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Abstract. We prove the existence of an optimal treatment combining che-

motherapy and a lactate targeting drug for a mathematical model for high
grade gliomas and lactate kinetics. A necessary condition for a treatment to

be optimal is also devised, allowing to design numerically the proper therapy.

The analytical results are validated by the numerical simulations; as clini-
cal experience proves, the simulations show that the effect of chemotherapy

is enhanced by the other drug whose sole administration is, in turn, almost

irrelevant.

1. Introduction. Glioblastoma (high grade glioma) is the most common and ma-
lignant primary brain tumor in adults, recognized by angiogenesis, invasive growth
and necrosis. The current treatment for such tumors consists in surgical resec-
tion, followed by concomitant radio-chemotherapy (see [21]). Nevertheless, tumor
relapses since invasive cells can not be fully eradicated. Therefore, alternative ther-
apeutic strategies and targets are highly needed.

In this respect, it has been observed that, like other cancers, glioblastoma modi-
fies cell’s energy management, a relevant issue for an organ with high energy needs
like the brain. In particular, the persistence of aerobic glycosis (the Warburg effect)
is a characteristic of cancer cells and the lactate, the end-product of glycolysis, is a
hallmark of advanced cancers. Besides, lactate creation, consumption, import and
export in glioma cells play a central role in the cancer development (see e.g. [14]
and the references therein) and may therefore be considered as a key point for the
trail of new therapeutic strategies (see e.g., [6, 24]).

In this paper, we propose a mathematical model coupling the evolution of a
high grade glioma cell density with those of the intracellular and capillary lactate
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concentrations in the brain, when two different therapies are administered: on the
one hand, a cytotoxic drug to kill cancer cells; on the other hand, a drug targeting
lactate. In this sense, several choices are reported in the clinical literature, each
addressed to different aspects of lactate interactions with cancer (see the review
paper [6]).

For instance, in [20], the authors emphasize that, disrupting the lactate produc-
tion and the exchanges by monocarboxylate transporters (MCT1) could become an
efficient anticancer treatment in the future. Another strategy for a drastic decrease
in tumor development and invasion, devised in [15], consists in the total disruption
of lactate dehydrogenase (LDH A and B), achieved by administering an antiepilep-
tic drug (stiripentol); this targets LDH activities (so inhibiting lactate generation)
and increases survival in intracranially implanted mice.

Besides, lactate induces angiogenesis therefore its decrease has itself an antian-
giogenic effect as it also starves the tumor; on the other hand, an antiangiogenic
treatment affects lactate production since it reduces the vascularization that brings
nutrients to the tumor. Indeed, recently, anti-angiogenic drugs have been adminis-
tered together with lactate modulating therapies [24].

We think that our model may account for many of these therapeutic strategies
targeting lactates; therefore, in what follows we refer generically to a drug targeting
lactate meaning that it can be an antiangiogenic, antiepileptic or other therapy.

Assuming fixed chemotherapy and lactate targeting therapies, the mathemati-
cal analysis of this system has already been done in [8]. Still due to the high and
dangerous side-effects of these drugs on patients, the minimal quantities to achieve
the desired reduction of the tumor should be devised by oncologists. Therefore, in
this paper, the therapies are no longer fixed but are viewed as control functions,
and the aim is to minimize the cost functional measuring the distance from the
desired tumor and lactates concentrations as well as the drugs toxicity, under the
constraint of the state evolutionary problem (see the subsequent system (1)). In
particular, we analytically prove that an optimal therapeutic strategy exists and
we devise a necessary condition for an admissible control to be optimal; this allows
to numerically determine an optimal therapy. Then we propose simulations corre-
sponding to different therapeutic schedules for virtual patients. These simulations
should further integrate clinical data from MR acquisition on 7Tesla platform (CHU
de Poitiers), including lactate quantifications and perfusion values. We expect this
approach to be useful for individual patient monitoring, thus allowing anticipation
of treatment efficiency and adaptation.

The relation between glioma and lactate has been described by different math-
ematical models: in particular, we recall [14, 17] for lactate kinetics in a glioma
environment and [8] accounting the evolution of both lactate and tumor. Brain tu-
mor therapies were included , e.g., in [4, 11, 22, 23] and the references therein (see
also [9, 10, 12] for other cancer therapies). Finally, optimal treatments targeting
lactate were studied in [2, 19].

2. The model. The mathematical model analyzed in this paper is given by three
parabolic equations for the tumor cell density u, the intracellular lactate concen-
tration φ and the capillary lactate concentration ψ. This system was firstly anal-
ysed in [7] for modeling high grade glioma growth submitted to fixed treatments.
More precisely, the equations modeling lactate kinetics are based on [3], includ-
ing the effects of the tumor on lactates as well as a therapy targeting lactate
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(antiangiogenic or antiepileptic drug for instance) represented by the function s.
In turn, the evolution of the tumor cell density takes into account diffusion through
the matrix D and logistic proliferation together with the combined effects of a
cytotoxic drug v (Temozolomide) and of the lactate targeting therapy as well as
apoptosis and necrosis (see e.g. [1]). The resulting system reads



∂tu− div(D∇u) = [a(φ+ ψ)− p(s)v]u (1− u)− ug(φ+ ψ), in ΩT ,

∂tφ− α∆φ+ k(u, s)

(
φ

K + φ
− ψ

K ′ + ψ

)
= β(u, s)J, in ΩT ,

ϵ∂tψ − ϱ∆ψ + k(u, s)

(
ψ

K ′ + ψ
− φ

K + φ

)
= F (u, s) [L(u)− ψ] , in ΩT ,

D∇u · n = ∂nφ = ∂nψ = 0, on ΣT ,

u(0) = u0, φ(0) = φ0, ψ(0) = ψ0, in Ω,

(1)

where ΩT = Ω × (0, T ) and ΣT = ∂Ω × (0, T ), Ω being a bounded and regular
domain of RN with N = 1, 2, 3; the vector n is the unit outward normal to the
boundary ∂Ω.

In the tumor equation, the rate a represents the balance between the rates of
proliferation and apoptosis whereas necrosis occurs at rate g. Both a and g depend
on the sum of the lactate concentrations. Moreover, the tumor net proliferation
rate is opposed by the action of the chemotherapy function v, enhanced by the
antiangiogenic/antipilectic therapy via the term p(s).

Then, α and ϱ are the positive constant diffusion coefficients of intracellular
and capillary lactates, respectively. The positive constant K, K ′ stand for mod-
ified Michaelis-Menten constants (see [3]). Besides, the maximum transport rate
of lactate through monocarboxylate transporters k(u, s) increases with the tumor
concentration and is decreased by the antiangiogenic/antiepileptic drug in tumor
tissue.

The positive constant J collects the cell lactate production by glycolysis, the
lactate consumption by metabolism and the lactate diffusion towards the neigh-
bouring regions. The term β(u, s) in front of J expresses the fact that the lactate
production/diffusion/consumption is enhanced by the tumor, but is also subject to
the antiangiogenic/antiepileptic treatment.

