Systems & Control Letters 203 (2025) 106164

Contents lists available at ScienceDirect

Systems & Control Letters

journal homepage: www.elsevier.com/locate/sysconle

Check for

On the analysis of qualitative Nyquist plots

Davide Tebaldi'® *, Roberto Zanasi
University of Modena and Reggio Emilia, Via Pietro Vivarelli 10 - int. 1, Modena, 41125, Italy

ARTICLE INFO ABSTRACT
Keywords: A powerful tool in control and systems engineering is represented by Nyquist plots, for which a qualitative
Nyquist plots representation often gives a clearer visualization of the frequency response function that is typically not given

Frequency response function
Frequency analysis

Graphical analysis

Qualitative Nyquist plot construction

by computer programs, especially if portions of the Nyquist plot extend to infinity. This letter addresses the
graphical analysis of the frequency response function, with the objective of enhancing the procedure for the
qualitative construction of Nyquist plots. Several results supported by analytical proofs are derived for what
concerns the low and high frequency behavior, which enable to improve the qualitative construction of Nyquist

plots in the vicinity of the initial and final points.

1. Introduction

Nyquist plots are one of the possible graphical representations of
the frequency response function [1]. They have a large variety of dif-
ferent applications in the field of control theory, including the Nyquist
stability criterion [2-5] for linear systems and the stability analysis of
nonlinear systems using criteria such as the Circle criterion [6], the
Popov criterion [6], or the describing function method [7]. Further-
more, Nyquist plots are also employed to perform the passivity analysis
of physical systems [6], and to design lead/lag networks using the
concept of admissible domain [8]. Nyquist plots also find application in
several other fields, including the medical one as in [9], where they are
employed within an algorithm that recognizes different types of swal-
lowing events, which is used for screening and treatment of dysphagia.
In [10], Nyquist plots are used for the thermal characterization of
electronic packages, while a method based on the use of Nyquist plots
to relax linear matrix inequalities conservatism for robust mechatronics
synthesis is proposed in [11].

For what concerns the construction of Nyquist plots, an interest-
ing feature is described in [12], showing that many Nyquist plots
can be associated with characteristic curves on the complex plane.
However, whenever a detailed and punctual representation of Nyquist
plots is desired, their construction is typically addressed making use
of computer aided control system design software, such as the Control
System Toolbox available in the MATLAB/Simulink environment [13],
the LabVIEW software [14], and others. However, the reading of the
resulting Nyquist plots may not be easy, because of the large range in
magnitude that can result when spanning a wide range of frequency.
Following the same principle employed for Bode plots, some works
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employ the logarithmic scale for the magnitude representation [15]
which, however, still require the use of computer aided control system
design software and to arbitrary set the minimum magnitude value to
be represented.

A qualitative representation is often sufficient to extract the desired
features of the Nyquist plot. The typical approaches for constructing
Nyquist plots require a large amount of calculations [1,16,17] and
are essentially based on the analysis of the frequency response func-
tion at low and high frequencies. In [18], a revised version of the
method for plotting qualitative Nyquist plots was proposed, based on
the calculation of two novel parameters 4, and 4, allowing to improve
the Nyquist plot representation at low and high frequencies, with the
specific objective of discriminating whether the Nyquist plot is leading
or lagging compared to the initial and final phases, respectively. This
procedure allows to enhance the comprehension of the plots given by
computer aided control system design software. However, the proposed
procedure did not consider in detail the cases 4, = 0 and 4, = 0.
Furthermore, these two parameters only encompass information about
the phase, without giving information about the modulus of the Nyquist
plot in the vicinity of the initial and final points.

In the present letter, we extend the work in [18] by providing the
following new contributions: (1) a much deeper frequency response
analysis at low frequency. In detail, a Taylor series expansion truncated
at the first order was employed in [18], while all the Taylor series
expansion terms are taken into account in the present work, by also
providing two properties for the recursive calculation of the Taylor
coefficients. (2) the generalization of the extended low-frequency re-
sponse analysis to the high-frequency case, providing dual results; (3)
the generalization of the previous parameters 4, and 4,, overcoming
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the limitation occurring whenever they are equal to zero and also
providing information about the modulus, as well as the phase, of the
Nyquist plot in the vicinity of the initial and final points; (4) several
results supported by analytical proofs allowing to discriminate the
qualitative behavior of the frequency response function in the vicinity
of the initial and final points when constructing the qualitative Nyquist
plot.

