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Chapter 1

Introduction

This thesis is devoted to the investigation of the effects of electron-electron interactions in
graphene quantum dots (QDs). Graphene, a monatomically-thin layer of carbon atoms,
is the subject of an exponential growth of publications (and patents) [1, 2, 3] that since
2004—when graphene was synthesized in a controlled way for the first time—has been
unrestrained up to now [3]. This intense research is motivated by the fact that graphene
combines both fundamental and applicative interests due to the unusual behaviour of
its charge carriers and its eminent material properties [4]. Within an unprecedented
short period of time the research on graphene has moved from basic science to the
first commercial applications', and expected industrial breakthroughs® are presently
promoted by global investments®. Many of the applications involve graphene-based
nano-structures such as QDs. Notwithstanding this fast development, the fundamental
research on graphene, which has been extremely fruitful and intense up to now, is far

from being exhausted.

Among many active research areas on graphene, the topic of our theoretical investigation
is the role of electron-electron interactions [9, 10, 11, 12] that impacts on the operation
of quantum dots [13, 14, 15] and other graphene-based nanodevices [14, 16, 17, 18, 19,
20, 21, 22]. Peculiar of graphene—with respect to the conventional two-dimensional
electron gas—is the linear, gapless, dispersion relation near the charge neutrality points,
and the consequent chirality of graphene charge carriers. With regards to electron-

electron interactions, an immediate consideration is that since the density of states

Mirst applications, as flexible electronic devices are expected to be available in a few years. For a
review on the status and challenges of graphene vast range of applications see Ref. [3].

2disruptive advances are expected in important fields such as: electronics [5], optoelectronic [6] and
spintronics [7].

3In Europe, the Graphene Flagship [8], with a budget of 1 billion EUR for the decade 2013-2023
financed by the European Commission, is leading the transition toward graphene industrial adoption.
This is only one example of the massive private and state investments which are taking place mainly in
USA, China and South Korea; the latter being ranked first in terms of patents [3]

1



Chapter 1. Introduction 2

vanishes at the charge neutrality point, the Coulomb interaction is unscreened, therefore
one might expect a strongly correlated behaviour at low energies. Indeed, the fine
structure constant o = €?/(ehvgr)—which is the ratio of Coulomb to Fermi energy—is
of order unity for most of the relevant experimental regimes, much larger than the value
a = 1/137 of quantum electrodynamics, therefore the many-body problem may not be
treated with perturbative methods (here ¢ is the background dielectric constant and
vr the Fermi velocity). As a matter of fact, the predicted ratio of viscosity to entropy
per electron is characteristic of an extremely interacting quantum fluid [23]. However,
electrons in bulk graphene allegedly behave as noninteracting particles [24], except for
subtle effects due to velocity renormalization [25, 26, 27|, coupling with phonons or
plasmons [28, 29], and a hypothetical excitonic gap [30, 31, 32]. The key to this paradox
is that the density parameter rg, which quantifies the impact of electron correlations
[33], does not depend on the electron density n but coincides with « [34]. In contrast,

ry ~mn /2

of the conventional two-dimensional electron gas [35] increases as n decreases
due to the massive dispersion of electrons. An electron solid (Wigner crystal) is even
predicted in the dilute limit [36], as the long-range order induced by Coulomb interaction
localizes electrons in space. Therefore, a way to disclose the many-body physics of
graphene is to make electrons massive, invalidating the above scaling argument. This
occurs e.g. in the fractional quantum Hall effect [37, 38] and in bilayer graphene [39],

which might be an excitonic insulator [32, 40].

The question that we consider in this thesis is whether strongly correlated behaviour
may take place in finite-size graphene systems. To this aim, we explore theoretically
the few-body physics of a graphene QD with a mass gap. The motivation to our study
is twofold: On one side, electrons in semiconductor QDs may form Wigner molecules
(WMs), [41, 42, 43, 44] i.e., finite-size precursors of the Wigner crystal, including carbon-
based nanostructures—nanotubes—for which the effect is dramatic [45]. On the other
side, a current trend in graphene QDs is to minimize the roles of disorder and edge
states, which are extrinsic sources of localization. These next-generation devices include
atomically precise nanoribbons [18, 46] and bilayer QDs—defined through gates [20, 47,
48, 49, 50] combined with the exploitation of optimal substrates [21, 51, 52].

Previous investigations already suggested that electrons in graphene QDs may crystal-
lize. However, most of these analyses were limited to degenerate edge states that are
sensitive to interactions as well as to all kinds of perturbations [53, 54, 55, 56|, whereas
other theories treated Coulomb interaction at the mean field level [57], which may artifi-
cially enhance localization [41], or considered only valley-polarized electrons [58], which
artfully breaks time-reversal symmetry. The aim of the present work is to provide a

complete description of the interaction effects among delocalized states in disorder-free
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dots by accounting for the presence of the two inequivalent Dirac cones. In order to in-
clude correlations at all orders we employ the exact diagonalization of the full interacting
Hamiltonian. Results will show that strong correlation plays a crucial role for realistic
graphene devices with a mass gap. The evidence we obtained relys on the analysis of
exact few-body observables, including different kinds of correlation functions. In order
to provide precise predictions for future experiments we analyse observables accessible
through magneto-transport tunneling spectroscopy. Despite the fact that we focused on
a specific type of device we expect our conclusions to be generic to clean carbon-based
nanostructures exhibiting a mass gap, including atomically precise ribbons and bilayer

graphene quantum dots.

The structure of the Thesis is as follows:

Chapter 2. Introduces the fundamental aspects of graphene behind its outstanding
electronic properties and the features relevant for the present work. The second section
is dedicated to the confinement of charge carriers in graphene. The problems related
to electrostatic confinement and to the lack of a band gap are surveyed. The basic
concepts of electron transport through quantum dots—that are needed to interpret tun-
neling spectroscopy measurements—are given. Lastly the ongoing experimental progress
towards cleaner graphene QDs is discussed.

Chapter 3. Contains an introduction to the concept of Wigner localization in the two-
dimensional conventional electron gas (with quadratic dispersion relation of charge car-
riers) as compared to graphene. The concept of electron localization in semiconductor-
based finite-size systems—widely studied—is reviewed, highlighting the existing experi-
mental evidence of strong electron correlation in QDs. Finally we consider the theoretical
works dedicated to this subject in graphene QDs.

Chapter 4. Presents the model system, the formulation of the problem of few-interacting
charge carriers in the graphene QD under investigation, and provides a detailed descrip-
tion of the analytical and numerical methods used to solve it. Both the cases of presence
and absence of a magnetic field, normal to the graphene surface, are treated.

Chapter 5. An extended version of the results published in the paper K. A. Guerrero-
Becerra and M. Rontani Phys. Rev. B 90, 125446 (2014) is proposed. We consider a
clean, circular QD with a mass gap induced by the breaking of sublattice symmetry.
This could be realized through the interaction between graphene and substrate [59].
The presence of the gap allows to electrostatically define the QD as well as to perform
Coulomb blockade spectroscopy. Evidence of Wigner molecule formation is presented
and a recipe for its observation from transport experiments is given.

Chapter 6. The energy spectrum of graphene QDs with a mass gap in the presence
of a perpendicular magnetic field is studied in an extended range of magnetic field val-

ues, including the emergence of Landau levels. The effect of increasing interaction is
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investigated. Detailed predictions amenable to comparison with magneto-transport ex-

periments are given.



Chapter 2

Graphene quantum dots

background

2.1 Preamble

Graphene is a two-dimensional (2D) carbon allotrope with relativistic charge carriers.
Early theoretical investigations, based on tight binding calculations, back in the for-
ties [60], found that the electronic properties of a single layer of graphite are unusual,
featuring a linear dispersion relation at low energies. The initial investigations treated
graphene as a simpler model to study the widely used material graphite [61], and its
two-dimensional character was merely an academic issue, however they identified the
semimetal character of undoped graphene. Remarkably, the low-energy fermionic exci-
tations in graphene—electrons on the conduction band and holes in the valence band—
are governed by an equation, determined back in 1956 [62], which resembles—as pointed
out in the eighties [63, 64]—the Dirac-Weyl ultra-relativistic 2D equation describing
massless neutrinos, albeit with the velocity factor multiplying the momentum being
300-times smaller. Indeed, graphene low-energy excitations are described by a two com-
ponent wave function whose components encode the pseudospin degree of freedom that,
in analogy to the spin, confers them a defined helicity. The huge implications of these

early discoveries will flourish only after graphene isolation in 2004.

Notwithstanding the existence of two-dimensional crystals was questioned by thermo-
dynamic arguments [65, 66, 67, 68|, graphene is the first truly two-dimensional material
which has become experimentally attainable [69, 70]. Attempts to isolate graphene were

performed already in the sixties by the same authors who proposed to standardize its
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name [71]. However, reduced graphene-oxide rather than pristine ' graphene was ob-
tained. Other early reports were anticipatory of some of the actual techniques [73],
reaching samples not amenable to be electrically characterized [74, 75] or not reaching
the identification of single layers [76]. The first electrical characterization of clearly iso-
lated graphene was performed in 2004 by K. Novoselov, A. Geim and coworkers [69]. It
was obtained by fully exploiting the micromechanical cleavage approach—which consist
on pressing high purity graphite against a silicon wafer and on breaking the low van der
Waals force between the layers by repeatedly peeling graphite—the single layer was de-
tected by the standard optical microscopy technique, exploiting the optimized contrast

of a silicon wafer surface.

The isolation of the 2D carbon allotrope >—awarded by the Nobel Prize in physics in
2010 [77]—inaugurated a fast developing area on fundamental physics studies, animated
the research on other 2D materials ? and fired up huge amounts of research on proof-of-

concept devices and applications.

The peculiarity of graphene low-energy excitations with respect to conventional* mate-
rials excitations, relying on graphene’s crystal symmetries, enforced the reconsideration
of well known effects in the field of solid state physics. Soon after graphene isolation the
observation of the half-integer quantum hall effect [78, 79] sensationally confirmed the
Dirac-like description of charge carriers in graphene. Indeed, the half-integer quantum
hall effect is a direct consequence of the quantization of a relativistic massless electronic
spectrum in a magnetic field. The effect consists on an unusual sequence—shifted by
1/2 respect to the standard quantum hall effect—of Hall conductance plateaus when
measured as a function of the electron density. In graphene the effect is observable at
room temperature, as the Landau levels spacing is larger than the thermal energy, in

contrast to conventional materials [80].

Another manifestation of graphene massless excitations is the tunnellig through arbi-
trary potential barriers with unitary probability, that is a consequence of the charge-
conjugation symmetry of graphene excitations. The effect is known as Klein tunneling,
it was early predicted [81], but it has been elusive in particle physics so far due to the
fact that it is needed a huge electric field, varying sharply in very short length scales
to take place. It was observed for the first time in graphene [82, 83] as an enhanced

conductivity in abrupt potential barriers, induced by metallic gates. This phenomenon

Lwithout ”heteroatomic contamination” [72]

2the missing allotrope among the three-dimensional diamond and graphite, the one-dimensional
carbon-nanotubes and the zero-dimensional fullerene

3as boron nitride BN, tungsten disulfide WSa, molybdenum disulfide MoS2 or gallium selenide GaSe

4this epithet throughout the thesis will refer to materials with charge carriers described by the
Schoedinger’s equation, widely metals and semiconductors where the energy spectrum is typically ap-
proximated by a parabolic dispersion relation
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has important consequences for the transport properties of graphene: confinement of
charge carriers is not achieved through electrostatic gates the same way as in conven-
tional semiconductors-based devices. On the other hand, the presence of electrostatic
barriers, induced by disorder, does not led to Anderson localization of charge carriers
[84].

Another elusive quantum electrodynamics prediction which found experimental demon-
stration in graphene is the—so called—atomic collapse, a relativistic phenomenon which
renders atoms unstable above a nuclear charge threshold (Z > 170), not available among
natural neither artificial nuclei. The phenomenon consists on the collapse of electrons
into a supercritical electric field, by emitting an antiparticle. The artificial nucleus was
simulated by grouping calcium atoms on the graphene surface, and the effect manifested
as a specific spectrum of resonances [85], in accordance with predictions [86]. In graphene
the threshold for observing the effect is much smaller, due to the large graphene effective
fine structure constant which governs the strength of the interaction between charges

and depends only on material parameters.

The consequences of graphene dimensionality are also remarkable. Already its exis-
tence under ambient conditions, as mentioned above, was a surprising demonstration of
mechanisms—crumpling or wrinkling—stabilizing a two-dimensional crystal [87] subject
to thermodynamic fluctuations, as predicted by the Mermin-Wagner theorem [68]. The
entire field of research on 2D atomic crystals [70], increased remarkably after graphene
isolation, as well as the interest on heterostructures built on them [88]. A consequence
of the motion of electrons in the 2D super-lattice created by placing graphene on a
boron-nitride surface, as exposed to a strong magnetic field, is a fractal structure of
the density of states when measured as a function of the magnetic field. The effect,
known as Hofstadter’s butterfly, that was measured both in graphene [89] and in bilayer
graphene [90]—again—had been long sought since its prediction [91] without success.
The difficulty of its observation relies on the infeasible high magnetic field needed to

obtain incommensurability between the ciclotron frequency and the lattice structure.

The precedent are examples of the richness of the fundamental investigation of bulk
graphene manifesting in the behaviour of charge carriers interacting among them and
with external fields. Graphene charge carriers can be further confined to construct one-
dimensional or zero-dimensional structures such as nano-wires and graphene quantum
dots. Beyond being of fundamental interest, the investigation of these structures has
been also motivated by the graphene prominent properties, appealing for nano-electronic
applications among many others (see Ref. [3]). Indeed, graphene has great strength,

it supports high electron densities, it has long mean free-paths ° and remarkably high

Sabout 400 nm at room temperature
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mobilities 5. Graphene-based nano-structures exhibit ballistic transport at room tem-
perature [52] and quantum coherence extending over micrometer distances. Furthermore
graphene is integrable into existing electronic devices, and can be pattered in different
sizes with consistent electronic properties, an advantage over carbon-nanotubes. Respect
to the latter, graphene nano-structures can be seamlessly interconnected [92] overcom-
ing problems related to contacts and improving nano-electronic circuitry. Single electron
transistors and entire integrated circuits have been designed entirely on graphene [15, 80].
Some graphene-based devices have already shown the potentialities of this promise, as
an example, graphene-based high speed transistors have been developed by different
groups [93, 94].

2.2 Electronic graphene properties

2.2.1 Crystal and band structure

(a) (b) (c)

FIGURE 2.1: (a) Trasmission electron microscope (false color) image of suspended
graphene showing the hexagonal network of carbon atoms. Figure adopted from Ref.
[95] (b) Direct space graphene lattice composed by two inter-penetrating triangular
lattices, denoted as A-type (gray) and B-type (blue) sublattices. The primitive lattice
vectors of the triangular Bravais lattice are indicated as a; and as. The unit cell is the
shaded region. The vectors d1, d2 and d3 denote the vectors linking each carbon atom
to three nearest-neighbour atoms on the different sublattice. (c¢) Reciprocal graphene
lattice generated by the vectors by, ba. The corners of the hexagonal Brillouin zone
belong to two equivalence classes referred as K and K’.

Graphene is a single layer of carbon atoms arranged in an hexagonal, honeycomb-like
network. This lattice structure—shown in Fig. 2.1(a) reporting a transmission electron
microscope image of suspended graphene—is determined by the planar o bonds connect-
ing each carbon atom to its three neighbours. The ¢ bonds are the strongest form of

covalent bonds, they are formed by the hybridized sp? orbitals of adjacent carbon atoms

Sexceeding over 20 times Si-based materials
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involving three carbon atom valence electrons. The fourth valence electron is in the 2p,
orbital normal to the lattice plane, this orbital hybridize with other analogue orbitals of
neighbour atoms and concur to the formation of delocalized 7w orbitals. Electrons in the

7 orbitals are responsible for the transport properties of graphene.

The hexagonal crystal structure of graphene is composed of two inter-penetrating tri-
angular sublattices which are given the A and B labels (gray and blue atoms in Fig.
2.1(b)). The Bravais triangular lattice can be constructed from the primitive lattice
vectors a; = ag(3,v/3)/2 and ay = ag(3, —v/3)/2, with ap ~ 1.42 A the carbon-carbon
distance, of modulus (lattice constant) a = |a;| = |ag| = v/3ag ~ 2.46 A. The unit cell
(shaded rhombus in Fig. 2.1(b)) has area A = v/3a?/2 ~ 5.1 A% and contains one car-
bon atom per each A/B sublattice [10]. The nearest neighbour vectors of the bipartite
lattice have positions &1 = ag(—1,0), d2 = ag(1,v/3)/2 and &3 = ag(1, —v/3)/2 and link

atoms of different sublattices.

The reciprocal lattice is in turn triangular with lattice vectors given by by = 27(1,v/3)/3aq
and by = 27(1,—v/3)/3ap in the reference frame shown in Fig. 2.1(c). The hexag-
onal first Brullouin zone (BZ) (Fig. 2.1(c)) displays highly symmetric points located
at the center I' = (0,0), center of the edge M = 2m(1,0)/3ap and two apexes K =
21(1,1/+/3)/3ap and K’ = 27(1,—1/+/3)/3ag of the hexagon. The remaining four cor-
ners of the first BZ can be obtained from the K and K’ positions through translation
by a reciprocal lattice vector, the so obtained equivalence class will be denoted as K
and K’. Note that the points K and K’ are not connected from each other by linear

combinations of by and b, i.e., they are inequivalent.

K and K’ are known as Dirac points because the dispersion relation of graphene in
their proximity is linear as for massless Dirac fermions. This peculiarity of the graphene
electronic structure near to the Fermi level is captured by the simplified one-orbital tight-
binding (TB) model for the 7 states, first obtained by Wallance [60] in 1947. Bellow it
is considered the nearest-neighbour approximation version of the TB model and effects
beyond this approximation are discussed. The crucial attribute of the graphene lattice
structure is its bipartite nature, the Bloch wavefunction capturing this attribute can be

written as

Vi(r) = Da(k) Y e i, (r —Ra) + p(k) Y "R, (r — Rp) (2.1)

RA RB
where ®4(k) and ®p(k) (with k = (k;, ky) the momentum) describe the amplitude of
the electron wavefunction to occupy the sublattice A and B respectively. ¢, (r—R / B)
is the wavefunction of the p.-orbital centered at the lattice sites R4 or Rp in each

sublattice. The Schroédinger equation for the Bloch state HWy(r) = EW¥y(r) can be
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formulated in terms of the eigenvalue problem

E —ty ek [Da(k))
<—tZi Sk, . ) <<I>B(k)> =0 (2.2)

for the coefficients ® 4,5. The deduction assumes vanishing overlap between orbitals
more than one atom apart, exploits the lattice symmetries of the Hamiltonian and
assumes vanishing on-site energies, i.e., redefines the zero of the energy at the crossing
point between the conduction and the valence bands. The nearest-neighbour transfer
integral —t 7 with t ~ 2.8 eV ® is the only contribute of the lattice Hamiltonian. The
vectors 9;, with ¢ = 1,2, 3, linking nearest-neighbour atoms retain the lattice structure.

