
Mediterr. J. Math.           (2025) 22:27 

https://doi.org/10.1007/s00009-024-02790-2
c© The Author(s) 2025

Trisections of PL 4-Manifolds Arising from
Colored Triangulations

Maria Rita Casali and Paola Cristofori

Abstract. The purpose of the present paper is twofold: first to extend
to non-orientable compact 4-manifolds the notion of gem-induced tri-
section, directly obtained from colored triangulations (or, equivalently,
from colored graphs encoding them, called gems); second to prove that,
both in the orientable and non-orientable case, if the boundary is home-
omorphic to a connected sum of sphere bundles over S

1, gem-induced
trisections naturally give rise to trisections of the corresponding closed
4-manifold. As a consequence, an estimation of the trisection genus of
any closed orientable 4-manifold is obtained via colored triangulations,
in terms of the combinatorial properties of a Kirby diagram representing
it.
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1. Introduction

In 2018 (see [2]), Bell, Hass, Rubinstein and Tillmann introduced the use of
(singular) triangulations to study trisections of closed orientable 4-manifolds,
i.e., decompositions into three 4-dimensional handlebodies, mutually inter-
secting in 3-dimensional handlebodies and globally intersecting in a closed
surface (according to the definition by Gay and Kirby [17]). The same com-
binatorial approach has been applied in [27] to the special case of colored
triangulations of (closed) PL 4-manifolds with exactly ten edges, to compute
the trisection genus (i.e., the minimum genus of the intersecting surface) of
connected sums of CP2—possibly with reversed orientation—S

2 ×S
2 and the

K3-surface.
The above ideas have been generalized in [8], where the assumption on

the number of edges of the colored triangulation is relaxed and orientable
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4-manifolds with connected boundary are included, too: the resulting decom-
positions are called gem-induced trisections, since they are directly obtained
from gems (i.e., Graphs Encoding Manifolds).

While in the closed setting a gem-induced trisection is a particular kind
of trisection, when the boundary is non-empty the decomposition is different
from that introduced in [13], which is commonly intended as a trisection
in the boundary case: in fact, it does not involve compression bodies and
open book decompositions, but only handlebodies and Heegaard splittings,
according to a suggestion by Rubinstein and Tillmann in [26, Section 4.5].

On the other hand, in [24], the classical definition of trisection has been
broadened to non-orientable manifolds. It is then natural to address the prob-
lem of extending to the non-orientable case the notion of gem-induced trisec-
tion of a compact 4-manifold.

Section 3 of the present paper describes how such a decomposition can
be obtained from a colored triangulation of the associated singular manifold,
or, equivalently, from its dual graph, which is called a gem of the compact
manifold itself (see Sect. 2 for a brief overview of this combinatorial represen-
tation for compact PL manifolds).

Actually, gem-induced trisections turn out to fit the definition of
trisection—hence allowing a direct estimation of the trisection genus—only
for a suitable class of closed orientable 4-manifolds (possibly comprehending
all simply-connected ones, according to Kirby problem n. 50): see Proposition
3.5.

Nevertheless, the particular type of extension to the boundary case
performed by gem-induced trisections allows also an “indirect” approach to
trisections of closed (orientable and non-orientable) 4-manifolds. In fact, in
Sect. 4 we prove that, in case of a compact 4-manifold M whose boundary
is homeomorphic to a connected sum of sphere bundles over S

1, any gem-
induced trisection of M naturally gives rise to a trisection of the associated
closed 4-manifold M̄ with the same intersecting surface; therefore, an upper
bound for the trisection genus of M̄ is obtained (see Theorem 4.1).

In particular, trisections arising from colored triangulations turn out
to minimize the trisection genus for a wide class of (orientable and non-
orientable) 4-manifolds: see Proposition 4.4.

Moreover, combining the above results with those contained in [6] and
[8], we prove the existence, for each closed orientable 4-manifold M̄ , of trisec-
tions arising from (suitable) gems of the compact 4-manifold M , that consists
of the 0-, 1- and 2-handles in a handle-decomposition of M̄ . Hence, an estima-
tion of the trisection genus gT (M̄) is obtained, in terms of the combinatorial
properties of a Kirby diagram representing M̄ (see Sect. 4 for details):

Theorem 1.1.

(i) For each closed orientable 4-manifold M̄ ,

gT (M̄) ≤ s + 1,

s being the crossing number of a (connected and with dotted components
in “good position”) Kirby diagram representing M̄ .
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(ii) Furthermore, if M̄ admits a handle decomposition lacking in 1-handles,
then

gT (M̄) ≤ mα,

mα being the number of α-colored regions in a chess-board coloration of
a (connected and with no dotted component) Kirby diagram representing
M̄ .

2. Colored Triangulations and Gems of Compact PL Manifolds

Throughout this paper we will work in the PL category, therefore manifolds
and maps under consideration will always be PL.

By a singular n-manifold we mean a closed connected n-dimensional
polyhedron admitting a simplicial triangulation where the link of vertices are
closed connected (n − 1)-manifolds while the links of the h-simplices, with
h > 0, are (n − h − 1)-spheres. Vertices whose links are not spheres will be
called singular.

A colored triangulation of a singular n-manifold N is a (pseudo)
triangulation K of N endowed with a labeling of its vertices by the set of
integers Δn = {0, . . . , n} which is injective on each simplex.

Such a colored triangulation is usually combinatorially visualized by
the 1-skeleton Γ(K) of its dual complex, endowed with the edge-coloration
inherited from the labeling of K: an edge e of Γ(K) has color c ∈ Δn iff
no vertex of the (n − 1)-simplex of K dual to e is labeled c. Γ(K) is an
(n + 1)-colored graph (i.e., a regular multigraph with degree n + 1, such that
its edge-coloration by Δn is injective on adjacent edges1), which is said to
represent the singular manifold N.

