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This study investigated the nonlinear dynamics of a Spiral Bevel Gear (SBG) system used in helicopter trans-
missions. Two approaches were employed to determine the Mesh Stiffness (MS): the average slope method
(average-MS) and a hybrid analytical-computational method (adaptive-MS), which accounts for Hertzian contact
nonlinearity. The dynamic mesh force was computed using polynomial interpolation techniques and loaded
tooth contact analysis. The accuracy of the adaptive-MS approach was validated through comparison with a
verified nonlinear finite element method (Nonlinear-FEM) simulation, demonstrating strong agreement. The
GearDyns-SBG program was used to solve the system’s dynamic model under varying working conditions.
Backward and forward simulations were conducted to track stable branches, providing insights into the system’s
behavior. The study evaluated the dynamic responses based on both mesh stiffness approaches using tools such
as FFT spectrum, amplitude-frequency analysis, nonlinear time series analysis, Poincaré maps, phase diagrams,
and recurrence plots. The results revealed complex behaviors, including tooth separation, backside contact,
boundary crises, and period-doubling cascades. Additionally, the largest Lyapunov exponent and fractal
dimension were used to characterize the dynamics and 3D bifurcation analysis captured transitions between
regular and chaotic regimes. The periodicity characteristics of the system were evaluated by recurrence quan-
tification analyses. These findings enhance the understanding of nonlinear gear dynamics of SBG and provide
reliable methods for predicting and analyzing their behavior.

Hertzian contact stress

Nonlinear times series analyses
Chaos analyses

Recurrence quantification analyses

1. Introduction

Gear transmission power systems embrace a diverse range of engi-
neering applications, including aerospace, industrial machinery, and
transportation systems. In specific scenarios, such as the interior of he-
licopter cabins, noise reduction becomes a critical consideration. Within
these contexts, the gears in transmission system often emerge as primary
noise sources. Flight tests have revealed that planetary gear trains and
spiral bevel gear sets (SBG-sets) are significant contributors to trans-
mission vibration [1]. Furthermore, reliability is a crucial aspect in the
design of these applications, which are influenced by system vibrations.
Consequently, a thorough analysis of the gear dynamics is essential for
accurately predicting system behavior and mitigating negative effects of
vibrations on durability.

Although gear vibrations and dynamics have been extensively
studied in recent years, reliable nonlinear models are not so common
and commercial software are still far from acceptable performances.
Conventional methods often rely on simplifications, such as ignoring the

effects of Hertzian stress and thus neglecting the nonlinearity of mesh
stiffness (MS) due to applied torque [2]. Typically, MS is treated as a
time-varying parameter, expressed through Fourier series [3-7] or si-
nusoidal functions [8-10]. In 2013, Eritenel and Parker [11] introduced
a model incorporating a force-deflection curve to account for partial
contact loss. Partial contact loss occurs when segments of the contact
line lose contact, while others remain engaged. This model utilized a
lumped-parameter approach with a single degree of freedom (SDOF).
The MS decreases as partial contact is lost due to reductions in profile
and face contact ratios caused by the vibration; however, contact is
sustained. During partial contact loss, nominal contact lines may
disconnect even though the gear teeth remain engaged. This phenome-
non is particularly evident in systems with tooth profile and lead mod-
ifications. Quadratic and cubic nonlinearities effectively represent the
nonlinearity arising from partial contact loss in modified gears, signifi-
cantly influencing the nonlinear response. Cooley et al. [12] compared
two methodologies for MS calculation: the local slope approach (which
considers the nonlinear MS affected by Hertzian stress) and the average
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slope method (a conventional approach). They demonstrated that the
average slope method is suitable for static analyses, whereas the local
slope method is more appropriate for dynamic analyses of gears
vibrating around a nominal static deflection. Their findings indicated
that the local slope approach predicts higher stiffness values than the
average slope approach throughout the mesh cycle. In 2019, Dai et al.
[2]. developed a model to evaluate the dynamic response of an
SBG-system by employing a force-deflection curve to predict dynamic
mesh forces (DMF). They applied both the average slope approach and
the local slope approach to determine MS and DMF. Additionally, they
interpolated the dynamic mesh force from the force-deflection curve
using the LS-SVMlab toolbox [13], applying the same interpolation
function for forward and backside contacts. Their study concluded that
the local tangent mesh stiffness approach is preferable for analyzing gear
vibrations around nominal static deformations, as it better captures the
relationship between dynamic mesh force and nominal static mesh
force.

The comprehension of system dynamics relies on observation, mea-
surement, analysis, and, where possible, prediction of behaviors
observable in nature. Linear or near-linear systems exhibit regularity
and operate under stable conditions, making them accessible to tradi-
tional technical investigations. However, many systems exhibit com-
plexities that are inherently nonlinear and sometimes unpredictable.
Thus, specialized tools are necessary to evaluate and predict their dy-
namic responses. These tools include spectral kurtosis [14], recurrence
plots (RPs) and recurrence quantification analysis (RQA) [15], bifurca-
tion analyses, nonlinear time series analyses, spectrum analyses [16,17].
The data analysis tools like bifurcation diagrams, Poincaré maps, phase
portraits and spectra, find applications also in experimental data coming
from different mechanical systems, see Refs. [18,19]. Recurrence plots
(RPs) visualize the behavior of trajectories in phase space. The recur-
rence quantification analysis (RQA) then quantifies structures found in
RPs to yield objective measures of such patterns [20] and are widely
applied in different fields, e.g., climatological data [21], radiocarbon
data [22], systems with white noise [23]. In this study, we apply such
data analysis tools to understand the dynamic properties of a helicopter
transmission system [17]. The aforementioned advanced techniques are
accompanied by traditional spectra analyses; indeed, for systems
exhibiting regular responses, the spectrum shows a series of peaks at
discrete frequencies, i.e., excitation frequencies; the spectrum reveals
the dynamic characteristics of non-periodic motion, e.g., amplitude
modulation, frequency modulation, phase modulation, and pulse width
modulation; in such cases one deserves sidebands with different spacing
[16,24]. When dealing with complex nonlinear dynamical systems,
further data analysis techniques could be used to analyze the system’s
response and reveal intimate nature. Nonlinear time series analysis is
particularly useful in this regard, providing parameters such as fractal
dimension [16,25] and largest Lyapunov exponent (LLE) [16,26], which
aid in identifying system attractors and understanding the system’s
behavior more comprehensively.

In the present study, we investigate a real SBG-pair considered in a
helicopter power transmission to investigate the performances of two
methods for obtaining mesh stiffness: the average slope approach
(average-MS) and a hybrid analytical-computational approach (adap-
tive-MS), which accounts for nonlinearity due to Hertzian contact stress.
For the latter one, the DMF is computed using a combination of poly-
nomial interpolation techniques and loaded tooth contact analyses. The
accuracy of the adaptive-MS is assessed by comparing its results with
those from a verified Nonlinear-FEM simulation. The dynamical system
considered is non-smooth and non-autonomous due to the presence of
backlash, nonlinear, time-varying mesh stiffness and torque. We analyze
and compare the dynamic responses of two systems, each one using the
aforementioned mesh stiffness methods, to understand differences and
inaccuracies. Different tools are considered to analyze the dynamics:
nonlinear time series analysis for evaluating the largest Lyapunov
exponent and fractal dimension, 2D and 3D bifurcation diagrams,
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amplitude-frequency analyses, Poincaré maps, phase diagrams, recur-
rence plots, recurrence quantification analysis, and spectrum analysis.
In the final part of this study, we investigate the system response under
low torque levels.

2. Mesh stiffness analysis

Fig. 1 depicts a schematic of a spiral bevel gear system, illustrating
the power transmission between two perpendicular axes. The analysis
employs a purely torsional dynamic model, where all translational de-
grees of freedom (DOFs) are restricted, allowing both the gear and the
pinion to rotate exclusively around their respective axes.

Mesh stiffness (MS) is a key parameter when it comes to dynamics of
a transmission system. Indeed, to analyze the dynamic behavior of the
system using analytical lamped parameter models, it is essential to
obtain MS in advance. Loaded static transmission error (LSTE) is the
parameter which used to define MS as [27]:

T[ 1
n {LSTE— e} )

Where, T/rb is the force felt by mated teeth of the pinion and the gear,

and (LSTE —e) is the elastic deflection of the tooth under the applied
force. It is important to note that such a force is not always the input
force, although many studies have been conducted based on this
assumption. Initially, the force applied to the mated teeth equals the
input force; however, after that, the two mated teeth experience the
DMF which is influenced by inertial forces. When solving the governing
equations, DMF varies at each time step due to vibrations, or more
precisely, to the dynamic transmission error (DTE) fluctuation. Another
key point is that the relationship between force and deflection is
nonlinear because of the Hertzian contact stress. In traditional dynamic
models, the nonlinearity due to Hertzian contact stress is often ignored,
and a linear function is used. Additionally, the applied force is assumed
to be equal to the input force.

Figs. 2 and 3 illustrate the torque-torsional deflection curve for for-
ward and reverse directions of motion, respectively. In these figures,
torque is applied to the gear, and the mean value of torsional deflection
is considered for representing the results. To obtain these results, more
than 830 semi-static simulations were performed using a nonlinear finite
element software, Transmission3D-Calyx®; a MATLAB code was written
to run the software, extract the results, update the input torque, and
repeat the procedure. By comparing Figs. 2 and 3, it can be concluded
that the effect of nonlinearity is dependent on the geometry of the gear
pair. Another point worth mentioning is that, in the case considered,
nonlinearity significantly influences the system’s dynamics when the
dynamic mesh torque (DMT) is in the range of 0-1000 Nem. In the initial
region of the curve, the behavior is primarily governed by Hertzian
elasticity, resulting in a markedly nonlinear response. This nonlinearity

Z A

Fig. 1. The dynamic model of the gear system with torsional-DOF.
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Fig. 2. Torque (on the gear) vs mean torsional deflection extracted from semi-
static simulations in the forward direction of motion.
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Fig. 3. Torque (on the gear) vs mean torsional deflection extracted from semi-
static simulations in the reverse direction of motion.

diminishes in the later stages as elastic contributions become more
prominent. Near the origin, the local stiffness is relatively lower,
emphasizing the impact of Hertzian effects. Additionally, the nonsym-
metric geometry of spiral bevel gears introduces a significant disparity
between forward and backward stiffness, highlighting the complexity of
the gear’s mechanical response under varying load directions.