The rate of change of capillary lactate ψ is influenced by the small positive con-
stant ϵ corresponding to the ratio of the volume fraction of capillary compartment
over that of intracellular space. On the right-hand side of the balance equation for
ψ, we have the difference of lactate input to capillaries and output from capillaries:
in particular, the cerebral blood flow F (u, s), accessible by perfusion MRI, is influ-
enced by the tumor and is opposed by the antiangiogenic/antiepileptic drug s. The
resulting flux takes into account the arterial lactate concentration L(u).

Our aim in this paper is to control the treatments v and s in order to reduce
the tumor and lactate concentrations, up to desired targets. Hence we intend to
minimize the following functional:

J (u, φ, ψ, v, s)

=
k1
2

∫
ΩT

[u(x, t)− uQ(x, t)]
2 dxdt+

k2
2

∫
Ω

[u(x, T )− uΩ(x)]
2 dx+ k3

∫
Ω

u(x, T ) dx
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+
k4
2

∫
ΩT

[φ(x, t) + ψ(x, t)− ℓQ(x, t)]
2 dxdt

+
k5
2

∫
Ω

[φ(x, T ) + ψ(x, T )− ℓΩ(x)]
2 dx

+
k6
2

∫
ΩT

v2(x, t) dxdt+
k7
2

∫
ΩT

s2(x, t) dxdt.

Here the constant k1, k2, ... k7 are nonnegative, while the functions uΩ and uQ
refer to prescribed targets for tumor densities in Ω and ΩT respectively. In the
same way, ℓΩ et ℓQ stand for prescribed targets of the sum of lactate concentrations
in Ω and ΩT . We emphasize that today, neuroimaging techniques allow an indirect
and noninvasive measure of lactate concentrations in healthy and cell tumors, but
only the total lactate concentrations can be measured, corresponding to φ + ψ. The
last two terms of J penalize large quantities of drugs so rendering their toxicity.

2.1. Assumptions and functional setting. Complying with the biological mean-
ing of the aforementioned functions, we assume that

(H1) the proliferation rate a ∈ C1(R) is such that 0 < a1 ≤ a(ϕ) ≤ a2 for any
ϕ ∈ R. Moreover, a and a′ are Lipschitz continuous in R with a′ ∈ L∞(R).

(H2) the necrosis rate g ∈ C1(R) is such that 0 ≤ g ≤ G. Moreover, g and g′ are
Lipschitz continuous in R with g′ ∈ L∞(R).

(H3) the function L, representing the arterial lactate concentration, is L ∈ C1(R)
monotone increasing with L(0) ≥ 0. Moreover L and L′ are Lipschitz contin-
uous.

(H4) the matrix D is symmetric and there exists d > 0 such that (Dξ, ξ) ≥ d|ξ|2,
∀ξ ∈ R3, ξ ̸= 0.

(H5) the cytotoxic and antiangiogenic/antiepileptic drugs are described by v, s ∈
L∞(ΩT ).

(H6) the function β is defined by β(u, s) = β0 + b(s)u, where β0 ≥ 0 is constant
and b ∈ C1(R) is nonnegative. Moreover, b and b′ are Lipschitz continuous
in R.

(H7) the function F representing the cerebral blood flux is defined by F (u, s) =
F0 + F(s)u, where F0 > 0 is constant while F ∈ C1(R) is nonnegative and
Lipschitz continuous in R together with F′.

(H8) the maximal transport rate of the monocarboxylate transporters k is defined
by k(u, s) = κ0+k(s)u, where κ0 ≥ 0 is constant and k ∈ C1(R) is nonnegative.
Moreover, k and k′ are Lipschitz continuous in R.

(H9) the function p, accounting for the action of the antiangiogenic/antiepilectic
therapy on the tumor, belongs to C1(R) and is Lipschitz continuous with p′.

We set H = L2(Ω) with inner product denoted by (·, ·) and corresponding norm
∥ · ∥. This space will give a Hilbert triplet together with V = H1(Ω) equipped
with the norm ∥u∥2V = ∥u∥2 + ∥∇u∥2 and its dual space V ′, the symbol ⟨·, ·⟩
standing for the corresponding duality pairing. Notice that we do not make any
difference between scalar products and norms in H and H3. Also, given a matrix
M = (mi

j) ∈ M3(R) and a vector U = (U1, U2, U3) ∈ R3, leaving the transpose
unexpressed, we just write

MU =

 3∑
j=1

mi
jUj

 and MUV =

3∑
i,j=1

mi
jUjVi, ∀V = (V1, V2, V3) ∈ R3.
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Considering triplets accounting for the tumor cell density and the two lactate con-
centrations, we then introduce

H = H3 and V = V 3, with dual space V ′.

Actually, the proper phase space for biologically meaningful solutions is a subset of
H, that is,

H+ = H++ ×H+ ×H+,

where

H+ = {v ∈ H : v ≥ 0 a.e. in Ω} and H++ = {v ∈ H : 0 ≤ v ≤ 1 a.e. in Ω}.

2.2. Known results at fixed therapies. We now assume that the functions v and
s, representing the cytotoxic and antiangiogenic/antiepileptic drugs respectively,
meeting (H5) are fixed.

Besides, for the sake of simplicity, we set ϵ = α = ϱ = 1. Under assumptions
weaker than (H1)–(H9), we showed in [7]

Theorem 2.1. For given T > 0, assume that (v, s) satisfying (H5) are fixed. Then
for any fixed z0 = (u0, φ0, ψ0) ∈ H+ there exists a weak solution z = (u, φ, ψ) to
(1) on (0, T ). In particular, z(t) ∈ H+ for almost any t ∈ (0, T ) and satisfies

∥z∥2L2(0,T ;V)∩C([0,T ];H)∩H1(0,T ;V′) ≤ c(∥z0∥2H + ∥v∥2L2(0,T ;H) + ∥s∥2L2(0,T ;H) +1), (2)

for some positive constant c depending on T and on the problem parameters.
Moreover, given (vi, si) satisfying (H5) and z0i ∈ H+ (i = 1, 2), if zi is a weak

solution to (1) corresponding to (vi, si) with initial data z0i, then there exists c > 0,
depending on T and on the problem structural data, such that

∥z1(t)− z2(t)∥2H + ∥z1 − z2∥2L2(0,T ;V) (3)

≤ c(∥z01 − z02∥2H + ∥v1 − v2∥2L2(0,T ;H) + ∥s1 − s2∥2L2(0,T ;H)),

for any t ∈ [0, T ]. As a consequence, the solution to (1) with fixed initial datum and
therapies is unique.

If we further assume φ0, ψ0 ∈ L∞(Ω), then

∥φ∥L∞(ΩT ) ≤ c(1 + ∥φ0∥L∞(Ω)) and ∥ψ∥L∞(ΩT ) ≤ c(1 + ∥ψ0∥L∞(Ω)), (4)

where c > 0 is a constant depending on the time interval (0, T ) and on the problem
functions.

Remark 2.2. As a byproduct of this result we see that H+ is invariant by the flow
and coincides with the biologically relevant region.

3. Directional derivatives of the control to state map. Henceforth, let z0 =
(u0, φ0, ψ0) ∈ H+ ∩ [L∞(Ω)]3 be fixed: we will now study the mapping

G : U .
= L∞(ΩT )× L∞(ΩT ) → H+

(v, s) 7→ z = (u, φ, ψ)

where z = z(v, s) = (u, φ, ψ) is the unique weak solution to (1) corresponding to
the fixed data and therapies. Indeed, since (v, s) satisfies (H5), Theorem 2.1 applies
ensuring the existence of z = z(v, s) = (u, φ, ψ) where, in particular, 0 ≤ u ≤ 1 and
φ,ψ ≥ 0 a.e. in ΩT .

