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 A B S T R A C T

A powerful tool in control and systems engineering is represented by Nyquist plots, for which a qualitative 
representation often gives a clearer visualization of the frequency response function that is typically not given 
by computer programs, especially if portions of the Nyquist plot extend to infinity. This letter addresses the 
graphical analysis of the frequency response function, with the objective of enhancing the procedure for the 
qualitative construction of Nyquist plots. Several results supported by analytical proofs are derived for what 
concerns the low and high frequency behavior, which enable to improve the qualitative construction of Nyquist 
plots in the vicinity of the initial and final points.
1. Introduction

Nyquist plots are one of the possible graphical representations of 
the frequency response function [1]. They have a large variety of dif-
ferent applications in the field of control theory, including the Nyquist 
stability criterion [2–5] for linear systems and the stability analysis of 
nonlinear systems using criteria such as the Circle criterion [6], the 
Popov criterion [6], or the describing function method [7]. Further-
more, Nyquist plots are also employed to perform the passivity analysis 
of physical systems [6], and to design lead/lag networks using the 
concept of admissible domain [8]. Nyquist plots also find application in 
several other fields, including the medical one as in [9], where they are 
employed within an algorithm that recognizes different types of swal-
lowing events, which is used for screening and treatment of dysphagia. 
In [10], Nyquist plots are used for the thermal characterization of 
electronic packages, while a method based on the use of Nyquist plots 
to relax linear matrix inequalities conservatism for robust mechatronics 
synthesis is proposed in [11].

For what concerns the construction of Nyquist plots, an interest-
ing feature is described in [12], showing that many Nyquist plots 
can be associated with characteristic curves on the complex plane. 
However, whenever a detailed and punctual representation of Nyquist 
plots is desired, their construction is typically addressed making use 
of computer aided control system design software, such as the Control 
System Toolbox available in the MATLAB/Simulink environment [13], 
the LabVIEW software [14], and others. However, the reading of the 
resulting Nyquist plots may not be easy, because of the large range in 
magnitude that can result when spanning a wide range of frequency. 
Following the same principle employed for Bode plots, some works 
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employ the logarithmic scale for the magnitude representation [15] 
which, however, still require the use of computer aided control system 
design software and to arbitrary set the minimum magnitude value to 
be represented.

A qualitative representation is often sufficient to extract the desired 
features of the Nyquist plot. The typical approaches for constructing 
Nyquist plots require a large amount of calculations [1,16,17] and 
are essentially based on the analysis of the frequency response func-
tion at low and high frequencies. In [18], a revised version of the 
method for plotting qualitative Nyquist plots was proposed, based on 
the calculation of two novel parameters 𝛥𝜏 and 𝛥𝑝 allowing to improve 
the Nyquist plot representation at low and high frequencies, with the 
specific objective of discriminating whether the Nyquist plot is leading 
or lagging compared to the initial and final phases, respectively. This 
procedure allows to enhance the comprehension of the plots given by 
computer aided control system design software. However, the proposed 
procedure did not consider in detail the cases 𝛥𝜏 = 0 and 𝛥𝑝 = 0. 
Furthermore, these two parameters only encompass information about 
the phase, without giving information about the modulus of the Nyquist 
plot in the vicinity of the initial and final points.

In the present letter, we extend the work in [18] by providing the 
following new contributions: (1) a much deeper frequency response 
analysis at low frequency.  In detail, a Taylor series expansion truncated 
at the first order was employed in [18], while all the Taylor series 
expansion terms are taken into account in the present work, by also 
providing two properties for the recursive calculation of the Taylor 
coefficients. (2) the generalization of the extended low-frequency re-
sponse analysis to the high-frequency case, providing dual results; (3) 
the generalization of the previous parameters 𝛥𝜏 and 𝛥𝑝, overcoming 
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the limitation occurring whenever they are equal to zero and also 
providing information about the modulus, as well as the phase, of the 
Nyquist plot in the vicinity of the initial and final points; (4) several 
results supported by analytical proofs allowing to discriminate the 
qualitative behavior of the frequency response function in the vicinity 
of the initial and final points when constructing the qualitative Nyquist 
plot.

The remainder of this letter is structured as follows. Section 2 
introduces the qualitative graphical analysis of the frequency response 
function, which is deepened in Section 3 and Section 4 by deriving 
several results for the low and high frequency response, respectively. 
To validate the proposed results, two case studies are presented in 
Section 5, while the conclusions are given in Section 6.

2. Qualitative graphical analysis of the frequency response in the 
complex plane

Consider the transfer function 𝐺̄(𝑠) expressed as follows: 

𝐺̄(𝑠) = 𝐾
𝑠ℎ

𝐺(𝑠), (1)

where the function 𝐺(𝑠) has the following structure: 

𝐺(𝑠) =
𝑎𝑚𝑠𝑚 +⋯ + 𝑎3𝑠3 + 𝑎2𝑠2 + 𝑎1𝑠 + 𝑎0
𝑏𝑛𝑠𝑛 +⋯ + 𝑏3𝑠3 + 𝑏2𝑠2 + 𝑏1𝑠 + 𝑏0

(2)

and is characterized by non-null coefficients 𝑎𝑚, 𝑏𝑛, 𝑎0 and 𝑏0, without 
loss of generality. The initial and final points of the Nyquist plot of 
function 𝐺̄(𝑠) can be obtained by considering the functions 𝐺̄0(𝑠) and 
𝐺̄∞(𝑠), that approximate 𝐺̄(𝑠) for 𝑠 ≃ 0+ and 𝑠 ≃ ∞, respectively. The 
approximating function 𝐺̄0(𝑠) is obtained from 𝐺̄(𝑠) in (1) by neglecting 
all the terms in 𝑠 except for the zeros and poles at the origin: 

