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Introduction

This Ph.D. thesis focuses on the results of a research activity on thendssigew methods for the
synthesis of classical regulators, useful in educational and indusiw#&lonments. In classical control
design, the gain and the phase margins are important frequency-domauretased to assess robust-
ness and the performance of a control system. Moreover, specifieaticthe phase margin and the gain
crossover frequency are common because these two parametersrtoffetiheerve as a measure of the
performance of a control system. In the continuous time, several method$ken developed in order
to meet these specifications [1]. These can be divided into approximadegkant methods. The first
ones are normally based on numerical or graphical trial-and-errotiGmuor fuzzy neural networks.
They are widely used in industry because they provide a reasonabtiytgomg of the compensator
parameters using automated algorithms. However they are usually not essyftr teaching purposes
or for solving the problem exactly. This makes the synthesis procedilrer umsy, and less suitable
for educational purposes. It is very difficult to construct a writterrese, or test, of exam, in which the
control design problem consists in classic trial-and-error design method.

An alternative method that can be successfully employed both in an edwdaiwhin a practical
context is based on the so-called Inversion Formulae. The method isdraaetlosed-form formula that
expresses the frequency response of the compensator at a geggarenicy in polar form. Since the gain
and phase margins and crossover frequency specifications resutasgignment of the magnitude and
argument of the frequency response of the compensator at the dgaiineat phase crossover frequency,
the Inversion Formulae enable the parameters of the compensators to hdé@dutipectly given the fre-
guency domain specifications. The basic principle of the method was ingddioicthe first time in 1982
in [2]. It was employed for the numerical and graphical design of firdeoLead and Lag controllers
and appeared in the Italian control textbook [3]. This undergraduatieade has been by far the most
utilised one in University courses and technical secondary institusititu¢i Tecnic) courses throughout
Italy over the past twenty years. Due to its popularity, the same techniquateasippeared in other
University textbooks in Italy, see e.g. [4]- [7] and nowadays it is tauglsieveral Italian Universities.
However, the success of this technique for educational purposes Hiassremained confined within the
Italian control literature.



iv Introduction

The great educational value of the method is motivated by the following facts.

1. The numerical solution can be directly carried out by by pen, pagkaatientific calculator on
the only knowledge of the transfer function of the plant. This makes the metitgdsuitable to
be employed in all forms of written questions and exercises;

2. The synthesis procedure forces the students to follows the classiealad taking into account
the steady state specifications first, and then to design the remaining partooinipensator;

3. Even though the synthesis methodology can be carried out by peraped fhis technique has
also an important graphical counterpart. The Inversion Formulae etisbdé®ntrol system design
problem to be solved analytically with pen and paper, or graphically on i¥idaode or Nichols
plots (without necessarily using trial-and-error or iterative procegjutbus retaining important
links to other parts of a programme of a course of Control, [8];

4. Unlike the traditional design methodologies, the feasibility of the desigredroe can be checked
a priori. Furthermore, once the Bode gain of the compensator is computed frore#uy-state
requirements, very simple considerations can lead students to the selectimnmbst suitable
type of compensator to be employed,;

5. The mathematical tools that are needed to explain the method are basic obtiogsnometry
and complex numbers. Hence, the use of Inversion Formulae reinfine@se of manipulations
of complex numbers which is crucial in control systems education;

6. The situations in which some of the parameters of the compensator turn letpwsitive can
be fruitfully linked to important considerations on the shape of the Bode amglist plot of the
compensator;

7. The method based on the Inversion Formulae can be implemented as amegxsanple algo-
rithm, for example using MATLAB .

The many advantages of this method compared to other techniques prapatasbical textbook,
and tested by several years of practical teaching experiences, ldtta deep research activity in order
to extend the Inversion Formulae method to other type of compensatorsevesakyears the research
on the extension of this method to second order PID and Lead-Lag regutatmeet both gain and
phase margins and given crossover specifications has been ftbizeis, due to the complexity of the
computations. This thesis describes how this result has been obtainedtwiiguificant increase in the
design complexity, see [8]- [13]. This is an important advantage, bedaesd-Lag and PID networks
offer additional flexibility with respect to standard first order Lead aad hetworks, that results in the
ability to satisfy further specifications or constraints. Both the numericatl@mdraphical solutions to



meet specifications on phase and gain margins have been also extenaatktsigin of discrete Lead-Lag
and PID regulators, see [14]- [16]. This extension is relevant farsiréhl purposes, because nowadays
compensators are often implemented by microprocessors and calculaggerfarmed in the discrete
time domain.

The flexibility of the method has been used to design Lead-Lag controllers &b aiteer design
requirements. Usually the synthesis of the three parameters of a sed®rdcompensator is done
simultaneously, on the base of the design specifications. However the adsnpfehe design procedure
can be reduced using Inversion Formulae method. That is two of the tarameters of the controller
can be easily synthesized to exactly meet two requirements, such as tlenpaggn and the gain
crossover frequency. These frequency specifications are ktootva related to the peak overshoot, the
rise time and the bandwidth of the closed-loop system. An open reseaiolenprds to find the best
way to synthesize the third parameter on the base of the characteristics métit¢o be controlled.
Some methods which can be employed to solve this problem are presented iesiisdbe [12]. They
are address to synthesized the third parameter of the regulator to meed aajimg time or a good
resonance peak of the closed-loop step response of the system.

This thesis is organized as follows. The first chapter deals with the formulatithe considered
control problems and the description of their design requirements in termssieins robustness and
performances. In the second chapter the Inversion Formulae methtitefeynthesis of Lead and Lag
networks is recalled. This method is compared with the classical solution om @adrams. The third
and fourth chapters are about the extension of the Inversion Formuthedrte continuous and discrete
time Lead-Lag compensators. The fifth and sixth chapters deal with theesystsf PID regulators by
using Inversion Formulae method both in continuous and in discrete time dorAdlitiee design proce-
dures have been applied to solve many numerical examples. The comespgraphical representations
in the Bode and the Nyquist diagrams clearly show the effectiveness grdéisented design methods.
Conclusions and appendix end this thesis.
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Chapter 1

Formulation of the control problem

1.1 The control system and the design specifications

Let us consider the closed loop system shown in Fig. 1.1, wése denotes the transfer function of
the LTI (Linear Time Invariant) plant to be controlled, which is assumed totdéiglesand which may
have a transport delay. The plaats) may also include the integration terms and the d@airequired to
meet the steady-state accuracy specifications. Moreoveéz(dedenote the regulator with unity static
gain. The families of compensators that are considered in this thesis areabe-gorrection networks
(Lead, Lag and Lead-Lag) and the PID controllers. These are the tvwbshalied and utilized types
of compensators, and are those that are introduced in all under¢gaghéh postgraduate textbooks of
control feedback design.

R(s) E(s) o U(s) &9 Y(s)

Figure 1.1: Unity feedback control structure.

In Figure 1.1, the symbolR(s), U(s) andY(s) respectively represent the Laplace transforms of the
reference signal(t), of the control inputu(t) and of the controlled outpui(t). Let E(s) represent the
Laplace transform of the tracking erreft) = r (t) — y(t).

The common trend in both traditional and modern approaches to contr@temtuis to formulate the
feedback control problem as one in which the design specificationsgtredpressed using time domain
parameters of the response (speed of the response, overshaamshowd, steady-state accuraetg).
These requirements are then transformed into frequency domain spemicéDC gain, bandwidth,
resonant peak, phase and gain margins, crossover frequegtcjeg\lternatively — but less realistically
from a practical perspective — the design specifications can be erpré®m the very beginning in
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Figure 1.2: Design specifications: gain mar@p, phase margim,, gain crossover frequenay and
phase crossover frequenay.

the frequency domain. In both situations, the design is effectively camtiedsing frequency domain
considerations on Bode, Nyquist or — nowadays less frequently — Niphais, which constitute different
types of graphical representations of the frequency responsdganva the control problem.

Specifications on the phase and gain margins and on crossover feaggpibave always been ex-
tensively utilized in feedback control system design to ensure a despatftrmance and to obtain a
robust control system, see Fig. 1.2. To express these specificationsmadittally, we define the loop
gain transfer function as the produdis) = C(s) G(s). WhenL(s) is strictly proper and the polar plot of
L(jw) for w > 0 has a single intersection with the unit circle and the negative real semiagepfdor
the trivial intersection at the origin as — ), the gain and phase margins are well defined, and ensure
that the polar plot ok (jw) does not encircle the critical poirtl in view of the simplified version of the
Nyquist criterion, [17]. We denote by, the gain crossover frequency, i.e., the frequency at which the
polar plot ofL(jw) intersects the unit circle. Hencey is such thatL(jwy)| = 1, and the phase margin
is defined as the anglg, < argL(jay) + . Similarly, we denote byv, the phase crossover frequency,
i.e., the frequency at which the polar plotlafjw) intersects the negative real half-axis. As suopjs
such that arg(jwp) = — 71, and the gain margin is defined Gg = 1/|L(jwp)|.

The phase and the gain margins are related to the distance of the loop gagnitg responde( j w)
from the critical point—1. Thus, on the base of the Nyquist criterion, these specifications acators
of relative stability and robustness of the system. Moreover, specifisatiothe phase margin and the
gain crossover frequency are often used together as a measurepeirtbienance of a control system.
Indeed, the phase margin is loosely related to characteristics of the sespach as the peak overshoot
and the resonant peak. The gain crossover frequency is knowfett #ife rise time and the bandwidth,

thus it is related to the velocity of the system in tracking an input referennalsagd the ability to reject
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Gain Phase
Design || Phase | Gain | crossover crossover
Problem|| margin | margin | frequency frequency
@ Gm Wy Wp

A X X

B X X

C X X X

D X X X

E X X

Table 1.1: Main Design Problems and design specifications addressedhesise

noise and disturbances. [17].
A classical Design Problem proposed in nearly all classical textbooksitwimatic Control courses
is the following.

Design Problem A:Design a controller €s) to meet the specifications on the phase maggirand
on the gain crossover frequenay, i.e., such that

Ljay)=1 and ard(jox) = ghn—10 (1)

An alternative control problem can be formulated by specifying the gaigimand the phase crossover
frequency:

Design Problem B:Design a controller Cs) to meet the specifications on gain margip, @d on
the phase crossover frequenwy, i.e., such that

IL(jwp)| =Gy, and ard-(jwp) = —Tt. (1.2)

These problems can be solved by using a first order compensator.mi Gases, the compensators
with a richer dynamic structure will allow an additional degrees of freedotretexploited to the end
of satisfying a further specification. In particular, Lead-Lag and RiBygensators are characterized by
three degrees of freedom that can be used to satisfy three dynanmec#icgiions as required by the
following design problems.
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Design Problem C:Design a compensator(6) to satisfy requirements on the phase marginthe
gain margin G, and the gain crossover frequenay.

In other wordsC(s) must guarantee that a frequenmy > 0 exists such that (1.1) and (1.2) hold.
Other control problems can be formulated as follows.

Design Problem D:Design a compensator(6) to satisfy requirements on the phase marginthe
gain margin G, and the phase crossover frequenagy.

Design Problem E:Design a compensator(€) to satisfy requirements on the phase margjnand
the gain margin G,

The table 1.1 summarizes the main Design Problems considered in this thesis.



Chapter 2

Lead and Lag networks

Lead and Lag compensators are characterised by a first-order muti¢hey are described by two
parameters, which are the time constants of the real zero and the reallpgdeto the simplicity of
their structure, and their easy implementation in electrical circuits, Lead apddrdrollers are the first
networks described in almost all control textbooks.

2.1 Lead and Lag compensators

The classical form of Lead controller with unity static gain is the following
14718

C = 2.1
Lead(S) 11 ats (2.1)
wheret > 0 and 0< a < 1. An equivalent form of the same compensator is given by
14118
C = 2.2
Lead(S) 1+ 0,8 (2.2)
with the constraint; > 1, > 0. The zera, and the poley. of Cieaq(S) are
1 1 1 1
=——=—= =——=——. 2.3
Z T _[17 pC aT T, ( )
Let yp andy denote, respectively, the steady-state gain and the high frequenayf@ing(s), that is
Yo = L'L%CLead(s) =1, (2.4)
=1limC s—l—E (2.5)
V—S_m Lead()—a—_[2~ .

The Bode and the Nyquist diagrams@fzaq4(jw) for T = 0.1 and different values of are shown in
Fig. 2.1 and 2.2. Notice thagt= % > 1 is the maximum gain of the controller. The Nyquist plot of
ClLead(jw) is a semicircle with centeZy and radiudy which depend only om, that is

1 1 1 1
CO:2<1+O{)7 ROIE 1-—

a
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Magnitude diagram
20 T T T TrTl T T T T rrTTy T T T T
10" 10° H‘H]‘.Ol “ HH‘iOZ “ 12)3 “ HH‘lOA
Phase diagram
50 i Ty T | T T
° n Fréoquencyu[raa0 s'] ° °
Figure 2.1: The Bode diagrams ©fead(jw) for T = 0.1 andy = % =[2:1:7. The blue line is for
T=01andy=1=4.
Im
’\/pm =
_1 €
1 o y=1

Figure 2.2: The Nyquist plot @ eaq(jw) for t=0.1 andy= 1 =[2:1:7. The blue line is for = 0.1

andy=1=4.

a
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Magnitude diagram

Mag [db]

10*

Phase [deg]

W awe w x 10
Frequencyw[rad s']

Figure 2.3: The Bode diagrams Gf a9(jw) for t=0.1 andy=a =1./[2:1:7. The blue line is for
T=0.1andy=a =1/4.

The Lag controller with unity static gain can be expressed by the following guovalent forms

l+atrs 1+1s

CLag(S) = =
Lag(S) 1+1s 14 1S

(2.6)

wheret > 0, a € (0,1), or equivalently with 0< 1, < To. The zeraz; and the poleg. of Cpag(S) can be
expressed as in (2.3). The steady-state and the high frequency §&ing(@w) are respectively

Yo = Lf(‘)CLag(S) =1,

i a1
y_SIm)CLag(s) =a= o <1

The Bode and the Nyquist diagrams@fyg( jw) for different values ofy are shown in Fig. 2.3 and
2.4. Notice thay is the minimum gain of the controller.

2.2 Classical solution of Design Problem on phase margin specification

A classical solution based on Bode diagrams of the Design Prohlesing Lead and Lag controllers is
briefly recalled. This is described in many Automatic Control books [18]-ghd is still used in many
university courses.
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<
I

a Co 1

Re

Figure 2.4: The Nyquist plot df og(jw) for T=0.1 andy=a =1./[2:1:7. The blue line is for
T=0.1andy=a=1/4.

2.2.1 Design of Lead controllers

The design of a Lead controller (2.1) is obtained by selecting the pole andfze compensator in such

a way that that the maximum phase lgaglof the compensator is placed at the gain crossover frequency
of the uncompensated system. The undesired shift in the magnitude of thgdimppvhich causes the
phase margin of the controlled system to be different figm is compensated using a trial-and-error
procedure. The main steps of the design method are described below idletaits.

Step 1.Draw the Bode plot of Gjw) and calculate the phase margims of the uncompensated
systemLet wy be the gain crossover frequency®fjw).

Step 2.Calculate the parameter of the regulator As previously described;= % is the maximum
gain of the regulators. As is well knowan,is geometrically related to the maximum compensator phase
shift pm by the following well-known relation

_ 1-sinpm
~ 14sinpm’ (2.7)
The value ofpn is designed in such a way thatat= wy the phase margin i@, i.e.
Pm= @n— @& +Fs. (2.8)

Since at frequencyyy the gain of the controller is not equal to Odb, as a rule of thumb a safety facto
Fs of about 10 is introduced in (2.8). In most applications that value is sufficient. Howénesome
cases a higher value &f is needed to satisfy the required phase margin specification. This mayerequir
multiple iterations of the previous step of the design procedure.
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Step 3.Determine the value of the compensated gain crossover frequimey be proved that the
magnitude of the compensator at frequengysy, where the controller has the maximum phase ghift
is

|45+ 1]
C(i =
| (meax)| “%(_*_1‘

C

= 10logy, G) : (2.9)

and it depends omr. This magnitude shifts the gain crossover frequeagyof the uncompensated

system to a higher valuey in the compensated system. To satisfy the phase margin specifigation
without changingpm and a designed in Step 2, the gain crossover frequesagyf the compensated

system has to be chosen such that the following relation holds

|G(jwy)| = —10log;o (i) = 10logo(a). (2.10)

In this way, if the regulator is designed in such a way gt = wy, the compensated system has a
magnitude of 0db ab = wy.

Step 4.Determine gand z. The pole and the zero of the regulator are selected sadhat= wy.
The frequencywmax is the geometric mean @ and p, that is,wmax= /Z:Pc. It follows thatz; andz,
can be designed using the following relations

Z
Zc:wp\/a7 Pc = o’ (2.11)

wherea = ﬁ is given by (2.7). From (2.11) it follows that= —%.

Numerical example

Example 1.Given the planG(s) = m, design a Lead controller to satisfy a phase maggin=
50°.

Solution: The Bode and the Nyquist plots &(s) are shown in green in Fig. 2.5 and 2.6. The
uncompensated phase margin i§,dér Fs = 10° a = 0.295 and the designed compensator is

0.9161s+1

Caol®) = 557571

(2.12)

The corresponding loop gain frequency response is shown in red.i@ bignd 2.6, the phase margin of
the compensated system is.#8and the gain crossover frequencyug = 2 rad s'. The phase margin
can be increased by choosing a higher valu€sofThe plots of the compensated loop gain frequency
responset(jw,Fs) = G(jw)C(jw, Fs) for Fs € [13°: 6° : 25°] are shown in purple in Fig. 2.5 and 2.6.
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Magnitude and phase diagrams

Magnitude [db]

|
N
o

|
w
o

-100E

Phase [deg]

|
n
o
o

—-250

Frequencyw[rad s']

Figure 2.5: Example 1. The Bode plots®fjw) andL(jw, Fs) obtained using a Lead compensator.

0.1r

Im

Re

Figure 2.6: Example 1.

-1 . . . . 0.2

The Nyquist plots@f jw) andL(jw, Fs) obtained using a Lead compensator.
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Magnitude and phase diagrams

15

Phase diagram

-100 T T T
N /G(jw)

o 1201 /B : .
ﬁ—mm : ZL(]O), FC) .
] 1
% -160| ! / -
- I
o I |

-180F = = = — = — = T————— - - =

Wy | ‘ . Wy

-0.1 0.1

Figure 2.7: Example 2. The Bode plots®fjw) andL(jw, F;) for F; = [4: 2 : 10 obtained using a Lag
controller.

2.2.2 Design of Lag controllers

The Lag compensator (2.6) can be used to solve the Design Prébirroh that the magnitude of the
plant is attenuated until the phase margin specification is satisfied. Théseadfabe undesired phase
shift of the loop gain are reduced by the design procedure, which csibded below.

Step 1.Draw the Bode plots of Gw) and calculate the phase margims of the uncompensated

system.

Step 2.Determine the compensated gain crossover frequenig. gain crossover frequenay; of
the compensated system is chosen such that the following relation holds

£G(joy) = =T+ @n+ Fe, (2.13)

whereF; is a correction term that can be chosen in the rdbgd 0.

Step 3.Calculate the parametew. From the definition of phase margin, the desired phase margin
¢m can be achieved aby by modifying the magnitude d&( jw) such that

IL(jay)|=1 or |L(joy)|an=0db, (2.14)
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: Re

Figure 2.8: Example 2. The Nyquist plots@f jw) andL(jw,F.) for Fc = [4: 2 : 10 obtained using a
Lag controller.

whereL (jwy) = Ciag(jwy)G(jwy) is the loop gain frequency response. For all frequencies greater than
about 4, |CLag(jw)| ~ a. From (2.14)a can be calculated using the following relation

1
= (2.15)

The termF in (2.13) is required to compensate the small phas& gf j w) at w.