Remark 2.1. The duality between K and Γ(K) establishes a bijective corre-
spondence between the (n − h)-simplices of K whose vertices are labeled by
Δn − {c1, . . . , ch} and the connected components of the subgraph Γ{c1,...,ch}
obtained from Γ(K) by considering only edges colored by {c1, . . . , ch}, which
are called {c1, . . . , ch}-residues. In particular, the connected components ob-
tained from Γ(K) by deleting all c-colored edges (c ∈ Δn), called ĉ-residues
of Γ(K), are n-colored graphs representing the disjoint links2 of the c-labeled
vertices of K (which are closed (n − 1)-manifolds, since K triangulates a
singular n-manifold).

1According to a well-established literature (see, for example, [9] and references within),
an n-dimensional pseudocomplex K(Γ) may be associated to any (n + 1)-colored graph
Γ, by considering an n-simplex, with vertices labeled by the elements of Δn, for each
vertex of Γ and by gluing two n-simplices along their (n − 1)-dimensional faces opposite
to c-labeled vertices, whenever the corresponding vertices of Γ are c-adjacent (c ∈ Δn).
Note that, if |K(Γ)| is a singular manifold, both Γ(K(Γ)) = Γ and K(Γ(K)) = K hold, so
colored triangulations of singular manifolds and colored graphs representing them can be
associated unambiguously.
2Given an h-simplex σh of K, the disjoint star of σh in K is the pseudocomplex obtained
by taking all n-simplices of K having σh as a face and re-identifying only their faces that

contain σh. The disjoint link of σh in K is the subcomplex of the disjoint star formed by
those simplices that do not intersect σh.
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As a consequence, by setting from now on Γ = Γ(K), the following charac-
terization holds:

|K| is a closed n-manifold iff, for each color c ∈ Δn,

all ĉ-residues of Γ represent the (n − 1)-sphere.

A ĉ-residue of Γ will be called singular if it corresponds to a singular
vertex of |K|, i.e., if it does not represent the sphere. A color c is said to be
singular if at least one ĉ-residue is singular.

Moreover, the number of {c1, . . . , ch}-residues will be denoted by gc1,...,ch

(or, for short, by gĉ if h = n and {c} = Δn − {c1, . . . , cn}).

If M is a compact n-manifold, then a singular n-manifold ̂M can be con-
structed by capping off each component of ∂M by a cone over it. Therefore,
(n + 1)–colored graphs may be used to represent compact PL n-manifolds,
as well:

Definition 2.2. An (n + 1)-colored graph represents a compact n-manifold
M (or, equivalently, it is a gem of M , where gem means Graph Encoding
Manifold) if and only if the dual pseudocomplex is a colored triangulation of
the singular manifold ̂M .

The so called gem theory, or crystallization theory, is based on the fol-
lowing existence result (which extends the one originally stated in [25] for
closed manifolds):

Theorem 2.3 [10]. Any compact orientable (resp. non orientable) n-manifold
M admits a bipartite (resp. non-bipartite) (n+1)-colored graph Γ representing
it.
In particular, if M has empty or connected boundary:

• Γ may be assumed to have color n as its unique possible singular color,
and exactly one n̂-residue (in this case we will say that Γ belongs to the
class G

(n)
s )3

• Γ may be assumed to have exactly one ĉ-residue, ∀c ∈ Δn (in this case
Γ is called a crystallization of M).4

In this paper only manifolds with empty or connected boundary will be
considered. Note that, according to Definition 2.2, the same (n + 1)-colored
graph can represent both a closed n-manifold and the compact n-manifold
obtained by deleting from it the interior of an n-ball. To avoid this ambiguity,
from now on we will also exclude manifolds with spherical boundary. However,
all definitions and results of this paper regarding closed manifolds (for which,
obviously, M = ̂M holds) can be easily translated to fit the case of spherical
boundary.

3Equivalently, the associated colored triangulation K of ̂M has exactly one vertex labeled
n, which is the only possible singular vertex of K (in this case we will say that K belongs

to the class K(n);s). Note that, obviously, the vertex of K labeled n (or, equivalently, the
n̂-residue of Γ) is singular if and only if ∂M is non-empty and non-spherical.
4Equivalently, the associated colored triangulation of ̂M has exactly n + 1 vertices.
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Let us recall [16] that, given a connected bipartite (resp. non-bipartite)
(n + 1)-colored graph Γ of order 2p, then for each cyclic permutation ε =
(ε0, . . . , εn) of Δn, up to inverse, there exists a particular type of cellular em-
bedding, called regular,5 of Γ into an orientable (resp. non-orientable) closed
surface. Moreover, the genus (resp. half the genus) of this surface, denoted
by ρε(Γ), satisfies

2 − 2ρε(Γ) =
∑

j∈Zn+1

gεj ,εj+1 + (1 − n)p. (1)

The regular genus of Γ is defined as

ρ(Γ) = min{ρε(Γ) | ε is a cyclic permutation of Δn}.

The regular genus of a compact n-manifold M is a PL invariant extend-
ing to higher dimension the classical genus of a surface and the Heegaard
genus of a 3-manifold: it is defined as

G(M) = min{ρ(Γ) | Γ is a gem of M}.

It was proved in [15] that regular genus zero characterizes spheres in
any dimension; moreover, other classification results via regular genus are
available, especially in dimension 4 and 5 (see [4,7,12] and their references).
Sections 3 and 4 will show that, in dimension 4, the regular genus is also
strongly involved in the estimation of the trisection genus via colored trian-
gulations.