𝐺̄0(𝑠) = lim
𝑠≃0+

𝐺̄(𝑠) = 𝐾
𝑠ℎ

𝐺0, where 𝐺0 =
𝑎0
𝑏0

(3)

and where ℎ is the number of poles of the transfer function 𝐺̄(𝑠) at the 
origin. The approximating function 𝐺̄∞(𝑠) is deduced from 𝐺̄(𝑠) in (1) 
by considering only the terms in 𝑠 having the highest degree: 

𝐺̄∞(𝑠) = lim
𝑠≃∞

𝐺̄(𝑠) = 𝐾
𝑠𝑟
𝐺∞, where 𝐺∞ =

𝑎𝑚
𝑏𝑛

(4)

and where 𝑟 = ℎ+𝑛−𝑚 is the relative degree of function 𝐺̄(𝑠). The initial 
point 𝑃0 = 𝑀̄0 𝑒𝑗𝜑̄0  and the final point 𝑃∞ = 𝑀̄∞ 𝑒𝑗𝜑̄∞  of the Nyquist 
plot can be computed by considering the magnitude and the phase of 
the frequency response functions 𝐺̄0(𝑗𝜔) and 𝐺̄∞(𝑗𝜔) for 𝜔 ≃ 0+ and 
𝜔 ≃ ∞: 

𝑀̄0 = lim
𝜔≃0+

|𝐾|

𝜔ℎ |𝐺0| =

⎧

⎪

⎨

⎪

⎩

∞  if ℎ > 0

|𝐾|𝑀0  if ℎ = 0

0  if ℎ < 0

, 𝑀0 = |𝐺0|,

𝜑̄0 = arg (𝐾) − ℎ𝜋
2
+ 𝜑0, 𝜑0 = arg(𝐺0),

𝑀̄∞= lim
𝜔≃∞

|𝐾|

𝜔𝑟 |𝐺∞| =

⎧

⎪

⎨

⎪

⎩

0  if 𝑟 > 0

|𝐾|𝑀∞  if 𝑟 = 0

∞  if 𝑟 < 0

, 𝑀∞ = |𝐺∞|,

𝜑̄∞ = arg (𝐾) − 𝑟 𝜋
2
+ 𝜑∞, 𝜑∞ = arg(𝐺∞).

(5)

From (5), it follows that the Nyquist plot starts from the origin when 
𝜔 ≃ 0+ if ℎ < 0, from a point on the real axis if ℎ = 0, or from infinity 
if ℎ > 0, as graphically shown in Fig.  1(a). Dually, from (5) it follows 
that the Nyquist plot ends at infinity when 𝜔 ≃ ∞ if 𝑟 < 0, at a point on 
the real axis if 𝑟 = 0, or at the origin if 𝑟 > 0, as graphically shown 
in Fig.  1(b). The initial and final directions of the Nyquist plot are 
determined by the parameters 𝜑̄0 and 𝜑̄∞. However, as shown in Fig. 
1, the behavior of the Nyquist curve is not univocal either when 𝜔 ≃ 0+

or 𝜔 ≃ ∞, because the system 𝐺̄(𝑠) may exhibit a phase lead or a phase 
lag with respect to the initial and final phases 𝜑̄0 and 𝜑̄∞, respectively. 
This aspect is investigated in detail in the following sections.
2 
Note that the frequency response of function 𝐺̄(𝑠) for 𝑠 ≃ 0 and 𝑠 ≃
∞ is strictly related to the frequency response of function 𝐺(𝑠) through 
(1)–(5). In the following sections, the frequency response analysis of 
function 𝐺(𝑠) is carried out for 𝑠 ≃ 0 and 𝑠 ≃ ∞ to study the 
behavior in the vicinity of the initial and final points 𝑃0 = 𝑀0 𝑒𝑗𝜑0  and 
𝑃∞ = 𝑀∞ 𝑒𝑗𝜑∞ . The obtained results can be directly extended to the 
frequency response of function 𝐺̄(𝑠) by using the relations (5) between 
the initial points 𝑃0 and 𝑃0 and between the final points 𝑃∞ and 𝑃∞.

3. Frequency response of 𝑮(𝒔) for 𝒔 ≃ 𝟎

The Taylor series expansion for 𝑠 = 0 of function 𝐺(𝑠) in (2) has the 
following form: 

𝐺(𝑠) =
∞
∑

𝑘=0
𝐺𝑘 𝑠

𝑘, where 𝐺𝑘 = 1
𝑘!

𝑑𝑘𝐺(𝑠)
𝑑𝑠𝑘

|

|

|

|

|𝑠=0
. (6)

From (6), it follows that the frequency response function 𝐺(𝑗𝜔) of 
function 𝐺(𝑠) can be expressed as follows: 

𝐺(𝑗𝜔) =
∞
∑

𝑘=0
𝐺𝑘(𝑗𝜔)𝑘 =

∞
∑

𝑛=0
𝐺2𝑛(−1)𝑛𝜔2𝑛

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝐺𝑒𝑣(𝜔)

+𝑗𝜔

[ ∞
∑

𝑛=0
𝐺2𝑛+1(−1)𝑛𝜔2𝑛

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐺𝑜𝑑 (𝜔)

,
(7)

where 𝐺𝑒𝑣(𝜔) and 𝜔𝐺𝑜𝑑 (𝜔) are the real and imaginary parts of the 
frequency response function 𝐺(𝑗𝜔). Note that the functions 𝐺𝑒𝑣(𝜔) and 
𝐺𝑜𝑑𝑑 (𝜔) are only composed of the even and odd coefficients 𝐺𝑘 of the 
Taylor series expansion (6), respectively.