The remainder of this letter is structured as follows. Section 2
introduces the qualitative graphical analysis of the frequency response
function, which is deepened in Section 3 and Section 4 by deriving
several results for the low and high frequency response, respectively.
To validate the proposed results, two case studies are presented in
Section 5, while the conclusions are given in Section 6.

2. Qualitative graphical analysis of the frequency response in the
complex plane

Consider the transfer function G(s) expressed as follows:
= K
G(s) = = G(s), (@]
N
where the function G(s) has the following structure:

@, S" + o+ ays® + ays? +ays +ag
G(s) =
b,s" + - 4 b3s3 4+ bys? + bys + by

@

and is characterized by non-null coefficients a,,, b,, a, and b, without
loss of generality. The initial and final points of the Nyquist plot of
function G(s) can be obtained by considering the functions G,(s) and
G, (s), that approximate G(s) for s ~ 0% and s ~ oo, respectively. The
approximating function G(s) is obtained from G(s) in (1) by neglecting
all the terms in s except for the zeros and poles at the origin:

_ s K a
Go(s) = lim G(s) = 5.Gy,  where Gy = b_z 3)
and where h is the number of poles of the transfer function G(s) at the
origin. The approximating function G (s) is deduced from G(s) in (1)
by considering only the terms in s having the highest degree:

where G, = Z—m @

00°

G, (s) = lim G(s) = Kg

S5~00 s n
and where r = h+n—m is the relative degree of function G(s). The initial
point Py = M;e/% and the final point P, = M, /%~ of the Nyquist
plot can be computed by considering the magnitude and the phase of
the frequency response functions Gy (jw) and G (jw) for w =~ 0% and
@ =~ 00:

o if h>0
_ K
My = tim KlG,| = IKIM, ifh=0 . My=|Gyl.
w0t @h
0 ifh<0
@ = arg(K) — h% + @ @y = arg(Gy),
%)
0 ifr>0
_ K
w=tim Kl = dikim itr=0 , M, =Gl
w~co @
o ifr<o0
P =arg(K)—rZ + 0., @ =arg(G,,).

2
From (5), it follows that the Nyquist plot starts from the origin when
w ~ 0% if h < 0, from a point on the real axis if 4 = 0, or from infinity
if A > 0, as graphically shown in Fig. 1(a). Dually, from (5) it follows
that the Nyquist plot ends at infinity when w ~ « if r < 0, at a point on
the real axis if » = 0, or at the origin if r > 0, as graphically shown
in Fig. 1(b). The initial and final directions of the Nyquist plot are
determined by the parameters @, and .. However, as shown in Fig.
1, the behavior of the Nyquist curve is not univocal either when w ~ 0*
or @ =~ oo, because the system G(s) may exhibit a phase lead or a phase
lag with respect to the initial and final phases ¢, and ¢, respectively.
This aspect is investigated in detail in the following sections.
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Note that the frequency response of function G(s) for s ~ 0 and s ~
oo is strictly related to the frequency response of function G(s) through
(1)-(5). In the following sections, the frequency response analysis of
function G(s) is carried out for s ~ 0 and s ~ oo to study the
behavior in the vicinity of the initial and final points Py = M, ¢/ and
P, = M e/?~. The obtained results can be directly extended to the
frequency response of function G(s) by using the relations (5) between
the initial points P, and P, and between the final points P, and P,.

3. Frequency response of G(s) for s ~ 0

The Taylor series expansion for s = 0 of function G(s) in (2) has the
following form:

k
where G, = L 4 G(s)

(o]
— k =
G = 2, Gis*, Tk dsk

k=0

©

s=0
From (6), it follows that the frequency response function G(jw) of
function G(s) can be expressed as follows:

(s o0
G(j®) = Y Guljo) =Y Gy (-1)' 0™ +jo
k=0 n=0

Gn (—1)" 2n ,
Z 2n+1 w ] e

n=0

Gep(@) Goq(®)

where G,,(w) and oG, (w) are the real and imaginary parts of the
frequency response function G(jw). Note that the functions G,,(w) and
G,qq4(w) are only composed of the even and odd coefficients G, of the
Taylor series expansion (6), respectively.

