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LOCAL-GLOBAL GENERATION PROPERTY OF COMMUTATORS
IN FINITE 7-SOLUBLE GROUPS

CRISTINA ACCIARRI, ROBERT M. GURALNICK, EVGENY KHUKHRO,
AND PAVEL SHUMYATSKY

To the memory of Marty Isaacs

ABSTRACT. For a group A acting by automorphisms on a group G, let I(A) denote the
set of commutators [g,a] = g~ 1g%, where g € G and a € A, so that [G, A] is the subgroup
generated by I (A). We prove that if A is a m-group of automorphisms of a 7-soluble finite
group G such that any subset of Ig(A) generates a subgroup that can be generated by r
elements, then the rank of [G, A] is bounded in terms of . Examples show that such a
result does not hold without the assumption of w-solubility. Earlier we obtained this type of
results for groups of coprime automorphisms and for Sylow p-subgroups of p-soluble groups.

INTRODUCTION

A ‘local-global’ generation property with respect to cardinality is well-known for commu-
tators in any, not necessarily finite, group: if there are only finitely many, say, m, commu-
tators in a group G, then [G, G| is finite of order bounded in terms of m. The proof follows
from Schur’s theorem about a group with finite central quotient. A similar application of
Schur’s theorem proves the same property for a group of automorphisms A of a group G:
if the set of commutators [g,a] = g~'g° is finite of cardinality m, then |[G, A]| is finite of
order bounded in terms of m; see Proposition 0.1 at the end of the Introduction.

In this paper we prove ‘local-global’ generation properties of commutators with respect
to rank, extending the results of [1, 2] to non-coprime automorphisms. Here, the rank
of a finite group G is the least positive integer r such that every subgroup of G' can be
generated by r elements. (This parameter is also called the Priifer rank.) For a group of
automorphisms (or a subgroup) A of a group G, let Io(A) = {[g,a] | g € G, a € A} be
the set of commutators [g,a] = g~'¢g*. The subgroup generated by Ig(A) is precisely the
commutator subgroup [G, A]. Recall that, for a set of primes 7, a finite group is said to be
m-soluble if it has a normal series whose factors are either n’-groups or soluble 7-groups.

Theorem A. Suppose that A is a w-group of automorphisms of a finite w-soluble group G
such that any subset of I5(A) generates a subgroup that can be generated by r elements.
Then the rank of [G, A] is bounded in terms of r.

The hypothesis that any subset of I5(A) generates an r-generator subgroup can be re-
garded as a rank analogue of the restriction on the cardinality of I(A). Theorem A means
that the ‘local’ condition of r-generation by subsets of this generating set I (A) implies the
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‘global’ f(r)-generation of all subgroups of [G,A]. Earlier we proved in [1, Theorem 1.4]
the same kind of result without the m-solubility assumption for G' but for a group of co-
prime automorphisms A (that is, for (|G|, |A|) = 1). Examples in [1, §5] show that in
Theorem A the m-solubility condition on GG cannot be dropped for a non-coprime m-group
of automorphisms A. The proof of Theorem A depends on the classification of finite simple
groups.

When 7 is the set of all primes, then 7-solubility means solubility, while any group is then
a m-group. Hence we have the following corollary.

Corollary B. Suppose that A is a group of automorphisms of a finite soluble group G such
that any subset of 1g(A) generates a subgroup that can be generated by r elements. Then
the rank of |G, A] is bounded in terms of r.

We also have a corollary about a rank generation property of commutators with elements
of m-subgroups in finite m-soluble groups.

Corollary C. Suppose that H is a w-subgroup of a finite w-soluble group G such that any
subset of I(H) generates a subgroup that can be generated by v elements. Then the rank of
|G, H] is bounded in terms of r.

Note that Corollary C is not equivalent to Theorem A, since the group of automorphisms
in this theorem does not have to be m-soluble. Earlier we proved in [1, Theorem 1.1] this
result in the case where H is a Sylow p-subgroup of a finite p-soluble group G. Examples in
[1, § 5] show that the (7-)solubility condition on G cannot be dropped in Corollaries B, C.

It is worth mentioning that a consequence of [1, Theorem 1.3] gives a bound in terms of r
for the rank of [G, G| if every subset of the set of commutators in a finite group G generates
a subgroup that can be generated by r elements, and this result is valid for any finite group,
without any (7-)solubility conditions (unlike Theorem A and Corollaries B, C, where such
conditions are unavoidable).

In many respects, the set I5(A) is dual to the set of fixed points Cg(A). In particular,
for an automorphism a we have |Ig(a)| = |G : Cg(a)|. In numerous important results
nice properties of a finite group are derived from various smallness conditions on the fixed-
point subgroups of automorphisms. Many of these results stem from the seminal papers
of J. G. Thompson [19, 20] and G. Higman [10] on automorphisms with few fixed points.
The results in the present paper continue the line of research in the ‘dual’ direction, when
conditions on the sets I5(A) are used to obtain results on the structure of the subgroup
|G, A]; see [1, 2, 3, 4].

Preliminary material is collected in § 1. In §2 we prove Theorem A in the case where the
group G is nilpotent, by largely repeating with minor changes the arguments from [1] and [2].
Both in this and subsequent sections we use the theory of powerful p-groups developed by
A. Lubotzky and A. Mann [17]. The special case of nilpotent G is an important ingredient
of the proof of the main Theorem A. Another ingredient is [1, Theorem 1.4] on groups of
coprime automorphisms. Apart from this result, we are also using certain consequences
of auxiliary lemmas in [1] and [2] about coprime automorphisms, which are proved in § 3.
In §4 Theorem A is proved for m = {p}, that is, for a p-group of automorphisms of a
p-soluble group, using inter alia the celebrated Hall-Higman theorem [9] on the minimal
polynomial of a p-element in a p-soluble linear group in characteristic p. At the beginning
of §5, Theorem A is firstly proved in the special case of a cyclic group of automorphisms,
and then it is proved in full generality using the cyclic case and the case of a p-group of
automorphisms.



We finish this introduction with a proposition about a ‘local-global” generation property
of commutators with respect to cardinality, which holds for any group of automorphisms of
any, not necessarily finite, group. We also produce an example showing that, even in the
case of a cyclic group of automorphisms A = (), it is not sufficient to impose a restriction
on the cardinality of I (), rather than on the cardinality of I5({y)). Henceforth we write
“(a,b...)-bounded” to abbreviate “bounded above by some function depending only on the
parameters a,b...”.

Proposition 0.1. Suppose that A is a group of automorphisms (or a subgroup) of a group G
such that Ig(A) is finite of cardinality m. Then [G, A] is finite of order bounded in terms
of m.

Proof. Let Ig(A) ={[g1,a1], -, [gm:am) | g: € G, a; € A}. Let H = {{g1,...,gm)?), which
is the minimal A-invariant subgroup containing all g;. Then [G, A] = [H, A]. For any g € G,
we have |A : C4(g)] < m. Hence the intersection (), C'a(g;) has finite m-bounded index
in A. Let Ay be the maximal normal subgroup of A contained in (", C'4(g;); then Ay has
m-bounded index in A. Clearly, Ay centralizes H, so that the quotient A/Ay naturally acts
on H. Hence, |G, A] = [H, Al = [H, A/Ay|. Thus, replacing G' with H, we can assume that
A is finite of m-bounded order.

Let ¢ be an arbitrary element of A, and let |p| = n. We know that |G : Cg(p)| < m;
let N be a normal subgroup of G of m-bounded index contained in Cg(yp). Then [G, ¢]
centralizes N (see Lemma 1.8 below). Hence |G, ¢| has a central subgroup of finite m-
bounded index. Then the derived subgroup [G, ¢|" is finite of m-bounded order by Schur’s
theorem [18, Theorem 4.12]. An easy calculation shows that [g,¢][g,¢]? - - - [g,¢]*" = 1.
By the ‘linearity’ of ¢ on the abelian quotient [G, ¢]/[G, @]’ we obtain that zz¢ - - - 2#" =1
for all z € [G, ]/[G, ¢]. Then the centralizer of ¢ in this quotient has exponent n. Since
|I(p)] < m, this quotient is generated by m elements. Hence this centralizer is finite of
(m,n)-bounded order, while its index is at most m by hypothesis. Thus, [G, ¢|/[G, ¢] is
finite of (m, n)-bounded order, and hence [G, ¢] is also finite of (m,n)-bounded order. The
commutator subgroup [G, A] is equal to the product of the normal subgroups [G, ¢| with ¢
running over some generating set of A. Therefore [G, A] is finite of order bounded in terms
of m and |A|, and therefore in terms of m, since |A| is m-bounded by assumption. O

The following example shows that in Proposition 0.1, in the case of a cyclic group of
automorphisms A = (¢), it is not sufficient to impose a restriction on the cardinality of
Ig(p), rather than on the cardinality of I ({y)).

Example 0.2. Let a be a splitting automorphism of prime order p of a homocyclic group
B = (b1) x -+ x (by_1) of exponent p" defined by b = by, b§ = b3, ... 0% 1 = (b bp_1)™".
Let G = B(a) and let ¢ be an automorphism of G such that a¥ = ab, and Cg(p) = B.
Then |Ig(¢)| = |G : Ca(p)| = |G : B| = p, but [a,¢] = by, [a®, @] = beby, ..., [a?7! ¢] =
by_1---boby. We see that [G,¢] = B has order p"®~Y 5o it is not |Ig(¢)|-bounded when
n — oo.
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1. PRELIMINARIES

Henceforth all groups considered in this paper are finite. Let G be a group. We use the
standard notation (S) for the (sub)group generated by a subset S, and ol = {a" = h™tah |
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h € H} for the set of conjugates of an element or subset a by elements of a subset H C G}
then (S%) is the normal closure of S in G.