Thus G is well defined and is Lipschitz continuous by (3), provided that we endow
L∞(ΩT ) with the topology of L2(ΩT ). Our next aim is proving that it admits
certain directional derivatives in proper directions at any point in U . With this
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purpose, having fixed (v∗, s∗) ∈ U , we linearize our system at the corresponding state
z∗ = (u∗, φ∗, ψ∗) = G(v∗, s∗). The linearized problem can be stated more easily if,
taking advantage of the invariance of H+, we exploit the functions κ(r) = −r(1−r)
for r ∈ [0, 1] and fλ(s) =

s

λ+ s
for s ≥ 0, where λ > 0. Indeed, with these choices

the original problem reads as

∂tu− div(D∇u) = [p(s)v− a(φ+ ψ)]κ(u)− ug(φ+ ψ), in ΩT

∂tφ−∆φ+ [κ0 + k(s)u][fK(φ)− fK′(ψ)] = [β0 + b(s)u]J, in ΩT ,

∂tψ −∆ψ + [κ0 + k(s)u][fK′(ψ)− fK(φ)]

= [F0 + F(s)u] [L(u)− ψ] , in ΩT ,

D∇u · n = ∂nφ = ∂nψ = 0, on ΣT ,

u(0) = u0, φ(0) = φ0, ψ(0) = ψ0, in Ω.

(5)

Therefore, for fixed (v, s) ∈ U , the problem linearized at z∗ turns into

∂tY − div(D∇Y )−AY −BΦ− CΨ = Λv+Πs in ΩT

∂tΦ−∆Φ− EY −QΦ−GΨ = Ξs in ΩT

∂tΨ−∆Ψ+ F0Ψ−RY −HΦ−MΨ = Ns in ΩT

D∇Y · n = ∂nΦ = ∂nΨ = 0 in ΣT

Y (0) = Φ(0) = Ψ(0) = 0 in Ω

(6)

being the coefficients

A = [p(s∗)v∗ − a(φ∗ + ψ∗)]κ′(u∗)− g(φ∗ + ψ∗) Q = −H = −[κ0 + k(s∗)u∗]f ′
K(φ∗)

B = −a′(φ∗ + ψ∗)κ(u∗)− u∗g′(φ∗ + ψ∗) G = [κ0 + k(s∗)u∗]f ′
K′(ψ∗)

C = −a′(φ∗ + ψ∗)κ(u∗)− u∗g′(φ∗ + ψ∗) Λ = p(s∗)κ(u∗)

E = k(s∗)[fK′(ψ∗)− fK(φ∗)] + b(s∗)J Π = p′(s∗)v∗κ(u∗)

R = k(s∗)[fK(φ∗)− fK′(ψ∗)] + F(s∗)(L(u∗)− ψ∗) + [F0 + F(s∗)u∗]L′(u∗)

M = −[κ0 + k(s∗)u∗]f ′K′(ψ∗)− F(s∗)u∗

N = [k′(s∗)(fK(φ∗)− fK′(ψ∗)) + F′(s∗)(L(u∗)− ψ∗)]u∗

Ξ = [k′(s∗)(fK′(ψ∗)− fK(φ∗)) + b′(s∗)J ]u∗.

Notice that, by the invariance of H+ and (4), the coefficients and the righthand
side in (6) are in L∞(ΩT ), thus classical results on linear parabolic systems (see,
e.g., [18, Theorem 1.1, Chapter IV]) yield the existence of a unique strong solution
Z = (Y,Φ,Ψ) ∈ X = C([0, T ],V)∩L2(0, T ; [H2(Ω)]3)∩H1(0, T ;H) to (6) satisfying

∥Z∥2X ≤ c(∥v∥2L2(ΩT ) + ∥s∥2L2(ΩT )). (7)

Now the existence of the directional derivative of the control to state map is
stated in the next

Theorem 3.1. Assuming (H1)–(H4) and (H6)–(H9), let z0 ∈ H+ ∩ [L∞(Ω)]3 be
fixed and (v∗, s∗) ∈ U be a control with corresponding state z∗ = (u∗, φ∗, ψ∗). For
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any (v̄, s̄) ∈ U and µ ∈ (0, 1), let (vµ, sµ) = (v∗ + µ(v̄ − v∗), s∗ + µ(̄s − s∗)) with
corresponding state zµ = (uµ, φµ, ψµ). Then

lim
µ→0+

zµ − z∗

µ
= Z in C([0, T ];H) ∩ L2(0, T ;V),

being Z = (Y,Φ,Ψ) the solution to (6).

Proof. A direct application of (3) entails

zµ − z∗ → (0, 0, 0) in C([0, T ];H) ∩ L2(0, T ;V), (8)

owing to the convergence (vµ, sµ) → (v∗, s∗) in [L2(ΩT )]
2 as µ→ 0+.

We can now accomplish our purpose, taking advantage of the triplet

Y µ =
uµ − u∗

µ
− Y, Φµ =

φµ − φ∗

µ
− Φ, Ψµ =

ψµ − ψ∗

µ
−Ψ,

where (Y,Φ,Ψ) solves (6). Indeed, the thesis can be rephrased as

lim
µ→0+

(Y µ,Φµ,Ψµ) = (0, 0, 0) in C([0, T ];H) ∩ L2(0, T ;V).

Denoting by Zµ = (Y µ,Φµ,Ψµ) and Z = (Y,Φ,Ψ), long but easy computations
reported in Appendix allow to prove that Zµ solves

∂tZ
µ +AZµ = AZµ + BZ + C, (9)

supplemented with null initial and Neumann boundary conditions. Here A is the
differential operator

AZµ =

 −div[D∇Y µ]
−∆Φµ

−∆Ψµ + F0Ψ
µ


while A,B,C correspond to the matrices

A =

 A1 A2 A3

A4 A5 A6

A7 A8 A9

 B =

 B1 B2 B3

B4 B5 B6

B7 B8 B9

 C =

 C0v+ C1s
C2s
C3s

 .