3.1. Sign of the phase 𝜑0(𝜔) when 𝜔 ≃ 0+

The phase 𝜑0(𝜔) of function 𝐺(𝑗𝜔) when 𝜔 ≃ 0+ can be expressed 
from (7) as follows: 

𝜑0(𝜔) = arctan
[

𝜔𝐺𝑜𝑑 (𝜔)
𝐺𝑒𝑣(𝜔)

]

= arctan
[

𝜔(𝐺1 − 𝐺3𝜔2 + 𝐺5𝜔2 − 𝐺7𝜔6 +⋯)
𝐺0 − 𝐺2𝜔2 + 𝐺4𝜔2 − 𝐺6𝜔6 +⋯

]

.
(8)

Definition 1.  Let parameter 𝛥𝜏𝑘  be defined as follows: 

𝛥𝜏𝑘 = (−1)
⌊

𝑘
2

⌋

𝐺𝑘
𝐺0

, (9)

where 𝑘 > 0 is a positive integer number, and function ⌊𝑥⌋ is the floor 
of 𝑥. 

Property 1.  Let 𝑘 be an odd integer index 𝑘 ∈ {1, 3, 5, … , ∞}. If 
𝐺1 = 𝐺3 = 𝐺5 = ⋯ = 𝐺𝑘−2 = 0, then the phase 𝜑0(𝜔) of function 𝐺(𝑗𝜔)
when 𝜔 ≃ 0+ can be approximated as follows: 

𝜑0(𝜔) ≃ (−1)
𝑘−1
2

𝐺𝑘
𝐺0

𝜔𝑘 = 𝛥𝜏𝑘 𝜔
𝑘. (10)

Relation (10) holds since 𝑘−12 =
⌊

𝑘
2

⌋

 for odd 𝑘. 

Proof. The expression of 𝜑0(𝜔) in (10) follows directly from (9) and (8) 
when 𝜔 ≃ 0+ and 𝐺1 = 𝐺3 = 𝐺5 = ⋯ = 𝐺𝑘−2 = 0.  □

Note that the sign of the parameter 𝛥𝜏𝑘  used in (10) determines if the 
Nyquist plot of the frequency response function 𝐺(𝑗𝜔) exits the initial 
point 𝑃0 = 𝑀0 𝑒𝑗𝜑0  defined in (5) by moving clockwise or counter-
clockwise in the complex plane, as shown in Fig.  2. Equivalently, the 
sign of the parameter 𝛥𝜏𝑘  used in (10) determines if the Nyquist plot 
of the frequency response function 𝐺̄(𝑗𝜔) exits the initial point 𝑃0 =
𝑀̄0 𝑒𝑗𝜑̄0  defined in (5) by moving clockwise or counter-clockwise in the 
complex plane.
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Fig. 1. (a) Nyquist plots in the low frequency range for different values of the number ℎ of poles at the origin and (b) Nyquist plots in the high frequency range for different 
values of the relative degree 𝑟.
Fig. 2. Nyquist plot of 𝐺(𝑗𝜔) exiting the initial point 𝑃0 by moving clockwise or 
counter-clockwise depending on the sign of parameter 𝛥𝜏𝑘 .

Definition 2.  With reference to the transfer function 𝐺(𝑠) defined in 
(2), let 𝛥𝑖𝑗 denote the following determinant: 

𝛥𝑖𝑗 =
|

|

|

|

|

𝑎𝑖 𝑎𝑗
𝑏𝑖 𝑏𝑗

|

|

|

|

|

= 𝑎𝑖𝑏𝑗 − 𝑎𝑗𝑏𝑖, (11)

for 𝑖, 𝑗 ∈ {0, 1, 2, … , 𝑛}. 

Property 2.  All the coefficients 𝐺𝑘 present in the series expansion (6), for 
𝑘 > 0, can be computed recursively using the following formula: 

𝐺𝑘 = 1
𝑏20

(

𝛥𝑘0 − 𝑏0
𝑘−1
∑

𝑗=1
𝐺𝑘−𝑗𝑏𝑗

)

. (12)

The proof of Property  2 is reported in App. A.

Remark 1. Property  2 provides an elegant and efficient way of com-
puting the coefficients 𝐺𝑘 of the Taylor series expansion of a rational 
transfer function 𝐺(𝑠) around the origin in a recursive way, since it does 
not require to compute the high-order derivatives in the Taylor series 
expansion coefficients, which may be heavy from a computational point 
of view.

The recursive formula (12) given in Property  2 can be used for 
all values of index 𝑘. The coefficients 𝐺𝑘 for the calculation of the 
odd coefficients 𝛥𝜏𝑘  can equivalently be computed using the recursive 
formula (13) given in the following Property  3. 

Property 3. All the odd coefficients 𝐺𝑘 of the series expansion (6), for 
𝑘 ∈ {1, 3, 5, … , ∞}, can be computed recursively using the following 
3 
formula: 

𝐺𝑘 = 1
𝑏20

⎛

⎜

⎜

⎜

⎝

∇𝑘 −

𝑘−1
2
∑

ℎ=1
(−1)ℎ𝐺𝑘−2ℎ𝐵ℎ

⎞

⎟

⎟

⎟

⎠

, (13)

where the coefficients ∇𝑘 are function of the determinants 𝛥𝑖𝑗 defined in 
(11): 

∇𝑘 =

𝑘−1
2
∑

𝑗=0
(−1)𝑗𝛥𝑘−𝑗,𝑗 , (14)

and 𝐵ℎ are polynomials of the coefficients 𝑏𝑘 in (2): 

𝐵ℎ = 𝑏2ℎ + 2
ℎ
∑

𝑗=1
(−1)𝑗𝑏ℎ−𝑗𝑏ℎ+𝑗 . (15)

Property  3 can be verified numerically by comparing its results with 
those of Property  2 for the odd coefficients 𝐺𝑘. 