Recall that the (Priifer) rank of a finite group G is the least positive integer r such that
every subgroup of G can be generated by r elements. The rank of an abelian, or more
generally, nilpotent group is the maximum of the ranks of its Sylow subgroups. We also
recall another well-known fact.

Lemma 1.1. If N is a nilpotent group of class ¢ generated by k elements, then the rank of
N is bounded in terms of k and c.

Proof. Since the i-th factor of the lower central series of N is generated by at most k* elements
8, Corollary 10.2.3.], the group N has a central series of (¢, k)-bounded length with cyclic
factors. Hence any subgroup of N has such a series and therefore can be generated by
(¢, k)-bounded number of elements. O

We shall be using the following well-known result of A. Lubotzky and A. Mann [17,
Propositions 2.6 and 4.2.6].

Lemma 1.2. Let p be a prime, and G a group of exponent p* and of rank m. Then there
is a number s(k,m) depending only on k and m such that |G| < p**™.

While the next lemma follows from the positive solution of the Restricted Burnside Prob-
lem, it can also be derived from Lemma 1.2 applied to Sylow subgroups.

Lemma 1.3. IfG is a group of rank r and exponent n, then the order of G is (r,n)-bounded.

The Fitting subgroup F(G) is the largest nilpotent normal subgroup of a group G. The
Fitting series of G is defined as Fi(G) = F(G), and by induction F;i;(G) is the inverse
image of F(G/F;(G)). If G is soluble, then the least number h such that Fj,(G) = G is
called the Fitting height of G. Another consequence of having a bound for the rank is also
well known; see for example, [16, Lemma 2.4].

Lemma 1.4. The Fitting height of a soluble group is bounded in terms of its rank.

By a simple group we always mean a finite non-abelian simple group. By a semisimple
group we mean a direct product of simple groups. Recall that the generalized Fitting
subgroup F*(G) of a finite group G is the product of the Fitting subgroup F(G) and
the characteristic subgroup E(G), which is a central product of all subnormal quasisimple
subgroups of G, that is, F(G) = [[ Q; over all @; such that @Q; is subnormal in G, Z(Q;) <
[Qi, Qi], and S; = Q;/Z(Q;) is a non-abelian simple group. Then [F(G), E(G)] = 1 and
E(G)/Z(E(G)) = F*(G)/F(G) is a semisimple group that is the direct product of the S;.
Acting by conjugation, the group G permutes the factors Q; and Co(F*(Q)) < F(G).

Let S(G) denote the soluble radical of a group G, that is, the largest normal soluble sub-
group. The following fact (see, for example, [15, Lemma 2.1]) is a well-known consequence
of Schreier’s conjecture on solubility of outer automorphism groups of non-abelian finite
simple groups confirmed by the classification.

Lemma 1.5. Let L/S(G) = F*(G/S(G)) be the generalized Fitting subgroup of the quotient
of a group G by the soluble radical, and let K be the kernel of the permutational action of
G on the set of subnormal simple factors of L/S(G). Then K/L is soluble.

The generalized Fitting series of a finite group G is defined starting with the generalized
Fitting subgroup F}(G) = F*(G), and then by induction F},(G) is the inverse image of
F*(G/F}(G)). The least number h such that Fy(G) = G is the generalized Fitting height
h*(G) of G. An analogue of Lemma 1.4 holds for the generalized Fitting height.
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Lemma 1.6. The generalized Fitting height of a finite group G is bounded in terms of its
rank.

Proof. Let r be the rank of G. In the notation of Lemma 1.5, the soluble radical S(G)
has r-bounded Fitting height by Lemma 1.4, and so does the soluble quotient K/L. The
number of subnormal simple factors of L/S(G) is at most 7, since each of them contains an
involution. Therefore the quotient G/K has r-bounded order. Hence, the result follows. [

If a group A acts by automorphisms on a group B we use the usual notation for the
commutators [b,a] = b~10* and the commutator subgroup [B, A] = {[b,a] | b € B, a € A),
as well as for the centralizers Cg(A) = {b € B | b* =bfor alla € A} and Cy(B) = {a €
A | b =bforallb € B}. The automorphism induced by an automorphism ¢ of B on
the quotient by a normal ¢-invariant subgroup is denoted by the same letter ¢. Note that
(B, @] = [B, {p)], as a special case of the following elementary lemma, which we may use
without special references.

Lemma 1.7. Let A be a group acting by automorphisms on a group B. If A = (S), then
(B, A] = [[,es!B, s].

Proof. Indeed, for each s € S, the subgroup [B,s] is normal in B, and their product is
A-invariant, since it is invariant under every generator in S. The group A acts trivially on
the quotient by this product, since so does every generator in S. Hence [B, A] < [[,c4[B, 5],
while the reverse inclusion is obvious. U

We reproduce two more elementary lemmas.

Lemma 1.8. Let A be a group acting by automorphisms on a group G. If N is a normal
subgroup of G such that N < Cg(A), then |G, A] centralizes N.

Proof. The hypothesis means that A is contained in the kernel K of the action of the
semidirect product GA by conjugation on N. Since K is a normal subgroup of GA, we also
have [G, A] < K. O

Another lemma is well-known.

Lemma 1.9. If A is a p-group of automorphisms of a group G, then there is an A-invariant
Sylow p-subgroup of G.

An automorphism « of a finite group G is said to be coprime if the order of « is coprime
to the order of G, that is, (|G|, |a|) = 1. The following lemma collects some well-known facts
about coprime automorphisms of finite groups (see, for example, [6] and [12, Corollary 3.28));
we shall sometimes use these facts without special references.

Lemma 1.10. Let A be a group of automorphisms of a group G.

(a) If (|A|,|G]) = 1, then the group G has an A-invariant Sylow p-subgroup for each
prime p € ©(G).

(b) If N is an A-invariant normal subgroup of G such that (|N|,|A|) = 1, then Cq/n(A) =
Ca(A)N/N; in particular, if (|A],|G|) =1, then G =[G, A]Cs(A).

If a group A acts by automorphisms on an elementary abelian p-group E, then E can be
regarded as an [, A-module, in which the vector addition is the group multiplication in E
and the scalar multiplication by i € F, = {0,1,2,...,p — 1} is taking the i-th power.

A bound for the rank of a p-group implies a bound for the rank of a group of its auto-
morphisms. The following lemma follows, for example, from [16, Lemmas 2.1, 2.2, 2.3].
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Lemma 1.11. The rank of a group of automorphisms of a finite p-group of rank r is bounded
i terms of r.

We mention another folklore result about automorphisms of groups of given rank; see, for
example, [1, Lemma 2.13].

Lemma 1.12. If A is a group of coprime automorphisms of a semisimple group H of rank r,
then A has r-bounded order.

For a group A acting by automorphisms on a group G, recall the definition of the subset
Io(A) ={[g,a] | g € G, a € A}, where the commutators [g,a] = g~'¢g are considered in
the natural semidirect product GA. Clearly, [G, A] = (I(A)). We shall use the following
elementary properties without special references.

Lemma 1.13. Let A be a group acting by automorphisms on a group G.
(a) If N is an A-invariant normal subgroup of G, then Ig/n(A) = {gN | g € Ic(A)}.
(b) For any o € A we have |Ig(a)| = |G : Ca(a)|; in particular, |Ig(A)] > |G : Ca(a)|.
(c) Suppose that any subset of Ig(A) generates a subgroup that can be generated by r
elements. Then this hypothesis is inherited by Is(B) for any B-invariant section S
of G and for any subgroup B < A.

2. THE CASE OF NILPOTENT GROUPS

In this section we prove Theorem A for groups of automorphisms of nilpotent groups, and
this result will be used throughout subsequent sections.

Theorem 2.1. Suppose that G is a nilpotent finite group admitting a group of automor-
phisms A such that any subgroup generated by a subset of 1g(A) can be generated by r
elements. Then |G, A] has r-bounded rank.

The proof largely follows the arguments in [2] and [1]. Recall the usual notation Z;(H)
and ~y;(H) for the i-th term of the upper and lower central series of a group H, respectively.

Lemma 2.2. Let G be a group admitting a group of automorphisms A. Let p be a prime
and suppose that M is an A-invariant p-subgroup of |G, A] that is normal in G such that
|In(A)| = p™ for some non-negative integer m. Then M < Zam11(O,(|G, Al)).

Proof. We use induction on m. If m = 0, then M < Cg(A) and therefore M < Z(|G, A])
by Lemma 1.8. Now let m > 1. Set K = O,([G, A4]) to lighten the notation; note that K
is normal in G. If M < Z(K), there is nothing to prove. If M £ Z(K), then the image
of M in K/Z(K) has a non-trivial intersection with the center of this quotient. In other
words, M N Zy(K) &£ Z(K). Then Lemma 1.8 implies that Iynz,x)(A) # 1 and therefore,
\Ini/ninzs ) (A)| < [Im(A)| = p™. By induction, M/M N Zy(K) < Zom-1(K)/M N Zy(K),
whence M < Zo,11(K), as required. O

Throughout the rest of this subsection, unless stated otherwise, G is a p-group admitting
a group of automorphisms A such that any subgroup generated by a subset of I5(A) can
be generated by r elements.

Lemma 2.3. Suppose that G is of prime exponent p or of exponent 4. There exists a number
I(r) depending on r only such that the rank of |G, A] is at most I(r).

