first and the third term are
O,(rnr) by Assumption A. The norm of the second term is O,(1/+/T) by (iii), hence
18] = O, (max<rn,T, 1/\/7)). Since 7, is O,(1), (iv) is proved. Q.E.D.

Proposition 1 follows from equation (B.5), Lemma 1 (ii) and Lemma 1 (iv).

C Proof of Proposition 2

Lemma 2. We have:

(i) ||f][11] — Yyl =0, (max(rnyT, 1/@)), where Y1) has been defined in (11);

(ii) 11Q = QlI = Oy (max(rar, 1/VT));

(iii) |Q™ = QY| = Oy (max(rar, 1/VT)).

Proof. Let 1), = &, — v,. We have 3 — S¢ = Egv + 23” + ZA)E)Z’ + (3¢ — %¢). The norm of

the first three terms on the right-hand side is O, (max(rn,T, 1/VT )), since so is ||| by

11



Proposition 1. The norm of the term in brackets is O,(1/v/T) by Assumption B. Hence
152 — %8| = 0, (max(rmT, 1/\/7)) This proves (i). As for (ii), notice that the entries of
Q and () are the same elementary differentiable functions of the entries of i‘[n] and Xy,
respectively. As the denominators are bounded away from zero in probability, result (ii)
follows from (i). Since det Q) is bounded away from zero in probability, (iii) is an immediate

consequence of (ii). Q.E.D.
Proposition 2(a). ||u; — w|| = O, (maX(TmT, 1/\/T)>

Proof. We have 4; = Q‘lﬁy] and u; = Q‘lvP]. Hence 4; — u; = Q‘l("&l” - UP}) +(Q7! —
Q‘l)vy]. The norm of the first term is O, (max('rn,T, 1/vVT )> by Proposition 1 and the fact
that ||Q~"|| is O,(1). Finally, the norm of the second term is also O, <max(rn7T, 1/\/T)> by

Lemma 2 (iii). Q.E.D.

Lemma 3. The following results hold:

(i) 1By = Boll = O (max(rar, 1/VT));

(i1) Let é = o — Ray, where R is defined in (12). Then, ||&]] = O, (max(rnﬁgp, 1/ﬁ)>
Proof. We have already shown, Lemma 2(ii), that ||Q — Q|| = O, (max(rmT, 1/\/T)>
Let us now show that ||R — R|| = O, <max(rn7T, 1/\/7)) We have R = 2[21]((2’)_1 and
R = Seu(@) " Hence R — R = Sy (@)= (@)7) + (Cay — Zen)(@) ' The
norm of first term is O, (maX(TmT, 1/VT )> by Lemma 2 (iii). Moreover, in the proof of
Lemma 2 we have shown that |57 —Xg|| = O, (max(rnj, 1/\/?)), so that Hi[m] — Y|l =

0, (max(rn’T, 1/ﬁ)) As for (ii), we have
o — ol = (Ray — Ruy) + & = (R — R)uy + R(y — w,) + é.

The norm of the left side is O, (max(rnﬁT, 1/VT )) by Proposition 1; the norm of the sec-

ond term on the right side is O, <max(rn7T, 1/VT )) by Proposition 2(a); the norm of

12



the term term on the right side is O, (max(rny, 1/\/7)) by result (i). Hence ||&]] =

0, (max(rn,T, 1/ﬁ)) Q.E.D.

To prove Proposition 2(b) we introduce the companion form of our empirical VAR, i.e.

Zt — DZAt,1 + (ft, (Cl)
where
A Ao Ay A
0
I, O, Om O
. . 0
D=1o, I, O Om | - G =
0
From (C.1), by recursion we get
k A
Zy =DM Z 4+ DI, (C.2)
j=0

for any k£ > 0. By taking the first m rows of (C.2) we get

k k k
Xt = Gp1Zi—p—1 + Z Vite—j = Grp1Zi—p—1 + Z V;Botiy—; + Z V; . (C.3)
j=0 Jj=0

J=0 €t—j

where G}, is the matrix formed by the first m rows of DF and ‘A/; is the m x m upper-left sub-
matrix of D?. Notice that Gl = A, VO = I,, and \71 = 1211. Notice also that ‘7j, 1=0,...,k
is the j-th matrix coefficient of A(L)*l, so that Bj = ‘A/jBo. Finally, evaluating (C.3) for

k — 1 and subtracting from (C.3), we get

GiZir = Gr1Zej1 + Byty_y, + Vi , (C4)

13



which, letting Gy = (I, 0), holds for any k£ > 0 and for k£ = 0 reduces to x; = AZ, 1 + 0.

Similarly, from the population VAR (8) we get

k k
Xt = Grpe1Zi—j—1 + Z Viveej = G121 + Z Vi Bouy—; (C.5)

j=0 7=0

where G; = A, Vy = I,, and V; = A;. We have already observed in the main text that
A is not necessarily unique, so that Gy, and V}, 7 = 1,..., k, are not necessarily unique.
However, post-multiplying by «;_, and taking expected values we get X" = V} By, so that
Vi By is unique and equals By for any k£ > 0. Hence G114y k1 = Gri1 M€y_g_1 is unique,

so that Gy1M is also unique for any k. From (C.5) we get

GrZi—y = Gry1Zi—j—1 — Bruy—y. (C.6)

Lemma 4. For any k£ > 0,

(i) [|GrZi—r — GrZi—s|| = O, (maX(Tn,T, 1/\/T)>;
0

(ii) Vi - OP <maX(rn,T7 1/ﬁ)>7

€t—k

(iii) || By — Bi|| = O, (max(ran, 1/\/T)>, which is Proposition 2(b).

Proof. We proceed by induction on k. For k = 0, ||GrZi_r — GrZi_i|| reduces to ||x: — x¢||,
which is O, (r,,r) by Assumption A. Moreover, (ii) holds by Lemma 3(ii) and (iii) holds by
Lemma 3(i). Hence (i)-(iii) are true for k£ = 0. Let us now show that, if (i)-(iii) are true for

k = k, they are true for k = k + 1. Subtracting (C.6) from (C.4) we get
CGiZi v —GiZi i = (CrnZi-irny — GrnrZe—iny) — (Biily_ — Brue_5) — Vi - (C.7)

By the inductive assumption the term on the left side, the second and third terms on the
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right are O, (max(rn,;p, 1/VT )), so that the same holds for the first term on the right and
(i) is true for k = k4 1. Next, let us replace k with k + 1 in (C.7), postmultiply by ég_(“l)

and average over t = k+2,...,T + k+1. Using sample orthogonality of €,_ ;) with both

Uy (ry1) and Z,_ 19y we get

GE+12§€ - Gl::-‘rli]gé = (él‘e+220 — Giy2Z0)éy/T — GIE+2ZA:€§ + B,;+1i]6‘é - VEH AO
2

The norm of the left side is O, <max(rn,T, 1/V/T )) because, as proved above, (i) holds for
k = k+ 1. Let us now consider the first term on the right side. Going back to (C.1),
we see that ﬁth_k = ﬁk+12t_k_1 + lA)k(At_k, where the terms on the right side are sample
orthogonal and the term on the left side is bounded in probability for £ = 0. Hence
|D*Z,_i|| is O,(1) for any k and therefore ||Gj.0Z0|| is Op(1). Of course, the same holds
for G5 9Zo and €y, so that the norm of the first term on the right side is O,(1/T"). Coming
to the second term, let us observe that it is equal to Gy, M %%, since Z; = M, see (B.1),
Q, =Q, — 7, and € —(k+1) 18 sample orthogonal to Qt_(k+2). Its norm is then O,(r, 1) since
so is the norm of 74 by Assumption A, and the norm of G, M, which, as observed above,
is unique, is O(1). Letting 4; = ; — uy, using sample orthogonality of &,_ g1y with @, 541,
the third term on the right side is equal to —BE+128€, whose norm is O, <max(rn,T, 1/@))
since so is the norm of 4; by Proposition 2(a). Hence the norm of the fourth term is also

O, (max(rnj, 1/\/7)), which proves that (ii) is true for k = k + 1.

/

Lastly, let us again replace k with k-+1 in (C.7) and postmultiply by @ (41

) and average

over t =k+2,...,T+k+1. Using sample orthogonality of @,_ ) with both €_ ;) and

A

Zy—(fy2) We get

@k+1i§ﬁ - GE+1§A}€& = (GE+220 - GE+QZO)@0/T - GE+2§3§§L - (BI}—H - BE+1) - BE+125&-
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The norm of the left side is O, (max(rn,T, 1/\/T)> since (i) holds for K = k + 1. The
norm of the first term on the right side is O,(1/T) for the same argument used above. The
norm of the second term is O, (maX(TmT, 1/VT )) for the same argument used above for
—Gjy92%¢. The norm of the fourth term is O, (max(rn,T, 1/\/7)) since so is the norm of
4: by Proposition 2(a). Hence (iii) holds for ¥ = k + 1. In conclusion (i), (ii) and (iii) are

true for any k£ > 0. Q.E.D.

D Proof of Proposition 3

The proof below partly follows the proof of Proposition P in Forni et al. (2009), Appendix.
However, here we need the consistency of x;;, which is not needed in that paper. Thus, after
some common lemmas, the proof here takes a different route.

To begin, let us introduce some additional notation and recall a standard result. If A is
a symmetric matrix, we denote by p;(A) the j-th eigenvalue of A in decreasing order. Given
a matrix B, we denote as above by | B|| the spectral norm of B, thus ||B| = \/u(BB),
which is the euclidean norm if B is a row matrix. We will make use of the Weyl inequality:

letting A and B be two s X s symmetric matrices,

A+ B) — 15, (A) < V@B = 1B, j=1,....s (D.1)

Lemma 5. (Consistency of the covariance matrices). Let, as in Definition 2, I, be the
n X m matrix having the identity matrix I,, in the first m rows and 0 elsewhere. For any k
and any (fized) m we have:

(i) 20 =7 = 0, ()

(ii) J=I (05 = T7) 11 = 0, ()

(iii) Fl\Zo (0¥ =T3) |1 = 0, (F)

(iv) IO =0, (F5):
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(0) T4, (= TN Tl = 155 — 31 = 0, (
(vi) LI~ T3 = 0, (max (1, %))

(vii) 1T, (T = T3) | = Oy (max (.