From (11) and (14), it can be observed that the coefficients ∇𝑘 are 
function only of the parameters 𝑎𝑖 and 𝑏𝑖 of 𝐺(𝑠) in (2) characterized 
by indexes 𝑖 ≤ 𝑘. 

Theorem 1.  The sign of the phase 𝜑0(𝜔) of function 𝐺(𝑗𝜔) when 𝜔 ≃ 0+

can be determined as follows: 

sign(𝜑0(𝜔)) = sign(𝛥𝜏𝑘 ), (16)

where 𝛥𝜏𝑘 , defined in (9), is the first non-zero element of the series of odd 
coefficients 𝛥𝜏𝑘  for increasing values of the odd index 𝑘 ∈ {1, 3, 5, … , ∞}. 
Furthermore, the coefficients 𝛥𝜏𝑘  in (16) can also be expressed as follows: 

𝛥𝜏𝑘 = (−1)
𝑘−1
2

∇𝑘
𝑎0𝑏0

. (17)

Proof. The first equality sign(𝜑(𝜔)) = sign(𝛥𝜏𝑘 ) in (16) comes directly 
from (10) in Property  1 and from Definition  1 of 𝛥𝜏𝑘  in (9). Then, from 
(13) it follows that when 𝐺1 = 𝐺3 = 𝐺5 = ⋯ = 𝐺𝑘−2 = 0, the coefficients 
𝐺𝑘 can be expressed as follows: 

𝐺𝑘 =
∇𝑘

𝑏20
. (18)

Therefore, substituting (18) in (9) and recalling the static gain 𝐺0 =
𝑎 ∕𝑏  from (5), yield the expression of 𝛥  in (17).  □
0 0 𝜏𝑘
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Fig. 3. Different types of Nyquist plots when exiting the initial point 𝑃0.

3.2. Behavior of the modulus 𝑀0(𝜔) when 𝜔 ≃ 0+

Theorem 2.  The modulus 𝑀0(𝜔) of function 𝐺(𝑗𝜔) when 𝜔 ≃ 0+ increases 
or decreases as follows: 
𝑀0(𝜔) increases if 𝛥𝜏𝑘 > 0,

𝑀0(𝜔) decreases if 𝛥𝜏𝑘 < 0,
(19)

where 𝛥𝜏𝑘  is the first non-zero element of the series of even coefficients 𝛥𝜏𝑘
for increasing values of the even index 𝑘 ∈ {0, 2, 4, … , ∞}.

Proof.  When 𝜔 ≃ 0+, from (7) it follows that the modulus of 𝐺(𝑗𝜔) can 
be approximated as follows: 

𝑀0(𝜔) ≃ |𝐺𝑒𝑣(𝜔)| ≃ |𝐺0|
|

|

|

|

1 − 𝐺2
𝐺0

𝜔2 + 𝐺4
𝐺0

𝜔4 − 𝐺6
𝐺0

𝜔6 +⋯
|

|

|

|

, (20)

where 𝐺𝑒𝑣(𝜔) is the real part of 𝐺(𝑗𝜔). Note that the modulus 𝑀0(𝜔)
of point 𝐺(𝑗𝜔) when 𝜔 ≃ 0+ contains only the even coefficients 𝐺𝑘, 
for 𝑘 ∈ {0, 2, 4, … , ∞}, of the series expansion (6). From (20), it 
can be observed that when 𝜔 ≃ 0+ the modulus |𝐺(𝑗𝜔)| increases or 
decreases depending on the sign of the coefficients −𝐺2

𝐺0
, 𝐺4

𝐺0
, −𝐺6

𝐺0
, etc. 

Replacing Definition  1 of 𝛥𝜏𝑘  from (9) in (20) yields (19).  □

Remark 2.  Consider the transfer function: 
𝐺𝑇 (𝑠) = 𝐺(𝑠) 𝑇 (𝑠) = 𝐺(𝑠) 𝑒−𝑡0 𝑠, (21)

where 𝐺(𝑠) is defined in (2) and 𝑇 (𝑠) = 𝑒−𝑡0 𝑠 is the transfer function 
of a time delay. Recalling that arg(𝑒−𝑗𝑡0𝜔) = −𝑡0𝜔, and using (10), the 
phase 𝜑𝑇0 (𝜔) of function 𝐺𝑇 (𝑗𝜔) when 𝜔 ≃ 0+ can be approximated as 
follows: 
𝜑𝑇0 (𝜔) ≃ (𝛥𝜏𝑘 𝜔

𝑘−1 − 𝑡0)𝜔. (22)

From (22), it follows that relation (16) in this case can be rewritten as 
follows: 

sign(𝜑𝑇0 (𝜔)) =

{

sign(𝛥𝜏𝑘 − 𝑡0) if 𝑘 = 1,

< 0 if 𝑘 > 1,

 where the last condition holds since 𝛥𝜏𝑘 𝜔
𝑘−1 ≃ 0 when 𝜔 ≃ 0 and 

𝑘 > 1, and 𝑡0 > 0 is the time delay in the system. Conversely, relation 
(19) remains unchanged since |𝑒−𝑗𝑡0𝜔| = 1.

