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 A B S T R A C T

We show how to construct a well-posed theory of purely non-local elasticity by kernel modification. 
Specifically, we modify the classical Helmholtz kernel so that the constitutive boundary conditions associated 
with it are replaced by constraints that emerge from the natural boundary conditions of the problem at hand. 
The procedure is illustrated by two examples, one dealing with a statically indeterminate problem and the other 
concerning free vibrations of a cantilever beam. The defining feature of the method is that the modified kernel 
is no longer a difference kernel. This outcome is a consequence of the incorporation of the problem’s boundary 
conditions, which affects the kernel near the boundaries and, consequently, induces a different mechanical 
response in dependence of the distance from those. In contrast, negligible changes are found in the interior of 
the material. Still, the modified kernel remains symmetric and positive definite, which property guarantees that 
the strain energy is quadratic and positive definite, and it complies with the impulsivity requirement, by which 
it reverts to the classical local theory in the limit of a vanishing non-local length-scale. Kernel modification is 
conceptually different from the two-phase approach under many respects, most notably because it gets away 
from the need to introduce extra boundary conditions besides those naturally associated with the physics of 
the problem.
1. Introduction

In classical theory of elasticity, the stress at a point in a material de-
pends solely on the strain at that point through the constitutive relation. 
In this sense, the theory is often referred to as being purely local. De-
spite its great success, this assumption fails to capture the inherent size 
effect connected to the existence of internal length-scales associated 
with the material microstructure. Similarly, long-range interactions 
may be relevant, as a result of specific features (such as, for example, 
molecular interactions). Following Eringen and Kim (1974), one major 
failure of classical local elasticity is connected to the appearance of 
singularities at the tip of a crack, that is testimony of the inability of 
the theory to account for effects which are extremely localized and, 
therefore, susceptible to the granular structure of matter. Precisely to 
address these limitations, non-local elasticity theory was developed 
in two directions, sometimes referred to as weakly and strongly non-
local. The weak approach introduces constitutive relations where higher 
order strain gradients appear, thereby conveying non-locality in an 
‘‘extrapolated’’ sense. Examples of these are the couple stress the-
ory (Nobili, 2021) and the large family of strain gradient theories. The 
strong approach, instead, relies on spatial integrals of the strain field 
to account for interactions acting beyond the immediate vicinity of 
a point. The strong form of non-local elasticity, originally introduced 
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by Kröner (1967) and later developed by Eringen and Edelen (1972), 
incorporates the influence of long-range interactions within a material 
by featuring an internal length-scale. This capability allows the the-
ory to capture size-dependent effects and microstructural interactions, 
making it particularly relevant for the analysis of nanostructures (Radi 
et al., 2021), composite materials, and other systems with prominent 
small-scale effects (Peddieson et al., 2003; Wang and Liew, 2007). This 
non-local formulation relies on an integral operator endowed with a 
kernel function that reflects attenuation over distance of the internal 
interactions, enabling the modelling of physical phenomena not ad-
dressed by classical elasticity or strain-gradient theories (Altenbach 
et al., 2011; Kahrobaiyan et al., 2011). The kernel (or attenuation) 
function is of prominent importance as it determines how the spatial 
distribution of the strain field affects stress, it captures material-specific 
microstructural behaviour, and it ensures mathematical consistency in 
both the static and in the dynamic framework. It is therefore clear 
that proper selection and adaptation of the kernel function are critical 
steps for accurate modelling and for meaningful results in non-local 
elasticity.

The determination of the kernel function was introduced by Eringen 
(1972), through the analysis of wave propagation in periodic lattice 
structures. Subsequently, Eringen (1983) defined multiple non-local 
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kernels and established the essential characteristics that a function must 
satisfy to be accepted as a non-local kernel. Building on this, Picu 
(2002) presented an analytical procedure for deriving kernels based 
on interatomic potentials and demonstrated its application in com-
puting stress in strained superlattices and wave dispersion. More re-
cently, Aksoylu and Gazonas (2020) proposed a selection criterion for 
determining the kernel function that provides the best approximation 
to the dispersion relation. Although a wide variety of kernels have been 
introduced, the Helmholtz (or exponential) kernel remains the most 
commonly used in the literature for analysing one-dimensional non-
local elasticity problems, see Alotta et al. (2022), Mikhasev and Nobili 
(2020) and Eroğlu and Ruta (2022).

One of the defining challenges in non-local elasticity is the appro-
priate formulation and treatment of the boundary conditions. Unlike 
classical elasticity, where the boundary conditions are direct expression 
of physical principles, non-local elasticity requires dealing with extra 
boundary conditions, named constitutive (CBCs), which come about by 
the selection of the kernel function (Benvenuti and Simone, 2013). In 
this sense, CBCs are unphysical, or, more correctly, they express the 
physics embedded in the kernel function. Such extra conditions usually 
lead to an over-determined system, which is almost inevitably ill-posed 
unless some compatibility condition is satisfied.

To avoid the difficulty associated with dealing with complex
integro-differential equations, Eringen suggested to adopt, as kernel, 
the Green’s function of a differential operator. Accordingly, several 
studies, such as Karlicic et al. (2015), Rafii-Tabar et al. (2016) and 
Li et al. (2015), took advantage of the Helmholtz kernel to formulate 
the non-local problem in purely differential form and successively 
applied it to various nanostructures in both statics and dynamics. 
Similarly, Reddy (2007) analysed the non-local behaviour using dif-
ferent beam theories by adopting the differential formulation of the 
constitutive relation. However, these researchers overlooked to impose 
the CBCs alongside the natural boundary condition of the problem 
and, as a consequence, the differential formulation turned no longer 
equivalent to the integral formulation.

Besides such inconsistency, a paradoxical result may appear, first 
identified by Peddieson et al. (2003), by which the small-scale length-
scale does not appear in the solution of an integral-based non-local 
beam problem. Challamel and Wang (2008) further exposed this para-
dox in the case of a cantilever beam and proposed to solve the issue 
by reversing the role of the local and of the non-local curvature in 
the constitutive model, which leads in fact to a strain gradient theory 
that sometimes goes under the name of a stress-driven model. As 
discussed by Zhang et al. (2022) and Romano et al. (2017), the CBCs 
naturally arise from the non-local integral formulation and must be 
carefully incorporated to ensure well-posedness. The problem was re-
visited by Fernandez-Saez et al. (2016) who proposed a general solution 
procedure that attempts to modify the load function in order that it 
satisfies the CBCs. However, this approach fails to circumvent the issue 
for it introduces two additional ill-posed integral equations (Eqs. 31 
and 32). To address the ill-posedness of the purely non-local model, a 
mixed local/non-local theory has been adopted by several researchers, 
see Pisano and Fuschi (2003), Khodabakhshi and Reddy (2015), Wang 
et al. (2016), Eptaimeros et al. (2016) and Khaniki (2018), based upon 
Eringen’s original work (Eringen, 1987, 2002). However, while this 
approach mitigates some issues, it introduces some new difficulties. 
Indeed, the constitutive boundary conditions (CBCs) from the non-local 
phase persist and require an additional phase parameter that is very 
difficult to assess.

