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Abstract

Elastic membranes find numerous applications in several technological fields. These
structures are typically made of elastomers, due to their capability to withstand
large elastic deformations. A consistent analysis of the mechanics of membranes
must necessarily consider geometrical and material nonlinearities. Due to the re-
sulting mathematical complexity, membrane problems are usually studied with nu-
merical approaches and simple incompressible material models. This thesis investi-
gates deeply the mechanics of elastic membranes to fill the lack of reliable analytical
solutions and refined material models involving material compressibility.

Firstly, a simplified model to derive the analytical response of inflated circu-
lar flat membranes is proposed. Spherical deformed configurations are assumed as
simplifying assumption. The membrane is regarded as a homogeneous, isotropic,
hyperelastic solid described by a compressible Mooney-Rivlin constitutive law. The
equilibrium at the pole of the membrane gives the analytical relation between the
pressure and the deflection of the pole. Being approximate, this solution lacks of
accuracy at very large deformations. A corrective function based on the numer-
ical solution of the problem is calibrated, leading to a closed-form formula valid
regardless of geometry, material parameters and range of deformation.

Subsequently, the formulation is extended to pre-stretched circular flat mem-
branes and it is validated by means of finite element simulations. Bulge tests are
performed on three elastomeric membranes, both unstretched and pre-stretched,
and the proposed formulas are used to identify the material parameters. At very
large deformations the compressible Mooney-Rivlin model suffers major limitations,
especially regarding material hardening and volume changes. Therefore, an accurate
strain energy function (SED) for the response of elastomers at very large deforma-
tions is proposed. In particular, the volumetric part of the SED is calibrated on
experimental tests reflecting the real volumetric response of the material.

Finally, the proposed SED is applied to study the effect of compressibility in three
benchmark membrane problems: inflation of a circular flat membrane, inflation
of a thin-walled cylindrical tube, and inflation of a thin-walled spherical balloon.
Four different materials with increasing degree of compressibility are considered. As
compressibility increases, significant differences are observed in the pressure curve
as well as in the deformed shapes.

On one hand, the models proposed in this thesis provide a reliable and ready-to-
use analytical tool for practical applications of inflated membranes. On the other
hand, the proposed solutions for compressible materials lay the foundation for ap-
plications of membranes made of innovative materials as foams, gels, metamaterials,
which exhibit significant compressibility even at small deformations.



Sommario

Le membrane elastiche trovano numerose applicazioni in vari ambiti tecnologici.
Queste strutture sono tipicamente realizzate in materiali elastomerici, grazie alla
loro capacità di sostenere grandi deformazioni elastiche. Un’adeguata analisi della
meccanica delle membrane deve necessariamente considerare le non linearità geo-
metriche e materiali. A causa della complessità matematica, i problemi riguardanti
le membrane sono solitamente studiati con approcci numerici e assumendo sem-
plici modelli di materiale incomprimibile. Questa tesi studia approfonditamente la
meccanica delle membrane elastiche per colmare la mancanza di affidabili soluzioni
analitiche e di accurati modelli materiali che considerino la comprimibilità.

Innanzitutto viene proposto un modello semplificato per ottenere la risposta
analitica di membrane piane circolari soggette a pressione laterale. Come ipotesi
semplificativa, la configurazione deformata viene assunta sferica. La membrana è
considerata come un solido omogeneo, isotropo e iperelastico descritto da un legame
Mooney-Rivlin comprimibile. L’equilibrio al polo della membrana fornisce la re-
lazione analitica tra la pressione e lo spostamento del polo stesso. Essendo ap-
prossimata, questa soluzione perde accuratezza in grandi deformazioni. Perciò viene
calibrata una funzione correttiva basata sulla soluzione numerica del problema, ot-
tenendo una formula chiusa e valida indipendentemente dalla geometria, dai valori
dei parametri del materiale e dal livello di deformazione.

Successivamente, la formulazione è estesa alle membrane circolari piane dotate
di pre-stretch ed è validata attraverso simulazioni agli elementi finiti. Dei bulge
test sono condotti su tre membrane elastomeriche, sia senza che con pre-stretch,
e le formule proposte sono utilizzate per determinare i parametri dei materiali. A
deformazioni molto elevate il modello di Mooney-Rivlin comprimibile riscontra im-
portanti limiti, specialmente dovuti all’hardening del materiale e alle variazioni di
volume. Perciò viene proposta un’energia di deformazione accurata per la risposta di
elastomeri in grandi deformazioni. In particolare, la parte volumetrica dell’energia è
calibrata sulla base di prove sperimentali e riflette la reale risposta volumetrica del
materiale.

Infine, la forma di energia proposta è usata per studiare l’effetto della comprim-
ibilità in tre problemi di riferimento: una membrana circolare soggetta a pressione
laterale, un tubo cilindrico a parete sottile in pressione, e una sfera a parete sottile in
pressione. Vengono considerati quattro differenti materiali con grado di comprimi-
bilità crescente. Al crescere della comprimibilità, si osservano differenze significative
sia nella curva della pressione sia nelle deformate.

Da un lato, i modelli proposti forniscono uno strumento analitico affidabile e
di immediato utilizzo per le applicazioni pratiche. Dall’altro, le soluzioni proposte
per materiali comprimibili gettano le basi per applicazioni di membrane realizzate
in materiali innovativi come schiume, gel e metamateriali, i quali mostrano una
comprimibilità significativa anche a piccole deformazioni.
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“La cosa più bella che noi possiamo provare è il senso del mistero: esso è la
sorgente di tutta l’arte e di tutta la scienza”

Albert Einstein



1 Introduction

Inflatable elastic membranes find applications across various fields of engineering,
due to their unique combination of flexibility, durability, and adaptability. In archi-
tecture, these membranes are utilized for temporary structures, such as event pavil-
ions and exhibition spaces, as well as for permanent installations like retractable
roofs and pneumatic structures. In the field of robotics, inflatable membranes serve
as actuators for soft robots, providing compliant and versatile motion capabilities
ideal for applications in healthcare, exploration, and human-robot interaction. Addi-
tionally, elastic membranes play a crucial role in biomedical devices, where they are
employed in tissue engineering scaffolds, drug delivery systems, and wearable med-
ical devices. Moreover, these membranes are utilized in aerospace for deployable
structures and airbags and in automotive engineering for impact mitigation systems
and inflatable seals. The versatility and reliability of inflatable elastic membranes
continue to drive innovation and enable advancements across a wide range of indus-
tries, demonstrating their indispensable role in modern technology and design.

Since membranes are designed to sustain large deformations, geometrical and
mechanical nonlinearities must be necessarily taken into account. The arising math-
ematical complexity does not allow to obtain closed-form solutions even to prob-
lems of simple geometry. For this reason, problems involving inflatable membranes
have typically been approached numerically. Early works by Treloar [1], Adkins
and Rivlin [2], Green and Adkins [3], Corneliussen et al. [4] provided the founda-
tion of the theory of elastic membranes. Successively, numerical approaches have
been employed to address increasingly complex problems of inflated membranes, but
analytical solutions remain scarce. However, analytical solutions are of significant
relevance in both advancing the understanding and developing applications of elastic
membranes across various fields. Unlike numerical simulations, which can be com-
putationally intensive and time-consuming, analytical solutions offer an efficient and
accessible means of analyzing the response of membrane structures under different
conditions. This is helpful in the design and optimization of inflatable structures,
enabling engineers and researchers to explore a wide range of design parameters and
material properties. Furthermore, analytical solutions serve as valuable tools for
gaining insights into the underlying mechanics of inflated membranes, aiding in the
development of more accurate mathematical models.

In addition, the high nonlinearities and the large strains involved in the response
of elastic membranes make the choice of accurate nonlinear models crucial to pro-
vide reliable predictions of the behavior of these structures. However, most problems
involving inflatable elastic membranes have been studied assuming simple hypere-
lastic models. In particular, the analyses of elastic membranes have usually been
developed under the assumption of material incompressibility, due to the consider-
ation that the bulk modulus of elastomers is much larger than their shear modulus.
However, on one hand it has already been demonstrated that some class of elas-

1



Chapter 1. Introduction 2

tomers can experience significant volume changes at large deformations [5, 6]. On
the other hand, membranes made of soft materials like foams and gels find increas-
ing applications in modern technologies [7, 8]. These materials are characterized by
large volume changes even at small strains, and their modeling requires material
compressibility to be taken into account.

This thesis aims to bridge these gaps by investigating deeply the mechanics of
elastic membranes, with a specific focus on developing reliable analytical solutions
and refined material models that incorporate compressibility. In the first part of the
thesis, an analytical solution to the problem of the inflation of a circular membrane
described by a Mooney-Rivlin model is proposed. The proposed solution relies on a
simplified model based on the assumption of spherical deformed configurations. At
large deformations, the simplified model loses accuracy and the proposed solution
is adjusted by a refined polynomial function calibrated on the numerical solution
of the problem. As a result, the adjusted solution accurately predicts the pressure
vs. deflection curve of circular membranes regardless of geometrical parameters,
material parameters and magnitude of deformation. The proposed solution is then
extended to the case of initially pre-stretched circular membranes and validated by
finite element simulations. Comparison with simplified analytical models from the
literature proves the wide range of validity of the proposed formulas. Experimental
bulge tests on both unstretched and pre-stretched membranes are carried out, and
the proposed formula is used as an efficient and accessible tool to the characterization
of material parameters.

Successively, an accurate strain energy function (SED) is proposed to overcome
the limitations exhibited by the Mooney-Rivlin model. Particular attention is given
to material compressibility. Experimental simple tension and bulk tests are carried
out on four different types of elastomers. The complete volumetric curve is derived by
means of digital image correlation techniques, showing that some kind of elastomers
experience significative volume changes when the deformations are large. Following
the split of the energy into the deviatoric and volumetric parts, a volumetric SED
is then proposed. The proposed function is specifically designed for elastomers and
overcomes the limitations of the current formulations available in the literature. The
Yeoh-Fleming model is selected among the most commons incompressible models
and assumed as deviatoric part of the proposed SED.

The proposed SED is then adopted to study the effect of compressibility on the
mechanical response of inflated membranes. To this purpose, four classes of materials
with increasing degree of compressibility are investigated, involving foams, gels and
auxetic foams. Three benchmark membrane problems are examinated, including
circular flat membrane inflation, thin-walled cylindrical tube inflation, and thin-
walled spherical balloon inflation. The observed differences in pressure curves and
deformed shapes underscore the significant impact of compressibility on the response
of membranes.

In summary, this thesis contributes a two-fold advancement to the field: firstly,
by offering reliable analytical tools for practical applications of inflated circular
membranes, and secondly, by proposing a refined strain energy function for the large
deformations of compressible materials, laying the groundwork for the exploration of
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membranes composed of advanced materials exhibiting significant compressibility,
such as foams, gels, and metamaterials.

The thesis is organized as follows. In Chapter 2 the numerical solution to the
benchmark problem of the inflation of a circular flat membrane is presented and
discussed. In Chapter 3 the simplified model for inflated circular membranes is
presented. The approximate analytical pressure curves are derived and refined on
the basis of the numerical solution. The proposed solution is validated by finite
element simulations and a comparison with other simplified models in literature is
given. Experimental bulge tests are carried out and the proposed formula is used
for the material characterization. The proposed solution is then extended to the
case of initially stretched circular membranes in Chapter 4, and another series of
bulge tests are carried out on pre-stretched membranes. In Chapter 5, an original
volumetric strain energy function based on the real volumetric response of elastomers
is developed and proposed. The proposed SED is adopted in Chapter 6 to investigate
the effect of compressibility on the mechanics of membranes. Conclusions are drawn
in Chapter 7.



2 Numerical solution for the inflation
of circular membranes

The inflation of a circular, flat membrane is a benchmark problem in nonlinear
elasticity. Despite the simple geometry, the high material and geometrical non-
linearities involved do not allow for closed-form solutions. Therefore, researchers
typically resorted to numerical approaches to provide solution and further insights
into this problem. In this chapter, the numerical solution for the inflation of a
flat, circular membrane is presented. The membrane is made of an homogeneous,
isotropic, hyperelastic material. Subjected to a uniform lateral pressure, the mem-
brane inflates preserving axialsimmetry. The equilibrium equations of a material
element in the radial and normal directions lead to the governing system of first
order ordinary differential equations, which represents a two-point boundary value
problem (TPBVP). The TPBVP is converted into an initial value problem and
solved following the procedure proposed by Yang & Feng [9]. The procedure allows
to solve the TPBVP without the need of repeated iterations, resulting in a signif-
icant computational convenience. In Section 2.4, the equations are specialized for
an incompressible Mooney-Rivlin material model, and successively extended for the
first time to consider material compressibility. The solution is reported in terms
of pressure vs. deflection curve and deformed shapes, and two typical behaviours
based on material parameters are discussed. The numerical solution presented in
this chapter has a two-fold purpose: firstly, to illustrate the basic features of this
problem, and secondly to serve as reference for the development of the analytical
model in the following chapters.

2.1 Preliminaries
The problem of a circular flat membrane inflated by a uniform lateral pressure was
first investigated in the pioneering works by Treloar [1], Adkins and Rivlin [2] and
Green and Adkins [3]. Later on, the scientific interest towards this topic increased
considerably, driven by the variety of its applications in different engineering fields.
Thanks to their capability of sustaining large deformations, circular membranes
made of elastomers are used for instance in soft robotics [10–12], dielectric systems
[13–17], nano-devices [18, 19], biomechanics [20, 21] and structural engineering [22,
23].

When subjected to inflation, rubber membranes undergo large deformations.
For this reason, material and geometrical nonlinearities must necessarily taken into
account, leading to complex mechanical behaviours. Indeed, an exact closed-form
solution to this problem does not exist, even for the simplest case of lineraly elastic
material. Therefore, the problem has been investigated mostly from a numerical
point of view. Initially, the problem was formulated in terms of eight equation in

4
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eight unknowns. The numerical methods were based on changing the two-point
boundary value problem into an initial value problem, according to the Cauchy-
Kowalewski theorem [24]. The integration started from one boundary with part of
boundary conditions given and part assumed. The conditions at the other bound-
ary were met with a trial and error method. The breakthrough work by Yang and
Feng [9] managed to greatly simplify the system of equations into three differential
equations with explicit derivatives. In addition, Yang and Feng noticed an invari-
ance property of the governing equations which allows to avoid the trial and error
procedure. Successively, many authors adopted this approach to solve more com-
plex problems. For instance, Liu et al. [25] and Patil et al. [26] studied the contact
mechanics of inflated membranes under different interface conditions.

In the following, the benchmark problem of the inflation of a circular flat mem-
brane is presented and the procedure proposed by Yang and Feng is used to solve
the two-point boundary value problem. Besides providing insights on the main fea-
tures of the mechanics of inflatable membranes, this numerical solution is assumed
as reference solution for the development of the approximate analytical solution in
the following chapters.

2.2 Kinematics and constitutive relations
A membrane is modelled as a two-dimensional body with thickness much smaller
than the in-plane dimensions. As a consequence, the bending stiffness and the com-
pressive stiffness of a membrane are negligible and it can only withstand tensile
stresses. Consider a circular flat membrane of radius L and thickness H, repre-
sented in Fig. 2.1(a-b). In the reference configuration, a generic point P has co-
ordinates (R,Θ,Z) with respect to a cylindrical coordinate system with origin in
O. A uniform lateral pressure p is applied and the membrane is inflated into the
deformed configuration. Here and in the rest of the work we assume axysimmetric
deformations, ignoring more complex instability phenomena that trigger asymmetric
deformed shapes. After the deformation, point P moves to point P ′ with coordinates
(r,Θ,z). As shown in Fig.2.1(c), the principal directions of strain (1,2,3) correspond
to the meridians, the latitudinal lines and the normal to the deformed surface. The
principal stretches read respectively [9]

λ1 =
√
r′2 +z′2, λ2 = r

R
, λ3 = h

H
, (2.1)

where h is the thickness of the membrane in the deformed configuration and the
prime denotes differentiation with respect to the radial coordinate R. The principal
curvatures in the meridian and circumferential direction are given by

K1 = λ′
1r

′ −λ1r′′

λ2
1

√
λ2

1 − r′2
, K2 =

√
λ2

1 − r′2

λ1λ2R
. (2.2)

The membrane is made of a homogeneous, isotropic and hyperelastic material.
In the framework of hyperelasticity, the mechanical properties of the material are de-
scribed by the strain energy function W . Under the assumption of frame-indifference
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2

h

P≡(R,Θ,0)

P'≡(r,Θ,z)

z

r

1

3

d

Figure 2.1: Circular flat membrane subjected to uniform lateral pressure p: (a)
membrane in the reference configuration; (b) view in the R-Z plane; (c) membrane in
the deformed configuration; (d) view in the r-z plane. The principal directions 1,2,3
coincide with the meridians, the latitudinal lines and normal to the deformed surface.
A generic material point P with coordinates (R,Θ,0) in a cylindrical reference frame
moves to P ′, with coordinates (r,Θ,z). The deformation is axisymmetrical.

and isotropy, W can be written as a symmetric function of the principal strain in-
variants or the principal stretches [27], namely

W =W (I1, I2, I3) = W̃ (λ1,λ2,λ3), (2.3)

where I1, I2 and I3 are the principal strain invariants defined as

I1 = trC = λ2
1 +λ2

2 +λ2
3,

I2 = 1
2
[
(trC)2 − tr

(
C2
)]

= λ2
1λ

2
2 +λ2

1λ
2
3 +λ2

2λ
2
3,

I3 = detC = λ2
1λ

2
2λ

2
3,

(2.4)

being C = FT F the right Cauchy-Green deformation tensor and F the deformation
gradient. In the following, the strain energy function is written as a function of
the principal strain invariants, W = W (I1, I2, I3), since this is the case for most
hyperelastic models in the literature. The derivatives with respect to the principal
stretches can be computed with the chain rule and read

∂W

∂λi
= 2λi

(
w1 +

(
λ2

j +λ2
k

)
w2 +λ2

jλ
2
kw3

)
, i, j,k = 1,2,3 (2.5)
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where wj = ∂W/∂Ij , with j = 1,2,3. The principal Cauchy stresses are given by

σi = 1
λjλk

∂W

∂λi
, i, j,k = 1,2,3. (2.6)

Material incompressibility is a common assumption in the study of elastomers.
This is based on the observation that their bulk modulus is much larger than their
shear modulus. Under the assumption of incompressibility, the material can not ex-
perience volume changes during deformation, namely every deformation is isochoric.
The mathematical constraint J = detF = λ1λ2λ3 = 1 determines the expression for
the transversal stretch

λ3 = 1
λ1λ2

. (2.7)

The strain energy function depends on I1 and I2 only, W = W (I1, I2), and the
derivatives with respect to the principal stretches reduce to

∂W/∂λi = 2λi

(
w1 +

(
λ2

j +λ2
k

)
w2
)
, i, j,k = 1,2,3. (2.8)

The principal Cauchy stresses are given by

σi = λi
∂W

∂λi
−p, i, j,k = 1,2,3. (2.9)

where p is the internal pressure associated with the incompressibility constraint.
A thourough discussion and investigation on the compressibility of elastomers is

carried out in Chapter 5. In the following section, as always done in the literature,
the numerical solution of the problem is presented assuming incompressibility. In
Section 2.4 the governing equations are specialised to the Mooney-Rivlin material
model and extended to the case of compressible Mooney-Rivlin material. The gov-
erning equations in case of a generic compressible material are introduced in Chapter
6.

2.3 Boundary value problem and numerical integration
Being the thickness much smaller than the in-plane dimensions, it is reasonable to
assume that the normal stress along the thickness is negligible, resulting in a plane
stress condition. From this condition, σ3 = 0, the internal pressure p in Eq.(2.9) can
be determined. The principal stress resultants for unit edge length of the membrane
are given by

Ti = σih= 2H
(
λi

λj
− 1
λ3

iλ
3
j

)(
w1 +λ2

jw2
)
, i, j = 1,2. (2.10)

The equilibrium equations in the meridian and normal directions read

dT1
dr

+ 1
r

(T1 −T2) = 0, (2.11)

K1T1 +K2T2 = p. (2.12)
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Susbstituting Eq.(2.10) and Eq.(2.2) into the equilibrium equations, and with the
position η = r′, the following system of differential equations is obtained:

λ′
1 =

w1ψ1 +w2ψ2 + ∂w1
∂λ2

ψ3 + ∂w2
∂λ2

ψ4

Rλ2
(
3w1 − ∂w1

∂λ1
λ1 +

(
3w2 − ∂w2

∂λ1
λ1 +λ4

1

(
w1 + ∂w1

∂λ1
λ1
))
λ2

2 +λ4
1

(
w2 + ∂w2

∂λ1
λ1
)
λ4

2

) ,
λ′

2 = η−λ2
R

,

η′ = ηλ′
1

λ1
−
ϕλ5

1λ
4
2

√
−η2 +λ2

1 +2λ1
(
η2 −λ2

1
)(
w1 +w2λ2

1
)(
λ2

1λ
4
2 −1

)
2Rλ1λ2

(
w1 +w2λ2

2
)(
λ4

1λ
2
2 −1

) ,

(2.13)

where ϕ= pR/H and, for the sake of clarity, the following quantities were defined:

ψ1 = ηλ4
2λ

3
1 −3ηλ1 −λ3

2λ
5
1 +3λ2λ1,

ψ2 = −ηλ4
2λ

5
1 −ηλ3

1 +λ5
2λ

5
1 +λ3

2λ1,

ψ3 = −ηλ3
2λ

5
1 +ηλ2λ1 +λ4

2λ
5
1 −λ2

2λ1,

ψ4 = −ηλ5
1λ

5
2 +ηλ1λ

3
2 +λ5

1λ
6
2 −λ1λ

4
2.

(2.14)

Eqs.(2.13) compose a system of three nonlinear first order ordinary differential equa-
tions in the indipendent variables λ1,λ2 and η. These governing equations specify
a two-point boundary value problem (TPBVP), since boundary conditions for the
indipendent variables are prescribed at both boundaries of the domain. At the pole,
the principal stretches λ1 and λ2 are equal by symmetry and z′ = 0. Thus we have

λ1 = λ2 = η = λ0 at R= 0, (2.15)

with λ0 > 1. At the outer boundary the membrane is fixed, namely

λ2 = 1 at R= L/2. (2.16)

The integration of a TPBVP requires iterative procedures, fixing an initial condition
λ0 and integrating the equation with different values for the pressure p until the
condition at the outer boundary is met. However, Yang & Feng [9] noticed that
system (2.13) remains unchanged when a generic scaling factor γ is multiplied to
R. This invariance property greatly simplifies the integration, avoiding iterations.
Ultimately, the integration reduces to the following steps:

1. set an initial condition λ0 at the pole;

2. guess a value p0 for the pressure;

3. integrate system (2.13) using a Runge-Kutta method for increasing values of
R, until λ2 = 1;

4. the value of R at which λ2 = 1 is denoted by R∗ and it will generally differ
from L, since the guessed value p0 for the pressure is not likely to be corrected.
However, now the invariance property of system (2.13) allows to define a scal-
ing factor γ = L/R∗. The correct pressure p, which satisfies the equilibrum
equations and the boundary conditions, is given by

p= p0L/γaH. (2.17)
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5. integrate again system (2.13) with the correct pressure p to obtain the stretches
profiles. The deformed coordinates, r and z, are determined using Eq.(2.1).

6. repeat the procedure for different initial conditions λ0 to determine the corre-
sponding pressures and stretches profiles.

In case of an initial homogeneous pre-stretch λ̄, before inflation the membrane is
already deformed and the principal stretches are equal to λ1 = λ2 = λ̄. For this
reason, the outer boundary condition during inflation reads

λ2 = λ̄ at R= L/2. (2.18)

Other than that, there are no difference between the unstretched and pre-stretched
case and the numerical integration follows the steps listed above.

2.4 Application to Mooney-Rivlin materials
In this section, the governing equations presented above are specialised to a mem-
brane made of a Mooney-Rivlin material. The Mooney-Rivlin model is one of the
most common strain energy functions adopted to model elastomers in hyperelastic-
ity, since it combines a mathematical simplicity with a good ability in reproducing
the main features of the response of elastomers under large deformations. In the
following, the cases of both incompressible and compressible material are considered.

2.4.1 Incompressible materials

An incompressible Mooney-Rivlin material is described by the strain energy function
[28,29]

W (I1, I2) = a(I1 −3)+ b(I2 −3), (2.19)
where a and b are material parameters. The derivatives with respect to I1, I2 read

w1 = a, w2 = b. (2.20)

Defining the ratio β = b/a, the principal stress resultants specialise to

T1 = 2aH
(
1+βλ2

2
)(λ1

λ2
− 1
λ3

1λ
3
2

)
,

T2 = 2aH
(
1+βλ2

1
)(λ2

λ1
− 1
λ3

1λ
3
2

)
,

(2.21)

which substituted in Eqs.(2.11), (2.12) give the governing system of differential equa-
tions

λ′
1 = λ1

[
3λ2 +λ3

2
(
β−λ4

1
)
+λ4

2λ
2
1η
(
1−βλ2

1
)
+βλ5

2λ
4
1 −η

(
βλ2

1 +3
)]

Rλ2
(
βλ2

2 +1
)(
λ2

2λ
4
1 +3

) ,

λ′
2 = η−λ2

R
,

η′ = ηλ′
1

λ1
−

ϕλ3
2λ

4
1

√
λ2

1 −η2

2R
(
βλ2

2 +1
)(
λ2

2λ
4
1 −1

) +
(
βλ2

1 +1
)(
λ4

2λ
2
1 −1

)(
λ2

1 −η2)
Rλ2

(
βλ2

2 +1
)(
λ2

2λ
4
1 −1

) ,

(2.22)
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Figure 2.2: Inflation of an incompressible Mooney-Rivlin circular membrane: (a)
normalized pressure p̄= pL/(aH) vs. normalized deflection of the pole δ̄ = δ/L and
(b) normalized deformed shape (r̄ = r/L, z̄ = z/L) corresponding to δ̄ = 2.

with ϕ= pR/aH. The numerical integration of system (2.22) is perfomed on MAT-
LAB using function ode23 with an integration step ∆R = 0.001. It is important to
note that the governing equations depend only on the ratio β. Therefore, β is the
only parameter which affects qualitatively the response of the membrane, whereas
a variation of a only implies a scaling in the pressure. This makes the study of
the influence of material properties on the membrane response particularly conve-
nient in the case of a Mooney-Rivlin material. Figure 2.2(a) shows the response
of a Mooney-Rivlin membrane with β = 0.01 and β = 0.1 in terms of normalized
pressure, p̄= pL/aH, as a function of the normalized deflection of the pole, δ̄ = δ/L.
Two typical behaviour are found, depending on the value of material parameter β.
For β = 0.01, the pressure reaches a limit point where a maximum value is attained.
After the limit point, instability is triggered and a softening branch starts. In case
of more complex material models, the pressure may increase again at larger values
of deformation. For β = 0.1, the pressure vs. deflection curve is monotonic. Note
that the membrane has no out-of-plane stiffness in the undeformed configuration.
Figure 2.2(b) represents the deformed shapes corresponding to δ̄ = 2 for both values
of β. The higher value of pressure for the case of β = 0.01 results in a larger volume
in the deformed shape.