3.1. Sign of the phase ¢y(w) when @ ~ 0*

The phase ¢((w) of function G(jw) when w ~ 0% can be expressed
from (7) as follows:

G,
@o(w) = arctan [wo—d(w)]
Ger() ®
o(G| — G30* + G5@0* — G70% + +-+)
= arctan
Gy — G2 + G0? — Gga® + -
Definition 1. Let parameter 4, be defined as follows:
kG
4, = lz) G ©)

Gy’
where k > 0 is a positive integer number, and function |x] is the floor
of x.

Property 1. Let k be an odd integer index k € {1,3,5, ..., o}. If
G| = G3 = G5 = -+ = Gy_, = 0, then the phase ¢,(w) of function G(jw)
when w ~ 0% can be approximated as follows:

D) E Ok p o
@o(w) =~ (=12 G 10} —Afkw. (10)
0

Relation (10) holds since % = ng for odd k.

Proof. The expression of ¢(w) in (10) follows directly from (9) and (8)
when o ~0" and G, =G; =G5 = =G, =0. [

Note that the sign of the parameter 4, used in (10) determines if the
Nyquist plot of the frequency response function G(jw) exits the initial
point Py = M,e/%0 defined in (5) by moving clockwise or counter-
clockwise in the complex plane, as shown in Fig. 2. Equivalently, the
sign of the parameter 4, used in (10) determines if the Nyquist plot
of the frequency response function G(jw) exits the initial point P, =
M, /%0 defined in (5) by moving clockwise or counter-clockwise in the
complex plane.
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Fig. 1. (a) Nyquist plots in the low frequency range for different values of the number 4 of poles at the origin and (b) Nyquist plots in the high frequency range for different

values of the relative degree r.

Im

Ar, >0

A, <0

Fig. 2. Nyquist plot of G(jw) exiting the initial point P, by moving clockwise or
counter-clockwise depending on the sign of parameter 4, .

Definition 2. With reference to the transfer function G(s) defined in
(2), let 4; y denote the following determinant:
a; a

b b

A =a;b; —a;b;, an

ij =

fori,je{0,1,2, ..., n}.

Property 2. All the coefficients G, present in the series expansion (6), for
k > 0, can be computed recursively using the following formula:

k—1
1
@=7<%—%2@40. 12)
bo Jj=1

The proof of Property 2 is reported in App. A.

Remark 1. Property 2 provides an elegant and efficient way of com-
puting the coefficients G, of the Taylor series expansion of a rational
transfer function G(s) around the origin in a recursive way, since it does
not require to compute the high-order derivatives in the Taylor series
expansion coefficients, which may be heavy from a computational point
of view.

The recursive formula (12) given in Property 2 can be used for
all values of index k. The coefficients G, for the calculation of the
odd coefficients 4, can equivalently be computed using the recursive
formula (13) given in the following Property 3.

Property 3. All the odd coefficients G, of the series expansion (6), for
k € {1,3,5, ..., o}, can be computed recursively using the following

formula:
k=1
1 2
Ge= 77| Vi— Y (=1 Gyn By | 13)
0 h=1

where the coefficients V, are function of the determinants 4;; defined in
a1):

x
|

=
Vi= D (=14 a4
Jj=0
and By, are polynomials of the coefficients b, in (2):
h
By = b +2 ) (=1 by_ by, (15

j=1
Property 3 can be verified numerically by comparing its results with
those of Property 2 for the odd coefficients G,.
From (11) and (14), it can be observed that the coefficients V, are
function only of the parameters a; and b; of G(s) in (2) characterized
by indexes i < k.