2.1. Mesh stiffness calculation in terms of DMT dependency: novel
approach

Different studies have been conducted to determine models for MS
calculation, such as the average slope approach and the local slope
approach [12,28,29]. In this study, an adaptive approach is proposed to
obtain accurate MS at each time step. The proposed model is based on
semi-static simulations conducted using a nonlinear FEM, Trans-
mission3D-Calyx®, then the results are interpolated through polynomial
regression. The nonlinear FEM analysis was validated, in Refs. [16,17].
A polynomial function with degree n = 9 is utilized for interpolating the
cloud of numerical data. The first step for MS calculation is to obtain the
torsional elastic deflections in order to calculate it at a specific time, a
semi-static simulation is carried out, where the inner diameter of the
gear is considered fixed, and torque is applied to the pinion. Over time,
the teeth of the pinion and the gear come into and leave contact,
resulting in changes in the position of the mated teeth; consequently, the
static simulation must be repeated at different time steps.

In this study, we consider 21 timesteps during which two teeth come
into contact and then separate, moreover the contact point continuously
changes during the gear rotation; see e.g. Fig. 4 where step No. 1 is the
initial contact between two teeth and step No. 21 indicates when the
contact between the teeth is lost. For the intermediate steps the contact
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Fig. 4. Mated two teeth of the pinion and the gear with the time-
step schematics.

force changes position and stresses the tooth with different bending
moments, so the overall deflection continuously varies. Results of semi-
static simulations are shown in Figs. 6 and 7 which depict the torsional
deflection of the gear pair under different ranges of applied torque on
the gear during forward and reverse directions of motion, respectively.
In order to develop a dynamical model, it is necessary to have the
torsional deflection as a continues function of time; therefore, a poly-
nomial function with degree n =9 is employed to fit on the results
extracted from FEA at each 21-timesteps.

Fx) =ar*x® + ax*x® + as*x;” + as*x® + as*x;° + ag*x;* + a;*x;° @

+ ag*x% + ao*x; + aro

Eq. (2) represents the fitted curve at i-step, where x; is the dynamic
mesh torque. This point has to be considered that steps 1 and 21 provide
us with the same results. For the first 8 timesteps, the fitted curve and the
numerical FEA results are shown in Figs. 6 and 7 for the forward and the
reverse direction of motions respectively. Table 8 and Tables 9 and in
Appendix C, present the polynomial coefficients for 21 timesteps during
forward and reverse direction of motions respectively. For the forward
motion, Fig. 6, the nonlinearity takes place next to the origin due to the
Hertzian deflection; while, in the straight part of the curve (linear zone)
is not greatly affected by the position, i.e., the deflection of STE is
smaller for medium-high loads. The nonlinear zone varies with the po-
sition, giving rise to a fluctuation of the nonlinear part of the stiffness.
On the other hand, for the reverse direction of motion, i.e., Fig. 7, the
torque-deflection curve is almost linear and experiences a linear
fluctuation.

To calculate the MS of the system besides the LSTE, the geometric
transmission system (GTE) is required to obtain from unloaded tooth
contact analysis (UTCA), see Fig. 5. To conduct the UTCA, a negligible
eligible torque (0.001 N - m) is applied on the gear.

By obtaining LTSE and GTE, Eq. (1) is used to calculate the mesh
stiffness of the system as the function of both time and displacement, this
allows to update the mesh stiffness based on the DMT and time and then
solve the governing equation of motion.

2.2. Validation of adaptive mesh stiffness interpolating function

To assess how much is accurate the interpolation, we examined the
torsional deflection when 537 N-m of torque was applied to the gear in
the forward direction. Fig. 8 shows the torsional deflection of the SBG
obtained by FEA (red line) vs. the interpolating function represented by
the blue line. A small discrepancy between the two scenarios is observed
at time step number 8, with a difference of 2.4 %. Considering the
average torsional deflection values for both methods, the overall dif-
ference between the two curves reduces to 1.7 %. Thus, we can conclude
that the interpolation offers remarkable accuracy, making it suitable for
mesh stiffness calculation during dynamic simulations where updates to
the mesh stiffness must be a continues function of time and
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b) reverse motion
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Fig. 5. Rigid body transmission error (the gear rotation) - UTCA: torque 0.001 N - m:
a) forward motion, b) reverse motion; === Fitted curve, @ FEM results.
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Fig. 6. Force-deflection function obtained by finite element analysis of the SBG with increasing applied torque in forward motion.

displacement.

It is essential to highlight that the FEA results have been validated
with experimental data and FEM in a previous study conducted by
Molaie et al. [17]. Fig. 9 provides a comparison between experimental
results [30] and the FEM results [31]: the red line represents the root
stress for the pinion tooth derived from experimental data [30] while the
black line represents the root stress extracted from the finite element
simulation [17]. The comparison demonstrates excellent agreement
between the two. For reference, the numerical simulation is done by
Bibel et al. [31]: who conducted a nonlinear FEM analysis using MSC
Marc to simulate the gear pair defined in Appendix A. Their simulation
focused on a model with three pinion teeth and four gear teeth, with the
pinion fixed in place and the gear restricted to rotation around its axis
[31].

2.3. Proposed approach for mesh stiffness calculation in terms of time
dependency

When addressing the changes in mesh stiffness over time at a specific
dynamic mesh torque, it necessitates a periodic function to express its
variation as time progresses. One commonly employed function to
represent the MS of the system is the Fourier series, which incorporates
the mesh frequency, @, = 22N,n, where n is the input shaft speed and
N, is the number of pinion teeth; the equivalent meshing stiffness is
given by:

S S
Kn(t)=ko+ Y _ @ cos(jont) + Y b; sin(jomt) (3)
j=1 j=1
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Fig. 7. Force-deflection function obtained by finite element analysis of the SBG with increasing applied torque in reverse motion.
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Where, s is the number of harmonics of Fourier series and obtains by s =

(N1 — 1)/2. N; is the number of time steps that is used to provide the
torsional deflection started from one tooth comes to contact and leave
the contact.

3. Dynamics analysis

In this study, an SDOF system is used to analyze the effect of
nonlinear mesh stiffness on the dynamic behavior of the gear system-
—an aspect often neglected in conventional gear transmission analyses
due to the significant complexity it introduces into the system’s dy-
namics. Additionally, considering the effects of other components, such
as lateral vibrations from bearing characteristics, led to results that,

[T —

10 11 12 13 14 15 16 17 18 19 20 21
time steps

when combined with the current findings, produced complex and
difficult-to-interpret outcomes. The following assumptions are made:
the contact is assumed to be dry and frictionless, thermal effects are
neglected, multimesh systems are not considered, and lateral vibrations
arising from bearings and shafts are disregarded. The governing equa-
tions of motion are derived for the system with single degree of freedom,
shown in Fig. 10.

The dynamic equations of motion in “¢” and “¢” direction for the
gear (6,) and pinion ((pp) are:

D= —r,F, — T )

B, =1yF, + T ©)
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Fig. 9. Maximum principal stress on the root of the tooth respect to pinion for a) the heel root, b) the middle root, c) the toe root, and d) tooth force
— FEM (Transmission3D-Calyx) simulation [16], — Experimental results [27], « FEM (MSC Marc) [28].

Pp

7
K m

Fig. 10. Torsional dynamic model of the gear system with SDOF.

Local imperfection between mating teeth may arise due to mounting
issues, manufacturing errors (Fig. 12), or intentional modifications to
the teeth profile. This phenomenon is referred to as geometric trans-
mission error (GTE), see Fig. 11. In this study, GTE is calculated using a
UTCA for both forward and reverse motions, denoted as e”(t) and e(t)

a) Forward motion

— 05
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respectively:(see Fig. 13)

e(t)y=el +ieajF cos(jont) +

j=1

S
Z eajF sin(jont) forward motion
=1

S S
et =€+ Z e’ cos(jwmt) + Z ea’ sin(jwnt) reversemotion
j=1 j=1

©

The linear dynamic transmission error (DTE), A, along the line of
action is defined as:

A= (rpw, —Telg)a )]
where, a = cosa x cos f, f§ is the spiral angle and « is the normal
pressure angle.

The dynamic load of pinion and its component along the line of ac-
tion is F, and along the z- axis is F, which are defined as:

b} Reverse motion
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Fig. 11. Geometric transmission error on the line of action [17]: a) forward motion, b) reverse motion; === Fitted curve by Fourier series, @ FEM results.



M. Molaie et al.

Pimen

Detaled of the

/ real profila

Imvolute tooth profile

N\

efti=i

Line action

Gear
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] A—b—e, A—e>b
F,=—F,a; F,=Cp(A—€)+Knf(1—e); f(A—e)={ 0, —b<i—e<b
A+b—e, A—e<-b

®

In (8) the nominal force is given by a linear and an elastic nonlinear
term, where:

Ki, A—e>b
Kn(t) = 9
KX i-e<-b

The backlash function, denoted as f(4 — e), is a piecewise linear
function described in Eq. (9). When this function is multiplied by the
stiffness, it produces the elastic restoring force [32]. If the value of 1— e
lies within the range —b to + b, it indicates a loss of contact between the
teeth, which is an undesirable situation [33,34]. Ideally, when A — e > b,
the gear teeth are in forward contact, which is the desired scenario, and
the stiffness, K%, is determined from static nonlinear finite element
analysis (FEA) during this forward motion. However, if 1 — e < — b, the
teeth experience unwanted backside contact, leading to a double-sided
impact, where the stiffness, K%, is derived from static simulations dur-
ing reverse motion [33]. Experimental findings in Ref. [35] suggest that
tooth separation is likely, indicating the importance of considering gear
backlash non-linearity in dynamic models. Additionally, these findings
highlight that fluctuations in mesh stiffness are a major source of exci-
tation within the gear system and must be included in the governing
equations to accurately model the gear dynamics.