2.4.2 Compressible materials

A classic stored energy function for a compressible Mooney-Rivlin material is [30–35]

W (I1, I2, I3) = a(I1 −3)+ b(I2 −3)+Γ(I3) , (2.23)

where Γ is a convex function which satisfies a growth condition for both I3 → 0+

and I3 → ∞+. Ciarlet and Geymonat [36] proposed the following expression:

Γ(I3) = c(I3 −1)− q lnI3. (2.24)

Constants a, b, c and q are positive scalars. They are not indipendent. Indeed,
to guarantee a stress free condition in the reference configuration, constant q must
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satisfy
q = (a+2b+ c) . (2.25)

With this position and substituting (2.24) into (2.23), the expression of the stored
energy function turns into

W (I1, I2, I3) = a(I1 −3)+ b(I2 −3)+ c(I3 −1)− (a+2b+ c) lnI3. (2.26)

The derivatives with respect to the principal strain invariants are

w1 = a, w2 = b, w3 = c− a+2b+ c

I3
. (2.27)

Imposing the membrane assumption σ3 = 0, a closed relation between the transversal
stretch λ3 and λ1, λ2 is found

λ3 =
√

a+2b+ c

a+λ2
2
(
b+ cλ2

1
)
+ bλ2

1
= g (λ1,λ2) . (2.28)

Note that when c → ∞ Eq. (2.28) reduces to λ3 = 1/(λ1λ2), retrieving the rela-
tion for incompressible materials. The matematical simplicity of the Mooney-Rivlin
model allows to obtain an explicit expression for the transversal stretch λ3. Under
this circumstance, the solution for a compressible material is formally equivalent to
the solution for an incompressible material, provided the strain energy function

W (I1, I2, I3) = W̄ (λ1,λ2,λ3) = W̄ (λ1,λ2,g (λ1,λ2)) = W̃ (λ1,λ2) (2.29)

is assumed. When more complex strain energy function are used, the transver-
sal stretch is linked to λ1,λ2 by an implicit relation and its computation requires
numerical methods. This general circumstance will be treated in Chapter 6.

The principal Cauchy stresses σ1 and σ2 are computed by Eq.(2.6) with the use
of Eq.(2.28)

σi =
2a
(
βλ2

j +1
)(
λ4

i

(
β+ηλ2

2
)
+λ2

i

(
βλ2

j +1
)

−2β−η−1
)

λiλj
√

2β+η+1
√
λ2

i

(
β+ηλ2

j

)
+βλ2

j +1
, i, j = 1,2 (2.30)

where γ = c/a. The stress resultants per unit length T1 and T2 are computed as

Ti = σiλ3H =
2aH

(
βλ2

j +1
)[
λ4

i

(
β+γλ2

j

)
+λ2

i

(
βλ2

j +1
)

−2β−γ−1
]

λiλj

[
βλ2

j +λ2
i

(
β+γλ2

j

)
+1
] , i, j = 1,2

(2.31)
and the system of governing equations becomes

λ′
1 = ξ0 + ξ1λ2 + ξ2λ2

2 + ξ3λ3
2 + ξ4λ4

2 + ξ5λ5
2 + ξ6λ6

2 + ξ7λ7
2

Rλ2
(
βλ2

2 +1
)[
ζλ2

1 +2λ4
1
(
βλ2

2 +1
)(
β+γλ2

2
)
+λ6

1
(
β+γλ2

2
)2 +(2β+η+1)

(
βλ2

2 +1
)] ,

λ′
2 = η−λ2

R
,

η′ = κ1λ′
1 +κ3

[
λ1 +λ2

2λ1
(
β+γλ2

1
)
+βλ3

1
]
−2λ1(2β+γ+1)

(
βλ2

1 +1
)(
λ2

1 −η2)
2Rλ1λ2

(
βλ2

2 +1
)[
κ2 +λ2

1λ
2
2
(
β+γλ2

1
)] ,

(2.32)
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where, for the sake of clarity, the following quantities were defined

ξ0 = −λ5
1
(
2β3η+β2γη+β2η

)
−λ3

1
(
4β2η+2βγη+2βη

)
−λ1 (2βη+γη+η) ,

ξ1 = −β2λ7
1 −2βλ5

1 +λ3
1
(
2β2 +βγ+β−1

)
+λ1 (2β+γ+1) ,

ξ2 = −ηβ3λ7
1 −λ5

1
(
2β2γη+β2η+βγ2η+βγη

)
−λ1

(
2β2η+βγη+βη−η

)
+λ3

1
(
2β3η+β2γη+β2η−6βγη+βη−3γ2η−3γη

)
,

ξ3 = λ7
1
(
β3 −2βγ

)
−2γλ5

1 −λ3
1
(
2β3 +β2γ+β2 −6βγ+β−3γ2 −3γ

)
+λ1

(
4β2 +2βγ+2β

)
,

ξ4 = −2β2γηλ7
1 −2β3ηλ5

1 +2γηλ3
1 +2βηλ1, (2.33)

ξ5 = λ7
1
(
2β2γ−γ2

)
+2β3λ5

1 +λ3
1
(
2β2γ+β2 +βγ2 +βγ

)
+λ1

(
2β3 +β2γ+β2

)
,

ξ6 = −ηβγ2λ7
1 −λ5

1
(
2β2γη−γ2η

)
−λ3

1
(
β3η−2βγη

)
+β2ηλ1,

ξ7 = βγ2λ7
1 +2β2γλ5

1 +β3λ3
1,

ζ = β2λ4
2 +λ2

2 [β (6γ+2)+3γ (γ+1)]+3β (2β+γ+1)+1,

κ1 = 2βRηλ2
1λ

5
2
(
β+γλ2

1
)

+2Rηλ3
2
[
β2
(
λ4

1 −2
)

+γλ4
1 +β

(
2λ2

1 −γ−1
)]

+2κ2Rηλ2,

κ2 = βλ4
1 +λ2

1 −2β−γ−1,

κ3 = λ2
2

[
2βλ4

1 −λ2
1

(
β
√
λ2

1 −η2 +2βη2 −2
)

−2η2
]
.



3 Approximate analytical solution for
inflated circular membranes

In Chapter 2 the numerical solution for the benchmark problem of the inflation of
circular membranes was presented. The mathematical complexity arising from the
equilibrium equations, as well as from geometrical and material nonlinearities, has
forced researchers to analyse this problem by means numerical approaches. Only
a few simplified analytical models are available in the literature. However, each of
these models suffers from limitations and it results valid only for particular values of
material parameters and magnitude of deformation. As a result, there is still a lack
of analytical solutions available as immediate and efficient tool for broad practical
applications.

In this chapter, a simplified model for the inflation of circular, initially un-
stretched membranes is presented. The components of both displacement field and
displacement gradient are considered large. The simplifying assumption consists in
considering spherical caps as deformed configurations for the membrane. A com-
pressible Mooney-Rivlin material model is assumed as constitutive law. The equi-
librium at the pole of the membrane allows to derive the approximate response of
the membrane in terms of pressure-deflection curve.

Being based on a simplifying assumption, this approximate solution loses accu-
racy in corrispondence of some values of material parameters and some range of
deformation, when the actual deformed configuration of the membrane is far from
being spherical. For this reason, the approximate solution needs an adjustment.
The correction is performed by fitting the exact numerical solution of the problem
by means of a polynomial corrective function. The corrective function is calibrated
for a wide range of material parameters, covering all the range of practical interest.
As a result, the adjusted pressure-deflection formula is valid regardless of geometri-
cal parameters, material parameters and magnitude of deformation. Despite being
calibrated for the simpler case of incompressible materials, the adjusted formula is
proved to be valid also for compressible materials. The linearization of the proposed
model is then performed, showing how it reduces to the linearized theory of elasticity
provided that the components of both displacement field and displacement gradient
are considered small.

The proposed solution is further validated by finite element simulations. Suc-
cessively, it is compared with the simplified analytical models found in literature,
demonstrating how it overcomes their limitations and it results reliable for every
range of material parameters and deformation. Finally, experimental bulge tests on
three different kind of elastomers are carried out. The adjusted formula is used to
fit the experimental data and to calibrate the material parameters, proving to be a
powerful tool for material characterization under biaxial stress state.

13
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h

Figure 3.1: Circular flat membrane subjected to uniform lateral pressure p. Rep-
resentation of (a) undeformed and (b) deformed configurations. The membrane is
axisymmetric and therefore the kinematics of deformation is described in the R-Z
plane, as shown in (c). It is assumed that the membrane transforms into a spherical
cap with central angle 2α0 and radius ρ0. The deflection of the central point of the
membrane is denoted with δ. The kinematics of deformation is completely described
as a function of single parameter.

3.1 Analytical model
Consider again a circular flat membranes with radius L and thickness H, shown in
Fig. 3.1(a-b). The membrane is subjected to an uniform lateral pressure p. It is
assumed that, under the action of pressure p, the membrane deforms into spherical
caps. The kinematics of deformation derived by this assumption is described in
Fig. 3.1(c). Note that, contrary to the general case where the deformed shape
is described by two indipendent functions, the simplifying assumption allows to
describe completely the deformed shape with a single degree of freedom. A generic
material point P with coordinates (R,Θ,0) in a cylindrical reference frame moves
to P ′, with coordinates (r,Θ,z). The displacement field of point P reads

uR(P ) = ρ0 sinα(R)−R,

uΘ(P ) = 0,
uZ(P ) = ρ0 [cosα(R)− cosα0] ,

(3.1)

with α0 ∈ (0,π) and
ρ0 = L

sinα0
, α(R) = α0R

L
. (3.2)

Hereinafter, the dependence of angle α on the radial coordinate R will be omitted
for the sake of simplicity. The deformation of point P is defined as

φ(P ) = id(P )+u(P ), (3.3)
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whose representation in cylindrical components is
φR(P ) = r = ρ0 sinα,
φΘ(P ) = θ = Θ,
φZ(P ) = z = ρ0 (cosα− cosα0) .

(3.4)

The gradient of the deformation vector expressed in cylindrical coordinates is

[∇φ] =


∂r

∂R

1
R

∂r

∂Θ
∂r

∂Z

r
∂θ

∂R

r

R

∂θ

∂Θ r
∂θ

∂Z
∂z

∂R

1
R

∂z

∂Θ
∂z

∂Z

=


ρ0
∂α

∂R
cosα 0 0

0 ρ0 sinα
R

0

−ρ0
∂α

∂R
sinα 0 0

 . (3.5)

The third column of the matrix representation of ∇φ is empty because it is assumed
that the membrane is a two-dimensional body. In order to consider a deformation
along the thickness of the membrane, the stretch λZ along Z direction is introduced.
Thus, the deformation gradient is defined as

[F] =


ρ0
∂α

∂R
cosα 0 λZ sinα

0 ρ0 sinα
R

0

−ρ0
∂α

∂R
sinα 0 λZ cosα

 . (3.6)

In this way, the thickness H in the undeformed configuration transforms into h =
λZH in deformed configuration. The polar decomposition of the deformation gradi-
ent, F = RU, allows to write the rotation tensor R and the pure deformation tensor
U:

[R] =

 cosα 0 sinα
0 1 0

−sinα 0 cosα

 , [U] =

λR 0 0
0 λΘ 0
0 0 λZ

 , (3.7)

where
λR = ρ0

∂α

∂R
= α0ρ0

L
, λΘ = ρ0 sinα

R
. (3.8)

The radial stretch λR is constant, as a consequence of assuming spherical deformed
configurations for the membrane. Tensor U is diagonal, meaning that reference
system (R,Θ,Z) is principal in the undeformed configuration and λR, λΘ and λZ

are the principal stretches. The right Cauchy-Green deformation tensor C = FT F
reads

[C] =

λ2
R 0 0
0 λ2

Θ 0
0 0 λ2

Z

 . (3.9)

The first Piola-Kirchhoff stress tensor is expressed by the constitutive equation

TR (F) = ∂W

∂F = 2
[(
∂W

∂I1
+ I1

∂W

∂I2

)
F− ∂W

∂I2
RU3 + I3

∂W

∂I3
RU−1

]
. (3.10)
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This equation can be rewritten as [37]

TR = RS, (3.11)

where diagonal tensor S is the Biot stress tensor and is defined as

[S] =

SR 0 0
0 SΘ 0
0 0 SZ

 , (3.12)

with

Si = 2
[(
∂W

∂I1
+ I1

∂W

∂I2

)
λi − ∂W

∂I2
λ3

i + I3
∂W

∂I3
λ−1

i

]
, for i=R,Θ,Z. (3.13)

The membrane is assumed to be made of the compressible Mooney-Rivlin material
model introduced in Eq. (2.26). The derivatives with respect to the principal invari-
ants are given by Eq. (2.27), and the components of the Biot stress tensor specialise
to

SR = 2λR

[
a− a+2b+ c

λ2
R

+λ2
Θ
(
b+ cλ2

Z

)
+ bλ2

Z

]
,

SΘ = 2λΘ

[
a− a+2b+ c

λ2
Θ

+λ2
Z

(
b+ cλ2

R

)
+ bλ2

R

]
,

SZ = 2λZ

[
a− a+2b+ c

λ2
Z

+λ2
R

(
b+ cλ2

Θ
)

+ bλ2
Θ

]
.

(3.14)

Imposing the plane stress condition, SZ = 0, the relation for the transversal stretch
is determined

λZ =
√

a+2b+ c

a+λ2
Θ
(
b+ cλ2

R

)
+ bλ2

R

= g (λR,λΘ) , (3.15)

which coincides with Eq. (2.28). Again, for c → ∞ the relation for incompressible
materials λZ = 1/(λRλΘ) is retrieved.

The Cauchy stress tensor is defined as T = (detF)−1 TRFT [38]. The principal
directions (r,θ,z) for the Cauchy stress tensor are identified by applying the rota-
tion given by tensor R to the material reference system (R,Θ,Z). The principal
directions (r,θ,z) coincide with the meridians, the circumferential lines and the nor-
mal direction to thickness, and pedices 1,2,3 respectively will be used hereinafter for
consistency with Chapter 2. The diagonal form of the Cauchy stress tensor in the
principal reference system is T = (detF)−1 RT TRFT R, which gives the following
result:

σ1 = 2
λRλΘλZ

[
a
(
λ2

R −1
)

+ b
(
λ2

Rλ
2
Z −2

)
+λ2

Rλ
2
Θ
(
b+ cλ2

Z

)
− c
]
,

σ2 = 2
λRλΘλZ

[
a
(
λ2

Θ −1
)

+ b
(
λ2

Rλ
2
Θ −2

)
+λ2

Θλ
2
Z

(
b+ cλ2

R

)
− c
]
,

σ3 = 2
λRλΘλZ

[
a
(
λ2

Z −1
)

+ b
(
λ2

Rλ
2
Z −2

)
+λ2

Θλ
2
Z

(
b+ cλ2

R

)
− c
]
.

(3.16)
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1

Figure 3.2: Local equilibrium in z direction written in the neighborhood of the
central point of the circular membrane. The applied pressure p is balanced by the
radial stress component σ1.

Substitution of Eq. (3.15) into Eq. (3.16) gives σ3 = 0. This result is consistent
with the plane stress condition along the thickness of the membrane.

After having derived the stress components, the equilibrium equations can be
written. Since the kinematics of deformation was restrained a priori to spherical
deformed configuration, it is not possible to satisfy the equilibrium equations locally
at every point of the membrane. However, an approximate solution can be derived
imposing the local equilibrium in the neighborhood of the most representative point
of the inflated membrane, namely the central point. To this aim, the equilibrium
equation in z direction for R → 0 is written. Fig. 3.2 shows the external force
generated by pressure p acting on area dA= πρ2

0dα
2. This force is balanced by the

projection of the meridian stress σ1 along z direction, which acts on area 2hπρ0dα.
With the approximation sindα∼= dα, the local equilibrium for R→ 0 reads

p
(
πρ2

0dα
2
)

= dα(2hπρ0dα)σ1
∣∣
R→0, (3.17)

from which the following expression for the applied pressure is derived:

p=
2(σ1h)

∣∣
R→0

ρ0
, (3.18)

with h= λZH and λZ given by Eq. (3.15).
The meridian stress σ1 for the case of R→ 0 reads

σ1
∣∣
R→0 = 2sin2 α0(α2

0 csc2 α0−1)(a+bα2
0 csc2 α0)[a+2b+α2

0 csc2 α0(2b+c)+c(1+α4
0 csc4 α0)]

α2
0

√
(a+2b+c)(a+2bα2

0 csc2 α0+cα4
0 csc4 α0)

. (3.19)

Transversal stretch λZ assumes the following form with R→ 0:

λZ

∣∣
R→0 =

√
a+2b+ c

a+2bα2
0 csc2α0 + cα4

0 csc4α0
. (3.20)
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Figure 3.3: Normalized pressure p̄= pL/(aH) vs. normalized deflection at the pole
δ̄ = δ/L for different values of β. The analytical curves are given by Eq. (3.22). For
low values of β (a) the approximate analytical solution results accurate, whereas
for higher values of β (b) it exhibits significant errors. The errors increase as the
deformation increases.

Introducing the normalized pressure as p̄= pL/(aH), the expression that links p̄ to
the kinematic parameter α0 is finally derived by substituting Eqs. (3.1) and (3.20)
into Eq. (3.18), obtaining [39]

p̄= 4sin3 α0(α2
0 csc2 α0−1)(1+β α2

0 csc2 α0)[1+2β+α2
0 csc2 α0(2β+γ)+γ(1+α4

0 csc4 α0)]
α2

0(1+2β α2
0 csc2 α0+γ α4

0 csc4 α0) . (3.21)

The kinematics is governed by parameter α0 (see Fig. 3.1(c)), which is related
to displacement δ of the central node of the membrane through the relation α0 =
2tan−1 δ̄. The expression of pressure p̄ given by Eq. (3.21) can be thus written
directly as a function of deflection δ̄. This provides the equilibrium path of the
inflated membrane in terms of pressure-deflection curve. In case of incompressible
materials, computing the limit of Eq. (3.21) for γ → ∞, the normalized pressure
reads

p̄
∣∣
γ→∞ = 4sin7α0

α6
0

(
1+βα2

0 csc2α0
)(
α6

0 csc6α0 −1
)
. (3.22)

Note that the normalized pressure is indipendent from the geometrical parameters
of the membrane. Indeed, variations on geometrical parameters, H and L, have
the only effect of scaling the dimensional value of the external pressure. Regarding
the effect of Mooney-Rivlin parameters, in case of incompressible materials the only
dependence is on parameter β. In case of compressible materials there is a further
dependence on parameter γ, which takes into account volume changes. In both
cases, parameter a only causes a scaling in the dimensional pressure.

Figures 3.3 compares the analytical pressure provided by Eq. (3.22) with the
pressure given by the numerical solution for different values of β. It is evident
how the approximate analytical curve is accurate for low values of β, whereas it
exhibits significant discrepancies as β increases. These discrepancies increase with
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the deformation. For low values of β, the actual deformed shape is close to a spherical
cap, therefore the error made by the assumption of the model is modest and the
analytical pressure results accurate. For high values of β, the deformed shapes turn
away from spherical caps, thus leading to important errors in the pressure curve.

The limited validity of the approximate analytical pressure to small values of
β and small deformations makes necessary an adjustment of the proposed formula.
This adjustment is performed in the following section by calibrating a corrective
polynomial function based on the numerical solution of the problem. The corrective
polynomial is calibrated for the case of incompressible materials, since in this case
the dependence on material parameters is reduced only to parameter β. Successively,
the calibrated formula is proved to be valid also for compressible materials.

3.2 Adjustment of the pressure curves
The approximate analytical formula for the pressure is adjusted by introducing an
additional polynomial function. The coefficients of the polynomial function are cal-
ibrated by fitting the pressure vs. deflection curves given by the numerical solution
for incompressible materials.

In case of incompressible materials, the governing equations depend on the
Mooney-Rivlin parameters only through ratio β. Once fixed this parameter, vari-
ations of a cause only a scaling in the value of pressure. For this reason, it is
straightforward to study the influence of the constitutive parameters on the solution
of the problem. A set of values for β ranging from 0 to 1 is defined. The choice of this
range aims to address all the typical values of β that can be found in the literature
for real rubber materials [40–43]. All the rubbers employed in technological appli-
cations are characterized by a value of β included in such range and therefore the
numerical simulations cover all the possible material behaviors. Overall, 70 values
for β are considered. From 0.04 to 1 parameter β varies with a step of 0.02. In the
range 0–0.04 the step decreases to 0.002. Indeed, in this range small variations of β
are more significant, since they determine the transition from softening to hardening
behavior at large deformations.

For each value of β, the numerical solution is obtained following the procedure
described in Section 2.3. For each value of β, the analysis is limited to a maximum
stretch that does not exceed 7 at any point of the membrane. This choice is consistent
with physical evidence, since most rubbers subjected to uniaxial tensile test reach
failure for stretches lower than 7 [44]. Note that the circumferential stretch λΘ
always decreases moving from the pole to the outer boundary, due to the boundary
condition λΘ(L) = 1. Instead, the radial stretch λR increases or decreases along the
radius depending on constitutive parameter β and on the magnitude of deformation.
Therefore, λR does not always assume its maximum value at the central node of the
membrane.

The proposed expression for the adjusted pressure is the following

p̄adj = p̄
10∑

j=1
fj (β)ϕj , (3.23)
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Figure 3.4: Discrete values of normalized maximum deflection δ̄max,i = δmax,i/L ob-
tained from the numerical solution for different material parameters β (red dots) and
fitting curve (continuous line), expressed by Eq. (3.25). The maximum deflection
δmax refers to the deflection of the pole corresponding to the achievement of a radial
stretch equal to 7 somewhere in the membrane.

where p̄ is the approximate pressure given by Eq.(3.22) and

fj (β) =
10∑

k=0
djkβ

k, ϕ= δ̄

δ̄max (β)
. (3.24)

In the following, δ̄max indicates the normalized vertical displacement at the pole that
produces a radial stretch equal to 7 somewhere in the membrane. The variables ϕ
has the advantage of varying in the range [0,1], simplifying the fitting procedure.
The values δ̄max,i obtained from the numerical simulations are displayed as a function
of β in Fig. 3.4. As expected, different values of β correspond to different values of
maximum deflection δ̄max at the pole, at which a radial stretch equal to 7 is reached
somewhere in the membrane. A regression law for δ̄max as a function of β is esti-
mated by using the NonlinearModelFit function of software Wolfram Mathematica.
NonlinearModelFit uses a least-square approach to find the set of parameters for the
regression law which best fit the discrete values δ̄max,i. The following polynomial
regression is derived:

δ̄max (β) =
12∑

i=0
ciβ

i, (3.25)

with coefficients ci, i = 0, ...,12, listed in Tab. 3.1. The regression is displayed in
Fig. 3.4, showing that it provides an accurate fit for the discrete values of maximum
displacement obtained from the numerical simulations.

Functions fj (β), j = 1, ...,10, assume different values for each of the values of β
considered in the numerical simulations. The values of fj were again estimated by
using the NonlinearModelFit function of software Wolfram Mathematica. The best
fitting coefficients djk, with j = 1, ...,10 and k = 0, ...,12, are listed in Tab. 3.2.
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Table 3.1: Coefficients of the polynomial regression for δ̄max that fits the discrete
values δ̄max,i of maximum deflection obtained from the numerical solutions of the
TPBVP.

c0 c1 c2 c3 c4 c5 c6

c7 c8 c9 c10 c11 c12

2.53 74.33 -973.79 3790.21 1.56×104 -2.20×105 1.02×106

-2.72×106 4.56×106 -4.92×106 3.31×106 -1.27×106 2.13×105

Table 3.2: Coefficients dj,k estimated to fit the adjusted analytical expression of
pressure, Eq. (3.26), to the numerical solutions of the TPBVP.

dj0 dj1 dj2 dj3 dj4 dj5 dj6

dj7 dj8 dj9 dj10 dj11 dj12

j = 1 25.13 53.33 132.47 -18829.3 2.37×105 -1.46×106 5.37×106

-1.27×107 1.99×107 -2.05×107 1.33×107 -4.98×106 8.14×105

j = 2 -290.11 -1159.72 8012.55 1.75×105 -2.93×106 1.96×107 -7.55×107

1.83×108 -2.90×108 3.01×108 -1.97×108 7.38×107 -1.21×107

j = 3 1894.3 13452.8 -2.21×105 8.86×105 5.24×106 -6.82×107 3.18×108

-8.45×108 1.41×109 -1.51×109 1.0×109 -3.81×108 6.26×107

j = 4 -7648.76 -86636.6 1.88×106 -1.65×107 7.40×107 -1.66×108 8.08×107

5.39×108 -1.55×109 2.06×109 -1.54×109 6.20×108 -1.05×108

j = 5 19981.7 3.24×105 -7.94×106 8.29×107 -4.92×108 1.84×109 -4.62×109

7.96×109 -9.58×109 7.95×109 -4.37×109 1.44×109 -2.19×108

j = 6 -34385.5 -7.37×105 1.91×107 -2.15×108 1.39×109 -5.77×109 1.61×1010

-3.13×1010 4.22×1010 -3.89×1010 2.35×1010 -8.35×109 1.32×109

j = 7 38714.9 1.03×106 -2.76×107 3.25×108 -2.19×109 9.52×109 -2.78×1010

5.59×1010 -7.80×1010 7.39×1010 -4.55×1010 1.64×1010 -2.62×109

j = 8 -27441.4 -8.73×105 2.39×107 -2.88×108 2.01×109 -8.92×109 2.66×1010

-5.48×1010 7.76×1010 -7.45×1010 4.63×1010 -1.68×1010 2.70×109

j = 9 11109 4.08×105 -1.14×107 1.40×108 -9.93×108 4.50×109 -1.36×1010

2.84×1010 -4.07×1010 3.94×1010 -2.46×1010 8.97×109 -1.44×109

j = 10 -1958.21 -81261.5 2.29×106 -2.87×107 2.07×108 -9.51×108 2.92×109

-6.14×109 8.86×109 -8.63×109 5.41×109 -1.98×109 3.19×108
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Figure 3.5: Normalized pressure p̄= pL/(aH) vs. normalized deflection at the pole
δ̄ = δ/L for different values of β. Comparison between the numerical solution and
the adjusted analytical pressure, computed from Eq. (3.26). The analytical formula
results accurate for every value of material parameter β and every magnitude of
deformation.

The final adjusted expression for the pressure as a function of the deflection of
the membrane is

p̄adj

(
β, δ̄

)
= p̄

∣∣
γ→∞

10∑
j=1

(
δ̄

δ̄max

)j 12∑
k=0

djkβ
k = p̄

∣∣
γ→∞ F

(
β, δ̄

)
, (3.26)

with p̄
∣∣
γ→∞ given by Eq. (3.22) and δ̄max given by Eq. (3.25).

Figures 3.5(a) and (b) show the comparison between the numerical solution and
the adjusted analytical pressure, computed from Eq. (3.26). The plots are given for
β = 0.004,0.04,0.1,0.2,0.5,1. The adjusted formula now provides values of pressure
accurate for every value of parameter β and for every magnitude of deformation. It
is worth stressing that the definition of the analytical model has been an important
step to derive a final accurate formula, even if the model was based on a simplified
assumption. Having already available an expression for p̄ based on the physics of
the problem simplified considerably the fitting procedure, which could have been
otherwise very complex or even unfeasible.