Theorem 1. The sign of the phase ¢y(w) of function G(jw) when w ~ 0*
can be determined as follows:

sign(gy(w)) = sign(4,, ), (16)

where A, , defined in (9), is the first non-zero element of the series of odd
coefficients A,k for increasing values of the odd index k € {1, 3, 5, ..., co}.
Furthermore, the coefficients A, in (16) can also be expressed as follows:

1Vk

k=L
2

4, =D a7

apby

Proof. The first equality sign(p(w)) = sign(A,k) in (16) comes directly
from (10) in Property 1 and from Definition 1 of ATk in (9). Then, from

(13) it follows that when G| = G; = G5 = --- = G;_, = 0, the coefficients
G can be expressed as follows:
Vi
G, = —. 18
5

Therefore, substituting (18) in (9) and recalling the static gain G, =
ay /by from (5), yield the expression of ATk in(17). O
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a) (k< h) b) (k> h)
Im Ar >0 Ar >0 Ay >0 Ar >0
Ao artZ0® Ao At Zo®

N

As <0 Ar, <0 Ar, <0 A <0
k k k k
@A,—h <0 A,.h >U® @A,h <0 A,—h >(i@

Fig. 3. Different types of Nyquist plots when exiting the initial point P,.

3.2. Behavior of the modulus My(w) when @ ~ 0%

Theorem 2. The modulus M(w) of function G(jw) when @ ~ 0% increases

or decreases as follows:

M(w) increases if A, >0,
0 ' Ty (1 9)

M(w) decreases if A, <0,

where A, is the first non-zero element of the series of even coefficients A,

for increasing values of the even index k € {0, 2, 4, ..., co}.

Proof. When w ~ 0%, from (7) it follows that the modulus of G(jw) can
be approximated as follows:
~ ~ G2y Gaggt G664 ...
My(w) =~ |G, ()] =~ |Gy |1 Gow + Goa) Goa) + s (20)
where G, (w) is the real part of G(jw). Note that the modulus M (w)
of point G(jw) when @ ~ 0% contains only the even coefficients G,
for k € {0,2,4, ..., o}, of the series expansion (6). From (20), it
can be observed that when w ~ 0% the modulus |G(jw)| increases or
decreases depending on the sign of the coefficients —%, %, —G—ﬁ, etc.
0 0 0

Replacing Definition 1 of ATk from (9) in (20) yields (19). [

Remark 2. Consider the transfer function:
Gy (s) = G(s)T(s) = G(s) e™"0%, 21)

where G(s) is defined in (2) and T'(s) = e~ is the transfer function
of a time delay. Recalling that arg(e™/'0®) = —t,w, and using (10), the
phase o5, (@) of function Gy (jw) when @ ~ 0% can be approximated as
follows:

or, (@) = (4, o' —1))o. (22)

From (22), it follows that relation (16) in this case can be rewritten as

follows:
sign(4,, —ty) if k=1,
sign(gy, (w)) = b
Eny <0 if k> 1,
where the last condition holds since 4, »*~! ~ 0 when w ~ 0 and
k > 1, and 1, > 0 is the time delay in the system. Conversely, relation
(19) remains unchanged since |e=/"0?| = 1.

3.3. Exiting the initial point P, when o ~ 0"

Theorems 1 and 2 have shown that the odd coefficients G,, G,
Gs, ... and the even coefficients G,, G4, Gg, ... in (6) can be used to
determine the sign of the phase ¢((w) and whether the modulus M;(»)
increases or decreases when w ~ 0*. The combined results of Theorems
1 and 2 allow to determine how the frequency response function G(jw)
exits the initial point Py, when w ~ 0*. Specifically, the following two
Lemmas originate from Theorem 1.
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Lemma 1. When o ~ 0" and the first non-zero odd parameter A, has an
index k < h, where h is the index of the first not-zero even parameter 4, ,
the function G(jw) exits the initial point P, by moving in the complex plane
along a direction perpendicular to the real axis. The possible four Nyquist
curves that can be obtained are shown in Fig. 3(a).

Proof. From (7) and (9), if  ~ 0T, 4, #0 is the first non-zero odd
parameter, and 4, # 0 is the first non-zero even parameter, it follows
that function G(jw) can be expressed as:

G(jo) =Gy — G + jGo* = Gy(1 + 4, " + jA, ). (23)

From (23) it follows that, when w ~ 0%, the function G(jw) exits the
initial point P, by drawing a Nyquist curve that moves along a direction
which is perpendicular to the real axis because the infinitesimal 4, ¥
is larger than the infinitesimal Arhw”, since k< h. [

The four possible Nyquist curves shown in Fig. 3(a) depend on the
positive or negative values of the two parameters 4, and 4, .