Step 4.Calculate z and . The value ofz; can be chosen a decade belay. This is usually
enough to ensure a magnitude@tg( jw) equal toa at frequencywy. It follows thatz: andp. can be
determined using the following relations

‘ ’—]07 C ( )

From (2.16), it follows that = —-.

Example 2. Given the plantG(s) = WSM which includes the gain and the integrations
terms needed to satisfy the steady-state requirements, design a Lag cotdroileet a phase margin
@ > 5C°.

Solution: The phase margin o6(jw) is @ = 26.8°, see the green lines in Fig. 2.7 and 2.8.
The chosen gain crossover frequenayof the compensated system id92rad S. At that frequency
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Figure 2.9: The poinA is brought to poinB by a Lead controller (solution of Example 1 using Inversion
Formulae method).

ZG(jwy) = —110 and the relation (2.13) holds fét = 10°. From (2.15) and (2.16) = 0.236,7 =
—0.0241, p. = —0.0045 andr = 220.7. The loop gain crossover frequenktyjw) is shown in red in
Fig. 2.7 and 2.8. The purple lines denote the loop gain crossover freigedorF. =[4:2: 8°.

2.3 The Inversion Formulae method

The graphical and numerical solutions of the Design Probl&@sdB by using Lead and Lag networks
and Inversion Formulae method can be found in [4]-[7].

2.3.1 Graphical solution

Referring to the block diagram shown in Fig. 1.1 and to the Design ProbteamsiB, let B = Mgel %8
the point through which the loop gain frequency respdr{gev) has to pass to satisfy the given dynamic
requirements (Fig. 2.9), that is

L(jan) =C(jan)G(jan) =B, (2.17)

whereay is the desired frequency &f( jw) at pointB. The pointB can be expressed in the following
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Nyquist plane Nichols Plane
/ Im |-
/ 1
// Gm
I — @n
~1 | 0 l—\f
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Figure 2.10: Position of poiri® on the Nyquist and Nichols planes w.r.t. the design specifications.

way on the base of design specifications
By = el ™) specification orgy,
1 L
B={ Bo=—  specification orGn (2.18)

m

Bs = Mzel% medley specification

The medley specification denotes explicitly the position of pBgithrough whichL(jw) has to pass.
The position of point81, By, Bz on the Nyquist and the Nichols planes are shown in Fig. 2.10. Relation
(2.17) can also be expressed as

C-A=B, (2.19)

whereA = Mael %4 andC = M el? are the points 06(jw) andC(jw) at frequencyw, see Fig. 2.9. We
say that poinfA can be brought to poir by using the compensat@Xs) if a set of positive parameters
of C(s) exists such that2.17) and(2.19) hold. This happens whevl = Mg/Ma and¢ = ¢ — @a.

Let us defineadmissible domairg of the compensator S) with respect to Bas the set of all the
pointsA € C that can be brought 8 by the controller.

The Lead and Lag regulators (2.1) and (2.6) can be expressed bglitheifig unified frequency

response
_ 1+ jnw

C(J(A))— 1+j_[2w7

and the admissible domairg of Lead and Lag controllers can be expressed as

(2.20)

D= {Ae@’ﬂrl,rg>0,3w20:C(jw)-A:B}.
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Figure 2.11: Admissible domai#rg of Lead compensator in the Nyquist and Nichols planes.

The shape of7g for Lead and Lag compensators in the Nyquist and Nichols planes anmshagray in
Fig. 2.11 and 2.12.

Definition 1 (Lead-Lag Inversion Formulae). Given two points A= Mael®s and B= Mgel?®s of the
complex plan&, the Lead-Lagdnversion Formula® (A, B) and QA, B) are defined as follows

_ M-—cosp
P(A,B) = W,
cos¢—% (2.22)
Q(A7 B) = W7

where M= (& and¢ = ¢s — ¢4, See [2], [4] and [14].

Tuning procedure

The main steps of the proposed method for the solution of Design ProBlendB are illustrated below.

Step 1.Determine the point B- Mgel?s. This point is completely determined by the design specifi-
cations, see (2.18).

Step 2.Draw the admissible domai#s. The domainsZg of Lead and/or Lag compensators in the
Nyquist and Nichols planes are shown in Fig. 2.11 and 2.12.
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Figure 2.12: Admissible domai#g of Lag compensator in the Nyquist and Nichols planes.

Step 3.Plot the frequency response( {8) of the plant. Let A= G(jan) = Ma€l?4 be a point of
G(jw) belonging toZg. This point is completely defined by the design requirements if the frequency

wp of L(jw) in pointB is a explicit design specification (i.e. the gain or the phase crossoveeiney).
The pointA can be brought to poirB by a Lead or Lag controller if only iA € &g. If there are no
intersection points betweds( jw) and Zg the problem has no solutions.

Step 4.Design the parameters of the compensaidre values ofr; and 1, in (2.1) or (2.6) can be

obtained by using thewersion Formulaavith P(A,B) = 11w andQ(A,B) = 1w, that is

M —co cosp — =

= wsing ’
Using the forms of Lead and Lag networks (2.1) and (2.6) as functiofaséical parameters andr,

equations (2.22) lead to

oq— MaCOShg—1 r = Mo~ coshy (2.23)
Mg (Mg — cospg) Wy Singyg
_ My (cospg — Mg) . Mg cospg — 1 (2.24)
1—Mgcospg wWyMg singg ’ '

for Lead and Lag regulators respectively.
Proof: The frequency responses of Lead an Lag compensators (2.1) .&hd#a be written as

o 14+ jP(w) e
C(Jw)—m—Mej , (2.25)
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whereP(w) = 1w, Q(w) = 2w, M = M(jw) and ¢ = ¢ (w). Equation (2.25) can be expressed in

{P(w)] { Msing ]
= . (2.26)
Q(w) Mcosp — 1

Solving (2.26) with respect tB(w) andQ(w) one directly obtain the Inversion Formulae (2.21). As a
consequence, (2.22) can be obtained by usingrtyersion Formulaevith P(A, B) = 11w andQ(A, B) =
ToW. Ol

matrix form as
1 —Mcosp

0 Msing

Numerical examples

Let us consider the same numerical examples solved in Sec. 2.2 by usinggsieal method.

Solution of Example 1: The design specificatiog,, = 50° defines the position of the poifg =
Mgel?s, i.e. Mg = 1 and¢g = 230°. The admissible domaifg of the Lead compensator is shown in
gray in Fig. 2.9. The poin& = G(jwy) can be chosen in the admissible domé&ig. A comparison
with the classical solution can be performed by choosing- wy = 2 rad s'. It follows thatMa = 0.54,
$p = —165M = M—i = 1.85 and¢ = ¢ — pa = 35°. Substituting the values &, ¢ andw = wy in
(2.22), one obtaing; = 0.892 andr, = 0.241. The loop gain frequency resporisgw) is shown in red
in Fig. 2.9. Notice thak (jw) passes exactly through poiBt
The corresponding MATLAB instructions to solve analytically the given problem by using the Inver-

sion Formulae method are shown in Algorithm 1.

Algorithm 1 Solution of Example 1 in MATLAB?
s=tf(’s’);
G=25/(s*(s+1)*(s+10));
wg=2;
PM=50*pi/180;
C=evalfr (G, j*wg) ;
M=1/abs(C);
phi=PM-(pi+angle(C));
if (sin(phi)<0) | (cos(phi)<0) |M<1/cos(phi),

disp(’No solutions with a Lead network’);

return
end
taul=(M-cos(phi))/(wg*sin(phi));
tau2=(cos(phi)-1/M)/(wg*sin(phi));
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, Re

Figure 2.13: The poinAis brought to poinB by a Lag controller (solution of Example 2 using Inversion
Formulae method).

Solution of Example 2: The phase margigy, = 55° > 50° defines the poinB = Mgel?s: Mg = 1
and¢g = 235". The admissible domaifzg is shown in gray in Fig. 2.13. The poiAt= G(jwy) can be
chosen on the plot d&(jw) (the green line in Fig. 2.13) and in the admissible donmag We choose
wp = wy = 0.27. It follows thatMa = 3.12, pa = —118°, M = M—i =0.321 andp = ¢g — o = —2.06".
Substituting the values &fl, ¢ andw = wy in (2.22), one obtaing; = 69.9 andr, = 218.

The loop gain frequency responkgjw) is shown in red in Fig. 2.13. Notice tha(jw) passes
exactly through poinB.

2.3.2 Numerical solution

The numerical solutions of the Design ProblefnandB can be directly obtained by (2.22) and (2.25),
with

i-a) M(wy)=Mg=1/|G(jay)|,
i-a) ¢ (wy) = g = @n— m—argG(juwy),
for the solution of the Design Problefy and

i-b) M(wp) =Mp=1/( Gm|G(jwp)| ),
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ii-b) ¢ (wp) = pp = —11—argG(jwp),
for the solution of the Design ProbleBr The solutions are acceptable for the design of Lead compen-
sator if and only if
m 1
0<4J<E and M>w, (2.27)

are and they are acceptable for the design of Lag controller if and only if

_n

2

The proof can be easily obtained by the polar expression of the freguesponse of the plant and
the regulator, and the use of the Inversion Formulae (2.21).

<¢ <0 and M <cosp. (2.28)

On a educational environment the following questions can be given tordtuidewritten test.
s+10

s(s?+ 2s+10)
network that satisfies the following static and dynamic specifications:

Question 1 Given the planG(s) = k , design the gaikk and a phase-correction

¢ velocity constant equal to.;
e phase margin equal to 45

e gain crossover frequency equal to 3 rad/sec.

Find also the range of phase margins that are achievable at the crosguency 3 rad/sec with this
phase-correction network. Also, determine the range of phase marginattthis gain crossover fre-
guency ensures closed-loop stability.

The DC gainK must be selected so as to satisfy the specification on the velocity constant:
Ky = limsC(s) G(s) = K,
s—0
so thatk = 0.5. In order to select the right compensation structure, we cormyd (i) and¢ (wy):

1 37
M(cy) = a8V 109 34957
¢(wy) = @n— (T+arcG(3j))

= —rm—arctar{3/10) + arctan 6~ 18.84°.

Al

Since the conditions (2.27) are both satisfied, a Lead network may be As#ahple computation,
that can even be carried out in closed-form with pen and paper, shaivs
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Figure 2.14: Graphical representation on the Nyquist of solution of igunes.

a = 3-85- /2109 ~0.259Q
36-37—3-85/2
_ 12.37-85/2

3.29/2

~ 2.6317sec

The corresponding MATLAPB instructions are shown in Algorithm 2, and the required compensator

that satisfies all the specifications is given by

1+ 2.6317s
Creads) =057 5 5a17¢

A graphical plot on the Nyquist plane of the frequency respd@bigev) is shown with the black line in
Fig. 2.14, whereA denotes the point oB(jw) at frequencywy = 3 rad/sec. Notice thak belongs to
the admissible domain of Lead controller shown in grey in the plot. The comipe@aaq(s) has been
designed such that( jw) shown with red line passes through pdi el (470 at frequencyu.

The smallest phase margin achievable with a Lead network at the gainweo&smuencywy = 3

rad/sec is
. 3
@ min = TT+argG(jwy) = g+ arcta% —arctan6~ 26.1616,
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and the largest phase margin is

Onmax = TT+ arﬁ(ng) + arcco$’G(j%)’)

m 3 1 /109 R
=5 + arcta% —arctan6+ arccos6 37 = 99.54°.

Algorithm 2 Solution of Question 1 in MATLAB

s=tf(’s’);

G=0.5%(s+10)/(s*(s72+2%s+10)) ;

wg=3;

PM=pi/4;

C=evalfr(G, j*wg) ;

M=1/abs(C);

phi=PM-(pi+angle(C));

if (sin(phi)<0) | (cos(phi)<0) |M<1/cos(phi),
disp(’No solutions with a Lead network’);
return

end

alpha=(M*cos(phi)-1)/(M*(M-cos(phi)));

tau=(M-cos(phi))/(wgxsin(phi));

Question 2 Given the same plant of Question 1, design a phase-correction netveddatisfies the
following specifications:

¢ velocity error equal to @;
e phase margin equal to 60

e gain crossover frequency equal to 1 rad/sec.

Find also the range of phase margins that are achievable at this crofsmuesncy with this phase-
correction network.
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! Re

Figure 2.15: Design of a Lag network on the Nyquist plane to meet the spaeidfis of Question 2.

Since the velocity error is equal & = 1/K, andK, = K as shown in Question 1, it is found that
K = 10. In order to select the right compensation structure, we conib(dg) and ¢ (cwy):

1 85
() 10V 101 <5

P(wy) = —g— arctar{1/10) +arctar§ ~ —2318".

Since (2.24) are satisfied, a Lag network can be used to solve the probtent.ag controller is char-
acterised by the parametems= 0.0829 andr = 25.3559 sec by simply replacinifl (ay) and ¢ (wy)
thus found into (2.24). The smallest phase margin achievable with a Lag nkedivitne gain crossover
frequencywy = 1 rad/sec is

. 1 5
@ min = TT+argG( j wy) —arcco ()] ~ —155,
and the largest phase margin is

@ max= TT+argG(jwy) ~ 83.18’.

The graphical interpretation of the network design is shown in Fig. 2.18. dBsigned Lag controller
brings the poinA = G(jwy) to the desired poir = el240  The gray area denotes the set of points that
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can be brought t@ by a Lag network. IfA = G(jay) is not within this area, the problem cannot be
solved with this type of network.

Question 3 LetK = 10. Find the interval of gain margins achieved using a Lag network at thseph
crossover frequency, = 4 rad/sec that guarantee asymptotic stability of the closed loop.
A simple computation shows that

2
M = ——,
(ap) Gov/25
o(wp) = n +arctar£ +arctanil
@) =73 5 3
from which it follows that
. 52— &2 . _ 145Gy —52
145Gy, — 52’ N 56 ’

It follows that

56+ (52— 2)s
C(s) = "
(8) = 561 (145G —59)s

The characteristic polynomial is

(145G, — 52) s* + (290G, — 48) S°

200 2000
+(112+ 14506, — ——) S+ (6320— ——)s+5600= 0.
G—m Gnm

The asymptotic stability of the closed loop can at this point be studied using thi& Bdterion on this
polynomial. Such study will lead to a set of intervals fay, that guarantee asymptotic stability of the
closed-loop.

2.4 Evaluations on the methods

The classical design procedure based on the Bode diagrams is still dreerabst widely used in edu-
cational environment. However the method is based on trial-and-erroeguee, the specifications are
not exactly satisfied and the repetition of the same steps could discouragedbats. The two different
design procedures for the design of Lead and Lag controllers areudtifio remember. Moreover they
are based only on the design of the magnitude of the regulators, while the {gh@esigned by rule of
thumb. In this way the two parameters of the regulators are used to satisfa delgign requirement,
that is the given margin specification, while the gain crossover frequsraytomatically determined by
the design procedure.

The main advantage of the Inversion Formulae method is that both the magniiditleegphase of
the controller are designed to exactly meet the given margin specificatiayiegracrossover frequency.
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Magnitude and phase diagrams
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Figure 2.16: Example 3. The Bode plots®fjw) and the closed-loop frequency responségw, Fs)
for Fs=1[10:5:30°.

This can be done numerically, using very simple formulae, or graphicallyaste BNyquist or Nichols
planes. It is well known that in the process of learning the graphicaksepntation of a numerical
solution makes it easier to understand and easier to recall. The drawinlygeaoomparison of the same
function plotted in different diagrams, i.e. the loop gain frequency respon the Bode, the Nyquist
and the Nichols diagrams, have a great educational value. They enghbasie properties hidden in a
single representation and lead to a deeper knowledge of the concepovdiothe design procedure is
the same for the two types of regulators, the feasibility of the design prozedn be checked a priori
on the base of the concept of the admissible domain, the method can be emniplajéorms of written
guestions and exercises.

Moreover in some cases the classical method is not able to solve the proliteensingle compen-
sator, while this is possible with the Inversion Formulae method. Let us caorbiEléollowing example.

Example 3. Given the plant of example &(s) = WM

required integrators terms to satisfy the steady-state specification, dek@pdanetwork to satisfy a

which includes the gain and the

phase margin equal to 50

Solution: The uncompensated phase margin is826and the gain crossover frequencyo(n§:
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Figure 2.17: Example 3. The Nyquist plots®fjw) and the closed-loop frequency responsgsgo, F)
for Fs=1[10:5:30°.

0.6496 see the green curves in Fig. 2.16 and 2.17. The walud.29, calculated using (2.7) and (2.8)
whenk; = 10°, leads to design the following compensator

 1.937%+1
05665+ 1

The corresponding loop gain frequency response is shown in red.i@.Eand 2.17, the gain crossover
frequency iswy = 0.955. Notice that the phase margin of the compensated system is atfy Jhis

CLead(S) (2.29)

can be increased choosing an higher valuBsdfut the compensated phase margin is still too low. The
plots of the compensated loop gain frequency respongges, Fs) = G(jw)Ciead(jw, Fs) for Fs € [15° :
5°: 30°] are shown in purple in Fig. 2.16 and 2.17.

The Example 3 can be exactly solved using the Inversion Formulae methegoiritA is chosen in
the admissible domain of Lead controlleraaf = 0.9550, that is the gain crossover frequency obtained
by the classical solution. The compensator which exactly solves the prablem

166s+1

Ceadl® =520+ 1

The corresponding loop gain crossover frequency is the red cufig.i2.18 and 2.19. Notice that, is
a free parameter when the Inversion Formulae method is used. That B@&@RMNCywy € (Wmin, Wnax),
that corresponds to a point Gf jw) placed in the admissible domain of the controller, leads to a feasible
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Figure 2.18: Example 3. Solution of Example 3 using the Inversion Formulaeothedh is a free
parameter.

solution. An open research problemis to find a criterion to choose the gaisaver frequencyy when
this is not a given design requirement.
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Magnitude and phase diagrams
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Figure 2.19: Example 3: graphical representation on the Bode diagratims sblution using the Inver-

sion Formulae methody, is a free parameter.
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Chapter 3

Lead-Lag networks

The Lead-Lag compensator has a richer dynamic structure compareddtiubieirre of Lead and Lag
networks, since it is characterized by a second-order transfetidanwith two poles and two zeros. The
form of the regulator that has been considered in this thesis has an utiitygsia and is characterized
by three degrees of freedom. As known, PID controllers are the mostymiged networks in industry
because of their simplicity. However in some cases Lead-Lag controltergared with PID regulators,
lead to a better tradeoff between the static accuracy, system stability andibikty to disturbance in
frequency domain [21]. Moreover the recent literature shows a rethéwerest in the design of this type
of controllers [22]-[24]. In particular, they are utilized for classicalpshaping and weighting functions
for automated controller synthesis algorithms, [24].

Within the context of exact design with frequency domain specificationsfirfieorder Lead and
Lag networks can satisfy only specifications on either the phase margthegdin crossover frequency
or on the gain margin and on the phase crossover frequency. Thé usadLag compensators — also
known asnotch compensators is particularly important. Indeed, there are cases in which a Lead-Lag
compensator can satisfy the control specifications whereas a simple tead aetwork cannot. For
example when the frequency response of the plant at the desired gasoeer frequency is such that
its magnitude is greater than 1 and the difference between its argument adesitezl phase margin is
an angle greater tham/2 and smaller tham. Similar considerations hold with requirements on the gain
margin and phase crossover frequency. On the other hand, the dédmredom of the extra parameter in
the transfer function of the second-order Lead-Lag compensatdrecaxploited to satisfy an additional
requirement/specification, for example on the other margin.

