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Abstract
A variant of the well-known Shortest Path Problem is studied in
this paper, where pairs of conflicting arcs are provided, and for each
conflicting pair a penalty is paid once neither or both of the arcs
are selected. This configures a set of soft-constraints. The problem,
which can be used to model real applications, looks for a path from
a given origin to a given destination that minimizes the cost of the
arcs traversed plus the penalties incurred.
In this paper, we consider a compact mixed integer linear program
representing the problem and we solve it with the open-source
solver CP-SAT, part of the Google OR-Tools computational suite.
An experimental campaign on the instances available from the lit-
erature indicates that the approach we propose achieves results
comparable with those of state-of-the-art solvers, notwithstand-
ing it is a compact model, while the other approaches require the
generation of dynamic constraints in order for the models to be
competitive. Some best-known results have been improved in this
study, and some instances have been closed for the first time.
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1 Introduction
The shortest path problem is a classical optimization problem
with several real-world applications, where the aim is to find the
shortest (or quickest) way to go from one point to another on a
given network [28]. Several polynomial time algorithms exist for
the problem [17].

In this paper we consider the Shortest Paths with Exclusive-
Disjunction Arc Pairs Conflicts (SP–EDAC), an extension of the
basic problem, originally introduced in [12], where conflicts exist
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between the arcs of some given pairs, and a penalty has to be paid
if both or neither of the arcs of such pairs are part of the optimal
solution. The authors, on top of introducing the problem for the
first time, propose two mixed integer linear programming models
and a matheuristic approach based on one of the two models.

An application of the SP–EDAC problem is described in Cerulli
et al. [12], in the context of software testing and validation. The
nodes of the graph represent front-end pages of a web application.
Every time a user interacts with a page, some server-side scripts are
internally invoked in order to provide the requested services. The
arcs of the graph model these actions, that as a side-effect take the
user to other pages (nodes of the graph). Given a home page 𝑠 and
a landing page 𝑡 , the aim is to find the shortest sequence of actions
to test the different server-side scripts. In such a testing/validation
context, conflicts are associated with actions activating the same
script, and the aim is to test all the possible scripts no more than
once during the journey from page 𝑠 to page 𝑡 .

Problems with elements in commonwith the SP–EDACwere pre-
viously treated in [19], where critical variants of the shortest path
problem arising in automatic generation of test paths for programs
were introduced. A first definition of conflict pairs was presented in
[27], although nodes instead of arcs were part of the conflicts, and
conflicts were hard constraints. A procedure to solve the problem
was discussed in [43]. A polyhedral study of the problem was pre-
sented in [5], while branch-and-bound and dynamic programming
approaches were recently proposed in [18].

In the literature of Graph Theory and Algorithms, several classic
optimization problems have been studied in one or more variants
involving conflict constraints, demonstrating an increasing
popularity of the topic, motivated by the number of related
real-world applications. For example, theoretical results, heuristics
and exact algorithms were proposed for the Assignment Problem
with Conflicts [16], [38], [35], [36], [37]; for the Set Covering
Problem with Conflicts [7], [26], [41], [3]; for the Spanning Tree
Problem with Conflicts The MSTC [16], [47], [42], [6], [10], [9],
[31], for the Maximum Flow Problem with Conflicts [40], [14], [8],
[11], [2], [32] and for the Knapsack Problem with Conflicts [46],
[23], [22], [1], [24], [21], [4], [13].

In this paper, a mixed integer linear programming model for
the SP–EDAC is considered and solved by the open-source solver
CP-SAT, which is part of the Google OR-Tools [39] optimization
suite. Successful application of this solver on optimization problems
with characteristics similar to the problem under investigation,
motivated our study [29], [30], [32]. An experimental campaign on
the benchmark instances previously used to validate algorithms in
the literature is carried out.

The overall organization of the paper is as follows. The SP–EDAC
problem is formally defined in Section 2, while a mixed integer
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linear program representing the problem is provided in Section
3. Section 4 is devoted to computational experiments: after the
introduction of the instances commonly adopted in the literature,
the results obtained by solving the model with the CP-SAT solver
are compared with the published results on some of the instances.
Conclusions about the work presented are finally drawn in Section
5.