On the other hand, the proposed model renounces to an accurate description of
the kinematics of the membrane. From a theoretical point of view, adjusting the
kinematics by fitting the deformed configurations of the numerical solution could
be another possible approach. Once determined the kinematics, the pressure could
then be obtained from the equilibrium equation (3.18). However, due to the high
nonlinearity of the problem, small discrepancies in the deformed configurations lead
to considerable errors in the pressure-deflection curve, making this approach un-
practicable. In light of this consideration, a certain approximation on the deformed
configuration must be accepted. Fig. 3.6(a) shows the deformed configuration at



Chapter 3. Approximate analytical solution for inflated circular membranes 23

r r

z

Figure 3.6: Normalized deformed shapes (r̄ = r/L and z̄ = z/L) at (a) δ̄ = 2.5 for
different values of β and (b) β = 1 for different values of δ̄. Continuous black lines
represent the spherical deformed shapes assumed by the analytical model, whereas
dashed lines represent the actual deformed shapes obtained by the numerical solu-
tion. The discrepancy between the spherical caps and the actual deformed shapes
increases with the increasing of deflection and depends on the value of material pa-
rameter β.

δ̄ = 2.5 for different values of β. For β = 0 the numerical deformed shape is very
close to a spherical cap, indeed even the approximate formula resulted very accu-
rate. For other values of β the error increases, showing a trend similar to δ̄max.
The error has a peak around β = 0.1 and then it decreases. Figure 3.6(b) compares
the analytical and numerical deformed configurations for β = 1 at different values
of δ̄. As expected, the discrepancy increases as the deformation increases. On one
hand, despite the discrepancies in the deformed shape always remain modest, the
proposed model can not be used to extract accurate information on the kinematics
of the membrane. On the other hand, it is worth to remark that the pressure curve
represents the most important tool in engineering applications. In this sense, the
proposed analytical pressure gives very accurate predictions.

Despite it is not possible to provide an accurate description of the entire kine-
matics of the membrane, it would be useful to provide some information regarding
the state of strain and stress at the pole, which is usually the most representative
and critical point of the membrane. At the pole the circumferential stretch and
radial stretch coincide and are given by

λΘ
∣∣
R→0 = λR = α0

sinα0
, (3.27)

where α0 = 2tan−1 δ̄. It goes without saying that Eq. (3.27) is subjected to the
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Table 3.3: Coefficients qij of the adjusted analytical expression of the stretch at the
pole, Eq. (3.28), estimated by fitting the numerical solutions of the TPBVP.

qi0 qi1 qi2 qi3 qi4 qi5 qi6

qi7 qi8 qi9 qi10 qi11 qi12

i= 1 0.31 77.11 -2373.13 32253.9 -2.48×105 1.19×106 -3.76×106

8.05×106 -1.17×107 1.14×107 -7.14×106 2.59×106 -4.13×105

i= 2 0.74 -124.24 3257.57 -41512.8 3.07×105 -1.44×106 4.49×106

-9.48×106 1.36×107 -1.32×107 8.21×106 -2.96×106 4.71×105

same approximation that affects the deformed shapes and it needs to be corrected.
The same procedure described for the pressure is now applied to fit the analytical
stretch at the pole to the correct stretch given by the numerical solution. The
adjusted analytical expression for the stretch at the pole reads

λadj

(
δ̄,β

)
= α0

sinα0

1+
2∑

i=1

(
δ̄

δ̄max

)i 12∑
j=0

qijβ
j

 , (3.28)

where coefficients qij , with i = 1,2 and j = 0, ...,12, are listed in Tab. 3.3. The
principal components in radial and circumferential directions of the Piola-Kirchhoff
stress tensor coincide at the pole. The corrected value of the nominal stress at the
pole can be computed by imposing λR = λΘ = λadj ,λZ = g (λadj ,λadj) in Eq. (3.14).
The following expression for the nominal stress at the pole is obtained:

sadj =
2
(
λ2

adj −1
)(
a+ bλ2

adj

)[
a+2b+ c+(2b+ c)λ2

adj + cλ4
adj

]
λadj

(
a+2bλ2

adj + cλ4
adj

) , (3.29)

with λadj given by Eq. (3.28). Fig. 3.7 shows the trend of stretch at the pole obtained
from the numerical solution and the adjusted analytical stretch λadj . Note that for
large values of β (0.1, 0.5 and 1) the stretch at the pole does not reach maximum
value 7 because it is reached elsewhere in the membrane. With the calibration of
λadj and sadj some information regarding the state of strain and stress inside the
membrane is provided. These information are limited to the pole of the membrane,
but except particular cases this represents the more critical point of the domain.

3.3 Linearization to the infinitesimal strain theory
The analytical model developed in Section 3.1 considers large displacements and
large deformations. Here, the proposed model is reduced to the linearized theory
assuming that the components of both displacement field and displacement gradient
are small [45]. The components of the right Cauchy-Green deformation tensor,
expressed by Eq. (3.9), are developed in Taylor series as functions of α0. The
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Figure 3.7: Stretch at the pole λΘ
∣∣
R→0 = λR = λ, expressed by Eq. (3.28), as a

function of the deflection δ̄. The curves are given for different values of β. Continuous
black lines are the adjusted analytical curves given by Eq.(3.28), calibrated from the
actual curves obtained from the numerical solution of the TPBVP.

following expressions are obtained by truncating the series at the second order:

[C] ∼=



1
3
(
α2

0 +3
)

0 0

0
(

1
3 − 4R2

3L2

)
α2

0 +1 0

0 0 1− 2(b+ c)
(
L2 −2R2)α2

0
3(a+2b+ c)L2


. (3.30)

The strain tensor of the linearized theory of elasticity is then computed as

[E] = 1
2 [C− I] =



α2
0

6 0 0

0
(
L2 −4R2)α2

0
6L2 0

0 0 −(b+ c)
(
L2 −2R2)α2

0
3(a+2b+ c)L2

 . (3.31)

The linearization of stress tensor S provides

SR
∼=

2(a+ b)
[
(a+4b+3c)L2 −4(b+ c)R2]α2

0
3(a+2b+ c)L2

SΘ ∼=
2(a+ b)

[
(a+4b+3c)L2 −4(a+3b+2c)R2]α2

0
3(a+2b+ c)L2

SZ = 0

. (3.32)

It is immediate to verify that the linearized form of the Piola-Kirchhoff stress
tensor TR coincides with the linearized form of the Cauchy stress tensor T =
(detF)−1 TRFT .
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In linear elasticity, under the assumption of plain stress, the relations between
stress and strain is given by Navier’s inverse relationships

σR = E

1−ν2 (ϵR +νϵΘ) ,

σΘ = E

1−ν2 (ϵΘ +νϵR) ,
(3.33)

when σ and ϵ indicate the only measures of stress and strain in linear elasticity.
Strain components ϵR and ϵΘ are given respectively by E11 and E22 of Eq. (3.31).
By imposing the equivalence between the linearized stresses σR and σΘ and the
corresponding components SR and SΘ, expressed by Eq. (3.32), a system of two
equation is obtained. The system reads

4(a+ b)
[
L2(a+4b+3c)−4R2(b+ c)

]
a+2b+ c

+ E
[
L2(ν+1)−4νR2]

ν2 −1 = 0,

4(a+ b)
[
L2(a+4b+3c)−4R2(a+3b+2c)

]
a+2b+ c

+ E
[
L2(ν+1)−4R2]

ν2 −1 = 0
(3.34)

and from its solution the following expressions for the elastic constants of linear
elasticity are obtained:

E = 4(a+ b)(a+4b+3c)
a+3b+2c , ν = b+ c

a+3b+2c . (3.35)

The transversal strain component ϵZ in linear elasticity is expressed by

ϵZ = − ν

E
(σR +σΘ) . (3.36)

From Eqs. (3.35) and (3.32) it can be easily verified that the expression of ϵZ
corresponds to component E33 of the strain tensor in Eq. (3.31).

Both Young’s modulus E and Poisson’s ratio ν of Eq. (3.35) correspond to those
reported in [46] and [47]. In these two works, the authors analyzed respectively the
finite bending of hyperelastic solids and the equilibrium of the von Mises truss in
finite elasticity. In both works, a compressible Mooney-Rivlin material was adopted
and the linearization of the theory allowed to derive the expressions of E and ν,
which provide a link between the Mooney-Rivlin parameters and the elastic con-
stants of linear elasticity. It is interesting to observe that, although the problems
addressed by the authors involve different stress states, the expressions derived from
the linearization correspond.

3.4 Validation of the proposed model

In this section the adjusted analytical formula for the pressure, given by Eq. (3.26),
is validated. First, the adjusted formula is compared with the results of finite ele-
ment simulations. Then, the simplified analytical solutions already available in the
literature are introduced and it is shown how the proposed formula overcome the
limitations of the existing models. Finally, compressible Mooney-Rivlin materials
are considered and it is proved how the validity of the adjusted formula is easily
extended to this class of materials.
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Figure 3.8: FE model of the inflated membrane created in COMSOL Multiphysics.
(a) Meshed geometry of the membrane. (b) Deformed configuration after application
of the uniform lateral pressure.

3.4.1 Finite element validation

The FE simulations are carried out in software COMSOL Multiphysics version 6.0.
The 3D membrane interface of the structural mechanics module is used to build the
model. The membrane element is a plane stress element in 3D that can deforms
both in the in-plane and out-of-plane directions. Differently from shell elements,
membrane elements do not have bending stiffness. Since field variables do not change
over time, a stationary study is selected.

A circle with diameter L = 65 mm is created in the work plane, whereas the
thickness of the membrane is set to H = 1.5 mm in the membrane settings. Note
that the numerical values of L and H have no influence, since the results will be
reported in terms of normalized quantities. The outer boundary is simply-supported
by applying a fixed constraint to the edges of the membrane. The built-in two-
parameter incompressible Mooney-Rivlin energy function is assigned as hyperelastic
material. Parameter a is set to 1 MPa, while parameter b varies in order to consider
different cases of ratio β. In particular, the following simulations are carried out:
b= 0 MPa, b= 0.1 MPa, b= 0.25 MPa, b= 0.5 MPa and b= 1 MPa.

In the reference configuration, the membrane is flat and has zero transverse stiff-
ness, generating a singularity. A tensile prestress is introduced through an external
in-plane force of 10−4 N/m to overcome this issue. The sole purpose of the prestress
is to allow the solver to find a solution. In fact, the prestress is negligible compared
to the stress values acting on the membrane during the simulation. The membrane
is then discretized in a fine mesh composed of triangular elements with size around
0.6 mm (Fig. 3.8(a)). Finally, a pressure load is applied to the free face and in-
creased linearly in a quasi-static manner, inflating the membrane. In particular,
the increasing values of applied pressure are defined as a list in the auxiliary sweep
of the stationary analysis. Geometric nonlinearities are taken into account because
large deformations are involved.
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The MUMPS solver is used for the stationary analysis. The simulation stops at
the last applied value of pressure or when a stationary value is reached. In this case,
for further increasing values of pressure, convergence is not found anymore and the
analysis stops. Fig. 3.8(b) shows the deformed configuration of the circular inflated
membrane.

3.4.2 Analytical models from the literature

Only a few analytical solutions of the problem of inflated circular membranes can
be found in the literature. All of them are based on simplifying assumptions on
the kinematics or constitutive law. However, each of them is affected by limitations
in correspondence of certain ranges of material parameters or deformation. In the
following, these simplified models are introduced and compared with the proposed
analytical formula. It is shown how the adjusted formula overcomes the limitations
of the available models, being accurate for every range of deformation and material
parameters.

Yuan et al. [48] have recently proposed a simplified solution for incompressible
Mooney-Rivlin materials, assuming that the membrane deforms into a spherical cap.
The expression of pressure as a function of deflection derived by Yuan et al. [48] is
the following:

p̄Yuan = 4sin7α0
α6

0

(
1+βα2

0 csc2α0
)(
α6

0 csc6α0 −1
)
, (3.37)

with α0 = 2tan−1 δ̄. This expression coincides with Eq. (3.22). This correspondence
is not surprising, because both formulations are derived under the same assumption
on the kinematics of the membrane.

Yang et al. [49] derived an analytical solution for pre-stretched inflated mem-
branes for the case of neo-Hookean materials. Since the membrane is pre-stretched,
both radial and circumferential stretches are assumed to be large. Therefore, fol-
lowing the approach of Foster [50], the authors assume that the term λ−3

R λ−3
Θ is

negligible with respect to λR/λΘ and λΘ/λR. Under this assumption, the solution
proposed in [49] is

p̄Yang = 8δ̄
1+ δ̄2 . (3.38)

This solution gives an accurate description of the inflation of the membrane when
deformations are large, but it is not suitable for the range of relatively small defor-
mations.

The last solution considered is proposed by Fichter [51]. In this case, the author
assumes a linear elastic model for the material. The equilibrium equations read

N2
(
R̄2d

2N

dR̄2 +3R̄dN
dR̄

)
− 1

2R̄
3dN

dR̄
+ 1

2 (3+ν)R̄2N + 1
4
R̄2EH

pL
= 0,

N
dδ̄

dR̄
+ 1

2R̄= 0,
(3.39)
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Figure 3.9: Normalized pressure p̄= pL/(aH) vs. normalized deflection at the pole
δ̄ = δ/L. Comparison of pressure-deflection curves obtained with present analytical
model (Eq. (3.26)), FE simulations and other solutions found in the literature:
(a) Neo-Hookean material (β = 0); (b) Mooney-Rivlin material with β = 0.1; (c)
variations of material parameter β.

where R̄ = 2R/L, E is the Young’s modulus, ν is the Poisson’s ratio and N =
2Nrr/(pL), with Nrr indicating the radial stress resultant. The linear elastic model
is a convenient choice due to its mathematical simplicity, but it is not appropriate to
describe the inflation of rubberlike membranes, where deformations are expected to
be very large. Moreover, in spite of the simplicity of such model, even in this case a
closed-form solution for this problem is not available. Indeed, the solution for both
stress resultant and deflection is found in the form of a power series

N
(
R̄
)

=
∞∑
0
n2mR̄

2m,

δ̄
(
R̄
)

=
∞∑
0
w2n

(
1− R̄2n+2

)
.

(3.40)

The expressions of the first six coefficients ni and wi of the power series for N
and δ̄ are reported in [51]. In order to increase the accuracy of the solution, here
the first twelve terms of both power series are considered. The procedure for the
determination of coefficients ni and wi is outlined in [51].

3.4.3 Results and comparison

The adjusted pressure given by Eq. (3.26) is compared with the results of the
finite element simulations and the simplified solutions described above in Fig. 3.9.
The solution by Fichter [51] involves the elastic constants E and ν. These two
constants are computed from Eq. (3.35), considering c → ∞ since we are dealing
with incompressible materials.

Figure 3.9(a) compares the solutions for the particular case of neo-Hookean mate-
rial (β = 0). The prediction of the proposed model agrees perfectly with the solution
given by the finite element model. In this case, the equilibrium path exhibits a soft-
ening branch after the maximum value of pressure. Since the FE analysis is carried
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out in force control, the FE model is not able to capture this softening branch. As
expected, the solution by Yang et al. given by Eq. (3.38) agrees well with the FE
solution for large deformations, but it is completely wrong when the deflection is
small. This is due to the simplifying hypothesis of assuming large stretches in the
constitutive law. The solution proposed by Fichter is accurate only in the range of
small deflections, namely less than one third of the radius of the membrane. For
larger deflections, this solution results much stiffer than the others. This happens
because the linear elastic model is not capable of capturing the nonlinearities in
the material response arising for moderate and large deformations. The solution by
Yuan et al., expressed by Eq. (3.37), is also quite accurate. This because when β = 0
the hypothesis of spherical caps is close to the actual deformed configurations (see
Fig. 3.5(a)). However, as can be seen in Fig. 3.9(b), in case of β = 0.1 the solution
by Yuan et al. is no longer accurate. In particular, as the deflection increases the
discrepancy in the pressure curve increases, since the deformed shapes deviate more
and more from spherical caps. The solution by Fichter suffer the same limitations as
for β = 0, whereas the solution by Yang et al. is not reported because it is valid only
for neo-Hookean materials. On the other hand, the proposed formula still perfectly
agrees with the FE solution.

Finally, Fig. 3.9(c) compares the pressure-deflection curves obtained with our
analytical model, the FE simulation and the formulation proposed by Yuan et al.
for various values of β. For each value of β, the analytical model proposed in the
present work gives a result that is in good agreement with the FE simulation. On
the other hand, the solution by Yuan et al. can be considered accurate only for
values of β that are very close to 0.

The results discussed above demonstrate that the proposed model overcomes
the limitations of the current analytical solutions. Indeed, the adjusted analyti-
cal formula is capable of predicting the response of an inflated circular membrane
composed of Mooney-Rivlin material regardless of the values of material parameters
or the magnitude of deformation. On the other hand, current analytical solutions
based on simplifying assumptions are reliable only for particular material proper-
ties or magnitude of deformation. For instance, the solution by Fichter is accurate
only for small deformations, while the solution by Yang et al. only for very large
deformations and neo-Hookean material.

3.4.4 Compressible materials

In Section 3.1 the simplified model for the inflation of circular membranes was de-
veloped for compressible Mooney-Rivlin materials, leading to the approximate ex-
pression of pressure given by Eq. (3.21). By computing the limit of Eq. (3.21)
for γ → ∞, the corresponding pressure for incompressible materials was derived.
However, in Section 3.2 the adjustment of the pressure was carried out for the case
of incompressible materials, fitting the numerical solution relative to incompressible
materials. In this section it is shown how the adjusted pressure remains valid and
accurate for compressible materials, provided Eq. (3.21) instead of Eq. (3.22) is
used in Eq. (3.26). Essentially, the effect of compressibility is already taken into
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Figure 3.10: Pressure-deflection curves for compressible membranes: (a) γ = 0.326
(ν = 0.2), γ = 2.01 (ν = 0.4) and γ → ∞ (ν = 0.5) in the case of β = 0.01; (b) γ = 0
(ν = 0.2), γ = 2.5 (ν = 0.4) and γ → ∞ (ν = 0.5) in the case of β = 0.5. The analytical
curve is obtained from Eq. (3.26), with p̄ given by Eq. (3.21).

account in the analytical model and it does not affect the corrective polynomial.
Therefore, the adjusted pressure for compressible materials is given by

p̄adj

(
β,γ, δ̄

)
= p̄

10∑
j=1

(
δ̄

δ̄max

)j 12∑
k=0

djkβ
k, (3.41)

with p̄ given by Eq. (3.21). The effectiveness of Eq. (3.41) for compressible materials
is proved in the following by a comparison with the reference numerical solution.
The numerical solution for compressible Mooney-Rivlin materials was described in
Sec. 2.4.2.

Fig. 3.10 shows the comparison between the numerical solution for compressible
materials (red dashed lines) and the adjusted pressure given by Eq. (3.41) (con-
tinuous black lines). The continuous blue lines represent the numerical solution for
incompressible materials, corresponding to ν = 0.5.

Two values of β are considered, namely β = 0.01 and β = 0.5. These two cases
allow to explore the effect of compressibility when softening and hardening behaviors
take place. For each case, two values of parameter γ = c/a are selected, such that
Poisson’s ratio ν equals 0.2 and 0.4. The Poisson’s ratio is linked to the Mooney-
Rivlin parameters through Eq. (3.35), which is rewritten as a function of only β
and γ as

ν = β+γ

1+3β+2γ . (3.42)

From Fig. 3.10, it is evident how the analytical pressure given by Eq. (3.41) is in
good agreement with the numerical solution for each case considered. This proves
that the proposed analytical solution gives accurate predictions also in the most
general case of compressible materials. It is worth noting that incompressible mem-
branes are always stiffer than compressible ones. This behaviour may be explained
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by the fact that incompressible solids can not undergo volume variations. In addi-
tion, Fig. 3.10 shows that compressibility mainly affects the moderate-to-large-strain
region of the pressure curve and its impact is more significant for low values of β.
Indeed, in the case of β = 0.01 significant differences are observed for low values of
ν, particularly focused in the limit point region.

3.5 Experimental tests and material characterization
Several experimental tests have been carried out on circular flat membranes. For
instance, Pamplona and Mota [52] investigated the inflation of a rubber membrane
over a rigid and an elastic foundation. Jourdan et al. [53] performed bulge tests
on a silicone membrane and proposed a semi-analytical method to evaluate the
stress and strain around the pole. Machado [54] reconstructed the curvatures and
the strain field during the inflation of a silicone membrane by means of 3D digital
image correlation techniques. Suleman and Bosi [55] performed bulge tests on thin
membranes made of an elastoplastic material.

In this section, uniaxial tensile tests and bulge tests are performed on three dif-
ferent kind of rubbers. Styrene butadiene rubber (SBR), latex rubber and silicone
are considered as specimens. All the rubbers are available as sheets with of 1, 1 and
0.5 mm respectively. For each material, a set of optimal parameters is calibrated
for both tests. The adjusted analytical pressure is used to characterize the material
parameters based on the results of the bulge tests. In the following, the experi-
mental tests are presented first. Then, the parameters of the Mooney-Rivlin model
are calibrated by fitting the experimental results and the predictions given by the
analytical model are compared with the experimental results.

3.5.1 Experimental tests

Three uniaxial tensile tests are carried out for each rubber. The dog-bone specimens
have the same thickness of the rubber sheets, a width of 4 mm and an effective length
of 40 mm. The tests are performed by using the materials testing apparatus ME-
8236 produced by PASCO (Fig. 3.11). The machine has a built-in load cell (strain
gauge transducer) capable of measuring up to 7100 N. An optical encoder module
measures the displacement of the load bar. A crank gear raises or lowers the load
bar on two translation screws. Force data from the load cell and displacement data
from the encoder module are recorded, displayed and analyzed using the PASCO
PASPORT Compatible Interface with the PASCO Data Collection Software. The
sensor cable from the testing machine is connected to the PASPORT input port.
Then, the USB link connected the PASCO Interface to a USB port on a laptop.
Nominal stress and stretch are computed for each test.

After the uniaxial tensile tests, three bulge tests are carried out for each rubber.
The setup of the tests is shown in Figs. 3.12(a) and 3.12(b). A steel plate with
a circular hole in the center is supported by four pillars. The circular hole has
diameter of 15 mm and the rubber membrane is placed above it. A striking plate
is positioned on top to fix the membrane and a pressure is applied from above. As
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Figure 3.11: Set up of the uniaxial tensile test. The dog-bone specimen is fixed at
the bottom and connected to the load bar at the top. A crank gear is used to raise
the load bar and stretch the specimen. Force and displacement data are recorded.

shown in Fig. 3.12(c), the deflection of central point of the membrane is monitored
with a laser placed at the bottom of the system. Fig. 3.12(d) shows the deformation
of the membrane during the test.

An aluminium tank is pressurized by a low-pressure compressor using an air
compression gun equipped with a one-way valve. The pressure inside the tank is
measured using the pressure transmitter TR2101100 produced by Trafag Interna-
tional. The gauge has a 0-10 bar measuring range and precision of 0.03 bar. The
pressure gauge is powered by a 24 V DC power supply unit. The output current
signal is converted into the corresponding value of pressure with a 4-20 mA current
loop operation. A 270 Ω resistor is inserted into the current path and a Rohde &
Schwarz RTM3004 oscilloscope measures the voltage drop across the resistor with a
sampling rate of 3.33 MSa/s.

The deflection of the inflated membrane is measured using the OPTO1420 laser
sensor produced by Microepsilon. The sensor has a measuring range of 10-500 mm
with a 0.01 mm precision. The deflection is also measured with a 4-20 mA current
loop operation. The analogue voltage signals proportional to pressure and deflection
are simultaneously acquired by the Rohde & Schwarz RTM3004 oscilloscope and
exported as .csv files. The data files are then processed using MATLAB and the
pressure-deflection curve is obtained.

3.5.2 Calibration of model parameters

The constitutive parameters of the Mooney-Rivlin material are initially calibrated
for each rubber by fitting the data from the uniaxial tensile tests. The equilibrium
equations governing the problem of a homogeneous, isotropic, compressible solid
subjected to uniaxial traction are reported in A.1. In particular, Eq.(A.1) is an
implicit relation which determines the lateral stretch for each value of the longitu-
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Figure 3.12: Set up of the bulge test on circular rubber membranes. (a) The mem-
brane is placed over a circular hole in a steel plate. An upper striking plate is used
to fix the membrane. The pressure is applied from above into an aluminum tank
and it is measured with a pressure transmitter, as shown in (b). The deflection of
the central point of the membrane is monitored with a laser placed at the bottom
of the system. Figures (c) and (d) show, respectively, the membrane in initial con-
figuration and after inflation.
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Table 3.4: Mooney-Rivlin parameters calibrated by fitting experimental data from
uniaxial and bulge tests.

SBR Latex Silicone
a (MPa) 1.1 0.262 0.27
b (MPa) 0.1 0.014 0.033

β 0.091 0.053 0.122

dinal strech. Once known the lateral stretch, Equation (A.2) allows to compute the
nominal tensile stress. Here, Eq. (A.2) is fitted to the experimental data from uni-
axial tensile tests for each rubber using the NonlinearModelFit function of software
Wolfram Mathematica.

Successively, the analytical pressure vs. deflection curve given by Eq. (3.41) is
used to adjust the parameters in order to find a set which best fits also the results
from bulge tests. This fitting is performed by means of NonlinearModelFit function
of software Wolfram Mathematica. Table 3.13 lists the set of optimal parameters
for each kind or rubber tested. The calibration of parameters a, b and c is done
for all three specimens of each rubber. Since there is not much variability in the
experimental responses, the average values are taken as final reference values. For
each rubber specimen, the calibration gives as a result a very high value of parameter
c, which means that Poisson’s ratio ν is close to 0.5. Therefore, the rubbers analyzed
are assumed incompressible for simplicity. As a consequence, only parameters a and
b of the Mooney-Rivlin material need to be calibrated and Eq. (3.26) can be used
to compute the analytical pressure vs. deflection curves. This assumption has the
purpose to simplify the characterization of the material. However, in general, a
proper investigation of material compressibility should involve the measurement of
the actual volume changes occurring during deformation, as done in [56, 57]. Here,
the assumption of incompressibility remains the most convenient approach for the
purpose of demonstrating the effectiveness and usefulness of the propose formula.

Figure 3.13 shows the experimental uniaxial stress vs. strain curves and the
analytical predictions. The Mooney-Rivlin model results very accurate for the SBR
rubber, because it breaks at a stretch around 2 which is relatively small. The
analytical prediction is acceptable also for latex rubber, even if some accuracy is lost
for moderate strains. However, it is well know in the literature that the Mooney-
Rivlin material model is not capable of describing strong hardening of polymers [41].
In fact, the calibrated analytical response for silicone is accurate only for stretches
lower than 3. For larger stretches, silicone shows a very pronounced hardening and
the material model is not capable of capturing such behavior. In light of this, an
accurate modeling of the response of silicone requires a more refined constitutive law,
such as those proposed by Ogden [58], Yeoh, [59], Gent [60] and Yeoh & Fleming [61].
A detailed discussion and analysis of such strain energy functions will be developed in
Chapter 5 in order to select a refined strain energy function for accurate predictions
of the response of elastomers. Nevertheless, for stretches less than 3 the analytical
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s

Figure 3.13: Experimental nominal stress s vs. longitudinal stretch λ from uniaxial
tensile tests and fitting with Mooney-Rivlin constitutive law for (a) SBR, (b) latex
and (c) silicone.