In this chapter it is described how the Inversion Formulae method has ktmrded to Lead-Lag
controllers to meet three frequency specifications, such as the phdsgaenmargins and the gain
crossover frequency specifications, by analytic and graphical sedtee [8], [10]-[12]. As in the case
of Lead and Lag regulators, the solution can be carried out by deternditeggly the parameters of the
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compensator as a function of the specifications and by making use of thisggNichols plots. In this
way, the advantages of analytic and graphic procedures are combgettig@oto deliver a method that
outperforms the classic techniques based on trial-and-error congderaDifferently from the method
in [25], in which the parameters of the compensator are determined usirgphigiconstruction on a
special design chart, the approach presented in this chapter enalpesaieters of the compensator to
be computeaxactlyusing simple formulae.

3.1 Lead-Lag compensators: the general structure

Consider a Lead-Lag compensator described by the transfer function

_ SP4+2ydns+wp
R4+ 20whs+wR’

CLL(S) (3.1)

wherey, d andw, are real and positive. Whard < 1 and/ord < 1 the zeros and/or the poles of the Lead-
Lag compensatdy (s) are complex conjugate with negative real part. The compen€at¢s) has a
unity static gairCy (0) = 1 which does not change the static behavior (i.e., the steady-state peré@ma
of the controlled system. The frequency respdBs€ jw) of the compensatd, | (s) is

W — W+ j2yd whw

which, for w # wy, can be written as
, 1+jP(w)
ClL(jw) = ————= 3.3
where s 05
YO W W th
P(w)= R Q(w)= P (3.4)
Due to assumptions thgt 6 andcw, are real and positive, functiofX w) andQ(w) satisfy
P(w)>0, Q(w) >0 when w < w,
(3.5)
P(w)< 0, Q(w) <0 when w > wh.
The parametey is the gain ofC, | (jw) at frequencyw = wy. From (5.4) and (3.3) we get:
. P(w)
=C =— . 3.6
y=CrL(jon) Q) lwra (3.6)

The gainy is the minimum (or maximum) amplitude 6f (jw). The Nyquist and Bode diagrams of
CiL(jw) for ax, = 1 and for different values of the parametérandy are shown in Fig. 3.1 and Fig. 3.2.
The Nyquist diagrams of Fig. 3.1 satisfy a property which is based in thenfiolipdefinition.
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Imag

3
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Figure 3.1: Nyquist diagrams of functi@ (jw) whenw, =1, (6 =1.5,y=[2:1:7), blue lines) and
(0=15,y=1./[2:1:7), magenta lines). The thick blue line is for= 1.5 andy = 5.

Definition 1 Let%(y) denote the set of all the Lead-Lag compensateig€} as defined in (3.1) char-
acterized by the same parametetthat is

C(y) = {CLL(S) asin(3.1)| 6 >0, > 0} . (3.7)

Moreover, leté)(s) € € (y) denote one element @f(y) chosen arbitrarily.

Property 1 The shape of the frequency respofi§ejw) of €,(s) on the Nyquist plane is a circle with
center @ and radius R

C(W:CO‘f‘ROeje, C0:77 ROZT (3.8)

wheref € [0, 21, see Fig. 3.1. The intersections@j(jw) with the real axis occur at points and y.
The shape does not depend®r- 0 and «wy, > O.
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Figure 3.2: Bode diagrams of functi@(jw) whenw, =1, (6 = 1.5,y=[2:1:7, blue lines) and
(6=15,y=1./[2:1:7), magenta lines). The thick blue line is féor= 1.5 andy = 5.

Proof: One can easily verify that the distange-=|%,(jw)—Cop| of the generic poin%,(jw) from
the centely is constant and equal &y:

2

_ ; 2 _ | wp-wP+j2ydonw v+l
=%y (jw) —Col *‘m_T

2(a=aF+12yB0e)— (4D ch 02000 2
2(w2— w2+125cqu)

(@R e?)—j2ysanw)] |* _ |y-1]® _ R2

w,% W2+ 20 whw) - 2 — o

Variations ofaw, andd modify the distribution of the frequenay on the Nyquist diagram o) (jw),
but they do not change the diagram shape, which only depengs on O

Remark 1 The considered Lead-Lag compensator (@) in (3.1) is a general form which encompasses
the classical form &) with real poles and real zeros

(14 11S)(1+ 129)
(1+0ams)(1+ 2s)

Ci(s) = (3.9)

with0 < 11 < T2 and0 < a < 1. Details on the relations that link the parameters of the general and the
classical forms G_(s) and G (s) are given in Appendix A.
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Do

Figure 3.3: Admissible domaiw = %1 U %, of Lead-Lag compensato@ | (s) on the Nyquist plane.

3.2 Inversion Formulae method for the design of Lead-Lag compensators

The concepts introduced in chapter 2 for the graphical and the numeeisign of Lead and Lag regu-
lators are here recalled and extended to the design of Lead-Lag caaqrsns

Definition 2 (2) Let us define theddmissible domain of a Lead-Lag compens&iar(s)” as
7={zcC|3y,0,mn>0,3w>0: C (jw) -z=1}.

Loosely speaking, thadmissible domaitw can be interpreted as the set of all the poadsC that “can
be moved” to point 1 on the Nyquist plane by pre-multiplication with the frequeespons€, | (jw),

whereC,| (s) is as in (3.1), for somev > 0 and for suitable values of the parametgrg, c, > 0, see
Fig. 3.3. It can be easily verified that domainis given by = 2, U 2, where

; m m 1
— :MJ‘P‘_f Z M
D {z e 2<¢<2, >co!}’

@2:{Z:Mej¢‘—g<¢<7—2-[,0<M<COS¢}.

Domain 2, is obtained whery > 1 and domainZ; is obtained when & y < 1. The shape oy =
21U 2, on the Nyquist plane is shown in Fig. 3.3, see [4].
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Definition 3 Let% ~(y) denote the set of Lead-Lag compensators defined as
1
C (Y)=¢=——=|CL(se? , 3.10
v ~{g g o eem} (3.10)

with €' (y) defined in (4.10). Moreover, l&f, " (s) € €~ (y) denote one element of the &€t (y) chosen
arbitrarily.

Property 2 Giveny > 0, the two set&~ (y) and%(%,) coincide, i.e.,

¢ () =%(3) (3.11)

and the frequency response$ (jw) and 1 (jw) of 6, (s) and ¢ (s) on the Nyquist plane have the
y y
same shape, see Fig. 3.3. The property holds also on the Nichols plane.

Proof: Each element, (s) of ¢ (y) also belongs tdﬁ(%,). In fact, from (4.10) and (3.10), it

follows that s
_ P4 28wns+ o _ $+2(;)dans+ o
S+2ydnS+ Wy P+ 250hS+ WP

% (9) “(3),

whered = yd. In the same way it can be easily proved that each elem’%(rﬂ) of %(%,) also belongs to
¢~ (y), and therefor&™ (y) and%(%,) coincide. Moreover, the shape of the Nyquist diagrants,ofs)
and %1 (s) depend only ory and therefore they coincide. The extension of this property to Nichols
diagrayms is straightforward. O

From (4.9) and (3.11) it follows that the Nyquist diagram@f (s) is a circle whose centély =
(y+1)/(2y) lies on the real axis, whose radiusRs = |y — 1|/(2y) and its intersections with the real
axis occur at pointa =1 andb = %, see Fig. 3.3.

Definition 4 (Zg) Given a point B C, let us define theddmissible domain of the Lead-Lag compen-
satorCy (s) to pointB” as

Z={AcC|3y,0,(h>0,3w>0: C(jw) A=B}.

Domain Zg is the set of all the pointé of the complex plane that can be moved to pdnising the
compensato€, | (s). One can easily verify tha?g can be expressed &g = Zg1 U Zg2 Where

. T T
Do = {A:MAeJ¢A 5t <$a< S +ds Ma>

Mg
cog ¢a— ¢B) }7
and
Do = {A: Mpel #a

— S+ P <Pa<F+ P8, 0<Ma< MBC05(¢A—¢B)}a

see Fig. 3.4.
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<!

(53% (jw)

Figure 3.4: Admissible domaif¥g = 21 U %> on the Nyquist plane.

Definition 5 Given Be C, let ¢g(y) and ¢ (y) denote the sets of Lead-Lag compensatqig€} de-
fined as

%o(y) = {B-CL(s) | Cu(9) € € (y) | (3.12)
w0 -{ g | @ esm) 319

with ¢’(y) defined in (4.10). Moreover, lefg(s) € ¢g(y) and¢g (s) € 45 (y) denote particular ele-
ments of the two se%(y) and ¢ (y) chosen arbitrarily.

Property 3 Giveny > 0, the two set&; (y) and%(%,) coincide, i.e.,
@5 (v) = Cs(5); (3.14)

and the Nyquist diagram of the frequency respoﬁég,ﬁjw) and¢g:(jw) of %E;y(s) and g1 (s) have

y Y
the same shape. The intersectionsapd p of %B‘y(jw) with the straight line r passing through points
OandBarep=Band p= %. The corresponding graphical representation is shown in Fig. 3.4.

Proof: Property 3 follows directly from Property 2 becagg (y) =B- ¢ (y) = B-%(%,). O

The following property shows how the Inversion Formulae (2.21) intreduor the design of first
order Lead and Lag networks can be efficiently employed in the desighedidLag compensators.
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Figure 3.5: Design of the Lead-Lag compensa@ig jw, w,) moving pointA to pointB.

Property 4 (From Ato B). Given a point B C and chosen a point A of the frequency respon§p3
at frequencywa belonging to the admissible domai, i.e. A= G(jwa) € Zs, the set (s, wy) of all
the Lead-Lag compensatorg ¢s) that move point A to point B is obtained from (3.1) using

P w? — wh
=—=>0, 0=
Y Q Q 20h

for all cn, > 0 such thatd > 0 and with P= P(A,B) and Q= Q(A, B) obtained using (2.21).

>0, (3.15)

Proof: Forw = wp, (3.4) can be rewritten as

P(on) o — Wi
= 5 5 = w .
Y= Qlan) Q) opton
Substituting in (3.1) one obtains
@ PU gy o
CLi(s,wn) = P —

whereP = P(wa) andQ = Q(wa). The frequency response ©fy (s, wn) at frequencywn is equal to the

constant value )
1+])P

10 (3.16)

Ci(jon, an) =Cri(jon) =
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From (2.19) it is evident thah = G(jwa) = Mael %A can be moved t& = Mgel %8 if and only if
- 1o _ M8 j(9s5—a)
CLL(J(A)A) =Mel? = =P80 (317)
Ma
From (3.20) and (5.14) we obtain the complex equation

(Mcosp + jMsing)(1+jQ) =1+ jP,

which is equivalent to the following linear system

1 —Mcosp P Msing
0 Msing||Q| |Mcosp—1]|
Solving forP andQ, one directly obtains (2.21)
Msing —Mcosp
P MCOS¢—1 MoSin(I) M—COS(IJ
N M sing ~ sing
1 Msing
1
0 Mcosp —1 COS¢—M
Q= Msing - sing

The assumption th# belongs to the admissible domaig ensures that there exist admissible Lead-Lag
controllersCy (s, wy) moving pointA to pointB which are characterized by positive parametex® and
wn, see Definition 4. All the admissible valuesaf are those that satisiy > 0 in (3.15). O

From (3.15) and (2.21) it follows that the gairof Ci (s, wh) atw = wy is

_E_M—mw
_Q_Egj% (3.18)

Note thaty does not depend am, andcw,, but only on the position oA andB.

Property 5 Given two points A and B such thatéAZg, the gainy in (3.15) can be graphically deter-
mined as shown in Fig. 3.5:

1) draw the unique circlé\%B‘ that passes through points A and B having its diameter on the straight
line r which passes through poinsand B;

2) the circIeA%B‘ intersects the straight line r at points p- B and p = B/y;

3) the gainy is equal to the modulus of point B over the modulus of pointyp= |B|/|pz|.
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Figure 3.6: The Nyquist plots of the set bfjw, w,) passing orB and graphical interpretation of
YG(jw).

Proof: It follows directly from Property 3 because the cirdi&; on the Nyquist plane coincides
with the frequency responsg (jw) of €5 (s) € 45 (y) and because the intersections of these functions
with the straight line occur at point®8 andp, = B/y. O

From Prop. (4), the set of all the compensators (3.1) that bring the pahtfrequencywa to the
point B can be expressed as

P(AB
S+ PED) (@ — wf)s+ wp
- AB ’
s%t%(wﬁ— W3)S+ W

C(s, wn) (3.19)

In this way all the loop gain frequency respong€sw, wn) = G(jw)C(jw, wy), for wn € (0, wa), pass
thought the required point B at frequenay, see Fig. 3.6. However the choice of the parameger
influences heavily the close-loop performances and stability [26]. CosapenrsC(s, w,) satisfy the
following Properties 6 and 7.

Property 6 All the frequency responseg [2v, a), for an € (0, wa), have the same parametgand the
same shape on the Nyquist diagram: a circle with centetd%l and radius B = "%1‘ (see Fig. 3.7).
The value of parametan, modifies the distribution of the frequenci®on the Nyquist diagram, except
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Figure 3.7: The Nyquist diagrams ©f j w, w,) on variations ofw,.

for frequencywa corresponding to the point{C= C(jwa, wn), which is constant and does not depend on

A%
1+ jP(A,B)

=11]0AB) C(jwn). (3.20)

Ca = C(joon, an)
Similarly, the Bode diagrams &( jw, w,) whenw, € (0, wa) are shown in Fig. 3.8: the blue high-
lighted pointsC,(wyn) denote the magnitudes and the phaseS(gtv, ) at frequencyw,. Only point
Ca does not change its magnitude and its phase wheraries.

Property 7 Given the loop gain frequency responsgd, w,) = G(jw)C(jw, wn) for a particular
value @, € (0, wn), the point K = L(jon, @n)|w=cw, IS Hh = YG(jwn). Point H, can be graphically
determined on the Nyquist plane as the pgi&t jwn) where function Ljw, @) intersects the straight
line passing through points Gcn) and0. So, forw, € (0, wa), the functionyG(jwn) is the locus of all
the points of the loop gain frequency responsegd, w,) = C(jw, wh)G(jw) at frequencyw = wh, see
Fig. 3.6.

The proof follows directly from Prop. 6 and from the fact that, for gver, € (0, wn), it is

L(j wh, @n)=C(j @n, wh) G(j wn)=YG(j wh). (3.21)
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Figure 3.8: The Bode diagrams@f jw, «w,) on variations ofw,.

3.3 Synthesis of Lead-Lag compensators

In this section the Design Problems concerning the synthesis of Leaddmagensator€ (s) based
on the following design specifications will be addressed, see Tab.A).phase margirg, and gain
crossover frequencyy; B) gain marginGy, and phase crossover frequernwy; C) phase margirg,,
gain marginGp,, and gain crossover frequeney,; D) phase marging,, gain marginGy, and phase
crossover frequencyy,; E) phase margimy, and gain margitGn,.

Design Problem A: (¢, wy). Given the transfer functio®(s) and the design specifications on the
phase margim, and on the gain crossover frequernay, design the Lead-Lag compensafy( (s) such
that the loop gain transfer functi@ | (jw)G(jw) passes through poily = el () for @ = Wy.

Solution A: Let Ay = G(jwy) denote the value of Gw) at the desired gain crossover frequency
w = wy and let B, = e/ ™) denote the point corresponding to the desired phase maggiriThe set
Cy(s, an) of all the compensators C(s) which solve Design Problem A is obtained from (3.1) using the

parameters
P, W — wf
y:Q—gg>O, 5=0Qq 2%:):9 >0 (3.22)

for all ax > 0 such thatd > 0 and with B = P(Ag, Bg) and Q; = Q(Ag, By) obtained using (2.21).
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Figure 3.9: Graphical solution of Design Problem A on the Nyquist plane.
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Figure 3.10: Graphical representation of the solution of Design Problemthe Bode diagrams.
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Proof: The design specifications on the phase maggjrand gain crossover frequenay, can be
satisfied if and only if the loop gain frequency respo@sg( jw) G(jw) at w = wy is equal toBy, that
is if and only if By = C(jwy) - Ag. According to Definition 4, Design Problem A has a solution only if
point Aq belongs to the admissible domains,, see the grey region in Fig. 3.9. The parameters (3.22)
of all the compensatoiSy(s, wn) which move pointAq to pointBy are obtained from Property 4 when
W = Wy, A= Ag andB = By O

Examples of the loop gain frequency respohgg w, wn) = Cy( jw, wh)G(jw) obtained from (3.22)
for different values otw, are plotted in red in Fig. 3.9 and 3.10. The blue cir%gégy(jw) represents
the frequency response of all the functidf(%y(s) € %B‘g(y) with y = Py/Qqg given in (3.22). The free
parametetw, of Cy(s, wn) can be used to satisfy an additional constraint such as, for examplsirecie
gain marginG, as required in Design Problem C.

Design Problem B:(Gm,wp). Given the transfer functio®(s) and design specifications on the
gain marginGm, and phase crossover frequenoy, design the Lead-Lag compensa@y (s) such that
CLL(jw)G(jw) passes through poil, = —1/Gp, for w = wy,.

Solution B: Let A, = G(jwyp) denote the value of Gw) at the desired phase crossover frequency
W= wp and let B, = —1/Gy = Mg, el%s denote the point corresponding to the desired gain margin
Gm. The set G(s, wy) of all the compensators,C(s) which solve the Design Problem B is obtained from
(3.1) using

Po of — wp
=—>0, o= >0, 3.23
y Qp Qp 20 ( )

for all w, > 0 such thatd > 0 and with B = P(Ap,Bp) and Q, = Q(A,, Bp) obtained using (2.21).

Proof: The design specifications on the gain marGin and phase crossover frequenwy are
satisfied if and only iBy, = C_(jwp) - Ap. According to Definition 2, Design Problem B has a solution
only if Ap belongs taZg,,, see the grey region in Fig. 3.11. The parameters (3.23) of all the coatpesns
Cp(s, an) which moveA, to B, are obtained from Property 4 whesm = wp, A=ApandB=B,. [

The loop gain frequency respondast jw, wh) = Cp(jw, wh)G(jw) obtained from (3.23) for differ-
ent values oty, are plotted in red in Fig. 3.11 and 3.12. The blue ciféggy(jw) in Fig. 3.11 represents
the frequency response of all the functidf@py(s) € %gp(y) with y = P,/Qp given in (3.23). The free
parameterwu, of Cp(s, wh) can be used to satisfy, for example, a constrainfan

Design Problem C: (¢, Gm, wy). Given the transfer functio(s) and design specifications on
the phase margig,, gain marginGn, and gain crossover frequenay, design a Lead-Lag compensator
CL(s) such thaCy | (jw)G(jw) passes througBy = e/ (™) for w = wy andB, = —1/Gn,

Solution C: Let Ay = G(jwy) denote the value of Gw) at the desired gain crossover frequency
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W=y, and let B = el(mtam) gnd B =—-1/Gm= Mg, e/ denote the complex points corresponding
to the desired phase margg, and gain margin G, respectively. The se{yG, wy) of all the Lead-Lag
compensators ¢ (s) which solve Design Problem C is obtained from (3.1) using

_R g Y
y= Q—g > 0, 0=0Qy 2, > 0, (3.24)
Qpwp — Qg‘*’g
Wh = W 0, (3.25)
Wp Gy

where the coefficientg,P- P(Ag, Bg), Qg = Q(Ag, By), Py = P(Ap, Bp) and Q, = Q(Ap, By) are obtained
using the inversion formulae (2.21) with, A= G(jwp) = Ma,(wp) el (@) for all the frequenciesup
satisfying

Y= Yp(wp), (3.26)

wherey,(wp) = Py/Qp is defined as

B MA —cogdp, — Pa,(wp))
coi‘PBp — Pa,(wp)) — MT\ZE(;?) .