An alternative approach, while keeping within the purely non-local 
model, was introduced by Koutsoumaris and Eptaimeros (2018) in 
connection with the normalization requirement for the kernel. The idea 
is to modify the non-local kernel so that its modulus remains unitary 
over finite domains. In a previous paper, Nobili and Pramanik (2025) 
developed over the general idea of kernel modification for statically 
2 
Fig. 1. A cantilever beam elastically supported at its tip and acted upon by the 
distributed load 𝑞(𝑥).

determined problems using a cantilever beam as an illustrative exam-
ple. This modification strategy relies on the substitution of the CBCs 
with the natural boundary conditions of the problem or combinations 
thereof. The solution of the integral problem was also obtained by 
the method of eigenfunction expansion of the integral operator and 
it was found to correspond to the solution of the differential model. 
Building upon these results, we now extend the analysis to statically 
indeterminate scenarios and to dynamics. In particular, we are inter-
ested in determining the properties of the modified kernel and in the 
features it acquires upon incorporating the natural boundary conditions 
of the problem. This paper demonstrates that kernel modification can 
be successfully applied to both statically indeterminate structures as 
well as to dynamics. By addressing these aspects, we establish a well-
posed framework for incorporating non-locality across a broad range 
of scenarios, without recourse to extra boundary conditions of difficult 
physical interpretation.

2. Cantilever beam under a uniform load and elastically sup-
ported at the free end

We begin by considering a statically indeterminate problem for 
a cantilever beam, elastically supported at its tip, within the purely 
non-local theory of linear elasticity. For this structure, we develop the 
corresponding solution by modification of the Helmholtz (or exponen-
tial) kernel. Let us consider a cantilever beam of length 𝐿 acted upon by 
a uniform distributed load 𝑞(𝑥) ≡ 𝑞0. Let the built-in end be located at 
𝑥 = 0 and the point support at 𝑥 = 𝐿, exerting an elastic reaction force 
𝑅 = −𝑘𝑒𝑣(𝐿), where 𝑣(𝑥) is the beam transverse displacement, see Fig. 
1, and 𝑘𝑒 is the support stiffness. We assume that the beam follows the 
Euler–Bernoulli theory, that is, beam cross-sections remain plane and 
perpendicular to the beam axis and bending deformation dominates 
over shear. Multiplication of the second moment of inertia of the beam 
cross-section, denoted by 𝐼 , by Young’s modulus, 𝐸, produces the beam 
flexural rigidity 𝐷 = 𝐸𝐼 . The corresponding bending moment is given 
by 

𝑀(𝑥) = 𝑅(𝐿 − 𝑥) −
𝑞0
2
(𝐿 − 𝑥)2, (1)

and the support reaction force 𝑅 is yet undetermined. Within the 
classical purely non-local elasticity theory, the constitutive law for the 
cantilever beam is expressed through integration of the local curvature, 
namely 
[𝜒](𝑥) = 𝐷−1𝑀(𝑥), (2)

where we have let the integral operator 

[𝜒](𝑥) = ∫

𝐿

0
𝐾(𝑥, 𝜉)𝜒(𝜉)d𝜉, (3)

endowed with the kernel (or attenuation) function 𝐾(𝑥, 𝜉), which ac-
counts for diffusion effects within the beam. Here, 
𝜒(𝑥) = d2𝑣∕d𝑥2 (4)

represents the classical local curvature in the beam. As already antici-
pated, the Helmholtz kernel is adopted 

𝐾(𝑥, 𝜉) = 1 exp
(

−
|𝑥 − 𝜉|

)

, (5)

2𝜖 𝜖
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where 𝜖 is the non-local parameter related to an internal characteristic 
length associated with the extension of the diffusion process in the 
beam. As well known, this kernel 𝐾(𝑥, 𝜉) is the Green’s function of the 
linear differential operator 

L ≡ 1 − 𝜖2 d2

d𝑥2
, (6)

endowed with the Constitutive Boundary Conditions (CBCs) 
d𝐾
d𝑥

(0, 𝜉) − 𝜖−1𝐾(0, 𝜉) = 0, d𝐾
d𝑥

(𝐿, 𝜉) + 𝜖−1𝐾(𝐿, 𝜉) = 0. (7)

Obviously, the bending moment 𝑀(𝑥), as defined by Eq. (1), generally 
fails to comply with the CBCs (7), and indeed this discrepancy stands 
at the root of the standard non-local integral problem (2) being ill-
posed. In line with some recent literature contributions, by which 
kernel modification is introduced to accommodate for the presence of 
boundaries, Nobili and Pramanik (2025) proposed a novel approach to 
non-local elasticity which leads to a well-posed formulation because 
it relies on the modification of the kernel function, that is the Green 
function of a given differential operator, only in terms of boundary 
conditions. For statically determined problems, it was demonstrated 
that this approach indeed produces meaningful solutions, in the sense 
that they correspond to the solution of the integral operator. The 
modification of the kernel function is obtained by adding a suitable 
homogeneous solution of the linear operator L, in order that it becomes 
compliant with the natural BCs of the problem under investigation, 
which are immediately available for a statically determined condition. 
We now extend this approach to a statically indetermined scenario. 
Accordingly, 
𝐾†(𝑥, 𝜉) = 𝐾(𝑥, 𝜉) + 𝑘0(𝑥, 𝜉), (8)

where the yet unknown correction 𝑘0(𝑥, 𝜉) is such that L𝑘0(𝑥, 𝜉) ≡ 0. 
With this modification, the constitutive law (2) may be rewritten as 

𝜒0(𝑥) + ∫

𝐿

0
𝐾(𝑥, 𝜉)𝜒(𝜉)d𝜉 = 𝐷−1𝑀(𝑥), (9)

where, clearly, 𝜒0(𝑥) = ∫ 𝐿0 𝑘0(𝑥, 𝜉)𝜒(𝜉)d𝜉. As already discussed in Nobili 
and Pramanik (2025), the constitutive relation (9) is reminiscent of the 
two-phase non-local model (TPNM), also introduced by Eringen and 
Edelen (1972), with yet important differences, the most relevant of 
which is that no extra boundary conditions of difficult physical inter-
pretation are now demanded to lend a unique solution. Indeed, Eq. (9) 
still defines a Fredholm integral equation of the first kind, as opposed 
to the TPNM which, instead, leads to an equation of the second kind. 
Yet, kernel modification guarantees that the integral problem fulfils the 
boundary conditions and, as a result, it is well-posed, allowing for a 
physically meaningful solution.