Figure 3.14: Pressure-deflection curves from bulge tests and comparison with ana-
lytical predictions for (a) SBR, (b) latex and (c) silicone. The analytical curves are
obtained using Eq. (3.26) with the constitutive parameters listed in Tab. 3.4.

prediction of the Mooney-Rivlin model is accurate and allows to draw interesting
conclusions and comparisons with the results of the bulge tests.

The experimental responses of the inflated circular membranes are shown in Fig.
3.14, along with the analytical predictions computed by Eq. (3.26). In case of
SBR, the result of the bulge test also is in good agreement with the experimental
data, since also the uniaxial response was accurately depicted by the Mooney-Rivlin
law. Same goes for the latex rubber, with the exception of the final part of the curve
with δ̄ > 2.5. In accordance with the corresponding uniaxial response in Fig. 3.13(b),
latex rubber shows a slight hardening that is not captured by the Mooney-Rivlin
law. This is the reason of the gap between analytical prediction and experimental
curve in Fig. 3.14(b). The bulge tests on silicone shows the same trend as the
uniaxial tensile tests of Fig. 3.13(c). The analytical prediction of the inflation of
the silicone membrane is accurate only until a deflection δ̄ ≈ 2.5. After this value
hardening takes place and the Mooney-Rivlin model is not suitable anymore.

The uniaxial tensile test is the most common and practical test for material
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characterization, due to its simplicity. Despite of this, it is important to remark that
a correct characterization should consider the state of stress actually experienced by
the material in practical applications. In this context, the bulge test represents an
adequate and easy test to evaluate the material response under a biaxial stress state.
To this purpose, the proposed formula was proved to be a powerful means for the
calibration of the material parameters.



4 Approximate analytical solution for
pre-stretched membranes

In Chapter 3 an analytical formula to compute the pressure curve of inflated circular
membranes was proposed. The proposed formula has the advantage of being accu-
rate for both compressible and incompressible Mooney-Rivlin materials, for every
value of practical interest of the material parameters and for every magnitude of
deformation. However, only unstretched membranes were considered.

In this Chapter, the proposed analytical formula is extended to pre-stretched
membranes. Indeed, in engineering applications membranes are in most cases sub-
jected to an in-plane homogeneous pre-stretch before inflation [62]. The presence
of a pre-stretch gives an initial out-of-plane stiffness to the membrane and it often
improves its performances [63, 64]. The combined effect of inflation and pre-stretch
is of much interest in applications such as thermoforming [65] and soft robotics [66].
Considering these practical necessities, accurate analytical solutions regarding the
inflation of pre-stretched membranes are of notable importance.

First, the simplified model proposed in Section 3.1 is extended to the case of pre-
stretched, leading to an approximate expression for the pressure. Again, it is shown
how the approximate solution loses accuracy for some values of material parameters
and deformation. Following the approach of Chapter 3, the approximate pressure
is then adjusted by fitting the numerical solution for incompressible Mooney-Rivlin
materials. The pre-stretch causes significant qualitative changes in the deformed
configurations, in the stretches profiles, as well as in the pressure curve. For this
reason, the extension of the polynomial calibrated in Section 3.2 to the case of
pre-stretched membranes is not straightforward. However, it is used as a starting
point for the calibration of a new corrective polynomial which considers variations
of pre-stretch and material parameter β. The adjusted formula is validated by
finite element simulations and compared with the simplified solutions proposed in
the literature. It is shown how the adjusted formula remains valid for compressible
materials. Finally, experimental tests are carried out on pre-stretched membranes
and the adjusted formula is applied to calibrate the material parameters.

4.1 Analytical model
In this Section, the simplified model based on the assumption of spherical deformed
configurations is extended to the problem of pre-stretched membranes. As shown in
Fig. 4.1, the kinematics is described by combining an initial uniform radial stretch
and a subsequent inflation.

The circular flat membrane has radius L0 and thickness H in the undeformed
configuration. The membrane is first axisymmetrically stretched radially and L
indicates the final radius, as shown in Fig. 4.1(a). The amount of pre-stretch is

38



Chapter 4. Approximate analytical solution for pre-stretched membranes 39

α

α

Figure 4.1: Kinematics of the pre-stretched membrane under uniform lateral pressure
p. (a) The membrane is first subjected to a radial pre-stretch λ̄ = L/L0 and then
(b) inflated by a lateral pressure. The cylindrical coordinates (R,Θ,Z) are used as
reference system. (c) The deformed membrane preserves the axial symmetry and
thus the deformation is described for a generic section in the R-Z plane. After
pre-stretch and inflation, a point P moves to P ′. The displacement components are
uR and uZ . The membrane deforms into a spherical cap with radius ρ0 and central
angle α0. Parameter α0 governs the kinematics. The deflection δ is linked to α0 by
the relation α0 = 2tan−1 (δ/L).

given by the ratio λ̄ = L/L0. In the following, the final length L will be held fixed
and the pre-stretch will be changed by varying the initial length L0. The radial
stretch λ̄ is accompanied by a circumferential stretch again equal to λ̄. Therefore,
after the application of the pre-stretch, the membrane results in an homogeneous,
equibiaxial stress state.

The membrane is then inflated by a uniform lateral pressure p, as shown in
Fig. 4.1(b). A generic material point P ≡ (R,Θ,0) moves to P ′, with coordinates
(R′,Θ,Z ′). The deformed configuration is assumed as a spherical cap. The kine-
matics deriving from this hypothesis is described in Fig. 4.1(c). The displacement
field is again given by Eqs (3.1), with ρ0 and α(R) now given by

ρ0 = λ̄L0
sinα0

, α(R) = α0R

L0
. (4.1)

The deformation gradient reads

[F] =


ρ0
∂α

∂R
cosα 0 λZ sinα

0 ρ0 sinα
R

0

−ρ0
∂α

∂R
sinα 0 λZ cosα

 , (4.2)

where
λR = ρ0

∂α

∂R
= λ̄α0

sinα0
, λΘ = ρ0 sinα

R
= λ̄L0 sinα

R sinα0
, (4.3)
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are the principal stretches in the meridian and circumferential directions.
The first Piola-Kirchhoff TR stress tensor is computed following Eq. (3.10).

Assuming the compressible Mooney-Rivlin material model given by Eq. (2.26), the
components of the Biot stress tensor S coincide with Eq. (3.14). Imposing SZ = 0 to
satisfy the membrane assumption, the transversal stretch λZ assumes the following
expression

λZ =
√

a+2b+ c

a+2bα2
0λ̄

2 csc2α0 + cα4
0λ̄

4 csc4α0
. (4.4)

As expected, for λ̄= 1, Eq. (3.20) for unstretched membranes is retrieved. The local
equilibrium at the pole of the membranes, for R → 0, leads again to Eq. (3.18). In
the presence of a pre-stretch, the normalized pressure for a compressible Mooney-
Rivlin material reads [67]

p̄= 4sin3 α0(α2
0λ̄2 csc2 α0−1)(1+β α2

0λ̄2 csc2 α0)[1+2β+α2
0λ̄2 csc2 α0(2β+γ)+γ(1+α4

0λ̄4 csc4 α0)]
α2

0λ̄2(1+2β α2
0λ̄2 csc2 α0+γ α4

0λ̄4 csc4 α0) .

(4.5)
Computing the limit of Eq. (4.5) for γ → ∞, the expression for incompressible

materials is found

p̄
∣∣
γ→∞ = 4sin7α0

α6
0λ̄

6

(
1+βα2

0λ̄
2 csc2α0

)(
α6

0λ̄
6 csc6α0 −1

)
(4.6)

For λ̄= 1, Eq. (4.5) and Eq. (4.6) reduce respectively to Eq. (3.21) and Eq. (3.22)
valid for unstretched membranes. Again, in case of incompressible materials, the
normalized pressure depends only on material parameter β, whereas it is indipendent
of the geometrical parameters of the membrane.

Figure 4.2 shows the comparison between the approximate pressure given by Eq.
(4.6) and the numerical solution for pre-stretched membranes. The results are shown
for two values of pre-stretch, λ̄ = 1.5 and λ̄ = 2, and for different values of β. The
analytical solution is accurate only for small deformations, due to the simplifying as-
sumption on the kinematics. As the deformation increases, the discrepancy between
the analytical and numerical solution increases. The errors are more pronounced for
high values of β, since the deformed shapes turn away from the spherical assump-
tion. As happened for unstretched membranes, Figure 4.2 remarks the need of an
adjustment to the proposed model in order to obtain an analytical formula with a
wide range of validity. The adjustment is performed in the next section by fitting
the numerical solution of the problem.

4.2 Adjustment of the pressure curves
In the case of unstretched membranes, the adjusted expression for the pressure read

p̄adj

(
β, δ̄

)
= p̄

∣∣
γ→∞

(
β, δ̄

)
F
(
β, δ̄

)
, (4.7)
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Figure 4.2: Normalized pressure p̄= pL/(aH) vs. normalized deflection at the pole
δ̄ = δ/L for different values of β. The plots refers to incompressible materials for (a)
λ̄ = 1.5 and (b) λ̄ = 2. As in the case of unstretched membranes, the approximate
analytical solution results accurate only for small deformation, while it exhibits
significant errors at large deformations. The errors increase as parameter β increases.

where F
(
β, δ̄

)
is a polynomial function given by

F
(
β, δ̄

)
=

10∑
j=1

δ̄j

δ̄max(β)

12∑
k=0

djkβ
k. (4.8)

Coefficients djk were calibrated fitting the numerical solution and are reported in
Tab. 3.2. Being calibrate for the special case λ̄ = 1, this polynomial is no longer
valid when an initial pre-stretch is applied to the membrane. The presence of a pre-
stretch causes significant differences in the response of the membrane. A simplifying
approach [67] to generalize Eq. (3.26) to the case of pre-stretched membranes is
translating the argument in F (β, δ̄) to F (β, δ̄+∆δ̄). This approach is based on the
qualitative idea that a point computed at F (β, δ̄+ ∆δ̄) on the fitted polynomial
corresponds to a more demanding state with respect to point F (β, δ̄). The value
of ∆δ̄ can be determined so that the increment in the stress state in the interval
F (β, δ̄+ ∆δ̄) - F (β, δ̄) corresponds on average to the pre-stress caused by the pre-
stretch λ̄. In general, the increment ∆δ̄ depends on the values of β and λ̄. Therefore,
a value for ∆δ̄ must be determined for each combination of β and λ̄, namely ∆δ̄ =
∆δ̄(β, λ̄). Despite being not rigorous from a mechanical point of view, this approach
simplifies considerably the fitting procedure preserving a good accuracy.

As further simplication, it is assumed that ∆δ̄ can be expressed as product of
two separate functions of β and λ̄, namely

∆δ̄
(
β, λ̄

)
= ϕ(β)ψ

(
λ̄
)
. (4.9)

This assumption corresponds to the intuitive idea that the dependency of function
∆δ̄ on β does not change qualitatively for different values of pre-stretch, but only
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Table 4.1: Optimal coefficients of the polynomial function ϕ(β), calibrated by fitting
the discrete values ϕi.

b0 b1 b2 b3 b4 b5 b6

b7 b8 b9 b10 b11 b12

1.08 40.19 -620.1 2211.96 1.69×104 -1.99×105 9.14×105

-2.42×106 4.07×106 -4.40×106 2.97×106 -1.15×106 1.92×105

by a scaling factor. This allows to study the dependence from β for a fixed value of
pre-stretch, and to calibrate the function ψ(λ̄) subsequently. For simplicity, function
ϕ(β) is calibrated for the case λ̄ = 2. Thus, function ψ(λ̄) results a monotonic
function defined in [1,2] with values in [0,1]. For λ̄= 2, ψ(2) = 1 and ∆δ̄(β,2) = ϕ(β),
while for λ̄= 1, ψ(1) = 0, ∆δ̄(β,1) = 0 and the expression for unstretched membranes,
Eq. (3.26), is retrieved.

Therefore, the case of λ̄ = 2 is considered first. The values considered for pa-
rameter β are the same considered in Section 3.2, namely 70 discrete values ranging
in [0,1]. For each value of βi, i = 1, ...,70, the optimal values ϕi are determined so
that p̄adj(βi, δ̄) = p̄(βi, δ̄)F (βi, δ̄+ϕi) best fits the numerical solution. Successively,
function NonlinearModelFit of Wolfram Mathematica is employed to find the best
fitting function ϕ(β) for the discrete values ϕi. Assuming a polynomial expression

ϕ(β) =
12∑

k=0
bkβ

k, (4.10)

NonlinearModelFit determines the set of parameters bk that best fits the discrete
values of ϕi based on a least-square approach. The optimal coefficients bk are given
in Tab. 4.1. Finally, the influence of pre-stretch λ̄ is studied. Regarding the range of
variability of λ̄, 10 values ranging from 1 to 2 with step 0.1 are considered. Values of
pre-stretch greater than 2 exceed the range of practical interest. Again, the optimal
values ψj , j = 1, ..,10, are determined so that

p̄adj
(
λ̄j ,β, δ̄

)
= p̄

(
λ̄j ,β, δ̄

)
F
(
β, δ̄+ψj ϕ(β)

)
(4.11)

best fits the numerical solutions for each λ̄j and NonlinearModelFit is applied again
to determine the best fitting function of the form

ψ
(
λ̄
)

=
3∑

k=0
lkλ̄

k. (4.12)

The estimated coefficients lk are listed in Tab. 4.2. The optimal values ϕi and ψj

and the fitting functions ϕ(β) and ψ(λ̄) are shown in Fig 4.3. Overall, the adjusted
analytical pressure assumes the following form

p̄adj
(
λ̄,β, δ̄

)
= p̄

(
λ̄,β, δ̄

)
F
(
β, δ̄+ψ

(
λ̄
)
ϕ(β)

)
. (4.13)
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Table 4.2: Optimal coefficients of the polynomial function ψ(λ̄), Eq. (4.12), cali-
brated by fitting the discrete values ψj .

l0 l1 l2 l3

-4.92 8.34 -4.16 0.73

Figure 4.3: (a) Optimal coefficients ϕi for the discrete values βi (red dots) and fitting
curve ϕ(β) (continuous line) and (b) optimal coefficients ψj for the discrete values
λ̄i (red dots) and fitting curve ψ(λ̄) (continuous line).

Figure 4.4 compares the adjusted analytical formula with the numerical solution of
pre-stretched membranes. The plots are given for β = 0.04,0.2,0.5,1 and for each
β the values of pre-stretch λ̄ = 1,1.2,1.5,2 are considered. The adjusted analytical
pressure results accurate for each value of parameter β and pre-stretch λ̄.

It is important to remark the wide range of validity of Eq. (4.13). Indeed,
the normalized pressure is indipendent from the constitutive parameter a as well
as from the geometrical quantities L and H of the membrane. A variation of these
parameters only causes a scaling in the dimensional value of pressure. Moreover, due
to the wide ranges considered for β and λ̄, Eq. (4.13) covers most cases of practical
interest.

4.3 Validation and discussion
The adjusted pressure calibrated for pre-stretched membranes is first validated by
FE simulations. Several values of material parameter β and pre-stretch λ̄ are con-
sidered. Successively, some considerations on the particular class of incompressible
neo-Hookean membranes (β = 0) are drawn. Finally, the adjusted formula is ex-
tended to compressible Mooney-Rivlin materials and a conclusive discussion on the
limitations of the material models employed are drawn.
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Figure 4.4: Normalized pressure p̄ = pL/(aH) vs. deflection δ̄ = δ/L curves for
different levels of pre-stretch λ̄: (a) case of β = 0.04, (b) case of β = 0.2, (c) case of
β = 0.5 and (d) case of β = 1. The analytical curves (red dashed lines) are given by
Eq. (4.13).

4.3.1 Finite element validation

The FE simulations are carried out in COMSOL Multiphysics® version 6.0 and fol-
low similarly the procedure described in Section 3.4.1. Firstly, the geometry of the
undeformed membrane is defined by creating a work plane in the 3D Component.
The stretched diameter L and thickness H of the membrane are fixed to 100 mm
and 1 mm, respectively. The initial diameter L0 is assigned so that L/L0 = λ̄. The
Membrane interface of the Structural Mechanics module is selected as the Physics
for the model. A two-parameters Mooney-Rivlin incompressible material is selected
in the Hyperelastic Material menu of the Membrane interface. Parameter a is set to
1 MPa, while parameter b varies in order to consider different cases of ratio β. In
particular, for each value of pre-stretch four cases of β are considered: β = 0.04 MPa,
β = 0.2 MPa, β = 0.5 MPa and β = 1 MPa. The outer boundary of the membrane
is simply supported. The pre-stretch λ̄ is enforced by assigning a prescribed radial
displacement to the outer boundary of the membrane. Two values of λ̄ are consid-
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Figure 4.5: Normalized pressure p̄ = pL/(aH) vs. deflection δ̄ = δ/L curves given
by FE simulations (continuous black lines) and by Eq. (4.13) (red dashed lines) for
different values of β: (a) case of λ̄= 1.2 and (b) case of λ̄= 2.

ered, λ̄= 1.2 and λ̄= 2. Note that the geometry of the membrane has no influence
on the results, since they will be reported in terms of normalized quantities. The
lateral pressure is applied as a Face Load on one side of the membrane. Finally,
the membrane is discretized in a fine mesh with element size of the order of 0.6 mm
and a Stationary Study was created. The pressure was increased in a quasi-static
manner considering geometric nonlinearities.

The results of the FE simulations are compared with adjusted analytical pressure
in Fig. 4.5. The results provided by the FE simulations confirm the accuracy of the
adjusted pressure for pre-stretched membranes in the entire ranges of deformation
and constitutive parameters considered.

4.3.2 Neo-Hookean material

The case of β = 0 corresponds to a neo-Hookean material model. In this case,
the numerical simulation show that the deformed configurations tend to spheri-
cal caps for increasing values of the pre-stretch λ̄. For this reason, as λ̄ increases
the simplified model described in Section 3.4.1 becomes more and more accurate.
As a result, the approximate pressure given by Eq. (4.6) is sufficient to describe
the pressure-deflection relation for incompressible neo-Hookean pre-stretched mem-
branes, as shown in Fig. 4.6. This result is consistent with the model proposed by
Yang et al. [49], where the authors derived an analytical solution for incompressible
neo-Hookean membranes under very large deformations. The following expression
for the normalized pressure was obtained:

p̄Yang = 8δ̄
1+ δ̄2 . (4.14)

Figure 4.6 shows that approximate pressure in Eq. (4.6) matches perfectly the
numerical solution even for small values of pre-stretch. On the contrary, as shown
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Figure 4.6: Normalized pressure p̄= pL/(aH) vs. deflection δ̄ = δ/L curves for Neo-
Hookean membranes (β = 0): (a) case of λ̄ = 1.2 and (b) case of λ̄ = 2. In case of
Neo-Hookean materials, both the approximate pressure, Eq. 14, and the adjusted
pressure, Eq. 23, result accurate. The green dashed lines represent the solution
proposed by Yang et al., which is accurate only for large values of pre-stretch λ̄.

in Fig. 4.6(a), the solution proposed by Yang et al. is not accurate for λ̄= 1.2 in the
range of small to moderate deformation.This is due to the assumption of very large
deformations, which allowed the authors to neglect terms in the constitutive law
and to derive a closed-form solution. For λ̄ = 2, as shown in Fig. 4.6(b), it results
accurate in the entire range of deformation since the strain is already sufficiently
large.

It goes without saying that, even if Eq. (4.6) is sufficient to properly describe
the response of Neo-Hookean membranes, the final adjusted expression given by Eq.
(4.13) is accurate as well, as clarified by Fig. 4.6.

4.3.3 Compressible materials

The adjusted pressure in Eq. (4.13) was calibrated by fitting the numerical sim-
ulation for incompressible Mooney-Rivlin materials. In the same manner as for
unstretched membranes, it is shown that the corrective polynomial is valid also for
compressible materials, provided that the approximate pressure for compressible
materials given by Eq. (4.5) is used in place of Eq. (4.6). Namely, the adjusted
pressure for compressible Mooney-Rivlin materials reads

p̄adj
(
λ̄,β,γ, δ̄

)
= p̄ F

(
β, δ̄+ψ

(
λ̄
)
ϕ(β)

)
, (4.15)

with p̄ given by Eq. (4.5). Again, the compressibility is already taken into account
by the analytical model.

Figure 4.7 compares the analytical curves given by Eq. (4.15) with the numerical
solution for compressible materials. The plots are given for λ̄= 1.2 and for two values
of β, namely β = 0.004 and β = 0.1. For each plot two values of parameter γ are



Chapter 4. Approximate analytical solution for pre-stretched membranes 47

Figure 4.7: Pressure-deflection curves for compressible Mooney-Rivlin membranes
with pre-stretch λ̄= 1.2: (a) γ = 0.33 (ν = 0.2) and γ = 2.004 (ν = 0.4) for the case
of β = 0.004; (b) γ = 0.27 (ν = 0.2) and γ = 2.1 (ν = 0.4) for the case of β = 0.1. The
analytical pressure reproduces accurately the numerical solution for compressible
materials. As ν decreases, significant differences between compressible and incom-
pressible models appear in the first branch of the curve.

selected, so that Poisson’s ratio ν equals 0.2 and 0.4. Poisson’s ratio is linked to the
Mooney-Rivlin constitutive parameters by Eq. (3.35). Red dashed lines represent
the numerical solution for compressible materials and continuous blue lines represent
the numerical solution for incompressible materials (ν = 0.5).The analytical pressure
perfectly matches with the numerical solution for compressible materials.

Similarly to the case of unstretched membranes, as ν decreases discrepancies be-
tween compressible and incompressible models appear and concentrate in the range
of moderate deformations, where the increasing branch of the curve takes place
regardless of the values of the material parameters. It is important to highlight
that a value of Poisson’s ratio equal to 0.2 is not realistic for elastomers. However,
such value may be appropriate for advanced materials like polymeric foams and
gels, which nowadays receive an increasing attention in membrane applications. As
demonstrated by Fig. 3.10 and Fig. 4.7, when such materials are considered, the
effect of material compressibility has a significant impact on the response of inflated
membranes and it can not be neglected.

The discrepancies observed in Fig. 4.7 highlight the impact of compressibility
for materials capable of experiencing volume changes. However, the formulation of
compressibility adopted so far suffers of two main limitations:

(i) the strain energy function is not split into deviatoric and volumetric compo-
nents. The split of the SED allows an indipendent description and charac-
terization of the volumetric response of the material, given by the volumetric
part of the SED. Without this approach, all the parameters involved in the
SED are responsible of the volumetric response, making impossible a physical
investigation on the real volumetric response of the material;

(ii) the function proposed by Ciarlet & Geymonat [36] was adopted to incorporate
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volume variations into the strain energy function. This choice was due to its
mathematical simplicity. Indeed, its mathematical simplicity allows to deter-
mine an explicit relation for the transversal stretch. However, this function
is not capable of accurately describe the actual response of elastomers, foams
and gels to large volume changes.

These limitiations underscore the importance of a detailed analysis regarding the
real volumetric response of elastomers. To this aim, in Chapter 5 the actual vol-
umetric response of elastomers to volumetric deformations is carefully investigated
experimentally and a proper strain energy function for large volumetric deformations
of elastomers is proposed.

4.4 Experimental tests and material characterization
Only a few experimental tests on pre-stretched membranes have been carried out.
Amabili et al. [68] performed static and dynamic tests on a thin squared silicone
rubber plate. Fox and Goulbourne [14, 69] tested the vibrations of elastomer mem-
branes under electromechanical loading. To fill this void, a series of experimental
tests on pre-stretched membranes is carried out. In particular, bulge tests are per-
formed on three different rubber sheets considering moderate values of pre-stretch.
NBR rubber, silicone and NR rubber are the three kinds of rubber considered, with
thickness of 2, 2 and 1.5 mm respectively. In the following, the setup of the bulge
tests is presented and the adjusted analytical pressure is used for the calibration of
the Mooney-Rivlin material parameters for each rubber.

4.4.1 Bulge tests

The setup of the tests is shown in Fig. 4.8. The initially flat circular membrane is
inserted into two steel rings that are tightened so that the membrane results fixed.
The membrane is placed on a circular steel plate supported by four pillars. The steel
plate has a circular hole in the center, with diameter of 15 mm. The rings can slide
along four screwed rods, allowing the application of a pre-stretch to the membrane.
In particular, the value of pre-stretch is set by regulating the position of the rings
using 4+4 nuts, placed below and over the rings.

A perforated striking plate is positioned on the membrane. The striking plate
is connected to an aluminum tank inside which the external pressure is applied.
An hydraulic press is used to push the striking plate against the steel plate and
thus avoiding pressure losses. The aluminium tank is pressurized by a low-pressure
compressor using an air compression gun equipped with a one-way valve.

A pressure reducing valve is used to obtain an applied pressure rate of 0.1 bar/s.
The pressure inside the tank is measured using the pressure transmitter TR2101100
produced by Trafag International. The deflection of the central point of the mem-
brane is monitored with the OPTO1420 laser sensor produced by Microepsilon,
which is placed at the bottom of the system. The pressure transmitter has an ac-
curacy of 0.04 MPa, whereas the laser sensor has a repeteability of 0.5 µm. The
output current signal of both laser sensor and pressure gauge are converted into the
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Figure 4.8: Set up for the bulge test on pre-stretched rubber membranes. (a) The
membrane is placed on a steel plate with a central circular hole. Two steel rings fix
the membrane. (b) The rings slide along four screwed rods and stretch the mem-
brane. A laser sensor is placed at the bottom to measure the membrane deflection.
(c) A perforated striking plate connected to a tank is positioned on the membrane.
A low-pressure compressor injects air into the tank and generates pressure applied
on the membrane. (d) Deformed configuration of the circular pre-stretched mem-
brane after inflation.
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Table 4.3: Values of pre-stretch and Mooney-Rivlin parameters calibrated by fitting
experimental data from bulge tests.

λ̄ a (MPa) b (MPa) β

NBR 1.3 0.5 0.015 0.03
Silicone 1.1 0.55 0.03 0.055

NR 1.2 0.37 0.0296 0.08

corresponding voltage values following a resistive approach. The Rohde & Schwarz
RTM3004 oscilloscope acquired the voltage signals and the data files are then pro-
cessed using MATLAB, obtaining as outcome the pressure-deflection curve.

For further validation, the membrane deflection is measured by targeting the
position of the membrane centre with an optical follower analogue camera (1 Optron
5000 Hz, produced by Hamamatsu). The camera follows the position of the red dot
generated by the laser. The output of the camera are two independent signals related
to vertical and horizontal components of displacement. This allows a cross-check
of the deflection data from the laser sensor and to make sure that the horizontal
component of displacement is negligible.

4.4.2 Calibration of model parameters

Quasi-static bulge tests are carried out on NBR, silicone and NR rubber sheets.
For each kind of rubber three specimens are tested. Before inflation, the specimens
have been subjected to a pre-stretch equal to 1.3, 1.1 and 1.2 respectively for NBR,
silicone and NR. The choice of the pre-stretch is conditioned by the friction which
develops during the sliding of the steel rings, preventing the application of larger
values of pre-stretch.

After the tests, the experimental curves are fitted to calibrate the material pa-
rameters of the Mooney-Rivlin material model. As done in Section 3.5.2, it assumed
that the tested materials are incompressible, as it happens in most cases for elas-
tomers. Therefore, the only material parameters to be fitted are a and b, and the
adjusted pressure for incompressible materials is used to this purpose.