Vo(wp) (3.27)

A solution G(s, wp) of Design Problem C exists only if: 1) the sgj, $f all the wy satisfying (3.26) is
not empty; 2) € Zg, and A, € Zg,; 3) ay andd in (3.24) and (3.25) are real and positive.

Proof: The design specifications completely define the position of p&§tégy andBp. According
to Solution A, the Lead-Lag compensatQgs, wh) which move pointg € Zg, to pointBy are obtained
using the parametensandd in (3.24). The free parametes, can now be used to force the loop gain
frequency responggy(jw, wn)G(jw) to pass through poirBp. This condition can be satisfied only if a
frequencywy, exists such thay(s, wh) moves pointh, = G(jwp) € Zp, to pointBy, that is only if

_ PR P(ApByp)
Qp  Q(Ap,Bp)
This relation does not depend ar, but only on the design specificatiopg, Gm andwy. Substitution
of (2.21),M = M—i and¢ = ¢g — ¢a into (3.28) yields (3.26)-(4.14). The frequencigsc S, satisfying
(3.26) are acceptable only if the compens&g(s, w,) obtained using Solution B is equal @(s, wh).

(3.28)

This condition is satisfied only if the two compensators share the gathat is only if

o — wf :Qpaﬁ—wé

5=Qy > 0. (3.29)

Solving (3.29) with respect tay, leads to (3.25). O
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Figure 3.14: Graphical solution of Design Problem C on the Nyquist plane.
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Figure 3.15:; Graphical representation of the solution of Design Problemt@e Bode diagrams.

The solution of (3.26) can also be obtained graphically by plotfisi@o) and by finding all the
frequencies, € S, for which yp(wp) intersects the horizontal ling see Fig. 3.13. In the example
of Fig. 3.13 it isSy, = {wp1, wpz} and therefore there are two solutiorSy(s, wp1) and Cy(s, wp2).
The corresponding loop gain frequency resporisgsjw) = Cy(jw, wp1)G(jw) (thin blue line) and
Loo(jw) = Cy(jw, wp2)G(jw) (red line) on the Nyquist and the Bode diagrams are shown in Fig. 3.14
and 3.15. Both solutions satisfy the design specifications and are adedmabus® > 0 andw, > 0.

Property 8 The frequenciesy, € S, satisfying (3.26) can be graphically determined on the Nyquist
plane as shown in Fig. 3.14:

1) draw the circle%ggy(jw) on the Nyquist plane passing through pointsafdd B, with its diameter
on the segmer(Bg, B—yg);

2) determine the gairy of the Lead-Lag compensatorg(, wp) as described in Property 5 when
A= Ay and B= By,

3) draw the circle%jpy(jw) having its diameter on the segmé¢B;, B—y");

4) the intersections 4 of %B‘py(jw) with G(jw) correspond to the frequencies, belonging to the

set $)p.
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Proof: The circIes‘KB‘gy(jw) (black line) and‘fB‘py(jw) (blue line) shown in Fig. 3.14 represent,
respectively, the frequency response%?ggfy(s) € Gg, (y) andég, OIS %8, (y) with y=PRy/Qg=Pp/Qp
given in (3.26) and (3.28). These two circles can be easily determinedeoNythuist plane because
Aq, By andBy are known (they follow from the design specifications) anid given by the graphical
construction described in Property 5. A frequengysatisfying (3.26) exists only if

G(jwp)Cy(jwp) = By, (3.30)

whereCy(s) is the Lead-Lag compensator (3.1) with the valueyadetermined as described above.
Relation (5.34) can be rewritten as

. Bp .
G(jw) = (i) = %p,y (1 W), (3.31)
with w = wp, and therefore it can be solved graphically on the Nyquist plane by tirttimintersections
wp of G(jw) with %B*py(jw). O

Design Problem D:(¢, Gm, wyp). Given the transfer functioB(s) and the design specifications on
the phase margiq,, gain margirGy, and phase crossover frequenay, design a Lead-Lag compensator
CLL(s) such thaCy(jw)G(jw) passes through poi, = —1/Gn, for w = w, and passes through point
By = @l (@)

Solution D: The given design specifications completely define the poirts@(j wyp), By = el )
and B, = —1/Gm = Mg, el?®. The set G(s, ay) of all the Lead-Lag compensatorsCs) which solve
Design Problem D is obtained from (3.1) using

P, o — wp

_r _ P
y= o >0, 0=0Qp 2 >0, (3.32)

o = W>O, (3.33)
wp oy

where B = P(Ap,Bp), Qp = Q(Ap,Bp), By = P(Aq,By) and Q, = Q(Ag, By) are obtained using (2.21)
with Ay = G(jwy) = Ma, (ay) €%, for all the frequenciesy, satisfying

Y= Yo(wy), (3.34)

whereyy(wy) = Py/Qq is defined as

Vot — COSPe, — By (wy))

2 = .
T cosfe, — day(a) - Mt

(3.35)
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Figure 3.16: Graphical solution of Design Problem D on the Nyquist plane.

A solution Gy(s, wy) of Design Problem D exists only if: 1) the sef, 8f all the ay, satisfyingy = yy(wy)
is not empty; 2) A€ P, and Ay € Zg,; 3) wh andd in (3.33) are real and positive.

Proof: The proof is similar to that of Solution C. The positionsEyf = el ®), B, = —1/Gp,
andAp, = G(jwyp) are directly determined by the given design specifications. The paranyeterd
o in (3.32) define the structure of the Lead-Lag compensdlgfs w,) which moveA, € Zg, to By.
The loop gainCp(jw, wh)G(jw) passes througBy only if a frequencywy exists such thaCp(s, wy)

movesAg = G(jwy) € Zg, to By, that is only if the relatiory = g—gg = yy(wy) given in (3.34) holds. The
frequenciesu, € Sy, satisfying (3.34) are acceptable only if (3.29) holds. From this relatiordoaetly
obtains (3.33). O

The graphical solution of (3.34) can be obtained, see Fig. 3.13, by plogiag) (the black line)
and by finding all the frequencies, € S, wherey,(ay) intersects the horizontal ling In Fig. 3.13 it
is S, = {wy1, wy2}. The corresponding loop gain frequency resporisesj w) = Cy(jw, wy1)G(jw)
andLoi(jw) = Cy(jw, wy)G(jw) on the Nyquist and Bode diagrams are the thin blue lines shown in
Fig. 3.16 and 3.17. These solutions are acceptable o0dlyi0 andaw, > 0in (3.32) and (3.33).

Property 9 The frequenciesy € S, satisfying (3.34) can be graphically determined on the Nyquist
plane as follows, see Fig. 3.16:

1) draw the circléﬁgpy(ja)) on the Nyquist plane passing through pointsakd B, with its diameter
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Figure 3.17: Graphical representation of the solution of Design Problem tbe Bode diagrams.

on the segmer(B,, B—y");
2) determiney as described in Property 5 when-AA, and B= B,
3) draw the circIe‘fB*gy(jw) having its diameter on the segmeBg, BTf’);
4) the points g where circle%ggy(jw) intersects Gjw) correspond to the frequencies; € Sy,
This graphical construction holds because a frequencyatisfies (3.34) only if
G(jay)Cy(jay) = Bg. (3.36)
This relation can be rewritten as

Gljw) = = o, (J0), (3.:37)

9

y(jw)
with w = ay, and can be solved graphically on the Nyquist plane by finding the intesscy, of
G(jw) with CKB‘gy(joo).

Let us now consider the following Design Problem E which is a relaxedorecs Design Problem C
and Design Problem D.
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Design Problem E:(@n, Gm, ¥) Given the transfer functio®(s) and the design specifications on
the phase margig, and gain margiGy,, design a Lead-Lag compensa@®i (s) such that the loop gain
transfer functiorCy (jw)G(jw) passes through poing; = e/(™ %) andB, = —1/Gn, for a value ofy
chosen arbitrarily.

Solution E: Let By = el™®) and B, = —1/Gm = Mg, el% denote the points corresponding to
the desired phase margip, and gain margin G The set ((s, wy, wp) of all the compensators,C(s)
which solve Design Problem E is obtained as follows:

a) find all the pairs(wy, wp) € Sy of frequencies which solve

Y = Yo(@y) = Vp(wp), (3.38)

wherey > 0 is chosen arbitrarily, &, is the set of all the pairgwy, wp) satisfying (3.38), anggy(wy)
andyp(wp) are defined in (3.35) and (4.14) withyA G(jwy) = MAg(wg)eJ% and A, =G(jwp) =
Ma, (wp) €95 (<), respectively.

b) for each pair(wy, wp) € Sy, compute

Poop—Fyawy | Qpap— ngg
) % 9 0, (3.39)
W @y W ay
and ) ,
W —w
5=Q, anwg e O (3.40)

where the coefficientsgP= P(Ag(wy),Bq), Qg = Q(Ag(wy),Bg), Py = P(Ap(wp),Bp) and Q, =
Q(Ap(wp),Bp) are obtained using the inversion formulae (2.21).

A solution G(s, wy, wp) of Design Problem E exists only if: Y)satisfies

0 <y <min[maxyy(awy)), maxyp(wp))] (3.41)

2) Sw is not empty; 3) points Awy) and Ay(wp) belong, respectively, to the admissible domaisg
and Zg,; 4) parametersu, in (3.39) andd in (3.40) are real and positive.

Proof: The design specifications on the phase maggjand gain margits,, completely define the
position of pointBy andBy, on the complex plane. A solutiddy (s, wy, wp) exists only if the frequencies
wy andwy, satisfy (5.34) and (3.36), that is only if they satisfy (3.38) whgfey) = Py/Qg andyy(wyp) =
Po/Qp. For each value of satisfying (3.41), one can find the s8%, of all the solutions(ay, wp) of
(3.38). This relation does not depend &@andwy, but only on the frequenciggy, wy) and points By,
Bp). Each solution(wy, wp) € Sy corresponds to an acceptable regul&pis, wy, wp) only if w, and
d given in (3.39) and (3.40) are real and positive. The expressiong ahdd in (3.39) and (3.40) are
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Figure 3.18: Graphical solution of Design Problem E on the Nyquist plane.

obtained as described in the Solution of Design Problem C by taking into @ic¢88),Py = yQg and

The numerical solution of (3.38) can be obtained graphically by ploti®) and y,(w) and by
finding, for each admissible value gf all the pairs(ay, wp) € Sy, whereyy(wy) andyp(wp) intersect
the horizontal liney, see Fig. 3.13. In the example of Fig. 3.13 there are four different snit®),, =
{ (w1, wpa), (@1, Wp2), (@2, Wpa), (w2, wp2)}- The loop gain frequency respondes(s), Liz(s), L2a(s)
and Lyx(s) of these four solutions on the Nyquist plane are shown in Fig. 3.18. Téms#ons are
acceptable only i® > 0 andw, > 0 given in (3.39) and (3.40) are satisfied.

The solution of the Design Problem E can also be performed graphicallyedwyituist and Nichols
planes. Five different graphical representations are now dedcribe

a) G(jw)-graphical representation on Nyquist plane The frequenciegwy, wp) € Sy, can also be
determined on the Nyquist plane using the graphical construction shovig.i8.E8:

1) given pointsBy andBp, and a desired value for > 0, draw the circIe§€B‘gy(jw) and(fB‘py(jw)
having their diameters on the segmefig, By/y) and(By, Bp/Y);

2) ifthe frequency respon$& jw) does not intersect both circlﬁ‘gy(j w) and%B‘py(j w), the chosen
value ofy is not acceptable.
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Figure 3.19:G( jw)-graphical representation on Nichols plane.

3) otherwise, each pailwy, wy) corresponding to the intersections®fjw) with circles%lgg y(jw)
and%B‘py(jw) is a possibile solution for Design Problem E.

This graphical construction hinges on the fact thaf and w, satisfy relation (3.38) only if
G(jwy)Cy(jwy) = BgandG(jw,)Cy(jwp) = Bp. These relations can be rewritten as

. B = (i
G(J“")’w:%:Cy(jgab) - %BQV(Jw)’w:wg
i (3.42)
Gl - =c;1 15 = G 19|,

These relations can be solved graphically on the Nyquist plane by findérfggifiuencieswy, wy) where
G(jw) intersect§€B;y(jw) andffB‘py(jw).

Using the graphical construction of Fig. 3.18 it is also easy to determine thienmaxvaluey of
parametey for which a solution of Design Problem E exists: it is the value for which trtéeﬁf%#j w)
is tangent td5(jw), see the dashed red circles and pdigitn Fig. 3.18.

b) G(jw)-graphical representation on Nichols plane The graphical construction described above can
be carried out also on the Nichols plane, see Fig. 3.19. The shapgs ¢fw) and%g (jw) on the
Nichols plane are not circles, but the intersection poys Ag, Ap1, Ape With G(jw) can still be
determined. An advantage of working on the Nichols plane is %@‘g‘;(jw) and %B‘py(jw) have the
same shape and the same dimension. In fact, these functions differ fa g'mﬂ;tstant,‘ggpy(jw) =
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Re

Figure 3.20%8‘9]y(jw)—graphical representation on Nyquist plane.

(Bp/Bg)%B;y(jw), and therefore they differ for just a translation on the Nichols plane.

C) %B;V(jw)-graphical representation on Nyquist plane Multiplying the second equation of system
(3.42) by the constary/B, one obtains

G(j @) ey, = %B;yuw)\w:%
, (3.43)
CUDBs | — i (i)

Bp W=y ’ w=0p

Itis evident that these relations can be solved graphically on the Nydaist py finding the frequencies
(y, wp) where‘gggy(j w) intersect(jw) andG(jw)By/By. A graphical representation of (3.43) on the
Nyquist plane is shown in Fig. 3.20: the intersection%%fy(jw) with G(jw) provide the frequencies
(y1, Wy, €tc.; the intersections afy \ (jw) with G(jw)By/By, provide the frequenciesy, wp, etc. The
loop gain transfer functionis;»( jw) andLyx(jw) corresponding to solution@uy:, wp2) and (w2, Wy2)
are shown in magenta and in red in Fig. 3.20.

d) ¢)(jw)-graphical representation on the Nyquist plane Using simple mathematical manipulations,
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Figure 3.21:4)(jw)-graphical representation on the Nyquist plane.

system (3.42) can be rewritten as

By o

6160 |y~ T o
By o '

SIS

These equations can be solved graphically on the Nyquist plane by fitlinfyequenciegwy, wp)
where%,(jw) intersectBy/G(jw) andBp/G(jw). A graphical representation of (3.44) on the Nyquist
plane is shown in Fig. 3.21. The intersections vBYji G(jw) provide the frequenciesy;, wy, etc. and
the intersections witl,/G(jw) provide wy1, Wy, etc. Note that in Fig. 3.21 the pointsBy and—B,
and the two loop gain frequency responsdsi»(s) and —Laz(s) have also been reported: the relative
position of these points and functions with respect to point 1 is the same da§BgiandBy, andL1o(s)
andLy(s) with respect to-1.

e) ¢y( jw)-graphical representation on Nichols plane Equations (3.44) can be solved graphically on
the Nichols plane as well, as shown in Fig. 3.22. In this case the sha@§gjaf) are not circles, but the
graphical representation is more precise for small values of the moduhiss gfaphical representation
is similar to the one presented in [25] for the solution of Design Problems C arfek@m the solution

of the Design Problem E directly follows the solution of a second versioneob#sign Problem D.
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Figure 3.22:¢)( jw)-graphical representation on Nichols plane.

Design Problem D’: (G, wp, ¢h). Given the control scheme of Fig. 1.1 and the transfer function
G(s), design a compensat@y (s) which satisfies the gain margi®,, the phase crossover frequency
wp and the maximum allowable phase margin

Solution D’; The value ofy = g—‘; can be determined as in Design Problem D.1 by poirgs=B
—1/Gm and A, = G(jwyp). The gainy completely defines the shape of cirﬁ%(jw). The maximum
value ¢, of the phase margig, can be graphically determined moving poing 8 el(™+@n) on the unit
circle until %B%(jw) is tangent to function Gw). The frequencyy, of the tangent point substituted in
(3.39) and (3.40) provides the parametegsand é of the compensator @).

3.4 Numerical examples

Example 1. All the graphical representations from Fig. 3.9 to Fig. 3.22 used in the sotutibDesign
Problems A, B, C, D and E refer to the system

40(s+1)
€= s+ 1526+3)

with the following design specifications: phase margin= 42°, gain marginG,, = 3, gain crossover
frequencywy = 2.1 and phase crossover frequenoy = 4.05. The modulus and the phase of points
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G(jw)

Yo, Yo

Figure 3.23: Graphical solution of Design Problé&h

Figure 3.24: Design problef@’: function y,(w) (blue line) and functiongy(w) (black lines) forg, =

{40,44,48,51.75}.



3.4 Numerical examples 57

By = Mg,e/? = el @) andB, = Mg el = —1/Gy, areMg, = 1, ¢, = 222, Mg, = 0.333 and
¢s, = 180°. The value ofy obtained in (3.22), (3.23), (3.26), (3.32) and used in Design Problem E is

R _Q
The frequenciesyy:, Wy = Wy, Wp1 = Wy andwyp; (3.26), (3.34) and (3.38) amdy; = 1.57, wy = 2.1,
wp1 = 2.77 andwypz = 4.05. The corresponding poinkgy = G(jwy1), Agz = Ag = G(jwy), Apr = Ap =
G(jwp1) andAp, = G(jwpe) on the frequency respon& jw) are

=0.315

Aq =297e 11527 Ay, = 1.82e7 11694
Apy = 1.05e/1743 Ay, = 0.44e1153%,

Let us now consider the solutions of the previously described DesigiidPng separately.

Design Problem A: (@, wy). The parameter§;, Qg andy corresponding tddqg and By are Py =
—0.5824,Qy = —1.8491 andy = Py/Qg = 0.315. The set of regulatoSy(s, wn) satisfying Design
Problems A are

(3.45)

for 0 < wh < wy = 2.1. The loop gain transfer functidoy(jw, wh) = Cy(s, wh)G(jw) for wn = {0.6 :
0.1: 11} is represented by red lines in Fig. 3.9 and 3.10.

Design Problem B: Gm, wp). The parameter®,, Q, andy corresponding t&\, andBy, are P, =
—0.295,Qp = —0.937 andy = P,/Qp = 0.315. The set of regulatofSy(s, wn) satisfying the Design
Problems B are

P4 Py 2
2 o : (3.46)
+Qp—g, St Wh

for 0 < wh < wp =4.05. The loop gain transfer functidry(jw, wn) = Cp(s, wh)G(jw) is represented
by red lines in Fig. 3.11 and 3.12 fo, = {1.2: 0.1 : 1.6}.

CD(S7 ("h) =

Design Problem C: @, Gm, ay). The parameter®y, Qg andy corresponding tog and By are
Py = —0.582,Qqg = —1.849 andy = R;/Qqg = 0.315. The two solutions of (3.26) a8, = { wp1, Wp2} =
{2.77,4.05}. Substitution into (3.24) and (3.25) yields= —0.571 andw, = 2.85 whenw = wyy;
0 =5.14 andw, = 0.37 whenw = wyp,. Only the second solution whede> 0 is acceptable:
Cals, p2) = & +1.186s+ 0.134'
' £ +3.765%+0.134
The corresponding loop gain transfer function( jw) = Cy(s, wp2)G(jw) is plotted in red in Fig. 3.14
and 3.15.

(3.47)
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Figure 3.25: Step responsggt) (magenta line) ang(t) (red line) of the closed loop system when,
respectively, regulatorS, (s, wy1, Wp2) in (3.48) andCqy(s, wp) in (3.47) are used.