Proof. Let C' be Thompson’s critical subgroup of [G, A] (see [6, Theorem 5.3.11]). Note
that C' is normal in G, since it is a characteristic subgroup of the normal subgroup [G, A].
Observe that [Z(C), A] is an r-generated abelian subgroup of exponent p (or 4) and so the
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order of [Z(C'), A] is at most p" (or 2*"). By Lemma 2.2, Z(C) is contained in Zy,1([G, A])
(or in Zy,+1([G, A])). Since [[G, A], C] is contained in Z(C'), we conclude that C'is contained
in Zor19(|G, A)]) (or in Zs12([G, A])). Recall that vo,42(|G, A]) commutes with Zs,,o([G, A])
and so in particular vo,12([G, A]) (respectively, v4,42(|G, A])) centralizes C'. By Thompson’s
theorem, Cig 4)(C) = Z(C'). Thus vo,42([G, A]) (respectively, v4,42([G, A])) is contained in
Z(C), that is, the quotient [G, A]/Z(C') is nilpotent of class 2r + 1 (respectively, of class
4r 4+ 1). Since Z(C) < Zor11(|G, A]) (or Z(C) < Zu11([G, A])), it follows that [G, A] has
r-bounded nilpotency class. Since [G, A] is r-generated by hypothesis, by Lemma 1.1 the
rank of [G, A] is r-bounded, as desired. O

We will require the concept of powerful p-groups introduced by A. Lubotzky and A. Mann
in [17]. A finite p-group H is powerful if and only if [H, H] < H? for p # 2 (or [H, H] < H*
for p = 2). Apart from the original paper [17], information about the properties of powerful
p-groups can also be found in the books [5] or [13].

Lemma 2.4. There exists a number A\ = \(r) depending only on r such that yor,1([G, A])
s powerful.

Proof. Let s'(m) = s(1,m) if p # 2, and §'(m) = s(2,m) if p = 2 for the function s(k, m)
as in Lemma 1.2, and let I(r) be as in Lemma 2.3. Let A\ = §'({(r)) and consider N =
Yorr1([G, A]). Note that N is normal in G. In order to show that N’ < N? (or N’ < N*
when p = 2), we assume that N is of exponent p (or 4) and prove that N is abelian.

Since the subgroup N is of exponent p (or 4), the rank of [N, A] is at most [(r) by
Lemma 2.3. Then |[N, A]| < p*“0") = p* by Lemma 1.2, whence |Iy(A4)| < p*. We now
obtain N < Zsx41([G, A]) by Lemma 2.2. Since [v;([G, A]), Zi(|G, A])] = 1 for any positive
integer i, we conclude that N is abelian, as required. 0

Lemma 2.5. For any i > 1, there exists a number m; = m(i,r) depending only on i and r
such that v;([G, A]) is an m;-generated group.

Proof. Let N = ~;(|G, A]), which is a normal subgroup of G. We can pass to the quotient
G/®(N) and assume that N is elementary abelian. It follows that |Ix(A)| < p”, whence
|In(A)| < p". Then N < Zo11([G, A]) by Lemma 2.2, and therefore |G, A] has nilpotency
class bounded only in terms of i and r. Since [G, A] is r-generated, the rank of [G, 4] is
also (i,7)-bounded by Lemma 1.1. In particular, N is m;-generated for some (7, r)-bounded
number m,;. O

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. Recall that G is a nilpotent group admitting a group of automor-
phisms A such that any subgroup generated by a subset of I5(A) can be generated by r
elements. We need to show that [G, A] has r-bounded rank. The rank of [G, A] is equal
to the rank of [P, A, where P is some Sylow p-subgroup of G. Therefore it is sufficient to
prove the theorem in the case where G is a p-group, which is what we assume from now on.

Let §'(m) = s(1,m) if p # 2, and §'(m) = s(2,m) if p = 2 for the function s(k,m) as in
Lemma 1.2, and let [(r) be as in Lemma 2.3. Take N = 7y9,11([G, A]), where A = A\(r) =
s'(l(r)); note that N is normal in G. Let d be the minimum number of generators of N. The
number d is r-bounded by Lemma 2.5, and N is a powerful p-group by Lemma 2.4. By the
properties of powerful p-groups (see, for example, [5, Theorem 2.9]) the rank of N is equal
to d and therefore is r-bounded. Since the nilpotency class of [G, A]/N is r-bounded (recall
that A depends only on r) and [G, A] is r-generated, the rank of [G, A]/N is also r-bounded
by Lemma 1.1. Since the rank of [G, A] is at most the sum of the ranks of [G, A]/N and N,
the result follows. U



3. COPRIME AUTOMORPHISMS

Throughout this section, let A be a group of coprime automorphisms of a finite group G
such that any subset of I5(A) generates a subgroup that can be generated by r elements.
One of the main theorems of [1] tells us that then [G, A] has r-bounded rank.

Theorem 3.1 ([1, Theorem 1.4]). Suppose that G is a finite group admitting a group of
coprime automorphisms A such that, for a positive integer r, any subgroup generated by a
subset of I(A) can be generated by r elements. Then [G, A] has r-bounded rank.

Apart from this result, we shall also need some consequences of certain preparatory lem-
mas in [1] and [2], which are proved in this section. Although the next lemmas will be used
here only for cyclic groups A of coprime automorphisms, it is natural to produce general
lemmas for arbitrary A when this comes at no extra cost. The following lemma is similar
to [2, Lemma 2.6].

Lemma 3.2. Suppose that G =[G, A]. Suppose that N is an A-invariant normal subgroup
such that the quotient G/N is generated by s elements from Iq/n(A) and [N, A] is generated
by t elements from In(A). Then G can be generated by s+t elements of Ig(A).

Proof. Let [N, A] be generated by elements by,...,0 € Ix(A), and let G/N be generated
by elements ay,...,as € Ig/N<A). In accordance with Lemma 1.13(a) choose some pre-
images ai,...,as € Ig(A) of a,...,as. We claim that G = (ay,...,as,b1,...,b;). We
set H = (ay,...,as), so that G = NH. Since [N, A] is normal in N, the normal closure
[N, A]% = [N, A] is contained in (ay, . .., as, b, ..., b;). Since the image of NV in the quotient
G/[N, A] is centralized by A, it is central in G/[N, A] =[G, A]/[N, A]¥ by Lemma 1.8,
and therefore the image of H becomes normal. Thus, [N, A] H is normal in G. Obviously,
A acts trivially on G/[N, A" H = NH/[N,AJ"H. Since G = [G, A], we conclude that
G =[N, A H, and the result follows. O

Lemma 3.3. Suppose that A = () is cyclic, G = |G, A], and G is nilpotent. Then G is
generated by r elements of Ig(y).

Proof. By the Burnside Basis Theorem for every Sylow ¢-subgroup @) of G' the subgroup
[Q, ] is generated by r elements from Ig(¢). Let G = @1 X -+ X @, and let Q; =

([xi, @), [z, @]). Note that [Ty mj, ¢] = [T1j,¢] - [Tm, @] for every j, and the
cyclic subgroup generated by this product of elements from m different Sylow subgroups of
G contains each of these elements. Then the r elements [x1; - - - Zpj, @], where j =1,..., 7,
generate G. U

Lemma 3.4. Suppose that A = () is cyclic, G = [G, A], and G is soluble. Then G is
generated by r-boundedly many elements of I({¢)).

Proof. Since the rank of G is r-bounded by Theorem 3.1, the Fitting height A(G) is 7-
bounded by Lemma 1.4; therefore we can proceed by induction on h(G). First let h(G) = 1,
whence G is nilpotent. Then G can be generated by r elements from I({p)) by Lemma 3.3.
When h(G) > 1, the quotient G/F(G) is generated by r-boundedly many elements of
I re)((p)) by the induction hypothesis, and [F(G), ] is generated by r elements of
Irc)((p)) as shown above. The result follows by Lemma 3.2. O

We denote by z# the orbit of an element = of any A-invariant section under the action
of A; we call such orbits A-orbits for brevity.

Lemma 3.5. Suppose that G =[G, A]. Suppose that N is an A-invariant normal subgroup
such that the quotient G /N is generated by the A-orbits of s elements in Ig/n(A) and [N, Al

8



is generated by the A-orbits of t elements in In(A). Then G can be generated by the A-orbits
of s+t elements of I5(A).

Proof. Let [N, A] be generated by the A-orbits of elements by,...,b; € In(A), and let
G/N be generated by the A-orbits of elements ai,...,a; € Ig/n(A). In accordance with

Lemma 1.13(a) choose some pre-images ay,...,as € Ig(A) of a,...,as. We claim that
G = {a, ... a, b, ... b1, Weset H= (ai',... a?), so that G = NH. Since [N, A] is
normal in N, the normal closure [N, A|® = [N, A]¥ is contained in (af!,... a2 b, ... bd).

Since the image of N in the quotient G/[N, A]¥ is centralized by A, it is central in G/[N, A|¥
by Lemma 1.8, and therefore the image of H becomes normal. Thus, [N, A]¥ H is normal
in G. Obviously, A acts trivially on G/[N, A|J"H = NH/[N, A]?H. Since G = [G, A], we
conclude that G'= [N, AJ¥ H, and the result follows. O

Recall that, as a consequence of the classification, if a simple group G admits a coprime
group of automorphisms A, then A is cyclic (see [7]).

Lemma 3.6. Suppose that G = [G, A] and G is semisimple. Then G can be generated by
r-boundedly many A-orbits of elements of Ig(A).

Proof. Let G =51 x --- x S, where the factors S; are simple. The group of automorphisms
A permutes the simple factors and the proof of [1, Lemma 3.9] shows that there are at
most r orbits under this action. Therefore we can assume without loss of generality that A
transitively permutes the factors S;. If G is simple, then A is cyclic and [1, Lemma 2.9] tells
us that G is generated by two nilpotent subgroups P, and P, such that [P, A] = P, and
[Py, A] = P,. Each of the subgroups P; is generated by at most r elements from I(A) by
Lemma 3.3, whence G is generated by at most 2r such elements. Therefore we can assume
that [ > 2.