Lemma 2. When o ~ 0" and the first non-zero odd parameter A, has an
index k > h, where h is the index of the first not-zero even parameter 4, ,
the function G(jw) exits the initial point P, by drawing a Nyquist curve that
moves along a direction parallel to the real axis. The Nyquist curves that
can be obtained in this case are shown in Fig. 3(b).

Proof. From (7) and (9), when w ~ 0", 4, #0 is the first non-zero odd
parameter, and 4, #0 is the first non-zero even parameter, it follows
that function G(jw) can be expressed as in (23). In this case, from (23)
it follows that, when w ~ 0%, the function G(jw) exits the initial point
P, by drawing a Nyquist curve that moves along a direction which is
parallel to the real axis because the infinitesimal 4, o* is smaller than
the infinitesimal Arha)”, since k > h. [

In this case, the four possible Nyquist curves are shown in Fig. 3(b).
4. Frequency response of G(s) at s ~ oo
Substituting § = i in (1) yields:

G(s) = Er G(s), where r=h+n-—m 24)
s

is the relative degree of function G(s) and function G(s) is:

(aps™ +a; 3™ ' + - +a, 5 +a,_5+a,)

G(s)= .
(boS" + by 3"~V + -« + b, ,52 +b,_|5+b,)

(25)

Function G(s) has a similar structure as function G(s) in (2), in which
the coefficients a; and b; are in reversed order.

Definition 3. Let 4, and b; denote the “dual version” of coefficients
a; and b;, defined as follows:

a; = ay,,_; and Bj =by_js (26)

fori € {1,2,...,m} and j € {1,2,...,n}. From (26), it follows that:

a; = a,_; and by =b,_;. 27)
Substituting (27) in (25) yields:
(g 5™ + Gy 5"V 4 e + 8, 52+ G, 5+ )

(B 5" + b,y 57V 4 e+ By 32+ by 5+ by)

G(s) = (28)
having now the same structure as function G(s) in (2) but using the
dual coefficients & and b ; and the new variable 3.

The frequency response of function G(s) at s ~ oo can be studied
using the Taylor series expansion of G(s) at § = 0:

0
G6(5)= Y, G5 = Gy + G5+ Gy 4 -, 29)
k=0
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where the coefficients Gk in (29) are the dual version of the coefficients
G, in (6) using (26). Equivalently, also the coefficients ATk in (9), 4; ;

in (11), V, in (14) and B, in (15) can be dualized into j,k, Zij, '
and Bh using (26). In particular, the dual determinant j,- ; is defined as

follows:
am—i am— j

b b

=ay_iby_j — ay_jb,_;. (30)

n—i n—j

Note that GO = ‘;—'" in (29) is equal to G, defined in (4).

Theorem 3 (Dual of Theorem 1). The sign of the phase ¢, () of function
G(jw) when @ ~ oo can be determined as follows:

SIgN(@e, (@) = sign(=4, ), (31)

where A~Tk is the first non-zero element of the series of odd coefficients Jfk,
for increasing values of the odd index k € {1, 3, 5, ..., oo}. Furthermore,
the coefficient ﬂrk in (31) can also be expressed as follows:

4, = (—1)[§J&. (32)
am n

Proof. The frequency response G(jw) of function G(s) in (29) when
w ~ oo can be expressed as follows:

Gim=3 6, =¥ ¢
(JCO)—Z k(jT)k_z kK

k=0 k=0 (33)
G ¢ iT. G G
—GO—E+;+"'—;|:G1—;+J+...
When w ~ o and G, = G; = G5 = - = G;_, = 0, the phase ¢ ()

of G(jw) in (33) and, equivalently, of G(jw), can be approximated as
follows:

(—1)[§Jék -4,
— |= . (34

@ (w) ~ arctan| — >

Gy ¥
from which equality (31) follows. Finally, the expression (32) is the
dual version of (17) in Theorem 1. [

Theorem 4 (Dual of Theorem 2). The modulus M, (w) of function G(jw)
when w ~ oo increases or decreases as follows:
M_(w) increasesif A, >0,

) . ~Tk (35)
M, (w) decreases if A, <0,
where ANTk is the first non-zero element of the series of even coefficients ANTk
for increasing values of the even index k € {0, 2, 4, ..., co}.