Design Problem D: (@n, Gm, wp). The parameters which correspond to poigsandB, are P, =
—6.778,Qp = —2152 andy = Py/Qq = 0.315. The two solutions of (3.34) a®y, = {wy, Wy} =
{1.57,2.1}. Substitution into (3.32) and (3.33) yields= —8.82 andw, = 4.13 whenw = wy; & =
—0.571 andw, = 2.85 whenw = wy. Neither solution is acceptable because in both cased. The
loop gain transfer functionis; 1(jw) andLz;(jw) are the blue lines shown in Fig. 3.16 and 3.17.

Design Problem E: @, Gm, ¥). GivenBg, By andy, the four solutiongawy;, wp;) of equation (3.38) can
be graphically determined as shown in Fig. 3.13. By substitution into (3.39)3a4@d) one obtains only
two acceptable and stable regulat@gs, wy, wp). The first one is obtained fduy, wy2), & = 1.691

andw, = 1.338:
£ +1.065%+1.791

Co(S @1, 2) = 7 5 3 1 701
The corresponding loop gain transfer functibm(jw) = Cy(jw, wy1, wp2)G(jw) is shown on the
Nyquist plane in Fig. 3.18 and on the Nichols plane in Fig. 3.19. The secoreptable solution
Cy(s, w2, wy2) is obtained for( wy, wy2), 6 = 5.14 andw, = 0.37, and it coincides with th€y(s, wp.)
given in (3.47). The other two solutions are not acceptable. The stppnessy;(t) andys(t) of the
closed loop system when, respectively, regula@s, wy1, wp2) in (3.48) andCy(s, wy2) in (3.47) are
used, are shown in Fig. 3.25.

(3.48)

Example 2. Given the plant
120Q0s+2)

8= sr 1525172
solve the Design Proble®’ to meet the following specifications: gain margd), = 3 and phase

(3.49)

crossover frequencyy, = 12.8.
The maximum phase margtﬁh which satisfies the Design Problddcan be graphically determined
as shown in Fig. 3.23. The obtained valueﬁ& 51.75°. When phase margi@., increases from 40to
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Figure 3.26: Example 3: functiony,(w) intersects the valug/ at frequencies{wp, wp} =
{11.37,20.71}.

(En, function yy(w) modifies its shape as shown in Fig. 3.24.

Example 3. Let us consider the transfer function proposed in [25]:

5000

(s)= S(5+5)(5+10)’ (3.50)

with the following design specifications: phase margin= 42°, gain crossover frequenayy = 9 rad/s
and gain margiiGy, = 4. The synthesis of the Lead-Lag controll€ggs, wy,) follows the lines described
in Design Problem C. The modulus and the phas®yet Mg, el?es = el (@) Aj = Mp e/?%0 = G(jawy)
andBp = Mg,el% = —1/G, areMg, = 1, g5, = 222, Ma, = 4.01, $p, = 167.1°, Mg, = 0.25 and
¢s, = 180°. FromAg andBy one obtaingy = —0.397,Qy = —4.198 andy = Ry/Qg = 0.0946. The two
solutions of (3.26) ar&,,, = { wp1, Wp2} = {11.37,20.71}, see Fig. 3.26. Only the one corresponding to
wp2 is acceptable, and gives= 17.68 > 0 andw, = 2.28. The corresponding Lead-Lag regulator is

(5 ) — 2 +3.3475+5.198
(S, @2) = 57353651 5.198

(3.51)

The graphical constructions corresponding to the synthesis of thellagadompensatdy(s, wp2) on
the Nyquist, Bode and Nichols planes are shown in Fig. 3.27-Fig. 3.29lobpegain transfer function
Lo(jw) = Cy(jw, wp2)G(jw) is the red line shown in the figures.

Example 4. Given the planG(s) = %, design a Lead-Lag network that meets the following

specifications: velocity constalt, = 0.1; phase margig, = 45°; gain marginG, = 3; gain crossover
frequencyay = 1 rad/sec. First, notice that only a Lead-Lag network can simultaneouslyaih¢iee
specifications, since a first order compensator has only two degresedioin. The DC gaiK included
in G(s) must be selected so as to satisfy the specification on the velocity constant:

Ky = Isi_%SQL (s)G(s) =K,
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Figure 3.27: Example 3: synthesis and graphical interpretation of the LagdompensatorSy(s, wpz)
on the Nyquist plane.

Magnitude diagram
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Figure 3.28: Example 3: graphical representation of the solution on the @&iagrams.
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Figure 3.29: Example 3: Graphical determination on the Nichols plane of ¢éagéncies wy, Wp2)
where?),(jw) intersects functiol,/G(jw).

so thatk = 0.1. The frequency response of the plantet wy is
. 10+ j
Gliloy) = 57—~
Uy 1(2]+9)
To meet the given phase margin and gain crossover frequency sptoiss; the magnitudly and the
phasepq of the controller at frequenayy has to satisfy the following relations

1 85

Mg = &V Tor
T 1 T 2
= — — IT— (arctan— — — — arctan-
bg = 41— 10 2 o)

= 3 T arctar& +arctar£
4 10 9

A simple goniometric calculation shows that
103 2
C0%09= 5"\ g5. 101

_ Mg—cospy  170—103y2K
V= cospg— Mgt 103v/2K —202K2’

which leads to
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Figure 3.30: Graphical interpretation of the closed-form solution of Exarhp

We expresd, = M(wp) and¢p, = ¢ (wyp) as a function of the phase crossover frequesagywhich is

still unknown:

wpy/40B+(10- 6B

Mp :
Gm- K /w2 + 100

2
cospp = wp (w5 + 10) ‘
\/(1oo+ w2)((10— wR)2 + 4a2)

Plugging these expressions into (3.26), which can be rewritten as
Mp — cospp
Y=—"""—"""1
cospp —Mp
yields the polynomial equation
w® — (16+H + yH)w* +10(10— H — yH) w? + 100yH? =0,
whereH = GpK. This biquadratic equation has two positive solutiom§:= 3.9591 andwy; = 2.3686.

Only the second solution leads to positive valuesdofnd w,. The corresponding values of the
parameters of the Lead-Lag network are- 12.3887,6 = 1.6747 andw, = 0.2980. The graphical

interpretation of the solution is represented in Fig. 3.30.
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This example has shown the effectiveness of this design method fromeampaitspective. In fact,
even in the case of a plant with a reasonably rich dynamical structuregetigndproblem is found to
admit a closed-form solution. Indeed, the 6th degree polynomial equatiap is biquadratic, and is
therefore solvable in finite terms. This leads to a “mathematically exact” solutitnsadesign problem.

3.5 An open research problem to meet other design requirements

Using Inversion Formulae (2.21) and the Prop. 4 (Fdto B), the set of all the compensators (3.19)
exactly satisfies the given phase marginand the given gain crossover frequenay specifications,
which are very important indicators of system performance and rolssstrnhe only necessary and
sufficient condition required to employ a Lead-Lag controller to meet thegggnements is that the point
A= G(jwy) belongs to the admissible doma#. As described in chapter 1, a very interesting research
problem is to study how to choose the degree of freedgnm (3.19) in order to improve the dynamical
behavior of the control system. Let as consider two different desigeeplures to obtain a good settling
time of the step response or a good resonance peak of the closed-ttemsyhese procedures could
be an alternative to the procedure described in the solution of the DesigieRr C to meet the gain
margin specificatio®Gn,.

3.5.1 Requirement on a good settling timé;

Design Problem F: Given the rational transfer functids(s) = % and the design specifications on the
phase margim, and on the gain crossover frequenay, design a Lead-Lag compensa@i (s) such
that the loop gain frequency respoiGe (jw)G(jw) passes through poiBy = el ™ %) at w = w, and

the step response of the closed-loop system has a good settling.time
Solution F: From Prop. 4, design specifications on the phase maggjrand the gain crossover
frequencywy can be exactly satisfied using the set of compensaier®Cu,) described by (3.19), with
wa = wy, A= G(jawy) and By = &™) |t can be easily shown that the set of the closed-loop charac-
teristic equations
14+ G(s)CrL(s,an) =0 (3.52)

can be expressed as follows
1+ w?G(s) =0, (3.53)
where
S(g)— _ PO@+QABIS)IN(S (@ +PAB)Y
wyS(D(s)(s— Q(A, B)ay) +N(s)(s—P(A, B) ay))
is a known function. Since (3.53) is linear @, the contour locus method can be applied. A good
settling time ¢ of the step response of the closed-loop system can be obtained chogssugh to
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Figure 3.31: Root locus of 4 w?G(s) for wf € (0, ).

maximize the distance of the poles from the imaginary axis on the root lo&(s)ofvhenay? € (0, w?),
see Fig. 3.31.

Numerical example.Given the plant

200

G(s) = S(5+1)(s+10)’ (3.54)

design the compensat6y (s) that meets the design specifications of a phase margia 45° at gain
crossover frequencyy = 2.75 and such that the system step response has a good the settling time

Solution. The given design specifications define the poBise/??5 andA = G(jwy) =2.4e71175 ¢
I8, see Fig. 3.6. The set of compensators (3.19) that move theAoir can be obtained using (2.21)
and (4) withP(A,B) = —0.531 andQ(A, B) = —2.52. The Nyquist and the Bode plots©f j w, wy) for
wh € {0.3,0.6,0.9,1.35} are shown in Fig. 3.6-3.8 respectively. Funct®(s) in (3.53) can be written

as follows
— —0.9174* —9.091s> + 1.82682 — 28.64s+ 200

G pu—

(s) S°+17.94s* 4 86.31s3 + 26942 4 292 2s

The corresponding root locus is shown in Fig. 3.31, where the highlightédts are related to
wh,=0.1:0.1:1. Agood settling time can be obtained placing the poles such to maximize theircdista
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from the imaginary axis. The minimum settling tirge= 1.72s is given forw, = 0.3.

3.5.2 Requirement on a good resonance peak
The complementary modulus margih is equal to the inverse of the infinity-norm of the complementary
sensitivity functionT (s), see [27]:

Mc=[T(s)[ls, where T(s)= lfg;gs)

The marginM. can be graphically determined as the inverse of the modvlo$ the constanM-circle
tangent to the open loop frequency respobégv) = G(jw)C(jw). It follows that the margirM. is

an important performance indicator, since it is related to the resonankeptree closed-loop system.
Indeed if the type of the system is zeMy is equal to the static gain(0) over the resonance peak, if the
type is greater than zeld. is equal to the inverse of the resonance peak. Let us consider theifajlow
Design Problem proposed in [26].

Design Problem G: Given the plan(s) and design specifications on the phase maggiand the
gain crossover frequenay, design a Lead-Lag compensa@j (s) such that the loop gain frequency
response.(jw) = C(jw)G(jw) is tangent in poinBy = el (@) at frequencyw = wy to the constant
M-circle passing through poify.

Solution G: Draw the controllable domait¥g, with respect to B= &™) as shown in Fig. 3.32
and check if § = G(jwp) belongs taZg,. If not the Design Problem has no acceptable solutions.
Than determine the parametergP P(Ag, By), Qg = Q(Ag, By) using the Inversion Formulae (2.21).
The complementary modulus margig Mlated to the unique constant M-circle passing througtc&n
be calculated employing the relation

Mc = /2cog T+ @) + 2. (3.55)

The desired angley of the loop gain frequency respons¢j@)G(jw) in By, see Fig. 3.32, can be
obtained by using the following relation

Y= (3.56)

arctan<_ WC) ‘

singm

__1
-MZ

Once a point 4= G(jwy) is chosen, whereyj = wy +Aw and Aw small, calculated and w, as
follows

where ¢= is the position of the center of the constant M-circle on the real axis.

W — WP —b+vb2—4ac
6= Qs whz\/Za, (3.57)
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Figure 3.32: Solution of Design Problem G.
where

a = o+az-0as
b = «i(as—20)+wf(az—2ay),

c = o+ wd(ow; — azwf),

ap = Yp+tany/'(1—-Xp),

a2 = Qo (YoQq-+tany/(Py — XoQy).

as = (Pg_Qg)%a

Xo = Rex), Yo=Im(Z), ¢=y-’A,

The solution is acceptable onlydfand w, are real and positive.

Proof:

The design specifications define the position of poBys= el (7r+ @) and Ay = G(jay).

According to Prop. 4, the compensatQs, wn) which move pointAg € g, to pointBgy are obtained
using the parametegsandd given by (3.15). The free paramet®; can now be used to force the loop
gain frequency responss jw, wh) = Cy(jw, wh)G(jw) to pass through poiry with slope related to
the angley given by (3.56), see [26]. This problem can be solved under the ftpaondition

im 2/ (L(j (wp+Aw), an) — By) = .

Aw—

(3.58)

Relation (3.58) can be approximated choosing a pajjity)) = G(jwyj) at frequencyw) = wy +Aw,
with Aw small. The pointAy(awy) can be brought td) = L(j(w}, wn) = Ay(})Cq( @}, wh) using the
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Inversion Formulae method. From (3.58) one obtains that

£ (By—By) = £ (Ay(a})Cy(jwy, wn) — By)
=/ <A’g<w,é,) <cg<ng;,am — f\z)) (3.59)
= /£ (Ay(w)) (Xc(@n)+iYc(@n)—Xo—iYp)) =y,

whereXc(wn) andYc(wn) are the real and the imaginary partCQ,f(jaé, wn), Xp andYp are the real and
the imaginary part o%. Equation (3.59) can be rewritten as follows

Yc(on) — Yo /

—————— =tany/, 3.60

Xe(an) —Xp o (3.60)
wherey/' = ¢ — LA’g. Equation (3.60) is a second order equation in the variaBleThe solution of this
equation provides the value af, given in (3.57). O

Numerical example. Consider the plant given in the previous example, and th€ggtv, w,) of
controllers that meet the design specificatiorngpn= 45 at frequencywy = 2.75. Calculatew, to adjust
the loop slope of (jw) = C (jw)G(jw) as described in Design Problem G.

Solution. Using (3.55) and (3.56), the complementary modulus margMcis- 0.7654 and from
(3.56) it follows thaty = 67.5°. Choosingwé = 3 and using (3.57), one obtaids= 3.3748 anduy, =
0.9143. The corresponding loop gain frequency response is plotted iantain Fig. 3.32.

3.6 Comparison of the methods.

The Inversion Formulae method, useful to design Lead-Lag netwdlwsao easily and exactly satisfy
two dynamical requirements. The third parameter can be chosen in ordeetafugther specification.

The division of the design procedure in these two main parts can be usiedaidysthe classical meth-

ods. These are generally based on a simultaneous synthesis of theaiteeeiers. The complexity of
some of these procedures could be reduced with a hybrid method. Ihdeed the three parameters
could be chosen by using the Inversion Formulae method, such to exattfy s&o design specifica-

tions, the third parameter can be synthesized on the base of the classicadlsnefhis idea leads to a
renew interest on the study of classical design procedures.

In this chapter the Inversion Formulae method has been used to solvelssgn problems. The
main advantages of the method are that it is exact, it can be obtained numeoicgligphically on
Nyquist diagrams, it can be used in written exercise test. Moreover thhigedsolution, compared with
other graphical approaches such as the one in [25], can be easilynaheté by ruler and compass in the
complex plane by finding the intersections of the frequency response pfaht with particular design
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circles. Moreover, the Inversion Formulae method provialethe solutions of the control problem and
not only a subset of all the solutions, as it happens in [25]. The mainwistabe of the design procedure
is that not always an acceptable solution exists.

The design procedure proposed to solve the Design ProBlamploys the classical root-locus
method to determine a good settling time of the step response. This is an impoeteifitapon for the
system performance, however the solution requires good knowlediggean control theory and can be
applied to plants without delays.

The procedure which solves the Design Problem G is important from aratdoal point of view,
because it leads the students to connect some very important conceptsaftiol theory. Some of them
are related to the M-constant locus, the sensitivity function, the complementatulus margin and the
resonance peak of the closed-loop system. The procedure guargoteed performance in almost all
the closed-loop real systems. In the case of complex high-order sys$tewmsyer, the tangent condition
of the loop gain frequency response to the M-constant circle at the gaesaver frequency not always
is sufficient to avoid that the loop gain frequency response enters intotietantM-circle at higher
frequency. In these cases the procedure is not the optimal solutionrange a robust control. One of
the main advantages of this method is that it requires the knowledge of themtary two points.



Chapter 4

Discrete-time Lead-Lag type regulators

Nowadays digital control of automatic systems is widely used for its benefsanalog control, in-
cluding reduced parts count and greater flexibility. The discrete-time alaisign methods can be
classified as indirect and direct. The first are widely used becauseeealy limited knowledge of
the discrete-time control theory and are based on the vast backgrodme continuous-time control.
Conversely, direct design of classical discrete regulators reckivdsss attention than indirect design
in control textbooks, i.e. [19], [28] and [29]. However, the discréimaof a continuous-time control
system creates new phenomena not present in the original continuousastitnel system, such as con-
siderable inaccuracies in the locations of poles and zeros [29]. In tagahthe Inversion Formulae
method is employed to design the discrete time Lead-Lag type networks fat dmtrol. The method
has been introduced to the design of discrete time Lead and Lag regulafddd.ifThis design proce-
dure is reformulated in this thesis to use the same Inversion Formulae intcbiiuttee Def. 1 for the
continuous time case. Moreover the method has been extended to the detiggmaie time Lead-Lag
regulators [15]. In this way the same Inversion Formulae (2.21) candukfasall the types of Lead-Lag
regulators, both in continuous and discrete time domains.

4.1 The structure of the considered discrete-time Lead-Lag type neorks

Let us consider the following unified structure of Lead and Lag networks

(z+1)+01(z—1)

Cald) = (z+1)+02(z—1)’

(4.1)

with unity steady-state gaip = Cq.(1) = 1. Whenoy > 0y, (4.1) is the transfer function of a Lead
network, while whero; < 0y, (4.1) is the transfer function of a Leg network. The zero and the pale ca

be expressed as follows
o—-1 or—1
ZO = , Zp = .
o1+1 or+1
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Figure 4.1: Bode magnitude and phase plot€gf w, T) on variation ofyg.

The controller is a minimum-phase system wigy < 1 and|z,| < 1, that is whero, > 0 ando, > 0.
The frequency response 6§y (2) is obtained wherz = e/“T andw € [0, ], whereT is the sampling
period of the system. That is

_ jwry _ 1P, T) s
CdL(w7T> _CdL(eJ >_ 1+ JQ((A),T) = Me/ ) (42)
where
P(w,T) = 01Q(w), Q(w,T) = 02Q(w), (4.3)
and
Q(w) :tanw—zT.

The high frequency gaigy of (4.1) can be written as

- . 01 . P((A),T)
Yo =CdL(2)|=—1 = % 0T

It can be verify thaty > 1 in the case of Lead network, whijg < 1 in the case of Lag controller. The
maximum (or the minimum) phasg,q for w € [0, TOT} is

Vd_l]

= arcsin
¢md [Vd +1
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ya>1 Re

Figure 4.2: Nyquist plots dEq.(w, T) on variation ofy;.

at frequency

1 Zn+Zp
= —arcco .
Gmd T s{1+zozp]

The Bode and the Nyquist diagrams@fi (w, T) for wmng =1 andT = 0.3 on variation ofyy = [0.2 :
0.2:11/(0.2:0.2:1)] are shown in Fig. 4.1 and 4.2. It can be easily shown that the Nyquist glots o
CyL(w, T) are semicircle€(yy) with centerCy = V"T“ and radiuRy = @ The intersections doE(yy)

with the real axis occur at points 1 apgd

Definition 2 Given a point Bc C, let us define &dmissible domain of discrete Lead and Lag compen-
satorsCy| (z) with respect to poinB” the setZy, g defined as follows

Dars= {AGC‘301,02>0,30320 : CaL(w,T) 'A:B}.

The shape oy, g for Lead and Lag compensators in the Nyquist plane are shown in grég.id.E
and they are equal to the admissible domains of continuous time Lead andtiagkse(2.2) and (2.6)
shown in Fig. 2.11 and 2.12.