1.
¥r):

)

Sl

Proof. We have

n n

i (0% = TH)(0F = T5)') < trace ((FF = TR = T9)) = 30 D0k — )

i=1 j=1

By Assumption 7(a), we have -5 > 32" E(3¢,; — 7i,;)% < £ for all positive integers T,
so that #Hf‘i —T%|* = O, (%) by Markov inequality. Result (i) follows. Coming to (ii),
we see that, by the same argument, the squared norm of 7/, <f7€’" — Fi) is bounded above
by >y > (Yesj — Vk4i)?, which is Op(n/T). Statement (ii) follows. Results (iii) and (iv)
are obtained in the same way, by using Assumptions 7(b) and 7(c), respectively. As for (v),
the same argument shows that the squared norm of Z,’n(f’if — I'¥)Z,, is bounded above by
>y 2 (Fss — Yaag)?s which is Op(1/T). The result follows. Let us now come to (vi)
and (vii). Orthogonality of x; and & at all leads and lags, Assumption 4(b), implies that
I =T} + T} Hence If — T = I} =T} + T3, so that |0 —T¥[| < 2IT% = Tgll + 1T
The first term on the right side is O, (\%) by result (i). The second is bounded by %uﬁ,
which is O (1) by Assumption 6(b). This proves (vi). Finally, statement (vii) follows from
the same argument, with result (ii) in place of result (i), n in place of n? and 1/4/n in place

of 1/n. Q.E.D.

Lemma 6. (Consistency of the normalized eigenvalues). Let MX and M= be the r x r diag-
onal matrices having on the diagonal the eigenvalues py, . .., X and if, ..., (=, respectively,
in decreasing order of magnitude. Then,

(i) 5 /n — pg/n = O, (1/\/7) for any j;

(i) i /n — pf/n = O, (max(l/n, 1/\/T)> for any j;
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(1ii) || MX /n|| = O(1); there existm such that, forn > n, MX/n is invertible and ||(M*X/n) || =
O(1);

(iv) For anyn > n andn > 0, there exists 7(n,n) such that, for T > 7(n,n), 2= is invertible
with probability larger than 1 — n; moreover, if <%>7 exists form =n* and T = T*, it
exists for alln > n* and T > T*;

(Mx/n>_1

Proof. Setting A = I'¥, B = I' —I'¥ and applying (D.1) we get L7 — pt| < n~!|TE -T2,

(v) | M* /]| and are O,(1).

which is O, <1/\/T> by Lemma 5(i). This proves (i). Setting A = I'¥, B = I' — 'Y and
applying again (D.1) we get =|a% — p¥| < n~!||T% — T¥||, which is O, <max(1/n, 1/\/T)> by
Lemma 5(vi). This establishes (ii). As for (iii), by Assumption 6(a) there exists 7 such that,
for n > n, % > ¢, > 0, so that MX/n is invertible and ||(M*/n)~!|| < 1/c,. Moreover, by
the same assumption uf/n is asymptotically bounded by ;. This proves (iii). As for (iv),
by (D.1), u¥ > pX. Hence, for some m and n > 7, u¥/n is bounded below by ¢, > 0. It
follows that det(M ?/n) is bounded away from zero in probability as T' — co. The last part

of statement (iv) follows from the fact that the rank of the observation matrix, and therefore

u

that of IZ | is non-decreasing in n and T'. Turning to (v), boundedness in probability of || -

(%)

Lemma 7. Let WX be the n x r matriz having on column j, 7 = 1,...,r, the unit-norm

and follows from statements (ii) and (iii). This concludes the proof.  Q.E.D.

eigenvector of Ty corresponding to the eigenvalue /L;‘. We have
(i) |VnZ,,WX| = O(1);
(id) W25 — My | = O, (max(1/n, 1/VT));

(iii) |[W=WXWXWe — 1| = 0, <max(1 /n,1 /ﬁ)).

Proof. Let us notice first that ( = ‘

T, W (M) || = T, ATl 2 = |52 does not
depend on n. We have

Y

n

Y\ 1/2 Y\ —1/2
AT, WY = Hmznwx (MT) (%)

—1/2
<¢ H <M7>
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which is O(1) by Lemma 6(iii). Turning to (ii), we have ||WX’VAV"”$ — %WX/WEH =
IR <f§ - I%‘) we|| < %Hf’g —TY||. Statement (ii) then follows from Lemma 5(vi). To
prove (iii), let

a = WHWXWXTe = e gy e AL (%)ﬂ

~ A A ~ —1 L ~oN —1
c= lwxlrgwx <M ) — M?® (M*) :]7’-

T n n n n

b= WAy () ey ()

We have [|a — ¢|| < |la = b|| + ||b — ¢||. Both terms are O, (max(l/n, 1/\/7)), the first by

statement (ii) and Lemma 6(v), the second by Lemma 5(vi) and Lemma 6(v). Q.E.D

Lemma 8. There exist diagonal v X r matrices T, depending on n and T, whose diagonal
entries are equal to either 1 or —1, such that

(i) W= WX - 7,|| = O, (max (1/n, 1/\/7)),-

(id) IR, W — VAT, WX G,|| = O, (max (1/v/n,1/VT)).

Proof. The reason why we need the matrices AT simply that the normalized eigenvectors
corresponding to distinct eigenvalues are only unique up to the sign. Let us denote by w7
and w;C the j-th columns of W* and WX respectively. By taking a single entry of the matrix

on the left side of of Lemma 7(ii) we get

1, /oo 1 1

" (Mj - Mic) w;-‘ wi = O, (maX (57 ﬁ)) )

1 <r,j <r. Now, for j # i, % ([f; — uf) is bounded away from zero in probability, since
pi/n and pf/n are asymptotically distinct by Assumption 6(a), while if/n tends to uj/n
in probability by Lemma 6(ii). Hence, by dividing both sides of the above equation by
n~ (1 — ), we see that the off-diagonal terms of W#WX are O, <maX (%, \%) ) Turning

to the diagonal terms, let us first observe that wWXWXwf =1+ O, (maX (%, \/LT)) by
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Lemma 7(iii). Since

~ ~x 0 . 0" 1 1
GEWXWX P = (0P w)) +Z "w) 'w¥)? + 0, <max<5 ﬁ))
J#z
then 1—(07'w})? = Oy (max (&, 7)) - Hence (1 = [o7w}]) (1 + ') = O, (max (%, &),
so that 1 — |wPw}| = O, (max <%, \/LT)) Statement (i) follows. Turning to (ii), set
a = /L, WXJ,,
s T e (1)
¢ = /Tl WXMX e ( z)_l — LT Dy ( 1)—17
d= L1, Fn ( ) = /T, W
Notice that ||v/nZ/ WX|| is O(1) by Lemma 7(i), so that we can apply result (i) to get

la—bl| = (max (n, f))’ and Lemmas 7(ii) and 6(v) to get ||b—c|| = O, (max (%, \/%7))
Finally, Lemmas 5(vii) and 6(v) ensure that ||[c—d| = O, (max <\/iﬁ, \/%7)) This establishes

(ii). Q.E.D.

Lemma 9. (Consistency of the eigenvectors). We have
(i) |W* — WX =0, (max (1/\/@ 1/\/7));
(id) |AZ W = T, W) | = 0, (max (1/y 1/VT) )
Proof. Let as before wj and wj‘ be the j-th columns of We and WX, respectively, and
let 7,(j,7) be the j-th diagonal element of J,, which is either 1 or —1. We have |[wf —
jr(j,j)wf’HZ =2—wjw Xj,«(j j) —w; wxjr(] 7). By Lemma 8(i), the last two terms are
equal to 1+0,, <max <1/n 1/\/_>> Hence Hw;”—jn(j,j)w;dH =0, (max (1/\/5, 1/\/T>>
Statement (i) follows.!! As for (ii), set

a = /n(Z,W*W* — I/ WXWX);

b= /nZ., WXJ, (W — J,WxX);

1 As pointed out by an anonymous referee, Lemma 9(i) could also be proved by using Lemma 5(vi) along
with Theorem 2 of Yu et al. (2015). Along these lines, the requirement of distinct eigenvalues in Assumption
6(a) could be relaxed.
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¢ = /(I W* =T WxJ,)W*.
We have a = b+ ¢, so that ||a|| < ||b]] + ||c||. Let us consider firstly b and observe that
Iv/AZL, Wx|| is O(1) by Lemma 7(i). Hence [|b] is O, <max (1/\/5, 1/ﬁ)) by result (i).

Moreover, ||c[| is O, <max <1/\/ﬁ, 1/\/7)) by Lemma 8(ii). Q.E.D.

We are now ready to prove Proposition 3, reported here for convenience, with r, =

max(1/y/n,1/v/T)) and therefore 1/r, 7 = min(y/n, VT).

Proposition 3. Properties of the principal component estimator.
(a) (7]l = (1% = xill = Op(max(1/y/n, 1/VT));
(b S]] is O, (1/\/7) for k> 0;

(©) IS} = S} = 0, (1/VT), for any k.

Proof. Notice first that statement (c) has already be proved, see Lemma 5(v). Regarding (a),
let us firstly observe that, for n large enough, the principal components of x,,;, i.e. the entries
of WX'x,.,, form a basis for the linear space spanned by the factors Fj;, j =1,...,r. Hence
the linear projection of x; onto the space spanned by such principal components is equal to x;

and the residual is zero. This projection is Z) WXWX'x,.; hence x: = X,; = L, WXWX'x,.,.

On the other hand, our estimator of x; is defined as x; = I{nW‘”W‘”’xm. Thus

e =l = || (T W W0 — T, W2, ) + T, W W, |
= lla= bl < llall + 1.

Regarding a, we have ||a|| < ||v/n(Z,W*W* — T WXWX)|| ||Zn//7l|. Now, ||Zn://nl|> =

S a2 /nis Op(1), since its expected value is

(traceT2)/n = (traceT¥)/n + (trace§)/n < Zu;(/n + 48,
j=1

which is bounded by Assumption 6. Hence a is O, (max (1 /N, 1T >) by Lemma 9(ii).

As for b, we have ||Z, WXWXE .|| < ||Z,, WX]|| [|[WXE,,]|l. The first factor is O(1/y/n) by
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Lemma 7(i). The second is O,(1), since the norm of its covariance matrix, i.e. WXT5WX,
is bounded by 1§ < ¢ (see Assumption 6(b)). Hence ||b|| = O(1/4/n). Statement (a) fol-
lows. Turning to (b), we have |S3¥|| = |v/aZ,, W*WTy*//al| < ||[VaZ, W*|||[T3*//all =
lall|[b]], say. Let us show first that ||a|| is O,(1). We have ||\/nZ,W*|| < |v/nZ.,W?* —
VI WX || + |vnZ, WxT,||. The former term is O, (max (1/\/5, 1/\/7)) by Lemma
8(ii); the latter is O(1) by Lemma 7(i). Finally, let us show that ||b] is O,(1/VT). We
have ||[T%/v/nl] < [|[TV/val| + [IT¥//nl]. As for the first term, we have \/Lﬁfzx =
5 2h=0 AT, = 5 AT (DX, — TX_,), where the last equality is motivated
by the fact that I;* = >~} _, AZ, 'Y, = 0 for k > 0, since u,;, and therefore v; = Byuy,
is orthogonal to x;_x, & > 0, by Assumption 1. But the norms of all terms of the sum-

mation above are O,(1/v/T) by Lemma 5(iii). As for the second term, we have IV /y/n =

\/iﬁ S AT X, which is O,(1/v/T) by Lemma 5(iv). Q.E.D.