From 2.2 the dispersion relation

E(k) = +t| Z ko] = :I:t\/3 + 2 cos(V3kyag) + 4cos(\/7§kya0) cos(;kzmao) (2.3)

is deduced. The =+ sign distinguishes the conduction antibond-7* band from the valence
bonding-7 band which are symmetric and touch at the K and K’ points. This degeneracy
makes of undopped graphene a semimetal (or a zero-gap semiconductor) with the Fermi
surface reduced to the six corners of the BZ, in fact there are two electrons per unit cell
filling completely the m band. The inclusion of the next-nearest neighbour hopping brings
to the expression for the dispersion relation E(k) = £t| 3", €% |—#/(| 32, e%%|2—-3). The
next-nearest neighbour hopping removes the electron-hole symmetry of the spectrum so
that E(k) # FE(—k), and shifts the energy of the K and K’ points, it is however a
small contribution (different tight binding parametrizations estimate it within the range
0.02t < t' < 0.2t [10]) which does not changes the behaviour of the Hamiltonian near
the Dirac points [98]. The low-energy limit is obtained from 2.3 by an expansion for the

wavevector k = dk + K near to the K point, for |0k| << |K]|, leading to

S KR 32ﬂe’9(5kx +6k,) (2.4)

where the phase 6 depends on the choice of the relative phase of the sublattices and can
be absorbed though a redefinition of ®4,5. By defining vp = 3agt/2h ~ 10% m/s, the
conical dispersion

E(0k) ~ +hvp|dk| + O[|6k/K|?] (2.5)

describes the energy dispersion of the primary bands near to the K point. An analogous
expansion near to K’ brings to the same result [60]. Importantly 2.5 implies that the

Fermi velocity vp = (1/h)(0F/0k) is constant in contrast to the conventional case of

"—t= [drgp, (r — Ra)Hpp, (r — Ra + 1)
8the estimated value range over [2.7,3.1] eV, see Ref. [96, 97]
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x*- band

FIGURE 2.2: (a) Computed dispersion relation of graphene at low energies near to the
Dirac points. Figure adapted from Ref. [99] (b) Measured graphene linear dispersion,
obtained through the ARPES technique. Figure adapted from Ref. [100]

parabolic dispersion, where the velocity depends on the energy by v = /2E/m. Another
important implication of the linear dispersion 2.5 is that the density of states (DOS)
linearly vanishes at the Dirac points. The DOS per unit cell in the proximity of the

Dirac point reads

i) — 2AIE

= n)? (2.6)

with A the unit cell area, this expression includes valley and spin degeneracy [10].
This vanishing electron density at the Dirac points implies that in neutral graphene
the long-range Coulomb interaction is not screened as in metals. This characteristic
make graphene a very peculiar system also from the point of view of electron-electron

interactions [12].

The first angle resolved photoemission spectroscopy (ARPES) measurement of the linear
dispersion of graphene is shown in Fig. 2.2(b), reporting from Ref. [100] the primary
bands of epitaxial graphene, well reproduced by the simplified tight-binding expression
2.3 (black solid line) by including an energy shift (of about 0.45 eV) of the Fermi energy
(EF) from the Dirac point (Ep), which accounts for the p-doping effect on graphene,
induced by the substrate SiC. Deviations from the linear dispersion near to the Dirac
points can be deduced from the energy dispersion expansion up to the second order
E(8k) ~ thvp|dk| + 3t' — [%a% + 3%% sin(30sx)]|0k|> (2.7)
including nearest ¢ and next-nearest ¢ hoppings. The inclusion of second-order terms
in (6k/dK) introduces a thee-fold symmetric angular dependence of the spectrum on
the angle in momentum space 0y = arctan(dk, /dk,), known as trigonal warping, whose

anisotropy increases by moving away from the Dirac point.
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2.2.2 Low-energy excitations

The electronic transport properties of pristine graphene, when the Fermi level is at the
intersection of the conical bands, are determined by the band structure near the K and
K’ points, while the bands away from this points are beyond the energy range relevant
for transport. The linear expansion 2.4 of the tight binding Hamiltonian 2.2 of graphene

near the Dirac point K leads to the effective equation °

0 ke — 1k P d
hop AT g (A (2.8)
ky +1ky 0 ®p Op

describing graphene low-energy electron and hole states. By introducing the operator
7 = (71,72,73), which components are the Pauli matrices, acting on the sublattice
space, Eq. 2.8 can be written in analogy to the Dirac-Weyl equation describing massless

fermions in two dimensions [101]
Hy = hvpk - 7. (2.9)
Around the K’ point, a similar expansion yields to
Hyr = —hvp7™ - K, (2.10)

as stated by time reversal symmetry, explicitly

0 A
Hy = hop AN (2.11)
—ky + 1k, 0

It is worth noting that the validity of these effective Hamiltonians is restricted to the
description of graphene low-energy excitations close to the Dirac points—as long as
anisotropic effects, up to the second order in k, can be neglected—i.e., for momentum
|k| << 1/a close to the degeneracy points and in an energy range |E| < t. Within its rage
of validity, the formal analogy to ultra-relativistic (massless) fermions goes beyond the
linear dispersion E(k) ~ +hvp k| arising from the Hamiltonian: the spinor here encodes
the sublattice graphene structure and it is known as pseudospin since it trasforms as
the spin spinor under rotations. Furthermore the direction of the pseudospin is tighten
to the direction of the momentum, i.e. the helicity 1° operator h = 7 - k/|k| commutes
with the Hamiltonian. By introducing the valley index 7, distinguishing between the K

(t =1) and the K’ (7 = —1) valleys, the eigenvectors of Hx and H: in real space can

% to simplify notation hereafter we will denote 6k with k to be counted from the Dirac point.
Othe term chirality is also widely used, chirality is identical with helicity only for massless particles
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be written as [102]

1 67“—91@/2 Kr
(Cl@sr) = Paslr) = 5| 0] (2.12)

it is recalled that 0, = arctan(k,/k,), here the sign £ refers to conduction and va-
lence bands with respective energy eigenvalues F(k) = +hvp|k|. The helicity eigevalue
is positive (negative) for conduction-band states whereas it is negative (positive) for
valence-band states at K (K’). Positive helicity corresponds to paralell momentum
and pseudospin whereas negative helicity to anti-parallel vectors [103]. Note that this
formalism of two separate Hamiltonians from K and K’ is useful while the valleys are
decoupled, which is the case in absence of atomic-scale inhomogeneities arising e.g. from
boundaries or external electric or magnetic fields with relevant variations at the atomic

scale.

2.2.3 Landau levels quantization for Dirac fermions

The unconventional linear dispersion, pseudospin and symmetries of graphene charge-
carrier states noteworthy manifest in the presence of a magnetic field. Indeed, a de-
termining prove of the Dirac massless-fermionic nature of graphene charge carriers was
provided by the observation of the anomalous integer quantum hall effect (IQHE) by
[78] [79] in 2005. A strong magnetic field applied to a two-dimensional electron gas gives
rise to well-defined quantized energies known as Landau levels [104], which can be ac-
cessed through magneto-transport [105], scanning tunneling spectra [106] experiments,
capacitance measurements [107] or even through infra-red transmission [108, 109] mea-
surements. Here the distinctiveness of the Landau level spectrum of graphene—early
compiuted by [110] or more recently by [111]—respect to the one measured in conven-

tional semiconductor heterostructures is discussed after Ref. [112].

The inclusion of the effect of a perpendicular magnetic field B = V x A = (0,0, B)
in the kinetics can be done by substituting ! k = -V — —V + (¢/R)A in Eq. 2.8
leading to

Hy = hwp(—1V + (e/h)A) - 7 (2.13)

The magnetic field introduces the length 5 = /A/eB (magnetic length) scale. The

solutions of the eigenvalue problem can be found analytically, e.g. by the choice of the

"minimal coupling substitution, justified as Iz >> ao which would be violated for magnetic fields as

large as B >> 10* T
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Landau gauge A = B(—y,0,0) the Hamiltonian 2.13 becomes:

0 0y —y )13, — D
T e —y/ls =9 (2.14)
—10; — y/1% + 9y 0

By writing ®(r) = (®4(r), ®p(r))T = e*¥(D4(y), Pp(y))T, as [H, k] = 0, the eigen-

value problem Hyg® = E® can be recast into the decoupled equations for the spinor

components
Y E 1
—0% + (ky — 5)Y@® =[(—)? - =]®
=35+ (ke = 1000 =150~ 12a0)
(2.15)
Y E 1
—02 4+ (k, — 2)2® =[(—/)?+ =@
=35 + (e~ g 105() =[G+ 1280
which are harmonic oscillator equations with energy solutions
E =+hwpyna+1 forng=0,1,2..., (2.16)

E = t+hwp+/nB for ng =0,1,2...

Here wp = V2up /lp denotes the cyclotron frequency for Dirac fermions [62], and the
sing =+ refers to conduction (+) and valence (—) bands. The corresponding LL states
are harmonic oscillator wavefunctions with center of the electron orbit y = kxl%. The
number of LL states per unit area increases with B, being n; = eB/h. From 2.16 it
follows that there is a zero energy Fy = 0 LL ( the so-called 'zero mode’ ), corresponding
tonp = 0, which is shared by electrons and hole states. The corresponding eigenspinor is
not a mix of pseudospin states but have only one non-null sublattice component. In the
valley K’, Eq. 2.16 with the A and B indexes inverted holds, therefore the expression
E = fthwpyn (and n = 0,1,2...) without valley specification is often used. Each
LL host 4nj, states per unit area due to spin and valley degeneracy 2. Recalling the
LLs of conventional 2D semiconductors Eg oc B(n+1/2) [113] (with n =0,1,2,...) it is
notable that the graphene quantized spectrum in Eq. 2.16 has the following peculiarities.
Graphene LLs depend on the square root of the magnetic field, and the energy spectrum
is not equidistant; these are consequences of the linear rather than parabolic energy
dispersion. The existence of the zero energy LL in graphene, linked to topological
reasons (the index theorem [114]), is robust respect to eventual inhomogeneities of the
magnetic field [98]. The graphene LLs separation is larger than the corresponding one
in conventional semiconductor-based 2DEG and than the thermal energy for reasonable
magnetic field values. All this features have important experimental consequences which

are epitomized in the observation of the IQHE at room temperature [115].

12the graphene LLs separation is larger than the Zeeman splitting if only the low-lying LLs are filled,
in this situation, the four-fold degeneracy is assured
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FIGURE 2.3: (a) Landau levels of graphene in the presence of a band gap in the

energy spectrum, provided by interaction with a h-BN substrate at zero crystallo-

graphic alignment angle. (b) Infrared transmission spectra of the transitions between

LLs indicated in figure (a). The logarithm of the magneto-transmission ratio spectra

—In(T'(B)/T(By)), for By = 0, is shown vs the magnetic field. Both images are adapted
from Ref. [109].

In the presence of an asymmetric potential between the two sublattices, as induced by
the interaction with a periodic substrate (see Section 2.3.2), the Hamiltonian in the
K valley becomes Hy = hvp(—1V + (e/h)A) - # + Af3, with the diagonal term A7y
including the difference between the potential energy in the A and in the B sublattices
2A. This Hamiltonian leads to the LL spectrum

2 2 1
E:i\/A2+ (h”F()l (7;2A+ ) forng—01.2..
B

(2.17)

) 2
E:i\/A%rW for ng = 0,1,2...
B

Fig. 2.3(b) reports the direct measurement of low laying LLs of Eq. 2.17 in epitax-
ial graphene perfectly aligned on a h-BN substrate. The magneto-optic measurement

register the transitions between the LLs indicated in Fig 2.3(a).

2.3 Confinement in graphene

Quantum dots are 0-dimensional systems in which the wavefunction of charge carriers
is confined in all the three spatial dimensions. Due to the reduced size of QDs devices—
comparable with the de Broglie wavelength of charge carriers—the quantum nature of

the orbital degrees of freedom and of the energy of charge carriers is at the heart of
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their description. The electronic charge quantization becomes crucial in determining
the transport properties of QDs, when the energy scale associated with the addition of
a charge carrier into the system dominates over the thermal and quantum fluctuations.
Besides, quantum dots allow to individually manipulate single electrons offering the
possibility to store and process quantum information [116]. For a review including

seminal transport experiments in quantum dots see Ref. [117].

Graphene QDs have triggered great amounts of experimental and theoretical work. In
particular, there is large interest in carbon-based QDs to use as hosts for qubits based on
spins [116] which derives from the expected reduction of the main limitations to obtain
long spin-coherence times in semiconductor-based dot systems (as in GaAs), namely,
substantial spin-orbit interactions [118, 119, 120] and electron spin interaction with
the nuclear spin (hyperfine coupling) [121]. The reduction of the former is due to the
lightness of the carbon nuclei '3, while the latter is reduced in carbon materials due to
the fact that they are formed prevalently by the 12C isotope with vanishing nuclear spin
[123]. Graphene QDs have also revived the interest in valleytronics [124], which aims to
use the valley index to process information. Different schemes have been proposed to

govern the valley polarization in graphene [125, 126].

The opportunity to study quantum phenomena in graphene QDs poses new challenges
starting from the standard techniques to obtain electrostatic confinement, which is prob-
lematic for massless Dirac fermions. Most experimental work on graphene QDs uses
graphene flakes to isolate graphene confined devices, their atomic-like properties having
been proved by Coulomb blockade [127] and transport through excited states measure-
ments [128, 129]. Beyond the standard spectroscopy tools, the employment of direct
techniques as scanning tunneling spectroscopy [130] is facilitated in graphene due to
the fact that it is an open surface. Notable experimental efforts are pointing towards
disorder minimization which allows to isolate the intrinsic properties of graphene QDs

as well as to enhance their control. We review graphene QDs in Section 2.3.4.

2.3.1 Klein tunneling in graphene

The probability of graphene charge carriers to tunnel though a potential barrier does not
decreases exponentially with the potential barrier height and width as for non-relativistic
particles but is unitary for certain angles independently of the potential barrier drop.
This is the Klein tunneling relativistic effect predicted back in 1929 [81], expected to
arise at enormous potential barriers of height greater than the electron rest energy.

Before graphene, this counter-intuitive effect remained a gedanken experiment until it

3the intrinsic graphene spin-orbit coupling is of the order of tens of pueV [122], for broken inversion
symmetry the Rashba term contribution is of the same order [119]
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was observed in graphene p-n junctions [82, 83] thanks to the fact that there is no a
minimal threshold for the potential barrier height required to the effect to take place.
The scattering process of massless Dirac electrons is here reviewed by following the
arguments of the first predictions in the context of graphene [84]. Consider a massless

relativistic electron with energy E approaching the hard-wall potential barrier!

Vo for0<z<D,
V(z) = (2.18)
0 forz<Oorz>D

from the left, with incidence angle ¢. The wavefunction ® = (®4, Pp) satisfying the
Dirac equation (—thvp? -V 4+ V(z))® = E® can be written as

<I>(1)(r) _ ez(kz:erkyy) +r ez(sz:erkyy) (2.19)

sez¢ sez(ﬂ-*d))

in the region (I) at the left of the barrier (z < 0). Here r is the reflection coefficient, s =
sgn(FE) and the wavevector—outside the barrier—is k = (ks, k) = (kp cos ¢, kpsin ¢),
with kp = E/shvp the Fermi wavevector. Note that the y component of the wave-
vector k, is conserved and therefore the propagation angle for the reflected wave function
becomes m — ¢. At the barrier the electron wave is refracted. Within the barrier region
(IT), where 0 < 2 < D, by defining &/, = \/(E —Vo)?/(hwrp)? — k2, the wavefunction can

be written as

@5 (r) =a e(keztkyy) | g U —kpztkyy) (2.20)

s'e §le(m—4")

where s’ = sgn(E —V}), and ¢/ = arctan(k, /k,) is the refraction angle derived from the

conservation of ky. In the region > D (III), right to the barrier, the wavefunction is

1) (r) = t elhe k) (2.21)

se'®

with transmission coefficient ¢. The continuity condition for the wavefunction at the po-
tential barrier edges ®(;)(z = 0,y) = ®(;5)(r = 0,y) and ®(;py(z = D,y) = ®rp)(z =

D,y) ¥ determine the coefficients a, b, r,t. In particular, in the situation ss’ = —1, i.e.

this hard-wall expression assumes that the edges of the potential smear smoothly with respect to
the graphene lattice constant ( ~ 244213) and additionally it is assumed that the scattering does not mix
the two graphene valleys.

15which imposes four equations due to the two-component nature of the wave-function
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(a) (b)

FIGURE 2.4: (a) Dirac spectrum, i.e., wavevector-energy dispersion inner and outer the
barriers (top panel). The dotted line indicates the Fermi level. The arrows indicate the
direction of the pseudospin (fixed for each branch), which points parallel (antiparallel)
to the momentum in the conduction (valence) band. Space-energy diagram (bottom
panel). The pseudospin is conserved in the scattering process, the matching between
the directions of the pseudospin for particles outside and inside the barrier region leads
to unitary transmission. (b) The transmission probability as a function of the incidence
angle for two barriers of heights 200 meV (red curve) and 280 meV (blue curve) are
compared. The barrier width is D = 100 nm. The Fermi energy for incidence electrons
is Er ~ 80 meV. Both figures are adapted from Ref. [84].

opposite energy signs inside and outside the barrier region, the transmission probability
T = |t|* depends on the incidence angle ¢ as shown in Fig. 2.4(b). For simplicity it is
reported the simplified expression of T' in the limit of hight barriers [Vy| >> |F|

B cos? ¢
1 —cos2(k.D)sin?¢’

(2.22)

The transmission probability, at any angle, is unitary if the resonance condition ¢, D =
mn with n = 0,+£1,... is satisfied. This is not peculiar of graphene since in gap-less
semiconductors an analogue situation of transparency which depends on tunneling pa-
rameters take place. However, for perpendicular incidence ¢ = 0, the barrier is transpar-
ent independently of tunneling parameters, this is peculiar of graphene charge carriers
with definite helicity. As a consequence of Klein tunneling, the mobility of electrons
in graphene is high [131] regardless of being exposed to the environment that provides
many scattering centres providing the conditions to create ballistic devices. Besides,
Klein tunneling implies that graphene charge carriers cannot be confined by electro-

static gating as in conventional semiconductors except under particular circumstances
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as the presence of a mass gap in the energy spectrum [132], or in geometries excluding

normal incidence [133].

2.3.2 Sublattice-induced symmetry breaking and band-gap opening in

graphene
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FIGURE 2.5: (a) Different mechanisms can modify the Dirac cone of pristine graphene

(left) into a gapped spectrum (right). Figure adapted from Ref. [109]. (b) The breaking

of the graphene sublattice symmetry opens a band gap in the graphene spectrum, which

is caused by a commensurate potential that may be induced by a periodic substrate.
Figure adopted from Ref. [134]

Pristine undoped graphene presents a linear gapless spectrum (see Section 2.2.2) and
metallic conductivity also at (nominally) zero carrier concentration. The opening of an
energy gap in the graphene spectrum (see Fig 2.5(a)), i.e., a finite energy difference
between the the top of the valence bad and the bottom of the conduction band at the
Dirac points, represents an important technological challenge. In fact, an energy gap
provides a conductance pinched-off mechanism in view of electronic applications such as
digital transistors or sensors [134]. Besides, a band gap inhibits the coupling between
electron and hole states, suppressing Klein tunneling [135], and enabling the electrostatic
confinement of charge carriers. Many mechanisms can, in principle, give rise to a band
gap, e.g., the spin-orbit coupling [122] opens a very small gap in the spectrum of graphene
which can be enhanced by adatom doping [10]. Mechanical or chemical interventions in
graphene, as strain engineering [136, 137] or absorption of molecules [138], and even the

action of an infra-red laser beam [139] have been proposed beyond others.