In order to normalize the governing equation, the following param-
eters are introduced.
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T=wnt 1= (Fop, —Tyby) a3 0= 0=w,0

= rP/b Ty = rg/b
- 1 (T, B
Ty = bmegw? (rp—as) Oy = ,/Ko/meq an

2 2\ 1
G Mg = <(rp‘l)+(rga)> 12)

" 2mum, I B

. g : 10
b= §=owng

Consequently, Egs. (4) and (5) can be rewritten as follows [3,5]:

1+ K f(A—€) +28 =T, a3
where,
B r—€—-1, A—e>1
fr-e=1o0, “1<i-e<1 (14)
I—-e+1, rA-e<-1
e ~_ ~ b
Ka.(t)=1+ 1:21 Meq? cos (jomt) + 1:21 Tegr? sin (jomt) (15)

3.1. Mesh stiffness, Kp

One of the main goals of this study is to reveal the effect of Hertzian
stress on dynamics of the system so that a comparison is carried out
between a case with average time varying MS and adaptive MS. For this
reason, here in this section two different functions are represented to
define the MS of the SBG-system.

a) a periodic function over time, see Eq. (17): Kn(t), expressed by Eq.
(3), stiffness is only time dependent

b) a periodic function over time that is updated at each step of time
based also on the new DMT, indeed the K,, is time and deflection
dependent, see Eq. (18): K, (DMT,t), where:

DMT =F,-r 16)

Ki(t), A—e>D
Kn(t) = a7
KE(t), A—e<-b

Kf (DMT,t), A—e>b
K (DMT, t) = (18)
KX (DMT,t), A1—e<-b

The procedure of average MS consideration is well explained in
many papers, see Refs. [7,16,17] (see Fig. 14). To clarify the adaptive

tooth separation

| b
7 *
backside contact A

C!‘ﬂ

Vi
Vi

i
K

Fig. 13. Equivalent gear model and backlash function.
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MS consideration, an algorithm is presented in Fig. 15.
4. Numerical results

The governing equation, Eq. (13), is a non-smooth and non-
autonomous dynamical system where the system is excited para-
metrically in addition to the external torque (transmitted power). A
program, GearDyns-SBG, is designed by FORTRAN language to solve
numerically the equation based on an implicit fifth order Runge-Kutta
scheme (RADAU). GearDyns-SBG has the ability to carry out chaos
and bifurcation analyses to delve into the dynamic behavior of the SBG-
system. The used algorithm in the program is extremely stable and ac-
curate, see e.g. Refs. [3,5-7,16,17,32].

GearDyns-SBG calculates the time responses by direct simulation to
construct the amplitude—frequency diagram and the bifurcation diagram
of Poincaré maps, obtained by varying the excitation frequency, i.e., the
pinion rotation speed. From a theoretical standpoint, different solutions
to the governing equation can exist; however, some solutions are prac-
tically infeasible and cannot be physically achieved. The transitions
occurring near the jumps are not recorded. Therefore, the simulation is
conducted based on two different concepts: a) backward simulation,
where the rotation speed starts from the highest to the lowest value
(from high to low excitation frequency), and b) forward simulation,
from low to high speed or excitation frequency. The backward simula-
tion completes the analysis, allowing the tracking of all stable branches,
particularly the softening branches, which are almost completely fol-
lowed. During each simulation, the transient phase is separated from the
“steady-state” for each frequency; the first 1000 periods are considered
transient, and beyond that, the influence of frequency variation is
assumed to be expired. GearDyns-SBG provides various diagrams such as
2D/3D Poincaré maps, 2D/3D phase portraits, time-history plots, 2D/3D
bifurcation diagrams, and FFT spectra. Each Poincaré map is obtained
by sampling the time histories with the same period as the meshing
frequency. All necessary data for dynamic simulation and SBG proper-
ties are given in Appendix.

4.1. Nominal working condition

Analyzing the amplitude-frequency diagram is mainly the first step
of investigating the dynamic response of the system. As shown in Fig. 16-
a, to represent the amplitude-frequency diagram, the root-mean-square
(rms) of the nondimensional dynamic transmission error (1) is used over
nondimensional excitation frequency (@, /wn) with the range of [0.1,
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3.5], and T, = 179 N-m. To find out the reason of some phenomena,
which appear on the amplitude-frequency diagram, it is recommended
to use the bifurcation diagram besides to the amplitude-frequency dia-
gram, see Fig. 16-b and Fig. 16-c. To represent better the dynamic
behavior of the system, the extracted results are represented by different
color:

e s Red dots represent the dynamic response of the system asso-
ciated with average MS approach. simulations are carried out for
both increasing and decreasing the excitation frequency (forward
and backward simulations).

e s Black dots represent the dynamic response of the system
associated with adaptive MS approach. Simulations are carried out
while the excitation frequency is decreasing; backward simulation:
the rotation speed starts from the highest value to the lowest
value.

e s Blue dots represent the dynamic response of the system asso-
ciated with adaptive MS approach. Simulations are carried out
while the excitation frequency is increasing; forward simulation:
the rotation speed starts from the lowest value to the highest
value.

There are some remarkable differences between average MS and
adaptive MS. First of all, an undesirable backside contact appears in the
dynamic response of the system where the average MS is used. Indeed,
the small portion of a hardening branch is caught, due to very high vi-
bration amplitudes when the backside contact takes place; the hard-
ening branch takes place from £ = 0.463 to ¢ = 0.495. While in the
system associated with the adaptive MS, there is not any trace of
backside contact. The backside contact phenomenon might cause a
rattling noise in the system. Clearances are inevitably required between
the idle surfaces of engaging gear teeth in toothed connections to
accommodate thermal expansion and manufacturing tolerances. When
gears are lightly loaded with strongly oscillating torque and/or rotate at
low speeds, there is a high possibility of meshing teeth separation or
backside contact. This separation results in vibratory impacts between
the teeth surfaces. The vibratory energy excitation within the working
clearance generates annoying rattle noise [36]. Tooth separation ap-
pears as a softening branch while the double side impact or backside
contact can be recognized by a hardening behavior in the dynamic re-
sponses of the system.

In general, there are three different resonances in a system: principal
resonances of the higher super-harmonics of the time-varying stiffness

z

b) Adaptive M5

flA—ex
a) Average MS &
, b =
tooth separation
A—b—e, A—e>h
fA—e) =10, —b=d—e<h
A+b—e A—e<-b

Fig. 14. Adaptive and average mesh stiffness representation.
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Carried out static simulation with Calyx for different torque.

!

Dbtain the polynomial coefficients to have Eqg. 2.

!

Give the dynamic mesh torgue to the Eqg. 2.

l

Receiving the torsional deflection from Eq. 2 at 21 different time steps.

]

Calculating the mesh stiffness based on the received torsional deflection.

:

Fit a curve on the calculated mesh stiffness by means of Fast
Fourier Transform (FFT) algorithm.

}

Solving the governing equation and updating the dynamic mesh torque based on Eqg. (16).

Fig. 15. The algorithm of adaptive mesh stiffness consideration.

b) Bifurcation diagram — Forward simulation
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Fig. 16. Nonlinear dynamics of SBG for two different cases under nominal working condition; 1) adaptive MS, 2) average MS:
» Average MS approach obtained from forward and backward simulations, s Adaptive MS for backward simulation, » Adaptive MS for forward simulation.
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presented at %

n

= 1,1 1 primary resonance due to the fundamental ~ to the dynamic behavior of the system where it experiences a sub-

. . i On
harmonic %2 = 1, and parametric resonance due to a strong sub- harmonic resonance at ¢ ~ 2. The system related to the average MS
n

harmonic character presented at 2= = 2. At each of these excitation approach shows a clear sharp jump, while the system employed the
i adaptive MS approach represents a smooth behavior. This behavior
could be observed not only on amplitude-frequency diagram, Fig. 16-a,
but also bifurcation diagram, Fig. 16-b and Fig. 16-c. Next point, that is
interesting to mention, is the excitation frequency where two systems,
developed by average and adaptive MS approaches, experienced the
jumping phenomena. Indeed, there is a shift at excitation frequencies

frequencies, it is supposed to have Resonance jump. The resonance
branches show a softening character. Such softening behaviors are due
to the loosing of contact that takes place when the inertia forces exceed
the static contact force induced by the applied torque. A second visible
difference between the two approaches, adaptive and average MS, backs
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where a resonance occurs in the system with adaptive MS consideration.
These shifts stem from the parameter used to nondimensionalize the
excitation frequency, which is the natural frequency, w, = 19714 rad/ o

obtained from average MS approach. Based on the extracted results,
shown in Fig. 16, the system associated with the adaptive MS is stiffer
than the one associated with average MS approach.

The last interesting point regarding the dynamic results shown in
Fig. 16 is the different path observed on dynamic response of the system
associated with the adaptive MS for forward and backward simulations,
see detailed view in Fig. 16-a. The reason behind this differences backs
to the different behavior of the system observed in bifurcation diagram,
see Fig. 16-b and Fig. 16-c. Indeed, the system in forward simulation has
a 6T-periodic response, while in backward simulation has 2T-periodic
behavior, so that the amplitude-frequency diagram shows a curve with
a clear difference slope between the two types of simulation, in Fig. 16
two green arrows have been added to highlight with green rectangles the
areas where we can observe this different behavior.

4.2. Low-level torque analysis

Gear rattling noise and gear whine noise are two primary NVH issues
for automotive drivetrains such as in the transmission. The gear rattle
noises in the powertrain and the drivetrain are related to torsional vi-
brations and torque fluctuation. The whine noise, another annoying gear
noise, is excited by the transmission error at the gear mesh due to
manufacturing errors and tooth deflection under load [36]. One of the
working conditions that might cause gear whine noise in the system is
working at high speed and low-level torque. For such reasons, in this
section, we analyzed the dynamic response of the system at low level of
torque, half of nominal applied torque on the pinion. The simulation is
carried out at T, = 89.5 N-m with the range of g = [0.1 3.5].

The dynamic response of two systems (average and adaptive MS) are
substantially different when the excitation frequency is varied in the
high frequency ranges where the systems experience parametric reso-
nance and sub-harmonic response. Fig. 17 clearly shows the nonlinear
dynamic behavior of both systems under low-level torque conditions.
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The dynamic responses for all simulations, backward and forward, for
both cases of average and adaptive MS, are represented in Fig. 17-a,
while Fig. 17-b is the amplitude-frequency diagram for the average MS
approach. The green color is dedicated to the results from the backward
simulation where the average MS is considered, and the brown color is
related to the same system but forward simulation. Besides, the black
color is assigned to the adaptive MS method, backward simulation is
carried out; the blue color defines the same system for forward simu-
lation. Fig. 17-c and Fig. 17-d represent the bifurcation diagram of
Poincaré maps for both methods at a specific range of nondimensional
excitation frequency where a sub-harmonic resonance occurred in the
system. As mentioned before, analyzing these two diagrams, amplitude-
frequency and bifurcation diagrams, brings us a substantial insight into
the systemic conditions.