Let us now test the kernel modification approach in this new frame-
work. Application of the linear operator L to Eq. (9), where the 
bending moment (1) has been introduced, immediately yields the local 
curvature 
𝜒(𝑥) = 𝐷−1

[

𝑅(𝐿 − 𝑥) − 1
2
𝑞0(𝐿 − 𝑥)2 + 𝑞0𝜖2

]

, (10)

although the support reaction 𝑅 still remains unknown. Using the 
curvature–displacement relation (4), the displacement 𝑣(𝑥) is derived 

𝑣(𝑥) = − 𝑥2

24𝐷
[

6𝐿2𝑞0 − 4𝐿(𝑞0𝑥 + 3𝑅) + 𝑞0
(

𝑥2 − 12𝜖2
)

+ 4𝑅𝑥
]

+ 𝑐2𝑥 + 𝑐1,

(11)

where 𝑐1 and 𝑐2 are integration constants. We now come to the matter 
of boundary conditions, which read 
𝑣(0) = 𝑣′(0) = 0, (12a)

𝑀(𝐿) = 0, (12b)

𝑀 ′(𝐿) = 𝑘𝑒𝑣(𝐿). (12c)
3 
Fig. 2. Dimensionless reaction force 𝑅𝑑 as a function of the dimensionless non-local 
length-scale 𝜖0 for a cantilever beam under an uniformly distributed load and elastically 
supported at the free end within the purely non-local elasticity theory (dimensionless 
support stiffness 𝜅 = 100).

Obviously, condition (12b) has already been incorporated by consid-
ering the bending moment distribution (1). Conversely, the remaining 
conditions are yet to be enforced and they provide the expression of 
the integration constants 𝑐1 and 𝑐2 as well as the support reaction 𝑅. 
Indeed, the integration constants read 

𝑐1 = 0, 𝑐2 =
3𝑞0𝐿3

24𝐷

[

1 − 4𝜖20 − 8
(1
3
+ 1
𝜅

)

𝑅𝑑
]

, (13)

where we have let the non-dimensional reaction force 𝑅𝑑 = 𝑅∕(𝑞0𝐿)
that is given by 

𝑅𝑑 = 1
2

𝜅
1 + 1

3𝜅

( 1
4
− 𝜖20

)

, (14)

in terms of the dimensionless support stiffness 𝜅 = 𝑘𝑒𝐿3∕𝐷 and of the 
dimensionless non-local length-scale parameter 𝜖0 = 𝜖∕𝐿.

Eq. (14) obviously reduces to the classical result when non-locality 
disappears, namely for 𝜖0 = 0. However, this expression is remarkable 
in that the non-local parameter decreases the reaction force at the elastic 
support, whence the beam appears less rigid compared to the classical 
solution. Indeed, this reduction emerges because the non-local nature 
of the constitutive response allows the beam to distribute the support 
reaction more evenly, thus spreading out its contribution. Fig.  2 shows 
the reaction force of the elastic support with respect to dimensionless 
non-local length-scale 𝜖0.

Once the reaction force has been obtained through Eq. (14), it may 
be plugged back into the bending moment (1) to give the complete 
expression of the bending moment 

𝑀(𝑥) = 1
2 𝑞0𝐿

2
(

1 − 𝑥
𝐿

)
⎡

⎢

⎢

⎣

𝜅
1 + 1

3𝜅

( 1
4
− 𝜖20

)

− 1 + 𝑥
𝐿

⎤

⎥

⎥

⎦

. (15)

This expression provides a new pair of CBCs to be enforced onto the 
attenuation function, namely 

𝑀 ′(0) +
𝛽
𝐿
𝑀(0) = 0, 𝑀(𝐿) = 0, (16)

where 

𝛽 = 1 +
1 + 1

3𝜅

1 +
(

1
12 + 𝜖20

)

𝜅
. (17)

Indeed, Eqs. (15) are meant to replace (7) and it may be seen that no 
correspondence is ever achieved, regardless of the stiffness 𝜅 > 0, which 
suggests that this problem is always ill-posed under the theory of non-
local elasticity with the standard Helmholtz kernel. The limiting case 
of rigid support gives 𝛽 = 1 + 4

1+12𝜖20
, while, in the case of no support, 

i.e. 𝜅 → 0, it is 𝛽 = 2, irrespective of the non-local parameter 𝜖0, as it 
would be expected from a now statically determined problem.

The linear differential operator L, complemented with the above 
self-adjoint homogeneous boundary conditions (16), allows us to derive 
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Fig. 3. Comparison of the modified kernel for a tip-supported cantilever beam (black, solid) with the Helmholtz kernel (blue, dashed). The kernels are evaluated at (a) 𝜉∕𝐿 = 5%, 
(b) 𝜉∕𝐿 = 50%, and (c) 𝜉∕𝐿 = 95%, with dimensionless length-scale parameter 𝜖0 = 0.05 and relative support stiffness 𝜅 = 100; (d) illustrates the normalization condition applied 
over the finite domain [0, 𝐿], while normalization over the infinite domain is always granted.
the modified kernel (8)

𝐾†(𝑥, 𝜉) =
sinh

(

1−𝐿−1
|𝑥−𝜉|

𝜖0

)

+ sinh
(

1−𝐿−1(𝑥+𝜉)
𝜖0

)

2𝜖 cosh 𝜖−10

𝜖0𝛽 tanh
(

min{𝑥,𝜉}
𝜖

)

− 1

𝜖0𝛽 tanh 𝜖−10 − 1
,

(18)

which remains symmetric with respect to its arguments. This last 
feature is very important, for it guarantees that the stored elastic energy 
is a quadratic positive-definite functional of the deformation. Further-
more, the modified kernel still satisfies the localization (or impulsivity) 
property, given that it is a delta sequence lim𝜖→0 𝐾†(𝑥, 𝜉) = 𝛿(|𝑥 − 𝜉|), 
whose maximum is attained at 𝑥 = 𝜉. On the contrary, it should be 
remarked that the new kernel is no longer a difference kernel, which 
means that some form of ‘‘inhomogeneity’’ has been introduced, in 
accordance with the idea that we now account for the presence of 
boundaries.

Fig.  3 shows the modified kernel 𝐾†(𝑥, 𝜉) as it compares with the 
standard Helmholtz kernel and it highlights their close resemblance 
inasmuch as 𝜉 is sufficiently far from the boundaries. This outcome 
parallels what was already observed for statically determinate problems 
in Nobili and Pramanik (2025) and it supports the idea that kernel 
modification only really deals with the presence of the boundaries. 
Fig.  3 also illustrates the kernel normalization condition over the 
finite domain [0, 𝐿] (see Appendix  B for infinite domain) and again 
great similarity is found with the standard kernel over interior points, 
while significant divergence appears in the neighbourhood of the end 
points, see also Koutsoumaris et al. (2017). Indeed, as it was the case 
for statically determined situations, points near the built-in end are 
over-expressed, in the sense that their curvature contribution to the 
bending moment is emphasized, while points near the supported end 
are under-expressed.