The topical (open) challenge is that the mechanism should induce a sufficiently wide

gap % by retaining a good compromise with graphene transport quality. Two viable

18 estimations suggest that for digital logic applications, on-off rations of 10° in a field effect transistor
(FET), a gap in the range 360 — 500 meV is needed [140]



Chapter 2. Graphene QDs background 20

approaches to open a band gap, relying on size quantization and the breaking of sublat-
tice symmetry [63], employ the effect of confinement [128] and the effect of a periodic
substrate [59, 132] respectively. In this latter proposal [141], the presence of a sub-
strate induces a staggered potential in the atomic scale (see Fig. 2.5(b)), the amount
of the gap depending on the substrate-graphene interaction. Different substrates have
been proposed to fulfil this task as Au/Ru(001) [142], MgO [143], silicon carbide (SiC)
or hexagonal boron nitride (h-BN). These two last semiconductor substrates have at-
tracted a great deal of attention. It is possible to obtain graphene of high quality on
them, in particular of high mobility [52, 89], so they have been extensively used as
gate dielectrics for graphene-based devices. These substrates have been the platform of

interesting fundamental discoveries in graphene.

The advantages of the use of SiC as a substract, on which graphene is directly grown,
with scalable techniques as the furnance growth !, assuring high quality graphene, are
discussed extensively in Ref. [144]. Graphene can be grown over the silicon or the carbon
face of the different SiC polytypes, the carbon face being preferred as there the graphene
mobility is higher. Graphene on SiC is mostly stacked in a AB-manner when grown over
the carbon face of SiC, which is called ”buffer layer” since it is electronically inactive. In
the AB-stacking the carbon atoms of graphene are alternatively above a substrate atom.
It has been observed, through ARPES, a deviation from the conical dispersion in the
energy spectrum of graphene grown on 6H-SiC (over the carbon phase), attributed to a
band gap of about 260 meV, induced by sublatice symmetry breaking [145]. It needs to
be considered that graphene on SiC is heavy n-type doped so that the Fermi level does
not fall within the gap. However, the deviation from the conical dispersion observed
through ARPES has been the subject of an intense controversy between the band gap
interpretation [146] and the explanation of the observed feature at the Dirac points in

terms of electron-plasmon interaction [28, 147]

Some of the appealing characteristics of the use of h-BN as a substrate are, beyond
the the very high carriers mobilities [89], the low carrier inhomogeneities '® and the
high stability of graphene on h-BN, due to the planar h-BN structure [149]. The lattice
constant mismatch between the h-BN and the graphene lattices is of ~ 1.8% [132],
giving rise to moire patterns for graphene not in registry with the substrate. The band
gap of graphene on h-BN is linked to the conmensurate alignement—no signs of a gap
from transport measurements have been found in random crystallographic orientation
[150, 151]. Due to the mismatch between graphene and h-BN lattices and due also to

misalignment of the respective crystal axes, the sublattice potential might average out

7consisting on the inductive heating of SiC fragments enclosed in a graphitic chamber

18 almost 1 order of magnitude lower than graphene on SiO2. Comparison with SiO2 is made since it
is the substrate in which graphene has been first isolated [148]
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on a large scale. Yet more recent experiments show that this is not necessarily the case
[89]. The band has been estimated from transport measurements in approximately 30
meV [89, 152], and 38 meV from optical spectroscopy [109]. The precise mechanism
behind the opening of a band gap in h-BN is still under investigation [89, 153], recent
theoretical results [154] suggest how to control the band gap magnitude.

Formally, the conical Dirac points are protected, individually, from translational invari-
ant perturbations conserving the inversion symmetry Hx = 7y Hg71 and the—so called
true—time reversal symmetry [155] (linking the two valleys) Hx = Hj./, i.e., preserving
the condition H, = 71 H,71 for the single Hamiltonian in each valley 7 = K, K’ [156].
A constant potential difference between the A and B sites of graphene, as induced by a
periodic substrate, breaks the inversion symmetry (by preserving the true time reversal
symmetry) and it is accounted, in Hamiltonian of each single valley (see Egs. 2.9 and
2.10) by a diagonal term A7, which acts as a mass term, differentiating the two sub-
lattice components. The energy spectrum therefore becomes E = i\/m in
both valleys. It is characterized by an energy gap of 2A, as shown in Fig. 2.5(a).

2.3.3 Single-electron tunneling spectroscopy
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FIGURE 2.6: (a) Quantum dot device for electronic transport. The QD is tunnel-

coupled with electrodes source (S) and drain (D) which are the charge carrier reservoirs.

The capacitively-coupled gate electrode (G) modulates the chemical potential of the dot

respect to the leads. (b) Coulomb-blockade resonances in the linear response regime.

Insets: energetic situation in the source, drain and dot for the system in Coulomb
blockade (left inset) and resonant transport (right inset)

Experimental transport data can access the QD electronic properties, which are de-
termined by the interplay between the energy scales dictated by the electron-electron
interaction and the confinement energy. In a tunneling spectroscopy experiment the QD
is coupled through tunnel barriers with source (S) and drain (D) conducting leads, which

are the reservoirs of charge carriers. The coupling with the leads is weak so that the
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QD is almost an isolated system with an integer number of electrons N. A bias voltage
Vsp = Vg — Vp, applied between source and drain, allows for transport within the bias
(energy) window pus — up = —eVgp. Indeed, electrons tunnel through the QD available
states inside the bias window from one conducting lead to the other, in order the current
to flow. At a given bias voltage, it is possible to electrostatically modulate the number
of available states in the QD within the bias window, by coupling the QD with a gate
electrode (G) that therefore controls the current flow. The tunnel junctions related to
the S (and D) lead has capacitance Cs (and Cp) and conductance Gg = 1/Rg (and
Gp = 1/Rp), while the gate electrode (with C¢) is capacitively coupled to the QD, i.e.,
Gi = 0. This basic set-up to perform transport spectroscopy is illustrated in Fig. 2.6(a)

The defining properties of QDs, i.e., the quantization of the charge and of the energy
spectrum, are considered in the simplest way by the constant capacitance model. Two
major assumptions are at the basis of this model, which is adapted from the description
of a metallic island. First: the interactions between charge carriers in the QD and with
the environment, can be accounted by a constant capacitance. Second: interactions
do not affect the single-particle energy spectrum [157]. The dot ground-state energy is
given by

Eo(N) = en(B) + EcN* — ) ajVIN. (2.23)

l

The first term is the energy of the (discrete) lowest occupied single-particle orbitals,
which are determined by the confinement geometry and eventual presence of a mag-
netic field B and are filled in accordance with the Pauli principle, n-fold degeneracies
being accounted by counting one level n times. The second and third terms include the

19 arising from the addition of a quantized charge to

electrostatic energy contributions
the dot E¢ = €2/2C (the charging energy) and from the voltages applied to the leads.
C =, C; is the dot total capacitance, with [ = S, D,G. This expression for the dot
capacitance generalizes to a greater number of electrodes that can be used to locally
tune the electrostatic energy. In the last term, the so-called level arms, oy = C;/C are
dimensionless coupling parameters that relate the voltage in the corresponding lead to

the induced potential in the dot. The electrochemical QD potential, i.e., the minimum

energy required for loading the Nth electron to the dot, is given by

p(N) = Eo(N) = Eo(N —1) =ey —ex-1+ Ec@2N 1) —e> V] (2.24)
l

which is the difference between the ground-state energies in subsequent charge states.

If the antisymmetric condition Vg = —Vp is assumed, then pu(N) is independent from

Ythe total electrostatic energy is given by fOQ dQ(Q + >, ViCi)/C where Q = —eN is the quantized
charge in the dot and the second term is the electrostatic potential difference between the dot and the
reservoirs
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the bias voltage Vgp.

The same result for the chemical potential of Eq. 2.24, for large electron numbers and
limited variations of the applied voltages, is obtained from the constant interaction model
[117, 157, 158] based on the Hartree-Fock approximation for the dot N-electron system,
assuming negligible exchange interactions, constant level arms and that the charging
energy per electron does not depend on the electron number [112]. Despite the severe
approximations at the basis of this simple model, this is a widely used starting point
for the interpretation of transport experiments. First deviations can be accounted by
considering variations of the capacitances and the level arms on the electron number or

on the applied voltages.

Measurements in the linear response regime are performed by fixing a small transport
window—smaller than the single-particle level spacing and than the charging energy—
within which the current I varies linearly with Vsp. The conductance I /Vsp is measured
as a function of the gate voltage Vi, that controls the dot electrochemical potential
levels u respect to ug and pp. For positive Vi, the ladder of dot electrochemical
potentials is lowered proportionally to the Vg increase, see Eq. 2.24. Conductance
resonances are registered whenever the electrochemical potential of the QD is aligned
with the ones of source and drain pus ~ pu(Vg) = pp, allowing for resonant transport
(the energy landscape is depicted in the right inset of Fig. 2.6(b)). Between the peaks,
the conductance is suppressed. The reason for blockade transport can be visualize from
the energy landscape shown in the left inset of Fig. 2.6(b), for a dot filled with N
electrons. Indeed, in such voltage configuration, the energy required to load the N + 1th
electron into the QD is greater than the energy gain of removing it from the source
lead, i.e. pyy1 > pg. This condition of blockade transport due to charging effects—
Coulomb blockade [159]-is lifted alternatively by tuning u by Vi, giving rise to a series
of peaks in the conductance, as depicted in Fig. 2.6(b), each peak corresponding to the
tunneling of a single electron. Coulomb blockade is accessible at low enough tunneling
conductance such that the charge quantization in the QD becomes distinct, i.e. for
Gs/p << €*/h ~ (26kQ)~' ?°, and at low enough temperatures kgT << E¢ (here kp
is the Boltzmann’s constant), so that the charging energy becomes resolvable beyond
thermal fluctuations. Moreover if kT < Ae, with Ae the single-particle level spacing,
then also Ace is resolvable, and transport involves only one quantized energy level per
conductance resonance—this is the single-level transport regime [112]. The separation

between the conductance peaks is the addition energy

Au(N) = pu(N +1) — u(N) =2Ec + An = eagAVg (2.25)

20this condition is deduced from the Heisemberg’s uncertainty relation AEAt > h relating the un-
certainty over the RC-time for an electron to tunnel between the QD and the leads At =~ C/G and the
energy uncertainty, by the demand that the latter is less than the charging energy, i.e. AE < E¢
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with Ay = enyr1—2eny+en_1. The addition energy is the energy amount that needs to be
overthrown in order the (N+41)th electron to tunnel into the dot filled with N electrons.
From the last expression in Eq. 2.25 it is clear that the gate coupling constant ag is

required in order to determine Ap, which is not possible from a two terminal set-up

measurement.
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FIGURE 2.7: (a) Stability diagram scheme, the conductance vanishes within the white
areas—due to Coulomb-blockade—while is finite in the gray areas. The addition energy
is readable both from the width and from the height of the Coulomb diamonds. Along
the dashed line, the Coulomb blockade condition (b) is lifted by increasing the gate
voltage, transport persist from the p = pgs (¢) to the p = up (d) resonant conditions.

Opening the bias window —eVgp, the system enters the non-linear transport regime.
Measurements of the conductance are in general given in the form of stability diagrams,
displaying its dependence on both the gate voltage and the bias voltage, as schematically
illustrated in Fig. 2.7(a). From the stability diagrams, the level arms can be determined
and the addition energy is directly legible. This transport regime allows to access also the
QD excitation energies. In Fig. 2.7(a), for the set of (Vsp, Viz) inside the white areas, the
so-called Coulomb diamonds, transport does not take place due to Coulomb-blockade.

The potential diagram of this regions, for which the number of electrons in the dot fixed,
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is schematized in Fig. 2.7(b). At zero bias voltage, the linear-response conductance
resonances (Fig. 2.6(b)) correspond to the vertexes of the Coulomb diamonds in Fig.
2.7(a), separated by the addition energy given by Eq. 2.25. Starting from the vertexes
of the Coulomb diamonds at zero-bias, by increasing the bias window, the regions of
finite conductance—shaded regions in Fig. 2.7(a)—enlarge, since the transport condition
up < (N, Vg) < us, i.e., that at least one QD electrochemical potential falls within the
bias window, is met for a range of Vz proportional to the bias voltage. At the edges of the
Coulomb diamonds, the electrochemical potential of the dot is aligned with the source
w(N) = pg (left-red boundary) or drain u(N) = up (right-blue boundary) chemical
potentials as depicted in the corresponding diagrams of Figs. 2.7(c) and 2.7(d). The
boundaries of the shaded regions departing from neighbour conductance resonances at
zero bias intersect, e.g., u(N, Vi) = up intersects u(N+1, Vi) = pg at the encircle point
in Fig. 2.7(a), corresponding to a bias voltage such that u(N+1, Vg)—u(N, V) = eVsp.
Therefore the addition energy is readable both from the width ageAVs and from the
height eVgp of the Coulomb diamonds, and the gate level arm is ag = Vsp/AV4.

Consider the case of a dot with charging energy comparable with the single-particle
energy level spacing, supposed to be constant. The structure of the resonance peaks in
the linear-response regime display a periodicity resembling the n-fold degeneracy of the
orbital levels. n conductance peaks, separated by 2E¢ are followed by the (n + 1)th
peak, separated by 2Ec + Ae. This structure is also reflected in the stability diagrams
as a series of n diamonds of equal weight 2F -, followed by a diamond of greater weight
2E¢ + Ae. This sequence is depicted for four-fold degeneracy in Fig. 2.7(a), as expected
for graphene quantum dots with two-fold orbital degeneracy arising from the valley
degree of freedom in addition to the (conventional) two-fold spin degeneracy. If the
single-particle level spacing is negligible respect to the Coulomb repulsion, the peak
spacing (the diamonds weight) is expected to be roughly constant as it is determined

only by the charging energy.

Energy spectroscopy of the excited-states can be performed for a sufficient wide trans-
port (bias) window, greater than the excitation energy of the QD. Incoherent transport
of single-electrons through the excited-states of the QD, is the dominant mechanism
when the coupling with the leads is weak and the states in the QD are not degener-
ate. In this situation, in measurements of the differential conductance (sketched in Fig.
2.8), transport through excited-states appear as parallel lines to the Coulomb diamonds
edges. This type of transitions are energetically allowed only outside the Coulomb dia-
monds, when an excited-state chemical potential falls within the bias window [157]. The

electrochemical potential for the ith excited state with energy F;(NN) is defined as

i(N) = Ei(N) — Eo(N — 1) (2:26)
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FIGURE 2.8: (a) Stability diagram scheme. The differential conductance in plotted in

the (eVsp, ageVe) plane. The black lines are the edges of Coulomb-blockade diamonds

(Fig. 2.7(a)), i.e., correspond to transitions among ground-states. The red and green

lines are transitions between excited-states and the ground-state corresponding to the

black line paralell to them. The blue resonance corresponds to a transition between

two excited-states. The chemical potentials related to excited-states transitions are
indicated by scale-bars.

which is the energy involved in the transition from the N —1 ground-state to the N elec-
tron ith excited-state. The chemical potentials related to excited state transitions—and
therefore the excitation energies—can be extracted from the stability diagram (sketched
in Fig. 2.8) either in the bias voltage axis, from the intersection of the resonance with
the Coulomb diamond edge (vertical scaled-bar), or in the gate voltage axis by extrapo-
lating the resonance line to zero bias voltage (horizontal scale-bar). Transitions between
excited-states, involving the generalized chemical potential p;(N) = E;(N) — E;(N —1)
between the ith and the jth excited states in the N and (N — 1) charge states, corre-
spond to resonances ending in the trace of the initial excited-state as exemplified by the
orange line in Fig. 2.8. This process, which take place for tunneling rates greater than
the relaxation rates, provide information about the relaxation rates of the QD levels
[157] and gives further access to the low lying excitation energies. The above discussion
is restricted to single-electron tunneling processes only, omitting higher order processes
involving more than one tunneling event as well as deviations from the basic features. In
this thesis it will be shown the importance of Coulomb interactions in graphene quantum
dots through an accurate treatment of electron-electron interaction with respect to the
simple model presented here, based on the solution of the many-body problem. Results

will provide predictions for quantities accessible through tunneling spectroscopy.
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2.3.4 Towards cleaner graphene quantum dots

The first generation of graphene quantum dots appeared simultaneously with graphene
insulation [148] in the form of graphene nanoflakes, obtained by mechanically cutting
(etching) graphene. The etching technique has been largely developed and is widely
used to obtain 0-dimensional and 1-dimensional structures from graphene. In this struc-
tures, the opening of a gap is provided by space quantization. Clear Coulomb blockade
was demonstrated [127] in etched graphene QDs, once the control over the tunneling

constrictions had been improved by using graphene lateral gates. Extensive studies on

© o.1

200nm

(a) (b)

FIGURE 2.9: Confinement in etched graphene QDs (a) Atomic force micrograph of
a graphene QD obtained through mechanical exfoliation of graphite. The dot size is
140 nm. The transport set-up is made of graphene constrictions connecting the dot
to source (S) and drain (D) leads, transport is controlled by a plunger gate (PG) and
a back gate (not shown) gate. (b) Measured stability diagram of the dot shown in
panel (a). Excited-states (dashed-lines) are visible as resonances outer the Coulomb
diamonds and confirmed by the finite conductance in the upper diamond, interpreted
as a co-tunneling event (arrow). Figures adapted from Ref. [129].

the transport properties of etched graphene QDs (nano-flakes) of different sizes, showed
the first signatures of transport through excited states [128], that were confirmed by
the observation of inelastic co-tunneling events [129](see Fig. 2.9). In these devices,
the graphene Landau levels (see Subsection 2.2.3) have been observed—for large per-
pendicular magnetic field—in the pattern displayed by the energy levels [129], and the
zero-energy characteristic graphene Landau level, has been identified [160], marking the
crossover between electron and hole states. The Zeeman splitting of spin states in an
in-plane magnetic field has been monitored in conductance measurements, providing
an estimation of the g-factor?! and a spin filling sequence compatible with comparable
Coulomb interaction and confinement energy scales has been extracted [161]. The charge
relaxation times of electronic excitations have been also reported 22 [162]. In spite of

these achievements, the detailed investigation of the energy spectrum of etched graphene

2lthe g-factor was evaluated to be & 2 from the Coulomb peak spacing as a function of the parallel
magnetic field in transitions between successive spin ground states [161]

22the extracted charge relaxation times is 5-10 longer than on IIT/V semiconductor-based quantum
dots [162]
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QDs is often limited by extrinsic effects such as the presence of localized states in the
constrictions, among others. Recent advances in identifying the intrinsic properties of
etched graphene QDs have employed three-terminal set-ups which allow for the discrimi-

nation between the dot and the leads wave functions [163]. In etched graphene quantum

(a) (b) (©)

FIGURE 2.10: Atomically precise nano-structures with controlled edges, obtained

through different techniques. (a) Scanning tunneling microscopy (STM) image of an

hexagonal QD obtain by the chemical vapor deposition method (adopted from Ref.