The experimental responses and the analytical fitting curves for each rubber are
shown in Fig. 4.9. The calibrated Mooney-Rivlin parameters a and b are reported
in Table 4.3. The analytical formula results in excellent agreement with the experi-
mental curves for NBR and silicone. Regarding NR rubber, the analytical curve fits
well the experimental response until a stretch approximately equal to 2.5. From that
point the experimental response starts to exhibit a hardening trend, similar to the
one shown by the silicone tested in Section 3.5.2 (see Fig. 3.14) and typical of some
class of polymers for large strains. This behaviour can not be described appropri-
ately by the Mooney-Rivlin model, causing a discrepancy between the experimental
and analytical curves.

Combining the results of Fig. 3.14 and Fig. 4.9 it can be concluded that the
proposed analytical formula for the pressure can be used for the characterization of
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Figure 4.9: Normalized pressure-deflection curves from bulge tests and comparison
with analytical predictions given by Eq. (4.13) for (a) NBR rubber, (b) silicone and
(c) NR rubber. The material parameters used in the analytical formula are listed in
Table 4.3.

material parameters on the basis of bulge tests. It is particular reliable for small
to moderate strains, since in this range the Mooney-Rivlin model is capable of
capturing accurately the response of elastomers. For large strains, more complex
phenomena take place, like the hardening due to the limit extensibility of polymer
chains. The Mooney-Rivlin results inadeguate to provide a satisfactory simulation
of elastomers at large strains, and more refined constitutive law are required, such
as those proposed by Ogden [58], Yeoh, [59], Gent [60] and Yeoh & Fleming [61].
A detailed discussion and analysis of such strain energy functions is developed in
Chapter 5, in order to select a refined strain energy function for accurate predictions
of the response of elastomers with particular attention to material compressibility.



5 A strain energy function for
large deformations of compressible
elastomers

The analysis on inflated circular membranes carried out in previous chapters showed
the need of refined material models to comprehensively describe the response of
elastomers at large deformations. Indeed, despite its mathematical convenience, the
Mooney-Rivlin model is not capable of reproducing the hardening effect at large
deformations. In addition, the Charlet-Geymonat function adopted to model com-
pressibility lacked of a physical basis on the real response of elastomers to volume
changes. The goal of the present chapter is to develop a strain energy function able
to overcome these limitations and to provide an accurate description of the response
of elastomers to both large shape and volumetric deformations. In the next chapter,
the proposed SED will be applied to the study of benchmark problems of inflatable
membranes.

Elastomers are typically modelled under the assumption of material incompress-
ibility. This common approach is based on the observation that their bulk modulus
is much larger than their shear modulus [70–72]. This assumption considerably sim-
plifies the mathematical form of equilibrium problems, and therefore it has been
adopted by many researchers [73–75]. However, most problems in the framework of
finite elasticity remain impossible to be solved analytically, requiring the use of finite
element codes. The implementation of incompressible constitutive models in finite el-
ement algorithms often causes serious convergence problems due to volumetric lock-
ing [76, 77]. In addition, some experimental tests have already indicated that some
kind of rubbers can experience volume changes, resulting compressible [5, 6, 56, 78].
To overcome these issues, some compressible and slightly compressible models for
elastomers have been proposed in the literature [79,80].

Horgan and Saccomandi [81] developed a constitutive model for slightly com-
pressible materials that reflects limiting chain extensibility. Peng et al. [82] proposed
an extension of the Mooney-Rivlin hyperelastic model introducing a term that takes
into account compressibility. Lengyel et al. [83] studied the interface crack between
a compressible elastomer and a rigid substrate and found that the solution was sen-
sitive to the bulk properties of the material. Li et al. [84] adopted a compressible
constitutive law for rubber-like materials to describe the evolution of damage due
to the Mullins effect and the cavity growth process. Landis et al. [85] analyzed the
surface wrinkles and creases in constrained dielectric elastomers under electrome-
chanical loading by assuming a compressible material model. Angeli et al. [86]
proposed analytical solutions for carbon fiber-reinforced isolators with compressible
elastomer subjected to compression and bending.

The deviatoric-volumetric decoupling of the SED [87] is the most convenient
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Figure 5.1: Outline of the steps for the calibration of the proposed SED.

approach to the study of the compressible materials. The advantage is the possi-
bility of an indipendent characterization of the volumetric response of the material.
Nevertheless, only a few authors analyzed the volumetric behavior [88], whereas
many attentions have been devoted to model the deviatoric material response (see,
e.g., [89–94]).

In the following, a new volumetric SED for elastomers is proposed, based on the
volumetric response of four different elastomers to simple tension and bulk tests.
The deviatoric part of the SED is selected from the literature in order to provide
an accurate simulation of the experimental response. The combination of the two
provides the overall proposed SED for large deformations of compressible elastomers.
The steps leading to the derivation of the proposed SED for compressible elastomers
are outlined in Fig. 5.1. A brief description of each step is provided in the following:

(1) Simple tension and bulk tests performed on four kinds of rubbers are presented.
The stress vs. stretch curves and the σh vs. J curves are obtained.

(2) The currently available volumetric SED formulations are analyzed and their
limitations are discussed. Consequently, a new volumetric SED function that
overcomes such limitations is proposed. The model parameters are fitted on
the experimental σh vs. J data.

(3) The most common strain energy functions for the deviatoric part of the SED
are reviewed. Each model is fitted to the experimental data in simple tension
and the most suitable formulation is selected.

(4) The combined SED formulation is obtained by assembling the deviatoric and
the proposed volumetric parts. The model describes both shape and volume
changes of compressible rubbers under large deformations.
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5.1 Experimental investigation on the compressibility
of elastomers

Among the numerous experimental tests carried out to derive the stress vs. stretch
response of rubbers, only a few works dealt with the measure of volumetric defor-
mations [95,96]. In this section, simple tension tests and bulk tests on four kinds of
rubber are carried out and presented. The rubbers considered are EPDM (ethylene
propylene diene monomer), NBR (nitrile butadiene rubber), NR (natural rubber)
and silicone. During the simple tension test, the lateral strain is monitored by a
digital image correlation technique (DIC). Combining the results of both tests, the
complete volumetric response of the materials is determined.

5.1.1 Simple tension test

Three dogbone specimens are prepared for each rubber considered. The specimens
had an effective length of 60 mm, a height of 7 mm and a thickness of 1 mm. The
tests were performed using the testing machine Instron 5567. The elongation was
applied with a displacement rate of 500 mm/min.

Digital image correlation is employed to monitor the displacement field during
each test. In particular, as shown in Fig. 5.2(a), a Nikon D3200 camera is used
to record a video throughout the experiment. The camera is positioned in front
of the specimen with an orthogonal view, which is ensured by properly installing a
tripod. The camera records a video of the test from the initial load application to
the specimen failure. From the video, 100 frames are extracted with regular time
intervals. The captured images are then imported to MATLAB and processed with
the open-source DIC package Ncorr [97].

A rectangular region of interest (ROI) is defined in the central part of the rubber
specimen, where the strains are expected to be homogeneous. The dimension of the
region of interest is 40 mm x 5.5 mm. The DIC analysis with Ncorr provides the
displacement and strain fields in both longitudinal and lateral directions. Contour
plots of the test on NBR are displayed in Fig 5.3. Both longitudinal and lateral
strains εx and εy inside the ROI are homogeneous. Since Ncorr computes the Green-
Lagrange strain components [98], the corresponding values of stretch components are
computed as λx =

√
1+2εx and λy =

√
1+2εy. As a double check, the images are

post-processed with the MATLAB application Ncorr_post. Virtual extensometers
are placed inside the ROI along x and y directions. The software computes the
relative displacements, from which stretches are calculated. The accuracy of the
strain fields is then checked.

The nominal stress sx is computed as F/A, where F is the force applied by
the testing machine and A is the cross-section area of the specimen in the initial
configuration (7 mm x 1 mm). In this way, the stress vs. stretch curve is derived
from each test. For each rubber, three tests are carried out on the three specimens
prepared. Since there is not much variation in the results of the three tests, the
average data of stretches and stresses are considered.

The experimental data are displayed in Figs. 5.4(a) and 5.4(b) in terms of sx
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Figure 5.2: Experimental tests on elastomers to measure volumetric deformations.
(a) Simple tension test performed on a dogbone specimen. The test is monitored with
a camera and the displacement field is obtained through digital image correlation
(DIC). (b) Bulk test performed on a cylindrical specimen. The specimen is inserted
into a rigid annulus and a steel piston is used to apply the axial load.
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Figure 5.3: Contour plots in the selected region of interest (ROI) obtained from DIC
analysis with MATLAB software Ncorr. Figures (a) and (b) show respectively lon-
gitudinal and lateral displacement fields, while figures (c) and (d) show longitudinal
and lateral strain fields, respectively. The plots are referred to the simple tension
test on NBR at the step corresponding to longitudinal stretch λx = 1.5.

vs. λx and λy vs. λx curves, respectively. Figure 5.4(b) shows a representation of
the incompressible limit, expressed by λy = 1/

√
λx. The response of all four rubbers

is very close to incompressibility for relatively small strains. EPDM and NBR start
to deviate at values of longitudinal stretch around 1.35 and 1.15 respectively. On
the other hand, NR and silicone are nearly incompressible throughout the defor-
mation process and show sensible deviations only for very large deformations. The
significant amount of specific fillers contained in both EPDM and NBR compounds,
such as carbon black, can provide an explanation for these behaviors. Instead, the
amount of filler in NR rubber and silicone considered in this work is very low. A
higher compressibility associated with an increase in filler content is observed also
in other works [99,100].

Only a few experimental measurements of the lateral deflection in rubbers are re-
ported in the literature. The results of such experiments agree with the ones derived
from the presented experiments. Starkova and Aniskevich [5] performed uniaxial ten-
sion tests on silica-filled SBR rubber and measured the Poisson’s ratio ν during the
experiments. They found out that for small stretches the response is close to in-
compressibility (ν ≈ 0.5), while for large deformations ν becomes stretch-dependent
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(b)
s

(a)

Figure 5.4: Results from simple tension tests on EPDM, NBR, NR and silicone. (a)
Nominal stress sx vs. longitudinal stretch λx and (b) lateral stretch λy vs. longitu-
dinal stretch λx. The black curve shows the behavior of incompressible materials,
expressed by λy = 1/

√
λx.

and the material is compressible. Kugler et al. [6] considered five elastomers and
reported measurements of volume changes during simple tension tests, which showed
once again that compressibility increases with the deformation.

5.1.2 Bulk test

The bulk (or volumetric compression) test involves the application of an axial com-
pressive load on a cylindrical specimen inserted into a rigid annulus. The deforma-
tion of the cylinder is homogeneous and it is entirely attributed to volume change. In
fact, the lateral deformation of the cylindrical specimen is constrained (λy = λz = 1)
and we have that λx = J .

Three cylindrical specimens with a height of 12 mm and a diameter of 10.5 mm
were prepared for each rubber. A cylindrical steel block with a circular hole was
manufactured. The hole had a depth of 20 mm and a diameter of 10.55 mm. The
rubber specimen was inserted into the hole so that its side walls were fixed. Note
that the diameter of the hole in the steel block was slightly larger than that of the
specimen so as to allow smooth insertion and removal.

As shown in Fig. 5.2(b), a steel piston with the same diameter as the cylindrical
specimen was used to apply the axial load. The tests were performed by using
the testing machine Instron 5567 equipped with a 30 kN load cell. A limit on the
applied load was set to 26 kN, which corresponds to an axial stress on the specimen
of around 300 MPa. The displacement was applied with a displacement rate of 2
mm/min. At the beginning of the test, the lateral walls of the specimen were still
not perfectly constrained by the rigid annulus, due to a slightly smaller diameter.
Thus, the data until an applied force of 4 N were removed. Such a force corresponds
to an axial stress of approximately 0.05 MPa. This cut-off value was defined by
computing the axial stress corresponding to a lateral strain of 0.48%, which is the
condition where the specimen touches the internal walls of the rigid annulus. Since
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(a) (b)

Figure 5.5: Cauchy stress σx as a function of volume change J from experimental
tests on EPDM, NBR, NR and silicone. Figure (a) shows the response obtained
from the bulk tests, where the specimens are subjected to shrinkage (J ≤ 1), while
figure (b) shows the response from simple tension tests, where the volume of the
specimens is expanding (J ≥ 1).

the strains are still small, this simple computation was done by assuming a linear
elastic response with Poisson’s ratio 0.5 and Young’s modulus 5 MPa.

The force vs. displacement data were converted into stress vs. stretch data. In
this test, the nominal stress sx is equal to the true stress σx. Hence, for convenience
in the following analysis, the results are given in Fig. 5.5(a) in terms of true stress
as a function of J . The curves show that, at the maximum level of stress, all four
rubbers undergo large volumetric changes (up to 10-15% of shrinkage).

The above results show the response of the rubbers in terms of σx vs. J curve
when J < 1 (shrinkage). To have a comprehensive picture of the volumetric changes
in the materials, the σx vs. J curve was extracted from the experimental data from
the simple tension tests, which show the response when the volume is expanding
(J > 1). The results are shown in Fig. 5.5(b).

As discussed in detail in A.2, it can be assumed that for rubber-like materials
the axial stress measured during the bulk test is approximately equal to the hydro-
static stress (σh ≈ σx). In light of this, the bulk modulus κ was derived from the
slope of the experimental data from bulk tests in the small-strain domain. In shrink-
age, the range of small strains was identified by observing until what magnitude of
deformation the material response was still approximately linear. For the rubbers
considered, the linear behavior is restricted to a shrinkage of 2h. The estimated
values of κ are reported in Tab. 5.1 and a detail of the experimental data from bulk
tests in the small-strain region is shown in Fig. 5.6.



Chapter 5. A strain energy function for large deformations of compressible elastomers 59

Table 5.1: Values of bulk modulus κ calibrated from the experimental data from
bulk tests in the small-strain domain (up to a shrinkage of 2‰).

Rubber κ (MPa)
EPDM 490
NBR 410
NR 710
Silicone 670

Small-strain
region

Figure 5.6: Detail of the experimental data from bulk tests. The values of bulk
modulus reported in Tab. 5.1 were calibrated in the small-strain region, up to a
shrinkage of 2h, where the response of all the rubbers is approximately linear. The
dashed lines represent the linear response given by κ(J −1).

5.2 The split of the SED and current volumetric
formulations

When dealing with compressible materials, the SED is written as a function of all
three invariants I1, I2 and I3 (or J). The general form of the SED reads

W =W (I1, I2,J) , (5.1)

or alternatively
W =Wc (I1, I2,J)+Wh (J) , (5.2)

where Wc and Wh are respectively the compressible and the hydrostatic terms of the
strain energy. Despite of this distinction, both terms contribute to the response to a
volume change, whether or not J appears explicitly in Wc [80]. The most convenient
approach to develop phenomenological models for compressible materials, and to
identify the response of the material to volume changes, consists in the split of the
strain energy function into its deviatoric and volumetric parts. This can be achieved
by introducing the so-called deviatoric strain invariants, defined as

Ī1 = J−2/3I1, Ī2 = J−4/3I2. (5.3)
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This allows to write the SED as the sum of two uncoupled terms, responsible for the
deviatoric (shape changing) and volumetric (volume changing) deformations. The
SED assumes the form

W =Wd

(
Ī1, Ī2

)
+Wh (J) , (5.4)

where Wd is the deviatoric term of the strain energy. In this case, Wh (J) is the
only responsible for the material response to pure volumetric deformations and its
characterization determines the response of the material to volume changes.

As classic results in Elasticity, the Cauchy stress tensor can be decomposed into
a deviatoric and hydrostatic contribution

T = Td +σhI, (5.5)

being Td the deviatoric part of the Cauchy stress, σh the hydrostatic stress and I
the identity tensor. The hydrostatic stress is defined as [88]

σh = 1
3tr(T). (5.6)

The deviatoric-volumetric split allows to compute the hydrostatic stress directly as

σh = ∂Wh

∂J
. (5.7)

The above relations allow an independent characterization of the volumetric part
Wh by measuring volume changes in experimental tests. In the case of simple ten-
sion test, σ2 = σ3 = 0 and tr(T) = σ1, where σ1 is the principal Cauchy stress in
the longitudinal direction. Therefore, combining Eqs. (5.6) and (5.7), the relation
between the stress and Wh reads becomes

1
3σ1 = σh = ∂Wh

∂J
, (5.8)

In the case of bulk tests, the expression of the principal stress in longitudinal direc-
tion can be expressed as

σ1 ≈ σh = ∂Wh

∂J
. (5.9)

This approximation is based on the consideration that for elastomers the bulk mod-
ulus remains much larger than the shear modulus in the entire range of deformation.
A detailed demonstration is carried out in Appendix C.

Following Eqs. (5.8) and (5.9) the σh vs. J curve is derived from the experimental
data described in Section 5.1 for the four materials considered. In the following, the
most significant formulations of volumetric SEDs are introduced. Their effectiveness
in modeling the volume changes in elastomers is studied by fitting the experimental
σh vs. J curves.
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Table 5.2: Validity criteria and physical constraints of volumetric SED formulations,
as reported in Moerman et al. [88].

Crit. Description Form
I Zero SED in reference state Ψvol (J = 1) = 0
II Zero hydrostatic stress in reference state σh (J = 1) = 0

III Positive strain energy density Ψvol (J ̸= 1)> 0

IV Consistent with linear elasticity d2Ψvol(J=1)
dJ2 = κ

V SED approaches ∞ if J approaches 0 limJ→0Ψvol (J) = +∞

VI Hydrostatic stress approaches −∞ if J approaches 0 limJ→0σh (J) = −∞

VII SED approaches ∞ if J approaches ∞ limJ→∞Ψvol (J) = +∞

VIII Hydrostatic stress approaches ∞ if J approaches ∞ limJ→∞σh (J) = +∞

IX Tangent modulus > 0 (polyconvexity) d2Ψvol(J)
dJ2 ≥ 0

X Control of strain stiffening for all J

5.2.1 Review of current volumetric formulations

Doll and Schweizerhof [101], following previous developments in the literature (e.g.
[102]), established nine criteria and physical constraints that should be respected to
guarantee the phyisical plausibility of a volumetric strain energy function. These
validity criteria impose conditions on the SED, on the hydrostatic stress, and on their
behavior for limiting values of J . In their recent work, Moerman et al. [88] added
a tenth requirement, imposing an indipendent control of the response in shrinkage
and in expansion. The ten validity criteria are reported in Tab. 5.2.

Hencky [103] and Simo [104] proposed two functions which are implemented in
many finite element codes and have found large success due to their mathematical
simplicity. The two functions read respectively

Wh (J) = κ

2 ln(J)2 (5.10)

and
Wh (J) = κ

2 (J −1)2 (5.11)

They provide good performance for nearly-incompressible materials (J ≈ 1), but
they lead to non-physical behaviours when dealing with large volumetric changes.
Indeed, they do not respect all the validity criteria and physical constraints reported
in Tab. 5.2. In particular, as shown in [101], Eq. (5.10) does not satisfy criteria
VIII and IX, while Eq. (5.11) does not satisfy criteria V and VI.

Doll and Schweizerhof [101] proposed a three-parameters volumetric function

Wh (J) = κ

α+β

( 1
α+1J

α+1 + 1
β−1J

−(β−1)
)

− κ

(α+1)(β−1) (5.12)
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that allows control in both shrinkage and expansion through parameters α and β.
To satisfy the validity criteria they proposed, the constraints on parameters α and β
are: α> 0 and β > 1. Parameter α increases the response in expansion while slightly
limiting the response in shrinkage, whereas parameter β produces the opposite effect.
Note that the control on the response in shrinkage and expansion is not independent,
since α and β have an effect on both branches. Thus, criterion X is not satisfied.

Montella et al. [105] proposed a five-parameters formulation

Wh (J) = κ

2β1

(
eβ1 ln(J)2

−1
)

+ κ2
mβ2

(
eβ2| ln(J)|m −1

)
(5.13)

developed starting from the exponentiated Hencky strain energy, firstly presented
by Neff et al. [106]. This function provides a flexible formulation to model the
volumetric response at large deformations and it respects the 9 criteria established
in [101] with the following constraints on the model parameters: β1 ≥ 1/8, β2 ≥ 1/8,
and m> 2. Parameters β1 and β2 allow for the simultaneous variation of response
for shrinkage and expansion, acting respectively on the first and the second term of
Eq. (5.13). Parameter κ2 regulates the slope for higher strains. Finally, parameter
m is capable of enhancing the response for J > e and J < 1/e, while suppressing
it in the range 1/e < J < e. However, this formulation does not offer independent
control on the response for shrinkage and expansion, not satisfying criterion X.

Moerman et al. [88] added a tenth requirement to the 9 described by Doll and
Schweizerhof, which states that the volumetric part of a hyperelastic model should be
capable of describing strain stiffening for all values of J . This means that the control
of strain stiffening should be independent for shrinkage and expansion. In [88], the
authors proposed three novel formulations for the volumetric strain energy function.
Formulation No. 3, which is the most refined one, is given by the following function

Wh (J) = κ

[
−(1− q)a2 ln

(
cos

(
J −1
a

))
+ qb2 ln

(
cosh

(
J −1
b

))]
(5.14)

and involves three parameters a, b and q that assume different values for expansion
and shrinkage. In particular, the parameters are defined as

a= 2
π

{
J1 −1, J ≥ 1
J2 −1, J < 1

b= 1
κ

{
s1, J ≥ 1
s2, J < 1

q =
{
q1, J ≥ 1
q2, J < 1

(5.15)

This ensures that the formulation offers a completely independent control of the
two branches. Including κ, the parameter values that must be calibrated are 7, and
parameter q has the constraint 0 ≤ q ≤ 1. More details about all the above formula-
tions can be found in [88]. In this work, the authors tested the above formulations
on experimental data of polymeric foams.

In the following, the current volumetric SED formulations are fitted to the σh vs.
J curves derived from the experimental tests presented in Section 3.1 for EPDM,
NBR, NR and silicone. The formulations proposed by Doll and Schweizerhof [101],
Montella et al. [105] and Moerman et al. [88] are considered. The simple formulations
proposed by Hencky [103] and Simo [104] are not taken into account, since they do
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Table 5.3: Current volumetric SED formulations from the literature.

Formulation Wh(J)

Hencky [103] κ

2 ln(J)2

Simo [104] κ

2 (J −1)2

Doll and Schweizerhof [101] κ

α+β

( 1
α+1J

α+1 + 1
β−1J

−(β−1)
)

− κ

(α+1)(β−1)

Montella et al. [105] κ

2β1

(
eβ1 ln(J)2

−1
)

+ κ2
mβ2

(
eβ2| ln(J)|m −1

)
Moerman et al. [88], No. 3 κ

[
−(1− q)a2 ln

(
cos

(
J −1
a

))
+ qb2 ln

(
cosh

(
J −1
b

))]

not fulfill the previously mentioned criteria of physical plausibility. Besides, due to
their simplicity, it is clear that they are not capable of performances as accurate as
the other functions which involve more parameters.

The formulation presented above are gathered in Tab. 5.3. It goes without
saying that further volumetric SED functions have been proposed in the literature.
For instance, the formulations proposed by Bischoff et al. [80], Ogden [58], Hill [107],
and Horgan and Murphy [108]. However, such formulations do not fulfill all the
criteria of physical plausibility and provide accurate behaviors only for small or
moderate volume changes. Hence, they are not capable of accurately reproducing
the response of the elastomers tested in Section 5.1 during both volume shrinkage
and expansion.

5.2.2 Fitting to experimental data

The hydrostatic stress is computed as σh = ∂Wh/∂J for each of the volumetric SED
formulations described above. The analytical expression is fitted to the experimental
σh vs. J curve derived from simple tension and bulk tests by using the FindFit
function in software Wolfram Mathematica.

For each rubber, the bulk modulus is fixed to its corresponding value given in
Tab. 5.1. To perform an in-depth study of the advantages and limitations of each
material model for both shrinkage and expansion, the fitting is done by considering
separately the experimental data for J < 1 and J ≥ 1. Hence, two sets of calibrated
parameters are obtained for each formulation (note that the formulation by Moerman
et al. already involves two values for each parameter). The calibrated parameters
are reported in Tab. B.1 and the σh vs. J curves for each type of rubber are
displayed in Fig. 5.7.

From Figs. 5.7(a), 5.7(c), 5.7(e) and 5.7(g), it is evident how none of the current
formulations is capable of simulating accurately the volumetric curve of the rubber
specimens in shrinkage. Indeed, most of the formulations were defined to capture
the volumetric response of foams and hydrogels, which differ substantially from the
response of elastomers. On one hand, as shown in [109, 110], the elastic volume
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Figure 5.7: Fitting of current volumetric SED formulations to the experimental data
from bulk tests (Figs. (a), (c), (e) and (g)) and simple tension tests (Figs. (b), (d),
(f) and (h)) for (a) and (b) EPDM, (c) and (d) NBR, (e) and (f) NR, and (g) and
(h) silicone. The following acronyms are used: D = Doll et al. [101]; MT = Montella
et al. [105]; MO = Moerman et al. [88].
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reductions in foams and hydrogels can reach easily values around 60-80% and strain
stiffening typically takes place in a smooth way. On the other hand, in case of
elastomers, a pronounced strain stiffening occurrs for small reductions of J . Then,
the rate of stiffening decreases and stabilizes.

Figs. 5.7(b) and 5.7(d) show the behavior of EPDM and NBR when the volume
is expanding. Except for the formulation by Montella et al., the current formulations
give quite accurate descriptions of the volumetric response. Some discrepancies are
found only in the range of J ≈ 1. However, as shown in Figs. 5.7(f) and 5.7(h), for
NR and silicone the predictions made by each one of the current SED functions are
inaccurate. The reason consists in the fact that rubbers are nearly incompressible
when J ≈ 1, whereas they show a remarkable reduction in stiffness (softening) that
takes place for relatively low values of J . This abrupt change in stiffness between
the range of nearly-incompressible materials (J ≈ 1) and the range of large volume
changes makes the response of elastomers critical. For instance, the SED proposed
by Moerman et al. is perfectly capable of reproducing both strain softening and
stiffening in foams, which occurs smoothly and generally for much larger volume
changes. However, the response of elastomers requires functions that capture these
behaviors for smaller deformations and thus more rapidly.

In light of the above considerations, there is still a lack of a formulation capable
of simulating accurately the entire response of elastomers to volume changes. The
main limitations of the formulations currently available in the literature are the
following:

• Most of them were developed for foams and hydrogels, therefore they exhibit
limitations in reproducing the volumetric response of elastomers. In particular,
they result uncapable of simulating the pronounced strain stiffening and soft-
ening shown by elastomers even for relatively small volume variations (J ≈ 1).

• The formulations do not allow independent control of strain stiffening in
shrinkage and expansion, except from the one proposed by Moerman et al. [88].

• The formulation proposed by Moerman et al. [88] involves one single set of
parameters which assume two different values for J < 1 and J ≥ 1, the form of
the energy function being the same. For rubbers, and perhaps other materials,
it is convenient to have two different response functions defining the diverse
behaviors in shrinkage and expansion.

In the next section, a volumetric SED function is proposed with the aim to overcome
the limitations described above.