Nonetheless, an important point should be raised here, which could 
not be observed for statically determined situations, namely the kernel 
function now depends, although only mildly and near the end points, 
on the support stiffness 𝜅 through the coefficient 𝛽. From a theoretical 
standpoint, this dependence may appear disconcerting, because the 
constitutive relation for the beam, either (2) or (9), is now affected 
by the support stiffness 𝜅, which is a feature that does not belong to 
the beam. Even more troublesome, this dependence appears also at the 
4 
built-in end point, which sits far away from the elastic support. Indeed, 
plugging 𝑥 = 0 in (18), it is found 

𝐾†(0, 𝜉) = 1
𝜖 cosh 𝜖−10

sinh
(

1−𝜉∕𝐿
𝜖0

)

1 − 𝜖0𝛽 tanh 𝜖−10
, (19)

that depends on 𝜅 through 𝛽. However, for 𝜖0 ≪ 1, we get the 
asymptotic expansion 

𝐾†(0, 𝜉) = 1
𝜖
exp

(

−𝜉∕𝐿
𝜖0

)

+ 𝑂(𝜖0 exp 𝜖−10 ), (20)

whence it is seen that the 𝜅 dependence of the modified kernel (18) at 
the built-in end only appears through a higher order correction term 
to the leading order solution (20), that is instead 𝜅 independent. This 
result is confirmed by the first of Fig.  3, where we see that, for 𝜉 > 𝑥, 
𝐾†(𝑥, 𝜉) rapidly converges to the standard Helmholtz kernel (that is 
independent of 𝜅). Concerning the dependence on 𝜅 at the supported 
end 𝑥 = 𝐿, one may argue that non-locality, by its very definition, 
should express the idea that the effect at a particular point originates 
from the contribution of a neighbourhood of that point, which, in the 
case of end points, inevitably calls into question the features adjoining 
the beam. In this sense, it is little surprising that the response of the 
end point also depends on the support stiffness, which is there located. 
Similarly, one may observe that the same outcome also emerges from 
the classical local theory and from the TPNM (see Appendix  A), which 
takes into account the BC (12c) (alongside some extra conditions to 
be somehow devised) and consequently produces a bending moment 
distribution which equally depends on 𝜅. Besides, this dependence on 
𝜅 also appears at the built-in end point (see Fig.  4). Therefore, given the 
similar outcomes, it appears that this apparent incongruence connected 
to the 𝜅 dependence of the modified kernel is more of a semantical 
nature, in that the constitutive nature of the relation (2), or (9), should 
be intended in a broader sense, that includes the constitutive response 
of the adjoining structures, in a true non-local spirit, which goes beyond 
artificial boundaries between the elements of the structure. Indeed, we 
shall presently see that an even larger viewpoint needs to be embraced 
when moving from statics to dynamics.

3. Free vibrations of a cantilever beam

We now attempt to extend the procedure of kernel modification to 
the realm of elastodynamics, where inertia plays a significant role. In 
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Fig. 4. Dimensionless bending moment 𝑀𝑑 (0) = 𝑀(0)∕
(

𝑞0𝐿2) at the built-in end, as 
a function of the dimensionless support stiffness 𝜅 for the purely non-local (black-
solid), the two-phase non-local (red-dashed) and the purely non-local model with the 
asymptotic kernel (20) (blue-dotted), having set the dimensionless non-local length-
scale 𝜖0 = 0.05 and the phase parameter 𝜉1 = 0.1.

the context of non-local elasticity, dynamic effects introduce additional 
complexity due to the interplay between non-local interactions and 
time-varying inertial forces. As in the case of thermoelasticity, an 
assumption is made concerning the speed at which stress diffusion takes 
place, against the speed of elastic waves in the body: For simplicity, we 
assume the former to be so much faster than the latter to appear, in fact, 
instantaneous.

As well known, the equation governing the dynamics of flexural 
beams under an external load 𝑞(𝑥, 𝑡) reads 
𝜕2𝑀(𝑥, 𝑡)
𝜕𝑥2

+ 𝑞(𝑥, 𝑡) = −𝜇
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑡2

, (21)

where 𝜇 = 𝜌𝐴 is the mass density per unit length, 𝐴 is the cross-
sectional area and 𝜌 the mass density per unit volume. Then, looking at 
free vibrations (i.e., 𝑞(𝑥, 𝑡) = 0) and plugging in the extended non-local 
assumption (9), one gets 

𝑟2 𝜕
2

𝜕𝑥2

[

𝜒0(𝑥, 𝑡) + ∫

𝐿

0
𝐾(𝑥, 𝜉)𝜒(𝜉, 𝑡)d𝜉

]

+ 𝑐−2𝑏
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑡2

= 0, (22)

where we have let the longitudinal wave speed 𝑐𝑏 =
√

𝐸∕𝜌 and the 
radius of gyration of the beam cross-section 𝑟 =

√

𝐼∕𝐴. Upon applying 
the linear operator L, Eq. (22) becomes 

𝑟2
𝜕4𝑣(𝑥, 𝑡)
𝜕𝑥4

+ 𝑐−2𝑏
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑡2

− 𝜖2

𝑐2𝑏

𝜕4𝑣(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

= 0, (23)

that, by the time-harmonic assumption 𝑣(𝑥, 𝑡) = 𝑣̂(𝑥)𝑒−𝚤𝜔𝑡, reads 
d𝑣̂4

d𝑥4
+ 𝜖2 𝜔

2

𝑟2𝑐2𝑏

d𝑣̂2

d𝑥2
− 𝜔2

𝑟2𝑐2𝑏
𝑣̂ = 0, (24)

where 𝜔 is the angular frequency and we have omitted to specify that 𝑣̂
depends on 𝑥 to lighten notation. The general solution of the ODE (24) 
is given by 

𝑣̂(𝑥) = 𝐶1 cos
(

𝛼1
𝑥
𝐿

)

+ 𝐶2 sin
(

𝛼1
𝑥
𝐿

)

+ 𝐶3 cosh
(

𝛼2
𝑥
𝐿

)

+ 𝐶4 sinh
(

𝛼2
𝑥
𝐿

)

,

(25)

where 𝐶1, 𝐶2, 𝐶3, 𝐶4 are integration constants and the functions 𝛼1 and 
𝛼2 have been defined as 

𝛼1 = 𝜔0𝜖0

√

1 +
√

1 + 2𝜔−2
0 𝜖−40 , 𝛼2 = 𝜔0𝜖0

√

−1 +
√

1 + 2𝜔−2
0 𝜖−40 , (26)

with 𝜔0 = 𝜔𝐿2∕(
√

2𝑟𝑐𝑏) being the dimensionless natural frequency. We 
note that 𝛼1 and 𝛼2 satisfy the following connections 
𝛼1𝛼2 = 𝛼20 , 𝛼21 − 𝛼