The precise coefficients are explicitly written in the Appendix where we also see
that the entries Ak, Bk, Cj ∈ L∞(ΩT ) with

∥Ak∥L∞(ΩT ) ≤ C while lim
µ→0+

∥Bk∥L2(0,T ;H) = 0, k = 1, . . . , 9, (10)

owing to the continuity of the nonlinearities and to the convergences in the subse-
quent (19). In particular,

lim
µ→0+

∥B∥L2(0,T ;H) = 0,

where ∥B∥2L2(0,T ;H) =
∑9

i=1 ∥Bi∥2L2(0,T ;H). Having explicited in the Appendix the

coefficients Cj ’s and recalling that v, s ∈ L∞(ΩT ), it is readily seen that

lim
µ→0+

∥C∥L2(0,T ;H) = 0. (11)

Since, owing to (H4),

(AZµ, Zµ) ≥ d∥∇Y µ∥2 + ∥∇Φµ∥2 + ∥∇Ψµ∥2 ≥ ω∥∇Zµ∥2

for ω = min{d, 1}, then the scalar product in H of system (9) by Zµ, followed by
an integration in (0, t), lead to

1

2
∥Zµ(t)∥2 + ω

∫ t

0

∥∇Zµ∥2 ds
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≤
∫ t

0

∫
Ω

[|A1|+ |A5|+ |A9|]|Zµ|2 dxds+
∫ t

0

((A2 +A4)Y
µ,Φµ) ds+

∫ t

0

(C, Zµ) ds

+

∫ t

0

((A6 +A8)Φ
µ,Ψµ) ds+

∫ t

0

((A3 +A7)Y
µ,Ψµ) ds+

∫ t

0

(BZ,Zµ) ds,

due to ∥Zµ(0)∥ = 0. The first four integrals on the righthand side are easily
controlled thanks to (10) as∫ t

0

∫
Ω

[|A1|+ |A5|+ |A9|]|Zµ|2 dxds+
∫ t

0

((A2 +A4)Y
µ,Φµ) ds

+

∫ t

0

((A6 +A8)Φ
µ,Ψµ) ds+

∫ t

0

((A3 +A7)Y
µ,Ψµ) ds

≤ c

∫ t

0

∥Zµ∥2H ds,

while, on account of ∥Z∥L∞(0,T ;V) ≤ c by (7), we obtain∫ t

0

(BZ,Zµ) ds+

∫ t

0

(C, Zµ) ds

≤
∫ t

0

(∥B∥∥Z∥V∥Zµ∥V + ∥C∥∥Zµ∥) ds

≤ ω

2

∫ t

0

∥∇Zµ∥2H ds+ c

∫ t

0

∥Zµ∥2H ds+ c
(
∥B∥2L2(0,T ;H) + ∥C∥2L2(0,T ;H)

)
.

Collecting these estimates we are lead to

∥Zµ(t)∥2H + ω

∫ t

0

∥∇Zµ∥2H ds

≤ c

∫ t

0

∥Zµ∥2H ds+ c
(
∥B∥2L2(0,T ;H) + ∥C∥2L2(0,T ;H)

)
,

so that, by Gronwall’s Lemma, it follows

∥Zµ(t)∥2H + ω

∫ t

0

∥∇Zµ∥2H ds ≤ c
(
∥B∥2L2(0,T ;H) + ∥C∥2L2(0,T ;H)

)
ecT .

Passing to the limit as µ→ 0+, we conclude on account of (10) and (11).

4. The control problem. Our final task is to establish the existence and de-
vise a necessary condition for a control (v∗, s∗) to be optimal; this allows to nu-
merically determine an optimal therapeutic strategy in terms of the cytotoxic and
anti-angiogenic treatments. The functional to minimize is

J (u, φ, ψ, v, s)

=
k1
2

∫
ΩT

[u(x, t)− uQ(x, t)]
2 dxdt+

k2
2

∫
Ω

[u(x, T )− uΩ(x)]
2 dx+ k3

∫
Ω

u(x, T ) dx

+
k4
2

∫
ΩT

[φ(x, t) + ψ(x, t)− ℓQ(x, t)]
2 dxdt

+
k5
2

∫
Ω

[φ(x, T ) + ψ(x, T )− ℓΩ(x)]
2 dx

+
k6
2

∫
ΩT

v2(x, t) dxdt+
k7
2

∫
ΩT

s2(x, t) dxdt.
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for any (u, φ, ψ) ∈ C([0, T ];H) and any (v, s) ∈ L2(0, T ;H2). Here ki ≥ 0 are
constants while the functions

uQ, ℓQ ∈ L2(ΩT ) and uΩ, ℓΩ ∈ L2(Ω) (12)

represent suitable targets. Actually, we are interested in minimizing a restriction of
J , in the sense that we fix z0 ∈ H+ ∩ [L∞(Ω)]3, then (u, φ, ψ) is the state, that is,
the weak solution to (1) with z0 as initial datum, corresponding to the pair (v, s)
that in turn varies in the set of the admissible controls

Uad = {(v, s) ∈ [L2(ΩT )]
2 : 0 ≤ v ≤ Vmax, 0 ≤ s ≤ Smax},

being Vmax > 0 and Smax > 0 fixed. Since the assumptions of Theorem 2.1 hold true,
for any fixed initial datum z0 ∈ H+ ∩ [L∞(Ω)]3, the control to state map is well-
defined and Lipschitz continuous with respect to the [L2(ΩT )]

2−norm. Besides,
it admits directional derivatives in any direction at any point by Theorem 3.1.
Denoting the state corresponding to the control (v, s) ∈ Uad as z = (u, φ, ψ) =
z(v, s), our purpose is minimizing the functional J(v, s) = J (z(v, s), v, s) in Uad. In
order to do so, we first establish the existence of an optimal control.

Lemma 4.1. Provided that (H1)–(H4), (H6)–(H9) and (12) hold true, then for any
initial datum (u0, φ0, ψ0) ∈ H+ ∩ [L∞(Ω)]3 there exists at least an optimal control
(v∗, s∗) ∈ Uad, that is,

J(v∗, s∗) = min
(v,s)∈Uad

J(v, s).

The proof of this result is as in [11, Theorem 6.1] (see also [10]) but we write it
for the reader’s convenience:

Proof. Indeed, since J ≥ 0, it is immediate to see that inf(v,s)∈Uad
J(v, s) = δ ≥ 0.

We can consider then a minimizing sequence (vn, sn) ∈ Uad such that

δ ≤ J(vn, sn) ≤ δ +
1

n
, ∀n ∈ N,

and, according to Theorem 2.1, the corresponding state (un, φn, ψn): this, in partic-
ular is uniformly bounded in L2(0, T ;V)∩C([0, T ];H)∩H1(0, T ;V ′) with 0 ≤ un ≤ 1
a.e. in ΩT and φn, ψn ≥ 0 a.e. in ΩT satisfy (4). By the boundedness of Uad and
(2), we can select subsequences (that we still denote as) (vn, sn) and (un, φn, ψn)
such that

(vn, sn) → (v∗, s∗) weakly star in L∞(ΩT )× L∞(ΩT ),

(un, φn, ψn) → (u∗, φ∗, ψ∗) weakly in H1(0, T ;V ′) ∩ L2(0, T ;V)
and weakly star in L∞(ΩT ).

It is worth noticing that so far no relation connects (v∗, s∗) and (u∗, φ∗, ψ∗).
Our aim will be to prove that (u∗, φ∗, ψ∗) = G(v∗, s∗), namely, that (u∗, φ∗, ψ∗)
is the state corresponding to the control, and that J(v∗, s∗) = δ. First of all, by
compactness,

(un, φn, ψn) → (u∗, φ∗, ψ∗) strongly in L2(0, T ;H), (13)

and, owing to the Ascoli-Arzelá Theorem,

(un(t), φn(t), ψn(t)) → (u∗(t), φ∗(t), ψ∗(t)) strongly in V ′, uniformly in t ∈ [0, T ].
(14)
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Therefore, it follows that (u∗(0), φ∗(0), ψ∗(0)) = (u0, φ0, ψ0). Besides, (u
∗, φ∗, ψ∗) ∈

H+ and that φ∗ and ψ∗ satisfy (4). Furthermore, due to the boundedness and
Lipschitz continuity of all the involved nonlinear functions, these convergences
allow to pass to the limit in the problem solved by (un, φn, ψn), proving that
(u∗, φ∗, ψ∗) solves the initial boundary value problem correspondig to (v∗, s∗), that
is, (u∗, φ∗, ψ∗) = G(v∗, s∗).