5.3 The proposed volumetric SED
The proposed volumetric SED is expressed by

Wh (J) = κ [H (1−J)Ψc +H (J −1)Ψt] , (5.16)
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where H is the Heaviside step function, defined as

H (x) =


0, x < 0
1/2, x= 0
1, x > 0

(5.17)

and Ψc and Ψt, are two function which give indipendent control of shrinkage and
expansion respectively. They are expressed by

Ψc (J) = 1
α1 +α2 −α3

[(
J + Jα1+1

α1 +1 + J−(α2−1)

α2 −1 − Jα3+1

α3 +1

)

−
(

1+ 1
α1 +1 + 1

α2 −1 − 1
α3 +1

)]
, (5.18)

Ψt (J) = (1− q)
[
β2eβ1(J−1) +β1e−β2(J−1)

β1β2(β1 +β2) − 1
β1β2

]
+ qβ2

3 ln
(

cosh
(
J −1
β3

))
.

(5.19)

The Heaviside step function allows an independent control of the response shrink-
age and expansion. When J < 1, H(J−1) vanishes and H(1−J) equals 1, therefore
the energy reduces to κΨc. On the contrary, when J > 1, H(1 −J) vanishes and
H(J −1) = 1. Hence, the energy reduces to κΨt.

The hydrostatic stress reads1

σh (J) = dWh (J)
dJ

= κ [H (1−J)ψc +H (J −1)ψt] (5.20)

with

ψc (J) = dΨc (J)
dJ

= 1+Jα1 −J−α2 −Jα3

α1 +α2 −α3
, (5.21)

ψt (J) = dΨt (J)
dJ

= (1− q)e
β1(J−1) −e−β2(J−1)

β1 +β2
+ qβ3 tanh

(
J −1
β3

)
. (5.22)

The presence of the Heaviside step function in Eq. (5.20) guarantees again a separate
control on shrinkage and expansion for the hydrostatic stress, regulated by ψc and
ψt respectively. Due to its discontinuity in J = 1, in practical implementations the
Heaviside step function can be replaced by a smooth approximation [111]. To this
propose, the following smooth approximation is proposed

H (1−J) ≈ 1− tanh
(
103 (J −1)

)
2 = ρc,

H (J −1) ≈ 1+tanh
(
103 (J −1)

)
2 = ρt.

(5.23)

1From the derivative of the product, the two terms δ(1 − J)Ψc and δ(J − 1)Ψt arise, where δ is
the Dirac delta function. The above terms vanish because Ψc

∣∣
J=1 = Ψt

∣∣
J=1 = 0 and therefore the

distributional products are identically zero.
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Figure 5.8: Effect of parameters α1, α2 and α3 of the proposed volumetric SED,
which control the behavior for volume shrinkage. Parameters α1 (a) and α3 (c)
are responsible respectively for strain softening and stiffening in the region of small
to moderate shrinkage. Parameter α2 (b) controls hardening during large volume
shrinkage, while it has very little effect for small and moderate deformations. The
curves are drawn starting from α1 = 10, α2 = 15 and α3 = 15, then the parameters
are varied one by one.

The factor 103 ensures an adequate steepness of functions ρc and ρt when J → 1.
The volumetric strain energy and the hydrostatic stress become

Wh (J) = κ

∫
(ρcψc +ρtψt)dJ, (5.24)

σh (J) = κ(ρcψc +ρtψt) . (5.25)

A detailed discussion on smooth approximations of step functions is found in [112–
114].

Overall, the model involves seven parameters in addition to the bulk modulus.
Parameters α1, α2 and α3 control the response in shrinkage, while β1, β2, β3 and q
control the response in expansion. The proposed SED fulfills the 10 requirements
reported in [88] provided the parameters satisfy the following constraints:{

β1 > 0, β2 > 0, β3 > 0, 0 ≤ q ≤ 1
α1 > 0, α2 > 1, α3 > 0, α1 +α2 −α3 > 0

(5.26)

A thorough demonstration of the above inequalities is carried out in Appendix B.
The term ψc in the hydrostatic stress, given in Eq. (5.21), is the results of adding
parameter α3 to the formulation proposed by Doll and Schweizerhof [101]. The ef-
fect of parameters α1, α2 and α3 is displayed in Fig. 5.8. Parameters α1 and α3
produce, respectively, strain softening and stiffening in the range of small to mod-
erate volume shrinkage. Parameter α2 controls hardening for large volume changes.
The combination of parameters α1 and α3 allows to model the rapid strain stiffening
that occurs in rubbers for relatively small shrinkage values.

The term ψt in the hydrostatic stress, given in Eq. (5.22), is inspired by the
formulation proposed by Moerman et al. [88]. In formulation No. 3, the authors
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Figure 5.9: Effect of parameters β1, β2, β3 and q of the proposed volumetric SED,
which control the behavior for volume expansion. Parameter β1 (a) regulates the
amount of hardening at large volume expansions, while β2 (b) controls the activation
of the hardening in the range of moderate deformations. Parameter β3 (c) controls
the extent of the linear response and q (d) governs the transition from linear to
nonlinear responses. The curves are drawn starting from β1 = 5, β2 = 1.1, β3 = 0.1
and q = 0.9, then the parameters are varied one by one.

used functions tan and tanh to create vertical and horizontal sigmoid functions that
simulate hardening and softening, respectively. In the proposed SED, the sum of
two exponential functions with exponents β1 and β2 replace the tan function, which
is not suitable for the nonlinear behavior of elastomers. The effect of parameters
β1, β2, β3 and q is displayed in Fig. 5.9. Parameter β1 produces strain stiffening at
large volume expansions. The range of J values at which strain stiffening activates
is regulated by parameter β2. Parameter β3 controls the amplitude of the linear
response in small deformations. Finally, q is a weight parameter that regulates the
transition from linear to nonlinear response.

The proposed volumetric SED involves just one more parameter than the func-
tion proposed by Moerman et al. [88], but it exhibits the following main advantages:

• The proposed SED is a continuous function of J that is developed specifically
for elastomers by observing their experimental behavior under large volume
deformations.

• The Heaviside step function (or its smooth approximation) allows a total in-
dependent control of shrinkage and expansion.
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• The formulation allows defining not only different parameters for shrinkage
and expansion, but also different response functions. Since elastomers show
different behaviours for J < 1 and J ≥ 1, the two functions ψc and ψt were
employed.

• When dealing with volumetric deformations of other hyperelastic materials,
like foams and gels, the response functions ψc and ψt can be replaced by other
expressions if necessary.

The expression of the hydrostatic stress σh as a function of J , reported in Eq.
(5.20), is fitted to the experimental data to calibrate the best parameters of the
proposed SED, both in volume shrinkage and expansion. The fitting is performed
by using the FindFit function in software Wolfram Mathematica. For each rubber,
the value of bulk modulus is fixed to the values given in Tab. 5.1. The calibrated
parameters are listed in Tab. B.2 and the σh vs. J curves for each type of rubber
are displayed in Fig. 5.10.

For every rubber, the proposed formulation provides excellent accuracy in both
volume shrinkage and expansion. In the case of shrinkage, elastomers show a rapid
strain stiffening that occurs for small volume changes. This effect is captured thanks
to the introduction of the new parameter α3 in function ψc. In the case of volume
expansion, elastomers are nearly incompressible when J ≈ 1 and then an abrupt
softening takes place, which is in some cases followed by hardening for large values
of J . The exponential terms introduced in function ψt, controlled by parameters
β1 and β2, allow to reproduce such a behavior. In conclusion, the results in Fig.
5.7 demonstrate that the proposed model is capable of describing the volumetric re-
sponse of rubbers for both small and large deformations, overcoming the limitations
of the current models available in the literature.

5.4 The deviatoric part of the SED
In the previous section, an original formulation of a volumetric strain energy function
for elastomers was proposed. Following the split of the strain energy function into
its volumetric and deviatoric parts, a proper strain energy function must be selected
as deviatoric part and coupled with the proposed volumetric SED. Regarding the
deviatoric part of the strain energy function, extensive studies have been carried
out in the literature. In this section, some of the most significant incompressible
SEDs are investigated with the aim of selecting the most suitable deviatoric part
for the prediction of the response of elastomers under large deformations. To this
purpose, firstly the most common incompressible strain energy formulations from the
literature are introduced, successively each formulation is fitted to the experimental
results in simple tension.

It is important to specify that in the developments of this section the assumption
of material incompressibility is adopted. Indeed, the purpose of this section is to
investigate which material model provides the best prediction of the shape-changing
large deformations occurring in elastomers, neglecting the variations in volume. In
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Figure 5.10: Fitting of the proposed volumetric SED formulation to the experimental
data from bulk tests (Figs. (a), (c), (e) and (g)) and simple tension tests (Figs. (b),
(d), (f) and (h)) for (a) and (b) EPDM, (c) and (d) NBR, (e) and (f) NR, and (g)
and (h) silicone.
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Table 5.4: Common deviatoric SED formulations from the literature.

Formulation Wd

Neo-Hookean [116] C10 (I1 −3)

Mooney-Rivlin [117] C10 (I1 −3)+C01 (I2 −3)

Yeoh [59] C10 (I1 −3)+C20 (I1 −3)2 +C30 (I1 −3)3

Gent [60] −µ

2Jm ln
(

1− I1 −3
Jm

)
Gent-Gent [118] −C1Jm ln

(
1− I1 −3

Jm

)
+C2 ln

(
I2
3

)
Yeoh-Fleming [61] A

B
(Im −3)

(
1−e−B(I1−3)/(Im−3)

)
−C10 (Im −3) ln

(
1− I1 −3

Im −3

)
Carroll [119] AI1 +BI4

1 +CI
1/2
2

Ogden [58] ∑M
i=1

µi

αi
(λαi

1 +λαi
2 +λαi

3 −3)

Section 5.5 the selected deviatoric SED will be coupled with the proposed volumet-
ric SED in the framework of the split of the strain energy function. The coupled
formulation provides a complete description of the response of elastomers to volume
and shape-changing deformations.

5.4.1 Review of current incompressible strain energy functions

The generalized Rivlin model [115] is the foundation of many of the hyperelastic
material laws. It is expressed by

Wd (I1, I2) =
n∑

i=0

m∑
j=0

Cij (I1 −3)i (I2 −3)j . (5.27)

Truncating Eq. (5.27) to the first terms, the Neo-Hookean [116] and the Mooney-
Rivlin [117] models are obtained. The Neo-Hookean model is defined as a linear
function of the first invariant I1 and it is based on considerations of the statistical
molecular theory. The Mooney-Rivlin model considers deviations from the predic-
tions of the molecular theory by adding a second term linearly dependent on I2. The
neo-Hookean and the Mooney-Rivlin models have been widely employed for their
simplicity. However, it is well-known that they do not provide accurate descriptions
of the response of rubbers at large strains. In particular, these models are not able
to simulate the hardening at large deformations, which is a typical phenomenon oc-
curring in several rubber-like materials. This limitation already appeared in Section
3.5.2 and Section 4.4.2, where the proposed analytical formula for the inflation of
circular membranes was fitted to experimental bulge tests.
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The formulation proposed by Yeoh [59] is another benchmark model in hypere-
lasticity. By analyzing the response of carbon-black-filled rubbers in simple tension,
Yeoh [59] proposed a three-parameter model defined by a combination of the first
three powers of invariant I1. This model allows for a variable shear modulus along
the deformation and it is capable of describing the increase of stiffness at large
deformations.

One of the most successful phenomenological models to reproduce severe strain
stiffening is the one proposed by Gent [60]. The Gent model corrects the neo-
Hookean model in the range of large deformations by introducing a maximum achiev-
able length of the molecular chains. Parameter Jm denotes the chain extensibility
limit. This model has the advantage of mathematical simplicity since it involves just
two constitutive parameters. However, several authors pointed out that it suffers
some limitations in the range of small to moderate strains [74].

In view of this, other authors proposed extensions of the Gent model by introduc-
ing more constitutive parameters. The Gent-Gent model [118] is the most famous
and it introduces a logarithmic dependence on the second strain invariant. Another
modification was proposed by Yeoh and Fleming [61]. The authors combined con-
cepts proposed by Yeoh and Gent in order to derive a comprehensive SED that is
accurate for both small and large strains. The model proposed in [61] depends only
on the first strain invariant but it involves four parameters. A more recent model
composed of three parameters was proposed by Carroll [119]. The model was derived
by considering firstly the neo-Hookean function and then adding terms to model the
residual stress in experimental data from simple and equibiaxial extensions.

Lastly, the well-known hyperelastic model proposed by Ogden [58] must be men-
tioned. Contrary to previous formulations, which were expressed as functions of the
principal invariants, the Ogden model is expressed as a function of the principal
stretches. It consists of a combination of terms depending on the principal stretches
raised to real powers. For consistency with the linearized theory, the constants must
satisfy the following requirement: ∑M

i=1µiαi = 2µ, where M is a positive integer and
µ is the shear modulus.

The analytical expressions of these formulations are summarized in Tab. 5.4.

5.4.2 Fitting of incompressible models to experimental data

The Gent model, the Gent-Gent model, the Yeoh model, the Carroll model, the
Yeoh-Fleming model, and the Ogden model with M = 2 are considered for the fit-
ting to the experimental data. The neo-Hookean and Mooney-Rivlin models are
neglected since they are not adequate to describe the response for large stretches.
The incompressible SED formulations are fitted to the experimental stress vs. strain
curves derived from the simple tension tests, given in Fig. 5.4(a). The analytical
stress-strain relation for incompressible materials in simple tension is reported in Ap-
pendix A.1. The fitting procedure is carried out by means of the FindFit function
in Wolfram Mathematica.

The fitting parameters for each formulation are reported in Tab. B.3. Figure 5.11
shows the results of the fitting for the four rubbers analyzed in this work. All the
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Figure 5.11: Nominal stress vs. stretch curves obtained by fitting the current incom-
pressible deviatoric SED formulations to the experimental data from simple tension
tests on (a) EPDM, (b) NBR, (c) NR and (d) silicone. The following acronyms are
used: Exp = experimental; G = Gent [60]; GG = Gent-Gent [118]; Y = Yeoh [59];
C = Carroll [119]; O2 = Ogden [58] with M = 2; YF = Yeoh-Fleming [61].

formulations exhibit a good accuracy in reproducing the response of NR rubber and
silicone, given in Fig. 5.11(c) and Fig. 5.11(d) respectively. From Fig. 5.11(a) it is
evident that the Gent and the Yeoh models are not capable of simulating accurately
the response of EPDM rubber. However, Fig. 5.11(b) shows that only the Yeoh-
Fleming model is capable of reproducing the behavior of NBR. All the other models
are inaccurate, especially in the range of small to moderate strains (λx between 1
and 1.3). The better performance of the Yeoh-Fleming model compared to the Gent-
Gent, Carroll, and Yeoh formulations is not surprising. Indeed, the Yeoh-Fleming
model has four parameters, whereas the Gent-Gent, Carroll, and Yeoh formulations
only have three. On the other hand, the Ogden model counts for four parameters
as well but it results inaccurate to reproduce the response of NBR rubber. The
better performance of the Yeoh-Fleming model can be interpreted in light of its
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design. Indeed, by combining two terms, one responsible for small strains and one
responsible for large strains, the Yeoh-Fleming model results accurate for both small
and large strains.

The above results presented above indicate the Yeoh-Fleming model as the most
suitable model to be assumed as deviatoric part Wd of the SED. In the next section,
the Yeoh-Fleming model is coupled with the volumetric SED proposed in Section 5.3
to provide a complete description of the response of elastomers at large deformations.

In conclusion, it is worth to remark that many more incompressible strain energy
functions have been proposed in the literature. A comprehensive review of the
proposed isotropic hyperelastic constitutive models for rubber-like materials is found
in Dal et al. [120]. It goes without saying that formulations different from the Yeoh-
Fleming may be used. For instance, when dealing with soft tissues in problems of
biomechanics, other hyperelastic models for Wd may be preferred [121,122].

5.5 The combined SED
In the previous sections, the split of the strain energy function was adopted and
suitable formulations for both volumetric and deviatoric parts of the SED were
investigated. In particular, in Section 5.3 a new formulation for the volumetric
part Wh of the SED was proposed. The proposed SED is capable of reproducing
accurately the σh vs. J curves for all the elastomers tested. In Section 5.4, the Yeoh-
Fleming model was selected as deviatoric part among the most popular models in
the literature. The analysis was done by assuming material incompressibility, since
the interest was capturing the shape-changing deformations of rubbers.

In the present section, the above deviatoric and volumetric parts Wd and Wh

are combined. The combined SED is introduced and a final fitting of the model
parameters is carried out on the experimental data. The combined SED gives the
complete description of both shape and volume deformations of rubbers.

5.5.1 The combined SED formulation

The combined SED is obtained by coupling the volumetric part and the deviatoric
part

W =Wd

(
Ī1
)

+Wh(J), (5.28)

where

Wd

(
Ī1
)

= A
B (Im −3)

(
1−e−B(Ī1−3)/(Im−3)

)
−C10 (Im −3) ln

(
1− Ī1−3

Im−3

)
(5.29)

and Wh(J) is given by Eq. (5.16). Note that the Yeoh Fleming model is written as
a function of the deviatoric invariant Ī1, defined in Eq. (5.3), consistently with the
approach of the split of the strain energy function.

Thanks to the split of the energy function, the calibration of the fitting parame-
ters for the volumetric part of the SED is entirely independent from the deviatoric
contribution. Indeed, the hydrostatic stress σh only depends on Wh, and once known
the σh vs. J curve, function Wh can be completely determined. However, the same



Chapter 5. A strain energy function for large deformations of compressible elastomers 75

Figure 5.12: Summary of the steps for fitting the parameters of volumetric and
deviatoric parts of the combined SED proposed in this work.

rule does not apply to the deviatoric part of the SED. Indeed, since in finite elastic-
ity a shape-changing deformation always implies a volume change, the effect of Wd

can never be completely separated from the contribution of Wh. The calibration of
the parameters of the SED in simple tension requires the computation of stress sx

(or σx), which depends on both Wd and Wh. Hence, the correct procedure for the
material characterization consists in: 1) firstly the parameters of Wh are calibrated
from the σh vs. J curve. The response in expansion derives from the simple tension
test, the response in shrinkage comes from the bulk test under the approximation
σx ≈ σh; 2) then, the parameters of Wd are calibrated by fitting to experimental
data the solution for compressible materials in simple tension.

The parameters of the volumetric part Wh were calibrated in Section 5.3 and are
listed in Tab. B.2. In the following, the parameters of the Yeoh-Fleming model are
calibrated on the basis of the experimental data in simple tension. The equilibrium
solution in simple tension for compressible materials is expressed by Eqs. (A.1)
and (A.2). The first is an implicit equation that allows to compute numerically
the lateral stretch λy as a function of longitudinal stretch λx. The second equation
gives the expression of nominal stress sx as a function of longitudinal stretch λx.
The equilibrium solution for the bulk test is expressed by Eqs. (A.5) and (A.6). It
is important to remark that in Section 5.5 the fitting parameters of the proposed
function Wh were calibrated by using such the approximation σx ≈ σh. In the present
section, since deviatoric and volumetric contributions are coupled, the real stress σx

is computed by using the exact solution from Eq. (A.5). The overall procedure for
parameter fitting is summarized in the scheme shown in Fig. 5.12.

5.5.2 Fitting of the combined SED to experimental data

The fitting process is performed using MATLAB. The experimental data from simple
tension tests are imported as stress sxi and stretch λxi , where i = 1, ...,n and n
is the number of experimental data points. The constitutive parameters of the
Yeoh-Fleming model are gathered in the parameter vector p = [A, B, C10, Im]. The
equilibrium equations in simple tension, expressed by Eqs. (A.1) and (A.2), are
implemented in a MATLAB function. The implicit equation (A.1) is solved using
fsolve to obtain for all data λxi the corresponding values of lateral stretch λyi (p).
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The obtained values λyi (p) were inserted in Eq. (A.2) to compute the stress function
sx (λxi ,λyi (p) ,p). Then, the following objective function was defined:

obj(p) =

√√√√ n∑
i

(sx (λxi ,λyi (p) ,p)−sxi)
2. (5.30)

Hence, the optimal parameters are those that minimize the sum of squared residuals
between analytical and experimental stress vs. stretch curves.

The minimization of Eq. (5.30) is carried out using function fmincon. The initial
guess for the parameter vector is p0 = [0.5, 0.01, 1, 2]. The lower and upper bounds
for the parameters are defined respectively as pl = [0, 0, 0, 0] and pu = [10, 1, 10, 20].
The optimal parameters obtained from the optimization are reported in Tab. B.4.
The equilibrium solutions for bulk and simple tension tests are finally computed
with the optimal parameters and the final results for each rubber are shown in Fig.
5.13.

The left column of Fig. 5.13 shows the σx vs. J curves for J ≤ 1 in comparison
with the experimental data from bulk tests. In Section 5.3, the true stress σx

was approximated to σh for the calibration of the parameters of Wh. (see Fig.
5.7). Here, since the volumetric and deviatoric contributions are combined, the
exact solution of the bulk test is computed from Eq. (A.5) in terms of σx vs. J
relation. The approximation σx ≈ σh for rubber-like materials is validated by the
above plots. Indeed the curves are identical to the left column of Fig. 5.7 and the
combined SED results accurate. The plots in the middle and right columns of Fig.
5.13 show respectively the sx vs. λx and λy vs. λx curves in comparison with the
experimental data from simple tension tests. The results indicate that the model
describes accurately the response in simple tension of all four rubbers considered,
being able to capture significant volume changes as occurs in the case of EPDM and
NBR rubbers.
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Figure 5.13: Results of the combined SED formulation, given by Eq. (5.28). The
results are shown for (a)-(c) EPDM, (d)-(f) NBR, (g)-(i) NR and (l)-(n) silicone.
The σx vs. J experimental data come from the bulk tests, while the sx vs. λx and
λy vs. λx from the simple tension tests.



6 Effect of compressibility on the
mechanics of membranes

In this chapter, the proposed SED is adopted to study the effect of compressibility
on the mechanical response of inflated membranes. As shown in Chapter 5, despite
the usual assumption of incompressibility, some elastomers can exhibit significant
volume changes. The experimental results presented in Section 5.1 show volume
expansion up to 60% in simple tension and volume shrinkage of 15% during volu-
metric compression, depending on the elastomer compound. This chapter aims to
provide a comprehensive investigation of the effect of compressibility on the me-
chanical response of inflatable membranes. To this purpose, different degrees of
material compressibility are considered. Besides studying materials compressible
at large deformations, like the EPDM and NBR rubbers tested in Chapter 5, the
attention here is extended to soft materials like polymeric foams, gels and auxetic
materials. These materials are compressible since the range of small deformations,
and are being employed in increasingly numerous applications.

Hong et al. [123] formulated a theory of the coupled mass transport and large
deformations for polymeric gels in the framework of hyperelasticity. Ding et al. [124]
presented equilibrium equations and implemented finite element analysis for inhomo-
geneous large deformations in temperature-sensitive hydrogels. Their investigation
underscored the versatility of hydrogel membranes, demonstrating potential appli-
cations ranging from wound healing to soft robotics. Ahearne et al. [125] employed
the indentation method to characterize the viscoelastic properties of alginate and
agarose hydrogel circular membranes. Liu et al. [7] conducted a hyperelastic model
study on instabilities in various polymeric gel membrane structures under large
deformations. The biocompatibility of these membranes holds promise for appli-
cations in bioengineering and drug delivery. In [126], two-component soft cellular
polyurethane membranes were utilized to reduce airflow in injured inflatable struc-
tures. Pientka et al. [8] employed a flexible closed-cell polystyrene foam membrane
for effective biohydrogen separation. Elele et al. [127] conducted experiments on
polymeric microfiltration membranes with pores, designed for water treatment.

Given these considerations, accurate nonlinear material models considering com-
pressibility are necessary. Some authors attempted to introduce material compress-
ibility when modeling hyperelastic membranes [128–130]. The current compressible
formulations, as well as the model used in Sections 2.4.2, suffer of severe limitan-
tions. First of all, the volumetric functions were developed for nearly incompressible
elastomers, thus resulting inadequate for accurately describing the material response
under large volume changes. Moreover, they do not meet the validity criteria listed
in Tab. 5.2. In addition, they were not based on the split of the SED. Therefore,
the contribution of volumetric deformations was not explicitly determined.

Contrary to these limitations, the following analysis presents the following ad-

78
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vantages:

• The split of the strain energy density function into its deviatoric and volumetric
parts allows a clear definition of the effect of volumetric deformations on the
mechanical response of membranes;

• The parameters of the volumetric SED are calibrated on the real response of
materials to volume changes.

Three benchmark problems are considered: 1) inflation of a circular flat mem-
brane; 2) inflation of an infinite thin-walled cylindrical tube; 3) inflation of a thin-
walled spherical balloon. The classic equilibrium solutions are extended to the case
of compressible materials, where the transversal stretch must be computed by an im-
plicit relation. The effect of compressibility is analyzed and discussed by comparing
these solutions with classical solutions of membrane problems under the assumption
of material incompressibility.

6.1 Materials investigated and parameters calibration
This section presents the materials considered in the analysis of compressibility in
membrane problems. Four different classes of materials are considered, character-
ized by an increasing degree of compressibility. The parameters of the proposed
SED are fitted to experimental data obtained from simple tension tests for all the
materials considered. During the calibration of model parameters, both the cases
of compressible and incompressible material are considered. Indeed, the purpose of
the following sections is to compare the compressible and incompressible responses
to benchmark problems of inflated membranes.

6.1.1 Description of the materials

The aim of the following analyses is to observe the effect of compressibility on the
response of inflated membranes. To this purpose, four different types of materials are
considered: (I) materials that are nearly incompressible for any magnitude of applied
strain; (II) materials that are nearly incompressible for small strains and become
compressible for large strains; (III) materials that are compressible for both small
and large strains; (IV) auxetic materials. The NR rubber and silicone analyzed in
Chapter 5 belong to category I, as can be seen from Fig 6.1(d). On the other hand,
the EPDM and NBR can be classified as type II materials, being incompressible
for small strains and becoming compressible at large strains. The polymeric foam
and the hydrogel tested respectively in works [78] and [131] are regarded as type III
materials. As shown in Fig. 6.1, these materials exhibit volume changes even at
small strains. Finally, as a type IV material, the foam analyzed in [132] is considered.
It is important to remark that the purpose is to shed light on the role of material
compressibility on the response of inflatable elastic membranes. It is clear that for
materials of type III and IV the assumption of incompressibility is inappropriate
from a theoretical standpoint. However, the differences between compressible and
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incompressible response are emphasized when the material is characterized by a
marked compressibility. In addition, direct approaches for the solution of membrane
problems characterized by a marked compressibility have not yet been proposed in
the literature.

Figure 6.1 shows the experimental data of the materials described above. The
stress attained by materials of type III and IV is significantly lower than the elas-
tomers. Therefore, for the sake of clarity, the nominal stress of materials of type
III and IV is normalized with respect to the following values of Young modulus:
E = 650 kPa for the foam, E = 1.9 kPa for the hydrogel and E = 15 kPa for the
auxetic foam. The black curves in Figs. 6.1(d) and 6.1(e) represent the incompress-
ible behavior, expressed by λy = 1/

√
λx. Figure 6.1(f) shows the typical trend of an

auxetic material, with the specimen that expands laterally when subjected to simple
tension in the longitudinal direction.

6.1.2 Calibration of model parameters

The constitutive parameters for NR, silicone, EPDM and NBR for both compressible
and incompressible models were fitted in Chapter 5 and are reported in Tabs. B.3
and B.4 respectively. Materials of type II and III are fitted according to the same
procedure, which is remarked in the following.