E Difficulties with m = ¢ + 1: an example

The fact that x; is not exactly dynamically singular may produce serious consequences: it
is possible that u; can be recovered using x;, but not using y;. To see this, consider the
following example:

X1t = U1

Xot = QU + Ug—1.

Here B(L) is zeroless unless ay = 0. If as # 0,

1

_ — = U ,
= (X2t Xlt) t

so that wu, lies in the econometrician’s information set. Now suppose that o = xor + €,

€; being a small residual idiosyncratic term. For simplicity, assume that xi; is estimated
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without error, i.e. Y1, = x1;- The above expression becomes

1 . R 1
— (X2t — X1t) = up + —€.
as a2

Now if |as| is large, we can still get u; with a good approximation; but as |as| approaches
0 (i.e. the non-zeroless region), the error grows without bound. For instance, if u; is unit
variance and €; has standard deviation 0.01, with a; = 1 the error is negligible, but with
as = 0.01 the error has the same size as u;.

The above example and discussion sheds some light on the fact, observed in Section
2.2, that a small measurement error may have effects as large as those shown in Figure 3,
Panel (c¢). Our simulation exercises in the Online Appendix, Section F, suggest that, with
m = q + 1, cases like the one of the example above may occur.

Clearly, the larger is m, the more unlikely they are. For instance, in the above example,
if we have a third common component x3; = asu; + u;—1, the non-zeroless region is defined
by as = a3 = 0, so that we only have problems when both |ay| and |a3| are close to 0. In
our simulations reported in the Online Appendix, Section F.2, problematic cases no longer

occur when m is larger than ¢ + 1.

F  Simulation details and additional simulation results

F.1 The factor model used for the simulations

Here we describe the factor model used for Simulations 2 and 3 of Section 4 and the additional

simulation described below. Firstly we rewrite model (1) in static-factor form. Let

!/
Fy = (k’t Uqt Urt Urt—1 Ur7t—2) .
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The 5-dimensional vector F}; has the following dynamically singular VAR(1) representation:

]ft a 0 —0 00 kt—l 1 -0
Uq,z 00 0 0O Ugt—1 1 0
ua,t
uy =100 0 00| ua|t|0o 1 : (F.1)
uT,t
Urt—1 00 1 00 Urt—2 0 0
Usi—o 00 0 10 Uri_3 0 O
Defining x; = (a; k¢ 7¢)', we have
Ty = AFt + ft (FQ)

where

01000
A=11000 0

0 00O0T1

We generate a vector z; including 100 additional time series (7' = 200) as

2 = NF, + ff (FS)

where A® is the 100 x 5 matrix matrix of the loadings. The entries of A* are generated
independently from a standard normal distribution. Hence z,; = (2} 2;)" and ,,, = (&' &')'.
We generate the measurement errors §,,, assuming that €,, ~ N (0, 0;) where o; is uniformly
distributed in the interval (0,0.5), so that different variables have measurement errors of
different size (on average, the idiosyncratic components account for about 11% of total

variance).
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F.2 Changing m and the variable specification

In Simulation 4, we assess the performance of the CC-SVAR for different values of m. We
estimate the common components using the true number of factors, i.e. » = 5. We run:
(a) a VAR(4) with the common components of capital and taxes and the first principal
component (m = 3); (b) a VAR(1) with the common components of capital and taxes and
the first two principal components (m = 4); (c) a VAR(2) with the same variables (again
m = 4); (d) a VAR(1) with the common components of capital and taxes and the first three
principal components (m = 5). As above, we identify the tax shock by imposing that it is
the only one affecting cumulated taxes in the long run. We repeat the exercise for 1000 data
sets.

Figure 9 reports the results. The red dashed lines are the theoretical impulse response
functions. The solid lines are the mean point estimates (mean over the different datasets)
and the grey areas represent the 16th and 84th percentile of the point-estimate distribution.
The results for specification (a) are reported in Panel (a). We see that there is a sizable
bias and a large variability of the results, especially for taxes. This disappointing result is
discussed below. Here we only observe that the number of lags included in the VAR is not
responsible for it. Indeed, a similar result (not shown) is obtained with 8 lags instead of 4.

Panel (b) and (c) show results for specifications (b) and (c), respectively. The difference is
the number of lags included: just one lag in Panel (b) and two lags in Panel (c). Comparing
the two panels, it is seen that when m = 4 we need two lags in the VAR to get good
estimates of the impulse response functions. Panel (d) confirms that, with m = 5, just one
lag is enough, consistently with equation (F.1). In both Panels (c¢) and (d), the dynamics are
estimated extremely well, with the mean impulse response functions almost overlapping with
the theoretical ones. Notice that, with the more parsimonious model in (d), the variability
of the estimates is somewhat smaller at large lags. In the present case the advantage of

specification (d) is modest, since T is relatively large and the number of parameters to
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Figure 9: Simulation 4. The choice of m. Estimated IRFs for the tax shock. The red dashed
lines are the theoretical IRFs. The solid lines represent the mean (across 1000 simulated
datasets) of the point estimates. The grey areas represent the 16th and 84th percentiles of
the point estimate distribution. Panel (a): CC-SVAR(4) with Capital, Taxes and the first
principal component (m = 3). Panel (b): CC-SVAR(1) with Capital, Taxes and the first 2
principal components (m = 4). Panel (c): CC-SVAR(2) with Capital, Taxes and the first 2
principal components (m = 4). Panel (d): CC-SVAR(1) with Capital, Taxes and the first 3
principal components (m = 5).

estimate is small even for specification (¢). But for shorter data sets or data sets requiring
a larger number of parameters, like the ones of the empirical applications in Section 5, the
advantage of a more parsimonious specification could be important.

To shed some light on the disappointing result obtained with m = 3, we run Simulation 5,
analyzing what happens when changing the variables included in the CC-SVAR, for different
values of m. For this exercise, we generate just one data set. As above, we use five principal

components to estimate the common components.

26



To begin, we set m = 3. Then we estimate one hundred of different CC-SVAR(4)
specifications, including the common components of capital and taxes, plus the common

component of the 3 + i-th variable, i = 1, ..., 100. The result is reported in Figure 10, Panel
Panel (a)
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Figure 10: Simulation 5. The choice of ¢ with m < r and m = r. Estimated IRFs for the
tax shock, for a single simulated data set. The black lines are the theoretical IRFs. The
red lines are the CC-SVAR estimates obtained with different variable specifications. Panel
(a): CC-SVAR(4) with Capital, Taxes and a third variable, changing across specifications
(m = 3). Panel (b): same as Panel (a) with the true common components in place of the
estimated ones. Panel (c): CC-SVAR(4) with Capital, Taxes the changing variable and
the first principal component (m = 4). Panel (d): CC-SVAR(4) with Capital, Taxes, the
changing variable and the first 2 principal components (m = 5).

(a). The red lines are the 100 estimated impulse response functions, the black lines are the
true impulse response functions. We see that there are several specifications which produce
bad estimates, despite the fact that we have m = ¢ + 1. We repeat the exercise by using

the true common components in place of the estimated ones. The result is reported in
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Panel (b). With the true common components the results are good, consistently with the
zeroless assumption (SDFM7). Hence the bad results of Panel (a) are due to the fact that
the estimated common components are close to dynamically singular, though not exactly
singular. When the specification is such that B(L) is close to the non-zeroless region, the
small idiosyncratic residual, which is still present in the estimated common components,
produces large estimation errors.

Panels (c) and (d) show results for m = 4 and m = 5, respectively. We use four lags
as before. In Panel (¢) we include the same (estimated) common components of Panel (a),
plus the first principal component as the fourth variable, equal for all specifications. We see
that in this case the problem arising with m = 3 is solved. This is because matrices B(L)
very close to the non-zeroless region are much more unlikely, and actually never occur for
this data set.'?

Finally, in Panel (d) we have m = 5: the common components of capital and taxes,
the third common component, changing across specifications, plus the first two principal
components, which are kept fixed for all specifications. Consistently with the analysis in
Section 3.7, all specifications produce exactly the same result, so that they produce a single

line.

F.3 Changing r

In Simulation 6 we suppose that 7 is not known and use the criterion (E5), see Section 3.6,
to determine the final value of 7. We try some values of 7 between 2 and 7. In all cases we
set m = 7. For m = 7 = 2 we estimate a CC-SVAR(2) including the common components
of capital and taxes. For m = 7 = 3 we estimate a CC-SVAR(2) including the common
components of capital and taxes and the first principal component. For m = 7 = 7 we

estimate a CC-SVAR(2) including the common components of capital and taxes and the

2Indeed, we did not find bad specifications for m = 4 even for several other data sets, not shown here.
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Figure 11: Simulation 6. The choice of 7. Results for m =7 < r and m = r > r. Estimated
IRFs for the tax shock. The red dashed lines are the theoretical IRFs. The solid lines
represent the mean (across 1000 simulated datasets) of the point estimates. The grey areas
represent the 16th and 84th percentiles of the point estimate distribution. Panel (a): CC-
SVAR(2) with # = m = 2 (Capital and Taxes). Panel (b): CC-SVAR(2) with # = m =3
(Capital, Taxes and the first principal component). Panel (¢): CC-SVAR(2) with7 =m =7
(Capital, Taxes and the first 5 principal components).

first five principal components. As usual, we repeat the exercise for 1000 data sets.

Figure 11 shows the results. In panels (a) and (b), corresponding to m = 7 = 2 and
m = 7 = 3 respectively, the impulse response functions are badly estimated, whereas for
m = 7 =7, panel (c), the results are pretty good, and very similar to those already obtained
for m = 7 = 5. Thus, with our simulated data, the criterion (E5) to determine the final

value of 7 produces the correct result.

F.4 Cointegration

In Simulation 7 we show results about cointegration. The model of equation (1) is modified
in such a way to have cointegration. We assume now that technology a; follows the random

walk model a; = a;—1 + u,,; and taxes are affected with one period of delay, 7, = u,;_1. The
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Figure 12: Simulation 7. Cointegration. Estimated IRFs for the technology shock. The
red dashed lines are the theoretical IRFs. The solid lines represent the mean (across 1000
simulated datasets) of the point estimates. The grey areas represent the 16th and 84th per-
centiles of the point estimate distribution. Panel (a): VAR(2) with Capital and Technology,
without measurement error. Panel (b): VAR(2) with Capital, Technology and Taxes, with-
out measurement error. Panel (c): Large data set with measurement errors. CC-SVAR(2)
with Capital, Technology, Taxes and the first principal components.