To accomplish our second task, we decompose the functional J in three parts,
namely,

J = J1 + J2 + J3,

where

J1(v, s) =
k1
2

∫
ΩT

[u(x, t)− uQ]
2dxdt+

k4
2

∫
ΩT

[φ(x, t) + ψ(x, t)− ℓQ]
2dxdt,

J2(v, s) = k3

∫
Ω

u(x, T )dx,

J3(v, s) =
k2
2

∫
Ω

[u(x, T )− uΩ]
2dx+

k5
2

∫
Ω

[φ(x, T ) + ψ(x, T )− ℓΩ]
2dx

+
k6
2

∫
ΩT

v2(x, t)dxdt+
k7
2

∫
ΩT

s2(x, t)dxdt.

Now, convergence (13) immediately gives

lim
n→∞

J1(vn, sn) = J1(v
∗, s∗).

By the uniform boundedness of ∥un(T )∥ following from (2), we infer that, up to a
subsequence,

un(T ) → u∗(T ) weakly in H

so that

lim
n→∞

J2(vn, sn) = J2(v
∗, s∗).

The last functional J3 is weakly lower semicontinuous thus

J3(v
∗, s∗) ≤ lim inf

n→∞
J3(vn, sn).

Collecting all our computations, we conclude

δ ≤ J(v∗, s∗) ≤ lim inf
n→∞

J(vn, sn) = δ,

showing that indeed J realizes its minimum value at (v∗, s∗).

We are now in the position to numerically determine an optimal control if we
can detect a necessary optimality condition in a geometrically meaningful form (see
e.g. [25]). To accomplish our task, we take advantage of Theorem 3.1 and of the
solution to an additional linear problem. Indeed, we consider the adjoint system to
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(6), in the unknowns (y, ϕ, χ), reading as

−∂ty − div(D∇y) = Ay + Eϕ+Rχ+ k1(u
∗ − uQ) in ΩT

−∂tϕ−∆ϕ = By +Qϕ+Hχ+ k4(φ
∗ + ψ∗ − ℓQ) in ΩT

−∂tχ−∆χ+ F0χ = Cy +Gϕ+Mχ+ k4(φ
∗ + ψ∗ − ℓQ) in ΩT

D∇y · n = ∂nϕ = ∂nχ = 0 in ΣT

y(T ) = k2[u
∗(T )− uΩ] + k3, in Ω,

ϕ(T ) = k5[φ
∗(T ) + ψ∗(T )− ℓΩ], in Ω,

χ(T ) = k5[φ
∗(T ) + ψ∗(T )− ℓΩ] in Ω,

(15)

where ki are the constants appearing in the functional J while the coefficients are
defined as in (6). Applying [11, Theorema 7.1](based on [16, Theorem 7.1, p. 181]),
we see that this problem admits a unique weak solution (y, ϕ, χ) ∈ L2(0, t;V) ∩
C([0, T ];H)∩H1(0, T ;V ′), that allows to explicit the first order optimality condition
as

Lemma 4.2. Provided that (H1)–(H4), (H6)–(H9) and (12) hold true, if (v∗, s∗) ∈
Uad is an optimal control and (u∗, φ∗, ψ∗) is the corresponding optimal state, then

v∗ = PK1

(
−Λy

k6

)
and s∗ = PK2

(
−Πy + Ξϕ+Nχ

k7

)
where (y, ϕ, χ) is the solution to (15) and PKi stands for the projection on Ki

(i = 1, 2) defined as

K1 = {v ∈ L2(ΩT ) : 0 ≤ v ≤ Vmax} and K2 = {s ∈ L2(ΩT ) : 0 ≤ s ≤ Smax}.

Proof. Assume that (v∗, s∗) ∈ Uad is an optimal control and (u∗, φ∗, ψ∗) is the
corresponding optimal state. For any fixed (v̄, s̄) ∈ Uad and any µ ∈ (0, 1), we define
(vµ, sµ) = (v∗ + µ(v̄ − v∗), s∗ + µ(̄s − s∗)). Since (vµ, sµ) ∈ Uad by the convexity of
this set, we can consider the corresponding state (uµ, φµ, ψµ) and observe that

J(vµ, sµ)− J(v∗, s∗)

µ
≥ 0, ∀µ ∈ (0, 1).

By Theorem 3.1, we can pass to the limit as µ → 0+, proving that the directional
derivative of J in (v∗, s∗) in the direction (v̄− v∗, s̄− s∗) is nonnegative and reads as{

k1

∫
ΩT

(u∗ − uQ)Y dxdt+ k2

∫
Ω

(u∗(T )− uΩ)Y (T )dx+ k3

∫
Ω

Y (x, T )dx (16)

+ k4

∫
ΩT

(φ∗(x, t) + ψ∗(x, t)− ℓQ)(Φ + Ψ)dxdt

+ k5

∫
Ω

[φ∗(T ) + ψ∗(T )− ℓΩ](Φ(T ) + Ψ(T ))dx
}

+ k6

∫
ΩT

v∗(v̄− v∗)dxdt+ k7

∫
ΩT

s∗(̄s− s∗)dxdt ≥ 0,

On the other hand, taking advantage of the adjoint problem, we see that

k1

∫
ΩT

(u∗ − uQ)Y dxdt+ k2

∫
Ω

(u∗(T )− uΩ)Y (T )dx+ k3

∫
Ω

Y (x, T )dx

+ k4

∫
ΩT

(φ∗(x, t) + ψ∗(x, t)− ℓQ)(Φ + Ψ)dxdt
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+ k5

∫
Ω

[φ∗(T ) + ψ∗(T )− ℓΩ](Φ(T ) + Ψ(T ))dx

=

∫
ΩT

[Λ(v̄− v∗)y + (s̄− s∗)(Πy + Ξϕ+Nχ)]dxdt.

To prove this, just multiply the equations in (15) by Y , Φ and Ψ, respectively.
Replacing this last equality in (16), we obtain the optimality condition as∫

ΩT

[Λ(v̄− v∗)y + (s̄− s∗)(Πy + Ξϕ+Nχ)]dxdt

+ k6

∫
ΩT

v∗(v̄− v∗)dxdt+ k7

∫
ΩT

s∗(̄s− s∗)dxdt ≥ 0,

so that the elementary theory of Hilbert spaces leads to the desired expression.

Let us conclude our analysis by expressing the optimal control in the easiest
possible form, recalling that the projection of v ∈ L2(ΩT ) into

K = {x ∈ L2(ΩT ) : 0 ≤ x ≤ b a.e. in ΩT }
is

PK(v) =


0 if v < 0,

v if 0 ≤ v ≤ b,

b if v > b.