2
2 = 𝜖20𝛼

4
0 , (27)

having let 𝛼0 ≡ 21∕4
√

𝜔0. In particular, in the case of purely local 
elasticity, 𝜖0 = 0 and 𝛼1 = 𝛼2 = 𝛼0. It is emphasized that the case 
of purely local elasticity is equally obtained as 𝜂 = 𝜔 𝜖2 → 0, that 
0 0

5 
also includes the static limit. The dimensionless parameter 𝜂 expresses 
the ratio between the non-local length scale over the length of elastic 
waves, which we expect to be indeed very small, i.e. 
𝜔0 ≪ 𝜖−20 . (28)

Now, inverting the moment–curvature relation (9) through applica-
tion of the linear differential operator L, we find 

𝑀(𝑥, 𝑡) − 𝜖2
𝜕2𝑀(𝑥, 𝑡)
𝜕𝑥2

= 𝐷𝜒(𝑥, 𝑡), (29)

and then exploiting the governing Eq. (21) to eliminate the second 
derivative of the bending moment, we arrive at (we recall 𝑞(𝑥, 𝑡) = 0) 

𝑀(𝑥, 𝑡) = −𝜇𝜖2
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑡2

+𝐷
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑥2

, (30)

that provides the bending moment once the displacement 𝑣 is known. 
In particular, under the time-harmonic assumption 𝑀(𝑥, 𝑡) = 𝑀̂(𝑥)𝑒−𝚤𝜔𝑡, 
this equation becomes 

𝑀̂(𝑥) = 2𝐷
𝐿2

(

𝜔2
0𝜖

2
0 𝑣̂ +

1
2
𝐿2 d2𝑣̂

d𝑥2

)

. (31)

The boundary conditions for a cantilever beam in the frequency 
domain read 

𝑣̂(0) = d𝑣̂
d𝑥

(0) = 0,  and 𝑀̂(𝐿) = d𝑀̂
d𝑥

(𝐿) = 0, (32)

and they may be used to determine the yet unknown constants 𝐶𝑖, 
𝑖 ∈ {1, 2, 3, 4}. Indeed, a homogeneous system of linear equations is 
arrived at and, for a non-trivial solution to exist, the determinant of 
the relevant coefficient matrix must vanish, which condition yields the 
frequency (or secular) equation 
𝛼41 + 𝛼

4
2

2𝛼21𝛼
2
2

+
𝛼21 − 𝛼

2
2

2𝛼1𝛼2
sin 𝛼1 sinh 𝛼2 + cos 𝛼1 cosh 𝛼2 = 0, (33)

that, in light of the connections (27), also reads 
1 + 𝜂2 +

𝜂
√

2
sin 𝛼1 sinh 𝛼2 + cos 𝛼1 cosh 𝛼2 = 0. (34)

As well known, this equation provides the beam natural frequencies 
and, in the case of local elasticity 𝜖0 = 0, we retrieve the classical result 

1 + cos 𝛼0 cosh 𝛼0 = 0. (35)

Indeed, this result holds in general, to leading order, in the asymptotic 
limit 𝜂 = 𝜔0𝜖20 ≪ 1, for we have 𝛼1 ∼ 𝛼2 ∼ 𝛼0 and 

𝜖0𝛼0 =
4
√

2
√

𝜂 ± 𝑂(𝜂3∕2), (36)

whence we see that the eigenfrequencies of the non-local problem 
corresponds to those of the local problem to leading order. The quality 
of the approximation is good only for the first few modes and for 
𝜖0 ≪ 1, as it is shown in Fig.  5.

Looking at Eq. (36), it is seen that the leading order term for 𝛼0
does not depend on 𝜖0 and in fact it may be large for 𝜖0 ≪ 1 provided 
that 𝜔0 is large. From this observation, a very good approximation may 
be obtained, that is valid for high frequencies and that reveals the 
deviation from the classical theory. By observing that we may write 
(26) in terms of 𝜂 as 

𝜖0𝛼1,2 = 𝜂
√

±1 +
√

1 + 2𝜂−2, (37)

and then considering the case when 𝜂 ≫ 1, one gets 

𝛼1 =
√

2𝜂𝜖−10

(

1 + 1
4𝜂2

)

+ 𝑂(𝜂−3), 𝛼2 = 𝜖−10

(

1 − 1
4𝜂2

)

+ 𝑂(𝜂−4), (38)

whence, for 𝜖0 ≪ 1, it is 𝛼2 ≫ 𝛼1 ∼
√

𝜔0. Accordingly, by neglecting the 
algebraic powers of 𝜂 in Eq. (34), we get the transcendental equation 
𝜂
√

tan 𝛼1 + 1 = 0, (39)

2
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Fig. 5. Dimensionless eigenfrequency 𝜔0 vs. dimensionless non-local parameter 𝜖0 for 
a cantilever beam (solid, black) and the classical approximation (dashed, red).

Fig. 6. Dimensionless eigenfrequency 𝜔0 vs. dimensionless non-local parameter 𝜖0 for 
the free vibrations of a non-local cantilever beam (solid, black), compared against the 
high frequency approximation (39) (dashed, red) in a broad range of frequencies: the 
difference can be barely appreciated but it is largest for the first eigenmode.

whose solutions for 𝛼1 may be plugged into the first of Eqs. (26) to re-
trieve 𝜔0. The excellent agreement with (34) extend to a broad range of 
the parameter 𝜖0 and it is shown in Fig.  6. Eq. (39) may be equivalently 
rewritten in terms of 𝛼1, to the same degree of approximation, as 

𝜖20𝛼
2
1

√

1 + 𝜖20𝛼
2
1

tan 𝛼1 + 2 = 0. (40)

The convergence of the purely non-local to the purely local theory 
can be proved to occur also for the eigenfunctions, that in general read 

𝑣̂(𝑥) = 𝐶1

[

cos
(

𝛼1
𝑥
𝐿

)

− cosh
(

𝛼2
𝑥
𝐿

)

+
𝛼2
𝛼3

sin
(

𝛼1
𝑥
𝐿

)

−
𝛼1
𝛼3

sinh
(

𝛼2
𝑥
𝐿

)

]

,

(41)

where, 

𝛼3 =
𝛼22 cos 𝛼1 + 𝛼

2
1 cosh 𝛼2

𝛼2 sin 𝛼1 − 𝛼1 sinh 𝛼2
= −

𝛼32 sin 𝛼1 + 𝛼
3
1 sinh 𝛼2

𝛼22 cos 𝛼1 + 𝛼
2
1 cosh 𝛼2

, (42)

and the constant 𝐶1 can be determined from the initial conditions. 
Indeed, it is easy to prove that 𝛼3 corresponds, to leading order in the 
small quantity 𝜂, to the equivalent quantity appearing in local elasticity, 
namely 
𝛼 = 𝛼 + 𝑂(𝜂), (43)
3 𝐿

6 
where 

𝛼𝐿 = −𝛼0
sin 𝛼0 + sinh 𝛼0
cos 𝛼0 + cosh 𝛼0

. (44)

Hence, the eigenmodes (41) become
𝑣̂(𝑥) = 𝐶1

{

cos
(

𝛼0
𝑥
𝐿

)

− cosh
(

𝛼0
𝑥
𝐿

)

+
𝛼0
𝛼𝐿

[

sin
(

𝛼0
𝑥
𝐿

)

− sinh
(

𝛼0
𝑥
𝐿

)]

}

, (45)

that indeed amounts to the classical eigenfunction expression of purely 
local elasticity. The similarity of the first few eigenforms with those of 
purely local elasticity is illustrated in Fig.  7.