Moreover, we use a slightly different parametrization to emphasize the problems arising
from cointegration. We now set 6 = 0.9 and o = 0.8. We generate 1000 data sets with
T = 1000, without measurement errors. First, we estimate a bivariate VAR(2) with Aa,
and Ak;, and identify the technology shock by imposing that it is the only shock having long-
run effect on technology. This model is not affected by non-fundamentalness, but is affected

by cointegration problems, since the upper 2 x 2 sub-matrix in (F.4) is singular for L = 1,
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i.e. the VMA of the two variables in growth rates is non-invertible. Then we estimate a
VAR(2) model with Aa;, Ak; and 7. Notice that this model is dynamically singular, so that,
apart special cases, it is not affected by cointegration problems, as discussed in the main
text. Finally, we add 200 artificial common components, obtained by combining randomly
the 4 factors technology, capital, taxes and the tax shock. To simulate measurement errors
we add to all common components independent unit variance white noises and estimate a
CC-SVAR(2) with the estimated common components of technology, capital, taxes and an
additional variable (so that m =r = 4).

The results are shown in Figure 12. Panel (a) shows results for the bivariate VAR: the
long-run response of capital is underestimated by about 30% on average. Panel (b) shows
results for the trivariate dynamically singular VAR. Since B(L) is zeroless, we have a VAR
for the first differences and cointegration problems disappear. Panel (¢) shows results for
the third model, the almost singular VAR obtained by estimating the common components

of 4 variables. The perfomance is similar to the one of the previous model.

G Empirical application: robustness

To assess the robustness of the results to changes of the number of factors, we repeat the CC-
SVAR analysis using m =7 = 7,8,9,10, 11 common components. To complete information,
we include in the VAR the five common components plus the first 7 —5 principal components.
The results are displayed in Figure 13. We see that the results obtained with different values

of 7 are very similar to each other for all identification schemes.
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Figure 13: US monthly data. The IRFs of a monetary policy shock. CC-SVAR(6) with m = r, using
different values of r. Black dotted line: » = 6. Blue dashed line: r = 8. Red solid line: r = 10.
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For Online Publication - Appendix

A Appendix to Section 3.2

A.1 Zerolessness of K(L)

We firstly need an explicit parameterization of the polynomial matrix K (L) in Assumption

1. Let us write the entries of K (L) as
kij(L) = kijo + kijaL + -+ + ki s L°. (A.1)

The number of coefficients is @ = (s + 1)mg.

Assumption P. Parameterization of the polynomials in equation (A.1). We suppose that
the entries of K(L) depend on v parameters, where v > 0. Precisely, let P, the parameter
space, be an open and connected subset of R”. The w coefficients kijq, for ¢ = 1,...,m,

j=1,...,q, a=0,...,s, are rational functions defined on P, with no poles for all p € P.

Assuming that P is open is a convenient simplification. All the results below hold if P
contains a subset which is open in R” and dense in P. Definition P includes:
(i) Structural economic models, like (1), with the minor modification 7 > 0. As a rule, in
this case v < w, so that the parameterization produces restrictions on the coefficients k;/ g.
(ii) The Free-Parameter case in which the parameters are the coefficients ks themselves

and P C R%.

Definition G. Generic property in P. We say that a property holds generically in P if it

holds in an open and dense subset of P.

As we need explicit reference to the parameters p, we use K(p, L), k;;(p, L), etc. Let

|
Da(ps L) = Dao(p) + Das(p)L 4+ a€ M, M= {1L}
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be the determinant of the a-th ¢ x ¢ submatrix of K(p, L) (the ordering of the submatrices
is immaterial). For a given p, a sufficient condition for zerolessness of K (p, L) is that for at
least a couple a,b € M, a # b, D,(p, L) and Dy(p, L) have no common zero.

The following statement generalizes Anderson and Deistler (2008b), Proposition 1, to
the case in which the coefficients of the entries of the matrix K are restricted by the param-

eterization in Assumption P:

Proposition AD2. Assume that Assumption 1 holds and m > q. Define Z as the set of all
p such that for at least a couple a,b € M, a # b, D,(p, L) and Dy(p, L) have no common
zero, and W as P — Z, i.e. the set of all p such that for all couples a,b € M, a # b,
D.(p, L) and Dy(p, L) have common zeros. Then either

(Z) generically p € Z, so that K(p, L) is generically zeroless, or

(W) generically p € W.

Proposition AD2 can be restated by saying that if (Z) holds [if (W) holds| for an open
subset of P, then (Z) holds [(W) holds| generically in P.
Proof. We proceed by steps.
(i) The coefficients of D,(p, L) are rational functions with no poles in P, hence each one of

them is either zero for all p € P or generically non-zero. Thus, given a € M, either

(A) there exists an integer d, > 0 such that generically D,(p, L) has degree d, with

non-zero leading coefficient, or
(B) D.(p, L) is the zero polynomial for all p € P. In this case we set d, = —1.

(ii) If d, = 0 for some a € M, so that generically D,(p, L) has no roots, then (Z) holds.
(iii) Because K (L) is full rank, Assumption 1(b), d, > —1 for some a € M.

(iv) If d, = —1 for all but one ¢ € M with d. > 0, then (W) holds.

(v) It remains to prove the proposition under the assumption that d, # 0 for all a € M, so

that (ii) does not apply, and that d, > 0 for at least two distinct elements in M, so that
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(iv) does not apply. Equivalently, we assume that {a € M, such that d, = 0} = () and that

the set
N ={a € M, such that d, > 0} = M — {a € M, such that d, = —1}

contains at least two distincts elements. We need the following definition and result:

Proposition R. The resultant of the scalar polynomials with real coefficients
Alx) = apx’ +---+ap, B(z) =byz” + -+ by,

with v > 0, w > 0, is a polynomial function R, depending on a;, © = 0,...,v and b;,

7 =0,...,w, with integer coefficients. If a, # 0 and b, # 0, then
R(av,...,ao;bw,...,bo) :O,

if and only if A(x) and B(x) have a common (complexr) root. See e.g. van der Waerden

(1953), pp. 83-5.

Let PT be the subset of P such that for p € PT the leading coefficient of D.(p, L) is not zero
for all c € N. PT is open and dense in P. Thus genericity in P' implies genericity in P.

Let R, (p) be the resultant of D,(p, L) and Dy(p, L) and

R(p)= Y. Reulp) (A.2)

c,deEN, c£d

As R(p) is a rational function with no poles in P, then one of the following alternatives
holds:
(1) Generically in PT, R(p) > 0. The leading coefficients of D.(p, L) and D4(p, L) are not

zero for ¢,d € N and p € PT. As each addendum in (A.2) is either zero or generically



positive in P, by Proposition R, there exist c*,d* € N, ¢* # d*, such that, generically in
PT, D.(p, L) and Dy-(p, L) have no common roots, so that (Z) holds.
(2) R(p) = 0 for all p € P'. By Proposition R, D.(p, L) and D4(p, L) have a common root
for all c,d € N, ¢ # d and all p € P'. Thus generically in PT (W) holds. Q.E.D.
The equation R(p) = 0 is the purely mathematical restriction we refer to in point (III),
Section 3.2.1.
Let us point out that the condition “p € Z” is sufficient for “ K (p, L) is zeroless” but not

necessary, as the following simple example shows. Let

K(va): 0 L—p2 )

L—ps L—ps

where (p; ps p3) € P, where P is an open subset of R3. We have D;(p, L) = (L—p;)(L—p»),
rows 1 and 2, Dy(p, L) = (L — p1)(L — p3), rows 1 and 3, Ds(p, L) = —(L — p2)(L — p3),
rows 2 and 3. We see that generically R(p) = 0, so that (W) holds, but generically K (p, L)
is zeroless.

The example above suggests that the result in Proposition AD2 can be improved. How-
ever, we believe that Proposition AD2, as it stands, and our discussion of zerolessness in

Sections 3.2.1 and 3.2.2 are sufficient to motivate Assumption 3.

A.2 More on cointegration in the dynamically singular case

Let us begin by an example in which, despite cointegration, we have a VAR in differences,
because of dynamic singularity. Let us go back to the example of equation (5), with x; =

A Xy, and take the linear combination

(1+ k2)xue B (1+ K1) X _ (1+k)(1 - L)Xy, B (1+Fk1)(1— L)Xy
ko — kq ko — kq ko — kq ko — kq

= (1 — L)uy.



By integrating both sides we get

(k)Xo (k)Xo
— —

where C is a constant. Hence X;; and Xy, are cointegrated. Nevertheless representation (6)
holds for x;, so that X; has a VAR(1) representation in differences. In this case we have
m = 2 and ¢ = 1, so that the cointegration rank cannot be larger than 1 and x = 0.

In the reminder of this section the motivation for k = 0 given at the end of Section 3.2.2
is presented in greater detail. Consider a three-dimensional vector X; with (1) coordinates,
driven by the two-dimensional structural shock u;. Suppose that the effect of us on the

three variables X; is permanent and that the effect of u;; on Xj; and Xy, is transitory.

Thus:
(1- L)Xy (1—L)a(L) b(L)
(1— L)Xy | = K(L)w = | (1 - L)e(L) d(L) a (A.3)
(1— L)X L) g(L) ’

where the entries of the second column of K (L) do not vanish at z = 1.

(A) If, for example, the variables X;;, j = 1,2,3, are GDP, consumption and investment,
respectively, and u; is a demand shock, then f(1) =0 and x > 0.

(B) However, suppose that the variable X3; is an I(1) price or monetary aggregate. We claim
that there are no reasons based on economic theory why demand or monetary policy shocks
should have a temporary effect on X3;. The same conclusion holds if X3, is an I(0) variable
among interest rates, risk premia, term spreads or the unemployment rate. Dropping (1— L)
in front of X3 in (A.3), there is no reason why f(L) should contain the factor 1 — L. In
general, if the vector of interest contains both real and monetary /(1) variables or both (1)
and I(0) variables, as is the case in the empirical application in Section 5, we can safely
assume that K (L) has no zero at z = 1.

(C) Moreover, suppose, as we do starting with Section 3.5, that the vector of interest X; is



part of a large vector X;, whose coordinate variables are all driven by wu;. Suppose also that
the vector of interest X is (1), cointegrated and, for example, x = 1. It is highly likely
that X, contains variables which, belonging to a different “family”, as X3; in (B), can be
used to augment X; and obtain a larger vector with x = 0.
(D) The simple idea of forcing, so to speak, x = 0 in the case of dynamically singular
I(1) vectors, by augmenting the vector of interest with suitable variables, is likely to apply
to any hypotetical situation in which non-zerolessness is implied by economic-theory based
restrictions.