3. Gem-induced Trisections of Non-orientable 4-Manifolds

As already recalled in Sect. 1, gem-induced trisections of compact orientable
4-manifolds with empty or connected boundary have been introduced in [8],
as an effective tool for the study of trisections in the PL setting. They have
been also used in [23] to investigate connections between trisections of closed
orientable 4-manifolds and colored tensor models [11].

In this section we will show how the concept of gem-induced trisection
can be extended so as to include also the non-orientable case.

Let M be a compact 4-manifold with empty or connected boundary and
let K be a colored triangulation of the singular manifold ̂M . Note that, by
Theorem 2.3, it is always possible to suppose K ∈ K(4)

s , i.e., to assume that
K has only one possible singular vertex, labeled by color 4. Furthermore, let
us fix a cyclic permutation ε of Δ4 and suppose, for simplicity, ε4 = 4.

Then—by generalizing an idea of [2,27]—we can construct a particular
decomposition of the singular manifold ̂M associated to K and ε in the
following way:

• let σ be the standard 2-simplex, whose vertices are denoted by v0, v1, v2
and let μ : K(Γ) → σ be the simplicial map defined by μ(v) = v1
(resp. μ(v) = v2) iff v is a vertex of K labeled by ε0 or ε2 (resp. ε1 or

5More precisely, a regular embedding is a cellular embedding whose regions are bounded
by the images of the {εj , εj+1}-colored cycles of Γ, for each j ∈ Zn+1.
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Figure 1. The intersections of a 4-simplex of K(Γ) with H01,
H02 and H12 respectively

ε3); finally let us set μ(w) = v0, where w is the unique ε4-labeled vertex
of K.

• The preimage ̂H0 of the star of v0 in the first barycentric subdivision
σ′ of σ is the cone over the disjoint link of w, while the preimage H1

(resp. H2) of the star of v1 (resp. v2) in σ′ is a regular neighborhood of
the 1-subcomplex of K generated by the ε0- and ε2-labeled (resp. ε1-
and ε3-labeled) vertices. Therefore both H1 and H2 are 4-dimensional
handlebodies.

• The 3-dimensional subcomplex H01 = ̂H0 ∩ H1 (resp. H02 = ̂H0 ∩ H2)
is a 3-dimensional handlebody. In fact, its intersection with each 4-
simplex of K is a triangular prism as the one in Fig. 1(a) (resp. Fig. 1(b),
whose vertices are barycenters of a 1- or 2-simplex, which we indicate by
the labels of its spanning vertices. The quadrangular face of the prism
opposite to the blue (resp. red) edge is free; so, H01 (resp. H02) collapses
to a graph.

• Note that Σ = ̂H0 ∩ H1 ∩ H2 is formed by the free faces of the above
prisms (see Fig. 1, where H12 = H1 ∩ H2), one for each 4-simplex of K;
since each edge of such quadrangular faces corresponds to a 3-simplex of
K, it is shared by exactly two faces and hence Σ turns out to be a closed
connected surface. Moreover, its Euler characteristic is χ(Σ) = g0,1 +
g1,2 + g2,3 + g0,3 −4p+2p = 2−2ρε4̂

(Γ(K)4̂), where ε4̂ = (ε0, ε1, ε2, ε3).

As a consequence of the above construction, the following result can be
stated, which extends to the non-orientable case the analogous one in [8].

Proposition 3.1. Let ̂M be a singular 4-manifold with one singular vertex at
most. For each colored triangulation K ∈ K(4)

s of ̂M and for each cyclic
permutation ε = (ε0, ε1, ε2, ε3, 4) of Δ4, the triple ( ̂H0,H1,H2) satisfies the
following properties:

(i) ̂M = ̂H0∪H1∪H2 and the interiors of ̂H0, H1, H2 are pairwise disjoint;
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(ii) both H1 and H2 are 4-dimensional handlebodies of genus gε1,ε3,ε4 −gε̂0 −
gε̂2 + 1 and gε0,ε2,ε4 − gε̂1 − gε̂3 + 1 respectively;

(iii) ̂H0 is homeomorphic to the cone over the disjoint link of the singular
vertex of ̂M (or to a 4-ball, if ̂M is a 4-manifold);

(iv) H01 = ̂H0 ∩ H1 and H02 = ̂H0 ∩ H2 are 3-dimensional handlebodies;
(v) Σ = ̂H0 ∩ H1 ∩ H2 is a closed connected surface.

Moreover, if H12 = H1 ∩ H2 is a 3-dimensional handlebody, too, then all the
above handlebodies, as well as the surface Σ, are orientable or not according
to the orientability of ̂M. Therefore, in the first case Σ has genus ρε4̂

(Γ(K)4̂),
while in the second one it has genus 2ρε4̂

(Γ(K)4̂).

Proof. Statements (i), (iii), (iv) and (v) directly follow by construction, as
well as the fact that H1 and H2 are handlebodies. To complete the proof of
statement (ii), note that the 1-dimensional subcomplex Kε0ε2 (resp. Kε1ε3)
of K generated by the {ε0, ε2}-colored (resp. {ε1, ε3}-colored) vertices, has
exactly gε1,ε3,4 (resp. gε0,ε2,4) edges and gε̂0 + gε̂2 (resp. gε̂1 + gε̂3) vertices.
Since K is a pseudomanifold, Kε0ε2 (resp. Kε1ε3) is connected; hence H1

(resp. H2) has genus gε1,ε3,4 − gε̂0 − gε̂2 + 1 (resp. gε0,ε2,4 − gε̂1 − gε̂3 + 1).
Let us now observe that (H01,H02,Σ) is a Heegaard splitting of ∂ ̂H0,

which is the disjoint link of the (possibly singular) vertex w of K; moreover,
if H01,H02,H12 are all handlebodies, then for each i ∈ {1, 2}, (Hij ,Hik,Σ),
with {j, k} = {0, 1, 2} − {i}, is a Heegaard splitting of the 3-manifold ∂Hi,
which is a connected sum of copies of the S2-bundle over S1, orientable or non-
orientable according to Hi. Therefore, it is obvious that, if ̂M is orientable,
all 4-dimensional “pieces” ̂H0, H1 and H2 are orientable and the same holds
for the 3-dimensional handlebodies and the surface Σ.