Regardless of forward and backward simulation, the system where
the adaptive MS is employed exhibits a chaotic behavior, while the
system where we used the average MS experiences nT-periodic re-
sponses and in the worst scenario a double side impact. By considering
the amplitude-frequency diagram, the aperiodic behavior is completely
recognizable; however, the bifurcation diagram could show us the route
to the chaos. Let’s consider the excitation frequency range of 2 =
[1.8 2.8]: the system developed by average MS experienced a jumping
phenomenon due to the sub-harmonic resonance, conversely the system
developed by adaptive MS represented a combination of softening,
hardening and chaotic behavior that requires an in-detail investigation
to comprehend better the system.

4.3. Dynamic investigation on the existence of the gear whine
phenomenon

One of the remarkable differences between two approaches, average
and adaptive MS, is the behavior of the system where the gear whine
phenomenon occurred, see Fig. 17. The results approve that the
nonlinear dynamic response of the system developed by average MS is
mainly characterized by periodic to nT-periodic responses, while for the
one based on the adaptive MS requires more investigation. To delve into
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Fig. 17. Nonlinear dynamics of SBG for two different cases under low-level torque situation; 1) adaptive MS, 2) average MS: » Average MS approach for backward
simulation, »« Average MS approach for forward simulation, « Adaptive MS for backward simulation, « Adaptive MS for forward simulation.
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the nonlinear vibration of the system where a hybrid analytical-
computational approach (adaptive MS) is used, a 3D-bifurcation anal-
ysis is conducted. In Fig. 18, depending on the nonlinear dynamic
behavior of the system, different colors are used to properly represent
the dynamic response of the SBG. The frequency range is ¢ = [1.8 2.8].

Fig. 18-a shows the bifurcation diagram obtained from the backward
simulation. By swing down the excitation frequency from g* = 2.8, at
the beginning, the system’s response reveals the existence of a stable
attractor. By becoming close to the sub-harmonic resonance, the energy
of the system increases step by step and its responses tend to more
complex behavior. By changing the excitation frequency in the range of
wn = [2.49 2.55], a 2T-periodic behavior might be observed. The more
reducing the input speed of the pinion, the more observing high level of
instability response. By going downward in terms of excitation fre-
quency, the behavior of the system becomes more complex and aperi-
odic. To recognize the type of response, further tools such as the largest
Lyapunov exponent, fractal dimension, spectra, Poincaré map, phase
portrait are required. Chaotic behavior might occur at two separated
ranges, it is identified by two different colors of red and pink in Fig. 18.
To be more accurate, at ¢ = [1.90 2.03] and £ = [2.20 2.49] the system
experiences an aperiodic behavior where a strange attractor might exist.
In the middle of these ranges, there is a zone where the response of the
system is nT-periodic; based on the amplitude-frequency diagram, see
Fig. 17-a, the system shows a hardening behavior due to backside con-
tact. It started from n = 12 and then tends into n = 4 in a non-smooth
path (i.e., jumps into 4T-Periodic response). By moving backward, the
response of the system changes from n = 4, and then n = 8, and finally n
=16.

Fig. 18-b represents the forward simulation where the excitation
frequency starts from £ = 1.8 and it is increased step by step. With
respect to the backward simulation, the system exhibits mainly a chaotic
behavior. Then by increasing enough the excitation frequency and going
far away from the parametric resonance, the response of the system
tends to a periodic behavior.

a) Bifurcation diagram — Backward simulation

& o
~ ‘lmear!

A

2.6 24 22 Wy, / ]
w‘ﬂ

Fig. 18. 3D bifurcation analyses; a) backward simulation, b) forward simulation:
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4.4. Chaotic crisis

In this section we investigate the most iconic features that come from
observing the bifurcation diagram in Fig. 19, i.e., periodic windows.
This periodic window begins with a saddle node bifurcation and ends
with an interior crisis [37]. The chaotic crisis is a class of global
bifurcation. It occurs when a chaotic attractor collides with an unstable
periodic orbit or its basin of attraction [38,39]. We can distinguish three
types of crises [40].

1) Boundary crisis: A system undergoes a boundary crisis when its
attractor collides with the basin of attraction separating it from
another coexisting attractor. After the crisis, the attractor is
destroyed and converted into a nonattracting chaotic saddle. The
trajectory then wanders in the vicinity of the saddle for some time
before asymptotically approaching the other attractor, producing
transient chaos [41,42]. A boundary crisis results in the destruction
of a chaotic attractor and occurs due to a tangency between a stable
and unstable manifold. This phenomenon happens when the chaotic
attractor becomes equal to the closure of the unstable manifold [43,
44].

2) Interior crisis: In an interior crisis, a chaotic attractor collides with
an unstable periodic orbit or limit cycle within its basin of attraction.
When this collision occurs, the attractor suddenly expands in size but
remains bounded [45]. An interior crisis occurs when an n-piece
chaotic attractor (where n = % 2, 3, ...) becomes tangent to its basin
of attraction. This happens when the attractor is equal to the closure
of the unstable manifold. This can only occur when the stable
manifold is not the boundary of the basin of attraction, resulting in
an increase in the size of the chaotic attractor [37,43].

3) Attractor merging crisis occurs when two or more attractors
simultaneously touch a periodic orbit on the basin boundary that
separates them.

Boundary and interior crises are also referred to as discontinuous
bifurcations, characterized by abrupt changes in the phase space locus of

b) Bifurcation diagram — Forward simulation
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Fig. 19. Nonlinear vibration behavior in different excitation frequency ratios for backward simulation for the system with adaptive MS approach at low-level torque.

an attractor [46-48].

To comprehend the behavior of the system, the extracted results
obtained from backward simulation is selected, see Fig. 19. Two cases at
two different excitation frequencies, i.e., (:Tn =2.09 and 2.34, are
considered to analyze the dynamics of the SBG where the system rep-
resents a complexity in terms of nonlinear vibrations. To conduct the
analysis, four different tools are employed, i.e., Poincaré map, time
history, FFT spectrum, and phase portrait. For each case the developing
the trajectory is recorded over passing the time as an animation, see
Supplementary data.

4.4.1. Chaotic attractor: Case-I with “a’)—';‘ =234

Strange attractors have a number of characteristics: a) they are
aperiodic, i.e., they never repeat; b) they exhibit sensitive dependence
on initial conditions and hence they are unpredictable in the long term;
c) they are governed by one or more control parameters; d) a small
change in which can cause the chaos to appear or disappear; and e) their
governing equations are nonlinear. More often than not, the orbit or
trajectory of a chaotic system will be drawn to a small region of state
space as time evolves, whereupon it moves in a deterministic but un-
predictable manner on a fractal object called a strange attractor, which
are the usual geometric manifestation of chaos. They were originally
called ‘strange’ because of their fractal structure. The terms ‘strange
attractor’ and ‘chaotic attractor’ are often used interchangeably, ac-
cording to whether the interest is in their geometrical or dynamical
properties, although some authors make a distinction between them
[40].

The behavior of the stranger attractor at excitation frequency

Om
@n

2.34, is summarized in Fig. 20. Poincaré maps are represented in two
different dimensions: 3D and 2D, as shown in Fig. 20-a and Fig. 20-b
respectively. The structure of a flow can often be revealed in a Poincaré
section [40]. This method reduces the dimension of the attractor by one.
The dimensions of the Poincaré section are usually independent of the
section taken, as long as it includes the attractor. The reason is that there
is a simple mapping from one section to another that preserves the

12

topology, albeit with stretching and distortion. There are infinitely many
such sections, and some are more revealing than others. The produced
map, i.e., Poincaré map, has a subset of the same dynamics as the cor-
responding flow.

The tooth separation phenomenon is defined on the Poincaré map
with yellow color, for the interval — 1 < A < 1. During the tooth sepa-

ration, the acceleration, i.e., A, became constant but not zero due to the
oil viscosity in the middle of two mated teeth. This point is clear from
Fig. 20-c and d as well, where the phase portrait is represented.

By using the time history shown in Fig. 20-e and calculating the
spectrum, it is clear the cloudy zone shown in bifurcation diagram in
Fig. 19 causes an strong irregularity in time history response of the
system. These aperiodic behaviors in the dynamic response on the sys-
tem lead to the spreading out of the energy of system over a wide range
of frequency, such spreading appear like noise.

4.4.2. Largest lyapunov exponent and correlation dimension

To analyze complex nonlinear dynamical systems, computational
techniques such as nonlinear time series analysis are used. Chaos arises
when infinitesimal disturbances are exponentially amplified, combined
with global folding mechanisms that keep solutions within certain
bounds. This exponential sensitivity is measured through the spectrum
of Lyapunov exponents [49]. In the context of chaos theory, attrac-
tors—geometric figures formed by system trajectories—are character-
ized by fractal dimensions. For attractors originating from regular
deterministic systems, such as limit cycles or tori, their fractal dimension
matches their topological dimension [25]. Before calculating the largest
Lyapunov exponent (LLE), and the correlation dimension, it is necessary
to reconstruct the phase space. A widely used technique for phase space
reconstruction from a time series is the Method of Delays, which in-
volves determining both the embedding dimension and the delay time.
This approach is common in the study of observed time series from
nonlinear systems to uncover the underlying dynamics [50]. The delay
time is typically selected as the first local minimum of the mutual in-
formation function (see Fig. 21-a), while the embedding dimension is
determined by applying a 10 % threshold [51] to the fraction of false
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a) Paincaré map - 3D

c) Phase portrait diagram over time
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) Time history diagram

d} Phase portrait diagram

) FFT spectrum diagram
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Fig. 20. Dynamic analyses for the case I with = = 2.34

neighbors (see Fig. 21-b).

Based on the previous explanation, we estimate the attractor
dimension, i.e., the correlation dimensions of the attractors, and largest
Lyapunov exponent. these two parameters are estimated by means of
two different approaches: a code written in MATLAB [15], and also the
“nonlinear time series analysis package (TISEAN-V3.0.1)” [52]. The
number of samples to carry out the time series analysis is 1762112, and
the sampling interval for this case is 16. From Fig. 21-a and Fig. 21-b, the
Amax for both approaches is illustrated.

Fig. 22-c allows for the estimation of the correlation dimension.
Considering a neighborhood radius between 9.1 x 10~* and 13 x 1072,
the slope of the correlation integral function, multiplied by the sampling
interval, provides the correlation dimension. In Fig. 22-d, the slope of
the correlation integral is plotted for six different embedding dimensions
(m = 5to 10), with data extracted using the TISEAN package. The results
from Fig. 22 are summarized in Table 1. The estimated correlation
dimension is found to be 2.8, while the calculated LLE for both methods
is positive, indicating a strong aperiodic response in the system.
Comparing the results obtained from the TISEAN package and MATLAB
code shows less than a 1 % difference in the calculated correlation
dimension, with both approaches estimating a positive LLE. This sug-
gests that the system exhibits significant irregularity in its time-histories,
with a non-integer correlation dimension of approximately 2.8, high-
lighting the fractal nature of the attractor that we can claim it is hyper
chaos.