2 Problem Description
Given a directed graph 𝐺 = (𝑉 ,𝐴), with 𝑉 and 𝐴 being the sets
of vertices and arcs of 𝐺 , respectively, the classical Shortest Path
Problem can be defined as follows. A traversing cost 𝑤𝑖 𝑗 ∈ Z+0 is
associated with each arc (𝑖, 𝑗) ∈ 𝐴. Two vertices 𝑠, 𝑡 ∈ 𝑉 are given
as source and destination of the path. The Shortest Path Problem
seeks to find a path from 𝑠 to 𝑡 that minimizes the sum of the costs
of the arcs traversed.

The SP–EDAC adds to the classical problem the concept of dis-
junctively exclusive conflicts on arc pairs: if neither or both the
arcs of a conflict pair are selected, the conflict is violated and a
certain penalty has to be paid. Formally, a set𝐶 of conflicts is given:
𝐶 = {{(𝑖, 𝑗), (𝑘, 𝑙)} : (𝑖, 𝑗), (𝑘, 𝑙) ∈ 𝐴 are in conflict} and a penalty
𝑝𝑖 𝑗𝑘𝑙 is associated to each {(𝑖, 𝑗).(𝑘, 𝑙)} ∈ 𝐶 . The penalty is incurred
once the arcs (𝑖, 𝑗) and (𝑘, 𝑙) are either both selected together or
neither of them is.

The SP–EDAC problem aims to minimize the overall cost of an
𝑠 − 𝑡 path, given by the sum of the costs of the selected arcs and
the penalties of the violated conflicts.

A small example of an SP-EDAC instance and an optimal solution
for the instance are provided in Figure 1.

3 A Mixed Integer Linear Programming Model
In this section a model for the SP–EDAC is presented. It is inspired
by the one originally proposed in [12], based on the linearization
discussed in [20]. The model is an extension of a classical model for
the SP problem [17]. Formally, a binary variable 𝑥𝑖 𝑗 is introduced
for each (𝑖, 𝑗) ∈ 𝐴. It takes value 1 if the arc (𝑖, 𝑗) is traversed by
the path, 0 otherwise. Another set of variables is required to model
the penalties of the SP–EDAC. A binary variable 𝑦𝑖 𝑗𝑘𝑙 is associated
with a conflict {(𝑖, 𝑗), (𝑘, 𝑙)} ∈ 𝐶 . The resulting model is as follows.

min
∑︁

(𝑖, 𝑗 ) ∈𝐴
𝑤𝑖 𝑗𝑥𝑖 𝑗+

+
∑︁

{ (𝑖, 𝑗 ),(𝑘,𝑙 ) }∈𝐶
𝑝𝑖 𝑗𝑘𝑙 (2𝑦𝑖 𝑗𝑘𝑙 − 𝑥𝑖 𝑗 − 𝑥𝑘𝑙 + 1) (1)

𝑠 .𝑡 .
∑︁

( 𝑗,𝑖 ) ∈𝐴
𝑥 𝑗𝑖 −

∑︁
(𝑖, 𝑗 ) ∈𝐴

𝑥𝑖 𝑗 =


+1if 𝑖 = 𝑠

−1if 𝑖 = 𝑡

0 if 𝑖 ∉ {𝑠, 𝑡}
𝑖 ∈ 𝑉 (2)

∑︁
𝑖, 𝑗∈𝑆 ;(𝑖, 𝑗 ) ∈𝐴

𝑥𝑖 𝑗 ≤ |𝑆 | − 1 𝑆 ⊆ 𝑉 , |𝑆 | ≥ 2 (3)

𝑦𝑖 𝑗𝑘𝑙 ≥ 𝑥𝑖 𝑗 + 𝑥𝑘𝑙 − 1 {(𝑖, 𝑗), (𝑘, 𝑙)} ∈ 𝐶 (4)
𝑦𝑖 𝑗𝑘𝑙 ≤ 𝑥𝑖 𝑗 {(𝑖, 𝑗), (𝑘, 𝑙)} ∈ 𝐶 (5)

𝑦𝑖 𝑗𝑘𝑙 ≤ 𝑥𝑘𝑙 {(𝑖, 𝑗), (𝑘, 𝑙)} ∈ 𝐶 (6)
𝑥𝑖 𝑗 ∈ {0, 1} (𝑖, 𝑗) ∈ 𝐴 (7)
𝑦𝑖 𝑗𝑘𝑙 ∈ {0, 1} {(𝑖, 𝑗), (𝑘, 𝑙)} ∈ 𝐶 (8)

The objective function (1) minimizes the cost of the path and of
the penalties incurred by such a path, in a form that produces a
stronger linear relaxation. Constraints (2) implement a classic flow
model that guarantees feasible paths. Inequalities (3) are subtour
elimination constraints [15] that prevent the formation of loops
created in order to avoid penalties. Inequalities (4) activate the
penalty-variables once the two arcs of a conflicting pair are both in
the solution. Inequalites (5) and (6) regulates the activation of the
penalty-variables according to the objective function (1). Finally,
the domains of the variables are specified in constraints (7) and (8).