On the other hand, if ̂M is non-orientable, then all the handlebodies
and the surface Σ must be non-orientable. In fact, the existence of the above
Heegaard splittings allows easily to check that, if one of the 4-dimensional
“pieces” were orientable, then the Heegaard splitting of its boundary would
be formed by orientable elements and, as a consequence, both the third 3-
dimensional handlebody and the other two 4-dimensional “pieces” would be
orientable, too.

In the same way, if one of the 3-dimensional handlebodies, say Hij , (resp.
if the surface Σ) were orientable, the existence of the above Heegaard split-
tings would imply the orientability of the other 3-dimensional handlebodies,
as well as of the boundaries of both the 4-dimensional “pieces” intersecting in
Hij (resp. of all 3-dimensional handlebodies, as well as of the boundaries of
all 4-dimensional “pieces”), and therefore of all 4-dimensional “pieces”, too.

Moreover, the final statement regarding the genus of Σ is a trivial con-
sequence of the computation χ(Σ) = 2 − 2ρε4̂

(Γ(K)4̂). �

It is easy to check that, if ̂M is the singular manifold associated to
a compact 4-manifold M , the above triple ( ̂H0,H1,H2) naturally induces a
decomposition T (Γ(K), ε) = (H0,H1,H2) of M , where H0 is the collar on
∂M obtained by deleting from ̂H0 a suitable neighborhood of the singular
vertex of K (or H0 = ̂H0 is a 4-ball, if ∂M = ∅).
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In full analogy with what was already introduced in the orientable case,
we can give the following definition:

Definition 3.2. Let M be a compact 4-manifold with empty or connected
boundary. A gem-induced trisection of M is a decomposition T (Γ(K), ε) =
(H0,H1,H2) of M such that H12 is a 3-dimensional handlebody, K ∈ K(4)

s

being a colored triangulation of ̂M and ε = (ε0, ε1, ε2, ε3, 4) a cyclic permu-
tation of Δ4.

In this case, Σ is called the central surface of the gem-induced trisection, and
we refer to the common genus of all 3-dimensional handlebodies as the genus
of the gem-induced trisection.

The term “gem-induced” refers to the fact that the obtained decom-
position can be thought as induced both by the triangulation K of ̂M and
by its dual 5-colored graph Γ(K) ∈ G

(4)
s , which in turn is also a gem of the

manifold M. Moreover, in the following we will often refer explicitly only to
the graph, by using the notations T (Γ, ε) for the gem-induced trisection and
genus(T (Γ, ε)) for its genus (which is equal to ρε4̂

(Γ4̂)).

Remark 3.3. Note that, in the case of a gem-induced trisection T (Γ, ε) =
(H0,H1,H2) of a compact 4-manifold M , then (H01,H02,Σ) is a Heegaard
splitting of ∂ ̂H0 = ∂H0 = S

3 if M is closed, while, if ∂M 	= ∅, it is a Heegaard
splitting of ∂ ̂H0 = ∂M.

Moreover, if M (and so ̂M) is non-orientable, ∂ ̂H0 must be non-orientable; as
a consequence no closed non-orientable 4-manifold can admit a gem-induced
trisection and the same happens when M is non-orientable with orientable
boundary.

Remark 3.4. Let T (Γ, ε) = (H0,H1,H2) be a gem-induced trisection of a
compact 4-manifold M . The existence of the Heegaard splittings of ∂H1 and
∂H2 given by the 3-dimensional handlebodies of the decomposition, together
with suitable applications of Van–Kampen’s theorem, implies that π1( ̂H0)
surjects to π1(̂M) (details can be found in [8], since the arguments do not
depend on orientability). Since ̂H0 is contractible, the simply-connectedness
of ̂M is a necessary condition for the existence of gem-induced trisections of
M.

By construction and by Definition 3.2, a gem-induced trisection of a
closed 4-manifold is a particular type of trisection (in the sense of [17]; see
also Sect. 4), where one of the 4-dimensional handlebodies is a 4-ball. On
the other hand, in the boundary case, gem-induced trisections provide a de-
composition which differs in substance from the extended notion of trisec-
tion introduced in [13] (see [8, Remark 16]). Therefore, as a consequence of
Remark 3.3 and [8, Proposition 25], which characterizes closed orientable 4-
manifolds admitting gem-induced trisections, we can state that gem-induced
trisections fit the usual definition of trisection only for a particular class of
closed orientable 4-manifolds; however, it is worthwhile to note that this class
possibly comprehends all simply-connected ones, according to Kirby problem
n. 50.
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Proposition 3.5. Let M be a compact PL 4-manifold with empty or connected
boundary. A gem-induced trisection of M is a trisection if and only if M is
closed and orientable.