The arguments in points (B) and (C) can be easily generalized. Let X;; be I(1), for all
i=1,...om+1,g<m X, = Xy Xog -+ Xow)s Xe = (X1t Xt -+ Xpny1,) and let

(1- L)X, K(L)
(1- L)X, = - w = K(L)u,. (A.4)

(1= L)Xy g1 (L)

Assume that the cointegration rank of X is ¢ = m — ¢+ k with £ > 0. Because rank K (1) =
q — Kk < q, it is possible that X, has no additional cointegration vector with respect to X,
i.e. kpy1(1) can be independent of the rows of K(1). In that case c=¢=m+1— g+ &,
so that k =k — 1:

Remark 1. If m > q and K > 0 and we add to X, the variable X,,+1 4, driven by w,, and the
cointegration rank stays the same, the value of k decreases by one. This is a generalization
of our argument in (B), Section 3.2.2.

On the other hand, if k = 0, so that rank K (1) = ¢, then k,,,1(1) is a linear combination
of the rows of K(1), that is ¢ = ¢+ 1. Thus & = k = 0. Moreover, looking at (A.4), quite
obviously,

Remark 2. If m > q and we add to X, the variable X, 11+, driven by u,, the IRFs of X,
do not change.

What may happen is that K (L) is zeroless whereas K (L) is not, so that u, may be obtained



by a finite-lenght VAR of X;.
Let us now replace X;; with Y;; = X, 4+ &, the £’s being measurement errors. As a rule,

the rank of Y; is m and that of l?; ism+ 1. Let

(1— L)Y = C(Lwy, (1— L)Y = i

be the IRFs that are consistently estimated by a SVAR for V; and Y}, respectively, so that
w; and w; are fundamental for Y; and fft, respectively. We suppose that w; and w; have
been identified consistently with the restrictions identifying u,. For example, u;, w; and w;
are identified by recursive schemes, as in Section 3.4.

Because the rank of Y; and Y; are m and m + 1, respectively, ¢ = k, ¢ = . As ¢ > ¢, we
have & > K, so that no zero of C(L) at z = 1 can be removed by adding variables. Moreover,
it is fairly easy to see that generically C’(L) # C(L) and w;; # wy, for j =1,...,m, see e.g.

Lippi (2021). Thus, we see that neither Remark 1 nor 2 hold for Y; and ;.

A.3 Non-uniqueness of the VAR in the dynamically singular case

In Section 3.4 we consider the example with m = 3, ¢ =1, B(L) = By+ B1L+ ByL?+ BsL?,
where the 12 entries in the matrices B; can vary independently of one another. If we take

p=1in (8), we have (I — A;L)(By + B1L + B2L* + B3L?) = By, that is

ABy =By, AiBy =By, AiBy= B3, ABs=0. (A.5)

As the matrices B; are 3 x 1, generically By, By, B, are independent and

Bg = OéoBQ + Clel + O{gBQ.



Using (A.5),

0= AlB3 = A1<Oé(]BO + OélBl + OéQBg) = OéoBl + OélBQ + OéQBg

= OéQOéoBo + (060 + 042a1)Bl + (al + &3)327

which implies g = @y = ap = 0, i.e. B3 = 0, which is not generic. In conclusion, generically
X¢ has no VAR(1) representation. On the other hand, as argued in Section 3.4, p > 1 implies

singularity of Z;_1, i.e. non-uniqueness of A in (8).

B Proof of Proposition 1

B.1 Preliminary

The convergence of 9, to v; may seem a trivial consequence of the continuity of the or-
thogonal projection. That is, convergence of x; and Zi 1 to x: and Z; 1, respectively,
should imply convergence of P(X;|Zi_1) to P(x:|Zi_1) and of &, = % — P(X¢| Zi—1) to
vy = Xt — P(x¢| Zi—1). However, while continuity of the orthogonal projection with respect
to the regressand, given the regressors, is fairly obvious, continuity with respect to the
regressors does not necessarily hold if the covariance matrix of the regressors tends to a sin-
gular matrix. An elementary example is the following. Let Y and X, & € N, be zero-mean
stochastic variables with E(X?) = 1, and «y, a sequence of non-zero real numbers such that

ar — 0 as k — oo. Then
so that limg_,, P(Y | . X)) = 0 if and only if lim_,, E(Y X)) = 0. On the other hand,

P(Y| lim axX,) = P(Y |0) = 0.



The proof below shows that the assumptions of Proposition 1 ensure convergence of the
projection P(x; | Zt,l) to P(x:| Zi—1) even when the covariance matrix of Z, 1 tends to

singularity.

B.2 Proof

Let us denote by d the rank of ¥Z and partition Z; (possibly after reordering) as Z; =
(€ S;), where det (3§) # 0. We have S, = NQ, and Z, = MQ,, where M = (I; N')', so

that we can re-write the projection equation (8) as
Xt = a1+ v = P(xe| Zi-1) + vy, (B.1)

where P denotes the population projection and o = AM is unique.
The empirical counterpart of the above equation is given by the regression equation (9),
i.e.

Xt = AZt—l + 0 = P(f(t|ZAt—1) + Uy,

where P denotes the sample projection.

In analogy with €2, and S, let Q) be the vector including the first d entries of Z, and
S, be the vector including the remaining mp — d entries. Now, let us consider the sample
regression equation

gt - p(S,ngt) + 191} - NQt + ’l§t, (B2)

where 239 = 0. Let us write J; as 9, = HJ,, where H is (mp —d) x d, d <mp—d, and U,
is standardized by imposing

T-1
(T -1 00, =1 (B.3)
t=1

Note that, since 0, depends on n and T', H and d depend on n and T as well. The vectors

Q, and U, are sample orthogonal, i.e. 2{}5 = 0, see (B.2). Moreover, they span the same



linear space as the entries of Z;. Hence we can decompose the sample projection p(f(t|ZAt_1)

into the sum of the projections ]5(9215|Qt,1) =4, and P()%t]@t,l) = (0,1, i.e.
)A(t — AZt_l + @t - OAéQt_l + B&t—l + @t, (B4)
where 271’9 =0 and 21;”5 = 0, so that, defining
) T-1
Sora =T =170,
t=1

we have @ig{T,l = i]i‘g and f = 2;1215. Equation (B.4) is the sample analogue of (B.1).

Subtracting (B.1) from (B.4) we get
Xe = Xe = 7 = (aQu_1 — aQy) + BU1 + (v, — ). (B.5)

Since the left-hand side is O, (7, r) by Assumption A, in order to prove Proposition 1, that
is |0y — ve]| = O, <max(rn,T, 1/\/T)>, it is sufficient to show that the norms of the first two

terms on the right side are O, (max(rn,T, 1/@))

Lemma 1.

(i) [1& = al| = O, (max(rr, 1/VT));

(ii) 1|61 — aQ || = O, (max(rar, 1/VT));
(i) |1557]] = Op(1/VT);

(i) 110,111 = O, (max(ro.r, 1/VT)).

Proof. (i). We have
a—a= [(@zgm - azg?) p (EQH - zﬁ})} (x) (B.6)

Now consider the first term of the difference in square brackets. Using (B.1) and (B.4), we
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get &XA]E?’T& —aXf = f]’fg pRAES (ZXQ ZfQ) + 272 L 9% Assumption B implies that
|[2X =X | = 0,(1/V/T), while | |22+ 5X|| is O, (7n.r) by Assumption A. Turning to the
second term, we have 2?1—1 -3 = <250),T ) ZQ> +352 Dy 1. Assumption B implies
that HEOT =261l = 0p(1/VT), while HEOT 1T OT 711118 Op(ry,r) by Assumption A. Since
|&|] is Op(1), the norm of the factor in square brackets of (B.6) is O, (max(rn,T, 1/ﬁ))
Since ||(X§)71]] = O(1), (i) follows.

(ii). We have 401 — aQ_y = a1 + (& — a)Q_1. As [|@]| is O,(1), by Assumption A
the norm of the first term is O, (7, 7). Moreover, by result (i) the norm of the second term
is O, (max(rnyT, 1/\/T)> so that (ii) is proved.

(iii). By Assumption A we have ||2/X|| = O, <1/\/T> for k=1,...,p. It follows that ||SZ]
is O, (1/\/T) as well. But 6, = H*Hét, H* being a left inverse of H, is a linear combination
of the entries of Z;, see (B.2), and is bounded in probability, see (B.3), implying (iii).

(iv). We have = S8 = X 4 S0 — o599 4 S0 4§70 Byg P = 500 _ 500 — 500
Hence 3 = —aS?? + 59 4+ 370 The norms of both the first and the third term are
O,(rnr) by Assumption A. The norm of the second term is O,(1/v/T) by (iii), hence
18] = O, (maxmj, 1 /ﬁ)). Since 7, is O,(1), (iv) is proved. Q.E.D.

Proposition 1 follows from equation (B.5), Lemma 1 (ii) and Lemma 1 (iv).

C Proof of Proposition 2

Lemma 2. We have:

(i) ||f][11] — Yyl =0, (maX(TmT, 1/@)), where Y1) has been defined in (11);

(i) 112 = Qll = O, (max(rnr, 1/VT) )

(iii) 1|Q™ = Q|| = O, (max(rar, 1/VT)).

Proof. Tet ¢ = & — v,. We have £ — £5 = £ 4 530% + 50 4+ (S5 — 55). The norm of

the first three terms on the right-hand side is O, <max(rn,T, 1/\/T)>, since so is |[¢|| by

11



Proposition 1. The norm of the term in brackets is O,(1/v/T) by Assumption B. Hence
120 — 38| = 0, (max(rmT, 1/\/7)) This proves (i). As for (ii), notice that the entries of
Q and @ are the same elementary differentiable functions of the entries of 2[11} and Yy,
respectively. As the denominators are bounded away from zero in probability, result (ii)
follows from (i). Since det Q) is bounded away from zero in probability, (iii) is an immediate

consequence of (ii). Q.E.D.
Proposition 2(a). ||u; —w|| = O, (maX(TmT, 1/\/T)>

Proof. We have @; = Q4" and u; = Q~"0!"). Hence @, — u, = Q1 (0! — oY) + (O~ —
Q‘l)vy}. The norm of the first term is O, (max('rn,T, 1/\/T)> by Proposition 1 and the fact
that ||Q~"|| is O,(1). Finally, the norm of the second term is also O, <max(rn7T, 1/\/T)> by

Lemma 2 (iii). Q.E.D.