Finally, it only remains to determine the modified kernel which 
somehow incorporates the boundary conditions (32). Once the bending 
moment is obtained by plugging the displacement (41) into Eq. (31)

𝑀̂(𝑥) = −𝐶1
𝐷
𝐿2

[

𝛼22 cos
(

𝛼1
𝑥
𝐿

)

+
𝛼32
𝛼3

sin
(

𝛼1
𝑥
𝐿

)

+𝛼21 cosh
(

𝛼2
𝑥
𝐿

)

+
𝛼31
𝛼3

sinh
(

𝛼2
𝑥
𝐿

)

]

, (46)

it may be seen that the following pair of homogeneous CBCs hold 

𝑀̂ ′(0) −
𝛼𝑐
𝐿
𝑀̂(0) = 0, 𝑀̂(𝐿) = 0, (47)

where 𝛼𝑐 = 𝛼1𝛼2
𝛼3
. From that, it is possible to determine 𝜒0 and the 

modified kernel follows

𝐾†(𝑥, 𝜉, 𝜔0) =
1
2𝜖

1 + 𝐴1𝑒
− 2
𝜖 min{𝑥,𝜉}

1 + 𝐴1 𝑒
− 2
𝜖0

(

1 − 𝑒−
2
𝜖 (𝐿−max{𝑥,𝜉})

)

𝑒−
|𝜉−𝑥|
𝜖 , (48)

where we have let 

𝐴1 =
1 − 𝜖0𝛼𝑐
1 + 𝜖0𝛼𝑐

. (49)

The above kernel is symmetric in its spatial arguments 𝑥, 𝜉, and it 
corresponds to the Green’s function of the operator L with the boundary 
conditions (47). As such, it satisfies the impulsivity property and it 
attains its maximum as 𝑥 → 𝜉. As in the statically indetermined case 
treated at the previous Section 2, the kernel is no longer a difference 
kernel as a result of the incorporation of the boundaries. A graphical 
comparison between the modified kernel 𝐾†(𝑥, 𝜉) and the standard 
Helmholtz kernel is presented in Fig.  8. As it was the case in statics, 
the modified kernel shows great similarity with the Helmholtz kernel, 
with the important exception of the close neighbourhood of the end 
points. As shown in Appendix  B, the modified kernel is still normalized 
over an infinite domain.

Most remarkably, the modified kernel is frequency dependent
through the term 𝐴1 = 𝐴1(𝜔0), which means that the constitutive 
response becomes rate dependent. This surprising behaviour is an in-
evitable outcome of the first of the boundary conditions (47) being 
frequency dependent through the coefficient 𝛼𝑐 . The connection be-
tween the rate dependent nature of the response and non-locality may 
be easily explained in consideration of the fact that the latter entails 
that the elastic response at a point depends on the deformation at neigh-
bouring points, that, in turn, is described, for each eigenfrequency, 
by the modal shape connected to that frequency. It is therefore not 
surprising that the diffusion of elastic effects is affected by frequency. 
However, it is easy to show that this frequency dependence is generally 
very mild, with the usual exception of the boundary points. We first 
prove this by examining the asymptotic behaviour for low-frequency 
vibrations (or nearly-local response, i.e. 𝜖0 ≪ 1), namely when 𝜂 ≪ 1. 
By Eq. (43), it is, to leading order, 

𝛼𝑐 =
𝛼20
𝛼𝐿
, (50)

that is the distinctive feature of the classical local theory. Thus we 
can see that, for low-frequencies, the frequency dependence of the 
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Fig. 7. Comparison of the first four eigenfunctions (a, b, c, d) for free vibrations of a cantilever beam within the purely non-local (black, solid) and the purely local theory (red, 
dashed), having let 𝜖0 = 0.05.
Fig. 8. Comparison of the modified kernel for a vibrating cantilever beam (black, solid) at the first eigenfrequency 𝜔0 = 2.48887 and at the 10th eigenfrequency 𝜔0 = 359.333
(red, dot-dashed), against the Helmholtz kernel (blue, dashed), that is frequency independent, over the domain [0, 𝐿], with 𝐿 = 1 for convenience. The kernels are evaluated at 
(a) 𝜉∕𝐿 = 5%, (b) 𝜉∕𝐿 = 50%, and (c) 𝜉∕𝐿 = 95%, with the dimensionless length-scale parameter 𝜖0 = 5%; (d) illustrates the normalization condition applied over the finite domain 
[0, 𝐿], while normalization over the infinite domain is always granted.
kernel is the same as that given by the purely local theory, which 
is a correspondence that is in fact demanded as a good requisite of 
the theory. Besides, it is interesting to point out that the BCs for a 
cantilever beam in elastostatics are still given by (47) with 𝛼𝑐 = −1, 
and this is indeed retrieved here as the static limit. In contrast, for large 
frequencies and 𝜖0 ≪ 1, from Eqs. (38) we get, to leading order, 
𝛼3 ∼ −𝛼1 and 𝛼𝑐 = −𝛼2 ∼ −𝜖−10 (51)

whence the BCs (47) become frequency independent. Consequently, we 
obtain the asymptotic expansion for 𝐴1

𝐴1 ∼
1 − 𝜖0𝛼2 = 6 + 𝑂(𝜂−2), (52)

1 + 𝜖0𝛼2

7 
which shows that, within this asymptotic limit (valid for high fre-
quencies, as we already saw), the kernel becomes effectively frequency 
independent at every point in space, to leading order.