We use the fact each non-abelian simple group can be generated by two elements. Let
a,b generate S;. Choose o € A such that S¢ = S,. Consider the elements z; = a~'a®,
Ty = b0, and z3 = ab((ab)~!)®, which belong to Ig(A). Let K = (z{, x4, 24), which is
an A-invariant subgroup. We observe that 1 # zyzex3 = [a,b] € Sy N K. The projection
of K onto S; is the whole group S;, since the projections of x; and x5 onto S; are a=! and
b~1, which generate S;. Hence the conjugacy class [a,b]¥ is equal to [a, b]"" and therefore
generates S;. Thus, S is contained in K. Since K is A-invariant and A transitively permutes
the factors S;, we must have K = GG and the result follows. O

Lemma 3.7. Suppose that A = (p) is cyclic, G = |G, A], and the group G is soluble-by-
semisimple-by-soluble. Then the group G can be generated by r-boundedly many A-orbits of
elements of Io({p)).

Proof. By hypothesis there are normal subgroups S < 7' such that S and G /T are soluble,
and T'/S is semisimple. By choosing S to be the soluble radical, and then 7" the full inverse
image of the generalized Fitting subgroup of G/S, we can assume that S and T are A-
invariant. The soluble quotient G/T can be generated by r-boundedly many elements of
Ic/r({¢)) by Lemma 3.4. Then in the quotient G//S the semisimple subgroup [T/, ¢] can
be generated by r-boundedly many A-orbits of elements of I7s((y)) by Lemma 3.6. Hence
the quotient G/S can be generated by r-boundedly many A-orbits of elements of I/s({¥))
by Lemma 3.5. In turn, the soluble subgroup [S, ¢] can be generated by r-boundedly many
elements of Is((¢)) by Lemma 3.4. Hence the group G can be generated by r-boundedly
many A-orbits of elements from I;((p)) by Lemma 3.5. O



Proposition 3.8. Suppose that G is a finite group admitting a coprime automorphism
such that every subset of Ic({y)) generates a subgroup that can be generated by r elements.
Then [G, ] can be generated by r-boundedly many elements from Is({p)).

Proof. We can assume that G = [G, ¢|. By Theorem 3.1 the rank of G is r-bounded. Hence
the order of the automorphism induced by ¢ on F*(G)/F(G) is r-bounded by Lemma 1.12.
The order of the automorphism induced by ¢ on G/F*(G) is r-bounded by [1, Proposi-
tion 3.13]. As a result, the order of the automorphism ¢ induced by ¢ on G/F(G) is also
r-bounded. To lighten the notation, let H = G/F(G).

Note that H = [H,¢] since G = [G, ¢] by our assumption. Since the rank of G is r-
bounded, the number of simple factors in F*(G)/F(G) is also r-bounded. This implies that
H has a subgroup K of r-bounded index that is semisimple-by-soluble. Namely, K can
be chosen to be the kernel of the permutational action of H on the set of simple factors
in F*(G)/F(G). Then the quotient of K by F*(G)/F(G) is soluble, because F*(G)/F(G)
contains its centralizer in H and the outer automorphism groups of simple groups are soluble,
which fact (Schreier conjecture) follows from the classification (see [7]). With this choice,
K is a normal and @-invariant semisimple-by-soluble subgroup of r-bounded index in H.

We claim that H is generated by r-boundedly many elements from Iy ({y)). Since H =
[H, ¢], the quotient H/K, being of r-bounded order, is of course generated by r-boundedly
many images of elements from Iy ((p)), which are elements of Ip/x({p)). By Lemma 3.7
the subgroup K is generated by r-boundedly many orbits of elements from Ik ((¢)) under
the action of (¢). Every element of such an orbit is also an element of Ix({y)), since
[u, p]?" = [u?", '] € Ix((p)) for any u in K. Since the order |()| is r-bounded, we obtain
that the subgroup K is generated by r-boundedly many elements from I ({y)). Applying
now Lemma 3.2 to H and its normal ¢-invariant subgroup K we obtain that H is generated
by r-boundedly many elements from Iy ((¢)).

Thus, H = G/F(G) is generated by r-boundedly many elements from I/ rq)((¢)). The
subgroup [F(G),¢] is generated by r elements from Ip)((v)) by Lemma 3.3. Applying
Lemma 3.2 we obtain that G is generated by r-boundedly many elements from I({p)). O

4. p-GROUPS OF AUTOMORPHISMS OF p-SOLUBLE GROUPS

In this section we prove Theorem A in the special case where 7 = {p}, that is, for a
p-group of automorphisms (or p-subgroup) of a p-soluble group.

But first we prove a lemma about the most general situation, which will be applied both
in this and next sections. This lemma shows that in the proofs about the rank of [G, A] we
can pass to a subgroup of r-bounded index.

Lemma 4.1. Let G be a finite group admitting a group of automorphisms A such that every
subset of 1o(A) generates a subgroup that can be generated by r elements. If H is an A-
invariant subgroup of r-bounded index m = |G : H| such that the rank of [H, A] is r-bounded,
then the rank of |G, A] is r-bounded.

Proof. We can assume that H is normal in G by passing to the normal core of H, which
remains A-invariant. Since [H, A] is normal in H, it has at most m conjugates in G, so
that the normal closure M of [H, A] in G is a product of at most m subgroups, each of
which is normal in H and has r-bounded rank. Hence M has r-bounded rank and it is
sufficient to prove that the rank of [G/M, A] is r-bounded. Let G = G/M for brevity. Since
A acts trivially on H, the subgroup [G, A] centralizes H by Lemma 1.8. Hence [G, A] has
a central subgroup [G, A] N H of r-bounded index. By Schur’s theorem [18, Theorem 4.12],
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the derived subgroup [G, A] has r-bounded order. The abelian derived quotient of [G, A]
has rank at most r, since it is r-generated by hypothesis. Hence, the result follows. 0

Recall that, for a prime p, the largest normal p-subgroup of a group G is denoted by O,(G),
and the largest normal p’-subgroup by O,/ (G). The full inverse image of O,(G/O,(G)) in G
is denoted by Oy ,(G), then Oy ,,/(G) is the inverse image of O, (G/O, ,(G)), and so on.
A group G is said to be p-soluble, if this series terminates with O, , .y (G) = G; in this
case, the number of symbols p in the subscript is called the p-length of G. Recall that if G
is p-soluble, then O, ,(G)/O,(G) contains its centralizer in G/O, (G).

The following proposition makes use of the celebrated Theorem B of P. Hall and G. Hig-
man [9] about p-soluble linear groups in characteristic p.

Proposition 4.2. Let p be a prime and let A be a p-group of automorphisms of a finite
p-soluble group G such that every subset of I(A) generates a subgroup that can be generated
by r elements. Let F™* be the generalized Fitting subgroup of G /Oy ,(G).

(a) The exponent of the group of automorphisms induced by A on F* is r-bounded; in
particular, if [F*; A] # 1, then p is r-bounded.
(b) The order of [F*, A] is r-bounded.

Proof. 1t is a routine exercise to check that F™* is a p’-group faithfully acting on the Frattini
quotient V' of the p-group O, ,(G)/Oy(G).

(a) We need to prove that for any ¢ € A the order p™ of the automorphism of F*
induced by ¢ is r-bounded. We can obviously assume that p™ # 1. Consider the action
of the semidirect product [F*, o*" (@) on V regarded as an F,[F*, 0" ']{¢)-module. Let
U be an irreducible factor of a composition series of V on which [F*,¢?" '] acts non-
trivially; such U exists due to the coprimeness of the action of [F*,¢?" '] on V. Since
" € Z([F*, @pmfl]@p)) and U is irreducible in characteristic p, in fact ©P" acts trivially

on U. Therefore the p-soluble group of linear transformations induced by [F*, "™ ]{¢)
on U has no non-trivial normal p-subgroups and thus satisfies the hypotheses of the Hall-
Higman Theorem B [9, Theorem BJ. By this theorem the minimum polynomial of ¢ as a
linear transformation of U has degree at least p™—p™~!. This degree is known to be equal to
the (maximum) dimension of the span of an orbit of a vector v € V' under the action of (¢)
(see, for example, [14, Lemma 2.6(d)]). This span is generated by v, [v,¢], [[v,¢],¢], .. ..
All these elements, possibly excepting v, are images of elements of I5({y)), and therefore
the dimension of the span is at most r+1. Thus, p™ —p™ ! < r+41. Hence p™ is r-bounded,
and, in particular, p is also r-bounded.

(b) We now prove that |[F™*, A]| is r-bounded. If [F*, A] = 1, there is nothing to prove.
So we assume that [F*, A] # 1; then by part (a) the exponent p™ # 1 of the group of
automorphisms induced by A on F* is r-bounded, and, in particular, the prime p is also
r-bounded.

Consider the action of F*A on the Frattini quotient V of O, ,(G)/O,,(G), which is faithful
for F*. Since the prime p is r-bounded,

the result will follow if we prove that the rank of [V, [F™*, A]] is r-bounded, (4.1)

since then the order of [V, [F*, A]] will also be r-bounded, and [F*, A] acts faithfully on
[V, [F*, A]] due to coprime action.

To lighten the notation, let T' = [F*, A], so that T' = [T, A] is a p/-group. By Proposi-
tion 3.8, for any 1) € A the subgroup [¢, T'] is generated by r-boundedly many elements from
Ir((¥)), say, [Y*1, g1],..., [0*®), gy for some r-bounded number f(r), which we assume
to be the same for all ¢ € A for convenience. Since V' can be regarded as a vector space
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over [F,, the rank of its subgroups is also the dimension as [F)-subspaces, so we can use the
notation “dim” for this rank and additive notation for products in V.
The proof of the proposition will essentially follow from the next two lemmas.

Lemma 4.3. Suppose that W is a T A-invariant section of V', and v an element of A. Then
dim[W), [, T]] < 2f(r) dim[W, ¢].
Proof. For any x € W, g € T, and o € () we have

o9l 2] = [0 0%, a] = [0, 2)"" + [0, 2] = [0, a]"" + [o,2? '}

Since z is an arbitrary element of W, we obtain [W, [, g]] < [W,0]°” + [W, 0]?. The right-
hand side is a sum of two subgroups of the abelian group W each having rank at most
dim[WV, ], so this sum has rank at most 2 dim[W,v]. Hence,

-1

dim[W, [0, g]] < 2 dim[WV, 4. (4.2)
Let [¢, T] = ([", g1, ..., [¥"®, gpm]). Then
f(r)

(W, [, T = > W, [¢*, gi]],

i=1
whence [W, [¢, T']] has rank at most 2f(r) dim[W, ] by (4.2). O
We now prove the key lemma.