Lemma 3. The following results hold:

(i) 1By = Boll = O (max(rar, 1/VT));

(11) Let é = o — Ray, where R is defined in (12). Then, ||&]] = O, (maX(T}%T, 1/ﬁ)>
Proof. We have already shown, Lemma 2(ii), that ||Q — Q|| = O, (max(rmT, 1/\/T)>
Let us now show that ||R — R|| = O, <max(rn7T, 1/\/7)) We have R = 2[21](6?’)_1 and
R = Spu(@) " Hence R — R = Sy (@)1 = (@)71) + (Say — Spy)(@) . The
norm of first term is O, (max(rmT, 1/\/T)> by Lemma 2 (iii). Moreover, in the proof of
Lemma 2 we have shown that ||$2 — 23| = O, (max(rnj, 1/\/7)), so that Hi[gl] — Y|l =

0, (max(rn’T, 1/ﬁ)) As for (ii), we have
o — ol = (Ray — Ruy) + & = (R — R)uy + R(y — w,) + é.

The norm of the left side is O, (max(rnﬁT, 1/ﬁ)> by Proposition 1; the norm of the sec-

ond term on the right side is O, <max(rn,T, 1/\/T)> by Proposition 2(a); the norm of

12



the term term on the right side is O, (max(rny, 1/\/T)> by result (i). Hence ||&]] =

0, (max(rn,T, 1/ﬁ)) Q.E.D.

To prove Proposition 2(b) we introduce the companion form of our empirical VAR, i.e.

Zt == DZAt,1 + CAt, (Cl)
where
A Ao Ay A
0
. . 0
D=1o, I, O Om | - G =
0
From (C.1), by recursion we get
k A
Zy =DM Z 4+ DI, (C.2)
j=0

for any k& > 0. By taking the first m rows of (C.2) we get

k k k
Xt = Gp1Zi—p—1 + Z Vite—j = Grp1Zi—p—1 + Z V;Botiy—; + Z V; . (C3)
j=0 Jj=0

J=0 €t—j

where G}, is the matrix formed by the first m rows of DF and YA/; is the m x m upper-left sub-
matrix of DJ. Notice that G; = fl, Vo = I, and V; = A,. Notice also that ‘7j, 1=0,...,k
is the j-th matrix coefficient of A(L)*l, so that Bj = f/jéo. Finally, evaluating (C.3) for

k — 1 and subtracting from (C.3), we get

GiZir = Gr1Zej1 + Byty_y, + Vi , (C.4)

13



which, letting Gy = (I, 0), holds for any k£ > 0 and for k£ = 0 reduces to x; = AZ, 1 + 0,

Similarly, from the population VAR (8) we get

k k
Xt = Grpe1Zi—j—1 + Z Viveej = G121 + Z Vi Bouy—; (C.5)

j=0 7=0

where G; = A, Vo = I,, and V; = A;. We have already observed in the main text that
A is not necessarily unique, so that Gy, and V}, 7 = 1,...,k, are not necessarily unique.
However, post-multiplying by «;_, and taking expected values we get X" = V. By, so that
Vi By is unique and equals By for any k£ > 0. Hence G114y 1 = G My 1 is unique,

so that Gy11M is also unique for any k. From (C.5) we get

GrZi—y = Gry1Zi—j—1 — Bruy—y. (C.6)

Lemma 4. For any k£ > 0,

(i) [|GrZi—r — GrZi—s|| = O, (maX(Tn,T, 1/ﬁ));
. 0

(i) | Vi =0, (maX(Tn,T, 1/@));

€t—k

(iii) || Bx — Bi|| = O, <max(7“n7T, 1/\/T)>, which is Proposition 2(b).

Proof. We proceed by induction on k. For k = 0, ||GrZi—r — GrZi_x|| reduces to [|X: — x|,
which is O, (r,,,r) by Assumption A. Moreover, (ii) holds by Lemma 3(ii) and (iii) holds by
Lemma 3(i). Hence (i)-(iii) are true for £ = 0. Let us now show that, if (i)-(iii) are true for

k = k, they are true for k = k + 1. Subtracting (C.6) from (C.4) we get
CGiZi v —GiZi i = (CrnZi-irny — GrnrZe—iny) — (Biily_ — Brue_5) — Vi - (C.7)

By the inductive assumption the term on the left side, the second and third terms on the
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right are O, (max(rn,T, 1/ﬁ)), so that the same holds for the first term on the right and
(i) is true for k = k4 1. Next, let us replace k with k + 1 in (C.7), postmultiply by é;—(l}+1)
and average over t = k+2,..., T+ k+ 1. Using sample orthogonality of €,_ 1) with both
iy g1y and Z,_ g9y We get
o . . o . 0
G,;.Hzgf - G,—CHZ(?E = (Gre2Zo — GryaZo)éy/T — Gl’c+22§§ + B2 — Vi -
%5
The norm of the left side is O, <max(rn7T, 1/\/T)> because, as proved above, (i) holds for
k = k + 1. Let us now consider the first term on the right side. Going back to (C.1),
we see that ﬁth_k = ﬁk+12t_k_1 + D’f(}_k, where the terms on the right side are sample
orthogonal and the term on the left side is bounded in probability for £ = 0. Hence
|D¥Z,_i|| is O,(1) for any k and therefore |G 0Z0]| is Op(1). Of course, the same holds
for G422 and €, so that the norm of the first term on the right side is O,(1/7"). Coming
to the second term, let us observe that it is equal to G,;HMfJ‘Afl, since Z; = MY, see (B.1),
Q, = Q, — 7, and € —(k+1) 18 sample orthogonal to Qt_(k+2). Its norm is then O,(r, 1) since
so is the norm of 74 by Assumption A, and the norm of Gy, ,M, which, as observed above,
is unique, is O(1). Letting 4; = @; — us, using sample orthogonality of &_ g1y with @,_ (511,
the third term on the right side is equal to —Bj.,;%7¢, whose norm is O, <max(rn7T, 1/ﬁ))
since so is the norm of 4; by Proposition 2(a). Hence the norm of the fourth term is also

0, (max(rnyT, 1/\/7)), which proves that (ii) is true for k =k + 1.

/

Lastly, let us again replace k with k-+1 in (C.7) and postmultiply by ﬂt_(ml

) and average

over t =k+2,...,T+k+1. Using sample orthogonality of i, ;) with both €,_ ) and

A

Zo- (s e get

ékﬂigﬂ - G12+1igﬁ = <GE+220 - GE+QZO)@0/T - GE+2§3§§L - (BE—H - BE+1) - BE+123&‘
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The norm of the left side is O, (max(rn,T, 1/\/T)> since (i) holds for & = k + 1. The
norm of the first term on the right side is O,(1/T) for the same argument used above. The
norm of the second term is O, (max(rmT, 1/\/T)> for the same argument used above for
—Gj492%¢. The norm of the fourth term is O, (max('r’n,T, 1/\/T)> since so is the norm of
4: by Proposition 2(a). Hence (iii) holds for k¥ = k + 1. In conclusion (i), (i) and (iii) are

true for any k£ > 0. Q.E.D.

D Proof of Proposition 3

The proof below partly follows the proof of Proposition P in Forni et al. (2009), Appendix.
However, here we need the consistency of x;;, which is not needed in that paper. Thus, after
some common lemmas, the proof here takes a different route.

To begin, let us introduce some additional notation and recall a standard result. If A is
a symmetric matrix, we denote by p;(A) the j-th eigenvalue of A in decreasing order. Given
a matrix B, we denote as above by | B| the spectral norm of B, thus ||B|| = /i (BB),
which is the euclidean norm if B is a row matrix. We will make use of the Weyl inequality:

letting A and B be two s X s symmetric matrices,

A+ B) — 15, (A) < V@B = 1B, j=1,....s (D.1)

Lemma 5. (Consistency of the covariance matrices). Let, as in Definition 2, I, be the
n X m matriz having the identity matriz L, in the first m rows and 0 elsewhere. For any k
and any (fired) m we have:

(i) 1105 = 71 = 0, ()

(ii) 1T (T = T) I = 0, ()

(i) FI\Zo (BX =T3) |1 = 0, ()

(iv) IO = 0, (F5)s
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(0) T4, (= TN Tl = 153 — 31 = 0, (
(vi) 1105 = TX) = 0, (max (£, )

(vii) 1T, (T = T) | = Oy (max (.

1.
¥r);

)

S

Proof. We have

n n

i (0% = TH)(0F = T5)') < trace ((FF = TR = T9)) = 30 D0k — )

i=1 j=1

By Assumption 7(a), we have -5 3" 32" E(3¢; — 7i,;)% < £ for all positive integers T,
so that n—lngfj —T%|* = 0, (%) by Markov inequality. Result (i) follows. Coming to (ii),
we see that, by the same argument, the squared norm of 7/, (f‘ﬁ — Fi) is bounded above
by >y > (i — Vk4;)?, which is Op(n/T). Statement (i) follows. Results (iii) and (iv)
are obtained in the same way, by using Assumptions 7(b) and 7(c), respectively. As for (v),
the same argument shows that the squared norm of I,’n(fig — I'¥)Z,, is bounded above by
Doy 2 (Fss — Yaag)?s which is O,(1/T). The result follows. Let us now come to (vi)
and (vii). Orthogonality of x; and & at all leads and lags, Assumption 4(b), implies that
[ =T} + T} Hence I —If = I} =T} + T3, so that |0 —T¥|| < 1IT% = Tgll + + T
The first term on the right side is O, (\%) by result (i). The second is bounded by %uﬁ,
which is O (1) by Assumption 6(b). This proves (vi). Finally, statement (vii) follows from
the same argument, with result (ii) in place of result (i), n in place of n? and 1/4/n in place

of 1/n. Q.E.D.

Lemma 6. (Consistency of the normalized eigenvalues). Let MX and M7 be the r x r diag-
onal matrices having on the diagonal the eigenvalues uf, ..., uX and i, ..., =, respectively,
in decreasing order of magnitude. Then,

(i) 5 /n — pg/n = O, (1/\/T) for any j;

(i) i /n — pf/n = O, (max(l/n, 1/\/T)> for any j;
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(iii) || MX /n|| = O(1); there exist m such that, forn > n, MX/n is invertible and ||(M*X/n) || =
O(1);

(iv) For any n > n andn > 0, there ewists T(n,n) such that, for T > 7(n,n), 2= is invertible
with probability larger than 1 — n; moreover, if <%>7 exists forn =n* and T = T*, it
exists for all n > n* and T > T*;

(Mx/n>_1

Proof. Setting A = ', B = I' —I'¥ and applying (D.1) we get L7 — pt| < n~!|TE -T2,

(v) | M* /]| and are Op(1).

which is O, <1/\/T> by Lemma 5(i). This proves (i). Setting A = I'Y, B = I' — '} and
applying again (D.1) we get |a% — p¥| < n~!||T% — T¥||, which is O, <max(1/n, 1/ﬁ)) by
Lemma 5(vi). This establishes (ii). As for (iii), by Assumption 6(a) there exists 7 such that,
for n > n, % > ¢, > 0, so that MX/n is invertible and ||(M*/n)~!|| < 1/c,. Moreover, by
the same assumption uf/n is asymptotically bounded by ¢;. This proves (iii). As for (iv),
by (D.1), u¥ > pX. Hence, for some 7 and n > 7, u®/n is bounded below by ¢, > 0. It
follows that det(M ?/n) is bounded away from zero in probability as 7' — oco. The last part
of statement (iv) follows from the fact that the rank of the observation matrix, and therefore

that of 2 is non-decreasing in n and T'. Turning to (v), boundedness in probability of || % I

(%)

Lemma 7. Let WX be the n X r matriz having on column j, 7 = 1,...,r, the unit-norm

and follows from statements (ii) and (iii). This concludes the proof.  Q.E.D.

eigenvector of Ty corresponding to the eigenvalue /L;(. We have
(i) [I/nZ, WX|| = O(1);
(id) W82 — Mxyyavize| = 0, (max(1/n, 1/VT));

(iii) |WoWXWXW* — 1| = O, (max(l /n,1 /ﬁ)).