Moreover, a closed orientable 4-manifold admits a gem-induced trisection if
and only if it admits a handle decomposition lacking in 3-handles (or in 1-
handles). �

In the orientable setting, a combinatorial condition ensuring T (Γ, ε) to
be a gem-induced trisection of M was already presented in [8]; the same
condition works as well also in the non-orientable case:

Proposition 3.6. Let M be a compact 4-manifold with empty or connected
boundary and Γ ∈ G

(4)
s a gem of M of order 2p; if there exists an ordering

(e1, . . . , ep) of the 4-colored edges of Γ such that for each j ∈ {1, . . . , p}:
(*) there exists i ∈ Δ3 such that all 4-colored edges of the

{4, i}-colored cycle containing ej belong to the set {e1, . . . , ej},
then T (Γ, ε) is a gem-induced trisection of M , for each cyclic permutation ε
of Δ4.

Proof. The involved arguments are exactly the same as in the orientable case:
see the proof of [8, Proposition 20], together with the final part of the proof
of [8, Proposition 17]. �

Definition 3.7. Let M be a compact 4-manifold with empty or connected
boundary, that admits gem-induced trisections. The G-trisection genus of M
is defined as:

gGT (M) = min{genus(T (Γ, ε)) | T (Γ, ε) is a gem-induced trisection of M}.

The properties of the G-trisection genus which were already proved in
[8] for orientable 4-manifolds can be easily extended to the non-orientable
case, since the arguments do not depend on orientability.

Proposition 3.8. Let M be a compact 4-manifold with empty or connected
boundary. Then:

(i) gGT (M) ≤ ρε4̂
(Γ4̂), for any gem Γ of M so that T (Γ, ε) is a gem-

induced trisection.
(ii) gGT (M) = 0 ⇔ M ∼= S

4.
(iii) If M has non-empty boundary, then gGT (M) ≥ H(∂M), where H(∂M)

denotes the Heegaard genus of the boundary.
(iv) The G-trisection genus is subadditive with respect to both the (internal)

connected sum and the boundary connected sum.

�

Example 3.1. Figure 2 shows a gem Γ ∈ G
(4)
s of the genus one non-orientable

handlebody Ỹ
4
1. It is easy to see that T (Γ, ε) is a gem-induced trisection

of Ỹ4
1 for each cyclic permutation ε of Δ4, since Γ satisfies condition (*) of

Proposition 3.6; moreover, ρε4̂
(Γ4̂) = 1. Therefore, by statements (i) and (ii)

of Proposition 3.8, gGT (Ỹ4
1) = 1.
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Figure 2. A gem of the genus one non-orientable handlebody Ỹ
4
1

Furthermore, if Ỹ4
m denotes the genus m non-orientable handlebody (m ≥ 1),

gGT (Ỹ4
m) = m directly follows by statements (iii) and (iv) of Proposition 3.8.

The same value was already known from [8] to be the G-trisection genus of
the genus m orientable handlebody Y

4
m.

4. Trisections Arising from Gem-induced Trisections

In the present section, we will show that gem-induced trisections of 4-manifolds
with boundary allow an “indirect” approach to trisections of closed 4-manifolds,
both in the orientable and non-orientable case.

Let us first recall that, according to [17,24], a trisection of or a closed
4-manifold M̄ is a decomposition of M̄ into three 4-dimensional handlebodies
with disjoint interiors, whose pairwise intersections are 3-dimensional handle-
bodies and all intersecting into a closed connected surface (called the cen-
tral surface of the trisection). Moreover, the seven “pieces” of the trisection
(three in dimension 4, three in dimension 3, plus the central surface) are all
orientable if and only if M̄ is orientable and all non-orientable if and only
if M̄ is non-orientable. It is also a direct consequence of the definition that
all the 3-dimensional handlebodies have the same genus, which is called the
genus of the trisection.

The trisection genus gT (M̄) of any closed 4-manifold M̄ is defined as
the minimum genus among all trisections of M̄.

Throughout this section, the following lower bound for gT (M̄) will turn
out to be useful:

gT (M̄) ≥ β1(M̄ ;Z2) + β2(M̄ ;Z2) (2)

where βi(M̄ ;Z2) denotes the i-th Betti number of M̄ with coefficient in Z2.
The proof of inequality (2) is due to [27], where—however—the trisec-

tion genus is defined as the minimal genus of a central surface, i.e., it coincides
with gT (M̄) (resp. 2gT (M̄)) if M̄ is orientable (resp. non-orientable).

The following theorem, by proving how trisections of closed 4-manifolds
may arise from gem-induced trisections of bounded 4-manifolds, also yields an
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upper bound for the trisection genus in terms of the combinatorial invariant
G-trisection genus defined in Sect. 3.

Theorem 4.1. Let M be a compact orientable (resp. non-orientable)
4-manifold with boundary ∂M ∼= #m(S2 ×S

1) (resp. ∂M ∼= #m(S2×̃S
1)),

m > 0. If M admits a gem-induced trisection, then the closed 4-manifold
M̄ , uniquely obtained by gluing a 4-dimensional handlebody along ∂M (i.e.,
M̄ ∼= M ∪ Y

4
m or M̄ ∼= M ∪ Ỹ

4
m, according to M being orientable or not)

admits a trisection with the same central surface.
As a consequence,

gT (M̄) ≤ gGT (M).