3.3. Exiting the initial point 𝑃0 when 𝜔 ≃ 0+

Theorems  1 and 2 have shown that the odd coefficients 𝐺1, 𝐺3, 
𝐺5, … and the even coefficients 𝐺2, 𝐺4, 𝐺6, … in (6) can be used to 
determine the sign of the phase 𝜑0(𝜔) and whether the modulus 𝑀0(𝜔)
increases or decreases when 𝜔 ≃ 0+. The combined results of Theorems 
1 and 2 allow to determine how the frequency response function 𝐺(𝑗𝜔)
exits the initial point 𝑃0 when 𝜔 ≃ 0+. Specifically, the following two 
Lemmas originate from Theorem  1.
4 
Lemma 1.  When 𝜔 ≃ 0+ and the first non-zero odd parameter 𝛥𝜏𝑘  has an 
index 𝑘 < ℎ, where ℎ is the index of the first not-zero even parameter 𝛥𝜏ℎ , 
the function 𝐺(𝑗𝜔) exits the initial point 𝑃0 by moving in the complex plane 
along a direction perpendicular to the real axis. The possible four Nyquist 
curves that can be obtained are shown in Fig.  3(a).

Proof. From (7) and (9), if 𝜔 ≃ 0+, 𝛥𝜏𝑘 ≠ 0 is the first non-zero odd 
parameter, and 𝛥𝜏ℎ ≠ 0 is the first non-zero even parameter, it follows 
that function 𝐺(𝑗𝜔) can be expressed as: 
𝐺(𝑗𝜔) ≃𝐺0 − 𝐺ℎ𝜔

ℎ + 𝑗𝐺𝑘𝜔
𝑘 ≃ 𝐺0(1 + 𝛥𝜏ℎ𝜔

ℎ + 𝑗𝛥𝜏𝑘𝜔
𝑘). (23)

From (23) it follows that, when 𝜔 ≃ 0+, the function 𝐺(𝑗𝜔) exits the 
initial point 𝑃0 by drawing a Nyquist curve that moves along a direction 
which is perpendicular to the real axis because the infinitesimal 𝛥𝜏𝑘 𝜔

𝑘

is larger than the infinitesimal 𝛥𝜏ℎ𝜔
ℎ, since 𝑘 < ℎ.  □

The four possible Nyquist curves shown in Fig.  3(a) depend on the 
positive or negative values of the two parameters 𝛥𝜏𝑘  and 𝛥𝜏ℎ .

Lemma 2.  When 𝜔 ≃ 0+ and the first non-zero odd parameter 𝛥𝜏𝑘  has an 
index 𝑘 > ℎ, where ℎ is the index of the first not-zero even parameter 𝛥𝜏ℎ , 
the function 𝐺(𝑗𝜔) exits the initial point 𝑃0 by drawing a Nyquist curve that 
moves along a direction parallel to the real axis. The Nyquist curves that 
can be obtained in this case are shown in Fig.  3(b). 

Proof. From (7) and (9), when 𝜔 ≃ 0+, 𝛥𝜏𝑘 ≠ 0 is the first non-zero odd 
parameter, and 𝛥𝜏ℎ ≠ 0 is the first non-zero even parameter, it follows 
that function 𝐺(𝑗𝜔) can be expressed as in (23). In this case, from (23) 
it follows that, when 𝜔 ≃ 0+, the function 𝐺(𝑗𝜔) exits the initial point 
𝑃0 by drawing a Nyquist curve that moves along a direction which is
parallel to the real axis because the infinitesimal 𝛥𝜏𝑘 𝜔

𝑘 is smaller than 
the infinitesimal 𝛥𝜏ℎ𝜔

ℎ, since 𝑘 > ℎ.  □

In this case, the four possible Nyquist curves are shown in Fig.  3(b).

4. Frequency response of 𝑮(𝒔) at 𝒔 ≃ ∞

Substituting 𝑠̃ = 1
𝑠  in (1) yields: 

𝐺̄(𝑠) = 𝐾
𝑠𝑟

𝐺̃(𝑠), where 𝑟 = ℎ + 𝑛 − 𝑚 (24)

is the relative degree of function 𝐺̄(𝑠) and function 𝐺̃(𝑠) is: 

𝐺̃(𝑠) =
(𝑎0𝑠̃𝑚 + 𝑎1𝑠̃𝑚−1 +⋯ + 𝑎𝑚−2𝑠̃2 + 𝑎𝑚−1𝑠̃ + 𝑎𝑚)
(𝑏0𝑠̃𝑛 + 𝑏1𝑠̃𝑛−1 +⋯ + 𝑏𝑛−2𝑠̃2 + 𝑏𝑛−1𝑠̃ + 𝑏𝑛)

. (25)

Function 𝐺̃(𝑠) has a similar structure as function 𝐺(𝑠) in (2), in which 
the coefficients 𝑎𝑖 and 𝑏𝑖 are in reversed order.

Definition 3.  Let 𝑎̃𝑖 and 𝑏̃𝑗 denote the ‘‘dual version’’ of coefficients 
𝑎𝑖 and 𝑏𝑗 , defined as follows: 

𝑎̃𝑖 = 𝑎𝑚−𝑖 and 𝑏̃𝑗 = 𝑏𝑛−𝑗 , (26)

for 𝑖 ∈ {1, 2,… , 𝑚} and 𝑗 ∈ {1, 2,… , 𝑛}. From (26), it follows that: 
𝑎𝑖 = 𝑎̃𝑚−𝑖 and 𝑏𝑗 = 𝑏̃𝑛−𝑗 . (27)

Substituting (27) in (25) yields: 

𝐺̃(𝑠) =
(𝑎̃𝑚 𝑠̃𝑚 + 𝑎̃𝑚−1 𝑠̃𝑚−1 +⋯ + 𝑎̃2 𝑠̃2 + 𝑎̃1 𝑠̃ + 𝑎̃0)
(𝑏̃𝑛 𝑠̃𝑛 + 𝑏̃𝑛−1 𝑠̃𝑛−1 +⋯ + 𝑏̃2 𝑠̃2 + 𝑏̃1 𝑠̃ + 𝑏̃0)

, (28)

having now the same structure as function 𝐺(𝑠) in (2) but using the 
dual coefficients 𝑎̃𝑖 and 𝑏̃𝑗 and the new variable 𝑠̃.