As a result, the optimal control (v∗, s∗) is characterized as

v∗ =


0, if − Λy < 0,

− 1

k6
Λy, if 0 ≤ − 1

k6
Λy ≤ Vmax,

Vmax, if − 1

k6
Λy > Vmax,

and

s∗ =


0, if − (Πy + Ξϕ+Nχ) < 0,

− 1

k7
(Πy + Ξϕ+Nχ), if 0 ≤ − 1

k7
(Πy + Ξϕ+Nχ) ≤ Smax,

Smax, if − 1

k7
(Πy + Ξϕ+Nχ) > Smax.

5. Numerical simulations.

5.1. A simplified model. For the sake of simplicity, we fixed in the previous
sections the carrying capacity γ (maximum number of cells that can fit 1mm3

of tissue) to one, yielding that the tumor concentration remains in the interval
[0, γ] = [0, 1]. Now, as far as the numerical simulations are concerned, we consider
a more realistic carrying capacity, namely γ = 106 (see [13]).

We neglect the necrosis of the tumor, assuming that g(φ + ψ) = 0. Moreover
in the following simulations, the antiangiogenic/antiepileptic treatment s is fixed
and we only search for the optimal chemotherapy quantities required to achieve
the desired reduction of the tumor. Therefore, in the cost functional k7 = 0 and,
since in practice we cannot target lactate concentrations with the sole chemotherapy
treatment, k4 = k5 = 0 as well. Besides, we set k3 = 0 and we normalize p(s) = 1.
Finally we assumed the arterial lactate L to depend on s as well: notice that the
computations of the previous sections can be repeated without any difficulty.
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Hence we transform our equations as follows :

∂tu− div(D∇u) = −[a(φ+ ψ)− v]κ(u), in ΩT

∂tφ− α∆φ+ k(uγ , s)

(
φ

K + φ
− ψ

K ′ + ψ

)
= β(uγ , s)J, in ΩT ,

ϵ∂tψ − ϱ∆ψ + k(uγ , s)

(
ψ

K ′ + ψ
− φ

K + φ

)
= F (uγ , s)

[
L(uγ , s)− ψ

]
, in ΩT ,

D∇u · n = ∂nφ = ∂nψ = 0, on ΣT ,

u(0) = u0, φ(0) = φ0, ψ(0) = ψ0, in Ω,

(17)

where κ(u) = −u(1 − u
γ ). According to the previous assumptions, we used the

following reduced functional:

J (u, v) =
k1
2γ2

∫ T

0

∫
Ω

[u(x, t)− uQ]
2dx dt+

k2
2γ2

∫
Ω

[u(x, T )− uΩ]
2 dx

+
k6
2

∫ T

0

v2(x, t) dt,

and the corresponding adjoint problem:

−∂ty − div(D∇y) = Ay + Eϕ+Rχ+ k1(u
∗ − uQ) in ΩT

−∂tϕ− α∆ϕ = By +Qϕ+Hχ in ΩT

−ϵ∂tχ− ϱ∆χ+ F0χ = Cy +Gϕ+Mχ in ΩT

D∇y · n = ∂nϕ = ∂nχ = 0 in ΣT

y(T ) =
k2
γ2

[u∗(T )− uΩ], in Ω,

ϕ(T ) = 0, in Ω,

χ(T ) = 0 in Ω,

(18)

with

A = [v∗ − a(φ∗ + ψ∗)]

(
2
u∗

γ
− 1

)
, B = C = a′(φ∗ + ψ∗)u∗

(
1− u∗

γ

)
,

E =
k(s)

γ
[fK′(ψ∗)− fK(φ∗)] +

b(s)

γ
J, Q = −H = −k(u

∗

γ
, s)f ′K(φ∗),

G = k(
u∗

γ
, s)f ′K′(ψ∗), M = −k(u

∗

γ
, s)f ′K′(ψ∗)− F(s)

u∗

γ
,

R =
k(s)

γ
[fK(φ∗)− fK′(ψ∗)] +

F(s)

γ
(L(

u∗

γ
, s̃)− ψ∗) +

1

γ
F (
u∗

γ
, s)L′(

u∗

γ
, s).

Consequently the derivative of J (u(v), v) = J̃(v) reads:

dvJ̃(v
∗) = k6v

∗ +

∫
Ω

κ(u∗)y dx,

where y is the solution of the adjoint problem.
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Algorithm 1 Descent optimization algorithm

Require: n = 0 and v0 = 0 , E = 1

while E > 10−8 do

Solve the state equation (17) with v = vn on [0, T ] and get un, φn, ψn

Evaluate the functional J (un, vn)

Find (yn, ϕn, χn) solution to the adjoint equation (18) with
u∗ = un, φ∗ = φn, ψ∗ = ψn and v∗ = vn

Evaluate the direction of descent dn = dvJ̃(u
n)

Search the descent step σn (Armijo’s rule, see [5])

Update the control parameter

vn+1 = vn + σnd
n

Evaluate the error E =
|J (un+1, vn+1)− J (un, vn)|

|J (un+1, vn+1)|

end while

5.2. Choices of the parameters and protocols. For the simulations presented
below, Ω is an ellipse parametrized by x = 6 cos θ, y = 8 sin θ, θ ∈ [0, 2π] repre-
senting the part of the brain surrounding the tumor. We discretize the equations
(17) in space with a P1- finite element method and in time with an implicit Euler
scheme. The mesh step and the time step are respectively taken as h = 10−2 and
δt = 0.01. Moreover we take :

D =

(
0.01 0
0 0.005

)
, a(φ+ ψ) =

1

2

(
0.1 + 1.2 arctan(

φ+ ψ

2
)

)2

.

We also choose ϵ = 0.1, K = K ′ = 3.5, α = 0.05 et ϱ = 0.02. Concerning the
functional parameters we choose k1 = 104 (or k1 = 0, see the discussion below),
k2 = 104 and k6 = 1.

We follow two protocols for the therapies:

Swanson’s protocol The chemotherapy cycle is 6 weeks, v(t) = v during 2 weeks
when the chemotherapy is being administered, and v(t) = 0 during the following 4
weeks. This protocol was introduced by Swanson et al. in [22] for patients suffering
from low grade glioma. The antiangiogenic/antiepileptic treatment is administered
concomitant with the chemotherapy.

The computations are performed up to 30 weeks, with 5 cycles of chemotherapy,
the first cycle starting at t = 0.

Stupp’s protocol The chemotherapy cycle is 4 weeks, v(t) = v during five days
when the chemotherapy is being administered, and v(t) = 0 till the end of the
cycle. This protocol was introduced by Stupp et al. in [21] for patients suffering
from high grade glioma. The antiangiogenic/antiepileptic treatment is administered
concomitant with the chemotherapy.
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The computations are performed up to 24 weeks, with 6 cycles of chemotherapy,
the first cycle starting at t = 0.

In this section we simulate the evolutions of the tumors and lactate concentrations
for two virtual patients suffering from glioma. We illustrate that the efficiency of the
chemotherapy is related to the lactate concentrations in the patients’ tumor cells;
more specifically, the higher the lactates concentrations, the weaker the efficacy
of chemotherapy. Hence the chemotherapy could be less dosed if the treatment
strategy targets, at the same time, the tumor and the lactates.

5.3. Patient 1. We set :

k(
u

γ
, s) = κ0+3 (1−s)

u

γ
, β(

u

γ
, s) = 1+18 (1−s)

u

γ
, F (

u

γ
, s) = F0+1.5 (1−s)

u

γ
,

L(
u

γ
) = L0 + 3

u

γ
, with κ0 = 0.1, F0 = 0.0272, and L0 = 0.8, J = 0.0272.