[164]) (b) Atomic force microscopy (AFM) image of a graphene nano-ribbon obtained

by unzipping a carbon nanotube (adapted from Ref. [18]) (¢) STM of a nano-structured

chevron ribbon obtained through bottom-up fabrication and superimpose DFT simu-
lation (grayscale) (adapted from Ref. [165])

dots [15], the class of graphene QDs most studied up to now, an important role in deter-
mining the electronic properties is played by the edges terminating the flakes that can be
of armchair, zigzag or—predominantly—a combination of both geometries. Atomically
sharp edges give rise to localized edge states dominating the electronic structure, except
for perfect armchair orientation [46]. Therefore, it is a hurdle that the etching fabrica-
tion techniques lead to rough edges, rendering crucial edge-disorder in determining the
transport properties of etched graphene confined devices 3. This issue was addressed
by the chemical vapor deposition (CVD) growth of graphene QDs on metal substrates
[164]. In this type of graphene QDs the local density of states (LDOS) has been inves-
tigated by scanning probe methods, an example of an hexagonal nano-structured dot
with zig-zag edges on a Ir(111) subtract being shown in Fig. 2.10(a). The CVD tech-
nique leads to soft-confinement [130] due to the strong edge-substract interaction. Many
other techniques have been devoted to the fabrication of nano-structures with controlled
sharp edges as, e.g., the unzipping of carbon nanotubes [18] (see Fig. 2.10(b)) and the
bottom up approach [46, 165], that—changing the paradigm—enables for atomically
precise design of edges (see Fig. 2.10(c)). An important source of disorder in addition
to edge disorder is the inhomogeneous doping caused by the—widely used—silicon-oxide
SiO4 substrate. The reduction of bulk disorder can be tackled by designing architectures
based on suspended graphene, or by the employment of a different substrate, such as

hexagonal boron-nitride that retains the mechanical and electronic graphene prominent

2for a comparative discussion in the role of edge disorder see Ref. [51]
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(a) (b)

FIGURE 2.11: Bulk disorder is reduced in new-generation graphene QDs. (a) Scanning

force micrograph of an etched graphene QD on h-BN subtract. The QD diameter is

110 nm. (b) Stability diagram of the device shown in panel (a). From the Coulomb

diamonds, the extracted charging energy is Ec ~ 8 — 10 meV. Both figures are adapted
from Ref. [21].

characteristics. Even though the first solution seems not to be feasible in graphene due
to difficulty to gate suspended graphene layers [160], first transport measurements in

alternative substrates (see Fig. 2.11) have been recently performed [21, 51, 52]. Both

100

Cr/Au contact 0
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FIGURE 2.12: Reduction of bulk and edge disorder in bilayer graphene QDs (a) Scan-
ning electron micrograph (SEM) image of the architecture holding a suspended bilayer
graphene QD electrostatically confined. The bilayer (not visible) is placed below the
top gates in correspondence to the red boundary. The scale bar marks 1 gym. (b) Sta-
bility diagram of the device in panel (a). The conductance is given in units of e?/h, as
a function of the DC voltage Vpe through the device and the voltage on two top gates
Vi12. The extracted charging energy is Ec =~ 0.4 meV. Both figures are adopted from
Ref. [48]

approaches have been successfully employed to obtain electrostatically confined bilayer
graphene QDs [48, 49], where the energy gap—provided by the breaking of the inversion

symmetry—has the advantage to be controllable through a perpendicular electric field.
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An example of a complex architecture for clean bilayer graphene QDs and the relative
transport results is shown in Fig. 2.12. These proof-of-concept experiments pave the
way to the next generation of highly tunable graphene quantum-confined devices, ex-
ploiting alternative ways to obtain a band gap and based on clean confinement as offered
by patterned electrostatic gates. Such progress is highly desirable as it lifts the main
limitations to investigation, and thus to control graphene QDs properties. Among the
opportunities for fundamental research which this experimental trend proposes, being
particularly relevant for this Thesis, the question of how electron-electron interactions

in clean graphene QDs modify the non-interacting energy spectra is addressed.
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Wigner localization background

The Wigner localization concept is introduced as it is the subject of the original contribu-
tions of the Thesis in Chapters 5 and 6. First we review Wigner localization in the bulk,
enphasizing the differences between graphene and the conventional two-dimensional elec-
tron gas. We then discuss both theoretical and experimantal works on Wigner molecules

in finite systems.

3.1 The Wigner crystal

The Wigner localization phenomenon, which is a paradigmatic example of strong elec-
tron correlation, has been extensively explored since its prediction [36]. In a conventional
two-dimensional (2D) homogeneous electron gas !, in the absence of disorder, the Fermi
liquid [166] ground state—whose wavefunction is delocalized over the whole system size—
undergoes a phase transition as the density is decreased becoming a strongly correlated
state of localized electrons known as Wigner crystal (WC). This occurs because, by
decreasing the electron density n., the ratio between the average Coulomb interaction

energy (C) to the average kinetic energy (FE), known as coupling constant, increases as?

re = (C)/(E) = 1/apy/ne, (3.1)

where ap = h%c/me? is the Bohr radius, written in terms of the static dielectric constant
of the host material €, and the electron effective mass m. The coupling constant coin-
cides, at zero magnetic field, with the average interparticle separation explicated in Bohr
radius units known as Brueckner or Wigner-Seitz dimensionless density parameter. The

scaling between competing energies (Eq. 3.1) derives from the charge carrier quadratic

Lin a background made of neutralizing positive charges
%in the presence of valley degeneracy g, the density parameter is rescaled as g,rs

31
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dispersion relation Ej = h?k?/2m at small momenta k, that implies an average kinetic
energy proportional to n. as compared with the average Coulomb interaction energy

1/

scaling as ne ?_ Therefore at low densities, where the interaction dominates, the local-
ization of electrons among lattice positions minimizes the total energy of the electron
system. As a matter of fact, the 2D electron system is predicted to form a triangular
lattice. The critical value of ry ~ 37 has been estimated® for a clean two-dimensional
electron gas (2DEG) to transform into an electron-solid [167]. The melting of the crystal
at zero temperature is driven by quantum fluctuations, i.e., the oscillatory motion of the
electrons about their lattice equilibrium positions [168]. Experimentally the WC has
been observed on the surface of liquid He [169], in GaAs/GaAlAs heterojunction [170]

and in Si [171]. A recent theoretical and experimental review on the 2D Wigner crystal

can be found in Ref. [168].

In graphene, in contrast with the conventional two dimensional electron gas (2DEG), the
ratio between the interaction energy to the kinetic energy is independent of the electron
density, this peculiarity arising from the linear dispersion relation of graphene charge
carriers F = thvpk near to the Dirac points. In fact, while the average Coulomb energy

1/2

is, as in 2DEG, proportional to ne’”, in graphene also the average kinetic energy scales

the same way so graphene coupling constant is

62

(3.2)

T = .
s hevp

Thus the only tunable parameters to drive Wigner crystallization are the dielectric
constant € and the Fermi velocity vp. Therefore, the interaction parameter in graphene
has an upper bound corresponding to the vcuum (e = 1), providing 0 < ry < 2.2. In the
presence of a typical low screening substrate as SiOg, when ¢ = (£g;0, + 1)/2 & 2.5, the
interaction parameter in graphene is r; =~ 0.8. Even in the limit case of minimum value
of € = 1, which means no screening, the value ry = 2.2 is too small to drive localization.
Therefore undoped graphene, in the absence of a magnetic field, is a weakly interacting
system in comparison to the conventional 2DEG [9] and Wigner localization is not

expected for any electron density [34].

In the presence of a perpendicular magnetic field, Wigner crystallization is favoured due
to the fact that the magnetic field effectively localizes the electron wavefunctions while
the quantized kinetic energy is controlled as the electrons occupy the highly degenerate
Landau levels (LL). For the electrons within the last partially filled LL, the kinetic energy
is quenched and the only energy scale is the Coulomb energy, which favours the formation

of an electron crystal at small filling factors. In the limit of strong magnetic fields, at

3through Monte Carlo [167] and analytic calculations
4this expression does not takes into account the spin and valley degeneracies
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any density, the minimization of the energy of the system becomes equivalent to the
problem of finding the ground state of classical charged particles. The possibility to drive
Wigner crystallisation through a magnetic field [172] has been exploited experimentally
in the attempt to access it in semiconductor heterostructures, where magneto-transport
measurements have showed that at low filling factors the ground state is a Wigner crystal

[173].

Graphene ground state, in the presence of a perpendicular magnetic field that quenches
the kinetic energy, has been predicted to undergo crystallization. Such predictions,
relaying on mean field calculations [174], expect a triangular Wigner crystal structure
for small non-integer filling factors and an anisotropic Wigner crystal for increasing
filling factors [174]. Up to now, the whole experimental evidence of the electron solid
is indirect, being based on transport measurements. We note that in graphene the
electron density is directly accessible through local probes in contrast to the 2DEG in
semiconductor heterostructures where the electrons are buried inside the substrate. Thus
the first direct evidence of the WC electron-density modulations might be accessible in
graphene. In view of possible comparison with local probe experiments, the local density
of states (LDOS) and density of states (DOS) of the graphene electron solid for different
filling factors have been investigated [175].

3.2 The Wigner molecule

In finite-size systems the broken translational symmetry is expected to favour local-
ization of electrons respect to the corresponding bulk systems [41]. In analogy to the
Wigner crystal in bulk, the strongly correlated state of localized electrons in finite-size
systems is known as Wigner molecule (WM). Electron correlation in QDs becomes im-
portant when the inter-particle distance is large with respect to the single-electron wave
function extension. This relation can be controlled both by diluting the QD population
thus increasing the former term, or by applying a magnetic field, which decreases the
latter term. The crossover from a weakly interacting regime, dominated by quantum
mechanical confinement, to the Wigner-type behaviour, dominated by the interaction, as
well as the nature of this behaviour have been investigated extensively in semiconductor
quantum dots through different methods. A discussion of the various techniques can
be found in Ref. [41]. The degree of localization of electrons in space can be analyzed
theoretically through the one- or two-particle densities and the crossover between Fermi
liquid and Wigner molecule can be characterized by the dependence of these quantities

on quantum degrees of freedom. For example, as the limit case of classical point charges
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is approached, the dependence of observables on spin degrees of freedom vanishes. Be-
cause of artificial spatial symmetry breaking, the use of mean field methods has to be
regarded with some caution since no symmetries are broken in small quantum systems
[176, 177]. Another way to search for the WM state is to look at the low-lying excitation
spectrum, which in the strongly localized regime deviates from the atomic-like spectrum
and consists on spin, rotational, vibrational and isomeric® molecular excitations. Exact
diagonalisation (see Section 4.2) allows to take into account all the correlations charac-
terizing the WM and to predict the excitation spectra of the WM state. However, the
isomeric configurations and melting mechanisms at high particle numbers need to be

tackled through more flexible techniques dealing with greater numbers of electrons.

Different criteria for the onset of the electron localization—a smooth crossover—have
been used depending on the kind of confinement under consideration. In contrast to
homogeneous systems, where the Wigner-Seitz dimensionless density parameter rg is
defined in terms of the homogeneous density, for few-electron quantum dots it is not
straightforward to define an overall density, thus the parameter ry has been defined in
different ways by authors. For example it has been determined numerically from the
first maximum of the two-particle correlation function in effective Bohr units [178]. In
parabolic quantum dots, it is widely used directly the dimensionless coupling constant
tuning the Coulomb interaction | = ly/ap = (e?/ely)/hwy, with Iy = /h/wem the
harmonic oscillator length unit (in terms of the harmonic oscillator frequency wy). Also,
it has been used 7, = (I*/+v/N)'/3 [179], and in analogy with macroscopic systems r, =
(214)1/3 [180]. For polygonal QDs ry = y/A/mN with A the polygon area [181]. This

have to be regarded when comparing different works.

Early theoretical studies [182] of two-particles confined in small boxes found signatures
of Wigner localization in the electronic structure and in the spatial correlation function.
It was pointed out that correlation dominates for large box dimensions and is more
important for narrow rectangular boxes than for square boxes. Electron localization
has been investigated in polygonal QDs, without rotational symmetry. The continuous
problem of interacting electrons in this geometries has been mapped on a lattice model
[183]. More recent studies, based on spin density functional calculations, have shown that
increasing the size of polygonal dots the electron densities display as many maxima as
the number of electrons for sufficiently week confinement [181]. The Wigner localization
in a hard-wall potential has been recently interpreted in analogy with the hybridization

among atomic orbitals [184].

Several theoretical works are dedicated to the WM in QDs with isotropic parabolic

confinement potential, widely used to model the diverse confining experimental set-ups.

Stransitions between diverse geometrical arrangements of electrons
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In this case the Wigner molecule electronic configurations consist of a number of spatial
shells, which depends on the electrons number, and correspond to the arrangement of
particles on concentric circles [180]. Path-integral Monte Carlo simulations for up to
eight electrons monitored the crossover towards the WM through the dependence of the
two-particle correlation function on the z-component of the total spin. The crossover was
found at high densities respect to the bulk at rs ~ 4 [178]. Analogous investigations for
higher interaction and higher electron numbers indicated that the localization proceed
in two steps: formation of radial shells followed by the freezing of inter-shell rotation
[180]. This has been confirmed by succesive works investigating the intermediate regime
of localization—through diffusion quantum Monte Carlo technique—proposing it as an
enhancement of non-interacting interference effects [185]. The close-shell structure of
the addition spectra in the non-interacting regime is lifted due to the interaction and

affected mainly for small electron numbers [186].

In the deep Wigner limit, the electron molecule is amenable to comparison with the
classical picture describing N interacting particles. The spatial structure of the wave
function, which can be deduced form the one-particle and the two-particle correlation
functions, can be compared with the equilibrium geometrical configurations obtained
by minimizing (respect to the particle positions r) the classical electrostatic energy
Eeass = Y ;(U(r;) + Zj<i(e2/€]ri —1j|)) for a given confining potential U 5. For
example Monte Carlo simulations for the classical configurations of point-like charges
harmonically confined (carried out up to N = 38 [188] and N > 200 [189]), showed that
the particles arrange in a single circular ring for N < 5, while internal shells are occupied
for N > 5. In this case, isomeric configurations are energetically close to the ground
state. For very large N =~ 200 the innermost shells approximate the bulk triangular
arrangement. Analogous calculations for other kinds of confining potentials have been
performed, for example for isotropic [189] hard-wall potentials where defined shells are
present even for large particle numbers. The classical energy is a lower bound for the

quantum mechanical ground-state.

In the Wigner limit the energy excitation spectrum resembles the rotational and vibra-
tional modes allowed by the symmetry group of the electron molecule [104], hence a
semiclassical model becomes an important interpretation tool [190, 191]. For example
the excitation spectrum of a two-electron QD with harmonic confinement, for highly
interacting regimes (I = 200), has the same structure of the roto-vibrational bands of
the diatomic molecule. In particular the collective motion consist of rotations, bending
and stretching vibrations, obtained by the exact solutions (for N = 2) of the equation

of motion [190]. This structure is preserved also prior to the onset of the WM.

Sfor a macroscopic realization of these 2D classical system in a parabolic potential see Ref. [187]
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3.3 Experimental investigation of Wigner molecules

Spectroscopy measurements can access the excitation modes of Wigner molecules real-
ized in QDs with controlled dot population and electrostatic confinement potential. So
far, signatures of the WM were found in GaAs/AlGaAs semiconductor heterostructures
hosting QDs and in carbon nanotube QDs, both of which allow for clean structures. We
remark that the interpretation of the experiments discussed bellow revealing the WM
formation (or its onset), is based on the comparison of the measured excitation energies

with configuration interaction predictions.

VBias=2.5mV

plunger gate voltage (mV)

magnetic field (T)

(a) (b)

FIGURE 3.1: (a) Ga[AlJAs quantum well with the center located 75 nm bellow the
surface. The quantum dot diameter was 220 nm. (b) Differential conductance (at fixed
bias) as a function of the plunger gate and magnitude of the perpendicular magnetic
field. For increasing magnetic field the transitions between the one-electron ground
state and the two-electron spin-singlet ground state (Sp), spin-triplet excited state (T)
and spin-singlet excited state (S2 ) are visible. Both figures are adopted from Ref. [42].

Tunnelling spectroscopy measurements (see. Section 2.3.3) of the excitation spectrum
of a two-electron GaAs/AlGaAs QD, at finite magnetic field 7, have shown that the
ground-state undergoes a singlet-triplet transition with increasing magnetic field. This
observation highlighted the importance of correlations at [ ~ 1.5 (with hwy ~ 5 meV)
and—due to the anti-symmetry of the two-particle wavefunction—suggested the for-
mation of an electron molecule already at low magnetic fields. Indeed, comparison
with exact diagonalisation predictions, reproducing the measured spectra, linked the
observed modification of the electronic spectrum for increasing B with the modification
of the two-electron wavefunction into a molecular dimer with increasing interparticle

separation and decreasing overlap between the electron wavefunctions [42].

Resonant inelastic light scattering can be used to inquire the degree of correlation of

confined electron systems as it access neutral® few-body excitations of QDs consisting

"the experiment was prepared in a situation of negligible Zeeman splitting, thus avoiding a different
source of the observed single-triplet transition

8neutral excitations involve different Fock- Darwin shells (with same parity) and conserve the angular
momentum (monopole excitations) [192]
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on spin and charge modes © [192]. For parabolic confinement the correlated state is
characterized by the separation of the relative and center-of-mass motion as stated by
the Kohn theorem. In a correlated regime when spatial localization has not been fully
reached, at 7, ~ 1.7 10 with hwg ~ 3.8 meV, i.e. close to the onset of the WM formation,
inelastic light-scattering measurements have probed the low-lying few-body excitations
of four-electrons QDs realized in GaAs/AlGaAs heterostructures. They have been iden-
tified as roto-vibrations with rigid rotor and relative-motion decoupled components. In
particular, the relative-motion modes have been demonstrated to be independent of the
total angular momentum of the rotational state, modulated by exploiting the transition
of the ground-state driven by a moderate magnetic field. The observed molecular-like
separation of modes is due to strong correlation as demonstrated by an interpretation

based on the CI method [43]. The same optical spectroscopy technique in GaAs/Al-
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FIGURE 3.2: (a) Scanning electron microscopy of the GaAs/AlGaAs quantum dot with
diameter indicated. (b) Measured spin and charge excitations (down panel), the dark
lines are Gaussian curves fitting the data. The excitation spectrum is precisely repro-
duced by CI calculations (upper panel) while Hartree-Fock predictions for the peaks
positions (shown by triangles) miss the transition energies, thus correlations effects are
unprescindible to interpret the spectrum. The comparison between CI (dashed lines)
and the WM modes (solid lines) confirm that at rs = 1.6 the electrons form a dimmer.
Figures are adopted from Ref. [44].

GaAs QDs was employed in another subsequent experiment (in Ref. [44]), performed in
a stronger interacting regime, that revealed a two-electron'! WM at zero magnetic field.
In the regime characterized by rs =~ 3.4, with Awg =~ 1.6 meV, the measured low-lying
excitation modes were precisely reproduced by fully accounting the electron correlation,
which has been demonstrated to be crucial for their interpretation (see left panels of

Fig. 3.2(b)). The observed modes, through the comparison with the predicted modes of

%in inelastic light scattering experiments spin and charge modes can be discriminated through the
polarization of the scattered light [43].

defined as rs = 1/[ap~/mn] where ag is the effective Bohr radius and n the average electron density

"the control of the dot population up to single electron accuracy was achieved through photodepletion
by modulating the intensity of a HeNe continuous wave laser beam, the number of confined electrons
being identified by the measured spectra of the excitations [44]
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the limit case of perfect localization (see right panel in Fig. 3.2(b)), were recognized as
the breathing, center-of-mass oscillations and the rigid-rotor rotation modes of a Wigner
dimer and their energy quanta were determined. Such identification was confirmed by
the analysis of the profiles of pair correlation functions of the excited states which showed

a residual delocalization of electrons [44].