The frequency response of function 𝐺(𝑠) at 𝑠 ≃ ∞ can be studied 
using the Taylor series expansion of 𝐺̃(𝑠) at 𝑠̃ = 0: 

𝐺̃(𝑠) =
∞
∑

𝐺̃𝑘 𝑠̃
𝑘 = 𝐺̃0 + 𝐺̃1𝑠̃ + 𝐺̃2𝑠̃

2 +⋯ , (29)

𝑘=0
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where the coefficients 𝐺̃𝑘 in (29) are the dual version of the coefficients 
𝐺𝑘 in (6) using (26). Equivalently, also the coefficients 𝛥𝜏𝑘  in (9), 𝛥𝑖𝑗

in (11), ∇𝑘 in (14) and 𝐵ℎ in (15) can be dualized into 𝛥𝜏𝑘 , 𝛥𝑖𝑗 , ∇̃𝑘
and 𝐵̃ℎ using (26). In particular, the dual determinant 𝛥𝑖𝑗 is defined as 
follows: 

𝛥𝑖𝑗 =
|

|

|

|

|

𝑎𝑚−𝑖 𝑎𝑚−𝑗
𝑏𝑛−𝑖 𝑏𝑛−𝑗

|

|

|

|

|

= 𝑎𝑚−𝑖𝑏𝑛−𝑗 − 𝑎𝑚−𝑗𝑏𝑛−𝑖. (30)

Note that 𝐺̃0 =
𝑎𝑚
𝑏𝑛

 in (29) is equal to 𝐺∞ defined in (4).

Theorem 3 (Dual of Theorem  1).  The sign of the phase 𝜑∞(𝜔) of function 
𝐺(𝑗𝜔) when 𝜔 ≃ ∞ can be determined as follows: 
sign(𝜑∞(𝜔)) = sign(−𝛥𝜏𝑘 ), (31)

where 𝛥𝜏𝑘  is the first non-zero element of the series of odd coefficients 𝛥𝜏𝑘 , 
for increasing values of the odd index 𝑘 ∈ {1, 3, 5, … , ∞}. Furthermore, 
the coefficient 𝛥𝜏𝑘  in (31) can also be expressed as follows: 

𝛥𝜏𝑘 = (−1)
⌊

𝑘
2

⌋

∇̃𝑘
𝑎𝑚𝑏𝑛

. (32)

Proof. The frequency response 𝐺̃(𝑗𝜔) of function 𝐺̃(𝑠) in (29) when 
𝜔 ≃ ∞ can be expressed as follows: 

(𝑗𝜔) =
∞
∑

𝑘=0
𝐺̃𝑘

1
(𝑗𝜔)𝑘

=
∞
∑

𝑘=0
𝐺̃𝑘

(−𝑗)𝑘

𝜔𝑘

= 𝐺̃0 −
𝐺̃2

𝜔2
+

𝐺̃4

𝜔4
+⋯ −

𝑗
𝜔

[

𝐺̃1 −
𝐺̃3

𝜔2
+

𝐺̃5

𝜔4
+…

]

.

(33)

When 𝜔 ≃ ∞ and 𝐺̃1 = 𝐺̃3 = 𝐺̃5 = ⋯ = 𝐺̃𝑘−2 = 0, the phase 𝜑∞(𝜔)
of 𝐺̃(𝑗𝜔) in (33) and, equivalently, of 𝐺(𝑗𝜔), can be approximated as 
follows: 

𝜑∞(𝜔) ≃ arctan
⎡

⎢

⎢

⎣

−
(−1)

⌊

𝑘
2

⌋

𝐺̃𝑘

𝐺̃0 𝜔𝑘

⎤

⎥

⎥

⎦

≃
−𝛥𝜏𝑘

𝜔𝑘 , (34)

from which equality (31) follows. Finally, the expression (32) is the 
dual version of (17) in Theorem  1.  □

Theorem 4 (Dual of Theorem  2).  The modulus 𝑀∞(𝜔) of function 𝐺(𝑗𝜔)
when 𝜔 ≃ ∞ increases or decreases as follows: 
𝑀∞(𝜔) increases if 𝛥𝜏𝑘 > 0,

𝑀∞(𝜔) decreases if 𝛥𝜏𝑘 < 0,
(35)

where 𝛥𝜏𝑘  is the first non-zero element of the series of even coefficients 𝛥𝜏𝑘
for increasing values of the even index 𝑘 ∈ {0, 2, 4, … , ∞}.

Proof.  When 𝜔 ≃ ∞, from (33) it follows that |𝐺̃(𝑗𝜔)| and, equiva-
lently, 𝑀∞(𝜔) can be expressed as: 

𝑀∞(𝜔) = |𝐺̃(𝑗𝜔)| ≃ |𝐺̃0|
|

|

|

|

|

1 −
𝐺̃2

𝐺̃0𝜔2
+

𝐺̃4

𝐺̃0𝜔4
−

𝐺̃6

𝐺̃0𝜔6
+⋯

|

|

|

|

|

, (36)

which is the dual of 𝑀0(𝜔) in (20). Therefore, the same proof as 
Theorem  2 applies here using the dual coefficients 𝛥𝜏𝑘 .  □

Remark 3.  When 𝜔 ≃ ∞, the final part of the Nyquist diagram of 
function 𝐺𝑇 (𝑗𝜔) in (21) makes infinite clockwise rotations around its 
final point 𝑃𝑇∞ , since arg(𝑒−𝑗𝑡0𝜔) = −𝑡0𝜔 ≃ −∞ when 𝜔 ≃ ∞. Therefore, 
in this case, it is not of interest to further analyze the behavior of 
function 𝐺𝑇 (𝑗𝜔) when 𝜔 ≃ ∞ from a qualitative point of view.