4 Computational Experiments
Some implementation details behind the solution of the model dis-
cussed in Section 3 with the solver selected are discussed in Section
4.1. The instances adopted for the experiments – and commonly
adopted in the previous literature of the SP–EDAC– are described in
Section 4.2. An extensive comparison between the results achieved
in this work and the results previously published, is presented in
Section 4.3.

4.1 Implementation Details
In order to solve the model presented in Section 3 to the Google
OR-Tools CP-SAT solver [39] version 9.12, which does not support
callbacks to alter the model during its solution, some adaptation
are required to the model. The solver provides a construct called
AddCircuit that forces some of the arcs to conform like a loop
touching a subset of the vertices of the graph. With the use of this
construct it is possible to implement the model in a compact format.
This construct is normally used to model generalized Traveling
Salesman Problems [33] [45], but it can be adapted to the purpose
of modelling a path.

In order to implement the strategy, a new set of variables 𝑥𝑖𝑖 ,
which takes value 1 if vertex 𝑖 ∈ 𝑉 \ {𝑠, 𝑡} is not part of the optimal
path, and 0 otherwise. Moreover, a constant 𝑥𝑡𝑠 = 1 is added in
order to close the optimal path from 𝑠 to 𝑡 in a loop. Constraints (2)
and (3) are removed and at their place the following new constraints
are inserted:

AddCircuit(𝑥𝑖 𝑗 |𝑖, 𝑗 ∈ 𝑉 ) (9)
𝑥𝑖𝑖 ∈ {0, 1} 𝑖 ∈ 𝑉 \ {𝑠, 𝑡} (10)
𝑥𝑡𝑠 = 1 (11)

Constraint (9) imposes the presence of a circuit over the graph
𝐺 . The definition of the variables in (10) allows the circuit not to
include some vertex 𝑖 ∈ 𝑉 once the respective variables 𝑥𝑖𝑖 takes
value 1. The assignment of 𝑥𝑡𝑠 to 1 finally impose the circuit to
include the artificial arc (𝑡, 𝑠), imposing therefore that a path from
𝑠 to 𝑡 is in the circuit.

4.2 Benchmark Instances
Two sets of benchmark sets were proposed and made available in
[12] and represent the reference in the current literature.
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Figure 1: On the left an example of a small SP-EDAC instance is shown, where the capacities are placed by the arcs. Arcs in
black are not affected by conflicts while any two arcs sharing the same red, blue or green color are in conflict. On the right, an
optimal solution that does not violate any conflict is shown. The zig-zag shape is motivated by the avoidance of not using a
color or using the same color twice, in order to avoid any penalty. Notice that in larger examples it is common to incur some
penalty in optimal solutions.

The instances of the first set are purely random graphs, and an
instances is generated according to the following parameters:

• 𝑛: number of nodes |𝑉 |, with
𝑛 ∈ {100, 200, 300, 400, 500};

• 𝑑 : arc density, which defines the number of arcs as
|𝐴| = 𝑑 · 𝑛(𝑛 − 1), with 𝑑 ∈ {0.1, 0.2, 0.3};

• 𝑟 : conflict density, which defines the number of conflicts as
|𝐶 | = ⌊ 𝑟2 ·𝑚(𝑚− 1)⌋, with 𝑟 ∈ {10−3, 2 · 10−3, 3 · 10−3} when
𝑛 = 100, 𝑟 ∈ {10−4, 2 · 10−4, 3 · 10−4} when 𝑛 = 200 and
𝑟 ∈ {10−5, 2 · 10−5, 3 · 10−5} when 𝑛 ∈ {300, 400, 500};

• 𝑝: penalty value range, with
𝑝 ∈ {[25, 125], [50, 150], [75, 175], [100, 200]}.