Lemma 4.4. The rank of [V, T] is r-bounded.

Proof. Using the fact that A is a p-group, we choose in it a central series with cyclic factors
1=Ag <A <---<A,=A,

and let 1); € A; be some pre-images of generators of the cyclic groups A;/A;_1. We now
apply Lemma 4.3 with ¢ being consecutively 1, ...,1, and with W being the sections
V/U; for the T A-invariant subspaces U; = [V, [A;, T]]. We see, for example, that Uy = 0 and
Uy = [V, [¢1,T]]. Note that dim U, /Uy = dim U; < 2f(r) dim[V/Uy, 1| by Lemma 4.3, and
U is T A-invariant since ¢; € Z(A). In general, for any k, we see that
k
U = V. [, T (4.9
i=1
Indeed, in obvious induction, if Uy = 7 [V, [¢;, T]] by the induction hypothesis, then
Uspr = ZSH[ [0, T], since Ugyy = [V,[Asi1, T)] = [V, [As, T]] + [V, [ths41, T] because

As+1 = <1/}s+1>
By Lemma 4.3 we have
dim (U /Uy—1) = dim([V/Uk_1, [V, T)]) < 2f(r) dim[V/Uy_1, V] (4.4)
for every k =1,...,n. By (4.3),
U= YW, T = V4. T) = V]

where the middle equation holds because [A, T =[], [¢:, T], since A = (¢1,...,1¢y,). As
a result, in view of (4.4), we have

dim[V, T] = ZdlmU/Uz , < f(r)Zdim[V/Ui_l,;bi]. (4.5)
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We now estimate the right-hand side of (4.5). Namely, we claim that

> dim[V/Ui_y, 1] < dim[V, A] < . (4.6)
i=1
Indeed, first note that [V/U;_1,v;] < U;/U;_1. For each ¢ by Lemma 1.13(a) we can choose a
basis of [V/U;_1,1;] to consist of the images of elements b;y, ..., by, from Iy ((;)) C I (A).

Then all these elements b;;, 1 = 1,...,n, 7 = 1,...,k;, together are linearly independent.
Indeed, if Z” a;;bi; = 0, then, firstly, ap,1 = -+ - = i, = 0 because by, . . ., by, are linearly
independent modulo U,,_;, while all the other b;; for i < n — 1 are contained in U,_;. Then
Op_11 = "+ = Qp_1k, , = 0 because b,_11,...,b,_1, , are linearly independent modulo

Un—2, while all the other b;; for ¢ < n — 2 are contained in U,_5. Proceeding in obvious
induction we obtain that a;; = 0 for all 7, j. Since these b;; are linearly independent elements
from Iy (A), their number, which is exactly """  dim[V/U;_;, 4] is at most dim[V, A] < r.

Combining (4.5) and (4.6), we obtain [V,T] < 2rf(r), so that the rank of [V,T] is r-
bounded. 0

We now finish the proof of part (b) of the proposition. In accordance with (4.1), since
both p and dim[V, T = dim[V, [F™*, A]] are r-bounded, the order of [V, [F*, A]] is r-bounded.
Then the order of [F*, A] is also r-bounded as this group acts faithfully on [V, [F*, A]] due
to coprime action. ]

The next lemma will enable induction on the p-length.

Lemma 4.5. Let G be a finite p-soluble group admitting a p-group of automorphisms A
such that every subset of Io(A) generates a subgroup that can be generated by r elements.
Then the p-length of |G, A] is r-bounded.

Proof. Let P be an A-invariant Sylow p-subgroup of G. The rank of [P, A] is r-bounded
by Theorem 2.1. Since this is a normal subgroup of P, its normal closure N = ([P, A]“)
in G has r-bounded p-length by [1, Lemma 2.7]. The group of automorphisms A acts
trivially on PN/N and therefore trivially on O, ,(G/N)/O,(G/N). By Lemma 1.8, then
|G, A] also acts trivially on O, ,(G/N)/O,(G/N). Since O,y ,(G/N)/O,(G/N) contains its
centralizer in the p-soluble group (G/N)/O, (G/N), we obtain that the image of [G, A|]N/N
in (G/N)/Oy(G/N) is contained in O, ,(G/N)/Oy(G/N) and therefore [G, A|N/N has
p-length 1. Since the p-length of N is r-bounded, hence the result. 0J

We are now ready to prove the main result of this section.

Theorem 4.6. Suppose that A is a p-group of automorphisms of a finite p-soluble group
G such that any subset of I(A) generates a subgroup that can be generated by r elements.
Then [G, A] has r-bounded rank.

Proof. By Lemma 4.5 the p-length of [G, A] is r-bounded. Hence we can proceed by induction
on this p-length. The base of induction is p-length 0, which means that [G, A] is a p/-group.
We claim that then |G, A] = [[G, A], A]. Indeed, consider one of generators of |G, A], an
element [g, ¢] for g € G and ¢ € A, say, of order |¢| = p* # 1. We have
pF—
9, €19, ¢1?lg, 017" - g, 9] = 1.

Since ¢ acts trivially on [G, A]/[[G, A], A], this equation means that [g, p]?" € [[G,A], A].
Since [g,¢] is in fact a p'-element, we obtain [g,¢] € [[G, A], A]. This holds for every
generator, so [G, A] = [[G, A, A] if [G, A] is a p/-group. Then the rank of [G, A] is r-bounded
by Theorem 3.1.
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We now assume that the p-length of [G, A] is at least 1. Since [G, A] is a normal subgroup
of G, we have O, ,(G)N[G, A] = Oy (|G, A]). Therefore the p-length of the image of [G, A
in G/Opy ,(G) is less than the p-length of [G, A]. By the induction hypothesis, the rank
of this image is r-bounded. We claim that, moreover, the order of the image of [G, A] in
G/Oy »(G) is r-bounded.

Lemma 4.7. The order of the image of |G, A] in G/O, ,(G) is r-bounded.

Proof. Let G = G/O, ,(G). Let F* be the generalized Fitting subgroup of [G, A], which
is contained in the generalized Fitting subgroup of G, since [G, A] is normal in G (see
[11, Corollary 13.11(c)]). Recall that the generalized Fitting subgroup of G is a p/-group;
hence F* is a p’-group. It follows from Proposition 4.2(b) that the order of [F*, A] is r-
bounded. Hence Cp«(A) has r-bounded index in F*, as F* = [F™*, A|Cr+(A) due to coprime
action. Let N be a normal subgroup of F* contained in Cr+(A) and having r-bounded
index in F*. Then (F*)" < N < Cp+(A) for some r-bounded number n. Since the rank
of F* is r-bounded by the induction hypothesis (as F* < [G, A]), the quotient F™*/(F*)"
has r-bounded order by Lemma 1.3. The subgroup (F*)" is normal in G as a characteristic
subgroup of a characteristic subgroup F* of a normal subgroup [G, A]. Since A acts trivially
on (F*)", it follows that [G, A] also acts trivially on (F*)", that is, (F*)" < Z([G, A]). The
image F*/(F*)" of the generalized Fitting subgroup in the quotient by a central subgroup
(F*)™ is the generalized Fitting subgroup of the quotient. Since the generalized Fitting
subgroup contains its centralizer and |F™*/(F*)"| is r-bounded, we obtain that F™* has r-
bounded index in [G, A]. Then (F*)" also has r-bounded index in [G, A]. Thus it remains
to prove that the order of (F*)" is r-bounded.

Since (F*)" < Z([G, A]), we obtain that Z([G, A]) has r-bounded index in [G, A]. By
Schur’s theorem [18, Theorem 4.12], then the derived subgroup [G, A}’ of [G, A] has 7-
bounded order.

For any g € G and a € A with |a| = p* # 1, we have

2 a1 1

[gja][gya]a[.%a]a [g,CL] =

By the ‘linearity’ of a on the abelian quotient [G, A] = [G, A]/[G, A] we obtain that

Y Y| for any h € [G,al.

It follows that a acts fixed-point-freely on the Hall p’-subgroup U, of [G, a]: if h € C’m(a),
the above equation becomes

k

P =1,
so h = 1if it is a p'-element. Therefore, U, = [U,,a]. Since [G,A] = [[,c4[G.a] and
this group is abelian, the Hall p’-subgroup U of this product is the product U =[], ., Ua.
Since U = Cy(A) x [U, A] by coprime action, we must have Cy(A) = 1, as otherwise
Uy = [Ua,a] < [U, Al # U for all a € A, contrary to U = [[,c4 Ua-
Since (F*)" < Cig a)(A) and F* is a p-group, it follows that (F*)" < [G,A]. Since
(G, A]’ has r-bounded order, as a result, (F*)" has r-bounded order, and therefore so does

(G, Al O
Lemma 4.8. The group of automorphisms of GOy ,(G) induced by A has r-bounded order.

Proof. Let G = G/Oy,(G). Let F* be the generalized Fitting subgroup of G, which is a
p/-group. By Proposition 4.2(b) the order of [F*, A] is r-bounded. Hence A; := C4([F*, A])
has r-bounded index in A. Since F* = [F*, A]Cp«(A) due to coprime action, it follows that
A; acts trivially on F*. Then [G, A;] also acts trivially on F* by Lemma 1.8. Since F*

14



contains its centralizer in G, it follows that [G, A;] < F™. Since F* has coprime order to
|A], then G = F*Cg(A1) by Lemma 1.10(b), so that G = F*Cg(A;) < Cg(Ar). Thus, A
acts on GG as a group A/A; of r-bounded order. O

We return to the proof of the theorem. Recall that for G = G/O,, ,(G) the order |[G, A]|
is -bounded by Lemma 4.7. Since A acts on G as a group of r-bounded order A by
Lemma 4.8, it follows that Cz(A) has r-bounded index in G. Indeed, for every a € A the
index |G : Cg(a)] is r-bounded, since it is equal to the number of commutators [g,al, g € G.