The considered form of discrete-time Lead-Lag compensator can besseol as follows

(z—1)%+ 2484 (Z — 1) + Q3(z+ 1)?

Cu(z)= (z2— 121 254007 — 1) + Q2(z+ 1)2

(4.4)
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Figure 4.3: Nyquist diagrams of functi@ (w, T) whenQ,=1,84 = 1.5, yy = [2:1: 17 (blue lines)
anddy = 1.5,y = 1./[2:1: 17 (magenta lines).

whereyy, Qn anddy are assumed to be real and positive. The frequency response )dofdcde [0, 7]
can be written as

- 1+ jP(w,T)
Ci(w,T)=Cp(e¥T)y= "2~ 4.5
(@, T) =C (") 17 ]0(@.T) (4.5)
where T is the sampling period,
2y40aQnQ(w 204 Q(w
Qn_Q(w) Qn_Q(w)
and T
Qw) = tan%. (4.7)
The proof hinges on the following equality
& — tanwiT
et y1 T 27

The steady-state gaino of the discrete compensator (4.4) is unity, that is

Vdo = lim CLL(Z) =1
z—1
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From (4.5) and (4.6) it follows that

i P(w,T)
—C (el®T = L 4.8
o =Ci(e™) w=2arcta2, Q(w,T) (4.8)

As in the continuous time case, the shape of the frequency responser(4t) Nyquist plane is a circle

C(yg) with centerCy and radiudRy:

_ yatl ya—14
2 2 7

where®f € [0, 2r1]. The intersections dE(yy) with the real axis occur at points 1 apgl Notice that the

shape does not depend on paramefgrs 0 andQ, > 0. From this property it follows thagy is the

minimum (or maximum) amplitude & (w, T) whenyy > 1 (or yy < 1). WhenQp = 1, the frequency

at the point f4,0) is w = .

C(yy) =Co+Ro€'’, Co

Ro=

(4.9)

Definition 3 Given a point Be C, let us define &dmissible domain of discrete Lead-Lag compensator
CiL(2) to pointB” the setZ4g defined as follows

D= {Ae@‘ﬂyd,éd,ﬂn>0,3w20 . C(w,T) .A:B}.

It can be easily shown that the domaifyg on the Nyquist plane is equal to the Lead-Lag admissible
domainZg determined in the continuous time case.

Let 41L(ys) denote the set of all the Lead-Lag compensa@®(gz) having the same parametgy
and the same shape on the Nyquist plane, that is

G(ya) = {CLL(Z) asin(4.4) | & > 0,Qn > o}. (4.10)

Moreover, leté),(z) € 61L(ya) denote one element of sét, (yy) chosen arbitrarily.

4.2 Synthesis of discrete-time Lead and Lag compensators

Let us refer to the block scheme of Fig. 6.1, wher@(z) is the discrete system to be controlled, what
cab be given directly in discrete time domain or it can be obtained by a consinimo@ plantG(s) using
a zero-order holdHy(s), that is

HG(2) = Z[Ho(3) G(9)],

1— efT S
Ho(S) = s ,

andT is the sampling period. Lé&Z(z) denote the discrete compensator (4.4) to be designed. The loop
gain frequency response of the system is

L(ew, T) =C(w, T)HG(w, T).
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Mh Yn

Figure 4.4: The considered block scheme for the discrete time case.

G(jw)

A .- Re

L(c,T)

Figure 4.5: Solution of Design Problefusing discrete time Lead controller.

Let first consider the case of first order Lead and Lag networkg. tbthe similarity of the consid-
ered structures in continuous and discrete time domains, the Inversion|Bermathod, used to solve

the Design Problems A and B, can be extended to a direct discrete design.

carried out as following described.

specifications, see (2.18).

Design procedure The numerical and graphical solutions of Design Problems A and B can be
Step 1.Determine the point B- Mgel?s. This point is completely determined by the given design

Step 2.Draw the admissible domai@y g. The admissible domaingy, g of Lead and/or Lag com-

pensators in the Nyquist or Nichols plane are shown in Fig. 2.11 and 2.12.

Step 3.Plot the frequency response H@, T) of the plant.Let A= HG(wy, T) = Mael® denote a
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point of HG(w, T), which belongs t@Zy g. This point is completely defined by the design requirements
if the desired frequency df(w, T) at pointB is given as design specification (i.e. the gain or the phase
crossover frequency). The poifdittan be brought t&8 by a discrete time Lead or Lag controller if only if
A € Yqy.. If there are no intersection points betwde¢6(w, T) and Z4. g the problem has no solutions.

Step 4.Design the parameters of the compensaitre values otr; andos in (4.1) can be obtained
by using thenversion Formulag2.21) withP(A,B) = 01Q(wy) andQ(A, B) = 02Q(wy), that is

cosp — i
Q(ap)sing’

M — cos¢p

7= Q) sing

oy = (4.11)

.
whereQ(ap) = tan%-.

The proof directly follows from (4.2), (4.3) and (2.21) as shown in thetiomous time case.

Numerical examples

Let us consider the same numerical examples solved in Sec. 2.2 using gieatlasethod.

Solution of Example 1: The discrete time plarti G(z) to be controlled has been obtained ®B¢s)
employing a zero-order hold with = 0.1s, that is

HG(z) = 0.003218&2 +0.0099& + 0.00186
- B8-22732+160&z—0.3329 °

The Nyquist plots of5( jw) andHG(w, T) are shown in continuous and dashed green curves in Fig. 4.5.
The design requirement on the phase margjn= 50° specification defines the position of the point
B = Mge/?, i.e. Mg = 1 andgg = 23C°. The pointA = HG(wy, T) is chosen in the admissible domain
Y4 at frequencyyy = 2, see Fig. 4.5. The valuds, = 0.547 andpa = —1705, can be used to calculate
the magnitudeM, and the phasg of the controller at frequencyyy = 2, see (4.11). The parameters of
the controller that exactly solve the problem ate= 16.3774 ando, = 3.2772. The corresponding loop
gain frequency respons€cw, T) is shown in red in Fig. 4.5.

4.3 Synthesis of discrete-time Lead-Lag compensator

It is well known that also in discrete time domain the gain and the phase margiidgr two-points
measure of how close the Nyquist plot is to the peiit[30], thus they are indicators of the system ro-
bustness. An interesting problem to be solved is the Design Prabjémat is the three parameters of the
compensator (4.4) have to be exploited such to satisfy both the gain andatbe mlargins specification
and the given gain crossover frequency. The direct design of-Lagdegulators to solve the Design
ProblemC leads to a set of nonlinear and coupled equations difficult to be solvedevén, an exact
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solution can be obtained expressing the frequency response of ttrellewrin polar form, as required
by the Inversion Formulae method and using the following property.

Property 10 (From A to B). Given a point Be C and chosen a point A of the frequency response
HG(w,T) at frequencyws € [0, ] belonging to the admissible doma#yg, the set € (z, Q,) of all

the discrete Lead-Lag compensatois ) that move point A to point B is obtained from (4.4) using the
parameters

P(A,B)
Q(AB)

for all Q, > 0 such thatdy > 0, with P(A,B) and Q'A, B) obtained using (2.21) an@a = tan%ZT.

Qf - 04
20,0a

>0, % = Q(AB)

Yo = >0 (4.12)

Proof: The frequency response (4.5) at frequengycan be written as follows:

1HP(OnT) _ el (4.13)

T = T Qe ) M

whereM and¢ can be expressed as in (2.21). Due to the similar structure of (3.3) andhd proof is
similar to the one given for the continuous-time case.
U

In the case of discrete time systems, the Design ProBlean be reformulated as follows.

Design Problem C:Given the control scheme of Fig. 6.1, the transfer funchi@(z), the sampling
periodT and design specifications on the phase maggirgain margirnG,, and gain crossover frequency
wy, design a Lead-Lag compensatiy (z) such that the loop gain transfer functidp (w, T)HG(w, T)
passes through poiBy = e/ (™% for w = wy € [0, 7] and passes through poig = —1/Gpn,.

Solution: The solution can be obtained following a procedure very similar to the oessipted for
the continuous time case.

Step 1.Draw the admissible domaif#g, of point By = e/™ ) as shown in Fig. 4.6 and check
whether pointyg = HG(wy, T) belongs taZyg, -

Step 2.Determine the parametelRy = P(Ag, Bg) andQg = Q(Ay, By) using the Inversion Formulae
(2.21).

Step 3.Draw the circle%gpyd(jw) having its diameter on the segment defined by pdﬂ@tand%,
whereB, = —1/Gp andyy = S—gg. If there are no intersections points‘égpyd(jw) with HG(w, T), the
Design Problem has no solutions. Otherwiselgt= {Ap,,Ay,, ...} denote the set of the intersections

points of circle?y |, (jw) with HG(w, T) at frequenciesuy, = {wy,, Wp,,-..}. These points can also be
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Li(w,T) Lo(e,T)

Figure 4.6: Graphical solution on the Nyquist plane of the Design Pro6léon discrete time systems.

obtained solving the following relation (see Fig. 4.7)

Mg,

MAp(Z)p) —cog s, — Pa,(wp))
cos(@s, — Pa,(wp)) — Miﬁé‘:’))

Yd = Yap(Wp) = : (4.14)

Step 4.For eachwp = wy, belonging to0, 7] calculatedy andQy, as follows

5 =0Q 0n - 0 0 (4.15)
=Qy—5~—~ >0, :
920,Q,

®_ Q >0, (4.16)
Qy  Qp

QnJ QpQg—QyQp

whereP, = P(Ap, Bp) andQp = Q(Ap, Bp) are obtained using (2.21) adg = HG(wp, T). The solutions
are acceptable only &y andQ,, are real and positive.

The proof can be obtained in a similar way as in the continuous time case. Wordéioe design
procedure can be easily modified in order to meet the design specificatiding phase margi@,, gain
marginGn, and phase crossover frequenay.
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Figure 4.7: Plot of functionyp(wp) versuswy.
151
1k
05
OO 015 Z‘l 115 ‘2 ‘ :": 315 4‘1 415 5

25
Time [s]

Figure 4.8: Step responses of the closed loop system in continuous timentabge) and discrete time
(black line) cases.
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Figure 4.9: Plot of functiory,(w) versuswy.

4.4 Numerical examples

Example 2: Given the plant
36(s+1.1)
— 4.17
9= gs+152(5+3)" (417

first design the continuous time Lead-Lag compensator (3.1) and then thetditead-Lag compen-

sator (4.4) in order to meet the phase maigin= 45°, the gain margirGy, = 3 and the gain crossover
frequencywy = 1.8. For the discrete time case a sampling pefiiod 0.04s can be considered.

Solution: The phase margin specification determines the gjnt /225, that leads to the shape
of the admissible domaitg, shown in Fig. 4.10. The point to be broughtBg is Ay = G(jwy) =
2.2e7 1162 that belongs taZg, as required by the method. Using (2.21) it follows tRat= —0.921 and
Qg = —0.921. The parametgr= 0.327 and poinB, = 0.333/18% define the blue circlégg \(jw) in
Fig. 4.10. The intersections 6f; (jw) with G(jw) are A, = 1.007/*"* andAp, = 0.436e1"* at
frequenciesuy, = 2.704 andwy, = 3.90. These points can also be obtained solving relgtiony(wy),
see Fig. 4.9. The solution fag, = wy, is not acceptable becaude< 0. The corresponding loop transfer
functionL1(jw) is plotted in blue in Fig. 4.10. The second solution is obtaineddot= w,, and leads
tod =1.63> 0 andw, = 1.04 > 0. The obtained regulator is

Cls) = $+1.11s+1.07
 $243.395+1.07

(4.18)

The corresponding loop transfer functibsl jw) = G(jw)C(jw) is plotted in red in Fig. 4.10.
The discrete time systemG(z) obtained byG(s) using a sampling period is the following

HG(2)— 3.6610 %2 +1.0410 %2 —10%2—-3.1710"
- Z-377A+5332-334z+0.787

The pointsByg andB, are completely defined by the design specifications and are the same ofithe co
tinuous time design. The poik, € HG(el“T) at frequencywy, is Aq = 2.2e71165 and it belongs to the
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Figure 4.10: Graphical solution of Design Probl€wn the Nyquist plane.

admissible domairyg,. Using the Inversion Formulae (2.2B) = —0.828 andQy = —2.67 can be
obtained.

The parameteyy = 0.310 and poinB, define the circléfgpyd(jw) (see blue circle in Fig. 4.6). The
intersections points withlG(w, T) areAp, = 1.06el17% andA,, = 0.46%1%T" at frequenciesv,, = 2.64
andwyp, = 3.78. These points can be equivalently obtained solving relation (4.14figeé.7.

The solution forw, = wy, is not acceptable becaudg < 0. The second solution is obtained @p =
Wp,, & = 2.7163> 0 andyy = 0.0147> 0. The following regulator is obtained

C (2. ) — ZLH248102(Z 1) + 217107 (2417
& O = (2 1)21 80110 2(2-1) + 21710 4(z+1)2°

The corresponding loop transfer functibg(w, T) is plotted in magenta in Fig. 4.6. The step responses
of the closed loop system in continuous and discrete time cases are shogn4r8F

4.5 Comparison with other methods

A graphical solution to exactly meet specifications on phase margin, gainnrerg crossover fre-
qguency for the discrete and continuous design of all the compensatosevdequency response can be

expressed a@% is presented in [31]. From (4.5) it follows that this method can also be appliget
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discrete Lead-Lag regulator (4.4), however it is not directly describb¢81]. One of the main advan-
tages of the Inversion Formulae method is that the pajnt directly determined in the complex plane
by finding the intersections of the frequency response of the plantatidyar design circles and not on
an approssimate procedure. Moreover, the graphical solution forirdet design of discrete networks
can be easily done on the Nyquist plane by ruler and compass, while fhlgigrmnstruction given in
[31] is based on the use of a special design chart. Another importagttasithe Inversion Formulae
method is that it provideall the solutions of the control problem, whereas other graphical appgeach
such as the one in [31], can only provide a subset of all the solutions.
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Chapter 5

Continuous PID regulators

The proportional-integral-derivative (PID) compensators are widsgdun the industrial processes to
meet most of the control objectives, see [1], [32]-[35].

One of the main difference of PID controller compared to Lead-Lag né&tigthe presence in
its transfer function of a pole at the origin. It follows that this structurelddne enough to meet the
steady-state specification. For example, if the steady-state specificatioly siomgists in achieving
zero velocity error, the use alone of a compensator with a pole at the origuffisient to guarantee
that this requirement is satisfied. In this case, the steady-state specifiba¢iomot lead to constraints
the static gain of the controller and this can be used to meet another requirddmvever, there are
steady-state requirements that lead to such constraints, for exampleifecapes on the acceleration
error. It follows that these two cases have to be considered separathly design of PID controllers,
see [9] and [13].

5.1 PID compensators: the general structure
The classical forms of PID networks are the following

e PID controller:

1 K
Crin(s) = Kp <1+Td S+ ) — Kp+Kps+—, (5.1)
Tis S
e Pl controller:
Cor() =Ko (14 = ) =Kp4+ (5.2)
Pl = Rp T| s — N\p s ) .

e PD controller:
Cep(s) =Kp (14 Tas) =Kp+Kps, (5.3)
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where the proportional, derivative and integrative teKpsKp andK, are assumed to be real and pos-
itive, or with Ky = Kp, Ti = %’,Td = % > 0. In addition to these controllers, sometimes the proper
versions of the PID and PD controllers are also introduced. The semwni basically equivalent to a
Lead network. These more complex structures will not be considered ithtdgs. Their design using
Inversion Formulae method is described in [9].

The frequency responses of the considered PID regulators caxpbessed in a unified form as

follows
C(jw) =P+ jQ(w) = Mge’s, (5.4)
whereP= Kp > 0 and
Q(w) = O.)KD - %7
Qw) = -3 <0,

Qw) = wKp>0,

in the case of PID, Pl and PD respectively. In the case of PID conti@ller) is positive forw > K%

and negative for & w < |/ &L,

The graphical representation of the frequency response of PlDotlen on the Nyquist plane is a
vertical line passing through poifKp, 0), see Fig. 5.1. Variations on parameters determine the gray area
of admissible values d¥lg and ¢4 useful in the synthesis procedure of the compensator.

Let ¥ (Kp) and%~ (Kp) denote, respectively, the set of all the PID compens&egs(s) having the
same parametép
% (Kp) = {C(s) asin(s.1) ‘ K > 0,Kp > o}, (5.5)

and the set of all the inverse functio@gs) *
% (Kp) = {C(ls> [SCF %(Kp)} . (5.6)

It can be easily shown that the graphical representation of each eleffé€Kp) on the Nyquist plane
is a vertical straight line which passes through poitKp, 0), see Fig. 5.2.

Property 11 The shape of the frequency response of each elementéf &) is a circle with center
Co = 5 and radius B = 5 which intersects the real axis in poifiand point:.

This graphical property hinges on the fact that the Nyquist diagra@ygf jw) is a circle

Crp(jw) = = Co+Roe! @), (5.7)

Crip(jw)
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Figure 5.1: Nyquist plot of functionSpp(jw) andCpip™*(jw).

where

Co:Ro:i G(w):—arctan(@e [0, 2m1], P =Kp.

Proof: The frequency response (5.4) can be written in polar form as follows

Crip(jw)=M(w)el?®),

WhereM(w):W'?(w) andd)(w):arctal@. It follows thatC3,5(jw) can be expressed in the form
Cain(i0) = gty = 5 Ve 1P

= 55[1+C052¢ (w))]— j 25 SiN(2¢ (w))

_ 1 1 —j2
_F+ﬁe ] ¢(w)’

for Q(w) € [—,+]. The last relation clearly shows that the shap€dfjw) in the complex plane is
a circle with cente€ = 55 and radiusRg = 5. O

The Nyquist diagrams of frequency responses of $&tsp) and %~ (Kp) for different values of
parameteKp are shown in Fig. 5.2.
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Re

Figure 5.2: The Nyquist diagrams of frequency responses &f 8¢t) and%~ (Kp) for Kp =0.4:0.2:
1.6.

The graphical representations of the transfer functions of Pl ané@ators in the Nyquist plane on
variation of their parameters are shown in Fig. 5.3-5.4. They are regplggositive and negative strict
lines passing through poiiKp, 0). It can be easily shown that their inverse are respectively negative an
positive semicircles with cent€ = 5 and radiuRy = 55.

Definition 4 Given a point Be C, let us define &dmissible domain of the PID compensaBip(s)
with respect tdB” the setZg defined as follows:

.@B:{AEC‘H Kp, Ki.Kp >O,E|w20:Cp|D(jw)-A:B}.

It can be easily shown that the domaiia on Nyquist plane is the half-plane which includes p&rand
is delimited by the straight ling passing through poir® and perpendicular to segme#, see the gray
region in Fig. 5.5.

Definition 5 Given a point Bz C, let 6g(Kp) and ¢y (Kp) denote the sets of PID compensators defined
as follows

%a(Ke) = {B-Crin(9) | Crin(s) € ' (Ke) } (5.8)
65 (k)= { o2 | o9 < (K | (5.9)
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Figure 5.3: Graphical representation of on the Nyquist plar@gfjw) for Kp = 0.4: 0.2 : 1.6.

16

Re

Figure 5.4: Graphical representation of on the Nyquist plar@fjw) for Kp =0.4: 0.2 : 1.6.
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Figure 5.5: Controllable domai#g and graphical design of compensatGesp( j w, Ki) moving pointA
to B.

with €' (Kp) defined in (5.5). Moreover, léfgk, (S) € 68(Kp) and 6y, (S) € ¢ (Kp) denote particular
elements of the two setg(Kp) and % (Kp) chosen arbitrarily.