Proof. When w ~ co, from (33) it follows that |G(jw)| and, equiva-
lently, M (w) can be expressed as:
o ) G, G, G,
M_(w) = |G(jw)| = |Gy| |1 — = + — - = + -, (36)
(@) = |G(jo)| ~ |G| Go? | Gowt oot

which is the dual of My(w) in (20). Therefore, the same proof as
Theorem 2 applies here using the dual coefficients E,k. O

Remark 3. When @ ~ o, the final part of the Nyquist diagram of
function Gy (jw) in (21) makes infinite clockwise rotations around its
final point Pp._, since arg(e™/"0”) = —1y@ ~ —oo when w = co. Therefore,
in this case, it is not of interest to further analyze the behavior of
function Gy (jw) when @ ~ oo from a qualitative point of view.

4.1. Entering the final point P, when w ~ oo
Following the same outline of Section 3.3, the following Lemmas 3

and 4, which are the dual of Lemmas 1 and 2, respectively, originate
from Theorem 3.

Systems & Control Letters 203 (2025) 106164

a) (k < h) b) (k > h)
Im Ar, <0 A, <0 Im A <0 A <0
®AT,L <0 A, >o® ) m, <0 >®

y

Ar >0 An >0
®AT,L <0 Ar, > o@

Fig. 4. Different types of Nyquist plots when entering the final point P,.

Im A

Fig. 5. Qualitative Nyquist plot of G(jw) associated with G(s) in (37).

Lemma 3. (Dual of Lemma 1) When w ~ oo and the first non-zero odd
parameter ﬁrk has an index k < h, where h is the index of the first not-zero
even parameter 4, , the function G(jw) enters the final point P,, by drawing
a Nyquist curve that moves along a direction perpendicular to the real axis.

From Lemma 3 and Theorem 4 it follows that, when w ~ o and k < A,
the function G(jw) enters the final point P by drawing one of the four
Nyquist curves shown in Fig. 4(a).

Lemma 4. (Dual of Lemma 2) When @ ~ oo and the first non-zero odd
parameter A}k has an index k > h, where h is the index of the first not-zero
even parameter J,h, the function G(jw) enters the final point P, by drawing
a Nyquist curve that moves along a direction parallel to the real axis.

From Lemma 4 and Theorem 4 it follows that, when w ~ o and k > h,
the function G(jw) enters the final point P by drawing one of the four
Nyquist curves shown in Fig. 4(b).

5. Case studies
5.1. First case study

Reference is made to the following transfer function:

253 +652+25+1

G(s)= ——"————.
® 453 +552+25+ 1

37

The initial and final points P, and P, of the Nyquist plot of G(jw) are
characterized by: My =1, M, =0.5, &y, = &, = 0. Applying Definition
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1 and Property 2 yields:

AT]=G_0=0, AT2=_G_0=_1, AT3=_G_;)=4’
- G _ G
AT]:TIZZ, AT:_;:Z,
G, 4 2 G, 16
Remark 4. The procedure described in [18] did not consider in

detail the case in which the parameter called 4;, which is 4, in this
letter, was equal to zero, because of the complexity of the calculations.
Therefore, the procedure in [18] would fail to discriminate the behavior
of the phase @y(w) of G(jw) when @ ~ 0* in this case. On the contrary,
the detailed frequency analysis performed in this letter always allows
to discriminate the behavior of the phase ¢y(w) when w ~ 0% thanks
to Theorem 1, and recalling that the parameters 4, can be effectively
computed using Definition 1 and Property 2. Furthermore, it is also
possible to discriminate the direction of the function G(jw) in the
complex plane when exiting the initial point P, thanks to Lemmas 1
and 2, as well as to discriminate the behavior of the modulus M;(w)
when o ~ 0% thanks to Theorem 2.

Applying Theorems 1 and 2, since 4,, >0, 4, <0 (case k > h), the
Nyquist plot exits the initial point P, as the curve @ in Fig. 3(b), as
shown in Fig. 5.