A total of 540 instances are present in the first benchmark set.
The second benchmark set consists of graphs representing small-

world networks. These networks are generated according [44] and
[34]). The instances are generated according to the following pa-
rameters:

• 𝑛: number of nodes |𝑉 |, with
𝑛 ∈ {100, 200, 300, 400, 500};

• 𝑘 : initial arc density. The number of neighbours for each
node is initially 𝑘𝑛, with
𝑘 ∈ {0.15, 0.30, 0.45};

• 𝛽 : rewiring probability: the probability that an arc is rewired,
with 𝛽 = 0.5;

• 𝑟 : conflict density, with 𝑟 ∈ {10−3, 2 · 10−3, 3 · 10−3} when
𝑛 = 100, 𝑟 ∈ {10−4, 2 · 10−4, 3 · 10−4} when 𝑛 = 200 and
𝑟 ∈ {10−5, 2 · 10−5, 3 · 10−5} when 𝑛 ∈ {300, 400, 500};

• 𝑝: penalty value range, with 𝑝 ∈ {[1, 20], [25, 200]}.

A total of 135 instances are present in the second benchmark set.

4.3 Experimental Results
The experiments have been run on a computer equipped with an
Intel Core i7 12700F CPU, while the results reported in [12] were
obtained on a computer based on an Intel Xeon E5 processor, with
the latter being – according to the conversion ratio inferred from
http://gene.disi.unitn.it/test/cpu_list.php – slightly slower. More-
over, we allow multithreading, while in [12] the authors do not.
This gives an advantage to the approach we propose, although
multithreading is at the basis of modern hardware architecture,

and should probably be realistically exploited. A maximum com-
putation time of 1800 seconds has been allowed for the approach
we propose on each instance, against the 3600 seconds used by
the methods proposed in [12]. This should compensate for the dif-
ference of computing power while allowing all methods to reach
steady results.

The results obtained by the approach we propose (CP-SAT) are
compared with those of the three methods discussed in [12], namely
a matheuristic approach and two Mixed Integer Linear Program-
ming models (ILP and MILP), which are solved with IBM ILOG
CPLEX 12.10.0 [25]. In Tables 1 and 2, and for each method con-
sidered, the average results on different subset of instances are
reported, namely the value of the lower bounds (LB, when applica-
ble), upper bounds (UB), time in seconds to retrieve the best solution
(Sec Best) and total time in seconds (Sec Tot, when applicable) are
provided. On top of this, for exact methods, the final percentage
optimality gap (Opt gap %) is also reported. The results are grouped
by number of nodes 𝑛 and arc density (𝑑 for random instances, 𝑘
for small-world instances). Cumulative averages over 𝑑 or 𝑘 are
also reported. Whenever CP-SAT improves best-known results, the
corresponding entries of the tables are highlighted in bold.

The first observation about the results is that the matheuristic
approach should be considered only if very fast results are required,
otherwise the exact methods are able to improve its heuristic solu-
tions, at the price of moderately longer computation times. When
comparing exact methods, MILP seems to be dominant over ILP, as
previously concluded in [12]. The new solving model we propose,
CP-SAT has performances comparable to those of MILP, although
it seems to struggle more on the instances with small arc densi-
ties (especially on those with less nodes), and always keeping in
mind that the experiments for CP-SAT have been run on a slightly
faster machine. On the other hand, CP-SAT is able to improve the
best-known results for some instance groups with a larger num-
ber of nodes and medium/high arc densities. Remarkably, all the
small-world network instances with 𝑘 = 0.30 and all the random
instances with 𝑑 = 0.3 and 𝑛 = 400 are closed here for the first
time and the gap for the random instances with 𝑑 = 0.2 is substan-
tially reduced. The average optimality gaps achieved by the exact
methods are always negligible and below 0.5%, indicating that the
available methods are already sufficiently good for the instances
currently considered in the literature.
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In conclusion, modelling the SP–EDAC problem in terms of CP-
SAT and attacking it with such a solver is a viable and practical way,
especially when considering that such an approach rules out all the
implementation burden related to the use of subtour elimination
constraints otherwise required [12].

5 Conclusions
A formulation based on mixed integer linear formulation for the
Shortest Paths with Exclusive-Disjunction Arc Pairs Conflicts was
considered and solved via the open-source solver CP-SAT, part of
the Google OR-Tools computational suite.

The experimental results indicate that the approach we propose
has results comparable with those of the state-of-the-art solvers
available in the literature, notwithstanding it does not required the
complex programming techniques required by the other methods.
Remarkably some of the best-known results have been improved
by the approach we proposed.
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