Proof. By hypothesis, a colored triangulation K ∈ K(4)
s of ̂M (or, equiva-

lently, a gem Γ ∈ G
(4)
s of M) and a cyclic permutation ε = (ε0, ε1, ε2, ε3, 4)

of Δ4 exist, so that T (Γ, ε) = (H0,H1,H2) is a gem-induced trisection of
M , where H1 and H2 are 4-dimensional handlebodies and H0 is a collar
on ∂M ; moreover, all pairwise intersections H0 ∩ H1,H1 ∩ H2,H2 ∩ H0 are
3-dimensional handlebodies of the same genus. In virtue of a celebrated the-
orem in [21], together with its non-orientable version in [24], a 4-dimensional

handlebody of genus m
(∼)

Y
4
m (orientable or non-orientable, according to the

orientability of M) may be glued in a unique way to the “free” boundary of

H0, so as to obtain H̄0 = H0 ∪
(∼)

Y
4
m

∼=
(∼)

Y
4
m. It is now easy to check that the

triple (H̄0,H1,H2) actually constitutes a trisection of the closed 4-manifold

M̄ = M ∪
(∼)

Y
4
m, with the same pairwise intersections as T (Γ, ε), and hence

with the same intersecting surface.
The second part of the statement directly follows. �

In the following, a trisection of a closed (orientable or non-orientable)
4-manifold M̄ will be said to arise from a colored triangulation if it is either a
gem-induced trisection of M̄ or it is obtained from a gem-induced trisection

of M (such that M̄ ∼= M ∪
(∼)

Y
4
m) according to Theorem 4.1.

Moreover, for sake of conciseness, we will denote by S
n−1 ⊗ S

1 either
S

n−1×S
1 or Sn−1×̃S

1, i.e., the orientable or non-orientable S
n−1-bundle over

S
1.

Example 4.1. In [8], Y4
1 has been proved to admit a gem-induced trisection of

genus 1, through its well-known order eight crystallization; on the other hand,
Example 3.1 proves that Ỹ4

1 admits a gem-induced trisection of genus 1, too,
through the (order eight) crystallization of Fig. 2. Hence, gT (S3 ⊗ S

1) ≤ 1
follows from Theorem 4.1. Actually, the equality holds via the well-known
characterization of S

4 as the only closed 4-manifold with trisection genus
equal to zero (see also Proposition 3.8(ii)). Thus, both S

3 × S
1 and S

3×̃S
1

are proved to admit a trisection with minimal genus arising from a colored
triangulation.
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We want now to describe a possible way to pass from a gem of the closed

4-manifold M̄ to a gem of a compact 4-manifold M so that M̄ ∼= M ∪
(∼)

Y
4
m;

to this aim, the notion of ρ-pair6 turns out to be very useful.

Definition 4.2. A ρh-pair (1 ≤ h ≤ n) of color i ∈ Δn in an (n + 1)-colored
graph Γ is a pair of i-colored edges (e, f) sharing the same {i, c}-colored cycle
for each c ∈ {c1, . . . , ch} ⊆ Δn. Colors c1, . . . , ch are said to be involved, while
the other n − h colors are said to be not involved in the ρh-pair.

The switching of (e, f) consists in canceling e and f and establishing new
i-colored edges between their endpoints; the reversed operation is obviously
the switching of a ρn−h-pair. Although, in general, the switching may be
performed in two different ways, it is uniquely determined if Γ ∈ G

(n)
s , h ∈

{n − 1, n} and the bipartition of each non-singular ĉ-residue is preserved.

The topological effects of the switching of ρn−1- and ρn-pairs have been
completely determined in the case of closed n-manifolds: see [1], where it is
proved that a ρn−1-pair (resp. ρn-pair) switching does not affect the repre-
sented n-manifold (resp. either induces the splitting into two connected sum-
mands, or the “loss” of a S

n−1⊗S
1 summand in the represented n-manifold).

Proposition 4.3. Let M̄ be a closed 4-manifold and Γ a crystallization of
M̄ . If Γ contains m ρ1-pairs of color i (i ∈ Δ3) and involving color 4, so
that the sequence of m switchings yields a 5-colored graph Γ′ ∈ G

(4)
s ad-

mitting a gem-induced trisection T (Γ′, ε) (for a suitable cyclic permutation
ε = (ε0, ε1, ε2, ε3, 4) of Δ4), then

gT (M̄) ≤ ρε4̂
(Γ4̂) + m.

Proof. First, let us consider the case m = 1: let Γ′ ∈ G
(4)
s be the 5-colored

graph obtained from Γ (representing the closed 4-manifold M̄) by switching
a ρ1-pair of color i (i ∈ Δ3) and involving color 4. It is easy to check that Γ′

represents a compact 4-manifold M whose boundary is PL-homeomorphic to
S
2 ⊗ S

1: in fact, the 4̂-residue Γ′
4̂

represents the orientable or non-orientable
S
2-bundle over S

1 (according to Γ′ being bipartite or not), since it contains
a ρ3-pair whose switching yields the 4̂-residue Γ4̂ representing S

3, while all
other ĉ-residues Γ′

ĉ (c ∈ Δ3) represent S3, since they give rise to Γĉ, represent-
ing S

3, by switching a ρ2-pair. Moreover, M̄ is obtained from M by attaching
a 3-handle to its boundary, and this 3-handle is orientable or non-orientable
according to the orientability of ∂M . In fact, as shown in Fig. 3, the switching
of the ρ3-pair in Γ′ can be factorized by inserting a 4-colored edge (whose
end-points belong to different bipartition classes in Γ′

4̂
if and only if Γ is

bipartite) and subsequently canceling a 3-dipole, i.e., a subgraph consisting
of two vertices joined by three colored edges, so that the vertices belong to
different bicolored cycles involving the remaining colors. It is not difficult to
check that the insertion of the 4-colored edge corresponds to “breaking” a

6ρ-pairs and their switching were introduced by Lins [22] and subsequently studied in
[1,5,14].
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Figure 3. Factorization of a ρ3-pair switching into an edge
insertion and a 3-dipole cancelation

tetrahedral boundary face of M and inserting a new pair of 4-simplices shar-
ing the same 3-dimensional face opposite to the 4-labeled vertex, so that the
boundary is transformed into a 3-sphere; hence, this operation may be seen
as the attachment of a polyhedron homeomorphic to D

3×D
1 to the boundary

of M , without affecting its interior.7 On the other hand, the elimination of
the 3-dipole does not affect the represented manifold, since it corresponds to
a re-triangulation of a subcomplex of |K(Γ)| homeomorphic to a 4-ball (see
[7] and references within).