0 1
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AL =085+ 001 meY

60 65 70 75 80
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(a) (b)

FIGURE 3.3: (a) Schematic of the tunneling spectroscopy set-up: a suspended carbon-
nanotube is contacted with source (S) and drain (D) leads, two back gates induce an
electrostatic potential (upper panel) along the CNT which allows to tune between the
spatial configurations of the two electrons in a different (1, 1) and same (0, 2) extremities
of the CNT. (b) Differential conductance at zero magnetic field as a function of the
common gate voltage V; and the detuning voltage €, the change in slope marks the
crossing between the (1,1) configuration and the (0,2) configuration. The red lines
correspond to symmetric states while the blue lines to antisymmetric states. The energy
splitting between the 2-electrons asymmetric excited-state (blue-dashed lines) and the
ground-state (red-dashed bottom line) is one order of magnitude smaller respect to
non-interacting value [45]. Figures adopted from Ref. [45]

Recently a tunneling spectroscopy experiment, in Ref. [45], demonstrated the formation
of a WM in an ultra~clean carbon nanotube (CNT) QD. In order to unambiguously
establish the effect of the interaction—which is strong, due to the CNT low screening—
various measures were taken. The device used consisted on a ultra-clean suspended nan-
otube with source and drain contacts on a pair of split-gate electrodes (see Fig. 3.3(a)).
The two-electron case was probed, for which precise theoretical predictions [193, 194]
allow to distinguish between the effect of spin orbit coupling from the role of interaction
on the excitation spectrum. Eventual disorder effects were excluded measuring both
electrons and holes spectra—which have opposite response to disorder potentials. The
confining potential was controlled through highly tunable gates allowing to exclude ex-
trinsic electrostatic effects. In particular by varying the voltage difference between the
split-gate (detuning), the switching between two different spatial configurations of the
two electrons was controlled: in the first configuration (low detuning) each electron is

in a different extremity of the CNT and the spatial separation is caused by the effect
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of the gates, in the second configuration (high detuning) the two electrons are in the
same extremity of the CNT and the spatial separation can be ascribed exclusively to
the electron repulsion. After the identification of the spatial symmetry of the probed
states by monitoring their behaviour in a magnetic field, it has been observed that
the excitation energies—given by the single-particle level spacing in the non-interacting
regime—quench since the interaction increases forcing the symmetric ground-state to
modify its symmetry, as confirmed by CI calculations. The quenching of excitation en-
ergies is shown in Fig 3.3(b). This is a paramount example of the high experimental

control over extrinsic effects that is required to probe the WM delicate state.

3.4 Electron localization in graphene QDs

(b)

FIGURE 3.4: Predicted edge-states WMs in graphene QDs (a) Pinned N = 7 electron
molecule in a circular graphene QD. The figure shows the electron density (lengths
are given in units of the dot radius R, the electron density units are R~2) calculated
from the superposition of trial (variational) wavefunctions of different total angular
momentum. Figure adopted from Ref. [53]. (b) Spin-polarized WMs formed by the
edge-states in a triangular graphene QD. The spin densities (red circles around each
given atom) of the three electrons (holes) ground-state are shown in the left (right)
panel. Figure adapted from Ref. [54].

Most theoretical works investigating electron localization in graphene QDs mainly fo-
cused on systems whose noninteracting energy spectrum is dominated by edge states,
neglecting orbital states delocalized over the whole dot area. Such edge states form
degenerate shells with degeneracy proportional to the imbalance between the number

of A-type and B-type atoms at the edges, that is maximal for zig-zag edges [55]. As
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the degenerate Landau levels in a strong magnetic fields, degenerate edge states are ex-
pected to be strongly affected by Coulomb interaction. The model for circular dots with
(enforced) uninterrupted zig-zag boundary conditions has been investigated through
both Hartree approximation and configuration-interaction methods with electrons being
considered in the restricted space of fully spin-polarized states. Surface states close to
half filling were found to be strongly correlated, giving rise to electrons localized at the
vertexes of regular polygons at the dot edges. Different trial wavefunctions have been
proposed to interpret the few-body correlated state as Laughlin or Wigner localized
wavefunctions [56], or variational rotating-electron-molecule wavefunctions that repro-
duce the correlations and the spectra found by calculations [53]. As ziz-zag edges are
necessarily disrupted in circular QDs by arm-chair portions of edges, the results suggest
that this disruptions act as impurities that pins the molecular structure of electrons at
edges [53, 56]. An example of the structure of the N = 7 electron wavefunction of a

pinned WM at the edge of a circular QD is reported after Ref. [53] in Fig. 3.4(a).

Triangular gated-defined QDs—zig-zag ending—have been investigated by combining
atomistic, mean field and CI methods [54, 55]. It has been predicted that few excess
charge carriers added at charge neutrality give rise a WM of spin polarized electrons (see
Fig. 3.4(b)) in small dots for certain filling fractions of the degenerate bands of edge
states [54]. In this case of triangular symmetry, the correlated wavefunction cannot be
compared with analytical trial wavefunctions. These findings were formulated within a

broader investigation of magnetism at edges.

Beyond electron correlation among edge states, interaction between delocalized states
populating graphene magnetic dots has been studied through configuration-interaction
method in the work in Ref. [58]. It has been pointed out the localization of the three-
electron state and the effect of the mass gap that enhances localization. The investiga-
tion is restricted to valley polarized electrons. Another work (in Ref. [57]) considered
two different circular confinement configurations: an infinite-mass boundary condition,
which models etched graphene QDs [129], and magnetic confinement realized through
an inhomogeneous magnetic field [57]. The investigation of up to N = 20 interacting
electrons in Ref. [57] is based on the Hartree-Fock (HF) method, the exact diagonal-
ization method being used as a benchmark for the case of N = 2 particle. The valley
degree of freedom has not be included in the calculations. It has been found that as the
Coulomb interaction increases, the addition spectra of the quantum dot as a function of
the electron number presents more pronounced peaks with respect to the non-interacting
structure. The HF results for the ground-state radial density and density-density corre-

lation function exhibit the formation of radial rings for increasing graphene interaction
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parameter rs. For the maximum rs = 2 considered in Ref. [57], the spatial shell fill-
ings have been shown to be in qualitative agreement with the classical shell filling for

hard-wall confinement, with deviations being found at large electron numbers (N > 10).
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Model system and numerical

approach

In this Chapter we present the method employed to solve the problem of few-interacting
electrons populating the conduction band of a clean graphene QD. In the presence of
a mass gap, induced by the breaking of sublattice symmetry, the QD is defined by a
circular confining potential, as induced by patterned gate-electrodes, the electric gate
potential being assumed to vary stepwise. First, we deduce the bound-states of electrons
in the conduction band by following the method of Ref. [59]. Afterwards we present the
configuration interaction (CI) method employed to include the effect of electron-electron

interaction.

4.1 Single-particle model

The first step in determining the interacting electron states is to find the eigenstates
of a single electron in the graphene QD under consideration. The general approach
for deriving an effective mass Hamiltonian, stated by Luttinger and Kohn [195], has
been applied to graphene by McClure in the presence of a magnetic field [62] and later
by DiVincenzo and Mele in the presence of an external potential [64]. The effective
Hamiltonian describes the single particle dynamics of charge carriers in graphene for

energies close to the Dirac points.

In our system the external potential is composed by the confinement potential being
identical on sublattices A and B, that we assume to be the hard-wall confining potential
Ulp) = Uy O(p — R) of height Uy with R denoting the QD radius and p = (22 +3%)'/?, a
staggered potential with different values on the A and B sublattices, that is thus coupled

42
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FI1GURE 4.1: Radial QD confinement potential. The interaction between graphene and
substrate opens a mass gap 2A in the QD energy spectrum. Bound state energy levels
in the conduction band are shown.

to the Hamiltonian via the 2 x 2 Pauli matrix 73. As it has been discussed in Section
2.3.2, this staggered potential can be experimentally induced through substract-graphene
interaction. Due to the presence of the mass-term A73 which opens an energy gap of
2A in the energy spectrum, the Klein tunneling effect can be avoided and, consequently,
the charge carriers will be confined. The low-energy charge carrier states are described

by the effective Hamiltonian
H, = —1hop[#1(0; + eAy) + 729y + eAy)] + TAT3 + U(p)7o, (4.1)

in the valley isotropic form [155], where the graphene valleys K and K’ are identified
by the index 7 = #+1. The Hamiltonian includes, within the minimal coupling, an
homogeneous magnetic field B = B2 normal to the graphene plane, in the symmetric
gauge A = (Az, Ay, Ay) = g(—y,x,O). In Eq. 4.1, v =~ 10% m/s is the Fermi velocity,
—e is the electron charge. The 2 x 2 Pauli matrices 7y, T2, 73, and the unit matrix 7y

act on envelope-functions that are pseudospinors of the form

R4(p)
B(p, ) = U1/ . (4.2)
e"*RP (p)

whose components are the A/B sublattice envelopes. Here ¢ is the azimuthal angle,
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j=m+1/2, m € Z is the half-integer quantum number eigenvalue of the 'pseudospin-
orbital’ total angular momentum j, = —ihd/dp+hiz/2, and R4 (p) [RE(p)] is the radial
envelope on sublattice A [B]. We find the eigenstates of 4.1 by following the procedure
of Ref. [59]. For numerical calculations we take A = Uy = 0.26 eV.

4.1.0.1 Bound-states with magnetic field

The eigenvalue problem
H,®(z,y) = e®(z,y) (4.3)

reduces to a one dimensional problem }AIS)R(,O) = eR(p) with

) j+1/2 B
TA+U(p) —ivrh[0, + i+l + %

a0 — (4.4)

) —1/2 B
i1/ + 7 —rA+U(p)

ivph[—ap +

acting on the radial part of the envelope function R(p) = [R4(p), RE(p)]T, and it is

equivalent to the system of coupled differential equations

j+1/2)

vphld, + ( +bpliRE = [rA — RA

. , (4.5)
vph[0, — w — bp)iRA = —[TA 4 |RB

eB
where the definitions b = TR for the term containing the magnetic field contribution,

and

E=€c=¢ for p< R (4.6)

e=es=ec—-Uy forp>R
for the kinetic energy contribution, have been introduced for the sake of simplicity. In
order to find the bound-states solutions within the conduction band (see. Fig 4.1), i.e,
the solutions of Eq. 4.3 with energy in the range A < ¢ < A + Uy, the system 4.5 is

decoupled into two second order differential equations

d*RB dRB A2 — 2 1
2 2 4 2 : . 215 B
+ =1|b + 2 Db+ —=1]+7+-+7°R 4.7
P dp? pd,o [b"p p-1(2] ) (v h)z] J 1 J°] (4.7)
and

d*RA dRA AZ — ¢2 1

2 2 4 2/ . 915 A

+p——=1b + 2 +1)b+ ———=] — 3+ -+ IR 4.
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which are independent from the valley index. Therefore, each radial component satisfies

a general hypergeometric differential equation of the form

) d2RA/B N deA/B
dp? dp

p = 0’0" + pPausp +nd g RYP. (4.9)

The parameters for the sublattice A and B components are

1 Z_AZ
aAE2b<j+§>—€ for RA

(vrh)?
(4.10)

1 2 — A2

=2(j—=] - for RB
o (” 2) (orm?
and 1
ng = |j—§| for RA

(4.11)

1
nBE]j+§\ for R

The eigenfunction radial part inside the dot (p < R) is given by the solution of Eq. 4.9

regular at the origin

B2 M2 M (qa, 1+ na, bp?)
Re(p) = e 00"/ (4.12)
Bp2Hne)/2pnE M (qp, 1+ np, bp?)

where M(q,1 + n,z) is the confluent hypergeometric function of the first kind [196],
qa = 3% +2(1 + na)] and gp = [%E +2(1 + np)].

The normalizable solution of Eq. 4.9 outside the dot (p > R) is

a2t 20U (rg, 1+ na, bp?)
Rs(p) = et/ (4.13)
ap20+mB)/2 nB U (1, 1 + np, bp?)

where U(r,1+n, z) is the confluent hypergeometric function of the second kind decaying
exponentially for large p [196], and the definitions r4 = $[%4 + 2(1 + na)] and rp =
1[%8 +2(1 + np)] hold.

To proceed we find the normalization constants a4/ap, and B4 /8p distinguishing be-
tween the two cases j > 0 and j < 0. For 7 > 0, the first equation of the system
4.5, by plugging the solution for p < R, Eq. 4.12, and by taking into account that



Chapter 4. Models and Methods 46

n=ng=ng—1land ¢=qa=qp=j+ (1/2) — (2 — A?)/(4b(vrh)?) becomes

(TA — e2)Bae /22147 57 M (g, 1 + 1, bp?)

, d (j+1/2 B o
- thﬁB[d—p + % + bple bo? 292+ P M (q,2 +n,bp%) = 0. (4.14)

From the recurrence relation 13.4.13 of [196]:

d

and from Eq. 4.14, it follows that

Ba 23/ 2wph(na +1)
B (TA —€o)

(4.16)

The ratio as /g is deduced in an analogous way from r =74 =g = j + (1/2) — (€2 —

A?)/(4b(vph)?), e.g., from the substitution of Eq. 4.13 into the first equation of the
system 4.5 by employing the recurrence relation 13.4.24 of [196]. The result is

as 23 2wph(ng —r)

p = oy —— . (4.17)
The continuity condition for the radial envelope functions at the dot edge p = R
R (R) = R<(R), (4.18)
provides the characteristic equation for the bound-state energies
BaM(qa,1+na,bR?) _ aaU(ra,1+na,bR?) (4.10)

BeM(qp,1+np,bR?) apU(gp,1+np,bR?)’

For j > 0, using the expressions for the ratios a4 /ap and 54/6p in Egs. 4.17 and 4.16,
the matching condition in Eq. 4.19 yields

(hwp)2G +1/2)
(e« —TA)(es + TA)

M(q,j+1/2,bR*)U(r,j + 3/2,bR?)

— M(q,7 +3/2,bR*)U(r,j +1/2,bR*) = 0. (4.20)

Similarly for j < 0, by accounting that g4 = gg +1 = 1 — (e2 — A?)/[4b(vrh)?] and
na = ng + 1 it follows that
Ba . —(TA+€)

— = 4.21
B na23/2wrh ( )
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and from 74 =7 +1=1— (2 — A?)/[4b(vph)?],

oA (TA +€s)
—_— = 4.22
ap 23/2wph ( )

Therefore, for j < 0, the matching condition in Eq. 4.19 leads to

—(TA+e.)
(TA+ex)(—j+1/2)

M(qa,—j+3/2,bR*)U(ra —1,—j + 1/2,bR?)

— M(ga—1,—j +1/2,bR*)U(ra, —j + 3/2,bR*) = 0. (4.23)

Therefore, in the presence of a perpendicular magnetic field, we find that the confined
states in the conduction band are given by Eqgs. 4.12 and 4.13, the energy eigenvalues are
the solutions of Eq. 4.20 and Eq. 4.23 for j > 0 and j < 0 respectively. These secular
equations are solved numerically and their roots used to write down explicitly the two-
component pseudospinors. The constants a4, ap, B4, 8p are determined by imposing

the normalization condition

0 27
|7 [ @i oraepp 1. (4.24)

4.1.0.2 Bound-states with zero magnetic field

Now we consider the limit case B = 0. From the reduced eigenvalue problem

HMR(p) = eR(p), (4.25)
with 1 1/9
TA+U(p) —ivphld, + ity ]
AWM = (4.26)
) —1/2
ivph|—0, + j=1 ] —1A+U(p)

it follows that each component of the radial envelope R(p) = [R4(p), RE(p)]” satisfies

the second-order decoupled equation

L, R4 () N deA/B(x) B
dx? dx

x [—Q2R222 + ni/B]RA/B(x) =0 forp<R
(4.27)
PRAB(z)  dRAB(z)
2 _
v dx? e dx

[A2R%2? + ni/B]RA/B(x) =0 forp>R
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with x = p/R and

Q= 752 — A
UFh
(4.28)
A — AQ — (E — U0)2
vph

For p < R, Eq. 4.27 is the Bessel-Bowman differential equation [197] of order n 4 /B € L.

The bound state requirement of regularity at the origin is satisfied by

Badn,(Qp)
Re<(p) = (4.29)
53 JnB (Qp)

with J, the Bessel function of the first kind of order n. For p > R, Eq. 4.27 becomes
the Modified Bessel-Bowman equation [197] of order n,,p € Z, which solution

aAKnA (Ap)
RT,>(p) = (430)
apKn, (Ap)

with K, the modified Bessel function of the second kind of order n, decays asymptotically
at large distances and is normalisable. We recall that the definitions ng4 = |j — 1/2| and
np = |7 + 1/2| hold, such that the Bessel functions orders depend on the total angular
momentum eigenvalue. Additional solutions do not satisfy the bound states requirements

of regularity and normalizability.

From the bound state solutions, the ratios between normalization constants aa, ag, 54, 85—
as illustrated in detail above for finite magnetic field—are obtained from plugging the
bound state expressions Eqs. 4.30 and 4.29 into the Dirac equation 4.25 and employing

recurrence relations between Bessel functions. The result of this procedure is

oajop = — Awrph
YT T A= (e - )]
(4.31)
iUFh
= Q
Balbe = —x—
for j > 0, and
_[rA+ (e - Up)]
aafap = wphA
(4.32)
_ —wphf)
Ba/Bp = —1—

for j < 0.
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Using the expressions for auy /ap and 54/0p, the energy quantization condition derived

from the continuity of the spinor at the dot edge, Eq. 4.18, is

Q (TA — k) B )
[TA — (e — Up)] A Ina(QR) K (AR) + Jnp (QR) Ky ,(AR) =0 for j >0

A (Ate) )
[TA+ (e —=Upy)] Q Ing (QR) K (AR) + Jnpy (QR) Ky (AR) = 0

for j < 0.

(4.33)
The above equations are linked by the transformation j — —j and 7 — —7, therefore

RA=RE_and RE =RA_.

4.1.0.3 Single particle energy spectrum: magnetic field lifting of the valley
degeneracy

1
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FIGURE 4.2: Single particle ground-state energy vs dot radius in the absence of mag-

netic field. The energy approximately scales as 1/ R? as shown by the fitting of numerical
data (black crosses) with the blue curve ( chi-square coefficient 1,63 )

In the presence of a mass term, the lowest-energy solutions—numerically calculated—of
the Eq. 4.33 for various dot radii, ranging from R = 25 nm to R = 225 nm, are shown in
Fig. 4.2. The energy decreases for increasing dot radius as € ~ 1/R? (instead of 1/R for

massless electrons) as shown by the interpolating (blu) curve which fits the data with
chi-square of 1,63.