Here, κ0, F0, L0 stand for normal values (in healthy tissues) of the maximum
transport rate through monocarboxylate transporters, the cerebral blood flow and
the arterial concentration respectively. The tumor area is centered at (0, 0) and is
delimited by a circle of radius r = 0.8.

5.3.1. Swanson’s protocol. In Figure 1, we take v = 2, s = 0.9, u0(x, y) = 3 . 105,
φ0 = 1.2 and ψ0 = 0.5 (φ0 + ψ0 = 1.7) inside the tumor area and u0(x, y) =
0, φ0 = 0.8, ψ0 = 0.5 (φ0 + ψ0 = 1.3) outside. We compare the evolution of the
tumor cell densities and of the sum of the lactate concentrations at the point (0, 0)
in four different cases: no treatment during the 30 weeks, only a chemotherapy
treatment, only an antiangiogenic/antiepileptic treatment, and the combination
of chemotherapy and lactate targeting treatments. Our results seem consistent
with current knowledge, namely, the antiangiogenic/antiepileptic treatment is not
efficient by itself, but enhances the effects of the chemotherapy.

Now we set s = 0.9 and search for the minimal amount of chemotherapy required
for reducing the tumor cell density to uΩ = uQ = 40000. We get v∗ = 5.72 when
the chemotherapy is the only treatment, and v∗ = 5.47 when the chemotherapy
is combined with an antiangiogenic/antiepileptic treatment. Figure 2 displays the
evolution of the tumor (above) and the lactates (below), submitted to the optimal
quantities of chemotherapy in both therapeutic strategies. We see that the trajec-
tories of the tumor cell densities coincide, whereas the dosage of chemotherapy and
the trajectories of the lactate concentrations are lower when the treatment combines
a chemotherapy and an antiangiogenic/antiepileptic drug.

5.3.2. Stupp’s protocol. We take u0(x, y) = 6 . 105 inside the tumor area and u0(x, y)
= 0 outside. We assume high initial lactate levels, namely φ0 = 6, ψ0 = 2 (φ0+ψ0 =
8) inside the tumor area and φ0 = 0.8, ψ0 = 0.5 (φ0 +ψ0 = 1.3) outside. Moreover
we choose uΩ = uQ = 105 and s = 0 (no antiangiogenic/antiepileptic therapy). The
computations lead to v∗(= v∗high) = 17.41. In the upper part of Figure 3, we show

the evolution, with respect to time, of the tumor cells densities at the point (0,0)
when the tumor is treated with the optimal amount of chemotherapy. In the lower
part of Figure 3, we use in the optimization algorithm two different functionals
J (u, v) (in the first one k1 = 0, in the second one k1 = 104) and compare the
two convergences of the algorithms to the optimal chemotherapy. We can see that
both functionals lead to the same optimal value, namely v∗ = 17.41. Anyway the
algorithm converges faster (with respect to the number of iterations) when k1 ̸= 0.
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Figure 1. Patient 1, v = 2, Evolution of the tumor cell density
(above) and the sum of lactate concentrations (below) with respect
to time at the center of the tumor

In the upper part of Figure 4, the computations are performed with the same
initial conditions and parameters as in Figure 3, except that the lactate concen-
tration level is taken lower inside the tumor area, namely φ0 = 3, ψ0 = 1. This
time we obtain v∗(= v∗low) = 16.1, which validates the fact that the chemotherapy
optimal dosage is smaller than it was in the case of high lactates. In the lower part
of Figure 4, we compare the evolution of the tumor, in case of the high lactate levels
of Figure 3 ( φ0+ψ0 = 8), submitted to the amount of chemotherapy v∗high = 17.41
and v∗low = 16.1.

5.4. Patient 2. As far as the second virtual patient is concerned we set:

k(
u

γ
, s) = κ0+(1− s)

u

γ
, β(

u

γ
, s) = 1+6(1− s)

u

γ
, F (

u

γ
, s) = F0+0.5(1− s)

u

γ
,

L(
u

γ
, s) = L0 + 8(1− s)

u

γ
, J = 0.007, F0 = 0.3, and L0 = 0.3.

The tumor area is centered at (0, 0) and is delimited by a circle of radius r = 1.5.

5.4.1. Swanson’s protocol. In Figure 5, we take v = 2, u0(x, y) = 3 . 105, φ0 =
1.82, ψ0 = 2.29 (φ0 + ψ0 = 4.11) inside the tumor area and u0(x, y) = 0, φ0 = 0.8,
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Figure 2. Patient 1, Evolution of the tumor and the lac-
tates concentrations, with optimal chemotherapy (v∗ = 5.72 if
chemotherapy only and v∗ = 5.47 if chemotherapy and antian-
gionenic/antiepileptic treatments)

ψ0 = 0.5 (φ0 + ψ0 = 1.3) outside the tumor area. We compare the evolution of the
tumor cell densities and of the sum of the lactate concentrations at the point (0, 0)
in four different cases: no treatment during the 30 weeks, only a chemotherapy
treatment, only an antiangiogenic/antiepileptic treatment, and the combination of
chemotherapy and antiangiogenic/antiepileptic treatments.

Now we take u0 = 6.105, φ0 = 1.82, ψ0 = 2.29 (φ0+ψ0 = 4.11) inside the tumor
area and u0(x, y) = 0, φ0 = 0.8, ψ0 = 0.5 (φ0 + ψ0 = 1.3) outside the tumor area.
We search for the minimal amount of chemotherapy required for reducing the tumor
cell density to uΩ = uQ = 105. We get v∗ = 6.82 when the chemotherapy is the only
treatment (s = 0), whereas the dose is smaller, v∗ = 6.57, when the chemotherapy
is combined with an antiangiogenic/antiepileptic treatment (s = 0.9). Figure 6
displays the evolution of the tumor (above) and the lactate (below), submitted to
the optimal quantities of chemotherapy in both therapeutic strategies. We see that
the trajectories of the tumor cell densities coincide, whereas the trajectories of the
lactate concentrations are lower when the treatment combines a chemotherapy and
an antiangiogenic/antiepileptic drug.
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Figure 3. Patient 1, Evolution of the tumor concentration, with
optimal chemotherapy (v∗ = 17.41) (above); convergence of the
algorithm to the optimal chemotherapy for two different choices of
the functional J (below)

5.4.2. Stupp’s protocol. The Figure 7 displays trajectories of the tumor cell densi-
ties and of lactate concentrations similar to those of Figure 6, the only difference
being that this time the Stupp’s protocol is used. We obtain v∗ = 15.19 with the
sole chemotherapy treatment, and v∗ = 14.9 when the antiangiogenic/antiepileptic
treatment supplements the chemotherapy. The Figure 8 displays the brain sur-
rounding the tumor before the therapy (left) and at the end of the treatment, namely
the Stupp’s protocol with optimal chemotherapy and antiangiogenic/antiepileptic
treatment (right).