Definition 6 (PID Inversion Formulag) Given two points A= Mael®2 and B= Mgel?s of the complex
planeC, the PID inversion formulae are defined as follows:

P(A,B) = % cog g — ¢a),
A (5.10)

Q(AB) = ::/l/lism(%— on).

Property 12 (From A to B) Given a point Be C and chosen a point A= G(jwa) € Zg, the sets
Crip(s,Kp) and Goip(s,K;) of all the PID compensatorsgp(s) that bring point A to point B is ob-
tained from (5.1) using, respectively, the parameters

Kp=P, Ki = Kpwh — Qun, (5.11)
for all Kp > w%, or the parameters

K
Kp=P, Kp= 24+ X (5.12)
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for all K; > 0, where coefficients B P(A,B) and Q= Q(A, B) are obtained using (5.10).

Proof: Forw = wh, relation (5.4) can be rewritten as

. . K
Crip(jwn) = Kp+ | (wAKD —— ) . (5.13)
wa

From relationd = Cpp(jawn) - A, it is evident that poinA = G(jwa) = Mael %A can be moved to point
B = Mgel%s if and only if
. Mg - .
Cp|D(j(OA) = WBGJ (#8—0n) — P+ ]Q. (5.14)
A

Solving equations (5.14) with respectR@andQ, one obtains th@ID Inversion Formula€5.10). Equa-
tions (5.11) and (5.12) follow directly from (5.13) and (5.14). g

Property 13 The parameter Kcan be determined on the Nyquist plane as shown in Fig. 5.5:

1. draw the unique circlé'é; passing through points A and O having its diameter on the straight
line r which passes through poingsand B;

2. the circle”¢} intersects the straight line r in points O and-EB/Kp;

3. the parameter Kis equal to the modulus of point B over the modulus of point £=KB|/|E]|.

Proof: It follows directly from Property 11 because the cir@l@OB‘ on the Nyquist plane is the
inverse of the frequency resporiggx, (jw) of function%zk, (S) € ¢s(Kp) and because the intersections
of circle A%B‘ with the straight ling occur in pointO andE = B/Kp. d

5.2 Synthesis of PID compensators

Let us consider the case of given steady-state specifications that inmgoggue of the integrative term
K; > 0. This case occurs for example for type-0 systems and design spimifica velocity error, or for
type-1 systems and design specification on acceleration error. Thihd&che integrative terri; has
been fixed do not reduce the admissible dontgiwith respect tdB, that is still the gray region shown
in Fig. 5.5. The other two degrees of freedé@m andKp of the regulator can be imposed to meet the
phase margim, and the gain crossover frequen@y. Let us extend the Inversion Formulae method to
solve the Design Problem A using a PID regulator.
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14+ Tis+TTgs? —G(9) -

Figure 5.6: Modified feedback structure with unity DC gain controller.

Design Problem A: Given the transfer functios(s), the steady-state specifications that impose
the value of the integrative terf§, > 0 and design specifications on the phase magginand gain
crossover frequencyy,, design a PID compensat@pp(s) such that the loop gain transfer function
Crin(jw)G(jw) passes through poild, = el ™ @) for w = .

Solution A: If point A= G(jwa) belongs to the admissible domai shown in Fig. 5.5, the solution
follows directly from (5.12) of Property 12 with parameteqridiposed by the steady-state specifications.

Let us now consider an alternative and interesting way to solve numericallpeBign Problen\
employing the Inversion Formulae method. The fa¢{pfs can be separated fro@_mD(s) =14Tis+
Ti T4 %, and viewed as part of the plant. In this way, the part of the controller ttebigned ifpm(s),
and the feedback scheme 1.1 reduces to that of Figure 5.6.

Let G(s) £ TKi—”SG(s), so that the loop gain transfer function can be writter. @ = Cpip(s) G(s).
The transfer functioné(jw) and5p|D(jw) can be written in polar form as

G(jw) = |G(jw) €19l
6PID(jw) = M(w) ej ‘I’(w)7
so that the loop gain frequency response can be expressed as
L(jo) = 6(j)|M(w) el (2raS(iw)-o(@)

If the crossover frequencgpy and the phase margigy, of the loop gain transfer functioh(s) are
assigned, the equations

IL(jwy)| =1, (= 1T+ arglL(jo)

must be satisfied, and as already observed these can be written as

Mg =1/ |G(jow)| , ¢g = PM— 11— argG( jwy).
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Alternatively, Mg and¢y can be computed as functions of the frequency responSespat w = wy:

-1

Kp . 0y
Mg = P _G =— 5.15
’ ’TiJwg U =k TGl (519
K .
by = PM—n—arg[_l_ijz)gG(Jwg)]
- PM—g—argG(ng), (5.16)

sinceKp, Ti > 0. In order to find the parameters of the controller suchitaatandii-a) in Subsec. 2.3.2
are met, equation

Mgel®e = 14 jay T — Ti Ty (5.17)

must be solved iff; > 0 andTy > 0. The closed-form solution to this problem is given in the following
theorem.

Theorem 1 Equation (5.17) admits solutions in ¥ 0 and Ty > O if and only if
O<gpg<m and My cospg < 1. (5.18)

If (5.18) are satisfied, the solution of (5.17) is given by

1 .
1 .
Ty = M. (5.21)
wy Mg singyg

The two conditions (5.18) can be alternatively written as

bg € <arccosi, n) if Mg > 1,
Mg
¢g € (0, ) if Mg < 1.
In fact, whengg € (0, 11/2), condition cogy < 1/Mg is always satisfied wheklg < 1, and is satisfied
when ¢4 > arccogl/Mg) whenMg > 1. Whengq € (11/2, M), the condition cog < 1/Mg is always
satisfied since cafg < 0 and(1/Mg) > 0.

Let us now consider the case of steady-state specifications that donsbtain the value df,. The
degree of freedom in the Property 12 can be utilized in order to satisthamgpecification. In literature
different methods can be found to impose the degree of freedom. Infdhero the ratioo d:ede/Ti is
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chosen to ensure that the zeros of the PID controller are real, [36]tafioo is an important parameter.
Wheno ! > 4, the zeros of the PID controller are real, and they are complex conjutaiec * < 4.
In the following Theorem, necessary and sufficient conditions aredivethe solvability ofi — a) and

il —a) in Subsec. 2.3.2 when specifications on the phase margin, gain croésouemcy and the ratio
o are given. In order to find the parameters of the controller such-Hjadndii-a) are met, equation

Crin(jwy) = M(wy)el? (@) = Mgel?s, (5.22)

becomes

1+ jayTi—wiTiTg
joyT,

which must be solved iKp, Ti, Ty > 0. By equating real and imaginary parts of both sides of (5.23) we

Mge! % = K, : (5.23)

get

wyMgT; cospg = ayKp Ti, (5.24)
—Mgay Ti singg = Kp — Kp wf Ti Tg, (5.25)

in the three unknownkp, Ti andTy.

Theorem 2 ([36, Ch. 4, pp. 140-141]). Lex = Ty/T; be assigned. Equation (5.23) admits solutions in
Kp, Ti, Ta > Oif and only if ¢4 € (—711/2, 11/2). If this condition is satisfied, the solution of (5.23) is given
by

tan y/tar? 4
T o= @t Viargetdo (5.27)
2wy0
Ty = To. (5.28)

Proof: (Only if). As already observed, equating real part to real part and imagimaryqimaginary
part in (5.23) results in (5.24) and (5.25). SinGemust be positive, from (5.24) — which can be written
asKp = Mg cospy — we get thaipg must satisfy—1/2 < ¢4 < 11/2. If this inequality is satisfied, it is
also easy to see that (5.25) always admits a positive solution. In fact) a@%e written as

Wi 0 T? — oy Ty tangg — 1 =0, (5.29)

in T, that always admits two real solutions, one positive and one negative.
(If). From (5.26), it follows that (5.24) is satisfied. Moreover, since aseafentioned (5.25) can be

written as (5.29) and/tarf ¢ +40 > |tang

, the positive solution is given by (5.27). O
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Figure 5.7: Graphical solution of Design Probléhon the Nyquist plane.

Another possibility to spend the degree of freedigis to satisfy a gain margin constraint. Let us
solve the Design Problem C employing a PID controller.

Design Problem C Given the transfer functio(s) and design specifications on the phase margin

¢m, gain marginGy, and gain crossover frequenay, design a PID compensat@pip(s) such that the
loop gain transfer functio@pip(jw)G(jw) passes through poily = el @) for w = wy and passes
through pointBp, = —1/Gp.

Solution C: Let Ay= G(jay) denote the value of Gw) at the desired gain crossover frequernoy=
wy, and let By = el(™ %) and B, = —1/Gn = Mg, el?e» denote the points corresponding to the desired
phase marging, and gain margin G, respectively. The setyGs, wp) of all the PID compensators
Crip(S) which solve Design Problem C is obtained from (5.1) using the parameters

Kp=Py>0, Kp= 2B~ 4 (5.30)
Wy — @

Qg — Qppwh
- )
wf — W3
where the coefficientg,P- P(Ag, Bg), Qg = Q(Ag, Bg), Po = P(Ap, Bp) and Q, = Q(Ap, By) are obtained
using the inversion formulas (5.10) with, A= G(jwp) = Ma, () €1%(“»), for all the frequencieso,

Ki (5.31)
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Figure 5.8: FunctionB,(w) (blue) andPy(w) (black).

satisfying the relation
M
Kp = Pp(p) = Bp) cos(¢s, — Pa,(wp)).- (5.32)

A solution G(s, wy) of Design Problem C exists only if:
1) the set B, of all the w, > wy satisfying (5.32) is not empty®) Ay € Zg, and A, € Zg,; 3) the
parameters Kand Kp in (5.30) and (5.31) are real and positive.

Proof: The design specifications define the position of poBgs= /(™ %) A, = G(jay) and
Bp = —1/Gm. According to Property 12, the compensatGyss, Kp) which move pointAg € Zg, to
pointBy are obtained using the parameti§gsandk; in (5.11). The free paramet&p can now be used to
force the loop gain frequency respoi@g j w, Kp)G( jw) to pass through poira,. This condition can be
satisfied only if a frequencyp, exists such that compensa@y(s, Kp) moves point, = G(jwp) € s,
to pointBy, that is only if (5.32) holds. The frequenciep € S, satisfying (5.32) are acceptable only if
the compensatdZy(s, Kp) which moves poinf\, to pointBy, obtained using Property 12, is equal to the
compensatoCy(s,Kp). This condition is satisfied only if the two compensators share the Baraed
Kp, that is only if

Ki = wiKp — Qg = wiKp — Qpp. (5.33)
Solving (5.33) with respect tidp one obtains the expressionky given in (5.30), that can be substituted
in (5.33) obtaining (5.31). The solutions are acceptable oty iKp, K, > 0. O

The solution of equation (5.32) can be obtained graphically, by ploRjyig) and by finding all
the frequenciesv, € S, for which Py(ayp) intersects the horizontal linBy = Kp, see Fig. 5.8. In
the example of Fig. 5.8 it i§,, = {wp1, w2} and therefore there are two solutiorGy(s, wp1) and
Cp(s, wp2). The loop gain frequency respondes(jw) = Cp(jw, wp1)G(jw) (red line) and_12(jw) =
Co(jw, wp2)G(jw) (magenta line) on the Nyquist plane are shown in Fig. 5.7. The two solutitisf/sa
the design specifications and are acceptable oy i 0 andK, > 0.
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Property 14 The frequenciesy, € S, satisfying (5.32) can be graphically determined on the Nyquist
plane as shown in Fig. 5.7:

1. Draw the circle%ggKP(jw) on the Nyquist plane and determine the parametepKcompensator
Cp(s,Kp) as described in Property 13 whenAAqy and B= By;

2. Draw the circle‘ﬁB‘pKP(jw) having its diameter on the segment defined by points Oggnd

3. The intersections A, Ap of circle ¢ . (jw) with G(jw) correspond to the frequencies:, wp,
belonging to setJ.

Proof: The circles%B‘gKP(jw) (black line) andeB‘pKP(jw) (blue line) shown in Fig. 5.8 represent,
respectively, the frequency responses of functigfig . (s) € 45 (Ke) and %8, ke (S) € @B, (Kp) with
Kp = P, given in (5.32). These two circles can be easily determined on the Nydais¢ pecause
the pointsAg, By and B, are known from the design specifications afslis given by the graphical
construction described in Property 13. A frequengysatisfying (5.32) exists only if

G(jwp)Crp(jap) = By, (5.34)

whereCk,(s) is the PID compensator (5.1) with the value of paramé&gerdetermined as described
above. Relation (5.34) can also be rewritten as follows

B
Gljw)= —F—=%; (jw), 5.35
(J ) CKP(Jw) Bpr(J ) ( )
with w = wp, and therefore it can be solved graphically on the Nyquist plane by firtimintersections
wWp € Sy, of G(jw) with %B*pr(jw). O

The extension of the Inversion Formulae method to PID controller leads te $whfollowing design
problems D and E with the same procedures introduced for the design adllegpcontrollers.

Design Problem D Given the transfer functios(s) and the design specifications on the phase
margin@m, gain marginGm and phase crossover frequernoy, design a PID compensatBpip(s) such
that the loop gain transfer functi@pp(jw)G(jw) passes through poil, = —1/Gn, for w = w, and
passes through poiBy = e/ (™).

Solution D: Let Ay, = G(jwyp) denote the value of Gw) at the desired phase crossover frequency
wp, and let B = e/ @) and B, = —1/Gm = Mg, €/%® denote the points corresponding to the desired
phase and gain margins. The sej(§ ay) of all the PID compensatorsgp(s) which solve Design
Problem D is obtained from (5.1) using the parameters

Ke =Py >0, Kp = 29~ (5.36)
Wy — Wp
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Figure 5.9: Graphical solution of Design Probl&n

= Qg%wé—prpaﬁ -0

)

(5.37)

a5 = f
where B = P(Aq,Bg), Qg = Q(Ag,By), P, = P(Ap,Bp) and Q, = Q(Ap,Bp) are obtained using the
inversion formulas (5.10) withgd= G(j wy) = May (o) el92(%) for all the frequenciesy satisfying the

relation
MBg

Ag(y)

Kp = Py(ay) = ——>— 0S(9a, — P, ()): (5.38)

A solution G(s, ay) exists only if:
1) the set g, of all the wy > wyp satisfying (5.38) is not empty) Ay € Zg, and Ay € Zg,; 3) the
parameters Kand Kp in (5.36) and (5.37) are real and positive.

The proof is quite similar to the one given for Solution C.

Design Problem E: Given the transfer functio®(s) and the design specifications on the phase
margin @, and gain margirGn, design a PID compensat@pp(s) such that the loop gain transfer
functionCpip(jw)G(jw) passes through poinB, = el ™) andBy, = —1/G.

Solution E: Let By = el %) and B, = —1/Gm = Mg, el?8 denote the points corresponding to the
desired phase margig, and gain margin G, The set &, (S, wy, wp) of all the compensatorsgp(s)
which solve the Design Problem E is obtained as follows:
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a) find all the pairs(wy, wp) € Sy Of frequencies which solve the equation

Kp = Py(wy) = Po(wyp), (5.39)

where the parameterg> Ois chosen arbitrarily, & is the set of all the pairéwy, wp) satisfying (5.39)
with wp > wy, and functions {ay) and RB(wp) are defined in (5.38) and (5.32) withyA= G(jwy) =

MAg(wg) el?%(%) and A= G(pr) = MAp(wp) el Pap(wp)
b) for each pair(wy, wp) € S COMpute

Kp = 209~ Q%

ag-wg
5 5 (5.40)
K, — Qgaywph — Qppwy
| = > 5 > 0.
Wy — Wy
A solution exists only if:
1) Kp satisfies
0 < Kp < min(max(Py(wy)), max(Pp(wp))); (5.41)

2) &,w IS Not empty;

3) Ag(wy) € T, and Ay(wp) € D,,;
4) Kp and K in (5.40) are real and positive.

Proof: The proof hinges on the fact th@bp(s) has to be design to move poiAg = G(jwy) to
point By and pointAp, = G(jwyp) to pointB,. A solutionCx, (S, wy, wp) exists only if the frequenciesy
andwy satisfy (5.38) and (5.32), that is only if they satisfy (5.39). For eachevallp satisfying (5.41),
one can find the s&k,, of all the solutiong wy, wy) of (5.39).

The solutions of (5.39) can also be obtained graphically by ploRji@) andP,(w) and by finding,
for each admissible value dp, all the pairs(awy, wp) € Sy, WherePy(wy) and Py(wp) intersect the
horizontal lineKp, see Fig. 5.8. In the example of Fig. 5.8 there are three different solutians =
{ (g1, Wp1), (g1, Wp2), (g2, Wp2)}. The solution(wy, wp1) is not admissible becausay, > wy1. The
loop gain frequency responsksg;(s), L12(s) andLyx(s) of these three solutions on the Nyquist plane
are shown in Fig. 5.10. These solutions are acceptable only if pararfgtensdK, given in (5.40) are
positive.

The solution of (5.39) can also be obtained on the Nyquist plane. Givietsggy andBp and a
desired value foKp > 0, the circIe%B;Kp(jw) and%ngp(jw) can be drawn on the Nyquist plane as the
circles having their diameters on the segments defined by p{:@]tgg} and{O, E—g}, respectively, as
described in Property (13). Each péiny, wp) corresponding to the intersections®fjw) with circles
%B;Kp(joo) and%ngP(jw) is a possible solution for Design Problem EGQfjw) does not intersect both
circles%B;Kp (jw) and%B‘pr(jw), the chosen value dfp is not acceptable.
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Figure 5.10: Graphical solution of Design Probl&m

5.3 Numerical examples

Example 1.
Design Problem A Given the following type-1 plant

~ 40(s+1)
8= Ssr152513)

design a PID compensatBpp(s) in order to achieve the acceleration constént 2, the phase margin
@ = 50° and the gain crossover frequenmy = 2.5.

Solution: The integral constar, is determined by steady-state requirement as
_AOK,
- 152.3
that leads td; = 0.337. The poinfA = G(jay) = 1.26117® belongs to the admissible domaiy defined
by B= e 1230 see Fig. 5.11. From inversion formulae (5.10) it follows that 0.514 andQ = 0.658.
Finally relations (5.12) lead tp = 0.514 andKp = 0.303. The designed compensator (5.1) is

0.337
—

Ka = lim $Cpip(s) G(s) =2,

Cp|D(S) =0.514+0.303s+
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Figure 5.11: Example 1: graphical solution of Design problem A .
The corresponding loop gain transfer functlofjw) = Cpip(jw)G(jw) is plotted in red in Fig. 5.11.

Example 2. All the graphical representations from Fig. 5.7 to Fig. 5.10 used in the sotutibthe

presented Design Problems C, D and E refer to the system proposed:in [35
1
GS) = 5o 1331 124°

with the following design specificationsp, = 60°, Gy, = 3, gain crossover frequenayy = 0.3325,
and phase crossover frequen@y = 1.1052. The modulus and the phase of poiBgsand B, are:
Mg, = 1, ¢g, = —120°, Mg, = 0.333 and¢s, = 180°. The value ofkp obtained in (5.30), (5.36) and
used in Design Problem E ip = Py = P, = 0.6107. The frequencies obtained solving equations
(5.32), (5.38) and (5.39) arey; = wy = 0.332, wy = 1.18, wp1 = wp = 1.1052 andwp, = 1.257
(see Fig. 5.8). The corresponding points®fjw) areAq = 0.767e7 1579 A, = Ay = 0.525eI1687
Ap1 = Ap = 0.546e1180 andAg, = 0.506e!1%81",

Design Problem C The set of regulators satisfying the Design Problems C are:

0.3449% + 0.610%+ 0.4212
0.4706 + 0.610%+ 0.4351

S
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The corresponding loop gain transfer functidng(jw) (red line) andLi2(jw) (magenta line) are
plotted in Fig. 5.7.