Remark 5. The behavior of the phase ¢, (w) when ® ~ o can be
discriminated thanks to Theorem 3, and recalling that the parameters

4, can be effectively computed using Definition 1 and Property 2.
Furthermore, it is also possible to discriminate the direction of the
function G(jw) in the complex plane when entering the final point P,
thanks to Lemmas 3 and 4, as well as to discriminate the behavior of

the modulus M (w) when @ ~ oo thanks to Theorem 4.

Applying Theorems 3 and 4, since 4, >0, 4., > 0 (case k < h), the
Nyquist plot enters the final point P as the curve (@ in Fig. 4(a), as
shown in Fig. 5.

The qualitative behavior of the remaining part of the Nyquist plot
when @ # 0" and @ # o can be determined by calculating the
intersections with the real axis using the Routh-Hurwitz criterion. The
red arrows in Fig. 5 denote the following vectors:

_ _ dG(w)

Po and = M

o)
do =0t do O
indicating the direction tangential to the Nyquist plot at the initial and
final points.

5.2. Second case study

Reference is made to the following transfer function:
52 4+ 125 +35

s(s*+ 1253 +30s2 + 285 +9)
Applying Definition 1 and Property 2 yields:

G, . G - (eX
4, = ot -276, 4, = & =0, 4, = & - 88.
Applying Theorem 1, since 4, <0, the Nyquist plot starts by lagging
with respect to the initial phase @, as shown in Fig. 6.

G(s) = (38)

Remark 6. The procedure described in [18] did not consider in
detail the case in which the parameter called 4,, which is ANT1 in this
letter, was equal to zero, because of the complexity of the calculations.
Therefore, the procedure in [18] would fail to discriminate the phase of
G(jw) when  ~ oo in this case. On the contrary, the detailed frequency
analysis performed in this letter always allows to discriminate the
behavior thanks to Theorem 3 and recalling that the parameters ka
can be effectively computed using Definition 1 and Property 2.
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Fig. 6. Qualitative Nyquist plot of G(jw) associated with G(s) in (38).
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Im

Fig. 7. Actual Nyquist plot of G(jw) associated with G(s) in (38).

Applying Theorem 3, since 4, = 0 and 4, > 0, the Nyquist plot
ends by lagging with respect to the final phase ¢, as shown in Fig. 6.

The qualitative behavior of the remaining part of the Nyquist curve
when w # 0" and w # oo can be determined by calculating the
intersections with the real axis using the Routh-Hurwitz criterion and
abscissa o, of the asymptote shown in Fig. 6.

The actual Nyquist plot is shown in Fig. 7. By comparing Figs. 6 and
7, it can be observed that qualitative representations of Nyquist plots
are much more effective in providing a global view of the frequency
response function both at low and high frequency. Furthermore, Fig.
6 shows that qualitative Nyquist plots make it easier to construct the
complete diagram in order to perform a stability analysis.
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6. Conclusion

This letter has addressed the graphical analysis of the frequency
response function, with the objective of improving the procedure for
the qualitative construction of Nyquist plots. Several analytical results
have been derived and proven, concerning the graphical behavior of
the frequency response function at low and high frequency. Two case
studies have been considered, showing how the obtained results allow
to discriminate the qualitative behavior of the frequency response on
the Nyquist plot in the vicinity of the initial and final points. The future
directions of this work include the possible further generalization of
the proposed procedure, in order to include a larger class of irrational
transfer functions.
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Appendix. Proof of Property 2

Proof. The formula for computing the k-th derivative of the quotient
of two functions, that are the numerator N(s) and the denominator
D(s) of the transfer function G(s) in (2) in this case, is known from
the literature [19]. Using (2), the following hold:

d*N(s)
dsk

d*D(s)

=kla and
k dsk

s=0

= klby. (A

s=0

Using (A.1) and the formula for computing the k-th derivative of the
quotient of two functions in [19], the coefficients G, in (6) can be
computed as follows:

. d=DG(s)
1 d*G(s) 1 LR )
== =—|kla, -kt Y by —=01,
U T ; k1= TG
= —_—| a2
G,

i-1
| k
b_z agbg — by Z byy1-i Gioy

0

i=1
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Using j = k + 1 — i, the last equation of (A.2) can be rewritten as
follows:

k-1
Gy = — | ax by — aphy —by Z b;Gy_; | (A.3)
bO N——— j=1

4k
which coincides with (12). [J
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