Appendix. In this Appendix, for the reader’s convenience, we report the com-
putations leading to system (9) so that we can see, in particular, that (10) and
(11) hold true. We preliminarily observe that, thanks to a generalization of Mean
Value Theorem proved in [10, Appendix], being a and g are of class C1, there exist
measurable functions xµ, yµ, lying between φµ + ψµ and φ∗ + ψ∗, such that

g(φµ + ψµ)− g(φ∗ + ψ∗) = g′(xµ)(φµ + ψµ − φ∗ − ψ∗)
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Figure 4. Patient 1 with low lactate level, evolution of the tumor
with the optimal therapy vlow = 16.1 (above) ; Patient 1 with high
lactate level, comparison of the trajectories of the tumor when the
chemotherapy is dosed with v∗low and v∗high (below)

a(φµ + ψµ)− a(φ∗ + ψ∗) = a′(yµ)(φµ + ψµ − φ∗ − ψ∗).

In particular, xµ, yµ inherit the corresponding L∞(ΩT )−bounds from φµ +ψµ and
φ∗ + ψ∗.

Analogously, there exist measurable functions ηµ, ωµ, τµ, ζµ, ξµ, πµ such that

k(sµ)− k(s∗) = k′(ηµ)(sµ − s∗)

p(sµ)− p(s∗) = p′(ωµ)(sµ − s∗)

F(sµ)− F(s∗) = F′(τµ)(sµ − s∗)

b(sµ)− b(s∗) = b′(ζµ)(sµ − s∗)

κ(uµ)− κ(u∗) = κ′(ξµ)(uµ − u∗)

L(uµ)− L(u∗) = L′(πµ)(uµ − u∗).
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Figure 5. Patient 2, v = 2, Evolution of the tumor cell density
(above) and the sum of lactate concentrations (below) with respect
to time at the center of the tumor

Since the values of ηµ, ωµ, τµ, ζµ are intermediate between those of s∗ and sµ, these
functions are bounded in L∞(ΩT ). By the same argument, ξµ and πµ lie between u∗

and uµ therefore they take values in [0, 1]. Finally, there exist measurable functions
λµ and ρµ such that

fK(φµ)− fK(φ∗) = f ′K(λµ)(φµ − φ∗)

fK′(ψµ)− fK′(ψ∗) = f ′K′(ρµ)(ψµ − ψ∗)

Again the values of λµ and ρµ lie between those of φ∗ and φµ, while ρµ is interme-
diate between ψ∗ and ψµ, yielding the corresponding L∞(ΩT )−bounds.

Taking advantage of the above formulae, we see that Zµ = (Y µ,Φµ,Ψµ) solves
(9) that reads as
∂tY

µ − div[D∇Y µ] = A1Y
µ +B1Y +A2Φ

µ +B2Φ+A3Ψ
µ +B3Ψ+ C0v+ C1s

∂tΦ
µ −∆Φµ = A4Y

µ +B4Y +A5Φ
µ +B5Φ+A6Ψ

µ +B6Ψ + C2s

∂tΨ
µ −∆Ψµ + F0Ψ

µ = A7Y
µ +B7Y +A8Φ

µ +B8Φ+A9Ψ
µ +B9Ψ+ C3s,
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Figure 6. Patient 2, Evolution of the tumor and the lac-
tates concentrations, with optimal chemotherapy (v∗ = 6.87 if
chemotherapy only and v∗ = 6.58 if chemotherapy and antian-
gionenic/antiepileptic treatments)

where

C0 = p(s∗)[κ(uµ)− κ(u∗)]

C1 = p′(ωµ)vµκ(uµ)− p′(s∗)v∗κ(u∗)

C2 = k′(ηµ)uµ[fK′(ψµ)− fK(φµ)]− k′(s∗)u∗[fK′(ψ∗)− fK(φ∗)]

+ J [b′(ζµ)uµ − b′(s∗)u∗]

C3 = F′(τµ)uµ[L(uµ)− ψµ]− F′(s∗)u∗[L(u∗)− ψ∗] + k′(ηµ)uµ[fK(φµ)− fK′(ψµ)]

− k′(s∗)u∗[fK(φ∗)− fK′(ψ∗)].

The coefficients in the first equation above are

A1 = [p(s∗)v∗ − a∗]κ′(ξµ)− g(φµ + ψµ)

B1 = [p(s∗)v∗ − a∗][κ′(ξµ)− κ′(u∗)]− [g(φµ + ψµ)− g∗]
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Figure 7. Patient 2, Evolution of the tumor and the lac-
tates concentrations, with optimal chemotherapy (v∗ = 15.19 if
chemotherapy only and v∗ = 14.9 if chemotherapy and antiangio-
nenic/antiepileptic treatments)

A2 = A3 = −a′(yµ)κ(uµ)− u∗g′(xµ)

B2 = B3 = −[a′(yµ)κ(uµ)− a′∗κ(u∗)]− u∗[g′(xµ)− g′∗].

Here the superscript ∗ in a, g, a′, g′ means that the function is evaluated in φ∗+ψ∗.
The coefficients in the second equation are

A4 = −k(s∗)[fK(φµ)− fK′(ψµ)] + Jb(s∗)

B4 = k(s∗)[fK′(ψµ)− fK′(ψ∗)− fK(φµ) + fK(φ∗)]

A5 = −k(s∗, u∗)f ′K(λµ)

B5 = −k(s∗, u∗)[f ′K(λµ)− f ′K(φ∗)]

A6 = k(s∗, u∗)f ′K′(ρµ)

B6 = k(s∗, u∗)[f ′K′(ρµ)− f ′K′(ψ∗)].
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Figure 8. Patient 2, Brain surrounding the tumor before treat-
ment (left) and at the end of treatment (v∗ = 14.9, s = 0.9)

Finally in the third equation we have

A7 = F0L
′(πµ) + F(s∗)[L(uµ) + L′(πµ)u∗ − ψµ] + k(s∗)[fK(φµ)− fK′(ψµ)]

B7 = F(s∗)[L(uµ)− L(u∗)− ψµ + ψ∗] + F (s∗, u∗)[L′(πµ)− L′(u∗)]

+ k(s∗)[fK(φµ)− fK(φ∗)− fK′(ψµ) + fK′(ψ∗)]

A8 = k(s∗, u∗)f ′K(λµ)

B8 = k(s∗, u∗)[f ′K(λµ)− f ′K(φ∗)]

A9 = −k(s∗, u∗)f ′K′(ρµ)− F(s∗)u∗

B9 = −k(s∗, u∗)[f ′K′(ρµ)− f ′K′(ψ∗)].

Noticing that, due to (8),

xµ, yµ → φ∗ + ψ∗, λµ → φ∗, ρµ → ψ∗, πµ, ξµ → u∗,

ηµ, τµ, ζµ, ωµ → s∗ in C([0, T ];H),
(19)

then, being Lipschitz continuous all the involved nonlinearities by assumption, it is
readily seen that

limµ→0+ ∥Bk∥L2(0,T ;H) = 0, for k = 1, . . . , 9, and limµ→0+ ∥Cj∥L2(0,T ;H) =
0, for j = 0, . . . , 4.

Besides, the L∞(ΩT ) bounds for the solutions together with the continuity of
the nonlinearities yield Ak, Bk ∈ L∞(ΩT ) with

∥Ak∥L∞(ΩT ) ≤ CT , k = 1, . . . , 9.
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