4.1. Entering the final point 𝑃∞ when 𝜔 ≃ ∞

Following the same outline of Section 3.3, the following Lemmas  3
and 4, which are the dual of Lemmas  1 and 2, respectively, originate 
from Theorem  3.
5 
Fig. 4. Different types of Nyquist plots when entering the final point 𝑃∞.

Fig. 5. Qualitative Nyquist plot of 𝐺(𝑗𝜔) associated with 𝐺(𝑠) in (37). 

Lemma 3.  (Dual of Lemma  1) When 𝜔 ≃ ∞ and the first non-zero odd 
parameter 𝛥𝜏𝑘  has an index 𝑘 < ℎ, where ℎ is the index of the first not-zero 
even parameter 𝛥𝜏ℎ , the function 𝐺(𝑗𝜔) enters the final point 𝑃∞ by drawing 
a Nyquist curve that moves along a direction perpendicular to the real axis. 

From Lemma  3 and Theorem  4 it follows that, when 𝜔 ≃ ∞ and 𝑘 < ℎ, 
the function 𝐺(𝑗𝜔) enters the final point 𝑃∞ by drawing one of the four 
Nyquist curves shown in Fig.  4(a).

Lemma 4. (Dual of Lemma  2) When 𝜔 ≃ ∞ and the first non-zero odd 
parameter 𝛥𝜏𝑘  has an index 𝑘 > ℎ, where ℎ is the index of the first not-zero 
even parameter 𝛥𝜏ℎ , the function 𝐺(𝑗𝜔) enters the final point 𝑃∞ by drawing 
a Nyquist curve that moves along a direction parallel to the real axis. 

From Lemma  4 and Theorem  4 it follows that, when 𝜔 ≃ ∞ and 𝑘 > ℎ, 
the function 𝐺(𝑗𝜔) enters the final point 𝑃∞ by drawing one of the four 
Nyquist curves shown in Fig.  4(b).

5. Case studies

5.1. First case study

Reference is made to the following transfer function: 

𝐺̄(𝑠) = 2𝑠3 + 6𝑠2 + 2𝑠 + 1
4𝑠3 + 5𝑠2 + 2𝑠 + 1

. (37)

The initial and final points 𝑃0 and 𝑃∞ of the Nyquist plot of 𝐺̄(𝑗𝜔) are 
characterized by: 𝑀̄ = 1, 𝑀̄ = 0.5, 𝜑̄ = 𝜑̄ = 0. Applying Definition 
0 ∞ 0 ∞
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1 and Property  2 yields:

𝛥𝜏1 =
𝐺1
𝐺0

= 0, 𝛥𝜏2 = −
𝐺2
𝐺0

= −1, 𝛥𝜏3 = −
𝐺3
𝐺0

= 4,

𝛥𝜏1 =
𝐺̃1

𝐺̃0
= 7

4
, 𝛥𝜏2 = −

𝐺̃2

𝐺̃0
= 27

16
.

Remark 4.  The procedure described in [18] did not consider in 
detail the case in which the parameter called 𝛥𝜏 , which is 𝛥𝜏1  in this 
letter, was equal to zero, because of the complexity of the calculations. 
Therefore, the procedure in [18] would fail to discriminate the behavior 
of the phase 𝜑0(𝜔) of 𝐺̄(𝑗𝜔) when 𝜔 ≃ 0+ in this case. On the contrary, 
the detailed frequency analysis performed in this letter always allows 
to discriminate the behavior of the phase 𝜑0(𝜔) when 𝜔 ≃ 0+ thanks 
to Theorem  1, and recalling that the parameters 𝛥𝜏𝑘  can be effectively 
computed using Definition  1 and Property  2. Furthermore, it is also 
possible to discriminate the direction of the function 𝐺̄(𝑗𝜔) in the 
complex plane when exiting the initial point 𝑃0 thanks to Lemmas  1
and 2, as well as to discriminate the behavior of the modulus 𝑀0(𝜔)
when 𝜔 ≃ 0+ thanks to Theorem  2.

Applying Theorems  1 and 2, since 𝛥𝜏3 > 0, 𝛥𝜏2 < 0 (case 𝑘 > ℎ), the 
Nyquist plot exits the initial point 𝑃0 as the curve 1⃝  in Fig.  3(b), as 
shown in Fig.  5. 

Remark 5.  The behavior of the phase 𝜑∞(𝜔) when 𝜔 ≃ ∞ can be 
discriminated thanks to Theorem  3, and recalling that the parameters 
𝛥𝜏𝑘  can be effectively computed using Definition  1 and Property  2. 
Furthermore, it is also possible to discriminate the direction of the 
function 𝐺̄(𝑗𝜔) in the complex plane when entering the final point 𝑃∞
thanks to Lemmas  3 and 4, as well as to discriminate the behavior of 
the modulus 𝑀∞(𝜔) when 𝜔 ≃ ∞ thanks to Theorem  4.

Applying Theorems  3 and 4, since 𝛥𝜏1 > 0, 𝛥𝜏2 > 0 (case 𝑘 < ℎ), the 
Nyquist plot enters the final point 𝑃∞ as the curve 4⃝  in Fig.  4(a), as 
shown in Fig.  5.