4.4.3. Periodic windows

Referring to Fig. 19, amongst all the chaos, a stable period-n orbit
appears at g = [2.03 2.2] where the system is not chaotic. Indeed, there
are four miniature bifurcation diagrams with type of route to chaos. As
the excitation frequency decreases, the 2T-periodic solution loses its
stability, then a period-doubling bifurcation occurs at 9 = 2.55. As the
speed further decreases, the period-doubling bifurcations lead the sys-
tem to chaos. After that, chaos disappears, and period-halving bi-
furcations occur. In terms of routes to chaos: It is likely that some routes
by which a stable equilibrium becomes chaotic are yet to be identified.
Those that result from local (rather than global) bifurcations can be
categorized into three basic types: period-doubling, quasiperiodic, and
intermittent. Period doubling has been described in connection with the
logistic map, but more generally occurs in maps and flows where stable
points become unstable in a series of flip bifurcations and subharmonic
generation.

The periodic window is a period-4 one which begins with a saddle
node bifurcation at %’: = 2.20, where the structure of the chaotic
attractor destroyed into a period-12 orbit. The reason is that to the right
of the window is a that gives birth to both a stable and unstable orbit.
The stable orbit is evident in the diagram, but the unstable one remains
nearby and eventually collides with the attractor as it expands. This
orbit then repels the iterates to regions that were not previously acces-
sible. The period-12 stable periodic orbit undergoes a period-tertile bi-
furcations as the speed decreases and turns eventually into period-4
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Fig. 21. Extracting a) delay time and b) embedding dimension for the case in backward simulation at 2= = 2.34
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Table 1

Extracted data from nonlinear time series analysis for the case I at — = 2.34
n

Case study Correlation dimension Largest Lyapunov exponent Delay time Embedding dimension Total samples Sampling interval
MATLAB 2.82 +10.58 13 7 1,762,112 16
TISEAN 2.8 +0.0173

attractor. And then the periodic attractor born in a period-8 attractor.
This period-8 attractor period-doubles to a period-16 attractor, which
jumps to a chaotic attractor at 92 ~ 2.03. Indeed, the period-8 and

period-16 orbits are born at { ~ 2.1, and 2.05 respectrively.

The Feigenbaum number arises as an eigenvalue of an operator, and
hence it is sometimes whimsically called a ‘Feigen value’, i.e., ‘fig tree’
in German [53-55]. Some authors, e.g., Strogatz [56], call such a plot an
‘orbit diagram’. A remarkable property of the constant Feigenbaum
number is its universality, having the same value for all unimodal maps
with a quadratic maximum. After initial transients have died away the
Feigenbaum constant converges to 4.66920 [57], note also that there
is no practical use for such precision. In Fig. 23, we highlighted the
backward simulation at which the first bifurcation occurred at ¢ =

—l Border of chaotic behavior

Period-4 window

225

2.1025, the second one at Z_:' = 2.0475, and third at ‘;’J—': = 2.036, then
after calculation, the Feigenbaum constant is estimated to be 4.74.

4.4.4. Period-doubling cascade: Case-II with “a’,—"': =2.09

Period doubling can be analyzed across three distinct levels of
complexity. The first level involves an individual period-doubling
bifurcation. At the second level, we observe an infinite sequence of
period doublings, which are interconnected by periodic orbits, forming a
structure known as a cascade. This phenomenon, initially described by
Myrberg [58] and later elaborated upon by Feigenbaum [54], illustrates
the intricate patterns within dynamical systems. The third level deals
with an infinite number of cascades and a specific parameter value, p
(controlling parameter), which marks the onset of chaos. At this
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Fig. 23. Representing the periodic window.
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parameter value, almost all “regular” periodic orbits (except for a finite
number) are connected to a single cascade via regular periodic orbits.
Additionally, most cascades are either paired, meaning they are linked
to exactly one other cascade, or solitary, meaning they are associated
with only one regular periodic orbit at p. These solitary cascades are
notably robust to substantial perturbations [59].

In the range of ¢ = [2.03 2.2] in Fig. 23, where we have a period-
doubling cascade resulting in chaos, Let’s investigate the dynamic
behavior of a case in this range, i.e., case-II with “a’,—j“ = 2.09, where the
system experienced a 8T-periodic behavior, see Fig. 24. There are some
moments that tooth separation occurred in the system, shown with blue
box in Fig. 24-d. Poincaré map presents 8 dots which represented an 8T-
Periodic dynamic responses; this point is clear from the FFT spectrum
diagram where we have at one unite normalized frequency.

4.5. Dynamic mesh torque and spectral analyses

The repetitive dynamic load provides a condition to arise fatigue
failure in the tooth root, pitting and scoring on the teeth surface.
Therefore, dynamic mesh force is a key parameter when it comes to gear
manufacturing. Due to variation of pitch radius of the SBG-tooth from
heel to toe, we introduce the concept of dynamic mesh torque (DMT)
directly related to the dynamic mesh force. The DMT is evaluated by the
following definition [7,27].

DMTyinion = Tp[Cn(2 — €) + Kinf (A — €)] 19

Fig. 25-a represents the DMT for the case at nondimensional exci-
tation frequency 2z = 2.09. This frequency is close to the parametric

wn
resonance region. In some segments of period, DMT values vanish, i.e.,
loss of contact, and in some segments of period, DMT values are reversed
due to backside contact. This behavior is completely expected from
amplitude-frequency diagram where rightward-leaning resonant
response indicated hardening nonlinearity due to combination of
backside contact and tooth separation phenomena.

Another insightful investigation is the analysis of the spectrum which
reveals a series of peaks at discrete frequencies, signifying the presence
of a periodic behavior with minor fluctuations over time. The strength of
this periodic behavior is crucial; pronounced and distinct peaks multiple
of the meshing frequency denote a robust periodicity within the system.

a) Time history diagram

¢} Poincaré map
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Conversely, if the periodic behavior is weaker and less prominent, the
spectrum will lack distinct peaks, resembling a continuous band with
some degree of variability or sidebands in the case of quasi-periodicity.
This suggests a more intricate dynamic. Notably, during spectrum ex-
amination, constant frequency shifts, denoted as f,, may be observed,
representing beat frequencies of a quasi-periodic motion. Consequently,
th approximate period of the torus cycle can be estimated as:
Ttorus ~ 21/p,. The distribution of the remaining incommensurate fre-
quency peaks in the spectrum is governed by the following formula [24]:

Qn = QO + n'ﬁg (20)
Where 2, is known also as the second disproportionate frequency, and n is
the number of tori frequency; nD-torus or n-frequency quasiperiodic
solution. Besides, the third disproportionate frequency can be described
as:

Qn.m = Qn + m'/jl (21)

Where, n and m are the number of frequency peaks. By considering
spectrum, Fig. 25-b, and time history diagram, Fig. 25-c, for the case II,

“a’)—: = 2.09, we can calculate the Tiorys and constant frequency shifts as
follows:
_ rad
p1=0.25 x (2.09 x 17957) = 9382.ST
_ rad
f2 =0.125 x (2.09 x 17957) = 4691.2T
(22)
2 2
T, ~—=————=0.00067.
1~ 5 T 93825 ¥
2 2r
Ty ~—=-———=0.00134
2~ B, 46912 s

4.6. Recurrence plot and its quantification

Henri Poincaré (1890) [60] and William Feller (1950) [61] intro-
duced the formal concept of recurrences in their groundbreaking work.
Indeed, Poincaré’s recurrence theorem states that a conservative system
will eventually return to a state arbitrarily close to its initial condition.
Fascinatingly, this theory echoes Friedrich Nietzsche’s philosophical
concept of eternal recurrence, where he suggests that all events in life

e} Phase portrait diagram over time
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Fig. 24. Dynamic analyses for the case II with £ = 2.09
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a) dynamic mesh torque (DMT) diagram
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Fig. 25. Periodic analyses for the case IT with {» = 2.09

perpetually repeat in an infinite cycle. Later, in 1987, Eckmann et al.
[20] introduced recurrence plots (RPs) to visually represent the re-
currences in dynamical systems. RPs relies on analyzing phase space
trajectories. Recurrence, a fundamental attribute of dynamical systems,
can be utilized to describe the system’s behavior within phase space [62,
63].

Recurrences can be detected in all systems, but the patterns in the
plots vary significantly. Periodic motion appears as long, uninterrupted
diagonal lines, with the vertical distance between these lines indicating
the oscillation period. Conversely, the RP of an uncorrelated stochastic
signal consists of numerous isolated black points, resulting in a rather
erratic distribution. Originally, RPs were designed to visualize trajec-
tories in phase space. They provide valuable insights into the time
evolution of these trajectories, as specific patterns in RPs correspond to

16

distinct system behaviors. For instance, periodic and quasi-periodic
systems exhibit RPs with diagonal, periodic, or quasi-periodic recur-
rent structures, such as diagonal lines or checkerboard patterns. A di-
agonal line signifies that a segment of the trajectory runs nearly parallel
to another segment. Vertical (or horizontal) lines indicate a time interval
where the state remains constant or changes very slowly. Bowed lines,
with non-constant slopes, reflect the local time relationship between the
corresponding close trajectory segments [63,64].

4.6.1. Required parameters

The states of natural or technical systems typically change over time,
often in complex ways. A dynamical system is characterized by a phase
space, continuous or discrete time, and a time-evolution law [63]. Re-
currences occur within the phase space of these systems. To analyze
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univariate time series using RPs, we reconstruct the phase space through
delay embedding. For effective time series analysis, the embedding
parameters—dimension m and delay 7—must be chosen correctly.
Several methods have been proposed for estimating the smallest suffi-
cient embedding dimension, such as the false nearest-neighbors algo-
rithm [16,65], as well as determining an appropriate delay time 7, using
techniques like the auto-correlation function and the mutual informa-
tion function (see Refs. [16,65,66]).