The mass term 7A73 breaks the time reversal symmetry operating within a single valley

[102]—so called effective time reversal symmetry. This symmetry is represented by the

symplectic! operator S = 47 C that transforms the mass term as SA7ST = —Afs.
152 =1




Chapter 4. Models and Methods 50

< *
120 * * o * .
* o ¢ ¢
L ¢ K J
* o ® K o ®
1.22 —
3 ¢ o o o
o - -
k2] * o ¢ ¢
-‘233114— —
c ® o
= | * o * o
" J
1.64 ®* o6 o o -
L . ‘ .
0.8 | | I I L | | | | I
U129 72 B2 B2 /2 12 32 52 72 92 112
/
(a)
125 g o |... .‘-l ° °
O T B T L
IR R tecttll
1_2,_0:.. ':'!'!:--..;o;..--:!'!':° s
4 ','..'.‘..::‘ e, e .‘:';:'.- °L°
,..61.15_..01:.-..;.::;:..' ...f;g:.:.'..:‘...—
52 ° o o .ol:' ,... .l...‘-l' L. 8 ':loo.-.-
g MY ..:t--°':°:::,:::':"-:t:. .o o
S Tb, TTreresrare it TITr et
. Ll REN XS Leeetiet
IR L I D L A
1.05 o'.:z..'|-'.' ..’..-'.::'-. N
1.0!...00"'..1 | I..... T
-10 -5 0 5 10
B(T)

FIGURE 4.3: Single particle energy levels for a dot of radius R = 250 A (a) Energy
vs total 'pseudospin-orbital’ angular momentum eigenvalue j and zero magnetic field.
Black (red) color refers to the 7 = 1 (7 = —1) valley. The eigenvalues display the
symmetry £(j,7) = e(—j, —7). Valley and spin degrees of freedom imply a four-fold
degeneracy of the single particle energy spectrum. (b) Single particle energy spectrum
for j = +1/2,41/3,4+5/2 and different values of B. Energy is given in units of A = 0.26
eV. Same color code used in (a) distinguishes the two valleys. The valley degeneracy
at B = 0 is broken for finite magnetic field.

Therefore the energy eigenvalues are such that £(j, 7) # £(—j, 7) for both the considered
cases of absence (Eq. 4.26) and presence (Eq. 4.4) of magnetic field.
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In the absence of a perpendicular magnetic field, the—so called true time reversal
symmetry— linking the two valleys is preserved, so that the energy eigenvalues of op-

posite valleys are degenerate

e(j,7) =e(—4,—7). (4.34)

This is illustrated in Fig. 4.3(a) where the energy levels for zero magnetic field, computed
numerically from Eq. 4.33, are shown as a function of the total angular momentum

eigenvalue j, for a dot radius of R = 250 A.

The presence of a perpendicular magnetic field breaks the true time reversal symme-
try [155] lifting the two-fold degeneracy of the energy levels due to the valley degree
of freedom (Eq. 4.34) as it is illustrated in Fig. 4.3(b), which compares the single-
particle energy spectrum (in units of A) for different values of B. The spectra dis-
played in Fig. 4.3(b), computed numerically from Egs. 4.23 and 4.20, include posi-
tive and negative values of B in order to illustrate that the energy eigenvalues satisfy

e(B,j,7) =¢e(—B,—j,—T).

4.2 Configuration interaction method

4.2.1 Introduction to the Configuration Interaction method

The configuration interaction (CI) method solves the N-body interacting problem for
different kinds of interaction by expanding the N-body wavefunction in terms of configu-
rational states, that contain as much Slater determinants as required in order to find the
ground state energy at a given interaction strength. It has been largely used in quantum
chemistry, where the method originates, and in nuclear physics, as well as successfully
employed in condensed matter physics [42, 43, 45, 198], where it is known also as exact

diagonalization.

In order to solve the few-electron problem in the graphene QD under consideration, we
employ the full version of the CI method [199], that includes all the possible configu-
rations constructed from the chosen single particle (SP) basis set, the only truncation
being the cut-off on the expansion of the many-electron wave-function introduced by the
finite size of the basis set. Among the several methods used to tackle the interacting
problem in QDs, CI has been chosen because it retains all correlation effects missed or
only partially taken into account in Hartree-Fock or DFT calculations. Moreover CI,
compared to Quantum Monte Carlo frameworks, provides not only the N-body ground
state but also the wave functions and energies of the lowest excited states, which ex-

tends the possibility of experimental comparison with excitation spectra measurements,
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as well as correlation functions in real space. A critical comparison of CI with other
methods in the context of the electronic properties of semiconductor quantum dots can
be found in Ref. [41]. The main limitation of the CI method is the fact that the compu-
tational complexity increases exponentially with NV, so the method can tackle only small
numbers of interacting particles. However it allows us to tackle, with high numerical
precision, the few-electron problem also in the strongly interacting regime, which is the

main focus here.

As it has been mentioned in Section 3.4, the CI method has been already used in the
context of graphene QDs. Some examples are the study of surface ziz-zag states in
the strongly interacting regime in circular [56] and triangular [54] graphene QDs. CI
has been used as a benchmark for the 2-body energies computed thought Hartree-Fock
approximation and thought the Miiller exchange functional methods, in graphene QDs

with infinite mass confinement and magnetic confinement conditions [57].

4.2.2 N-body interacting problem in second quantization

An appropriate formulation of the problem of N electrons interacting in a confined
structure is provided by the standard second quantization formalism [104], briefly re-
called below. We start by considering a single particle basis set of orthogonal orbitals
{ba}, each orbital being uniquely specified by a tuple of quantum numbers «. If the
set of single-particle orbitals is complete, it can be constructed a complete set of basis
functions for the N-body Hilbert space. In the occupation number representation, the
N-body space is constructed by N creation fermionic operators éjm acting successively
on the vacuum |0). The operators é:g{g, and hermitian conjugated destruction opera-
tors ¢ap, such that é,,|0) = 0, respectively create and annihilate an electron of spin
z-component ¢ in the orbital ¢,. The N-body basis-states constructed in this way are

Slater determinants

N
N

with the set of N occupied spin-orbitals j = {a;0;};. Slater determinants are anti-
symmetric under particle exchange, as required for fermions, since the operators anti-

commute

{Cac: o} = Oap0ner {CacsCaar}t = {ehy. ek} = 0. (4.36)
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The N-body Hamiltonian for an isolated system of interacting electrons is

A

H = ﬁ5p+f/

— %eaﬁegoéﬁa + % aﬁ%;m, VaprsCho Chrtrer Cso (4.37)
where the indices «, 5,7, d run over the complete set of single particle states. The single-
particle one-body operator Hgp includes the kinetic energy operator and an eventual
external trapping potential, while the two-body operator V includes the interaction
between particles. The matrix elements of the one and two-body operators in the chosen

single-particle basis-set are respectively

EaB = /drqﬁa(r)*HSp(r)gbB(r) (4.38)

and

Vapys = /dr/dr'gz%(r)gﬁf;(r’)v(r—r')gb,y(r’)gbg(r) (4.39)

where v(r — r’) is the interacting potential. This expression includes direct (o = ¢ and

B =), exchange (o« = and § = §) and off-diagonal terms.

4.2.3 Configuration state function expansion

In order to solve the secular equation
(H — ExD)w™)y = 0. (4.40)

associated with the N-body problem, where H is the interacting Hamiltonian in Eq. 4.37
and I the identity matrix, a set of Ngp single-particle orbitals is chosen to construct
Ngp Slater determinants \Xg.N)> spanning the Hilbert space. The number of Slater
determinants is Ngp = (2Ngp)!/N!(2Ngp — N)! since each orbital can host two fermions
with opposite spins. From the Slater determinants, the N-body set of configurational
states functions (CSFs) is constructed in terms of linear combinations with Clebsch-

Gordan coefficients b;; as

Z0) = > bijlxs)- (4.41)
J

The CSFs have the correct symmetry of the Hamiltonian, e.g, if the Hamiltonian does
not contain any spin interaction terms, as in the cases treated here, CSF's are eigenstates

not only of the spatial symmetry group of H but also of both S, and the square total
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spin S. The N-body state |[¥(M)) is then expanded in terms of CSFs

Oy =" ailZ). (4.42)

7
The interacting Hamiltonian 4.37, in the basis set of CSFs is block diagonal, its matrix
elements can be calculated from the Clebsch-Gordan coefficients b;; and from the matrix
elements between Slater determinants. The N-body problem Eq. 4.40 reduces in this

way to a matrix eigenvalue problem which can be numerically solved [199].

4.2.4 Single particle basis-set and two-body matrix elements

We focus on the interaction among few excess charge carriers populating the conduction
band of the graphene QD, so that the vacuum state consist of completely filled valence
band and empty conduction band. The basis set {¢,} is chosen from the eigenstates of
the single-particle Hamiltonian H,; = —thvp[71(0;+eAg)+72(0y +eAy)|+TAT3+U(p) 7o,
identified by the tuple of orbital quantum numbers o = {j,, 7o, Ta }, Where j, is the total
angular momentum eigenvalue, 7, is the isospin z-component eigenvalue and n, counts
subsequent energy eigenvalues within a given {j,,7,} set. In this basis set the single-
particle term of the Hamiltonian 4.37 is diagonal e,3 = €,30q3, and the interaction
matrix elements V5,5 need to be evaluated for the implementation of the CI method.
In the following we show a normalization procedure of single particle eigenstates as a

preamble to the computation of interacting matrix elements.

The single-particle orbital states are obtained from the standard modulation [195] of
Bloch states—localized at the lattice vectors—by the envelope wave functions (Eq. 4.2),

slowly varying on the lattice-constant scale. Single-particle orbital states are
balr) = M 05 ()05, () (4.43)
S

where the sum is performed over the index ¢ € {A, B} ranging over the two sublattices.
®¢,(r) incorporates the contributions of the envelope function ®(r), eigenstate of the
effective single-particle Hamiltonian Eq. 4.1 with energy eigenvalue €,. The conduction
band Bloch functions 1§ _(r) at the Dirac points K and K’, are expressed in terms of the

graphene 2p,-orbitals ¢, (r — Rc) centred on the R¢ lattice vectors as

S (r) = KRy (r— R, 4.44
a( ) m% D ( <) ( )

where N, is the number of unit cells and K™ refer to K or K’ when the valley index is

To = 1 or 7, = —1 respectively. The normalization constant M can be determined from
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the condition

/]¢a(r)]2dr =1, (4.45)

and from the localization of the graphene p,-orbitals respect to the envelope functions.
Indeed, by inserting the expression Eq. 4.43 for the single particle states into Eq. 4.45

and explicitly summing over ¢, the normalization condition, equivalent to

IMIQ/[I‘PQ(F) L)+ |08 ()] (o) +
[ (r)]* @5 (0) [ (0)]* 2 (r)+
(@25 (0)]* @4 (x) [2 ()] ik (r))dr = 1, (4.46)
reduces to
IM[? /(I‘Pé(r)IQIwé(f)l2 + |05 (0)Pf (x)[P)dr = 1. (4.47)

by considering the vanishing of the last two terms of Eq. 4.46 due to the orthogonality
of two different Bloch states belonging to the same wave vector K. Let us explicitly

write the square modulus of a Bloch state

[¥ra - N, Z Z AR A)SD;z(r —Ra)pp. (r —R'a). (4.48)
Ra R4

We see that the localized nature of the p, orbitals give rise to two simplifying approxi-

mations. First, the two-centred overlaps between p, orbitals are negligible

op. (r — Re)pp, (r — Rlc/) ~ |opp, (r — Rlc/)’25<,</5Rq7R’<- (4.49)

Second, the localized nature of the p, orbitals respect to the slowly varying envelope

functions length scale allows to treat them as normalized delta functions
|op. (r = R ~ 6(r — Re)V (4.50)

within a product with envelopes, V is the overall finite volume of the system, including

extension L, of the p, orbitals. The normalization condition for the p, orbitals is

/Isopz R,)|*dr = (4.51)

The above approximations Eqgs. 4.50 and 4.49 simplify Eq. 4.47 into

M2V A 2 B 9
— S edRAP+ D [@ERp)P =1. (4.52)
“ {Ra} {Rp}

The sum over the lattice vectors can be substituted by a 2-fold integral taking into
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account the slowly varying nature of the envelope functions respect to the lattice length
scale
> @R ~ 5 [ [ (050 dody (4.53)
{R<}
where N /A is the density of atomic sites belonging to the ¢ sublattice and A is the
area of the QD. N¢ coincides with half the number of atoms, i.e., with the number of

graphene unit cells N.. Therefore we obtain

’ij [//\‘I>§(x7y)\2dxdy+//\@S(m’,y’)\Qdm’dy’] =1 (4.54)

which in circular coordinates (z,y) = (pcos ¢, psinp), after integration over the az-

imuthal angle coordinates reads 2

21| M2V
[ 1ot pae = 2 [ iRt [ IREG PG| @)
Finally the normalization condition Eq. 4.24 for the envelope function and Eq. 4.45
leads to M2
MY
=1 4.56
=t (1.56)
from which, by considering that V = AL,,
1
M=——. (4.57)

VL.

We proceed by deducing the interaction matrix elements in the basis of single-particle
states {¢n}. We consider the forward scattering (FW) process that does not allow
inter-valley transitions and involves small momentum transfer, therefore this scattering
process is dominant among other allowed scattering processes [194]. Making explicit the
isospin z-component eigenvalue in each set of quantum numbers o = {a, 7.}, = {b, 73},

v={c, 7y}, § ={d, 75}, the FW scattering valley selection rule is

T=Ta =T
T (4.58)

T=T3="Ty

that is, the isospin of each interacting electron is conserved. Below we derive an expres-
sion for the FW interaction matrix element involving only envelope spinors, employing
the Bloch states tight-binding expansion, and the localization of the p, orbitals with
respect to the envelope functions length scale. The obtained expression is suitable for

numerical calculations.

2the envelope functions depend on the angular variable ¢ only through a phase factor
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From the single particle state expressions® in terms of the envelope functions and Bloch

states 4.43

and from the localization of the tight-binding orbitals (Eq. 4.49), which implies that the
contributions with ¢’ # ¢’ and ¢ # ¢"” can be neglected, the interaction matrix element

4.39 becomes
Voo = 1M1 [[dr [ S5 @2 ) W3m) 200 o1 )2 ()uSw) - (463)
where the definitions s =¢" =¢”,5=¢=¢/, and

OL(r,x') = [0 #(r)]"[® . ()] @ (') D= (r) (4.64)

have been introduced to simplify notation. In Eq. 4.63, the sum over s and s involves

four different lattice vectors (RS, R, R, RY) in the Bloch states expressions

197 B
Z K" Ri(pw (r—RJ3) (4.65)
209"' K™ RS
Y3 (r') = FZ K Rip (rf — R) (4.66)
RS
ZGT
Y3 (r') ~ N2 ZelK Rior (' — RZ) (4.67)
291 o B
7(r) = N Y K g (r — RY), (4.68)
74

which can be reduced to the sum over two lattice vectors R® and RS defined as RS =
RS = R§ and RS = R§ = R} by neglecting the overlaps between p, orbitals centred at
different lattice sites (Eq. 4.49), therefore

Vasos = 0F [ ar [ 30 S S e et~ Roel Rt )

(4.69)

3note that we denote quantum numbers as lower indices and pseudospin components as upper indices
to facilitate reading
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Defining

P, 7(r,r') = Z Z @i:i(r, r') (4.70)

and taking into account the orbital localization Eq. 4.50, the matrix element becomes

‘M‘4V2 s s s s
Vages = "5 — > ) 2R R )0(RT - R) (4.71)
(& Rs R§

The sums over the two lattice sites can be replaced by a 6-fold integral

492
Vagrs = |M]\|[2V (AA]‘\E)Q/dr/dr’¢77;(r,r’)v(r—r/) (4.72)

[

AN, N, N,
AVg =7 lf; = 70 Employing the normalization constant in Eq. 4.57 we obtain

where
1 / / /
Vapys = Iz dr [ dr'®;=(r,r")v(r,r"). (4.73)

Up to this point, the interaction potential has not been made explicit. The strong
localization of the p, orbitals taken into account in the approximations Eq. 4.49 and
4.50 removes most of the contributions of the atomic orbitals. In order to recover the
contribution of their short-range structure, the Ohno electron-electron interaction is

considered. The Ohno interaction potential [200] is

/ Vo
vir—r) = 4.74
( ) \/1—1—()\_1]1'—1"])2 ( )
defined by
2
e
= — 4.
won (4.75)

where x is the relative static dielectric constant and e is the elementary charge. The
potential approaches the long range Coulomb potential for large inter-particle distances
|r — r/| while for short distances it tends to vg = 15 eV [201], the Hubbard-like intra-
atomic interaction. The interaction matrix element V,g.5 is finite due to the Ohno

short-distance cut-off.

We proceed from Eq. 4.73, then integration over the z and 2’ variables can be performed
by replacing (z — 2’) in the Onho potential with the averaged extension a, = 3ap of a
p. orbital written in terms of the Bohr radius ap A. As a result of such integration over
the extent of p, orbitals [—L,/2, L, /2] the factor 1/L? cancels.
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The matrix element for the effective 2D Ohno potential in circular coordinates (z,y) =

(pcos g, psin @) is

+o0o “+o00o 2T 2T
Vasys = /0 dp /0 dp’ /0 dip /0 de' pp'[@r7(ps 50,9 )v(ps 050, )] (4.76)

where
o

v(p, ;0 ¢") = :
VI+A2[(0% + p2 = 2pp cos(p — ¢') + aZ]

(4.77)

The explicit form of the integrand factor that includes the envelope functions contribu-

tion, by recalling the decouple radial and angular parts in Eq. 4.2, becomes

& =(p, 030, &) ZZ@TT pogip ) = elia=ia)elie=i)e! ZZRTT 0. 0)
(4.78)
where

R0, p') = Ri2(0) R (0) RE- (0 )R #(0) (4.79)

and the RS ~(p), Rp . (¢'), R:(p'), R§-(p) functions are the s, 5 components of the

radial envelope function eigenstates of quantum numbers o = a, 7.

The interacting matrix element can be written as

+o0o +oo
Vagys = / dp / dp'pp'[Rrz(p; )1 (p, p')] (4.80)

using the compact notation

Rez(ps p ZZRTT p.p) (4.81)

and 21 27
I(p,p) = / dp / dip/ [e"V1=I)2 0=y (p, i ! )] (4.82)
0 0

In the scattering process, the total angular momentum is conserved. This emerge im-
mediately going into the angular coordinates &€ = (o — ¢')/2 , n = (¢ + ¢')/2, in which,

after some manipulation the only non zero part is such that j, + j, = j. + jq and reads

8ug /W de (m — &) cos([jag — ja + Je + 7bl€)
\/(p—p’)2+a§+k2

™ (4.83)
¥ \/l = p’)QPJf 2l i)

I(p,p') =
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FIGURE 4.4: Ground state energy for N = 2, dot radius R = 2250A, B = 0 in the
strong interacting regime characterized by € = 2. For Ngp > 30 the energy becomes
stationary with the SP basis set size.

4.2.5 Numerical methods

We employed the FORTRAN code DONRODRIGO which implements the full CT method
specifically to compute the lowest part of the energy spectrum of QDs also for highly
interacting regimes. Details of its numerical implementation can be found in Ref. [199].
The input routines (computation of matrix elements) of the code and the post processing
ones were adapted to tackle the details of the graphene QD system under consideration.