The qualitative behavior of the remaining part of the Nyquist plot 
when 𝜔 ≠ 0+ and 𝜔 ≠ ∞ can be determined by calculating the 
intersections with the real axis using the Routh–Hurwitz criterion. The 
red arrows in Fig.  5 denote the following vectors:

⃖⃖⃗𝜑0 =
𝑑𝐺̄(𝑗𝜔)
𝑑𝜔

|

|

|

|

|𝜔≃0+
and ⃖⃖⃗𝜑∞ =

𝑑𝐺̄(𝑗𝜔)
𝑑𝜔

|

|

|

|

|𝜔≃∞

indicating the direction tangential to the Nyquist plot at the initial and 
final points.

5.2. Second case study

Reference is made to the following transfer function: 

𝐺̄(𝑠) = 𝑠2 + 12𝑠 + 35
𝑠(𝑠4 + 12𝑠3 + 30𝑠2 + 28𝑠 + 9)

. (38)

Applying Definition  1 and Property  2 yields: 

𝛥𝜏1 =
𝐺1
𝐺0

= −2.76, 𝛥𝜏1 =
𝐺̃1

𝐺̃0
= 0, 𝛥𝜏3 = −

𝐺̃3

𝐺̃0
= 88.

 Applying Theorem  1, since 𝛥𝜏1 < 0, the Nyquist plot starts by lagging 
with respect to the initial phase 𝜑̄0, as shown in Fig.  6.

Remark 6.  The procedure described in [18] did not consider in 
detail the case in which the parameter called 𝛥𝑝, which is 𝛥𝜏1  in this 
letter, was equal to zero, because of the complexity of the calculations. 
Therefore, the procedure in [18] would fail to discriminate the phase of 
𝐺̄(𝑗𝜔) when 𝜔 ≃ ∞ in this case. On the contrary, the detailed frequency 
analysis performed in this letter always allows to discriminate the 
behavior thanks to Theorem  3 and recalling that the parameters 𝛥𝜏𝑘
can be effectively computed using Definition  1 and Property  2.
6 
Fig. 6. Qualitative Nyquist plot of 𝐺(𝑗𝜔) associated with 𝐺(𝑠) in (38).

Fig. 7. Actual Nyquist plot of 𝐺(𝑗𝜔) associated with 𝐺(𝑠) in (38).

Applying Theorem  3, since 𝛥𝜏1 = 0 and 𝛥𝜏3 > 0, the Nyquist plot 
ends by lagging with respect to the final phase 𝜑̄∞, as shown in Fig.  6.

The qualitative behavior of the remaining part of the Nyquist curve 
when 𝜔 ≠ 0+ and 𝜔 ≠ ∞ can be determined by calculating the 
intersections with the real axis using the Routh–Hurwitz criterion and 
abscissa 𝜎𝑎 of the asymptote shown in Fig.  6.

The actual Nyquist plot is shown in Fig.  7. By comparing Figs.  6 and
7, it can be observed that qualitative representations of Nyquist plots 
are much more effective in providing a global view of the frequency 
response function both at low and high frequency. Furthermore, Fig. 
6 shows that qualitative Nyquist plots make it easier to construct the 
complete diagram in order to perform a stability analysis.
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6. Conclusion

This letter has addressed the graphical analysis of the frequency 
response function, with the objective of improving the procedure for 
the qualitative construction of Nyquist plots. Several analytical results 
have been derived and proven, concerning the graphical behavior of 
the frequency response function at low and high frequency. Two case 
studies have been considered, showing how the obtained results allow 
to discriminate the qualitative behavior of the frequency response on 
the Nyquist plot in the vicinity of the initial and final points. The future 
directions of this work include the possible further generalization of 
the proposed procedure, in order to include a larger class of irrational 
transfer functions. 
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Appendix. Proof of Property  2

Proof.  The formula for computing the 𝑘-th derivative of the quotient 
of two functions, that are the numerator 𝑁(𝑠) and the denominator 
𝐷(𝑠) of the transfer function 𝐺(𝑠) in (2) in this case, is known from 
the literature [19]. Using (2), the following hold: 
𝑑𝑘𝑁(𝑠)
𝑑𝑠𝑘

|

|

|

|

|𝑠=0
= 𝑘! 𝑎𝑘 and 𝑑𝑘𝐷(𝑠)

𝑑𝑠𝑘
|

|

|

|

|𝑠=0
= 𝑘! 𝑏𝑘. (A.1)

Using (A.1) and the formula for computing the 𝑘-th derivative of the 
quotient of two functions in [19], the coefficients 𝐺𝑘 in (6) can be 
computed as follows: 

𝑘 = 1
𝑘!

𝑑𝑘𝐺(𝑠)
𝑑𝑠𝑘

|

|

|

|

|𝑠=0
= 1

𝑘! 𝑏0

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑘! 𝑎𝑘 − 𝑘!
𝑘
∑

𝑖=1
𝑏𝑘+1−𝑖

𝑑(𝑖−1)𝐺(𝑠)
𝑑𝑠(𝑖−1)

|

|

|

|𝑠=0
(𝑖 − 1)!

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐺𝑖−1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

= 1
𝑏20

(

𝑎𝑘𝑏0 − 𝑏0
𝑘
∑

𝑖=1
𝑏𝑘+1−𝑖 𝐺𝑖−1

)

.

(A.2)
7 
Using 𝑗 = 𝑘 + 1 − 𝑖, the last equation of (A.2) can be rewritten as 
follows: 

𝐺𝑘 = 1
𝑏20

⎛

⎜

⎜

⎜

⎝

𝑎𝑘 𝑏0 − 𝑎0𝑏𝑘
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

𝛥𝑘0

−𝑏0
𝑘−1
∑

𝑗=1
𝑏𝑗𝐺𝑘−𝑗

⎞

⎟

⎟

⎟

⎠

, (A.3)

which coincides with (12). □

Data availability

No data was used for the research described in the article.
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