Embedding: When only a scalar time series is available, the phase
space needs to be reconstructed using techniques such as delay
embedding. However, this process can introduce numerous spurious
correlations in the system under consideration, which manifest in the
RPs. In cases of high embedding, even uncorrelated time series may
exhibit distinct diagonally oriented structures in the RPs. Although di-
agonal structures are expected to be uncommon for uncorrelated data,
an increase in embedding dimension can eliminate single recurrence
points (representing uncorrelated states) and highlight diagonal struc-
tures as diagonal lines (representing correlated states). Consequently,
any quantification of RPs based on diagonal lines is affected. Therefore,
caution must be exercised when interpreting and quantifying structures
in RPs of measured systems. Inappropriately high embedding di-
mensions can lead to the appearance of spurious long diagonal lines in
the RP. To mitigate this issue, embedding parameters should be carefully
chosen, or alternative quantification measures independent of embed-
ding dimensions should be employed. The presence of spurious corre-
lations in RPs due to embedding can also be rationalized by noting that
an RP computed with any embedding dimension can be derived from an
RP computed without embedding (m = 1) [63,67,68].

Threshold e: The threshold ¢ is a crucial parameter in generating
recurrence plots (RPs), thus necessitating careful consideration in its
selection. If ¢ is chosen too small, the resulting plot may contain few
recurrence points, providing limited insight into the underlying recur-
rence structure of the system. Conversely, selecting ¢ too large results in
nearly every point being a neighbor of every other point, leading to
numerous artifacts. A large ¢ can also incorporate points into the
neighborhood that are merely consecutive points on the trajectory, a
phenomenon known as tangential motion. This can inflate diagonal
structures in the RP, misrepresenting their actual characteristics.
Therefore, a balance must be struck in determining the value of e.
Additionally, the presence of noise may necessitate selecting a larger
threshold to preserve any existing structure in the RP. Various “rules of
thumb” for choosing ¢ have been proposed, such as setting it to a few
percent of the maximum phase space diameter [69] or ensuring it does
not exceed 10 % of the mean or maximum phase space diameter [70,71].
Another approach involves scaling ¢ according to the recurrence point
density of the RP, although this may not be suitable for non-stationary
data. In such cases, it has been suggested to set ¢ such that the recur-
rence point density is approximately 1 % [72]. For (quasi-)periodic
processes, optimal thresholds can be determined by analyzing the den-
sity distribution of recurrence points along diagonals parallel to the Line
of Identity (LOI), the main diagonal line of the RP [73].

4.6.2. Structures in RPs

As already mentioned, the primary objective of RPs is to visualize
trajectories in phase space, a particularly advantageous approach for
high-dimensional systems. RPs offer valuable insights into the time
evolution of these trajectories, as typical patterns within RPs are indic-
ative of specific system behaviors. These large-scale patterns in RPs can
be categorized as follows [20,64].

e Homogeneous RPs: Characteristic of stationary systems with short
relaxation times compared to the time spanned by the RP. An
example is the RP of a stationary random time series (Fig. 26-A).

e Periodic and Quasi-periodic RPs: Typically observed in periodic or
quasi-periodic systems, featuring diagonal-oriented recurrent struc-
tures such as diagonal lines or checkerboard patterns. Fig. 26-B
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illustrates the RP of a periodic system with two harmonic fre-

quencies, showing a frequency ratio of four with distinct recurrent

structures. Irrational frequency ratios result in more complex quasi-
periodic structures where the distances between diagonal lines vary.

Even for systems with less discernible oscillations, RPs remain useful.

Drift: Evident in systems with slowly varying parameters, indicating

non-stationary behavior. The RP gradually fades away from the LOI

(Fig. 26-C).

e Abrupt Changes and Extreme Events: Manifested as white areas or
bands in the RP (Fig. 26-D). RPs facilitate the identification and
assessment of extreme and rare events by analyzing the frequency of
their recurrences.

Further examination of RPs unveils intricate small-scale structures
known as texture [20]. These textures can typically be classified into
several categories, including single dots, diagonal lines, and vertical and
horizontal lines. The combination of vertical and horizontal lines forms
rectangular clusters of recurrence points. Additionally, bowed lines may
also appear [20,64].

e Single, isolated recurrence points may appear when states are rare,
persist for a very short time, or exhibit strong fluctuations.

e Diagonal lines occur when trajectory segments run almost parallel
to each other. The length of these diagonal lines corresponds to the
duration of similar local trajectory evolution. These structures are
typically parallel to the Line of Identity, although diagonal structures
perpendicular to the LOI may also arise, indicating mirrored trajec-
tory segments and potentially suggesting inappropriate embedding.

e Vertical (horizontal) lines denote time intervals during which the
state remains unchanged or changes very slowly, indicating a
laminar state or intermittency [74].

e Bowed lines have a non-constant slope, their shape depending on
the local time relationship between corresponding trajectory
segments.

Diagonal and vertical lines serve as the foundation for quantitative
RP analysis. In general, line structures in RPs locally depict the time
relationship between close trajectory segments [75]. To summarize the
explanations regarding typology and texture, a list of features and their
corresponding interpretations is presented in Table 2.

The visual interpretation of recurrence plots (RPs) requires some
expertise. RPs of paradigmatic systems offer valuable insights into
characteristic typology and texture (see Fig. 26), serving as instructive
examples. However, for a more objective investigation of the system
under consideration, quantification of the obtained structures is neces-
sary. These considerations are particularly relevant for systems with
characteristic frequencies significantly lower than the sampling fre-
quency of observation. If the sampling frequency is only one magnitude
higher than the system’s frequencies, and their ratio is not an integer,
some recurrences may go undetected [76]. This discretization effect
results in noticeable gaps in the recurrence plot, the extent of which
depends on the modulation of the system’s frequencies (see Fig. 27).

It should be emphasized again that the recurrence of states is a
fundamental concept in the analysis of dynamical systems. In addition to
recurrence plots (RPs), various other methods based on recurrences
exist, such as recurrence time statistics [77,78] first return map [79],
space time separation plot [80] and recurrence-based measures for
detecting non-stationarity (which are closely related to recurrence time
statistics) [81].

4.6.3. Recurrence quantification analysis (RQA)

Recurrence Plots offer valuable insights into the dynamics of
dynamical systems. However, when displayed graphically with inade-
quate resolution, RPs can pose challenges, as users must subjectively
interpret the patterns and structures within them. Moreover, different
observers may perceive these patterns differently. To address this
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Fig. 26. Characteristic typology of recurrence plots: A) homogeneous: represented by uniformly distributed white noise, B) periodic: demonstrated by superimposed
harmonic oscillations, C) drift: evident in systems corrupted with a linearly increasing term, such as a logistic map, D) disrupted: represented by processes like

Brownian motion [63].

Table 2
RPs patterns and their meanings [63].

Homogeneity: Indicates a stationary process.

Fading to the upper left and lower right corners: Suggests non-stationary data with a trend or drift present.
Disruptions (white bands): Signify non-stationary data where some states are rare or deviate significantly from the norm, potentially indicating transitions.
Periodic/quasi-periodic patterns: Reflect cyclicities in the process, with the time distance between periodic patterns corresponding to the period. Varying distances between long

diagonal lines indicate quasi-periodic processes.

Single isolated points: Suggest strong fluctuations in the process. If only single isolated points are present, the process may be uncorrelated random or even anti-correlated.

Diagonal lines (parallel to the LOI): Indicate similar state evolution at different epochs, potentially suggesting a deterministic process. If these diagonal lines coexist with single
isolated points, chaotic behavior may be indicated. Periodic diagonal lines may suggest unstable periodic orbits.

Diagonal lines (orthogonal to the LOI): Suggest similar state evolution at different times but with reverse time, sometimes indicating insufficient embedding.

Vertical and horizontal lines/clusters: Indicate states that do not change or change slowly for a period, typically representing laminar states.

Long bowed line structures: Suggest similar state evolution at different epochs but with varying velocity, potentially indicating changing dynamics of the system.

subjectivity, in the early 1990s, Zbilut and Webber introduced defini-
tions and procedures to quantify RP structures [71,82,83]. They estab-
lished a set of five recurrence variables as complexity measures,
primarily focusing on diagonal line structures in RPs, and termed the
methodology Recurrence Quantification Analysis [15,63,64,84,85].

1. percent recurrence (REC) or recurrence rate (RR); simply enu-
merates or counts the black dots in the RP while excluding the Line of
Identity (LOI). This measure provides insight into the relative density
of recurrence points within the sparse matrix.

2. percent determinism (DET); Systems with deterministic dynamics
are often characterized by diagonal lines in recurrence plots, indi-
cating repeating recurrences within a state. In periodic signals, these
diagonal lines tend to be long, while in chaotic signals, they are
shorter. In stochastic signals, diagonal lines are generally absent,
except for occasional chance recurrences forming very short lines.
DET can be interpreted as a measure of the predictability of the
system, particularly for periodic behaviors compared to chaotic
processes. However, it’s important to note that DET does not strictly
represent the determinism of a process.

3. maximal line length in the diagonal direction (Lyqy); simply re-
fers to the length of the longest diagonal within the entire recurrence

plot (RP). Diagonal structures in RPs indicate segments of the tra-
jectory that are close to each other at different times, providing
insight into the divergence of trajectory segments. The smaller Lpgyx
suggests more divergent trajectories. There exists a relationship be-
tween Lpqc and the largest positive Lyapunov exponent (if present in
the system). This relationship can be elucidated by examining the
(cumulative) frequency distribution of diagonal line lengths and the
entropy, which serves as a lower limit of the sum of the positive
Lyapunov exponents.

. Shannon entropy of the frequency distribution of the diagonal

line lengths (ENT); The entropy (ENT) metric reflects the
complexity of the deterministic structure within the system.
Expressed in bits per bin, higher ENT values signify greater dynam-
ical complexity. For instance, in the case of uncorrelated noise or
simple oscillations, ENT values tend to be relatively small, indicating
lower complexity. It is worth noting that ENT is sensitive to the
number of bins used and may vary depending on different parameter
choices for the same process, such as different thresholds e.

. trend (TND); This metric represents the linear regression coefficient

over the recurrence point density of the diagonals parallel to the Line
of Identity (LOI). TND provides insights into the stationarity or non-
stationarity of the process. In quasi-stationary dynamics, TND values

9

Fig. 27. A) characteristic patterns of gaps (all white areas) in a recurrence plot of a modulated harmonic oscillation, e.g., cos(271000t) + 0.5 sin(2725t), sampled
with a frequency of 1 kHz. B) magnified detail of the RP shown in (A), revealing the actual periodic line structure resulting from the oscillation but disturbed by
extended white areas. C) corresponding RP as depicted in (B), but for a higher sampling rate of 10 kHz. The periodic line structure due to the oscillation now covers

the entire RP [63].
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tend to hover near 0, indicating stability. Nonstationary dynamics
will have TND values far from O revealing drift in the dynamics
possibly indicating that the system is en route between more sta-
tionary states.