Proof. Let us notice first that ( = ‘

T, W (M) || = |Z,DAT1Y2 = 552 does ot
depend on n. We have

)
n n

M\ V27 e\ 12
VAT, W) = Hﬁzznwx (5) (%)

<¢ H (M7>/
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which is O(1) by Lemma 6(iii). Turning to (ii), we have ||WX’W"”% - %WWW””H =
IR <f§ - I%‘) we|| < %Hfg —TY||. Statement (ii) then follows from Lemma 5(vi). To
prove (iii), let

a = WHWXWXTe = e gy e AL (Ef,

n

n n

2 -~ 2 VLS -1 Ve Ve -1
o= Livipe (0 - (i) g,

T n n n

b= WAL e (M)_l = Lij=ryiie (M“D)_l,

We have [ja — ¢|| < |la —b|| + ||b — ¢||. Both terms are O, (max(l/n, 1/\/7)), the first by

statement (ii) and Lemma 6(v), the second by Lemma 5(vi) and Lemma 6(v). Q.ED

Lemma 8. There exist diagonal v X r matrices .7,, depending on n and T, whose diagonal
entries are equal to either 1 or —1, such that

(i) W= WX — 7,| = 0, (max (1/n, 1/\/7));

(ii) INAT, W* — VT, WG| = O, (max (1/v/n, 1/VT) ).

Proof. The reason why we need the matrices T is simply that the normalized eigenvectors
corresponding to distinct eigenvalues are only unique up to the sign. Let us denote by w}
and w;C the j-th columns of W and WX respectively. By taking a single entry of the matrix

on the left side of of Lemma 7(ii) we get

1, . 11

n (85 = ) wi] = O, (maX <5’ﬁ)) ;

1 <r,j <r. Now, for j # i, % ([Lf — ui‘) is bounded away from zero in probability, since
pi/n and i /n are asymptotically distinct by Assumption 6(a), while if/n tends to uj/n
in probability by Lemma 6(ii). Hence, by dividing both sides of the above equation by
nil(ﬂ;? — 1Y), we see that the off-diagonal terms of W= WX are 0, (max (%, \%)) Turning

to the diagonal terms, let us first observe that wWXWXwf =1+ O, (max (%, %)) by
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Lemma 7(iii). Since

~ 0 — (0 . 0" 1 1
W = i)+ 3 (i) = G0, (e (7))
J#z
then 1— (w7’ X) =0, (maX <1 \})) _Hence (1 — |@#wX]) (1 + [@¥w)]) = O, (max (l T))
so that 1 — |wPw)}| = O, (max <%, \/LT)) Statement (i) follows. Turning to (ii), set
0= VAT,
b= /AL, WXWXW* = \/nT, WXW X1« AL <MT>1

—1 -1
c:\/ﬁz;nwx%wvwx( ) —}z;nrxwm( ) ,

d= L1, Fn ( ) = /T W

Notice that ||v/nZ/ WX|| is O(1) by Lemma 7(i), so that we can apply result (i) to get
la—bl| = (max (n, f))’ and Lemmas 7(ii) and 6(v) to get ||b—c|| = O, (max (%, \/LT))
Finally, Lemmas 5(vii) and 6(v) ensure that ||[c—d| = O, (max <\/iﬁ, \/%7)) This establishes

(ii). Q.E.D.

Lemma 9. (Consistency of the eigenvectors). We have
(i) W™ — ZW¥| =0, (max (1/\/@ 1/\/7));
(i) |IA(Z W = T, W) | = 0, (max (1/y 1VT) )
Proof. Let as before w] and wj‘ be the j-th columns of W< and WX, respectively, and
let 7,(j,7) be the j-th diagonal element of J,, which is either 1 or —1. We have |[wf —
jr(j,j)wf’HZ =2- w;”’w;(jr(j,j) — w;"w;?jr(j,j). By Lemma 8(i), the last two terms are
equal to 1+0,, <max <1/n, 1/\/7)) Hence Hw;”—jr(j,j)w;dH =0, (max (1/\/5, 1/\/T>>
Statement (i) follows.'! As for (ii), set

a = /(I W*W* — I WXWX);

b= /L, WXT. (W — J.WX);

1 As pointed out by an anonymous referee, Lemma 9(i) could also be proved by using Lemma 5(vi) along
with Theorem 2 of Yu et al. (2015). Along these lines, the requirement of distinct eigenvalues in Assumption
6(a) could be relaxed.
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¢ = /(I W* =T WxJ,)W*.
We have a = b+ ¢, so that ||a|| < ||b]] + ||c||. Let us consider firstly b and observe that
Iv/AZL, Wx|| is O(1) by Lemma 7(i). Hence [|b] is O, <max (1/\/5, 1/ﬁ)> by result (i).

Moreover, ||c|| is O, <max <1/\/ﬁ, 1/\/T>> by Lemma 8(ii). Q.E.D.

We are now ready to prove Proposition 3, reported here for convenience, with r, =

max(1/y/n,1/v/T)) and therefore 1/r, 7 = min(y/n, VT).

Proposition 3. Properties of the principal component estimator.
(@) [I7ll = (1% = xill = Op(max(1/y/n, 1/VT));
(b) ||122Y]] s O, (1/\/7) for k> 0;

(o) IS} = 511 = 0, (1/VT), for any k.

Proof. Notice first that statement (c¢) has already be proved, see Lemma 5(v). Regarding (a),
let us firstly observe that, for n large enough, the principal components of x,,,, i.e. the entries
of WX'x,,,, form a basis for the linear space spanned by the factors Fj;, j =1,...,r. Hence
the linear projection of x; onto the space spanned by such principal components is equal to x;

and the residual is zero. This projection is Z, WXW X'y .; hence x; = X,,c = Z,, WXWX'x,,.

On the other hand, our estimator of x; is defined as x; = I,’HW‘”W"”’:BM. Thus

1% — xel| = ‘ ’ (I;nwmwx’xm _ I,’nWXWX'xnt) T WXWE

nt

= lla+bll < llall + [|?]-

Regarding a, we have ||a|| < ||v/n(Z,W*W* — T WXWX)|| ||Zn//7l|- Now, |2 //nl|> =

S az/nis Op(1), since its expected value is

(traceT2)/n = (traceT¥)/n + (trace§)/n < Zu;‘/n + 48,
j=1

which is bounded by Assumption 6. Hence a is O, (max (1/\/5, 1/ﬁ)) by Lemma 9(ii).

As for b, we have ||Z, WXWXE .|| < |Z,, WX]|| [[WXE,,]l. The first factor is O(1//n) by
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Lemma 7(i). The second is O,(1), since the norm of its covariance matrix, i.e. WXT§WX,
is bounded by 1§ < ¢ (see Assumption 6(b)). Hence ||b|| = O(1/1/n). Statement (a) fol-
lows. Turning to (b), we have |S3¥|| = |v/aZ, W*WTy*//al| < ||[VaZ, W*||[T3*//all =
lall|[b]], say. Let us show first that ||a|| is O,(1). We have ||\/nZ, W*|| < |v/nZ,W?* —
VI WX || + |vnZ, WxT,||. The former term is O, (max (1/\/5, 1/\/7)) by Lemma
8(ii); the latter is O(1) by Lemma 7(i). Finally, let us show that ||b|| is O,(1/VT). We
have [T /v/nl| < [[T/v/nll + |13 /v/nll. As for the first term, we have —-I}% =
5 2h=0 AT, = 5 AT (DY, — TY_,), where the last equality is motivated
by the fact that I')* = >~} _, ApZ, Iy, = 0 for k > 0, since wu,;, and therefore v, = Byuy,
is orthogonal to x;_x, kK > 0, by Assumption 1. But the norms of all terms of the sum-

mation above are O,(1/v/T) by Lemma 5(iii). As for the second term, we have IV /\/n =

\/%7 > h—o Ahzfﬂf?ﬁh, which is Op(l/ﬁ) by Lemma 5(iv). Q.E.D.

E Difficulties with m = ¢ + 1: an example

The fact that x; is not exactly dynamically singular may produce serious consequences: it
is possible that u; can be recovered using x;, but not using x;. To see this, consider the
following example:

X1t = U1

Xot = QU + Ug—1.

Here B(L) is zeroless unless ay = 0. If as # 0,

1

_ — = U ,
= (X2t Xlt) t

so that wu; lies in the econometrician’s information set. Now suppose that o = X2 + €,

¢; being a small residual idiosyncratic term. For simplicity, assume that xq; is estimated
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without error, i.e. Y1, = x1;- The above expression becomes

1 . R 1
— (X2t — X1t) = up + —€.
a2 a2

Now if |as| is large, we can still get u;, with a good approximation; but as |as| approaches
0 (i.e. the non-zeroless region), the error grows without bound. For instance, if u; is unit
variance and ¢; has standard deviation 0.01, with as = 1 the error is negligible, but with
as = 0.01 the error has the same size as u;.

The above example and discussion sheds some light on the fact, observed in Section
2.2, that a small measurement error may have effects as large as those shown in Figure 3,
Panel (c¢). Our simulation exercises in the Online Appendix, Section F, suggest that, with
m = q + 1, cases like the one of the example above may occur.

Clearly, the larger is m, the more unlikely they are. For instance, in the above example,
if we have a third common component x3; = asu; + u;—1, the non-zeroless region is defined
by as = a3 = 0, so that we only have problems when both |ay| and |a3| are close to 0. In
our simulations reported in the Online Appendix, Section F.2, problematic cases no longer

occur when m is larger than ¢ + 1.