The case m > 1 may be proved by induction via similar arguments, by
taking into account that, at the k-th step (2 ≤ k ≤ m), the switching of the
considered ρ3-pair transforms the boundary, represented by the 4̂-residue,
from #k(S2 ⊗ S

1) into #k−1(S2 ⊗ S
1). Hence, Γ′ represents a compact 4-

manifold M such that M̄ ∼= M ∪
(∼)

Y
4
m.

Now, if Γ′ ∈ G
(4)
s admits a gem-induced trisection T (Γ′, ε) (for a suitable

cyclic permutation ε = (ε0, ε1, ε2, ε3, 4) of Δ4), gGT (M) ≤ ρε4̂
(Γ′

4̂
) holds by

Proposition 3.8(i). On the other hand, it is easy to check that, by switching
a single ρ1-pair of color i involving color 4, the number of {i, j}-cycles, with
j ∈ Δ3, is decreased by one, while the number of {r, s}-cycles, with r, s ∈ Δ3−
{i}, is unaffected; as a consequence, by formula (1) in Section 2, ρε4̂

(Γ′
4̂
) =

ρε4̂
(Γ4̂) + m holds.

Hence, the thesis follows from Theorem 4.1:

gT (M̄) ≤ gGT (M) ≤ ρε4̂
(Γ4̂) + m.

�

Example 4.2. gT (S3 ⊗ S
1) = 1 may be re-obtained also via Proposition 4.3,

starting from the crystallizations of S3 × S
1 and S

3×̃S
1 depicted in Fig. 4(a)

7An analogous argument has already been used in [6, Proposition 11(ii)] to prove the

correspondence between the switching of ρ3-pairs in a graph representing [#m(S2×S1)]×I
and the attachment of 3-handles.
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0

3

1

2

4

(a) (b) (c)

Figure 4. minimal crystallizations of S
3 × S

1, S
3×̃S

1 and
RP

4, with ρ1-pairs in red

and (b) respectively: in fact, it is easy to check that each of them admits

a ρ1-pair of color 0 involving color 4, whose switching yields a gem of
(∼)

Y
4
1

satisfying the condition of Proposition 3.6. Since both starting crystallizations
have ρεî

(Γî) = 0 for each i ∈ Δ4, gT (S3 ⊗ S
1) ≤ 0 + 1 = 1 follows from

Proposition 4.3. As already pointed out, the equality actually holds, since
trisection genus zero characterizes S

4 among all closed 4-manifolds.

Example 4.3. gT (RP4) = 2 is realized by a trisection arising from a colored
triangulation, too. In fact, it is easy to check that the crystallization of RP4

depicted in Fig. 4(c) admits a ρ1-pair of color 1 involving color 4, whose
switching yields a gem satisfying the condition of Proposition 3.6. Since the
starting crystallization has ρεî

(Γî) = 1 for each i ∈ Δ4, gT (RP4) ≤ 1 + 1 = 2
follows from Proposition 4.3; then the above claim is a direct consequence of
inequality (2).

Example 4.4. gT (S2 × RP
2) = 3 is realized by a trisection arising from a

colored triangulation, too. In fact, it is easy to check that the (order 24)
crystallization of S2 ×RP

2 depicted in [3, Figure 3] admits a ρ1-pair of color
1 and involving color 0; by a suitable permutation of colors, the ρ1-pair of
color 1 involves color 4, and its switching yields a gem satisfying the condition
of Proposition 3.6. Since the above crystallization of S2×RP

2 has ρεî
(Γî) = 2

for each i ∈ Δ4, gT (S2 ×RP
2) ≤ 2 + 1 = 3 follows from Proposition 4.3; then

the above claim is a direct consequence of inequality (2).

As already mentioned in the Introduction, the existence of trisections
of minimal genus arising from colored triangulations can now be proved for
a large class of closed 4-manifolds:
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Proposition 4.4. Let M̄ ∼=PL (#pCP
2)# (#p′(−CP

2))# (#q(S2 × S
2))#

(#rK3)# (#s(S3 ⊗S
1))#(#tRP

4)# (#u(S2 ×RP
2)), with p, p′, q, r, s, t, u ≥

0. Then, its trisection genus gT (M̄) = (p + p′ + 2q + 22r) + s + 2t + 3u is
realized by a trisection arising from a colored triangulation.

Proof. For each summand, the existence of a trisection of minimal genus
arising from a colored triangulation (or, equivalently, from a suitable gem)
is ensured by Examples 4.1 (or 4.2), 4.3 and 4.4, together with results in
[27] concerning minimal gem-induced trisections of CP2, S2 ×S

2 and the K3-
surface. Note that all the involved gems represent closed 4-manifolds if and
only if s + t + u = 0.

Now, the so called graph connected sum may be performed on the above
gems, yielding a gem of the compact 4-manifold, with empty or connected
boundary, obtained by connected sum (or by boundary connected sum, if
s+ t + u ≥ 2) of the represented manifolds. Indeed, according to gem theory,
given two (n + 1)-colored graphs Γ1 and Γ2, their graph connected sum with
respect to vertices v1 and v2 (vi in Γi, ∀i ∈ {1, 2}) is the graph Γ1#v1,v2Γ2

obtained by deleting v1 and v2 and by welding the hanging edges of the
same color; if Γ1 (resp. Γ2) represents the n-manifold M1 (resp. M2), then
Γ1#v1,v2Γ2 is known to represent M1#M2 in case at least one of M1 and M2

is closed, and M1
M2 in case both M1 and M2 have connected non-empty
boundary (see [19, Section 7] for details).