Then (N, 5 Cala) = Ca(A) is a subgroup of r-bounded index in G.

Let C' be the normal core of Cn(A) in G, which is an A-invariant normal subgroup of
r-bounded index in G contained in Cg(A). Let C be the full inverse image of C'in G. Since
C is A-invariant and has r-bounded index in GG, by Lemma 4.1 it is sufficient to prove that
[C, A] has r-bounded rank. Since C'is a normal subgroup of G containing O, ,(G), we have

Oy »(C) = Oy ,(G). First we consider C/O,(C).
Lemma 4.9. The rank of [C'/Oy(C), A] is r-bounded.

Proof. Let C' = C/0O,(C) for brevity. Let P = O,(C). Since [C, A] < P, by the Burnside
Basis Theorem the subgroup [C, A] is generated by 7 elements of the form [a1,c1], ..., [ar, ¢;]
for some a; € A, ¢; € C. For any x € P, a € A, and ¢ € C we have

[a,c], 2] = [a7 a, 2] = [a7, 2] [a%, 2] = [a™t, 2] [a, 2 ]°.

The right-hand side belongs to [P, a]® [P, al°. This is a product of two normal subgroups
of P each having r-bounded rank by Theorem 2.1. Therefore the rank of this product is
r-bounded. Since this product does not depend on =z € P, we obtain

[la. e, P < [P, a]* [P, a]",

so that [[a, ¢], P] has r-bounded rank. Since [C, A] = ([a1,c1], ..., [a,, ¢;]), the commutator
subgroup [[C, 4], P] is equal to the product

and therefore has r-bounded rank.

The subgroup [[C, A], P] is normal in C' and A-invariant. In the quotient C' = C//[[C, A], P]
the subgroup [C, A] is centralized by P and therefore [C', A] < Z(P), since [C, A] < P.
Hence [C‘ , A] is abelian and has rank at most r as it is r-generated by hypothesis. Since
[[C, A], P] has r-bounded rank, as a result, [C', A] also has r-bounded rank. O

We now proceed to prove that [C, A] has r-bounded rank, which will complete the proof
of the theorem.

Let P now denote an A-invariant Sylow p-subgroup of O, ,(C). We can assume that
P # 1, since otherwise C' = O, (C)C¢(A) by Lemma 1.10(b) and then [C, A] = [Oy(C), A] =
[[Oy(C), A], A] has r-bounded rank by Theorem 3.1. We have C' = O, (C)N¢(P) by the
Frattini argument. Our nearest goal is to show that [No(P), A] is generated by [Ne(P) N
Oy (C), A] and r-boundedly many elements from Iy, p)(A). To lighten the notation, let
N = N¢(P) and S = Oy(C) N N, so that S x P is a normal A-invariant subgroup of N
such that A acts trivially on N/(S x P), that is, [N, A] < S x P, and S is a p/-group, while
P is a p-group.

Lemma 4.10. We have [N, A|NS =[S, A]; in particular, [S, A] is a normal A-invariant
subgroup of N.
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Proof. Let a € A with |a| = p* # 1. For any n € N, we have [n,a] = sh for s € S and
h € P. Since

we also have

The image s in the quotient S/[S,a] is centralized by a, and therefore the last equation
turns into 5?° = 1. Since s is a p/-element, this means that s € [S,a]. Then any product of
elements of the form [n,a] = sh for s € S and h € P that belongs to S must belong to the
product of subgroups of the form [S,a] contained in [S, A]. Thus, [N, 4] NS < [S, 4], and
the reverse inclusion is obvious.

Since both S and [N, A] are normal A-invariant subgroups of N, so is [N,A] NS =
(S, A]. O

Lemma 4.11. The subgroup [N, A] is generated by [S, A] and r-boundedly many elements
from In(A).

Proof. By Lemma 4.10 we can consider the quotient N = N/[S, A] admitting the action
of A. We claim that [N, A] < P. Indeed, [N, A] < S x P, and since (|S/|, |P|) = 1, in fact,
by Lemma 4.10

[N, A] = ([N, A]nS) x ([N, A]n P) =[5, A] x ([N, A]n P) = [N, A]n P,

so that [N, A] < P. By hypothesis and by the Burnside Basis Theorem the subgroup [V, A]
is generated by r elements of the form [ay,74],...,[a,, fi,] for some 7i; € N, a; € A. Let
n; € N be some fixed pre-images of the elements ;. By multiplying any element of [N, A]
by a suitable word in [a1,n4], ..., [ar, 1] we can obtain an element of [S, A]. Hence, the
result follows. 0

We are now ready to finish the proof of the theorem. By Lemma 4.11 the subgroup
[Nc(P), A] is generated by [S, A] and r-boundedly many elements from Iy, p)(A), say,
lay, wl, ..., [agey, up] for some u; € No(P) and a; € A. For any x € Oy(C), a € A, and
u € NC(P) we have

l[a,u],z] = [a " a", 2] = [a™ !, 2] [a*, 2] = [a~

The right-hand side belongs to [0, (C), a]*" [0y (C),a]*. This is a product of two normal
subgroups of O, (C') each having r-bounded rank by Theorem 3.1. Therefore the rank of
this product is r-bounded. Since this product does not depend on z € O, (C), we obtain

u

[[a, ul, Oy (O)] < [Op(C), a]* [0y (C), a]",
so that [[a, u], Oy (C)] has r-bounded rank. Since
[NC(P)v A] = <[S7 A]v [ala ul]v R [af(Tauf(T)D’
the commutator subgroup [[N¢(P), A], O,(C)] is equal to the product

1)
[[No(P), A], Op (C)] = [15, )] - ] [llai, wi], O (O)).

=1

Note that, since S < Oy(C), the factor [[S,A],0,(C)] is contained in the subgroup
[A, Oy/(C)], which has r-bounded rank by Theorem 3 1. Thus, every factor in the above
product of f(r)+1 normal subgroups of O,/ (C') has r-bounded rank, and therefore [[No(P), A], Oy (C)]

has r-bounded rank.
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The subgroup [[N¢(P), A], Oy (C)] is normal in C' = O, (C)N¢(P) and A-invariant. Since
it has r-bounded rank, we can pass to the quotient and assume that [[No(P), A], Oy (C)] = 1.
We claim that under this assumption, [0, (C), A] is N¢(P)-invariant and therefore normal
in C' = Oy (C)N¢e(P). Indeed, for any g € No(P) we have

[0p(C), A = [0y (C)?, A%] < [Op(C), A[A, 9] = [0y (C), A],
since [A, g] centralizes O, (C').

The rank of [O,(C), A] is r-bounded by Theorem 3.1, so we can assume that this A-
invariant normal subgroup is trivial. Then O, (C) is centralized by A and therefore also
by [C, 4], whence [C, Al N Oy(C) < Z(|C,A]). Since the rank of the central quotient
(C,A]/([C,AINO,(C)) = [C, AlOy(C) /Oy (C) is r-bounded by Lemma 4.9, the rank of the
derived subgroup [C, A]' is r-bounded by the Lubotzky—Mann theorem [17, Theorem 4.2.3].
The abelian derived quotient [C, A]/[C, A]" has rank at most 7 as it is r-generated by hy-

pothesis. Hence the rank of [C, A] is r-bounded.
The theorem is proved. U

We now derive an important corollary that will be used in the next section.

Corollary 4.12. Suppose that A is a w-group of automorphisms of a finite w-soluble group
G such that any subset of I(A) generates a subgroup that can be generated by r elements.
Then the generalized Fitting height of |G, A] is r-bounded.

Proof. For every prime p € 7, choose a Sylow p-subgroup A, of A. The rank of [G, A,] is
r-bounded by Theorem 4.6. Hence the generalized Fitting height of [G, 4,] is r-bounded by
Lemma 1.6. Since

[G7 A] = H[Gv APL
pem
where all subgroups |G, A,] are normal, the generalized Fitting height of |G, A] is at most
the maximum of their generalized Fitting heights, and so it is r-bounded. U

5. m-AUTOMORPHISMS OF m-SOLUBLE GROUPS

In this section we prove the main Theorem A about m-groups of automorphisms of -
soluble groups. The key step is the case of a cyclic group of automorphisms. First we make
three observations about ‘big’ primes.

Let p be an automorphism of prime-power order p* of a finite p-soluble group G such
that every subset of I5({p)) generates a subgroup that can be generated by r elements. By
Proposition 4.2(a), if p acts non-trivially on F'*(G/O, ,(G)), then the prime p is r-bounded.
In other words, there is an r-bounded number f(r) such that if p > f(r), then p centralizes
F*(G/Op »(G)). Then [G/Oy ,(G), p] also centralizes F*(G /O, ,(G)) by Lemma 1.8, and
then [G/O, ,(G),p] < F*(G/Op ,(G)). Since F*(G/Oy ,(G)) is a p'-group, it follows by
Lemma 1.10(b) that G/Oy ,(G) = F*(G/Oy ,(G))Cq/0,, ,)(p) < Cgjo,, c)(p), that is,

(Gl <Opy(G) it |p| = p* for a prime p > f(r). (5.1)

Let o be a coprime automorphism of a finite group H such that every subset of Iy ((c))

generates a subgroup that can be generated by r elements. By [1, Proposition 3.13], there

is an r-bounded number g(r) such that 090" acts trivially on H/F*(H). It follows that if o
has prime-power order p* with p > g(r), then o acts trivially on H/F*(H), that is,

[H,o] < F*(H) if |o| = p" for a prime p > g(r). (5.2)

Let 7 be a coprime automorphism of a finite semisimple group S that is a direct product
of m simple groups. Suppose that every subset of I5((7)) generates a subgroup that can
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be generated by r elements. By Theorem 3.1, the rank of [S, 7] is r-bounded, whence, in
particular, the number of simple factors in [S, 7] is at most some r-bounded number h(r).
It follows that if 7 has prime-power order p* with p > h(r), then 7 normalizes every simple
factor in S = [S, 7] x Cg(7), that is,

7 normalizes every simple factor in S if |7| = p* for a prime p > h(r). (5.3)

Definition. We say that a prime p is big if p > max{f(r),g(r), h(r)} for the functions
f(r),g(r),h(r)in (5.1), (5.2), (5.3), and small otherwise.