Yet, frequency dependence can be shown to be mild in general, even 
for low frequencies, at the cost of forsaking the neighbourhood of the 
end points. Indeed, looking at (48), the frequency-dependent factor at 
the denominator 1 + 𝐴1(𝜔0) exp(−2∕𝜖0) is very close to 1, given that 
the exponential factor is usually very small for physically meaningful 
values of the length-scale parameter 𝜖0. Likewise, at the numerator, 
the term 1 +𝐴1(𝜔0) exp(−

2
𝜖 min{𝑥, 𝜉}) cancels with the denominator for 

𝑥 = 𝜉 = 𝐿, that is at the right end point (and this clearly follows from 
the fact that the second of the BCs (47) is frequency independent). In 
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Fig. 9. Spectrum of the integral operator (3) with kernel (48), for 𝛼𝑐 = −1.3768 that 
corresponds to the first eigenfrequency for the cantilever beam (with 𝜖0 = 0.05).

general, this term depends on the spatial variable 𝑥∕𝐿 (or 𝜉∕𝐿) and its 
contribution is maximum at the left boundary and rapidly decays, as 
a result of the exponential term. Looking at the first subfigure in Fig. 
8, the frequency dependence is evident for 𝜉 < 𝑥 ≪ 1, that is at points 
near the built-in end. Conversely, when min{𝑥, 𝜉} is sufficiently far from 
the left boundary (as depicted in the second and third sub-figures), 
frequency dependence becomes negligible throughout the domain. The 
fourth sub-figure in Fig.  8 shows the normalization condition over the 
finite interval [0, 𝐿] and it is again seen that frequency dependence is 
confined to the vicinity of the left boundary. As it was the case for 
statics, the right boundary is under-express while interior points are 
equally expressed. In contrast to statics, the left point may be under- 
or over-expressed depending on the eigenfrequency under scrutiny.

3.1. Connection between the integral operator spectrum and the eigenfre-
quencies

The eigenvalues {𝜆𝑛} of the operator (3), where the kernel function 
is given by (48), are defined through the solution of the Fredholm 
integral equation of the first kind 

∫

𝐿

0
𝐾†(𝑥, 𝜉)𝜓(𝜉)d𝜉 = 𝜆𝜓(𝑥), (53)

and excluding the trivial solution 𝜓(𝑥) ≡ 0. As it will be shortly shown, 
eigenvalues are countable and they may be ordered from large to low 
in the infinite sequence {𝜆𝑛}. To every eigenvalue 𝜆𝑛, the corresponding 
eigenfunction 𝜓𝑛(𝑥) is associated. By applying the operator , the 
problem is transformed into an eigenvalue problem for the second order 
ODE 

𝜓 ′′ + 𝛬2𝜓 = 0, 𝛬 = 1
𝜖0

√

1 − 𝜆
𝜆

, (54)

subjected to the BCs (47), i.e. 

𝜓 ′(0) −
𝛼𝑐
𝐿
𝜓(0) = 0, 𝜓(𝐿) = 0. (55)

This problem admits nontrivial solutions provided that 𝜆 is a solution 
of the transcendental equation 
𝛬
𝛼𝑐

+ tan𝛬 = 0, (56)

which gives the spectrum of the integral operator. This is plotted in Fig. 
9, having set for 𝛼𝑐 the value obtained for the first eigenvibration of the 
cantilever. It appears that the eigenvalues 𝜆𝑛 ∈ (0, 1) are all positive, 
which fact proves that the modified kernel is associated to a positive 
definite operator. This property extends to all 𝛼𝑐 values, which are in 
fact negative for every eigenmode.
8 
Fig. 10. Spectrum of the integral operator (3) (solid, black) against the spectrum of 
the cantilever beam (dashed, red) through the connection (59), with 𝜖0 = 0.05.

Motivated by the high-frequency asymptotics (40), we let 
𝛬 = 𝛼1 +

1
2𝜋, (57)

so that Eq. (56) becomes 
𝛼3
𝛼1𝛼2

(𝛼1 +
1
2𝜋) tan 𝛼1 − 1 = 0, (58)

and we have the connection between 𝜆 and 𝜔0

𝜆 = 1
1 + 𝜖20 (

1
2𝜋 + 𝛼1)2

. (59)

Eq. (58) is plotted in Fig.  10 against the cantilever eigenfrequency 
spectrum and it is seen that they are very similar for high frequencies. 
This means that, for high frequencies, the integral operator spectrum 
corresponds to the cantilever spectrum through the connection (59). 
This similarity extends to the integral operator eigenfunctions 

𝜓𝑛(𝑥) =
𝛬
𝛼𝑐

cos
(

𝛬 𝑥
𝐿

)

+ sin
(

𝛬 𝑥
𝐿

)

, (60)

which, under the connection (57), correspond to the eigenforms (41). 
The fact that the integral operator and the cantilever spectra are not 
the same in general depends on the presence of a differential opera-
tor in the governing Eq. (22), which embodies an integro-differential 
problem.

4. Conclusions

The non-local theory of elasticity has long received considerable 
attention in the literature, in view of its potential to describe structures 
at the nano-scale and to overcome some well-known limits of the 
classical local theory, in particular the appearance of singularities at 
the crack tips. However, the purely non-local theory, in the form 
described by Eringen, suffers from a major shortcoming, in that it 
often leads to ill-posed problems. In this paper, we show how to 
circumvent this deficiency by modification of the Helmholtz kernel. 
Through this approach, the natural boundary conditions of the problem 
are incorporated into the kernel function, in the place of the original 
constitutive boundary conditions (CBCs). In so doing, we obtain a 
double advantage, in that the problem becomes well-posed and, at the 
same time, we dispense with the original CBCs, that are unphysical. 
As a result of this procedure, the modified kernel is no longer of the 
difference type, although we show that the consequent inhomogeneity 
of the elastic response arises only near the boundaries. We believe this 
to be well within the spirit of non-locality, that supports the idea that 
any boundary should have an influence on its neighbouring points. Yet, 
the modified kernel remains symmetric and positive definite, which 
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properties guarantee that a quadratic positive-definite strain energy 
functional is defined. The procedure is illustrated by two examples: 
one dealing with a cantilever beam elastically supported at its tip, 
and the other regarding free vibrations of a cantilever beam. Within 
the standard non-local theory, both examples would lead to an ill-
posed problem. In the first example, we observe that the modified 
kernel now bears a connection with the stiffness of the support. This 
feature is shared with the classical local theory and with the two-phase 
theory and, in fact, it is milder for the non-local theory. Similarly, 
the second example reveals that the modified kernel is weakly rate-
dependent (in fact frequency dependent). Consideration of the integral 
operator spectrum shows that, unlike classical local elasticity, this 
no longer corresponds to the structure’s eigenfrequencies, as a result 
of the problem being integro-differential in nature. Yet, a very good 
asymptotic connection between those spectra could be found.
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Appendix A. Two-phase non-local elasticity theory

In this Section we outline the solution to the supported cantilever 
problem within the two-phase non-local elasticity model (TPNM). Ac-
cording to this theory, the constitutive law is expressed as a linear 
combination of the local and of the non-local curvature, the latter being 
obtained as in the left-hand side (LHS) of Eq. (2). Thus, the constitutive 
law (2) is now replaced by 