The steps of the CI calculation are the following

e Selection of a pertinent basis set of Ngp single particle orbitals. The number of
possible configurations increases exponentially with the electron number N and
single particle states Ngp. This determine the computational cost of the method
and therefore limits its use to a small number of interacting electrons. For a given
N, the pertinent number of single-particle states Ngp is chosen by performing
convergence tests, i.e., by increasing Ngp up to the point where the resulting
energies are practically independent on the single-particle basis size. An example
of typical convergence test is reported in Fig. 4.4 for N = 2, dot radius R = 2250A |
zero magnetic field and a strong interacting regime characterized by small dielectric

constant € = 2.

e Computation of the one-body and the two-body matrix elements respectively e,z
and V5,5 in the basis set of SP orbitals. The first matrix elements are immediately
given because the chosen SP basis states are eigenvalues of Hgp. The two-body

matrix elements were computed by numerical integration of Eq. 4.80 in a Cartesian
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grid whose extension was chosen by taking into account the exponentially decaying

asymptotic behaviour of the SP orbitals, that are numerically null beyond p = 3R.

e Diagonalisation of the matrix eigenvalue problem (see. Section 4.2.3). This is the
core of the numerical calculation, and employs as inputs the one-body and two-
body matrix elements previously computed. The diagonalization proceeds within
Hilbert space sectors of fixed (N, J,, S, S): we considered from N =2 to N =6
electrons, positive and negative values of the total angular momentum along the
z-axis J, and all the possible values of the square total spin S and the spin z-
component —N/2 < S, < N/2. For N > 2 the parallel version of the code is
needed due to the huge dimension of the Hamiltonian (the maximum subspace
dimension we diagonalise is of the order of 10%), the diagonalization method is the
Lanczos process implemented in the ARPACK library (PARPACK for the parallel
version) that requires iterative multiplication of the matrix with arbitrary vectors
and exploits the sparseness of the matrix to reduce the computational cost of large

scale diagonalizations [202].



Chapter 5

Wigner localization in graphene

quantum dots with a mass gap

In spite of unscreened Coulomb interactions close to charge neutrality, relativistic mass-
less electrons in graphene allegedly behave as noninteracting particles. A clue to this
paradox is that both interaction and kinetic energies scale with particle density in the
same way. In contrast, in a dilute gas of nonrelativistic electrons the different scaling
drives the transition to Wigner crystal. Here we present evidence that Dirac electrons
in a graphene quantum dot with a mass gap localize a la Wigner for realistic values of
device parameters. Our theoretical evidence relies on many-body observables obtained
through the exact diagonalization of the interacting Hamiltonian, which allows us to take
all electron correlations into account. We predict that the experimental signatures of
Wigner localization are the suppression of the fourfold periodicity of the filling sequence
and the quenching of excitation energies, which may be both accessed through Coulomb
blockade spectroscopy. Our findings are relevant to other carbon-based nanostructures

exhibiting a mass gap.!

5.1 Theoretical model and single-particle properties

The envelope-function QD Hamiltonian for noninteracting electrons in the valley 7
(Ref. [59]) is
H, = —ihvp (710/0z + 70/dy) + TA%3 + U(p)To. (5.1)

Here v ~ 10% m/s is the Fermi velocity, the 2 x 2 Pauli matrices 71, 72, 73, and the unit

matrix 7y act on pseudospinors whose components are the A/B sublattice envelopes,

n this chapter an adapted version of the results published in Phys. Rev. B 90, 125446 (2014) is
presented

62
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FIGURE 5.1: Graphene QD defined by electrostatic gates. (a) Proposed setup. The top

gate (V1) defines the dot while source (Vg), drain (Vp), and back (V) gates allow for

Coulomb blockade spectroscopy. (b) Radial QD confinement potential. The interaction
between graphene and substrate opens a mass gap 2A in the QD energy spectrum.

Ulp) = Up ©(p — R) is the circular hard-wall confinement potential of height Uy plotted
in Fig. 5.1(b), with R being the QD radius and p = (2 4+ y?)/2. The potential U,
modulated by the top gate shown in Fig. 5.1(a), confines the electrons in the QD since
the Zeeman-like term A7z breaks sublattice inversion symmetry, hence inducing a gap

2A into the energy spectrum [Fig. 5.1(b)]. In the following we take A = Uy = 0.26 eV.

We find numerically the eigenvalues of H, following the method of Ref. [59]. The QD

bound states ®(r) are pseudospinors of the form

R4(p)
O(r) = ¢i=1/2)¢ , (5.2)
¢¥R5 (p)

where @ is the azimuthal angle, j = +1/2, +3/2, ... is the half-integer quantum number
eigenvalue of the total angular momentum j, = —ihd/dp + ht3/2, and RA(p) [RE(p)] is
the radial envelope on sublattice A [B] (Ref. [64]). As illustrated in Fig. 5.2(a) for the
lowest conduction-band states, QD orbitals whose quantum numbers differ solely in the
sign of 7 (black or red [gray] lines) have different energies since inversion symmetry is
broken, whereas time reversal symmetry protects e(7, j) = e(—7, —j). Overall, including
the spin degree of freedom o = {1,1}, QD levels are four-fold degenerate. Both radial
profiles and integrated weights of envelopes R(p) are generically different on the two
sublattices, as shown in the example of Fig. 5.2(b). We consider a few excess interacting
charge carriers populating the QD conduction band. The presence of the gap 2A allows

us to ignore the pathologies that plague the many-body problem of Dirac electrons due
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FIGURE 5.2: (a) Lowest non-interacting QD energy levels in the conduction band.
Black (red [gray]) lines label states in K (K’) valley. (b) Real part of sublattice-resolved
envelopes whose energies are labeled by the square and triangle symbols in panel c.

to the unboundedness of the energy spectrum [203, 204]. The interacting Hamiltonian

is

A o= Y ewthtur+ 5 355

ato abed 1! o0’

X

(a7, b7 |v(x — ') |7, dr) élTUéZT/g’éCTIUIédTO" (5.3)

where égw creates an electron of spin ¢ in the orbital |ar) labeled by quantum numbers
7 and a = (jq,ne) Whose energy is €4, (n, is the number of radial nodes). Two-body

1/

interaction takes the Ohno form v(r—r') = v [1 + (voe/€?)?|r — r'|?] ? where ¢ is the
background relative dielectric constant. Since realistic values of € fall in a wide range
between € = 1.4 and € = 44, depending on the substrate [205] [206] [28] as well as on
nearby gates, here we treat € as a free parameter. At large distances v approaches the
Coulomb potential, whereas its contact limit is the Hubbard-like intra-atomic interaction
vo = 15 eV for the 2p, orbital [200]. Matrix elements (at, b7’ |v|cT’,dT) are obtained
from tight-binding states neglecting interatomic orbital overlaps [194] as well as small

intervalley exchange terms [207].

The many-body states are superpositions of the Slater determinants obtained by filling
the lowest 68 spin-valley-orbitals with N electrons in all possible ways (aka full configu-
ration interaction [199]). This size of the truncated single-particle basis set was chosen
after checking that the computed many-body ground-state energy is well converged.
In the Fock basis of Slater determinants H is a sparse matrix, with blocks labeled by

the total angular momentum and (iso)spin. The maximum linear size of the matrix
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is 2,187,712, which we diagonalize with the home-built parallel code DONRODRIGO
[43, 44, 45, 199]. This provides highly accurate energies and wave functions of both
ground and excited states, in contrast to other high-level methods, such as quantum

Monte Carlo, addressing ground state properties only.

500 T T T
50 T T I

450

FIGURE 5.3: Coulomb blockade linear spectroscopy. Chemical potential u(N) vs elec-

tron number N for different background dielectric constants e, with radius R = 250 A.

Inset: Charging energy Au(N) vs N. Lines are guides to the eye. Ay may be measured

as electrons are added to the quantum dot one by one tuning the backgate shown in
Fig. 5.1(a).

5.2 Coulomb blockade spectroscopy

A key quantity we obtain from the computed ground state energies Ey(N) is the chemical
potential u(N) = Eg(N) — Eo(N — 1), that is the resonating tunneling energy of the
Nth electron injected into the QD containing N — 1 interacting particles. This may be
measured through Coulomb blockade spectroscopy, as electrons are added to the QD one
by one tuning the backgate shown in Fig. 5.1(a) [117]. In Fig. 5.3 we artificially modulate
the background screening ¢ to highlight the effect of Coulomb interaction on the filling
sequence (here R = 250 A). In the absence of interactions (¢ = 100, dotted line), u(N)
is constant except for a step when adding the fifth electron, which corresponds to a
peak in the charging energy Apu(N) = pu(N + 1) — p(N) (see inset). This finite value
Ap(N = 4) ~ 10 meV is the orbital energy cost required to add an electron to the second
shell after the first one has been filled with four electrons. This fourfold periodicity is

generic for all fillings, as clear from Fig. 5.2(a).

As the interaction strength is turned on, the shell structure of p(N) is progressively

washed out. In contrast with circular QDs in ordinary semiconductors [208], the charging
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energy Ay shown in the inset of Fig. 5.3 neither exhibits half-shell peaks linked to Hund’s
rule nor decreases with N. The former feature, shared by carbon-nanotube QDs [45, 193],
is due to the spin-valley multicomponent nature of the wave function. In fact, at the
noninteracting level the four-fold degenerate spin-valley projections are linked to a single
orbital state, hence there is no Hund’s rule, which is associated with the partial filling
of a degenerate manifold of separate orbital states. The latter feature is peculiar to the
hard-wall confinement potential, as in the case of ordinary semiconductors the potential
is soft so the dot size L increases with N whereas the charging energy Ay = e2/C
decreases with N (C' ~ L is the QD capacitance).

For realistic values of € the Coulomb energy overwhelms the kinetic energy, making u

increase almost linearly with N (dashed and solid lines in Fig. 5.3 for ¢ = 5 and 2,

respectively).
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FIGURE 5.4: Emergence of radial correlations in the wave function. One-body density

(n(r)) vs radial coordinate p for different values of dielectric constant ¢ and electron

number N, with radius R = 1250 A. Realistically screened mutual interactions push
electrons against the QD potential wall.

5.3 Emergence of radial correlations

To clarify how interactions affect the wave function we compute the—circularly symmetric—
one-body density
1 N
(n(e) = - 3 (5(r 7)), (54)
i=1
where (...) is the quantum statical average for vanishing temperature. In practice, we
average (n(r)) over the ground-state multiplet, whose large angular-momentum degen-

eracy is protected by symmetry against the effect of interaction. After the averaging
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(n(r)) is the same on both sublattices, unspecified in the following. Figure 5.4 shows the
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FIGURE 5.5: One-body density (n(r)) vs radial coordinate p for different values of the
dot radius and electron number N. The dielectric constant is € = 5. The ring structure
is more pronounced for larger dot radius.

evolution of the radial profile of (n(r)) with the interaction strength. Whereas for large
screening (dotted lines) the probability weight is spread all over the QD, as ¢ is decreased
the central region is depleted with its weight being moved towards the dot wall. For
realistic screening (dashed and solid lines) (n) is a ring with electrons pushed against the
potential wall by Coulomb repulsion, which hints to the formation of a Wigner molecule
[41]. This trend is generic for different electron numbers and dot radii, as shown in Fig.

5.5 the larger R the more pronounce ring structure at a given €.
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FIGURE 5.6: Suppression of exchange interactions. Spin-resolved density (n,(r)) vs
radial coordinate p for different values of dielectric constant ¢ (left panel, R = 500 A)
and radius R (right panel, ¢ = 5), with N = 5 and spin projection S, = 1/2. Solid
and dashed lines point to (n4) and (n,), respectively. Wigner localization depletes
the probability weight in the regions halfway an electron and its neighbors and hence
suppresses exchange interactions, inducing large spin degeneracies.
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5.4 Suppression of exchange interactions

A fingerprint of Wigner localization is provided by the spin-resolved one-body density

(ns(r)),

N

(no(x)) = 3= D_ 0oei8lx = 1), - (5.5)

i=1
Here N, is the number of electrons with spin o so (n,(r)) is normalized to one, and
(... s, 1s the average taken over the manifold of states with fixed total spin projection
S, = (Ny—N;)/2. For odd electron numbers (n4(r)) and (n(r)) generically differ, as il-
lustrated in Fig. 5.6 for five electrons and S, = 1/2. However, as the interaction strength
is increased by either suppressing screening (left panel) or increasing the dot size (right
panel), the radial profiles of (n4) (solid lines) and (n|) (dashed lines) tend to overlap
and form the same probability density ring [43]. The rationale is that Coulomb forces
localize electrons in space, depleting the probability weight in the regions halfway an
electron and its neighbours. Therefore, exchange interactions between pairs of electrons

are suppressed, making spin degrees of freedom redundant.

5.5 Emergence of angular correlations

Angular correlation ( a.u. )

FIGURE 5.7: Pair correlation function P(r,rg) vs angle ¢ with |r| = |rg| for four elec-
trons and different values of dielectric constant ¢, with R = 500 A. Inset: corresponding
contour plots of P(r,rp) in the zy plane. Increasing the interaction strength leads to
the formation of the correlation hole as well as the development of angular correlations,
which enforce a square Wigner molecule. which enforce a square Wigner molecule.

To detect whether angular correlations are enforced by interactions we break the circular

symmetry of the one-body density introducing the pair correlation function P(r,rp), i.e.,
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the conditional probability of finding an electron at r provided another electron is located

at the fixed position rgy displaced from the origin,

1
P(I‘,r()) = m Z /dr;:, dr4...drN
N

01,02,..-,0

[i(r, 00510, 09513, 03; . . ;TN oN) [P (5.6)

For the sake of simplicity, here we take the quantum average over a selected pure quan-
tum state ¢ belonging to the ground-state multiplet and show the sublattice component

with the largest weight.

The insets of Fig. 5.7 show how the contour plots of P(r,r() for four electrons evolve
in the xy plane as screening is suppressed. The black dots highlight the positions rg of
the fixed electron, located at the maximum of of the one-body density with arbitrary
angle. As the interaction strength increases [panels from left (¢ = 100) to right (¢ = 2)],
we see—beyond the onset of the correlation hole around the fixed particle—a strong
rearrangement of the probability weight: a non-trivial structure emerges made of three
peaks located at the vertices of a square whose last vertex is placed at ry. Owverall,
the three peaks plus the fixed electron realize a square Wigner molecule, which rotates

together with rg.

N=3

N=2

FIGURE 5.8: Three-dimensional contour plots of pair correlation functions P(r,rq) for
e =2and R = 2250 A. Black dots point to the locations rq of fixed electrons.
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Cutting the contour plots of P(r,ry) along a ring of radius |ro| allows us to appreciate
the role of interactions in driving spatial order and localization, as we show in Fig. 5.7.
For weak correlations (dotted line) P vs ¢ is featureless, exhibiting a minor depression
close to ¢ = 0, 2, which realizes the exchange hole around the fixed electron position.
Increasing the interaction (up to € = 2, solid line) the three peaks of the square Wigner
molecule emerge together with a deep correlation hole around rg, the peak-to-valley

ratio increasing with decreasing ¢.

Figure 5.8 shows the generic behavior of N electrons in the strongly correlated limit,
here enforced with e = 2 and R = 2250 A. The electrons realize Wigner molecules whose
forms are regular polygons with IV vertices, as illustrated by the three-dimensional plots
of P(r,rp) for the dimer (N = 2), the triangle (N = 3), the square (N = 4), and the
pentagon (N = 5).
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FIGURE 5.9: Excitation spectrum of a Wigner molecule. Low-lying excitation energies

vs dielectric constant € for N = 4 and R = 500 A. Numbers label degeneracies of selected

multiplets. Insets: density n(r) vs radial coordinate p averaged over the ground state

(black curve) and the first excited multiplet (red [gray] curve). The Wigner-molecule

ground state is highly degenerate as localized electrons may independently flip their
(iso)spins.

5.6 Excitation spectrum

The excitation spectrum of a Wigner molecule may be measured by either non-linear
Coulomb blockade spectroscopy [45]—opening the source-drain bias window in the setup
of Fig. 5.1(a)—or inelastic light scattering [43, 44]. Figure 5.9 shows the dependence
of low-lying excitation energies on the interaction strength for four electrons. For weak

interactions (¢ = 100), the spectrum reminds us of the single-particle ladder of levels
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of Fig. 5.2(a), as to excite the ground state one moves an electron from the lowest
completely filled shell to higher orbital states. Whereas in this specific case the ground
state is non degenerate, the excited multiplets exhibit large degeneracies (labeled by
numbers) linked to different (iso)spin orientations. For stronger interactions, the lowest
excitation energies are strongly quenched as the system turns into a square Wigner
molecule. Comparing the one-body density n(r) of the ground-state (black curves in
the insets) with n(r) averaged over the lowest excited multiplet (red [gray]| curves), we
see that the two curves overlap for strong interactions (left inset, € = 2). In fact, in the
limit of perfect localization the Wigner-molecule ground state exhibits a huge degeneracy
since localized electrons may independently flip their (iso)spins, as exchange interactions
are completely suppressed. Therefore, the energy spectrum of the Wigner molecule is a

ladder of highly-degeratate rotovibrational quanta [41, 43, 44].



Chapter 6

Few-body energy spectrum in the

presence of a magnetic field

We present the energy spectrum of few interacting electrons confined in a clean, cir-
cular graphene quantum dot with a mass gap induced by the breaking of sublattice
symmetry, in the presence of a perpendicular magnetic field. We demonstrate that
the modifications of the magnetic dependence of the dot energy spectrum, accessible
through magnetic-field spectroscopy measurements, provide an indication of the degree
of electronic correlation, reaching the limit of electron localization. The results rely on
the combined analysis of few-body spectra and two-point correlation functions obtained

from the exact diagonalisation of the interacting Hamiltonian.

6.1 Single-particle energy spectrum

We start recalling the continuum model that describe the QD low-energy scale dynamics

of single electrons. In this model, we recall, the Hamiltonian is
H,. = —szp[ﬁ (835 + eAx) + 7A'2(ay + eAy)] + 7AT3 + U(p)f'o, (6.1)

near each graphene valley K(K’) identified by the valley index 7 = 1(—1). An homoge-
neous magnetic field B= BZ, normal to the graphene plane, is included within minimal
coupling. We choose the symmetric gauge for the vector potential A= (Az, Ay, A) =
g(—y,x,O) = g(—psin(go),pcos(ap),O), here p = (22 + y?)%/? and ¢ is the azimuthal
angle. In Eq. 6.1, vp = 10% m/s denotes the Fermi velocity module, (9, = 9/0x,0, =
0/0y) denote derivatives respect to the indicated coordinate. We recall that the 2 x 2

Pauli matrices 7123 and the unit matrix 7y act on the two components of the envelope

72
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wave function encoding the A and B (pseudospin) sublattices honeycomb structure of
graphene. The constant mass term 7A73 accounts for the lifting of the inversion sym-
metry between the carbon sublattices opening a gap of 2A in the energy spectrum.
The potential asymmetry between lattice sites may be induced by the interaction with
a periodic substrate (see Section 2.3.2). The last term in Eq. 6.1 includes the hard-
wall confinement potential U(p) = Up©(p — R) of height Uy (here © is the Heaviside
step-function), determining the dot region of radius R. The isotropy of the Hamiltonian
implies that the “pseudospin-orbital” total angular momentum along the transverse z-
direction jz = —ihd/Jp + h73/2 is conserved and the single-particle solutions to the

Dirac equation H'Tq)(p, ) = e®(p, ¢) are simultaneous eigenfuctions of H. and 7

R4(p)
B(p, ) =712 (6.2)
R (p)

with j, eigenvalue hj, j = m + 1/2, m € Z. The radial components of the bound-
state solutions R(p) = [RA(p), RB(p)]T are hypergeometric functions regular at the
origin and decaying asymptotically inner and outer the dot respectively. We obtained
numerically the single-particle energies from the energy quantization condition R(p <
R) = R(p > R). The deduction of both the secular equation and the bound-state

solutions is described in detail in Section 4.1.0.1.
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FIGURE 6.1: SP energy spectrum for j = £1/2,4+1/3,+5/2. Black (red) color refers

to the 7 = 1 (7 = —1) valley. The valley degeneracy at B = 0 is broken for finite

magnetic field B. The SP levels merge into the graphene Landau levels for high values
of B. Energies are given in units of half band-gap A.
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FIGURE 6.2: RA (continous lines) and I(R?P) (dashed lines) sublattice components

of representative single-particle radial envelopes (at different B values), corresponding

to lowest-energy levels with quantum numbers [j,7]: (a) [-1/2,—1] (b) [1/2,1] (c)
[-3/2,—1] (d) [~5/2, —1]. Dot radius R = 250 A.