The following theorem is of course the special case of the main Theorem A for a cyclic
group of automorphisms, but it is a key result in the proof of the latter.

Theorem 5.1. Let G be a finite w-soluble group admitting a w-automorphism ¢ such that
every subset of Io({¢)) generates a subgroup that can be generated by r elements. Then the
rank of |G, ] is r-bounded.

Proof. For each prime p, let (¢,) be a Sylow p-subgroup of (p). Let

B = H Pp-

p is a big
prime

Then
Gl =168 ] Gl

p is a small
prime

The rank of each subgroup [G, ¢,] is r-bounded by Theorem 4.6. Since the number of small
primes is r-bounded, the product
H (G, ]

p is a small
prime

has r-bounded rank. Therefore it remains to prove that the rank of [G, 3] is r-bounded.
Hence it is sufficient to consider the case where ¢ = 3, that is, the order of ¢ is only divisible
by big primes, and this is what we assume throughout what follows.

Lemma 5.2. Let (1) be a Sylow q-subgroup of {p) with || = ¢* # 1. The image of |G, ]
in G/F*(G) is a q-group, possibly trivial.

Proof. Since ¢ is a big prime by our assumption, ¢ acts trivially on G/Oy ,(G) by (5.1), that
is, [G, 9] < Oy 4(G). Since ¢ is a big prime, 1 acts trivially on Oy (G)/EF*(Oy(G)) by (5.2),
whence [G, 9] centralizes Oy (G)/F*(Oy(G)) by Lemma 1.8. Since F*(Oy(G)) < F*(G)
and [*([G,v]) = [G,¢] N F*(G), as a result, [G,¥]/F*([G,v]) is a product of a central
¢’-subgroup centralized by v and a g-subgroup.

We claim that [G,¢]/F*(|G,]) is a g-group, that is, [G, ] is contained in QF*([G, 1)),
where @ is a Sylow g-subgroup of the inverse image of F/(G/F*([G,])). For any g € G we
have

[ga¢][g7¢]¢ e [g,¢]¢q o =1.
Hence the image of [g,v] in [G,v¥]/QF*(|G,v]), which is centralized by v as mentioned

above, has order dividing ¢*, so must be trivial as it is a ¢’-element. 0

Lemma 5.3. The quotient |G, o]/ F*(|G, ¢]) is a nilpotent group of r-bounded rank.
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Proof. We know that [G,¢] = [[ [G,¢,], where (¢,) is a Sylow g-subgroup of (p). For
every ¢, the image of [G,¢,| in G/F*(G) is a normal g-subgroup by Lemma 5.2. Hence
G, o]/ F*([G, ¢]) =[G, ¢]/(F*(G)N]G, ¢]) = [G, ¢] F*(G)/F*(G) is a nilpotent group. This
group has r-bounded rank, since the rank of every Sylow g-subgroup [G, p,|F*(G)/F*(G)
is r-bounded by Theorem 4.6. U

We return to the proof of the theorem. By Lemma 5.3, it remains to show that the rank of
F*(|G, ¢]) is also r-bounded. The bulk of the proof is the case where F*(|G, ¢]) is nilpotent,
that is, F*([G, ¢]) = F([G, ¢]). First we perform a reduction to this case.

Suppose that F*([G, ¢]) # F([G, ¢]). Since [G, ¢] is a normal subgroup, we have F*([G, ¢])
G, o]|NF*(G) and F([G, ¢]) = [G, ] N F(G). The quotient L := F*(G)/F(G) is a ©’-group
which is a direct product S; x -+ x S, of simple groups S; permuted by ¢. Since |p| is
only divisible by big primes by our assumption, in fact, ¢ normalizes every S; by (5.3). We
have [L, ] # 1, since otherwise [L, [G,¢]] = 1 by Lemma 1.8, whence L = 1 contrary to
our assumption. Since ¢ is a coprime automorphism of L, by Theorem 3.1 the subgroup
[L, ¢] has r-bounded rank, so that, in particular, it is a product of an r-bounded number of
factors S;, such that S;; = [S;,, ¢].

We assume without loss of generality that [L,p] = S X -+ x Sy for an r-bounded
number k(7). For every i = 1,..., k(r) there is a prime divisor ¢; of |¢| such that the Sylow
gi-subgroup (p,,) of (¢) acts non-trivially on S;, so that S; = [S;, ¢,,] (these primes ¢; need
not be all different). Then, in particular, the image of [G, ¢,,] in G/F(G) contains S;. Note
that each [G,p,] is a normal p-invariant subgroup of G. As a result, the image of the
product

k(r)
H[G, Pq,]
i=1
in G/F(G) contains [L, ¢|. This means that in the quotient
E(r)
¢ =6/ TG ¢l
i=1

the subgroup F*([G, ¢]) is nilpotent. Each of the subgroups [G, ¢,,] has r-bounded rank by
Theorem 4.6, and since their number is r-bounded, their product also has r-bounded rank.
Hence it remains to prove that [G, ¢] has r-bounded rank.

In other words, with a change of notation, it is sufficient to prove that [G,¢| has r-
bounded rank in the case where F*([G, ¢]) = F(|G, ¢]) is nilpotent, and we assume this for
the rest of this section.

It is sufficient to prove that the rank of any Sylow p-subgroup P of F([G, ¢]) is r-bounded.
The proof of this fact resembles the end of the proof of [2, Theorem 1.1] using the lemmas
from § 2 that are similar to corresponding lemmas in [1, 2]. But the first step, showing that
P is generated by r-boundedly many elements, has to be different from the proof in [2].
This is not only because for non-coprime automorphism we cannot assume that G = [G, ¢],
but also because it is unclear, and probably not true, if the quotient [G, ¢]/F (|G, ¢]) can be
generated by r-boundedly many elements from I({p)). However, once we show that P is
generated by r-boundedly many elements, the rest of the proof is similar to the end of the
proof of [2, Theorem 1.1].

Proposition 5.4. The Sylow p-subgroup P of F([|G,¢|) is generated by r-boundedly many
elements.
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Proof. We need to show that the elementary abelian p-group V' = P/®(P) has r-bounded
rank. Since V' can also be regarded as a vector space over [, the rank of its subgroups
is also the dimension as IF,-subspaces, so we can use the notation “dim” for this rank and
additive notation for products in V. Note that V' is centralized by F(|G,¢]), so that the
group G/ F (|G, ¢]) naturally acts on V. Recall also that for a Sylow g-subgroup (y,) of (¢),
the image of [G, p,] in [G, ¢|/F (|G, ¢]) is a g-group by Lemma 5.2 and [G, ¢]/F (|G, ¢]) is a
direct product of the images of these subgroups [G, ¢ ] by Lemma 5.3. Let the bar denote
the images in G = G/F([G, ¢]).

Lemma 5.5. Suppose that U is a G{p)-invariant section of V. Let (1) be a Sylow q-
subgroup of (@) for some prime q (which could also be ¢ = p). Then

dim[U, ¢]% < (2r + 1) dim[U, 9],
where [U, zb]é is the normal closure of [U, ] in the natural semidirect product U x G.

Proof. Since ¢ € (p) andi[@,w] is a g-group by Lemma 5.2, by the hypothesis and the
Burnside Basis Theorem [G, )] is generated by r elements of the form [, g1],...,[¥, g,] for
some ¢g; € G. For any x € U we have

[, gil, o] = [0, 2] = =" a] ™ + [, 2] = [, 2] + [, 2% ]9,

The right-hand side belongs to the sum [U, ]¥" + [U,]% of two subgroups of the abelian
group U each having rank dim[U, ], so this sum has rank at most 2dim[U,¢]. Hence
U, [¢, g;]] has rank at most 2dim[U, ¢|. Since [G,¥] = ([¢, ¢1], ..., [, g-]), we have

r

[U7 [wv G]] = Z[Uv [?/1;92]]7

i=1

so [U, [¢, G]] has rank at most 2r dim[U, ¢]. Note that [U, [¢, G]] is G(p)-invariant. Modulo
U, [, G]] the subgroup [U, ] is G-invariant: for any g € G and xz € U we have

[0, 2]? = [V, 9], 29] = [0, 29]"9 + [[ib, g], 27)

= [, 2] + [[v, 271, [, g]] + [, 9], 2]
€ [U¢] + [U, [, Gl.