𝜉1𝜒(𝑥) + 𝜉2 ∫

𝐿

0
𝐾(𝑥, 𝜉)𝜒(𝜉)d𝜉 = 𝐷−1𝑀(𝑥), (A.1)

where 0 ≤ 𝜉1,2 ≤ 1 and 𝜉1 + 𝜉2 = 1 are the phase parameters 
(i.e. volume fractions) corresponding to the local and to the non-local 
phase, respectively. Upon applying the linear operator L, we get 
𝜒(𝑥) − 𝜉1𝜖2𝜒 ′′(𝑥) = 𝐷−1L𝑀(𝑥), (A.2)

that is a second order ODE, as opposed to the algebraic relation (10). As 
a consequence, an extra pair of BCs, named constitutive, is required, be-
yond the natural ones given by Eqs. (12). For the constitutive boundary 
conditions (CBCs), we choose
𝜉1

{

𝜒 ′(0) − 𝜖−1𝜒(0)
}

= 𝐷−1 {𝑀 ′(0) − 𝜖−1𝑀(0)
}

, (A.3)

𝜉1
{

𝜒 ′(𝐿) + 𝜖−1𝜒(𝐿)
}

= 𝐷−1 {𝑀 ′(𝐿) + 𝜖−1𝑀(𝐿)
}

, (A.4)

that dispense with the integral term. Using the expression for the bend-
ing moment (1), and the linear operator (6), we obtain the curvature

𝜒(𝑥) = 𝑐1 exp

(

𝑥∕𝐿
√

)

+ 𝑐2 exp

(

−
𝑥∕𝐿
√

)

𝜖0 𝜉1 𝜖0 𝜉1

9 
+
𝑞0𝐿2

𝐷

[

𝑅𝑑
(

1 − 𝑥
𝐿

)

− 1
2

(

1 − 𝑥
𝐿

)2
+ 𝜖20

(

1 − 𝜉1
)

]

, (A.5)

where the constants 𝑐1, 𝑐2 are can be derived by using CBCs (A.3), (A.4). 
Then, using the boundary conditions (12), the dimensionless reaction 
force is derived as 

𝑅𝑑 = 3𝜅
8

4
(

1 − 𝜉1
)

𝜖0𝑅1 − 4
(

1 − 𝜉1
)

𝜖20𝑅2 − 𝑅3 +
(

1 +
√

𝜉1
)2
𝑒

2
√

𝜉1𝜖0

(

√

𝜉1 + 1
)2
𝑒
2
√

𝜉1
𝜖0 𝑅5 −

(

1 −
√

𝜉1
)2
𝑅6 +

(

1 − 𝜉1
)√

𝜉1𝑅7

,

(A.6)

where,

𝑅1 =
(

1 +
√

𝜉1
)

𝑒
2

√

𝜉1𝜖0 −
(

1 −
√

𝜉1
)

, (A.7)

𝑅2 =
(

𝑒
1

√

𝜉1𝜖0 − 1
)(

−
√

𝜉1 + 2𝜉1 +
(

√

𝜉1 + 2𝜉1 − 1
)

𝑒
1

√

𝜉1𝜖0 − 1
)

, (A.8)

𝑅3 =
(

1 −
√

𝜉1
)2

+ 8
(

1 − 𝜉1
)2 √𝜉1𝜖

3
0

(

𝑒
1

√

𝜉1𝜖0 − 1
)2

, (A.9)

𝑅5 = 𝜅 + 3 − 3𝜅𝜖0
(

1 −
√

𝜉1
)(

√

𝜉1
(

2𝜖0 + 1
)

𝜖0 − 𝜖0 − 1
)

, (A.10)

𝑅6 = 𝜅 + 3 + 3𝜅𝜖0
(

1 +
√

𝜉1
)(

√

𝜉1
(

2𝜖0 + 1
)

𝜖0 + 𝜖0 + 1
)

, (A.11)

𝑅7 = 12𝜅𝜖20
(

1 + 𝜖0
)

𝑒
1

√

𝜉1𝜖0 . (A.12)

Comparing Eqs. (A.5) with (10), we already see that the bending 
moment depends on the support stiffness, as it was the case for the 
purely non-local theory.

Appendix B. Normalization of the modified non-local kernel

If we consider a cantilever beam of length 𝐿−𝑎, with its ends located 
at 𝑥 = 𝑎 and 𝑥 = 𝐿, then the constitutive boundary conditions (CBCs) 
given in Eq. (16) can be rewritten as 

𝑀 ′(𝑎) +
𝛽𝑔

𝐿 − 𝑎
𝑀(𝑎) = 0, 𝑀(𝐿) = 0, (B.1)

where 

𝛽𝑔 = 1 +
1 +

(

1
3 + 𝑎20

𝑎0−3
6

)

𝜅

1 +
(

1 + 𝑎0
)

(

1
12 + 𝑎0

𝑎0−4
12 + 𝜖20

)

𝜅
, 𝑎0 =

𝑎
𝐿
. (B.2)

Thus, the generalized kernel (18) can be rewritten in the domain [𝑎, 𝐿]
as

𝐾†(𝑥, 𝜉) =
sinh

(

(1−𝑎0)−𝐿−1
|𝑥−𝜉|

𝜖0

)

+ sinh
(

(1−𝑎0)−𝐿−1(𝑥+𝜉)
𝜖0

)

2𝜖 cosh
(

1−𝑎0
𝜖0

)

𝜖0𝛽𝑔 tanh
(

min{𝑥,𝜉}−𝑎
𝜖

)

− 1 + 𝑎0

𝜖0𝛽𝑔 tanh
(

1−𝑎0
𝜖0

)

− 1 + 𝑎0
. (B.3)

The area of the above kernel 𝐾†(𝑥, 𝜉) over the domain 𝜉 ∈ [𝑎, 𝐿] is given 
by

∫

𝐿

𝑎
𝐾†(𝑥, 𝜉)d𝜉 = 2 sinh

(

1 − 𝐿−1𝑥
2𝜖0

)

(1 − 𝑎0) sinh
(

1+𝐿−1𝑥−2𝑎0
2𝜖0

)

+ 𝛽𝑔𝜖0
{

cosh
(

1−𝐿−1𝑥
2𝜖0

)

− cosh
(

1+𝐿−1𝑥−2𝑎0
2𝜖0

)}

(

1 − 𝑎0
)

cosh
(

1−𝑎0
𝜖0

)

− 𝛽𝑔𝜖0 sinh
(

1−𝑎0
𝜖0

) . (B.4)

However, the area over the whole domain (−∞,∞) is given by 

lim
𝑎→−∞
𝐿→∞

∫

𝐿

𝑎
𝐾†(𝑥, 𝜉)d𝜉 = lim

𝐿→∞

(

1 − 𝑒−
𝐿−𝑥
𝜖

)

= 1. (B.5)

Thus, the modified kernel satisfies the unity property (normalization 
condition) in the infinite domain, which is a fundamental requirement 
for any non-local kernel; see Koutsoumaris and Eptaimeros (2018, 
§2.2).
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