Moreover, it is not difficult to check that, by suitably performing the
above sequence of graph connected sums, the obtained 5-colored graph yields
a gem-induced trisection with genus equal to the sum of the genera of the
trisections (assumed to be of minimal genus) of each summand: see Proposi-
tion 3.8(iv) and the proof of [8, Proposition 26(ii)].

The existence of the required trisection of M̄ follows by making use of
Theorem 4.1, in case s + t + u > 0.

On the other hand, the trisection genus of M̄ exactly coincides with the
sum of the genera, in virtue of inequality (2). �

Let us now restrict the attention to the orientable case, where trisections
arising from colored triangulations can be proved to exist for each closed 4-
manifold, via Kirby diagrams and associated colored graphs.

In fact, if M̄ is a closed orientable 4-manifold, it is well-known that—
in virtue of the already cited result by Laudenbach and Poenaru [21]—a
Kirby diagram (L, d) of M̄ describes only the attachments of the 1-handles
(via dotted components) and 2-handles (via framed components) of a handle
decomposition of M̄ . Hence, (L, d) actually coincides with a Kirby diagram
of the compact 4-manifold M consisting only of the h-handles of M̄ , with
h ≤ 2. Obviously, if no 3-handle appears, M can be identified with M̄ , up to
capping off its spherical boundary.

On the other hand, by results in [6] and [8, Section 4], a gem-induced
trisection of M can be algorithmically constructed starting from a Kirby dia-
gram. Thus, Theorem 4.1 directly yields the required trisection of M̄ arising
from a colored triangulation.
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Let us specify that, as in [6,8], the considered Kirby diagrams are con-
nected, in the sense that their associated planar projections are supposed to be
connected; moreover, the (possible) dotted components of (L, d) are assumed
to be in good position, i.e., they are unknotted, unlinked and with overcross-
ings and undercrossings never alternating along them. Note that—without
loss of generality—any closed orientable 4-manifold can be represented by a
Kirby diagram satisfying these conditions (see [18]).

According to Theorem 1.1 stated in the Introduction, we are now able
to extend to the whole class of closed orientable 4-manifolds the estimation
of the trisection genus via Kirby diagrams that was already obtained in [8]
under the assumption of the existence of a handle decomposition lacking in
3-handles.

Proof of Theorem 1.1. Let M̄ be a closed orientable 4-manifold represented
by a (connected) Kirby diagram (L, d) whose dotted components, if any, are
in good position.

Further, let us suppose that the handle decomposition of M̄ associated
to (L, d) contains q > 0 3-handles (if q = 0, both estimations were already
proved in [8, Corollary 4]) and let M be the compact 4-manifold consisting
only of the h-handles, with h ≤ 2, of the above handle decomposition.

In the general case when (L, d) contains both dotted and framed com-
ponents (i.e. the handle decomposition of M contains both 1-handles and
2-handles: case (i) of the statement), [6, Theorem 12] and [8, Theorem 3]
allow to construct a gem of M , so that it admits a genus s + 1 gem-induced
trisection (s being the crossing number of (L, d)). On the other hand, if (L, d)
contains no dotted components (i.e. the handle decomposition of M contains
only 2-handles: case (ii) of the statement), [6, Theorem 7(ii)] and [8, Theorem
3] yield again a gem of M, so that it admits a genus mα gem-induced trisec-
tion (mα being the number of α-colored regions in a chess-board coloration
of (L, d), where α is the color of the unbounded region).

In both cases, the thesis follows from Theorem 4.1, since M̄ ∼= M ∪Y
4
q:

in case (i) (resp. (ii)), we have

gT (M̄) ≤ gGT (M) ≤ s + 1 (resp. gT (M̄) ≤ gGT (M) ≤ mα).

�

Example 4.5. gT (S3 × S
1) = 1 may be re-obtained also via Theorem 1.1(i),

starting from the Kirby diagram of S
3 × S

1 consisting only of one dotted
component: in fact, since there are no crossings, gT (S3 × S

1) ≤ 0 + 1 = 1
trivially follows.

Remark 4.5. We point out that an estimation of the trisection genus similar
to the one given in Theorem 1.1(i) has been obtained in [20] via trisection
diagrams.
Note also that, when there are no dotted components, the inequality in Theo-
rem 1.1(ii) should be preferred to the one in Theorem 1.1(i), since it obviously
gives a better estimation. Therefore, for example, if M̄ is a closed orientable
4-manifold admitting a handle decomposition with no 3-handles, it could be
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more convenient to apply statement (ii) to the Kirby diagram representing
the dual handle decomposition.

We conclude the paper by pointing out that Theorem 1.1 can be easily
generalized to the case of disconnected Kirby diagrams. In fact, it is well-
known that, in this case, the represented compact manifold is the boundary
connected sum of the compact manifolds represented by each connected com-
ponent; hence, the estimation of the trisection genus directly follows from
multiple application of Theorem 1.1, together with subadditivity (see Propo-
sition 3.8(iv) and the proof of Proposition 4.4):

Corollary 4.6. Let M̄ be a closed orientable 4-manifold and (L, d) a Kirby
diagram of M̄ with c connected components and whose dotted components—
if any—are in good position. Then:

(i)

gT (M̄) ≤ s + c,

s being the crossing number of (L, d).
(ii) Furthermore, if (L, d) has no dotted components, then

gT (M̄) ≤ mα + c − 1,

mα being the number of α-colored regions in a chess-board coloration of
(L, d).

�
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