Hence [U,¢]% < [U, 9] + [U, [, G]], and therefore dim[U, ¢]¢ < (2r 4+ 1) dim[U, 1] O

We return to proving Proposition 5.4 about r-bounded generation of P. We now apply
Lemma 5.5 with ¢ being consecutively 1, ..., ¥,, where ¢ = ¢y -- -, for elements 1; of
order qf ‘. after arbitrarily ordering all the primes ¢; dividing |¢|. Namely, we construct by
induction G(gp)—invariant subspaces U; of V' as follows. We define Uy = 0 and let U; =
[V, 41]%. Note that dim U, /Uy = dimU; < (2r + 1) dim[V/Uy, ¥1] by Lemma 5.5 and U; is
G{yp)-invariant. When Uy_; is defined (which is G(p)-invariant), we define U}, to be the full

inverse image in V of [V/Uy_1,v3]%. We do this consecutively for k = 1,...,n, that is, for
all primes ¢, .. ., g, dividing |¢|. By Lemma 5.5 we have
for every k =1,...,n.
For any k, we see that
k
Uy = Z[Va il (5.5)



Indeed, in obvious induction, if Uy = >_7_ [V, ;] by the induction hypothesis, then by

construction Uy = Uy + [V, the11] = 320 [V, ]G + [V hera]€.
Since (p) = (1, ...,1¥y,), we have

n

Vgl = [V, =T,

i=1
by (5.5). As a result, using (5.4) we obtain

dim[V Z dim U; /Uiy < (2r + 1)) dim[V/U;_1, ). (5.6)
=1

We now estimate the right-hand side of (5.6).
Lemma 5.6. We have " dim[V/U;_1,1;] < dim[V, ¢] < r.

Proof. First note that [V/U;_1,¢;] < U;/U;_; for any i by construction. For each i by
Lemma 1.13(a) we can choose a basis of [V/U;_1,1;] to consist of the images of elements
bit, ..., b, from Iy ((¥;)) C Iy ({¢)). Then all these elements b;;, i =1,...,n,j=1,... k;,
together are linearly independent. Indeed, if Zw a;;b;; = 0, then, firstly, apy = -+ =

ank, = 0 because by, ..., by, are linearly independent modulo U,,_;, while all the other
bjj for i < n — 1 are contained in U,_;. Then ay,_17 = -+ = au_14,., = 0 because
bu-11,---,bn—1k, , are linearly independent modulo U,,_o, while all the other b;; for i < n—2

are contained in U,_». Proceeding in obvious induction we obtain that a;; = 0 for all ¢, j.
Since these b;; are linearly independent elements from Iy ({¢)), their number, which is
exactly > 7", dim[V/U;_y, ;] is at most dim[V, ¢] < 7. O

We now finish the proof of Proposition 5.4 about the number of generators of P. Com-
bining (5.6) with Lemma 5.6 we obtain

dim[V, ol% <22 41 (5.7)

Consider the quotient G' = G /( /(Oy(F([G, ¢]))®(P)), the images in which we denote by hat.
Clearly, G acts on P as G, and P V as F,G-modules. The normal ¢-invariant subgroup
[P, ¢]% of G has r-bounded rank (at most 2r? + r) by (5.7). In the quotient G/P, ¢

the image of P is centralized by ¢ and therefore P < Z([G,¢]) by Lemma 1.8. Smce
(G, ¢]/P has r-bounded rank by Lemma 5.3, the rank of the derived subgroup [G, ]’ is
also r-bounded by the Lubotzky—Mann theorem [17, Theorem 4.2.3]. The abelian derived
quotient of [é, | has rank at most r by hypothesis. Thus, the rank of [G‘, | is r-bounded,
and in particular the rank of P 2 P/®(P) is r-bounded, which means that P is generated
by r-boundedly many elements. O

The rest of the proof of Theorem 5.1 is similar to the end of the proof of [2, Theorem 1.1].

Lemma 5.7. For anyi=1,2,... there is an (r,i)-bounded number m; = m;(r,i) such that
vi(P) has m; generators.

Proof. We need to show that the elementary abelian p-group W = ~;(P)/®(y;(P)) has
(r,4)-bounded rank. We have |l ({))| < |[W, ¢]| < p" by hypothesis. In the quotient G =
G /®(;(P)) the subgroup W is normal in G and is a @-invariant p-subgroup of [G, ¢]. By
Lemma 2.2, then W < Zo,11(O0,([G, ¢])); in particular, W < Zy,11(P). Since W = ~;(P),
it follows that the nilpotency class of P is at most i + 2r + 1. Using also a bound in terms
of r for the number of generators of P given by Proposition 5.4, we obtain that the rank
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of P is (r,i)-bounded by Lemma 1.1, and, in particular, W has (r,i)-bounded number of
generators and therefore so does ;(P). O

Lemma 5.8. There ezists a number A = \(r) depending only on r such that yoxy1(P) is
powerful.

Proof. Let s'(m) = s(1,m) if p # 2, and s'(m) = s(2,m) if p = 2 for the function s(k, m) as
in Lemma 1.2, and let {(r) be as in Lemma 2.3. Let A = §'(I(r)) and consider N = 7a541(P).
Note that N is normal in G. In order to show that N’ < NP (or N’ < N* when p = 2), we
assume that N is of exponent p (or 4) and prove that N is abelian.

Since the subgroup N is of exponent p (or 4), the rank of [IV,¢] is at most [(r) by
Lemma 2.3. Then |[N,¢]| < p*@) = p* by Lemma 1.2, whence |Ix({¢))| < p* . We
now obtain N < Z9+1(0,(|G, ¢])) by Lemma 2.2; in particular, N < Zsy1(P). Since
[v:(P), Z;(P)] = 1 for any positive integer i, we conclude that N is abelian, as required. O

We now finish the proof of the theorem. For the r-bounded number A furnished by
Lemma 5.8, let N = 79,41(P), which is a powerful p-group by that lemma. Since it is
generated by r-boundedly many elements by Lemma 5.7, it has r-bounded rank by the
well-known property of powerful p-groups (see [5, Theorem 2.9]). Since the nilpotency class
of P/N is r-bounded and P is generated by r-boundedly many elements by Proposition 5.4,
the rank of P/N is also m-bounded by Lemma 1.1. Since the rank of P is at most the sum of
the ranks of N and P/N, we obtain a bound for the rank of P in terms of r. The theorem
is proved. U

We are now ready to prove the main Theorem A.

Proof of Theorem A. Recall that A is a w-group of automorphisms of a finite m-soluble
group G such that every subset of I5(A) generates a subgroup that can be generated by r
elements. We need to show that the rank of [G, A] is r-bounded. First we perform reduction
to the case where [G, A] is soluble.

By Corollary 4.12 the generalized Fitting height of [G, A] is r-bounded, so that [G, A] has
a normal A-invariant series of r-bounded length the factors of which are either nilpotent or
semisimple. Let Ly,..., Ly) be the semisimple factors of this series, for some r-bounded
number k(r). Since each L; is a 7'-group, the commutator subgroup [L;, A] has r-bounded
rank by Theorem 3.1, and C4([L;, A]) = Ca(L;) because of coprime action. By Lemma 1.12,
the order of A/C4(L;) is r-bounded. Let

Then [G, B] is soluble, since B centralizes each L;, and therefore [G, B] also centralizes each
L; by Lemma 1.8.

The order of A/B is r-bounded, as this group embeds into the direct product of the
k(r) quotients A/C4(L;) of r-bounded order. In particular, A/B is generated by r-bounded

number of elements, say, A/B = (a1, ..., asq)) for some r-bounded number f(r). The group
A/B naturally acts on the quotient G/[G, B]. We have
f(r)

G, Al/16,B] = ][ [G/IG, Bl ai].

i=1
The rank of each of the normal subgroups [G /1G, B],ai} is r-bounded by Theorem 5.1.

Hence the rank of [G, A]/[G, B] is r-bounded. It remains to prove that the rank of [G, B] is
also m-bounded.
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Recall that [G, B] is a soluble group, and its Fitting height is r-bounded by Corollary 4.12.
Therefore we can proceed by induction on the Fitting height of [G, B]. We can take for the
base of induction the case where |G, B] = 1.

In the induction step, the rank of [G, B]/F (|G, B]) is r-bounded by the induction hypoth-
esis, and it remains to show that the rank of F'([G, B]) is r-bounded. The rank of F(|G, B])
is equal to the rank of some Sylow p-subgroup of F([G, B]). This Sylow p-subgroup of
F([G, B]) is isomorphic to a subgroup of P = O, ,([G, B])/Oy (|G, B]), so it is sufficient
to prove that the rank of P is r-bounded. Note that O, (|G, B]) is a normal B-invariant
subgroup, so we can pass to the quotient G/O, (|G, B]) and assume that O, (|G, B]) = 1,
so that P = O,([G, B]) is a normal p-subgroup of G. Note that P contains its centralizer
in [G, B] due to our assumption Oy (|G, B]) = 1. The subgroup [P, B] has r-bounded rank
by Theorem 2.1. Hence the group B/Cg(|P, B]) has r-bounded rank by Lemma 1.11. Note
also that Cg([P, B])/Cp(P) is a p-group, since any p’-element centralizing both [P, B] and
P/[P, B] must centralize P due to coprime action.

The subgroup [G, Cp(P)] centralizes P by Lemma 1.8 and therefore [G, Cp(P)] < P, so
that [G,Cp(P)] < Z(P). In particular, [G,Cg(P)] is abelian and therefore has rank at
most 7 being r-generated by hypothesis. Note that [G,Cg(P)] is a normal B-invariant sub-
group. Hence it is sufficient to prove that [G, B] has r-bounded rank for G' = G/[G, C(P)].
Since [G,Cp(P)] = 1, the action of B on G factors through to the natural action of
B/Cg(P). Since Cp([P, B])/Cp(P) is a p-group, the rank of [G, Cy([P, B])] is r-bounded
by Theorem 4.6. Note that [G,Cp([P, B])] is a normal B-invariant subgroup. Hence it
is sufficient to prove that [G, B] has r-bounded rank for G = G/[G,Cg([P, B])]. Since
[G,Cx([P, B])] = 1, the action of B on G factors through to the natural action of B/Cy([P, B]).
Since B/Cg([P, B]) has r-bounded rank, it is in particular generated by r-boundedly many

elements, say, by, ..., bs(). Each of the subgroups G, b;] has r-bounded rank by Theorem 5.1.

Since
N i)
G, B = []1G. b,

i=1
the rank of [é,B] is r-bounded. This completes the proof of the induction step. The
theorem is proved. U
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