F  Simulation details and additional simulation results

F.1 The factor model used for the simulations

Here we describe the factor model used for Simulations 2 and 3 of Section 4 and the additional

simulation described below. Firstly we rewrite model (1) in static-factor form. Let

!/
Fy = (k’t Uqt Urt Urt—1 Ur7t—2) .
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The 5-dimensional vector F; has the following dynamically singular VAR(1) representation:

]Ct a 0 —0 00 kt—l 1 -0
Ut 00 0 0 0/ [t 10
ua,t
uy =100 0 00| ua|t|0o 1 : (F.1)
uT,t
Urt—1 00 1 00 Urt—2 0 0
Urj—9 00 0 10 Uri_3 0 O
Defining x; = (a; k¢ 7¢)', we have
Ty = AFt + ft (F2)

where

01000
A=11000 0

0 00O0T1

We generate a vector z; including 100 additional time series (7' = 200) as

2= NF,+ & (F.3)

where A* is the 100 x 5 matrix matrix of the loadings. The entries of A* are generated
independently from a standard normal distribution. Hence z,; = (2} 2]) and €, = (& &')'.
We generate the measurement errors §,,, assuming that €, ~ N (0, 0;) where o; is uniformly
distributed in the interval (0,0.5), so that different variables have measurement errors of
different size (on average, the idiosyncratic components account for about 11% of total

variance).
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F.2 Changing m and the variable specification

In Simulation 4, we assess the performance of the CC-SVAR for different values of m. We
estimate the common components using the true number of factors, i.e. » = 5. We run:
(a) a VAR(4) with the common components of capital and taxes and the first principal
component (m = 3); (b) a VAR(1) with the common components of capital and taxes and
the first two principal components (m = 4); (¢) a VAR(2) with the same variables (again
m = 4); (d) a VAR(1) with the common components of capital and taxes and the first three
principal components (m = 5). As above, we identify the tax shock by imposing that it is
the only one affecting cumulated taxes in the long run. We repeat the exercise for 1000 data
sets.

Figure 9 reports the results. The red dashed lines are the theoretical impulse response
functions. The solid lines are the mean point estimates (mean over the different datasets)
and the grey areas represent the 16th and 84th percentile of the point-estimate distribution.
The results for specification (a) are reported in Panel (a). We see that there is a sizable
bias and a large variability of the results, especially for taxes. This disappointing result is
discussed below. Here we only observe that the number of lags included in the VAR is not
responsible for it. Indeed, a similar result (not shown) is obtained with 8 lags instead of 4.

Panel (b) and (c) show results for specifications (b) and (c), respectively. The difference is
the number of lags included: just one lag in Panel (b) and two lags in Panel (c). Comparing
the two panels, it is seen that when m = 4 we need two lags in the VAR to get good
estimates of the impulse response functions. Panel (d) confirms that, with m = 5, just one
lag is enough, consistently with equation (F.1). In both Panels (¢) and (d), the dynamics are
estimated extremely well, with the mean impulse response functions almost overlapping with
the theoretical ones. Notice that, with the more parsimonious model in (d), the variability
of the estimates is somewhat smaller at large lags. In the present case the advantage of

specification (d) is modest, since T is relatively large and the number of parameters to
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Figure 9: Simulation 4. The choice of m. Estimated IRFs for the tax shock. The red dashed
lines are the theoretical IRFs. The solid lines represent the mean (across 1000 simulated
datasets) of the point estimates. The grey areas represent the 16th and 84th percentiles of
the point estimate distribution. Panel (a): CC-SVAR(4) with Capital, Taxes and the first
principal component (m = 3). Panel (b): CC-SVAR(1) with Capital, Taxes and the first 2

: 1)
principal components (m = 4). Panel (¢): CC-SVAR(2) with Capital, Taxes and the first 2
principal components (m

= 4). Panel Ed): CC-SVAR(1) with Capital, Taxes and the first 3
principal components (m = 5).
estimate is small even for specification (c¢). But for shorter data sets or data sets requiring
a larger number of parameters, like the ones of the empirical applications in Section 5, the
advantage of a more parsimonious specification could be important.

To shed some light on the disappointing result obtained with m = 3, we run Simulation 5,
analyzing what happens when changing the variables included in the CC-SVAR, for different
values of m. For this exercise, we generate just one data set. As above, we use five principal

components to estimate the common components.
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To begin, we set m = 3. Then we estimate one hundred of different CC-SVAR(4)

specifications, including the common components of capital and taxes, plus the common

component of the 3 4 ¢-th variable, ¢ = 1,...,100. The result is reported in Figure 10, Panel
Panel (a)
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Figure 10: Simulation 5. The choice of ¢ with m < r and m = r. Estimated IRFs for the
tax shock, for a single simulated data set. The black lines are the theoretical IRFs. The
red lines are the CC-SVAR estimates obtained with different variable specifications. Panel
(a): CC-SVAR(4) with Capital, Taxes and a third variable, changing across specifications
(m = 3). Panel (b): same as Panel (a) with the true common components in place of the
estimated ones. Panel (c¢): CC-SVAR(4) with Capital, Taxes the changing variable and
the first principal component (m = 4). Panel (d): CC-SVAR(4) with Capital, Taxes, the
changing variable and the first 2 principal components (m = 5).

(a). The red lines are the 100 estimated impulse response functions, the black lines are the
true impulse response functions. We see that there are several specifications which produce
bad estimates, despite the fact that we have m = ¢ + 1. We repeat the exercise by using

the true common components in place of the estimated ones. The result is reported in
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Panel (b). With the true common components the results are good, consistently with the
zeroless assumption (SDFM7). Hence the bad results of Panel (a) are due to the fact that
the estimated common components are close to dynamically singular, though not exactly
singular. When the specification is such that B(L) is close to the non-zeroless region, the
small idiosyncratic residual, which is still present in the estimated common components,
produces large estimation errors.

Panels (c¢) and (d) show results for m = 4 and m = 5, respectively. We use four lags
as before. In Panel (¢) we include the same (estimated) common components of Panel (a),
plus the first principal component as the fourth variable, equal for all specifications. We see
that in this case the problem arising with m = 3 is solved. This is because matrices B(L)
very close to the non-zeroless region are much more unlikely, and actually never occur for
this data set.!?

Finally, in Panel (d) we have m = 5: the common components of capital and taxes,
the third common component, changing across specifications, plus the first two principal
components, which are kept fixed for all specifications. Consistently with the analysis in
Section 3.7, all specifications produce exactly the same result, so that they produce a single

line.

F.3 Changing r

In Simulation 6 we suppose that r is not known and use the criterion (E5), see Section 3.6,
to determine the final value of 7. We try some values of 7 between 2 and 7. In all cases we
set m = 7. For m =7 = 2 we estimate a CC-SVAR(2) including the common components
of capital and taxes. For m = 7 = 3 we estimate a CC-SVAR(2) including the common
components of capital and taxes and the first principal component. For m = 7 = 7 we

estimate a CC-SVAR(2) including the common components of capital and taxes and the

2Tndeed, we did not find bad specifications for m = 4 even for several other data sets, not shown here.
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Figure 11: Simulation 6. The choice of 7. Results for m =7 < r and m =7 > r. Estimated
IRFs for the tax shock. The red dashed lines are the theoretical IRFs. The solid lines
represent the mean (across 1000 simulated datasets) of the point estimates. The grey areas
represent the 16th and 84th percentiles of the point estimate distribution. Panel (a): CC-
SVAR(2) with # = m = 2 (Capital and Taxes). Panel (b): CC-SVAR(2) with # = m =3
(Capital, Taxes and the first principal component). Panel (¢): CC-SVAR(2) with7 =m =7
(Capital, Taxes and the first 5 principal components).

first five principal components. As usual, we repeat the exercise for 1000 data sets.

Figure 11 shows the results. In panels (a) and (b), corresponding to m = 7# = 2 and
m = 7 = 3 respectively, the impulse response functions are badly estimated, whereas for
m = 7 =7, panel (c), the results are pretty good, and very similar to those already obtained
for m = 7 = 5. Thus, with our simulated data, the criterion (E5) to determine the final

value of 7 produces the correct result.

F.4 Cointegration

In Simulation 7 we show results about cointegration. The model of equation (1) is modified
in such a way to have cointegration. We assume now that technology a; follows the random

walk model a; = a;—1 + u,,; and taxes are affected with one period of delay, 7, = u,;_1. The
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Figure 12: Simulation 7. Cointegration. Estimated IRFs for the technology shock. The
red dashed lines are the theoretical IRFs. The solid lines represent the mean (across 1000
simulated datasets) of the point estimates. The grey areas represent the 16th and 84th per-
centiles of the point estimate distribution. Panel (a): VAR(2) with Capital and Technology,
without measurement error. Panel (b): VAR(2) with Capital, Technology and Taxes, with-
out measurement error. Panel (c¢): Large data set with measurement errors. CC-SVAR(2)
with Capital, Technology, Taxes and the first principal components.

Moreover, we use a slightly different parametrization to emphasize the problems arising
from cointegration. We now set 6 = 0.9 and o = 0.8. We generate 1000 data sets with
T = 1000, without measurement errors. First, we estimate a bivariate VAR(2) with Aa,
and Ak;, and identify the technology shock by imposing that it is the only shock having long-
run effect on technology. This model is not affected by non-fundamentalness, but is affected

by cointegration problems, since the upper 2 x 2 sub-matrix in (F.4) is singular for L = 1,
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i.e. the VMA of the two variables in growth rates is non-invertible. Then we estimate a
VAR(2) model with Aa;, Ak, and 7. Notice that this model is dynamically singular, so that,
apart special cases, it is not affected by cointegration problems, as discussed in the main
text. Finally, we add 200 artificial common components, obtained by combining randomly
the 4 factors technology, capital, taxes and the tax shock. To simulate measurement errors
we add to all common components independent unit variance white noises and estimate a
CC-SVAR(2) with the estimated common components of technology, capital, taxes and an
additional variable (so that m =r = 4).

The results are shown in Figure 12. Panel (a) shows results for the bivariate VAR: the
long-run response of capital is underestimated by about 30% on average. Panel (b) shows
results for the trivariate dynamically singular VAR. Since B(L) is zeroless, we have a VAR
for the first differences and cointegration problems disappear. Panel (c¢) shows results for
the third model, the almost singular VAR obtained by estimating the common components

of 4 variables. The perfomance is similar to the one of the previous model.

G Empirical application: robustness

To assess the robustness of the results to changes of the number of factors, we repeat the CC-
SVAR analysis using m =7 = 7,8,9,10, 11 common components. To complete information,
we include in the VAR the five common components plus the first 7 —5 principal components.
The results are displayed in Figure 13. We see that the results obtained with different values

of 7 are very similar to each other for all identification schemes.
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Figure 13: US monthly data. The IRFs of a monetary policy shock. CC-SVAR(6) with m = r, using
different values of r. Black dotted line: » = 6. Blue dashed line: r = 8. Red solid line: r = 10.
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