Design Problem D Given wy, as phase crossover specification, the two solutions of equation (5.38)
are wy1, Wy = {0.3321.18}. The second is not admissible becaugg > wp. The unique admissible
solution is the PID (5.42). The corresponding loop gain transfer furetior(jw) (red line) is plotted
in Fig. 5.9.

Design Problem E Given By, By andKp, the four solutiong i, wpj) of equation (5.39) can be
graphically determined as shown in Fig. 5.8. The two acceptable regulaté?3,((5.43) are obtained for
(g1, wp1) and (wy1, wp2). The solution determined by, wp1) is Not acceptable becauaig, > wp:.
The solution determined bjtuy, wy) is Not acceptable because the PID paramefgrand K, are
negative and the controlled system is unstable.

Example 3. Let us consider the following plant

s+10
Gls) = S($? +2s+10)’

design a compensator that meets the following specifications:

e zero velocity error;
e phase margin equal to 45

e gain crossover frequency equal to 3 rad/sec.

The steady-state specification is automatically satisfied by using a PID contnodieP| controller.
Let us consider the case of a PID controller. The extra freedom in teis c@n be used to select the
ratio T; /Tq. Let us choose for examplg/Tq = 8, so thato = 1/8 guarantees that the zeros of the PID
controller are real. Then, we compuiy andgy:

1 37
— =34/ —~1.747
6@~ Vaoe =4

¢pg = PM— (m+ardG(3j))

Mg:

7 3 .
=1 m— arcta% +arctan6~ 18.84°.

Sincegq € (—1/2,11/2), the problem admits a solution with a PID controller. Using (5.26-5.28) we find
Kp = 1.6542,T; = 1.5017 sec andy = 0.1877 sec. This choice guarantees that the controller has real
zeros, which in this case are4.5471 and-0.7802.
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L(jw)

Figure 5.12: Design of PID compensator on the Nyquist plane to meet thiicgions of Example 3.

Let us attempt to solve the same problem with a PI controller. To this end, weutemp
m .
g = @ — 5~ argG(jay) ~ 1088384,

so that a Pl controller solving the problem does not exist.
The graphical representation of the problem solution with PID regulatdraais in Fig. 5.12. The

designed PID brings the poift= G(jay) to B = el (4+7_ The gray area corresponds to the set of

admissible points that can be broughBtby a PID controller.

Example 4. Given the plant of the previous example, design a compensator that meé&idtving

specifications:
e zero velocity error and acceleration error not greater than 0
e phase margin equal to 45
e gain crossover frequency equal to 3 rad/sec.

The correct compensator structure to be employed in this case is the Pllieon As already
observed, the steady-state requirement in this case imposes thirati,/T;. In particular, in this
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Figure 5.13: Design of PID controller on the Nyquist plane to meet the spatoifins of Example 4.

case we neel, > 5. Let us choos&, = 5. Hence,

Wy
Mg = — 3~ 10487
9K |G(jwy)|

bg = Gn— g—argﬁ(ja)g) ~ 1088384

The conditions O< ¢4 < mandMg cospy < 1 are both satisfied, so that the problem admits solutions.
The parameters of the controller in this case are

v

T = MeSiN% _ 3308 sec
1-M

Ty = 2= MgC00g _ 1 4196sec
wy Mg singyg

Kp = Ki Ty ~ 1.6542

As such, the PID controller

Cpep = 1.6542<1+ 0.3308s

+ O.44968>

solves the control problem. However, since in this cgse 4Ty, the zeros of the compensator are
complex conjugate and equal t6l.1122+ 2.3423j. The Nyquist plot ofé-(jw) is shown in Fig. 5.13.
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It can be shown thab(jw) is a rotation and an amplification 6f(jw) and the area of points that can be
brought toB by the controller is shown in gray.
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Chapter 6

Discrete time PID regulators

In this chapter the Inversion Formulae method is extended to a direct apdiarahe design of the dis-
crete proportional-integral-derivative (PID) regulators for rolmasitrol. The tuning of regulator param-
eters leads to achieve steady-state requirements, phase margin, gainandrgain or phase crossover
frequency specifications. The similarity of the continuous and discreigrdesthods and the simplicity
of the graphical solutions allow an easy use of the discrete direct proeed

6.1 Discrete PID compensator: the general structure

Referring to the block scheme of Fig. 6H.((2) is the discrete system to be controlled,

HG(2) = Z[Ho(s) G(s));

1— —Ts

whereHo(s) = ==<— is the zero-order hold, whil€y(z) is the discrete-time PID compensator having
the following structure:
= - z=1 _z+1
Z2)=Kp+Kp—— +Kj—. 6.1
Ca(2) P+ DZ+1+ ] (6.1)

Let us now design the regulat@(z) in order to meet design specifications on the phase and gain
margins and on the gain crossover frequency.
The frequency response of (6.1) fre [0, #] and sampling period T is

Ca(eT) =P+ jQ(w,T), (6.2)

In €n Ca(2) My HG(2) Yn

Figure 6.1: The considered block scheme for the discrete-time case.
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where
P = KP?
Qw,T) = KpQ(w) - gL,
Q(w) = tan¥l.

Let us definesy(Kp) as the set of all the PID compensat@ggz) having the same parametég, that is
%a(Kp) = {cd(z) asin(6.1) ) K, >0,Kp > o}, (6.3)

and letz; (Kp) denote the set of all the inverse functidii§z) * having the same parametég:

1
Ca(2)

% (Ke) = { Cu@) e %(m)}. (6.4)
As for the continuous-time case, the graphical representation of eatiemlef4y(Kp) on the
Nyquist plane is a vertical straight line which passes through g&ipt0), see Fig. 6.2. Moreover the

Nyquist plot of each element &f; (Kp) is a circle with cente€ and radiusRo, where
1 1
Co= ip’ Ro= ip.
It can be easily shown that the graphical representation of the admissimlainiZg for reaching
point B on the Nyquist plane is equal to the domain considered for continuous-tsee see Fig. 5.5.

The propertyFrom A to Bfor discrete time PID compensators can be expressed as follows.

Property 15 (From A to B). Given a point Bc C and chosen a point A HG(wa, T) € Zg on the
frequency response of the plant at frequengyc [0, ], the sets @z Kp) and G(zK,) of all the

PID compensators &z) that bring point A to point B are obtained from (6.1) using, respectively, the
parameters

Kp =P(A,B), K =KpQi — Q(AB)Qa, (6.5)
for all Kp > Q%, or the parameters
- - Q(AB) K
Kp=P(AB Kp = — 6.6
P ( ) )) D QA Q’%\v ( )

for all K; > 0, where RA,B) and Q'A, B) are obtained using the same Inversion Formulae defined for

the continuous-time case (5.10) a@d = tan%T.

The proof can be obtained similarly to the proof of Prop. 12.
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Figure 6.2: Nyquist plot of functionSy(jw) andCqy™*(jw).

6.2 Synthesis of discrete PID compensator

The Prop. 15 and the Inversion Formulae (5.10) can be used to solve dié$ign problems considered
in the continuous time case.

Design Problem A: Given the control scheme of Fig. 6.1, the transfer funchdb(z), the steady-
state specifications that impose the valu&pfind the design specifications on the phase maggiand
gain crossover frequenay € [0, 7], design a discrete-time compensaia(z) such that the loop gain
transfer functiorCq(w, T)HG(w, T) passes through poilt= e/ (™% at w = wy,

Solution A: If the point Ay = HG(wy, T) belongs to the admissible domai shown in Fig 6.3, the
solution can be obtained using the parametégsandKp given by (6.6) and, > 0 is determined by
the steady-state specifications.

Let us now consider the case of steady-state specifications that donsttain the value df,.

Design Problem C: Given the transfer functiohl G(z) and the design specifications on the phase
margin @, gain marginGn, and gain crossover frequenay € [0, f], design a discrete compensator
Cqd(2) such that the loop gain transfer functiGg(w, T)HG(w, T) passes through poirly = el (™)
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Im

Re

Figure 6.3: Graphical solution of Design Problem A (solution b) of Example 1

for w = wy and passes through poBf = —1/Gn.

Solution C: The numerical and graphical solutions can be obtained following this dpextedure.
Step 1. Draw the admissible domai@#g, of point By = e/ % defined by the straight line q passing
through point O and perpendicular to segm&g0, see Fig. 6.4.

Step 2. Check whether the pointyA= HG(wy, T) belongs taZg,. If not the problem has not accept-
able solutions.

Step 3. Determine the parametersy P- P(Ag,By), Qg = Q(Ag,Bg) using the Inversion Formulae
(5.10).

Step 4. Draw the circle‘ﬁB‘pr having its diameter on the segment defined by points O%mzl/here
it is Bp = —1/Gm and Kp = Py. If there are not intersections points %TB;KP with HG(w, T), the
problem has no acceptable solutions. Otherwise |gtd&note the intersections points of ciré%‘pKP
with HG(w, T) at frequenciesu;. These points can also be obtained solving the following equation

_ M
Kp = Py(wp) = MAfzwcos(qup — (). 6.7)

Step 5. For wy, = wyi € [0, §], the set of all the compensatorg(@) which solve Design Problem C is
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/
T, |

Figure 6.4: Graphical solution of Design Probléhon the Nyquist plane (solution of Example 2).

obtained from (6.1) using the parameters

_ _ QgQg—0QnQ
Kp=Py >0, Kp = W >0, (6.8)
Q02— QpQpQ
9593

=

>0, (6.9)

where Qg = tan“%T, Qp = tan“’%T and parameters P= P(Ag,Bg), Qg = Q(Ag,Bg), P, = P(Ap,Bp)
and Q, = Q(Ap,Bp) are obtained using the Inversion Formulae (5.10), with -AHG(w,, T) =
Ma, (@p) el?%(®)  The solution is admissible only if the paramet&iisand Kp in (6.8) and (6.9) are
real and positive.

The proof is quite similar to the one given for the Solution C using continuous tiDxedgulator.

Design Problem D: Given the transfer functiohl G(z) and the design specifications on the phase
margingm, gain marginGny, and the phase crossover frequengy design a PID compensaiGg(z) such
that the loop gain transfer functi@{w, T)HG(w, T) passes through poiBt, = —1/Gn, for w = wy and
passes through poiBy = el (™).,

Solution D: Let Ay = HG(wy,, T) denote the value of H(@, T) at the desired phase crossover
frequencywy, and let B = /™) and B, = —1/Gp, = Mg, /% denote the points corresponding to



110 Discrete time PID regulators

~ Apl

pKp

Figure 6.5 Zoom of the graphical solution of Design Probl€n set of points Ay =
(Ap1,Ap2,Ap3, Apa...) that can be moved to poil, by the controller.

the desired phase and gain margins. The sgt{€ay) of all the PID compensators{Cz) which solve
Design Problem D is obtained from (6.1) using the parameters

gggzg gpgzp 0 6 O
p > ) D Qz QZ > 9 ( )

_ QuQg Q5 — QpQpQ3

K|
Q2-02

>0, (6.11)

where B = P(Aq,Bg), Qg = Q(Ag,By), P, = P(Ap,Bp) and Q, = Q(Ap,Bp) are obtained using the
inversion formulas (5.10) withfp= HG(wy, T) = Ma, (ay) el92(%) for all the frequenciesy, satisfying
the relation

Mg,

Ag(ay)

Kp = Ry(@y) = 1" cO( B, — B, (). (6.12)

A solution Gq(z, wy) exists only if: 1) the set.§ of all the ay > wyp satisfying (5.38) is not empty; 2)
Ag € g, and A, € Ig,; 3) the parameter&p, Kp andK; in (6.10) and (6.11) are real and positive.

The proof is quite similar to the one given for the solution of Design ProblensiBgucontinuous
time PID regulator.
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6.3 Numerical examples

Example 1. Let us consider the following plant

0.7
(s+0.3)(?+0.6s+1)

G(s) = (6.13)

a) Design the continuous-time PID compensator (5.1) satisfying the followingriespecifications:
phase margim, = 60°, gain marginGn, = 4.5 and gain crossover frequenay = 0.91. b) Design the
discrete-time PID compensatGy(z) for the discrete systetd G(z) with T = 0.1s to meet the following
design specifications: velocity constdfit = 3, phase margim, = 60° and gain crossover frequency
wy = 0.91.

Solution: a) Referring to Fig. 6.6, the poimyy = G(jay) = 1.28¢7114% belongs to the admissi-
ble domainZg, for reaching pointBy = e/24%. From (5.10) it isPy = 0.714 andQy = 0.322. The
circle CKB‘pKP(jw) with the diameter(o,%’), Bp = —1/Gn and Kp = By intersectsG(jw) in point
Ap = 0.196e/12% at frequencywy = 1.68. From (5.30) and (5.31) it Kp = 0.5953 andK; = 0.1998.
The loop gain frequency responide( jw) is the dashed red line shown in Fig. 6.6.

b) The discrete-time system to be controlled is

1.147% + 4.457z+1.09
22 —2.9032+2.8172—0.9139

The integral constark, is determined by the velocity constant requirement

HG(z) =107* (6.14)

—_— 1 . -7
1-z Cd(Z)HG(Z):2 6.2517 Ki _3

z—1

which leads tdK; = 0.0224. The poinf\g = HG(e/®T) = 1.28¢" 1147 belongs to the domaiftg,, see
Fig. 6.3. From (5.10) it follows thalP(A,B) = 0.699 andQ(A,B) = 0.354. Finally from (6.6) it is
Kp = 0.699 andKp = 18.6. The designed compensator is

z—1 z+1
Cy(z) =0.699+ 18.6m + 0.02242_—1.

The correspondent loop gain frequency respaéh&e, T) = HG(w, T)Cq(w, T) is the dashed red line in
shown in Fig. 6.3.

Example 2. Given the following nonminimum phase plant proposed in [37]

B $ -4 4542 s
485+ 3234 4662 + 465+ 17
synthesize a discrete-time PID compensé&tdr) for systemHG(z) with T = 0.3s to meet the following

design specifications: phase margiy = 60°, gain marginG,, = 2.5 and gain crossover frequency

G(s) (6.15)
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Re

Figure 6.6: Graphical solution a) of Example 1.

wy=0.2.

Solution The pointAg = HG(el“4T) = 0.123s138¢" belongs to the domaifs,, see Fig. 6.4. From
(5.10) it follows thatP(A,B) = 1.21 andQ(A,B) = —8.03. The intersections points ﬁB‘pKP with
HG(w,T) occur at frequenciegy; = (0.6, 1.06, 2.49, 3.88,...). One possible solution is obtained
moving the pointA,, at frequency(wp:) to point By using relations (6.8) and (6.9). The obtained de-
signed parameters akp = 1.21,Kp = 7.10 andK, = 0.247. The corresponding loop gain frequency
responséd (w, T) is plotted in dashed red line in Fig. 6.4 and 6.5.

6.4 Comparison with other methods

One of the main advantages of the graphical solution presented in this clbapteother graphical
approaches, such as the one in [31], is that it can be easily determinedidorttplex plane by finding
the intersections of the frequency response of the plant with particusdgrdeircles. This graphical
solution can be easily obtained by students in valuation test without the usenpluter. Moreover, the
method based on Inversion Formulae provid#she solutions of the control problem and not only a
subset of all the solutions, as it happens in [31]. The proposed metwthl advantage to avoid the
double transformation as required by the classical indirect method andait lsased on trial-and-error
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procedure, such as the classical methods based on the use of Bode®ldi7].
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Conclusions

This thesis presents a design method for all types of standard compenbaiare ubiquitously ad-

dressed in control subjects, and which represent the very vast majbcitynpensators used in industry.
The method, based on the so-called Inversion Formulae, enables thesgmthbe carried out precisely
and just with the aid of a pen and a piece of paper. This represents theanmaskable value and po-

tential of this method in control education and in industrial applications. I tlaese techniques do not
rely on iterative procedures to be performed on Bode or Nyquist plots.

In Chap. 1 the formulation of the considered Design Problems and the impertédrtheir design
specifications have been presented. In Chap. 2 the comparison of $&alanethod based on the
Bode diagrams and the Inversion Formulae method for the design of filest bead and Lag regulators
have been described. It can be easily shown the effectiveness bivilrsion Formulae method both
for numerical and graphical solutions. The method leads to an exact soligiog simple closed form
formulae and can satisfy both the phase margin and the gain crossowiicagiens, while the classical
method can satisfy only one of them. The Inversion Formulae method appesgfore to be very suit-
able for numerical exercises that can test students’ skills in every sisiggeof the compensator design
process. In Chap. 3itis described how this method can be used to exaedyte Design Problems ad-
dressed in Chap. 1 using second order Lead-Lag controllers. Aajédaem of Lead-Lag compensators
which include real or complex zeros and poles has been considereds$éey and sufficient conditions
to exactly satisfy specifications on the gain and phase margins have lopesed together with a sim-
ple graphical solution on the Nyquist plane. Moreover the use of thedimre Formulae enables two
parameters of the compensator to be computed in closed form to exactly fatigfigase margins and
the gain crossover frequency specifications. An open researbleprds to determine the design proce-
dures to select the third parameter such to satisfy another specificatierrodtlocus and the contour
locus methods have been used to synthesize this third parameter to maximizaaheedis the poles
of the system closed-loop characteristic equation from the imaginary axikislway the settling time
of the system step response can be optimized. Another tuning proceduibedn proposed, this aims to
maximize the complementary modulus margin in order to optimize the system resqeahkcén Chap.

4 a numerical and graphical direct method, useful to solve the Desidiighme formulated in Chap. 1
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using discrete time Lead-Lag type regulators, has been described, 4eflb]. This method has the
advantage to avoid the double transformation in continuous and in discrete dimeirgs as required
by the classical indirect method. It is relevant to notice that all the prapdssign procedures, based
on the synthesis of continuous and discrete Lead-Lag type regulatersased on the same Inversion
Formulae.

In the second part of the thesis the Inversion Formulae method has bdresset to the synthesis
of PID regulators, both in continuous and discrete time domains. Exactly the dasign procedures
introduced for the synthesis of Lead-Lag regulators have been agplietD regulators. Also in this
case, unique Inversion Formulae for all types of PID controllers haea found.

The simplicity of the method and its graphical interpretation seem to be usdfufdroeducational
and industrial purposes. It is well known that in the process of learthiegyraphical representation of
a numerical solution makes it easier to understand and easier to recallraliagiand the comparison
of the same function plotted in different diagrams, i.e. the loop gain frequesponse on the Bode,
the Nyquist and the Nichols diagrams, have a great educational valeg.eftpphasize some properties
hidden in a single representation and lead to a deeper knowledge of tteptanThe relevance of these
methods for written exercises has been demonstrated in this thesis with mastjoQ@xamples, that
are extremely difficult to tackle with the standard approaches, and thédisshee light on some aspects
of the control design that would otherwise remain neglected.
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Appendix A: Lead-Lag compensators with
real poles and real zeros

The classical forn€; (s) of the Lead-Lag compensator with real poles is
(1+118)(1+ 125)
Ci(s) = (A1)
(1+ at1ys)(1+ 25)
with 0 < 11 < T and 0< a < 1. The asymptotic amplitude Bode diagran@pfj w) is shown in Fig. A.1

The relations that link the parametars 1, anda of compensato€; (s) to parametery, 6 and w, of
compensatoC(s) are

. YO \/y?0%—1 . _ yd+4/y?0% -1
1= n ) 2= n )
. d0—vVo2-1 y T1+12
yo —\/y252 -1 at + g’
_ 1 _ & i
“= 5‘2(‘”1+a>‘
G (jw)|
a 1 1 1
] 2 Wh 71 aTy

Figure A.1: Asymptotic amplitude Bode diagram of compens@i¢s).
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For compensatdt;, (s) the admissible domain coincides with the admissible dorgainf compensator
C(s), see Fig. 3.3.
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