For the parameters of the compressible model, the fitting is performed in two
steps:

(i) The parameters of the volumetric part Wh are calibrated by fitting the σh vs. J
curve deriving from the experimental data in simple tension. For each material,
the bulk modulus κ is calibrated from the initial slope of the curve. Parameters
β1, β2, β3 and q are then calibrated by fitting the entire σh vs. J curve. The
fitting is performed by means of function FindFit in Wolfram Mathematica.
It is important to notice that only the branch of volume expansion of the
volumetric curve is of interest, since membranes can only experience tensile
stress. For this reason, the parameters responsible of volume shrinkage, namely
α1,α2 and α3, are neglected and the volumetric SED reduces to Wh = κΨt(J).

(ii) The parameters of the deviatoric part Wd are calibrated by fitting the experi-
mental data in simple tension, according to the equilibrium solution described
by Eqs. (A.1) and (A.2). In particular, the above equations are written in a
MATLAB code. Function fsolve is employed to numerically solve the implicit
equation between longitudinal and lateral stretches, Eq. (A.1). Successively,
the stress vs. stretch relation, expressed by Eq. (A.2), is fitted to the sx vs.
λx data. The sum of squared residuals between analytical and experimental
stress is considered as objective function, and the optimization is perfomed
with function fmincon.

For the incompressible model, the stress vs. strain relation is given by Eq. (A.3).
The parameters of the Yeoh-Fleming strain energy function are calibrated by fitting
this relation to the experimental stress vs. stretch data using function FindFit in
Wolfram Mathematica.
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Figure 6.1: Experimental data from simple tension tests: (a)-(c) nominal stress vs.
stretch; (d)-(f) lateral stretch vs. longitudinal stretch; (g)-(i) hydrostatic stress vs.
volume variation. The experiments on elastomers are described in detail in Section
5.1.1. The data of foam, hydrogel and auxetic foam were digitized respectively from
Blatz and Ko [78], Urayama et al. [131], and Choi and Lakes [132]. The values of
nominal stress for materials of type III and IV are normalized to the following values
of Young Modulus: E = 650 kPa for the foam, E = 1.9 kPa for the hydrogel, E = 15
kPa for the auxetic foam.
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The optimal parameters of the soft materials analyzed are reported in Tab. B.5.
Figure 6.2 shows the curves obtained from the incompressible and compressible mod-
els for materials of type III and IV. Figures 6.2(a) and 6.2(b) show the normalized
stress vs. stretch curves for materials of type III and IV with incompressible model,
respectively. On the other hand, Figs. 6.2(c) and 6.2(d) show the normalized stress
vs. stretch curves in the case of compressible model. Both incompressible and
compressible models give accurate predictions of the tensile stress response of the
materials analyzed. For the compressible model, the laterals stretch vs. longitu-
dinal stretch curves and the volumetric curves are shown in Figs. 6.2(e), 6.2(f),
6.2(g) and 6.2(h). The predictions of the model result accurate for both the lateral
stretch and the hydrostatic stress, proving the effectiveness of the proposed SED for
compressible materials different from elastomers.

6.2 Equilibrium solutions for the inflation of
compressible membranes

The effect of compressiblity on the inflation of elastic membranes is analysed by
studying three benchmark problems in nonlinear elasticity: (1) inflation of a circular
flat membrane; (2) inflation of an infinitely long thin-walled cylindrical tube; (3)
inflation of a thin-walled spherical balloon. A schematic representation of the three
problems is reported in Fig. 6.3. The equilibrium solutions for these problems
are reported in the following sections, for both compressible and incompressible
case. The combined SED proposed in Chapter 5 is used for the compressible case,
whereas the Yeoh-Fleming model is used for the incompressible case. In case of the
combined SED, W = W (Ī1,J), the derivatives of W with respect to the principal
strain invariants I1, I2 and I3 are computed with the chain rule and read

w1 = 1
I

1/3
3

Ae−
B
(

I1I
−1/3
3 −3

)
Im−3 +C10

(
1− I1I

−1/3
3 −3
Im −3

)−1 ,
w2 = 0,

w3 = − I1

3I4/3
3

Ae−
B
(

I1I
−1/3
3 −3

)
Im−3 +C10

(
1− I1I

−1/3
3 −3
Im −3

)−1
+ κ

2J

(
(1− q)e

β1(J−1) −eβ2(1−J)

β1 +β2
+β3q tanh

(
J −1
β3

))
.

(6.1)

For the incompressible Yeoh-Fleming model, W = W (I1) and the derivative with
respect to I1 reads

w1 =Ae− B(I1−3)
Im−3 +C10

(
1− I1 −3

Im −3

)−1
, (6.2)

with w2 = w3 = 0.
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Figure 6.2: Results of model fitting in case of incompressible and compressible mod-
els for materials of type III and IV. Stress vs. stretch plots for incompressible, (a)
and (b), and compressible models, (c) and (d). For the compressible model, the
plots of λy vs. λx and σh/E vs. J are shown respectively in (e) and (f), and (g) and
(h). Continuous and dotted lines represent model fitting and experimental data,
respectively.
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Figure 6.3: Schematic representation of the three problems of inflated membranes:
(a) inflation of a circular flat membrane; (b) inflation of an infinitely long thin-walled
cylindrical tube; (c) inflation of a thin-walled spherical balloon.

6.2.1 Inflation of circular membranes

The problem of the inflation of a circular membrane was introduced in Chapter
2. Here, the governing equations are extended to the case of the most generic
compressible material, for which the tranversal stretch λ3 is linked to the principal
stretches λ1,λ2 by an implicit relation. The principal stretches and the principal
Cauchy stresses are defined by Eqs. (2.1) and (2.6), respectively. The plane stress
condition σ3 = ∂W/∂λ3 = 0 leads to the following relation for λ3

G(λ1,λ2,λ3) = ∂W

∂λ3
= w1 +

(
λ2

1 +λ2
2
)
w2 +λ2

1λ
2
2w3 = 0 (6.3)

For each pair (λ1,λ2), Eq. (6.3) must be solved numerically to the determine the
corresponding λ3.

The principal stress resultants per unit length read

T1 = 2Hλ1
(
w1 +

(
λ2

2 +λ2
3
)
w2 +λ2

2λ
2
3w3

)
λ2

,

T2 = 2Hλ2
(
w1 +

(
λ2

1 +λ2
3
)
w2 +λ2

1λ
2
3w3

)
λ1

,

(6.4)

which inserted in the equilibrium equations (2.11) and (2.12) lead to the governing
system

λ′
1 = ξ0 + ξ1w1 + ξ2w2 + ξ3w3

w1 +w2ξ4 +w3ξ5 + ∂w1
∂λ1

λ1 + ∂w2
∂λ1

λ1λ2
2 + ∂w2

∂λ1
λ1λ2
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λ1λ2
3λ

2
2
,
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R
,
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1

λ1
+

2ζ1λ2
(
λ2

1 −η2)−ϕλ2λ2
1

√
λ2

1 −η2

2ζ2λ2
1R

,

(6.5)
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where ϕ= pR/H and, for the sake of clarity, the following quantities were defined:

ξ0 = λ2
1
∂w1
∂λ2

(λ2 −η)+λ2
1
∂w2
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2 −ηλ2
3 +λ3
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2
2
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ξ4 = 2∂λ3
∂λ1

λ1λ3 +λ2
2 +λ2
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2
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3
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.

The partial derivatives of λ3 with respect to λ1 and λ2 can only be computed nu-
merically by means of the implicit function theorem, namely

∂λ3
∂λ1

= −∂G/∂λ1
∂G/∂λ3

,
∂λ3
∂λ2

= −∂G/∂λ2
∂G/∂λ3

. (6.7)

The derivatives of w1, w2 and w3 with respect to λ1 and λ2 are computed with the
chain rule

∂wi

∂λj
=

3∑
k=1

∂wi

∂Ik

(
∂Ik

∂λj
+ ∂Ik

∂λ3

∂λ3
∂λj

)
, i= 1,2,3 and j = 1,2. (6.8)

The integration of the governing differential equations for the case of incompress-
ible materials was outlined in Section 2.3. Here, the integration is more demanding
since the transversal stretch λ3 must be computed iteratively at every point of the
domain. The overall procedure is the following: (i) the initial condition at the pole
λ0 and a guess value p0 for the pressure are set; (ii) the corresponding transver-
sal stretch λ3 is computed solving numerically Eq. (6.3) with λ1 = λ2 = λ0; (iii)
quantities ∂λ3/∂λ1, ∂λ3/∂λ2, ∂w1/∂λ1, ∂w1/∂λ2, ∂w2/∂λ1, ∂w2/∂λ2, ∂w3/∂λ1 and
∂w3/∂λ2 are computed from Eqs. (6.7) and (6.8); (iv) the values of λ1, λ2 and η
at the next point of the domain are computed from Eq. (6.5); (v) steps (ii), (iii)
and (iv) are repeated for each point along the domain until λ2 = 1. The value of
R at which λ2 = 1 is denoted by R∗; (vi) in general, the initial guess value p0 will
be different from the correct pressure p and thus R∗ will be different from L. How-
ever, system (6.5) is invariant when a scaling factor is multiplied to R. Hence we
choose γ = L/R∗ as scaling factor and we compute the correct value of pressure as
p1 = p0/γ = p0R∗/L; (vii) perform again the numerical integration with the correct
value p1 and obtain the correct stretches profiles λ1 and λ2. The deformed profile
can be determined from relations (2.1); (viii) repeat this procedure for different ini-
tial conditions λ0 to derive the entire pressure curve. The integration is performed
in MATLAB by means of function ode45, with an integration step dR= L/1000.
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For each material, it is necessary to define the maximum stretch λ0,max to apply
at the pole as initial condition. This choice requires attention in order to avoid a
level of deformation higher than the one attained during the parameters calibration.
Since the parameters were calibrated on uniaxial tensile tests, a natural choice for
the value of λ0,max would be the maximum longitudinal stretch λx,max reached in
the experimental tests. However, since membrane inflation is a biaxial problem,
the overall strain state would differ substantially from the case of uniaxial tension.
Therefore, a global measure of deformation seems more appropriate. To this aim,
the first deviatoric invariant Ī1 is assumed as measure of deformation. Thereby,
λ0,max is set in such a way that Ī1 computed at the pole of the membrane matches
the value of Ī1 at the end of the uniaxial tensile test. The choice of Ī1 is supported
by the observation that it is the only independent variable of the Yeoh-Fleming
model. This approach guarantees that the range of reliability of the fitted model
parameters is never exceeded. The maximum stretch λ0,max determined with this
approach is adopted also for the inflation of the cylindrical tube and the spherical
balloon, described in the following.

6.2.2 Inflation of cylindrical tubes

The second problem consists in the inflation of an infinitely long, thin-walled cylin-
drical tube. In the undeformed configuration, the tube has uniform thickness H
and radius L, as shown in Fig. 6.3(b). During inflation, the deformed configuration
is assumed axialsymmetrical and the axial stretch at infinity is kept fixed to unity.
The deformed radius can either remain constant (uniform solution) or vary along
the axial direction (bifurcated state). In the following, the uniform solution and the
bifurcation condition are presented [133].

A generic material point P ≡ (L,Θ,Z) is mapped into P ′, with coordinates
(r(Z),Θ,z(Z)). The meridional, latitudinal and normal directions are the princi-
pal directions of strain, and the principal stretches read

λ1 =
√
r′2 +z′2, λ2 = r

L
, λ3 = h

H
. (6.9)

Here the prime denotes differentiation with respect to Z.
The principal Cauchy stresses are given by Eq. (2.6). The membrane assumption

σ3 = ∂W/∂λ3 = 0 gives again Eq. (6.3), which relates the transversal stretch λ3 to
λ1 and λ2. The equilibrium equations are [134]

1
h

d(hσ1)
dZ

+ r′

r
(σ1 −σ2) = 0, (6.10)

σ1 (r′′z′ − r′z′′)
(r′2 +z′2)

3
2

− σ2z′

r (r′2 +z′2)
1
2

+ p

h
= 0. (6.11)

Pipkin [135] showed that, in case of axisymmetric deformations of an axisymmetric
membrane, Eq. (6.10) can be integrated to obtain

W −λ1
∂W

∂λ1
= C1 (6.12)
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where C1 is a costant. For this problem, Eq. (6.11) can also be integrated giving [134]

1
λ1

∂W

∂λ1
z′ − pλ2

2L

2H = C2 (6.13)

where C2 is a second integration constant.
Defining the normalized pressure p̄= pL/H, and assuming that the tube remains

uniform far away from the origin with a constant radius r∞, namely

r → r∞, r
′ → 0, r′′ → 0, z → Z, z′ → 1, λ1 → 1, λ2 → r∞/L as Z → ±∞, (6.14)

constants C1, C2 and the pressure p are determined from Eqs. (6.12), (6.13) and
(6.11)

C1 =W (∞) − ∂W

∂λ1

(∞)
, (6.15)

C2 = ∂W

∂λ1

(∞)
−
p̄λ2

2,∞
2 , (6.16)

p̄= 1
λ2,∞

∂W

∂λ2

(∞)
, (6.17)

where the superscript (∞) means evaluation at λ1 = 1 and λ2 = r∞/L= λ2,∞. Equa-
tion (6.17) gives the p̄ vs. λ2,∞ curve in case of uniform inflation. The solution is
obtained numerically by defining in MATLAB a vector of values of λ2,∞, ranging
from 1 to λ0,max. For each value of λ2,∞, Eq. (6.3) is expressed as G(1,λ2,∞,λ3) = 0
and it is solved numerically using MATLAB function fsolve to find the transversal
stretch λ3 which satisfies the membrane assumption. The obtained value of λ3 is
then substituted into Eq. (6.17) to compute the external pressure.

As λ2,∞ increases the uniform solution may reach a bifurcation point after which
a bulging/necking of the tube takes place. The bulge profile is determined from Eqs.
(6.12) and (6.13), which are two coupled first order differential equations for r(Z)
and z(Z). The bifurcation condition reads [133]

λ2,∞

(
∂W
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1
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−λ2,∞
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∂λ2
2

(∞))
= 0. (6.18)

When computing the second derivatives ∂2W/∂λi∂λj , the dependence of λ3 on λ1
and λ2 must be taken into account, writing

∂2W

∂λi∂λj
=

3∑
k=1

∂2W

∂λi∂Ik

(
∂Ik

∂λj
+ ∂Ik

∂λ3

∂λ3
∂λj

)
, i, j = 1,2 (6.19)

where ∂λ3/∂λj are given by Eq. (6.7). The value of λ2,∞ = r∞/L satisfying Eq.
(6.18) determines the critical radius that leads to the bifurcated solution. The
bifurcation point is determined using MATLAB. Equation (6.18) is solved by means
of function fzero, which searches iteratively the solution starting from an initial value
of λ2,∞. For each iteration, before computing Eq. (6.18), the corresponding value λ3
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must determined solving G(1,λ2,∞,λ3) = 0 with function fsolve and the derivatives
of W with respect to the stretches must be computed.

In the case of an incompressible material, substituting Eq. (2.8) in Eq. (6.17),
the pressure curve relative to uniform inflation is written as

p̄=
2
(
λ4

2,∞ −1
)(
w

(∞)
1 +w

(∞)
2

)
λ4

2,∞
, (6.20)

where w(∞)
1 and w

(∞)
2 are the derivatives of W with respect to I1 and I2 evaluated

at λ1 = 1 and λ2 = λ2,∞ = r∞/L.
The bifurcation condition maintains the formal expression of Eq. (6.18). Since

the transversal stretch λ3 is given in explicit form by the relation 1/(λ1λ2), the
computation of ∂2W/∂λ2

1, ∂W/∂λ2, ∂2W/∂λ2
2 and ∂2W/∂λ1∂λ2 is straightforward.

6.2.3 Inflation of spherical balloons

The third problem analysed is the inflation of a thin-walled spherical balloon of initial
radius L and thickness H, illustrated in Fig. 6.3(c). We assume that during the
inflation the balloon retains its spherical shape. Due to the symmetry of the problem,
each point is subjected to equibiaxial extension. The deformation is homogeneous
and the principal stretches read

λ1 = λ2 = λ= r

L
, λ3 = h

H
, (6.21)

where r and h are respectively the deformed radius and thickness. The equilibrium
equations are given by Eqs. (2.11) and (2.12). For a spherical balloon, Eq. (2.11) is
trivially satisfied by simmetry, while Eq. (2.12) reduces to [136]

σ = pr

2h, (6.22)

where σ is the principal Cauchy stress acting in the deformed plane. Recalling that
the Cauchy stress reads σ = (∂W/∂λ)(λλ3)−1, and using Eq. (6.21) into Eq. (6.22),
the relation for the normalized pressure p̄= pL/H is obtained

p̄= 2
λ2
∂W

∂λ
, (6.23)

which, in terms of derivatives with respect to the strain invariants, reads

p̄= 4
λ

[
w1 +

(
λ2 +λ2

3
)
w2 +λ2λ2

3w3
]
. (6.24)

The membrane assumption, defined by Eq. (6.3), reduces to

w1 +2λ2w2 +λ4w3 = 0. (6.25)

This equation determines the transversal stretch λ3 for a fix value of λ. In par-
ticular, a list of values for λ ranging from 1 to λ0,max is defined and Eq.(6.25) is
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numerically solved using function fsolve in MATLAB. The numerical values of λ3
are then substituted into Eq. (6.24) to compute the corresponding value of pressure.
In the case of incompressible materials, the transversal stretch is given by λ3 = 1/λ2.
The equilibrium equation reduces to the explicit relation

p̄= 4
(
λ−1 −λ−7

)(
w1 +λ2w2

)
. (6.26)

For increasing values of λ, the uniform spherical solution can bifurcate into an
asymmetrical pear-shaped configuration. However, as shown by Haughton and Og-
den [137], bifurcation can only occur after the maximum pressure is reached and the
instability is triggered. For this reason, the study of bifurcation in spherical balloons
is considered of little interest and is neglected.

6.3 Results and discussion
In this section, the results of incompressible and compressible models are compared
for the four types of materials and the three problems considered: inflation of cir-
cular membranes, inflation of thin-walled cylindrical tubes and inflation of spherical
balloons. The constitutive parameters for both compressible and incompressible
models were calibrated from simple tension tests following the procedures outlined
in Section 6.1.2. Since incompressible and compressible models provide the same
responses in terms of stress vs. stretch in simple tension (see Fig. 6.2), it is rea-
sonable to attribute eventual discrepancies in the following results to the effect of
compressibility.

6.3.1 Circular flat membranes

The numerical solution for flat circular membranes under inflation is derived follow-
ing the procedures outlined in Section 6.2.1. The results in terms of pressure vs.
deflection curve, deformed shape and pressure vs. volume curve are presented in
Fig. 6.4 for elastomers (types I and II), and Fig. 6.5 for material types III and IV.
The second column of the above figures displays the deformed shapes related to the
configuration at the maximum pressure p̄ from the compressible model.

As expected, Fig. 6.4 shows an almost identical response between incompressible
and compressible models for materials of type I. Indeed, volume deformations are
small and the contribution of the volumetric strain energy is not relevant. However,
materials of type II already show sensible discrepancies between incompressible and
compressible solutions. On one hand, the pressure vs. deflection curve for EPDM
exhibits a limit pressure followed by a softening branch. The effect of compressibility
is focused in the region near the limit point, which is the region of most interest
for practical applications. On the other hand, the pressure vs. deflection curve for
NBR exhibits a monotonic trend, where the discrepancy between compressible and
incompressible models slightly increases as the deformation increases.

A comparison in terms of deformed shapes provides further insigths into the effect
of compressibility. In practical applications, membranes are generally inflated in
pressure control, namely by applying an increasing internal pressure. The deformed
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Figure 6.4: Inflation of a circular flat membrane. The results are shown for (a)-(c)
NR, (d)-(f) silicone, (g)-(i) EPDM, (l)-(n) NBR, in terms of normalized pressure
p̄ = pL/H vs. deflection δ̄ = δ/L curve, normalized deformed shapes (r̄ = r/L, z̄ =
z/L) and normalized pressure p̄= pL/H vs. volume V̄ = V/

(
πL3) curve. For each

material, the deformed shape corresponds to the value of maximum pressure on the
compressible curves.
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Figure 6.5: Inflation of a circular flat membrane. The results are shown for (a)-
(c) foam, (d)-(f) hydrogel, (g)-(i) auxetic foam, in terms of normalized pressure
p̄ = pL/H vs. deflection δ̄ = δ/L curve, normalized deformed shapes (r̄ = r/L, z̄ =
z/L) and normalized pressure p̄= pL/H vs. volume V̄ = V/

(
πL3) curve. For each

material, the deformed shape corresponds to the value of maximum pressure on the
compressible curves.
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shape corresponding to a given value of pressure can be of much interest, for instance
in problems of contact mechanics. In particular, Figs. 6.4(h) and 6.4(m) display
the deformed shapes for EPDM and NBR corresponding to the value of maximum
pressure of the compressible model. Despite the limited error in terms of pressure, a
significant discrepancy in the deformed shape occurs when a wrong assumption on
the compressibility of the material is made. This result means that significant errors
in the prediction of the deformed shapes can be expected when modeling type II
materials with the assumption of incompressibility, especially at large deformations.

In other cases, the inflation may be performed in volume control. Hence, the
third column of Figs. 6.4 and 6.5 shows the pressure vs. volume curves. It is evident
a direct correspondence between the pressure vs. volume curves and the pressure vs.
deflection curves for all the materials considered. Figures 6.4(i) and 6.4(n) show that
for a given volume the error in pressure between compressible and incompressible
models is limited. Hence, in case of inflation in volume control, the assumption of
incompressibility remains acceptable for type II materials.

Regarding materials of type III and IV, the predictions of the compressible model
differ substantially from those of the incompressible one, as shown in Fig. 6.5. Since
these materials exhibit a marked compressibility even in the range of small strains,
both pressure vs. deflection and pressure vs. volume curves deviate at low values of
δ̄ and V̄ . Relative differences up to 13% are observed in the maximum pressure and
44% in the deflection. Significant errors are committed in volume control as well. As
expected, for these materials the assumption of incompressibility is unacceptable.

6.3.2 Infinite thin-walled cylindrical tubes

The pressure vs. deflection curves for infinite thin-walled cylindrical tubes are com-
puted by solving Eq. (6.17) and Eq.(6.20) respectively for compressible and incom-
pressible models. Figure 6.6 shows the result for each material considered. Since
the results refer to the uniform solution, the deformed shape of the tube is simply a
homogeneous lateral expansion, described by parameter λ2,∞. Hence, the only dif-
ference between incompressible and compressible models is in the inflating pressure.

In case of materials of type I, slight discrepancies between the compressible and
incompressible models appear only for large deformations, when the materials start
to show small volume changes (see Fig. 6.1(d)). For materials of type II the impact
of compressibility increases and no neglegible discrepancies between compressible
and incompressible models are found. Again, in case of EPDM the error is located
near the limit pressure, whereas for NBR it remains constant with the increase of
deformation.

For materials of type III and IV compressibility significantly affects the pressure
curve and errors occur also for moderate deformations. Again, when the material
exhibits a limit pressure point, the error between compressible and incompressible
models concentrates in that area.

As the inflation increases, the tube reaches a critical stretch λ2,c that triggers the
bifurcated state and the appearance of a bulge. This point is crucial for practical
applications and is determined by Eq. (6.18). Fu et al. [133] showed for incompress-
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Figure 6.6: Uniform inflation of an infinite thin-walled cylindrical tube. The results
are shown for (a) NR, (b) silicone, (c) EPDM, (d) NBR, (e) foam, (f) hydrogel
and (g) auxetic foam. The curves are represented in terms of normalized pressure
p̄= pL/H vs. uniform stretch λ2,∞ = r∞/L.
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Table 6.1: Inflation of thin-walled cylindrical tubes: critical stretch at bifurcation
λ2,c and stretch corresponding to limit pressure λ2,pmax . When λ2,c is reached, the
uniform solution shifts to the bifurcated state.

Type I Type II Type III Type IV
NR Silicone EPDM NBR Foam Hydrogel Auxetic foam

Compressible λ2,c 1.60 1.68 1.48 1.45 1.46 1.33 2.33
λ2,pmax / / 1.61 / 1.54 1.36 2.41

Incompressible λ2,c 1.63 1.70 1.45 1.52 1.39 1.30 2.15
λ2,pmax / / 1.55 / 1.45 1.32 2.45

ible materials that, if (∂2W/∂λ2
1)(∞) > 0, bifurcation can take place only when the

inflating pressure is increasing. Since the sign of (∂2W/∂λ2
1)(∞) does not depend

on the volumetric part of the SED, this result holds also for compressible materials.
Therefore, the study of the onset of bifurcation is of interest, since it always takes
place before the limit pressure is attained. The stretch that triggers bifurcation is
defined as critical stretch, and its values computed by Eq. (6.18) are reported in
in Tab. 6.1 for compressible and incompressible models and for all the materials
considered. Table 6.1 shows also the stretches corresponding to the limit pressure.
Note that when the material exhibits a limit pressure (EPDM, foam, gel and aux-
etic foam), the critical stretch of the compressible model is always greater than the
critical stretch of the incompressible model. On the contrary, when the material
response is monotonic, the opposite happens. Ultimately, between compressible and
incompressible models the bifurcation points only show slight quantitative variations
without significant qualitative differences.

6.3.3 Thin-walled spherical balloons

The results of the inflation of a spherical balloon are obtained by solving Eqs. (6.24)
and (6.26) for compressible and incompressible models respectively, and are dis-
played in Fig. 6.7. Among the three problems considered, it can be noticed that
the spherical balloon exhibits the greatest discrepancies between the incompressible
and compressible models. This is particularly evident for materials of type III and
IV, for which the compressibility is more pronounced. Differences up to 18% in the
maximum value of internal pressure are observed (see Fig. 6.7(f)).

An interpretation to the above results can be provided by considering the differ-
ent strain and stress states in each problem. In the inflation of a spherical balloon,
the principal stretches λ1 and λ2 are equal to each other and the body is under
equibiaxial tension. Among the three problems considered, this stress state differs
the most from the one in simple tension, where the parameters of both compress-
ible and incompressible models were calibrated to obtain the same response. Thus,
in this problem compressible and incompressible models show the greatest differ-
ences. On the other hand, in the uniform inflation of a cylindrical tube, λ2 increases
whereas λ1 remains always equal to 1. The principal stress T1 is much smaller than
T2 and this condition is relatively similar to the stress state in simple tension. For



Chapter 6. Effect of compressibility on the mechanics of membranes 95

(a) (b)

(c) (d)

(e)

(g)

(f )

T
Y

P
E

 I
T

Y
P

E
 I

I
T

Y
P

E
 I

II
T

Y
P

E
 I

V

Figure 6.7: Inflation of a thin-walled spherical balloon. The results are shown for (a)
NR, (b) silicone, (c) EPDM, (d) NBR, (e) foam, (f) hydrogel and (g) auxetic foam.
The curves are represented in terms of normalized pressure p̄ = pL/H vs. stretch
λ= r/L.
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this reason, since their parameters were calibrated to obtain the same uniaxial re-
sponse, the compressible and incompressible solutions are more similar compared to
the case of inflated balloons. Finally, the inflation of a circular flat membrane is
an intermediate case. At the pole the stress state is equibiaxial with λ1 = λ2 and
T1 = T2, but at the outer boundary λ2 = 1 and the stress state is closer to the one in
simple tension. Accordingly, the differences between compressible and incompress-
ible models appear greater than those of the cylindrical tube, but lower than those
of the spherical balloon.