The five RQA variables outlined above primarily focus on the
lengths, number, and distributions of diagonal lines in RPs, which are
sensitive to parallel trajectories along different segments of the time
series. However, RPs also contain vertical and horizontal elements in
addition to diagonal lines. Marwan et al. [74] have proposed additional
recurrence quantifications based on these vertical lines.

6. laminarity (LAM); shares a similar definition to that of DET. It in-

dicates the percentage of recurrent points found in vertical struc-

tures, while DET represents the percentage of recurrent points in
diagonal structures.

. trapping time (TT); denotes the average length of vertical struc-
tures. TT encapsulates details about the quantity and duration of
vertical structures in the RP, indicating the average time the system
remains in a specific state (the duration of the state’s trapping).

. maximal length of the vertical structures (Vyqx); represents the
longest vertical line in the RP. While the dynamical interpretation of
V_max has not been definitively outlined, it may be associated with
singular states where the system remains trapped, forming rectan-
gular patterns in the RP.

Unlike the five fundamental RQA measures, these new measures
have the capability to detect chaos-chaos transitions [74]. Conse-
quently, they enable the exploration of intermittency, even in cases
where it manifests in short and nonstationary time series.

4.6.4. Nonlinear dynamic analyses based on recurrence plot

As explained, the recurrence analysis serves as an effective tool for
characterizing and quantifying the dynamics of complex systems, such
as laminar, divergent, or nonlinear transition behaviors [86]. Now Let
use the concept of recurrence for the analysis of data and to study the
dynamics of the SBG systems.

In this study, two CRP MATLAB toolboxes are used to plot the RPs.
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The algorithms of the toolboxes have been programmed by Marwan [63,
871, Method #1, and Yang [86,88], Method #2. To ensure extracted
results are accurate enough, these two approaches are chosen in order to
compare their results. First simulation is carried out on a periodic case
whose RPs pattern is known, i.e., diagonal lines. The excitation fre-
quency of the case is { = 2.60 with 241 samples per each period which

is clear from Fig. 28-f where the distance between two lines is 241.
Fig. 28 represents all dynamical results and as it is excepted, we observe
diagonal lines in recurrence plot. All lines are not exactly at the same
thickness and the reason is due to some very weak irregularity which can
be observed on phase diagram and Poincaré map.

It is interesting to visualize the dynamics of the SBG-system by
recurrence plot for two cases where we observed 8T-periodic and
aperiodic behavior at g = 2.09, and 2.34 respectively, see Fig. 29. RPs

is based on the computation of a distance matrix between rows of
embedded points in the time series of interest [84]. For the present
analysis:

e case I: an embedding dimension of 7 was selected with a lag of 13 for
26800 consecutive points; considered last 100 periods.

e case II: an embedding dimension of 6 was selected with a lag of 10
for 30000 consecutive points; considered last 100 periods.

From Table 3, we can conclude that:

Recurrence Rate (RR); RRgr_periodic > RRchaos: in Periodic System,
the recurrence rate would be high, indicating frequent returns to pre-
viously visited states due to the regular, repeating nature of the motion.
In chaotic System, the recurrence rate would be lower compared to the
periodic system, reflecting the less frequent and more irregular returns
to prior states.

Determinism (DET); DETgr_periodic > DET chaost in periodic System,
DET is higher as the system exhibits predictable, i.e., regular patterns.
The RP will show long, uninterrupted diagonal lines. While, in Chaotic
System, DET is lower as the system’s behavior is less predictable and
more complex. The RP will show shorter, fragmented diagonal lines.

Longest Diagonal Line (Lmax); LmaxsT_periodic > Lmaxchaos: N peri-
odic System, the longest diagonal line would be quite long, reflecting the
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Fig. 28. Dynamic response of the periodic case at 2 = 2.60 with embedding dimension of 3, lag of 7, and threshold of 0.001.
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a) recurrence plot — Approach #1

b) recurrence plot - Approach #2
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Fig. 29. Recurrence plots for two defined cases at excitation frequencies of 2.09 and 2.34.

extended periods of regular, i.e., repeating patterns. However, in chaotic
System, the longest diagonal line would be shorter, due to the inherent
instability and unpredictability of the chaotic system.

Entropy (ENT); ENTgr_periodic < ENTchaos: in periodic System, the
entropy is lower, as the diagonal line lengths are more uniform, and the
system is highly predictable. In chaotic System, entropy is higher,
indicating a greater diversity of diagonal line lengths and higher
complexity in the system’s behavior.

Trapping Time (TT); TTgr periodic < TTchaos: in Periodic System,
trapping times is short, as the system does not linger in a single state for
long. While, in chaotic System, trapping times are longer, indicating that
the system can remain in certain states for extended periods.

5. Conclusion

In this study, a comprehensive analysis was conducted to evaluate
the effect of considering the nonlinearity emanating from the Hertzian
contact stress on the dynamic response of the SBG system. To do that,
two approaches are considered to solve the governing equation of mo-
tion: conventional approach which is average-MS method and the pro-
posed approach which is adaptive-MS. The considered spiral bevel gear
pair is a real model used in helicopter transmission systems. The primary
goal was to compare two approaches for determining MS - the average
slope approach (average-MS) and an adaptive hybrid analytical-
computational approach (adaptive-MS) — and to assess their effective-
ness in dynamic simulations. The research demonstrated the significant
role of nonlinearity in gear dynamics and underscored the necessity of
accurate MS calculations for predictive maintenance and system

Table 3
Calculated features of recurrence quantification analysis.
RR DET Lnax ENT [bits/ TT
[points] bin]
Case I: Chaotic 0.1465 0.9998 40121 5.6 102.99
system
Case II: 8T-periodic 0.2275 1 44979 4.23 84.84
system

optimization. The findings contribute valuable insights into the
behavior of complex gear systems under varying operational conditions.
The main key point can be mentioned as follows:

Methodologies Compared: The average-MS approach, which uses
an average slope calculation, and the adaptive-MS approach, which in-
tegrates Hertzian contact stress nonlinearity and polynomial regression,
were both applied to determine MS. The adaptive-MS method proved to
be superior in accurately representing the MS variations during dynamic
simulations.

Mesh stiffness simulation: More than 830 semi-static simulations
were performed using Transmission3D-Calyx, and a MATLAB script
automated the process of running simulations, extracting results, and
updating the input torque iteratively. Twenty-one-time steps captured
the dynamics of tooth contact and separation, highlighting the impor-
tance of precise time-dependent MS evaluation. The adaptive-MS
approach’s results were validated against Nonlinear Finite Element
Method (Nonlinear-FEM) simulations, showing excellent agreement.
The study found that the biggest difference between the adaptive-MS
and FEA methods occurred at specific time steps, with an overall
average difference of 1.7 %, underscoring the accuracy of the adaptive-
MS approach.

Dynamic Analysis: The governing equation, which is a non-smooth
and non-autonomous dynamical model, is solved by GearDyns-SBG
program. It constructs amplitude—frequency diagrams and time-history
responses of the system by varying the excitation frequency (pinion
rotation speed). The program performs simulations using two concepts:
backward simulation (from high to low speed) and forward simulation
(from low to high speed). This dual simulation ensures that all stable
branches, particularly the softening branches, are followed. The dy-
namic behavior was characterized using nonlinear time series analyses,
including Lyapunov exponents, fractal dimension evaluations, 2D and
3D bifurcation diagrams, amplitude-frequency analyses, Poincaré maps,
phase diagrams, recurrence plots, and recurrence quantification
analyses.

Practical Implications: The adaptive-MS approach enables real-
time updates of MS based on varying DMT and time, making it highly
applicable for real-time simulations and predictive maintenance. This
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method can potentially be extended to other gear systems, enhancing
the precision and reliability of dynamic simulations across various
applications.
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Hand of pinion Left

Shaft offset 0

Shaft angle 90 deg

Loaded side of gear Convex

Driver Pinion

Coefficient of friction 0

Pinion speed [rpm] 100

Diametral pitch [1/in] 5.141

Applied torque on the pinion [N.m] 179.04

Table 5
Pinion and gear data

Tooth parameters Pinion Gear
No. of teeth 12 36
Transverse circular tooth thickness at pitch cone [in] 0.32 0.15
Outer cone distance [in] 3.691 3.691
Face width [in] 1.0 1.0
Face angle [deg] 22.31667 72.5
Back angle [deg] 18.433 71.5666
Spiral angle [deg] 35 35
Pitch angle [deg] 18.433 71.5666
Young’s modulus [psi] 30.0 x 10° 30.0 x 10°
Poisson’s ratio 0.3 0.3
Machine settings Concave Convex Concave Convex
Radial setting [in] 2.947802 2.801049 2.85995 2.85995
Blank offset [in] 0.1545759 —0.1742616 0 0
Root angle [deg] 16.8666 16.8666 67.68333 67.68333
Machine center to back [in] —0.04023062 0.05414291 0 0
Sliding base [in] 0.01167273 —0.01570932 0 0
Cradle angle [deg] 63.94203 53.92599 59.2342023 59.2342023
Ratio of roll 3.242698536 3.105176807 1.051674445 1.051674445
Cutter geometry Concave Convex Concave Convex
Cutter type Straight Straight Straight Straight
Point radius [in] 2.965621 3.071306 3.0325 2.9675
Blade angle [deg] 18.6015 24.90 22.0 22.0
Edge radius [in] 0.045 0.045 0.01 0.01
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Appendix B. Definition of parameters in the present study.