The single particle energy spectrum of the confined states in the conduction band—
obtained numerically—of a dot of radius R = 250 A, is shown in Fig. 6.1, for a wide
range of magnetic field values. Note that at zero magnetic field, e(j,7) = (-7, —7),
therefore single-particle levels are four-fold degenerate due to valley and spin degrees
of freedom. Such symmetry is lifted at finite magnetic field as it is shown in Fig.
6.1 while e(j,7,B) = e(—j,—7,—B) (see Section 4.1.0.3). In the limit of large mag-
netic fields the single-particle energy levels merge into the lowest Landau levels g, /A =
V1 +2n(vph)?/(Alg)2, where n = 1,2,... and Ig = /h/eB is the magnetic length.

They include the zero mode (n = 0) Landau level peculiar of graphene (see Section

2.2.3) €g/A =1, which is valley-polarized. Note that the energy of the levels approach-
ing the zero mode (n = 0) Landau level decreases for increasing magnetic field . For
realistic dot radius, the Zeeman splitting gupB is negligible respect to the SP level

spacing so it is here ignored 2.

A zoom over low-lying energy levels for positive magnetic field values is shown in Fig.
6.3(a), including states of |j| up to 11/2 denoted by dashed (dotted-dashed) lines for
j >0 (j < 0), with black (red) colors distinguishing the valleys 7 = 1(-1). For the
highlighted levels, the quantum numbers [j, 7| are indicated. We show in Fig. 6.2 the

A [RA] and B [I(RP)] sublattice components of representative single-particle radial

Lthis is in contrast to semiconductor QDs energy levels merging the Landau-levels, which energy
increases for increasing magnetic field

for instance, at B = 10 T the Zeeman splitting is one order of magnitude smaller than the lowest
SP level spacing
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envelopes, corresponding to the lowest energy levels of Fig. 6.3(a). Note that the
prevalent sublattice component is different in each valley, being A (B) for 7 =1 (7 =
—1). The effect of increasing the magnetic field is to increase the relative weigh of the

B component ? and to displace the amplitude toward the dot center.

6.2 Evolution of Coulomb resonances in a perpendicular

magnetic field

We consider few electrons in the conduction band interacting through the Ohno potential

Vo

- V1+ A Tr —r/))?

v(r —r) (6.3)
defined by A = €2 /vge, where ¢ is the background relative dielectric constant. The Ohno
interaction potential accounts for the long-range Coulomb interaction at large interpar-
ticle distances |r — r’| and for the short-range structure of the 2p, atomic orbitals by
approaching, at short interparticle distances, the energy cost of localizing two electrons
on the same carbon site vg = 15 eV [200]. In the following, we inquire how quanti-
ties accessible by magneto-tunneling spectroscopy, i.e., the Coulomb blockade resonance
evolution as a function of the magnetic field, may change as the interaction strength
increases. To this aim, the interacting problem up to N = 5 electrons was numeri-
cally solved through the Configuration Interaction (CI) method (see Section 4.2), for a
wide range of magnetic field values and interaction regimes. The interaction strength is
tuned by varying the background dielectric constant €. The obtained few-body ground-
and excited-states are labelled by the total quantum numbers (J,, S, T,), i.e., the total
”pseudospin-angular” momentum J,, the total spin .S and the total isospin z-component
T, respectively. Al numerical results shown here refer to a QD of radius R = 250 A, the
mass parameter and the potential depth (see Eq. (6.1)) being fixed to A = Uy = 0.26
eV. From the exact N-body ground-state energy Ey(/N) and the ith excited-state energy
E;(N), we compute the chemical potential x(N) of the Nth electron tunneling into the
QD at a given magnetic field B

poyi(N) = Eg)i(N) — Eo(N —1). (6.4)

Fig. 6.3(b) depicts, for weak interaction strength, i.e., for dielectric constant ¢ = 100,
w(N) vs B up to N =5 electrons. For a given NN, by following the lowest curves, po(N)

is traced. Excited-state contributions p;(IN) near each kink are also depicted. Upward

3the lowest LLs are sublattice polarized, i.e., their wave functions amplitudes are non-zero only in
one of the sublattices
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FIGURE 6.3: (a) SP levels for j = +1/2,...,411/2. Same color code of Fig. 6.1, black

(red) lines corresponds to valley 7 = 1 (7 = —1). Dashed-lines depict j > 0 levels

whereas dashed-dotted lines correspond to j < 0 levels. Emphasized levels are denoted

by the quantum numbers [j, 7]. (b) Chemical potential (V) in the weakly interacting

regime, i.e., e = 100, for a dot of radius R = 250 A. The behaviour is determined by
the consecutive filling of the SP levels of panel (a).

cusps of the chemical potential identify crossings between different N-body ground-
states as the magnetic field changes. In this weakly interacting regime, the behaviour of

the chemical potential is basically determined by the non-interacting energy spectrum



Chapter 6. Few-body energy spectrum in the presence of a magnetic field 7

structure, as highlighted by the comparison of Fig. 6.3(b) with the emphasized curves
(thick lines) of Fig. 6.3(a). The occupation of a SP orbital in the 7 =1 (7 = —1) valley
corresponds to a positive (negative) po(N) slope. Note that the maximum for py(4)
around B = 3 T corresponds to the minimum for po(5) and that the first and second
curves are paired as well as the third and fourth curves. In fact, the lowest SP levels
(Fig. 6.3(a)) are filled sequentially by opposite-spin electrons, according with the Pauli
exclusion principle. The pair of curves (N =1 and N =2) and (N =3 and N =4) do

not overlap because of finite interaction. We now progressively increase the interaction

|
e=25

290

280

H(N) (meV)

270

FIGURE 6.4: Chemical potential p(N) vs magnetic field B for ¢ = 25, with dot radius
R = 250 A. The ground-state transitions at high magnetic fields are due to interaction.

strength by lowering the screening. For ¢ = 25 (see Fig. 6.4), the curves still resemble
the single-particle level structure but the kinks appear for lower B values with respect
to the crossings shown in Fig. 6.3(b). New ground-state transitions arise at higher
magnetic field values: for N = 2 at B, ~ 88 T and for N = 3 at B, =~ 9.5 T. These
two transitions—on which we focus in the following—are associated with the promotion
of one electron from the [-1/2,—1] to the [—3/2, —1] single-particle orbital (see Fig.
6.3(a)), as the interaction energy gain overcomes the kinetic energy cost of occupying
orbitals with greater |j|, which have null weight at the center of the dot. Consequently,
the 2-body ground-state (denoted by the (J,, S, T>) total quantum numbers) change from
(=1,0,—1) to (—2,1,—1), that is, an experimentally traceable singlet-triplet transition
occurs. For N = 3, as one electron is promoted from the [—-1/2, —1] to the [-3/2, —1]
single-particle state, the ground-state shifts from (—5/2,1/2, -3/2) to (—7/2,1/2,—3/2)
without S change.

As we further decrease screening, the impact of the interaction becomes substantial as
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FIGURE 6.5: Chemical potential u(N) vs magnetic field B in the interacting regime
characterized by € = 5, with dot radius R = 250 A. The SP level structure (Fig. 6.3(a))
is almost completely washed out.

it is illustrated in Fig. 6.5, where ¢ = 5. The critical magnetic field at which ground-
state transitions occur decreases, specifically the [-1/2, —1] to [-3/2, —1] transition can
be traced at B, ~ 3.9 T (for N = 2) and B, =~ 4.7 T (for N = 3). At this (and
at stronger) interaction regimes, the few-body states are linear superpositions of many
Slater determinants. However, the [-1/2,—1] — [-3/2,—1] transition involves one
prevalent configuration in the few-body expansion. Notice that new transitions (absent

for weakly interacting regimes) emerge at higher magnetic fields for all electron numbers.

In the strongly interacting regime (see Fig. 6.6), i.e., at € = 2, there is a further decrease
of the critical magnetic field at which transitions take place. In particular, the [—1/2, —1]
to [—3/2, —1] transition arises at B, ~ 2.4 T for N = 2 and at B, ~ 3.1 T for N = 3. The
number of crossings further increases for all p(N). A similar phenomenology has been
seen in QDs in conventional semiconductors [41] and interpreted in terms of analogy
with correlated states of the quantum Hall effect at fractional filling factors. Overall,
in this regime of interaction, the resonating energy of the Nth electron tunneling into
the dot is almost constant in contrast to weaker interaction regimes (Figs. 6.3(b) and
6.4) where the slopes of () strongly vary with B with signs depending on the valley

index of the lowest available single-particle level.
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FIGURE 6.6: Chemical potential p(N) vs magnetic field B in the strongly interacting

regime of ¢ = 2, with dot radius R = 250 A. The plot shows many transitions between

competing ground-states yielding to almost constant slopes of u(N) vs B for all N.

The Slater determinant of dominant weight in the CI expansion of the N = 2 and

N = 3 wave function, are shown: black (red) boxes represent SP orbitals [j, 7] of 7 =1
(r=-1).

6.3 Electron localization onset

We have pointed out the modification of the graphene QD few-body spectrum, deter-
mined by the interplay between the electron repulsion and the effect of the magnetic
field, which selects the single-particle energy levels of a single valley and determines
the energy splitting between them. For increasing magnetic field, the wave functions of
the lowest-energy single-particle states—the non-interacting basis set of our few-body
calculation—are squeezed towards the dot center. Besides, as the zero LL is approached,
the occupation of a prevalent sublattice is enforced [see Fig. 6.2]. To better understand
the interplay between electron repulsion and magnetic field in determining the spatial
structure of the few-body ground-state, we focus the analysis to N = 4 and N =5

electrons and we employ the pair correlation function (PCF)

N
1
P(r,ry) = YD <; d(r —ry)d(ro — rj)> , (6.5)
where (...) denotes the expectation value over the N-body ground-state. We recall that
the pair correlation function provides the conditional probability to find an electron
at r under the condition that another electron is located at the fixed position rg. We
compute the PCF [P(p)] as a function of the azimuthal angle ¢ by fixing |r| = p at

Iro| = po, the maximum of the one-body density n(r) = >, ¢ 3 no(r)Ng/N. For
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circular dots both the total one-body density n and the spin-resolved one-body density
ne(r) = <Z@]\L1 0o, 0(r — r,)> /Ny, with N, the number of electrons with spin o € {1, ]},
being isotropic quantities, provide radial correlation only. Tracing P(y), we visualize

instead spatial correlations beyond circular symmetry.
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FIGURE 6.7: Ground-state angular correlation P(y) vs azimuthal angle ¢ at selected
B =4 T (black lines) and B = 10 T (blue lines). Large screening ¢ = 25 (left panels)
and low screening ¢ = 5 (right panels) is considered for electron numbers N = 4 [(a)
and (b) panels] and N =5 [(c) and (d) panels]. Corresponding energy levels are labelled
with greek letters in Figs. 6.4 and 6.5. Whilst at weak interaction e = 25 [panels (a)
and (c)], the internal structure of the ground-state wave function features only a slight
modulation at ¢ = 0, 27 due to the Pauli exclusion principle, for stronger interaction € =
5 [panels (b) and (d)] the ground-state wave function displays a consistent correlation
hole and N — 1 peaks indicate the onset of electron localization.

We consider two intermediate interaction regimes corresponding to € = 25 and € = 5,
which spectra are shown respectively in Figs. 6.4 and 6.5. For these interaction regimes,
the ground-state angular correlation P(¢) at B = 4 T (black curves) and B = 10 T

(blue curves) are compared in Fig. 6.7.

In the weakly interacting regime of € = 25, the 4-electron ground-state does not undergo
any crossing from B =4 T to B =10 T as it is shown in Fig. 6.4. The total quantum
numbers of the state labelled with « in Fig. 6.4 are (J, = —4,S = 0,7, = —-2),
corresponding to double occupation of the low-lying single-particle orbitals. The wave
function structure is shown in Fig. 6.7(a): both for B = 4 T (black curve) and for
B =10 T (blue curve) there is only a weak angular modulation consisting on a depletion
at ¢ = 0,2, featuring the excluded region due to the Pauli exclusion principle. By

comparing the two curves, it can be observed that as the magnetic field is increased, the
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peak-to-valley ratio slightly increases. The angular conditional probability at B =10 T
(blue curve) has been computed along a circumference of smaller radius (corresponding
to the n maximum) respect to B = 4 T (black curve); the difference between the curves
in Fig 6.7(a) is a consequence of the evolution of the SP occupied states being squeezed

for increasing magnetic field.

In contrast, for ¢ = 5, the internal structure of the 4-electron ground-state wave function—
which is a linear superposition of many Slater determinants—is qualitatively different
as it is shown in Fig. 6.7 (b). We recall that at this low screening regime, electron inter-
action drives ground-state crossings for increasing magnetic field [see Fig. 6.5], namely
from aw at B =4 T to (J, = —8,5 = 2,T, = —2) at B = 10 T, the last state being
denoted as § in Fig. 6.5. At B = 4 T, P(p) displays a strong correlation hole and
N — 1 peaks smoothly modulate the angular PCF. For B = 10 T, P(¢)—computed
at a greater radial distance from the dot center respect to B = 4 T—features greater

peak-to-valley ratios and clear N — 1 maxima at 27/N.

The conditional probabilities for the 5-electron ground-state are shown in the bottom
panels of Fig. 6.7: for large screening, ¢ = 25 [Fig. 6.7(c)], the black curve corresponds
to the ground-state at B =4 T, being denoted as v [see Fig 6.4], whose total quantum
numbers are (J, = —7/2,5 =1/2,T, = —5/2). It is compared with the ground-state at
B =10T (blue curve), with total quantum numbers (J, = —13/2,5 =1/2,T, = —5/2).
This state, we denote with §, becomes the ground-state as a consequence of the low-lying
SP energy levels merging the zero-mode LL [see Figs. 6.4 and 6.3(a)]. The maximum
of n is closer to the dot center for § respect to the analogous for . Both v and ¢
are featureless except for the hole at ¢ = 0,27. For lower screening, ¢ = 5 [Fig.
6.7(d)] the ground-state at B = 4 T, 9, is compared with the ground state at B = 10
T, ¢ = (J, = -21/2,S = 3/2,T, = —5/2), which features a slightly more evident

modulation.

6.4 Discussion

For a few-electron system in a quantum dot, the identification of cusps of the chemical
potential in magneto-transport experiments accesses the ground-state transformations
induced by a magnetic field. We computed the magnetic field dependence of the few-
electron energy spectrum of a clean graphene QD with a mass gap, for a wide range of
interaction regimes (tuned by screening). Transitions between different ground-states
in the weakly interacting regime are determined by the structure of the single-particle

energy levels: the magnetic field removes the four-fold degeneracy of energy levels at
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B = 0, the energy levels approach the bulk Landau levels for large magnetic field val-
ues, among which the zero-mode graphene LL is valley polarized. We found that the
single-particle level structure is progressively washed out as the interaction is increased,
enforcing an incrementing number of crossings between ground-states and smoothing
the cusps corresponding to the ground-state transformations. In the limit case of very
low screening, the obtained structure of the chemical potentials is associated to strong
electron correlation and is a signature of Wigner molecule formation analogous to the
deviation from the single-particle energy level structure at B = 0, presented in Sec-
tions 5.2 and 5.6. The onset of electron localization as well as the enhancing role of
the magnetic field have been pointed out through the comparison of the spatial struc-
ture of the ground-state at different magnetic field values, for intermediate interaction
regimes. The predicted modifications of the energy spectrum may be accessed through

magneto-tunneling spectroscopy.



Chapter 7

Conclusion

In the last Chapter of this thesis, the main results obtained in this successful PhD re-
search project are summarized. The results are contained in the publication “Wigner
localization in a graphene quantum dot with a mass gap’, Phys. Rev. B 90, 125446
(2014) and a manuscript entitled ‘Signatures of electron correlation in a graphene quan-

tum dot from Coulomb-blockade spectroscopy’ is presently under preparation.

7.1 Summary

In the present Thesis we have theoretically investigated electron correlation in few-
electron graphene quantum dots with a mass gap. We presented the main results in
Chapters 5 and 6. In Chapter 5, in the absence of a magnetic field, for up to NV = 6 excess
charge carriers in the conduction band, we extracted the chemical potentials and the ad-
dition energies—which can be accessed through Coulomb-blockade spectroscopy—from
the exact ground-state energies. We monitored these quantities as the interaction in-
creases when lowering the screening. We found that as the interaction between electrons
increases, the four-fold periodicity of the non-interacting filling sequence is completely
washed out. The effect of interaction in the ground-state wave function spatial struc-
ture was unveiled by considering one-particle charge densities which—for all the electron
numbers considered—were found to display ring structures at low screening. This ring
structures set in at lower screening for higher dot radii. Additionally, we found that
the spin-resolved one-body densities of an even number of electrons, in contrast to the
weakly interacting regime where spin-up and spin-down densities differ, tend to coincide
as the interaction increases. This is due to the negligible exchange interaction among
localized electrons. Angular correlations were found to be enforced by interactions, and

the spatial structure of polygonal Wigner molecules was obtained. We found a strong
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quenching of the low-lying excitation energies as compared with the non-interacting ones
while approaching the limit of perfect electron localization. This strong theoretical ev-
idence of Wigner molecule formation was found for a broad range of realistic values of
device parameters. In Chapter 6, we extended our analysis of the graphene QD low-lying
energy spectrum to account for the presence of a magnetic field normal to the graphene
plane, and we analysed observables accessible through magneto-tunneling spectroscopy
measurements. We found that the magnetic field dependence of the energy spectrum is
significantly modified by electron-electron interaction, as it induces an increasing num-
ber of ground-state transitions flattening the chemical potential structure. We expect

our predictions to be inspiring for future experiments in graphene QDs.

7.2 Outlook

Presently, the preparation of clean and electrostatically controlled graphene quantum
dots is still a challenging task as well as the experimental validation of our predictions.
In bilayer graphene, it has been demonstrated that the electronic band gap can be
continuously tuned through a perpendicular electric field. This interesting option has
been exploited recently to achieve electrostatically confined bilayer graphene quantum
dots. Tunneling spectroscopy measurements have already been performed in very clean
architectures both in bilayer graphene on a substrate as well as in suspended bilayer
graphene. Therefore we envisage the investigation of strongly correlated behaviour in
bilayer graphene quantum dots to be an affordable task, including theoretical predictions

to be compared with transport experiments.

Up to now the whole experimental evidence of the electron molecule is indirect, being
based on transport measurements. Graphene offers the possibility of directly accessing
the spatial structure of Wigner molecules. Therefore, it would be of particular inter-
est to theoretically investigate the dot density of states and local density of states in
view of possible comparisons with local probe experiments such as scanning tunneling

spectroscopy.
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