6.4 Further considerations
In light of the results shown above, some further considerations on the effect of
compressibility in inflated membranes can be drawn. As a general observation, a
common trend of maximum discrepancy between compressible and incompressible
models is observed around the limit point region. To provide an insight into this
behavior, it is convenient to consider the inflation of a spherical balloon, where the
principal stretches λ1 and λ2 are equal at every point, resulting in an equibiaxial
stress state. Figure 6.8 shows the pressure vs. stretch, nominal stress vs. stretch
and relative discrepancy between compressible and incompressible models in the
pressure and stress curves of EPDM and NBR. As indicated by Figs. 6.8(c) and
6.8(f), the discrepancies between the two models in the pressure and stress curves
are identical. In fact, considering Eq. (6.22) with σ = s/(λλ3), h= λ3H and r= λL,
the relation between the nominal stress and the pressure is

s= λ2L

2H p, (6.27)

namely the pressure and the nominal stress are proportional by a factor independent
of compressibility. The limit point region in the pressure curves aligns with the tran-
sition region between linear and nonlinear behavior in the stress vs. stretch curves.
This specific region exhibits the major discrepancy between stress computed from
compressible and incompressible models, thereby leading to a more pronounced dis-
crepancy in the pressure curves. The marked discrepancy in nominal stress between
compressible and incompressible models observed in this region can be explained by
the high rate of change in stiffness specific to this area.

The inflation of cylindrical tubes and the inflation of circular membranes are
increasingly complex problems. In particular, in the latter case the stresses vary
at each point radially along the membrane. Discrepancies in the nominal stress
between compressible and incompressible models are still primarily responsible for
discrepancies in the pressure curves, but further phenomena like limit point instabil-
ity now play an important role in the membrane response. Figure 6.9 compares the
response of EPDM and NBR rubbers in the case of a circular membrane, showing
the deformed shapes and the volume change along the radius for increasing values of
deformation. In the case of EPDM, the pressure curve exhibits a limit point, where
the discrepancy between compressible and incompressible models is maximum, fol-
lowed by a softening branch, where the two models converge to the same curve. The
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Figure 6.8: Comparison between EPDM and NBR inflated spherical balloons. Figs.
(a), (b) and (c) respectively show pressure vs. stretch, nominal stress vs. stretch and
relative discrepancy in pressure and stress curves between compressible and incom-
pressible models for EPDM. Figs. (d), (e) and (f) depict the corresponding curves
for NBR. For a spherical balloon, the stress state is equibiaxial and therefore the
discrepancy in pressure curves and nominal stress curves coincides. Major discrep-
ancies are observed near the limit point region in the pressure vs. stretch curves,
which corresponds to the transition region between linear and nonlinear behavior in
the stress vs. stretch curves.

limit point triggers an instability characterized by a lateral expansion, as indicated
in Fig. 6.9(b). Figure 6.9(c) shows how, after the limit point, the change in volume
starts to decrease at the outer boundary. Therefore, as the deformation increases, in
the outer region compressibility has less effect since the change in volume reduces.
On the contrary, in the case of NBR the limit point is not reached. The pressure
is monotonic and the volume change continues to increase in the entire domain of
the membrane (see Fig. 6.9(f)). Accordingly, the relative discrepancy between com-
pressible and incompressible models slightly increases as the deformation increases.
In conclusion, when limit point instability occurs, the effect of compressibility tends
to reduce along the unstable softening branch.
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Figure 6.9: Comparison between EPDM and NBR inflated circular membranes.
Figs. (a), (b) and (c) respectively show pressure vs. deflection curves, deformed
shapes and volume changes in the domain for EPDM, while Figs. (d), (e) and (f)
depict the corresponding curves for NBR. In the case of EPDM, the p̄ vs. δ̄ curve
exhibits a limit point that triggers an unstable softening branch. Correspondingly,
the deformed shape shows lateral expansion, and the volume change starts to de-
crease at the outer boundary of the domain. In the case of NBR, the p̄ vs. δ̄ curve
is monotonic, and the change in volume increases with deformation throughout the
domain.



7 Conclusions

This thesis presented a comprehensive investigation of the mechanics of inflatable
elastic membranes. Mechanical problems of elastic membranes are characterized by
high geometrical and material nonlinearities, leading to a mathematical complexity
which requires the use of numerical approaches. The development of analytical
solutions and refined mathematical models for the response of rubber-like and soft
materials are the main developments of this thesis.

In Chapter 3 an analytical solution for the inflation of circular membranes de-
scribed by a Mooney-Rivlin material was proposed. The proposed solution derives
from the combination of a simplified analytical model adjusted by a refining fitting
procedure to the exact numerical solution of the problem. The simplified model cap-
tures the essential features of the phenomenon, whereas the fitting process extends
the accuracy and validity of the proposed solution to large deformations and wide
range of material parameters of practical interest. The final analytical formula to
compute the pressure vs. deflection curves represents a practical tool for designing
and predicting the performance of inflated circular membranes. The proposed solu-
tion was then extended to compressible Mooney-Rivlin materials. In Chapter 4 the
case of circular membranes with an initial pre-stretch was considered, and a second
parametrical fitting to the numerical solution was performed in order to extend the
analytical formula to the case of pre-stretched membranes. Experimental bulge tests
were conducted on membranes in both unstretched and prestretched conditions. The
proposed solution was employed for the calibration of material parameters based on
the bulge tests, proving its efficacy as a tool for material characterization under
biaxial stress states.

At large deformations, the Mooney-Rivlin model encounters limitations in ac-
curately depicting volumetric deformations and the hardening behavior typical of
elastomers. For this reason, subsequently the thesis focused on the calibration of an
accurate strain energy function for large deformations of rubber-like materials. Ex-
perimental investigations, encompassing both simple tension and bulk tests, revealed
how some class of elastomers can experience significant volume changes when large
deformations are involved. From these experimental data the complete volumetric
curve in shrinkage and expansion was derived. Following the split of the strain en-
ergy function into its volumetric and deviatoric parts, an original volumetric SED
was proposed in Chapter 5. Contrary to the existing volumetric formulations, the
proposed SED offers the following main advantages:

• Being tailored for elastomers, the proposed SED is capable of predicting accu-
rately the volumetric response of these materials at large deformations;

• It respects all the criteria of physical plausibility and it offers a total indepen-
dent control of shrinkage and expansion.
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• The formulation allows defining not only different parameters for shrinkage
and expansion, but also different response functions. In this way, different
response functions can be used when dealing with different materials.

Successively, the Yeoh-Fleming model was chosen as the most effective formulation
and selected as deviatoric part of the SED. A final fitting of the combined SED on
the experimental data determined the model parameters and proved the effectiveness
of the proposed formulation in describing both shape and volume deformations of
elastomers.

Finally, in Chapter 6 the proposed SED was used to study the effect of com-
pressibility on the mechanics of inflatable membranes. In addition to the elastomers
analysed in Chapter 5, the response of soft materials like polymeric foam, gel and
auxetic foam was studied. These materials are compressible even in the range of
small strains and are encountering increasing applications in modern technologies.
The solutions of three benchmark problems of inflatable membranes were extended
to compressible materials and significant effects of compressibility were observed in
the limit pressure and deformed shapes.

In light of these developments, the emerging future prospects are the following:

• The response of membranes made of compressible materials was based on
material parameters calibrated on uniaxial tests. Experimental bulge tests on
circular membranes and cylindrical tubes made of compressible materials can
be carried out in the future, in order to characterize the materials under a
biaxial stress state and to obtain information on the actual deformed shapes
and changes in volume.

• The problems analysed and the responses observed in this thesis can serve as
foundation for the study of more complex systems and practical applications
where compressibility can open new developments. For instance, in problems
of contact mechanics the deformed shape assumed by the membrane is of great
interest and it may be significantly affected by material compressibility.



A Equilibrium solutions for simple
tension and bulk test in nonlinear
elasticity

In this appendix, the solutions to the equilibrium problems in simple tension and
bulk test are derived.

A.1 Simple tension
Consider a homogeneous, isotropic and hyperelastic solid described by a stored en-
ergy function W (I1, I2, I3). Define a Cartesian reference system x,y,z, where x is the
longitudinal axis of the sample. In simple tension, uniaxial tractions are uniformly
distributed on the basis of the solid and act in the x direction. In this case, the
two lateral principal stresses are identically zero (sy = sz = 0). As a consequence of
isotropy, the lateral stretches are equal to each other (λy = λz).

The equilibrium solution for a compressible hyperelastic solid under simple ten-
sion is given by [138]

∂W

∂I1
+
(
λ2

x +λ2
y

) ∂W
∂I2

+λ2
xλ

2
y

∂W

∂I3
= 0, (A.1)

sx = 2λx

(
∂W

∂I1
+2λ2

y

∂W

∂I2
+λ4

y

∂W

∂I3

)
. (A.2)

From the first implicit equation, the lateral stretch λy can be determined for a given
longitudinal stretch λx. The nominal stress sx is computed from the second equation
and the true stress can be derived as σx = sx/λ

2
y.

For an incompressible material, the condition J = 1 gives the following relation
between lateral and longitudinal stretches: λy = 1/

√
λx. The equilibrium solution

reads
sx = 2

(
1− 1

λ3
x

)(
λx
∂W

∂I1
+ ∂W

∂I2

)
. (A.3)

In case of strain energy written as a function of the principal stretches, W =
W̃ (λ1,λ2,λ3), the nominal stresses for an incompressible material are computed
as si = ∂W̃/∂λi −pλ−1

i , with i= 1,2,3.
In simple tension we have that W̃

(
λx,1/

√
λx,1/

√
λx
)

= Ŵ (λx) and the equilibrium
reduces to

sx = ∂Ŵ

∂λx
. (A.4)
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A.2 Bulk test
For the case of the bulk test, the lateral deformations are constrained, and thus
λy = λz = 1 and λx = J . The equilibrium equations in the longitudinal and lateral
directions read respectively:

sx = σx = 2J
(
∂W

∂I1
+2∂W

∂I2
+ ∂W

∂I3

)
, (A.5)

sy = 2∂W
∂I1

+2
(
1+J2

) ∂W
∂I2

+2J2∂W

∂I3
. (A.6)

Making explicit the deviatoric and volumetric parts of the energy function, W =
Wd(Ī1, Ī2)+Wh(J), Eq. (A.5) is written as follows

σx = 2J
(
∂Wd

∂I1
+2∂Wd

∂I2
+ ∂Wd

∂I3

)
+ ∂Wh

∂J
. (A.7)

The first and second addends are respectively the deviatoric and volumetric con-
tributions to the stress σx in the bulk test. In the following, it is shown that for
rubber-like materials the deviatoric contribution, named σd for convenience, can be
neglected.

Recalling the definition of the deviatoric strain invariants given in Eq. (5.3)
and using the chain rule to compute the derivatives, the first addend of Eq. (A.7)
becomes

σd = 4
3

(
∂Wd

∂Ī1
J2/3 + ∂Wd

∂Ī2

)(
J2 −1

)
J−7/3. (A.8)

Convexity of the stored energy function requires that ∂Wd/∂Ī1 > 0 and ∂Wd/∂Ī2 > 0
[139]. Therefore, since in the bulk test J ≤ 1, we have that

|σd| ≤
∣∣∣∣43
(
∂Wd

∂Ī1
+ ∂Wd

∂Ī2

)(
J2 −1

)
J−7/3

∣∣∣∣ . (A.9)

The solution in simple shear for incompressible materials [140] is σ12 = µ̃γ, being γ
the amount of shear, σ12 the Cauchy stress and µ̃ = 2

(
∂Wd/∂Ī1 +∂Wd/∂Ī2

)
. The

quantity µ̃ tends to the infinitesimal shear modulus µ in the range of small strains
and can be interpreted as a secant shear modulus in nonlinear elasticity. Equation
(A.9) is rewritten as

|σd| ≤ 2(J +1)
3J7/3 µ̃ |(J −1)| . (A.10)

Regarding the volumetric contribution σh = ∂Wh/∂J , we introduce the secant
bulk modulus κ̃ and write

|σh| = κ̃ |(J −1)| . (A.11)
The experiments presented in Section 5.1 and in previous literature (see, e.g.,
[71,95,96,141]) show that elastomers exhibit a hardening trend during volume shrink-
age. Namely, the secant bulk modulus in shrinkage is initially equal to κ and then
increases as J decreases. From Eqs. (A.10) and (A.11) we conclude the following:

td
th

≤ 2(J +1)
3J7/3

µ̃

κ̃
. (A.12)
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The multiplying factor 2(J + 1)/(3J7/3) increases as J decreases. However, in the
bulk test, the J values of interest for rubbers are between 0.8 and 1. This range
covers widely the values of pressure applied in real applications. When J < 0.8 the
applied pressure becomes extremely large and, from a practical point of view, this is
of no interest With that said, the value of the multiplying factor for J = 0.8 is very
close to 2. Hence, in the range J ∈ [0.8,1] it results

σd

σh
≤ 2µ̃

κ̃
. (A.13)

For rubber-like materials µ̃ << κ̃ and therefore the deviatoric contribution σd to the
stress σx in the bulk test can be neglected. Hence, from Eq. (A.7) we obtain

sx = σx ≈ ∂Wh

∂J
. (A.14)

It is worth mentioning that Horgan and Murphy [142] obtained the same result,
but considering nearly incompressible elastomers. They reported that for infinitesi-
mal volume changes σd is approximated by the linearization β (J −1), where β is a
constant of the order of µ. Since ∂Wh/∂J is approximated by κ(J −1) and µ<< κ,
the deviatoric contribution can be neglected and Eq. (A.14) is obtained. This result
is extended here to the case of large volumetric deformations.



B Tables of fitted parameters

Tables B.1, B.2, B.3, B.4 and B.5 respectively list the parameters obtained from the
fitting described in Sections 5.2.2, 5.3, 5.4, 5.5.2 and 6.1.2.
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Table B.1: Parameters obtained by fitting the current volumetric SED formulations
to the experimental data in Fig. 5.7. If applicable, the units are in MPa.

Formulation EPDM NBR
J < 1 J ≥ 1 J < 1 J ≥ 1

Doll [101] α= 0.01 α= 3.46 α= 0.01 α= 5.67
β = 25.25 β = 517.12 β = 35.58 β = 395.96

Montella [105] κ2 = 160750 κ2 = 6.02 κ2 = 302305 κ2 = 11.8
β1 = 0.125 β1 = 0.125 β1 = 0.125 β1 = 0.125
β2 = 0.125 β2 = 5.01 β2 = 0.125 β2 = 4.17
m= 4 m= 22.44 m= 4 m= 14.15

Moerman [88] J2 = 0.881 J1 = 2.85 J2 = 0.902 J1 = 9.982
s2 = 0.194 s1 = 0.585 s2 = 0.095 s1 = 0.721
q2 = 0 q1 = 0.987 q2 = 0 q1 = 0.972

NR Silicone
J < 1 J ≥ 1 J < 1 J ≥ 1

Doll [101] α= 0.01 α= 9.91 α= 0.01 α= 12.77
β = 18.86 β = 172.44 β = 9.97 β = 331.77

Montella [105] κ2 = 113343 κ2 = 17.93 κ2 = 31223 κ2 = 15.18
β1 = 0.125 β1 = 0.125 β1 = 0.125 β1 = 0.125
β2 = 0.125 β2 = 7.34 β2 = 0.125 β2 = 7.53
m= 4 m= 10.61 m= 4 m= 9.95

Moerman [88] J2 = 0.869 J1 = 9.99 J2 = 0.816 J1 = 9.55
s2 = 0.098 s1 = 2.69 s2 = 0.1 s1 = 1.65
q2 = 0 q1 = 0.891 q2 = 0 q1 = 0.931

Table B.2: Parameters obtained by fitting the proposed volumetric SED to the
experimental data in Fig. 5.5.

Formulation EPDM NBR NR Silicone

Proposed SED, Eq. (5.16)

α1 = 81.07 α1 = 83.33 α1 = 92.59 α1 = 32.26
α2 = 5.1 α2 = 8.03 α2 = 4.99 α2 = 4.51
α3 = 84.80 α3 = 89.69 α3 = 95.47 α3 = 34.12
β1 = 2.23 β1 = 4.18 β1 = 7.09 β1 = 5.03
β2 = 9.05 β2 = 14.03 β2 = 69.25 β2 = 68.86

β3 = 6.88×10−4 β3 = 13.76×10−4 β3 = 13.14×10−4 β3 = 1×10−4

q = 0.974 q = 0.953 q = 0.723 q = 0.461
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Table B.3: Parameters obtained by fitting the current deviatoric SED formulations
to the experimental data in simple tension. If applicable, the units are in MPa.

Formulation EPDM NBR NR Silicone
Gent [60] µ= 0.68 µ= 3.08 µ= 0.63 µ= 0.91

Jm = 198 Jm = 145 Jm = 61.64 Jm = 32.52
Gent-Gent [118] C1 = 0.28 C1 = 0.55 C1 = 0.30 C1 = 0.44

C2 = 1.68 C2 = 5.43 C2 = 0.22 C2 = 0.16
Jm = 202.3 Jm = 6.78 Jm = 57.61 Jm = 29.89

Yeoh [59] C10 = 0.01 C10 = 0.01 C10 = 0.19 C10 = 0.29
C20 = 0.09 C20 = 0.35 C20 = 0.033 C20 = 0.04

C30 = −9.1×10−6 C30 = −1.76×10−4 C30 = 8.89×10−5 C30 = 4.34×10−4

Carroll [119] A= 0.27 A= 0.12 A= 0.37 A= 0.52
B = 2.84×10−7 B = 6.82×10−4 B = 2.10×10−6 B = 1.91×10−5

C = 1.74 C = 7.85 C = −0.26 C = −0.28
Ogden [58] µ1 = 2.62 µ1 = 0.017 µ1 = 1.4 µ1 = 0.6

µ2 = 0.26 µ2 = 8.49 µ2 = 0.02 µ2 = 1.49
α1 = 3.1×10−3 α1 = 9.26 α1 = 1.75 α1 = 3.43
α2 = 2.99 α2 = 0.011 α2 = 4.94 α2 = 1.1×10−3

Yeoh-Fleming [61] A= 0.29 A= 1.28 A= 0.27 A= 0.43
B = 7×10−3 B = 2.16×10−3 B = 0.078 B = 1.72×10−3

C10 = 0.44 C10 = 2.74 C10 = 0.09 C10 = 0.49
Im = 1.49 Im = 2.94 Im = 0.02 Im = 2.96

Table B.4: Parameters obtained by fitting the combined formulation to the experi-
mental data. The deviatoric part Wd of the SED is expressed by the Yeoh-Fleming
model [61], while the volumetric part Wh is defined by the proposed model, given
in Eq. (5.16). The calibrated parameters of Wh are those reported in Tab. B.2 and
are repeated here for the convenience of the reader. If applicable, the units are in
MPa.

SED EPDM NBR NR Silicone
Wd A= 0.313 A= 1.31 A= 0.258 A= 0.417

B = 0.03 B = 7.82×10−3 B = 0.074 B = 4.32×10−3

C10 = 0.373 C10 = 2.59 C10 = 0.121 C10 = 0.397
Im = 1.3 Im = 2.93 Im = 0.628 Im = 2.92

Wh α1 = 81.07 α1 = 83.33 α1 = 92.59 α1 = 32.26
α2 = 5.1 α2 = 8.03 α2 = 4.99 α2 = 4.51
α3 = 84.80 α3 = 89.69 α3 = 95.47 α3 = 34.12
β1 = 2.23 β1 = 4.18 β1 = 7.09 β1 = 5.03
β2 = 9.05 β2 = 14.03 β2 = 69.25 β2 = 68.86

β3 = 6.88×10−4 β3 = 13.76×10−4 β3 = 13.14×10−4 β3 = 1×10−4

q = 0.974 q = 0.953 q = 0.723 q = 0.461
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Table B.5: Optimal parameters for both incompressible and compressible models
for materials of type III and IV. The fitting is performed on the stress vs. stretch
data in simple tension. If applicable, the units are in kPa.

Foam Hydrogel Auxetic Foam
Incompr. A 33 0.089 −147

B 0.001 0.0377 −1.026
C10 60 0.34 149
Im 2.13 2.48 1.32

Compr. A 51.6 0.137 −258
B 0.0101 0.0187 −1.088
C10 65 0.373 270
Im 2.50 2.714 2.45
κ 595.6 2.7 1.9
β1 2.34 7.08 4.58
β2 31.7 17.22 2.18
β3 0.321 0.0764 0.0954
q 0.327 0.751 0.65



C Mathematical requirements for the
proposed volumetric SED

In this appendix, the validity criteria that the proposed volumetric SED must fulfill
for its physical plausibility are derived. For the sake of clarity, recall that the
proposed formulation is

Wh (J) = κ [H (1−J)Ψc +H (J −1)Ψt] , (C.1)

where H is the Heaviside step function defined in Eq. (5.17), and Ψc and Ψt are

Ψc (J) = 1
α1 +α2 −α3

[(
J + Jα1+1

α1 +1 + J−(α2−1)

α2 −1 − Jα3+1

α3 +1

)

−
(

1+ 1
α1 +1 + 1

α2 −1 − 1
α3 +1

)]
, (C.2)

Ψt (J) = (1− q)
[
β2eβ1(J−1) +β1e−β2(J−1)

β1β2(β1 +β2) − 1
β1β2

]
+ qβ2

3 ln
(

cosh
(
J −1
β3

))
. (C.3)

The hydrostatic stress is computed as

σh (J) = dWh (J)
dJ

= κ [H (1−J)ψc +H (J −1)ψt] (C.4)

where

ψc (J) = dΨc (J)
dJ

= 1+(Jα1 −J−α2 −Jα3)
α1 +α2 −α3

, (C.5)

ψt (J) = dΨt (J)
dJ

= (1− q)

(
eβ1(J−1) −e−β2(J−1)

)
β1 +β2

+ qβ3 tanh
(
J −1
β3

)
. (C.6)

The tangent modulus is computed as the second derivative of the energy with respect
to J , namely

d2Wh (J)
dJ2 = κ

[
H (1−J) dψc

dJ
+H(J −1)dψt

dJ

]
. (C.7)

For volume shrinkage (J < 1) the tangent modulus reduces to

d2Wh (J)
dJ2 = κ

dψc

dJ
= κ

(
α1Jα1−1 +α2J−α2−1 −α3Jα3−1)

α1 +α2 −α3
, (C.8)

whereas for volume expansion (J > 1) its expression is

d2Wh (J)
dJ2 = κ

dψt

dJ
= κ

[
(1− q)β1eβ1(J−1) +β2e−β2(J−1)

β1 +β2
+ q sech2

(
J −1
β3

)]
. (C.9)
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The ten criteria for physical plausibility are reported in Tab. 5.2. Criteria I and
II impose that the energy and the stress must vanish in the reference state (J = 1).
These conditions are satisfied because Eqs. (C.1) and (C.4) evaluated for J = 1
give Wh(1) = 0 and σh(1) = 0. Criterion III requires the energy to be positive in
the entire J domain. Provided that minWh(J) =Wh(1) = 0, the above condition is
ensured by verifying the convexity of Wh(J), which will be discussed in the following
(criterion IX). Criterion IV states that the tangent modulus d2Wh/dJ

2 computed
for J = 1 must be equal to the bulk modulus κ, for consistency with linear elasticity.
Equation (C.7) evaluated in J = 1 satisfies this requirement.

Criteria V, VI, VII and VIII impose conditions on the behaviors of Wh and σh

for J → 0 and J → +∞. We remark that the Heaviside step function allows to
decouple the responses in shrinkage and expansion. Therefore, it is sufficient to
study the functions Ψc, ψc, Ψt and ψt to determine the behaviors of Wh and σh at
the boundaries of the domain. To ensure that an infinite energy is required to reduce
to zero the volume of a solid (criterion V), the following limit must be satisfied:

lim
J→0

Ψc(J) = +∞, (C.10)

with Ψc expressed by Eq. (C.2). This happens with the following conditions on α1,
α2 and α3: {

α1 >−1, α1 +α2 −α3 > 0
α2 > 1, α3 ̸= −1 or α3 <−1, α2 ̸= 1

(C.11)

The energy remains unchanged when parameters α2 and α3 are swapped and changed
in sign. Thus, the case α3 < −1, α2 ̸= 1 is equivalent to the case α2 > 1, α3 ̸= −1
and describes the same behavior. Therefore we only consider the condition α2 >
1, α3 ̸= −1. An infinite negative stress is necessary to reduce the volume to zero
(criterion VI), namely

lim
J→0

ψc(J) = −∞, (C.12)

with ψc given by Eq. (C.5). The following conditions are necessary to fulfill the
above equation: {

α1 > 0, α1 +α2 −α3 > 0
α2 > 0 or α3 < 0

(C.13)

Similarly to the energy, the hydrostatic stress remains unchanged when α2 and α3
are swapped and changed in sign. Hence, condition α2 > 0 is equivalent to condition
α3 < 0, thus we limit to the case α2 > 0. In addition, from a mathematical standpoint
when α2 > 0 parameter α3 can assume any real value. However, if α3 < 0 the term
−Jα3 behaves the same as −J−α2 and goes to infinity when J → 0. As explained in
Section 5.3, we are instead interested in a term that contributes to the variation of
stiffness in the region of small to moderate shrinkage, without affecting the response
for large shrinkage. This behavior is obtained assuming α3 > 0, therefore we restrict
our attention to this case. Considering the restrictions on both energy and stress,
the overall constraints in shrinkage are

α1 > 0, α2 > 1, α3 > 0, α1 +α2 −α3 > 0. (C.14)
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An infinite energy is required to infinitely expand the volume of a solid (criterion
VII), therefore

lim
J→+∞

Ψt(J) = +∞, (C.15)

with Ψt expressed by Eq. (C.3). Parameter q has the boundaries 0 ≤ q ≤ 1. In
addition, the functions involved with parameter β3 are even, thus we consider only
β3 > 0. The above limit is satisfied if β1 > 0 and β2 > 0, or β1 < 0 and β2 < 0, or
β1 < 0 and β2 > 0. When β1 and β2 have the same sign, function Ψt does not vary
if they are both positive or negative. Thus, we discard the case in which β1 < 0 and
β2 < 0. Criterion VIII states that an infinite positive stress is necessary to infinitely
expand a volume, thus

lim
J→+∞

ψt(J) = +∞, (C.16)

with ψt expressed by Eq. (C.6). This limit is satisfied if β1 > 0 and β2 > 0.
Criterion IX imposes the condition of policonvexity of the volumetric part of the

SED, namely the tangent modulus d2Wh/dJ
2 must be positive in the entire domain.

For J > 1, this is true if β1 > 0 and β2 > 0. For J < 1, the tangent modulus is always
positive if α1 +α2 −α3 > 0. Finally, criterion X is guaranteed by the Heaviside step
function (or its smooth approximation), which provides independent control of the
responses in shrinkage and expansion.

In summary, the parameters of the proposed volumetric SED must satisfy the
following constraints:{

β1 > 0, β2 > 0, β3 > 0, 0 ≤ q ≤ 1
α1 > 0, α2 > 1, α3 > 0, α1 +α2 −α3 > 0

(C.17)
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