1. Abbreviation:

International Journal of Non-Linear Mechanics 175 (2025) 105098

Table 6
used abbreviation in the current paper
Abbreviation Meaning
MS Mesh stiffness
SBG Spiral bevel gear
DOF Single degree of freedom
DMF Dynamic mesh forces
RPs Recurrence plots
RQA Recurrence quantification analysis
LLE Largest lyapunov exponent
DTE Dynamic transmission error
DMT Dynamic mesh torque
LSTE Loaded static transmission error
GTE Geometric transmission system
UTCA Unloaded tooth contact analysis
LTCA Loaded tooth contact analysis
FEA Finite element analysis
FEM Finite element method
2. Main parameters:
Table 7
definition of considered parameters
Applied torque T Base radius Ty
Mesh frequency WOm Number of pinion teeth N,
Input shaft speed ng Equivalent meshing stiffness Kn
Number of harmonics s Number of samples for UTCA and LTCA N
Half of the gear backlash b Mesh damping Cm
Mean radius at meshing point of pinion Tp Mean radius at meshing point of gear Ty
Geometric transmission error e Linear dynamic transmission error A
Rotational inertia of pinion 5 Rotational inertia of gear E
Normal pressure angle a The spiral angle B
Backlash function f(A—e) Mean value of mesh stiffness ko
Constant output torque T; Constant input torque Tm
Damping ratio &
Appendix C. Constant coefficients of the polynomial function for the forward and backward motions.
Table 8
Constant coefficients of the polynomial function with degree n = 9 in terms of the forward motion
Time a a as as as ag ay ag as apo
step
i=1 —4.0x 8.7 x 10730 —8.0x 4.0x 10722 —1.2x 2.2 % —25x 1.8 x —21x 3.2x
10-34 10-26 10-18 10-15 10-12 10-09 10-06 10-04
i=2 —6.3x 1.3x 1072 —1.2x 58 x 1022 —1.7x 2.9 x —30x 2.0 x —22x 3.7 x
10-34 10-25 10-18 10-15 10-12 10-99 10-6 10-04
i=3 —58x 1.2x 1072 —1.1x 5.3x 1022 —15x 2.7 x —2.8x 2.1 x —23x 4.2 x
10-34 10-25 10-18 10-15 10-12 10-99 10-% 10-04
i= 4 —46x 9.6 x 1030 — 8.4 x 4.0 x 10722 -11x 2.0 x —-22x 1.9x —2.4x 4.7 x
10-34 10-26 10-18 10-15 10-12 10-99 10-% 10-04
i=5 — 3.4 x 7.0x 10730 - 6.1x 29x 10722 —8.2x 1.5x —-1.9x 1.9 x —2.6x 5.2 x
10-34 10-26 10-1° 10-15 10-12 10-9° 10-06 10-04
i=6 —1.3x 2.7 x 10730 —22x 1.1x 1022 -3.2x 7.2x% —-1.3x 1.9 x —2.8x 5.5x
10-34 10-26 10-1° 10-16 10-12 10- 10-06 10-04
i=7 9.5x 1073 —21x 1.8x 10726 —78x 1.4x 1071 9.9 x —1.0x 2.1x —3.0x 5.8 x
10-3° 10-23 10-17 10-12 100 10-06 10-04
i=8 2.4 x 10734 —4.9x 4.0x 10726 —-1.6x 3.0x 1071 8.3 x —1.4x 2.7 x —3.3x 6.0 x
10-3° 10-22 10-17 10-12 10-0 10-06 10-04
i=9 2.0 x 10734 —3.6x 2.4x 1072 —55x —13x 1.1x —29x 3.9 x —37x 6.2 x
10-3° 10-23 10-1° 10-15 10-12 100 10-06 10-04
i= 10 —13x 3.8x 10730 — 4.7 x 3.2x 10722 —13x 3.5 % —57x 5.6 x —4.1x 6.2 x
10-34 10-26 10-18 10-15 10-12 10-99 10-96 10-04

(continued on next page)
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Table 8 (continued)
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Time a as as ag as ag ay as ag ao
step
i=11 —73x 1.7 x 1072 -1.7x 9.4 x 10722 —32x 6.9 x —9.4x 7.8 x —4.6x 6.1 x
103 10-% 10718 1015 1012 10-%° 10-% 10-%
i=12 —1.4x 3.3x 1072 —31x 1.6 x 102! —~53x 1.1x —1.3x 9.7 x —49x 5.7 x
103 10-% 10718 1071 101 10-%° 10-% 10°%
i=13 —20x 45x 10720 —4.2x 2.2% 102! ~ 6.8x 1.3 x —15x 1.1x —49x 5.1 %
10733 10 10718 101 101 10798 1079 10
i= 14 —22x 48x 10720 —44x 2.3x 1072 —7.0x 1.3x —15x 1.0 x —4.5x 4.1 x
10-33 10-25 10-18 10-14 10-11 10-98 10-96 10-04
i= 15 —19x 41x 1072 —37x 19x 102 —58x 1.1 x —1.2x 7.8 x —3.7x 3.1x
10-33 10-25 10-18 10-14 10-11 10-9° 10-96 10-04
i= 16 —13x 2.7x 1072 —25x 1.2x 1072 —3.7x 6.8 x —75x 4.8 x —28x 2.1 x
10-33 10-25 10-18 10-15 10-12 10-%° 10-96 10-04
i= 17 —4.6x 9.8x 10730 —8.8x 4.4%x 1022 —1.3x 2.5x —29x 2.1 x —20x 1.5x
10-34 10-26 10-18 10-15 10-12 10-9° 10-% 10-04
i= 18 —1.4x 3.1x 1073 —-3.1x 1.7 x 10722 —5.8x 1.3 x - 1.7x 1.4 x —1.8x 1.5x
10-34 10-26 1019 10-15 10-12 10-%° 10-96 10-04
i= 19 —25x% 5.8 x 1030 —5.8x 3.2x 102 —1.1x 2.2 x —29x 2.2 x —21x 2.1 x
10-34 10-26 10-18 10-15 10-12 10-%° 10-96 10-04
i= 20 —24x 5.7 x 10730 —5.6x 3.1x 1022 —1.0x 2.1 x —2.6x 2.0 x —21x 2.7 x
10-34 10-26 10-18 10-15 10-12 10-%° 10-96 10-04
i= 21 —4.0x 8.7 x 10730 —8.0x 4.0x 10722 —1.2x 2.2 % —25x 1.8x —21x 3.2x
10-34 10-26 10-18 10-15 10-12 10-%° 10-96 10-04
Table 9
Constant coefficients of the polynomial function with degree n = 9 in terms of the backward motion
Time a as as ay as as az ag as aio
step
i=1 1.4x 1073 —28x 2.3x 10°% 1.0x 102 2.7 x 10718 4.4x 10715 4.3 x —25x 49 x —32x
10-2° 10-12 10-%° 10-06 10-04
i=2 8.5x 10734 -1.7x 1.4x 1072 —-6.2x 1.7x 10718 —29x 3.2x —21x 4.9 x —38x
10-2° 10-22 10-15 10-12 10-%° 10-06 10-04
i=3 9.0x 10734 -1.7x 1.4x%x 102 - 6.5x 1.8x 10718 —-32x 3.5x%x —24x 5.0 x —4.4x
10-2 10-22 10-15 10-12 10-%° 10-06 10-04
i=4 7.7 x 10734 —-1.6x 1.4x%x 102 - 6.8x 2.0x 10718 —-37x 4.2x —2.8x 5.2 x —5.0x
10-29 10-22 10-15 10-12 10-%° 10-06 10-04
i=5 1.2x 1073 —24x 21x 102 —-1.0x 3.0x 10718 —5.3x 5.7 x - 3.7x 5.5 x —5.6x
10-2° 10-21 10-15 10-12 10-99 10-% 10-04
i=6 2.1x 1073 —42x 3.6 x 1072 —1.7x 4.6x 10718 —7.8x 7.9 x — 47 x 5.8 x —6.0x
10-2° 10-21 10-15 10-12 10-99 10-% 10-04
i=7 35x 10733 —6.8x 5.6 x 10°2° —25x 6.8 x 10718 —-11x 1.0 x —5.7x% 6.1 x - 6.3x
10-2° 10-21 10-14 10-11 10-%° 10-96 10-04
i=8 43x 10733 —84x 6.7 x 10725 —29x 7.6 x 10718 —12x 1.1x —58x 6.2 x —6.4x
10-2° 10-21 10-14 10-11 10-%° 10-96 10-04
i=9 3.4x 103 —6.4x 50x 102 —21x 53x 10718 —8.0x 7.3 x —4.6x 6.2 x —6.3x
10-2° 10-21 10-15 10-12 10-%° 10-06 10-04
i= 10 1.1x 10733 —21x 1.6 x 1072 —6.5x 1.6x 10718 —27x 3.4 x —34x 6.2 x —6.1x
10-2° 10-22 10-15 10-12 10-%° 10-06 10-04
i=11 —42x 7.5x 10730 —52x 1.6 x 102 —6.0x —95x 2.9 x —39x 6.5 x —5.9x
10-34 10-26 10-20 10-16 10-12 10-%° 10-06 10-04
i= 12 4.7 x 10734 —12x 1.2x 10°% —7.2x 2.6 x 10718 —5.7x 8.0 x — 6.8 % 7.1 x — 5.6 x
10-29 10-22 10-15 10-12 10-%° 10-06 10-04
i= 13 3.4x 1033 —7.0x 6.0x 1025 —28x 81x 10718 —1.4x 1.6 x —1.0x 7.7 x —50x
10-2° 10-21 10-14 10-11 10-98 10-% 10-04
i= 14 6.2 x 10733 —-12x 1.0x 1024 —4.6x 1.3x 1077 —21x 2.1x —12x 7.7 x —41x
10-28 10-21 10-14 10-11 10-98 10-% 10-04
i=15 6.2x 10733 —-12x 9.9x 1072 —4.4x 1.2x 107 —-1.9x 1.9 x —1.0x 6.9 x —28x
10-28 10-21 10-14 10-11 10-98 10-% 10-%4
i= 16 3.3x 10733 - 6.5x 53 x 107% —24x 6.3 x 10718 —1.0x 9.9 x —5.5x 5.6 x —-1.5x
10-2° 10-21 10-14 10-12 10-%° 10-96 10-04
i=17 9.9 x 10734 —-1.9x 1.6 x 102 —7.3x 2.0x 10718 —3.4x 3.6 x —23x 4.7 x —9.5x
10-2° 10-22 10-15 10-12 10-%° 10-96 10-95
i= 18 1.5x 1073 —3.0x 2.5x 1025 —-1.1x 3.1x 10718 —5.2x 5.3 x —3.2x 5.0 x —1.5x
10-2° 10-21 10-15 10-12 10-%° 10-06 10-04
i=19 7.1x 10734 —1.4x 1.2x10°% —59x 1.7x 10718 —31x 3.4 x —24x 4.9 x —2.0x
10-2° 10-22 10-15 10-12 10-%° 10-96 10-04
i= 20 1.6 x 1073 —3.0x 25x 1072 —11x 2.8x 10718 —43x 4.1 x —24x 4.8 x —26x
10-2° 10-21 10-15 10-12 10-0° 10-06 10-04
i= 21 1.4x 1073 —2.8x 2.3x 10°% —-1.0x 2.7 x 10718 — 4.4 % 4.3 x —25x 4.9 x —32x
10-2° 10-21 10-15 10-12 10-%° 10-96 10-04
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Appendix D. Supplementary data

Data availability

Data will be made available on request.
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