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Introduction

This Ph.D. thesis focuses on the results of a research activity on the design of new methods for the

synthesis of classical regulators, useful in educational and industrialenvironments. In classical control

design, the gain and the phase margins are important frequency-domain measures used to assess robust-

ness and the performance of a control system. Moreover, specifications on the phase margin and the gain

crossover frequency are common because these two parameters together often serve as a measure of the

performance of a control system. In the continuous time, several methods have been developed in order

to meet these specifications [1]. These can be divided into approximated and exact methods. The first

ones are normally based on numerical or graphical trial-and-error solutions or fuzzy neural networks.

They are widely used in industry because they provide a reasonably good tuning of the compensator

parameters using automated algorithms. However they are usually not easy touse for teaching purposes

or for solving the problem exactly. This makes the synthesis procedure rather clumsy, and less suitable

for educational purposes. It is very difficult to construct a written exercise, or test, of exam, in which the

control design problem consists in classic trial-and-error design method.

An alternative method that can be successfully employed both in an educational and in a practical

context is based on the so-called Inversion Formulae. The method is basedon a closed-form formula that

expresses the frequency response of the compensator at a generic frequency in polar form. Since the gain

and phase margins and crossover frequency specifications result in the assignment of the magnitude and

argument of the frequency response of the compensator at the desiredgain or phase crossover frequency,

the Inversion Formulae enable the parameters of the compensators to be computed directly given the fre-

quency domain specifications. The basic principle of the method was introduced for the first time in 1982

in [2]. It was employed for the numerical and graphical design of first order Lead and Lag controllers

and appeared in the Italian control textbook [3]. This undergraduate textbook has been by far the most

utilised one in University courses and technical secondary institution (Istituti Tecnici) courses throughout

Italy over the past twenty years. Due to its popularity, the same technique haslater appeared in other

University textbooks in Italy, see e.g. [4]- [7] and nowadays it is taughtin several Italian Universities.

However, the success of this technique for educational purposes hasso far remained confined within the

Italian control literature.
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The great educational value of the method is motivated by the following facts.

1. The numerical solution can be directly carried out by by pen, paper and a scientific calculator on

the only knowledge of the transfer function of the plant. This makes the methodvery suitable to

be employed in all forms of written questions and exercises;

2. The synthesis procedure forces the students to follows the classical order of taking into account

the steady state specifications first, and then to design the remaining part of the compensator;

3. Even though the synthesis methodology can be carried out by pen and paper, this technique has

also an important graphical counterpart. The Inversion Formulae enablethe control system design

problem to be solved analytically with pen and paper, or graphically on Nyquist, Bode or Nichols

plots (without necessarily using trial-and-error or iterative procedures), thus retaining important

links to other parts of a programme of a course of Control, [8];

4. Unlike the traditional design methodologies, the feasibility of the design procedure can be checked

a priori. Furthermore, once the Bode gain of the compensator is computed from the steady-state

requirements, very simple considerations can lead students to the selection ofthe most suitable

type of compensator to be employed;

5. The mathematical tools that are needed to explain the method are basic notionsof trigonometry

and complex numbers. Hence, the use of Inversion Formulae reinforcesthe use of manipulations

of complex numbers which is crucial in control systems education;

6. The situations in which some of the parameters of the compensator turn out tobe positive can

be fruitfully linked to important considerations on the shape of the Bode and Nyquist plot of the

compensator;

7. The method based on the Inversion Formulae can be implemented as an extremely simple algo-

rithm, for example using MATLABR©.

The many advantages of this method compared to other techniques proposedin classical textbook,

and tested by several years of practical teaching experiences, led to start a deep research activity in order

to extend the Inversion Formulae method to other type of compensators. For several years the research

on the extension of this method to second order PID and Lead-Lag regulators to meet both gain and

phase margins and given crossover specifications has been frozen,this is due to the complexity of the

computations. This thesis describes how this result has been obtained without a significant increase in the

design complexity, see [8]- [13]. This is an important advantage, because Lead-Lag and PID networks

offer additional flexibility with respect to standard first order Lead and Lag networks, that results in the

ability to satisfy further specifications or constraints. Both the numerical andthe graphical solutions to
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meet specifications on phase and gain margins have been also extended to the design of discrete Lead-Lag

and PID regulators, see [14]- [16]. This extension is relevant for industrial purposes, because nowadays

compensators are often implemented by microprocessors and calculations are performed in the discrete

time domain.

The flexibility of the method has been used to design Lead-Lag controllers to meet other design

requirements. Usually the synthesis of the three parameters of a second order compensator is done

simultaneously, on the base of the design specifications. However the complexity of the design procedure

can be reduced using Inversion Formulae method. That is two of the three parameters of the controller

can be easily synthesized to exactly meet two requirements, such as the phase margin and the gain

crossover frequency. These frequency specifications are knownto be related to the peak overshoot, the

rise time and the bandwidth of the closed-loop system. An open research problem is to find the best

way to synthesize the third parameter on the base of the characteristics of theplant to be controlled.

Some methods which can be employed to solve this problem are presented in this thesis, see [12]. They

are address to synthesized the third parameter of the regulator to meet a good settling time or a good

resonance peak of the closed-loop step response of the system.

This thesis is organized as follows. The first chapter deals with the formulation of the considered

control problems and the description of their design requirements in terms of system robustness and

performances. In the second chapter the Inversion Formulae method forthe synthesis of Lead and Lag

networks is recalled. This method is compared with the classical solution on Bode diagrams. The third

and fourth chapters are about the extension of the Inversion Formulae method to continuous and discrete

time Lead-Lag compensators. The fifth and sixth chapters deal with the synthesis of PID regulators by

using Inversion Formulae method both in continuous and in discrete time domains.All the design proce-

dures have been applied to solve many numerical examples. The correspondent graphical representations

in the Bode and the Nyquist diagrams clearly show the effectiveness of thepresented design methods.

Conclusions and appendix end this thesis.



vi Introduction



Chapter 1

Formulation of the control problem

1.1 The control system and the design specifications

Let us consider the closed loop system shown in Fig. 1.1, whereG(s) denotes the transfer function of

the LTI (Linear Time Invariant) plant to be controlled, which is assumed to be stable and which may

have a transport delay. The plantG(s) may also include the integration terms and the gainK required to

meet the steady-state accuracy specifications. Moreover, letC(s) denote the regulator with unity static

gain. The families of compensators that are considered in this thesis are the phase-correction networks

(Lead, Lag and Lead-Lag) and the PID controllers. These are the two most studied and utilized types

of compensators, and are those that are introduced in all undergraduate and postgraduate textbooks of

control feedback design.

- - C(s) - G(s) -
6

R(s) E(s) U(s) Y(s)

Figure 1.1: Unity feedback control structure.

In Figure 1.1, the symbolsR(s), U(s) andY(s) respectively represent the Laplace transforms of the

reference signalr(t), of the control inputu(t) and of the controlled outputy(t). Let E(s) represent the

Laplace transform of the tracking errore(t)
def
= r(t)−y(t).

The common trend in both traditional and modern approaches to control education is to formulate the

feedback control problem as one in which the design specifications are first expressed using time domain

parameters of the response (speed of the response, overshoot, undershoot, steady-state accuracy,etc).

These requirements are then transformed into frequency domain specifications (DC gain, bandwidth,

resonant peak, phase and gain margins, crossover frequencies,etc). Alternatively – but less realistically

from a practical perspective – the design specifications can be expressed from the very beginning in
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0−1

1
Gm

Im

Reφm

ωg

ωp

L( jω)

Figure 1.2: Design specifications: gain marginGm, phase marginφm, gain crossover frequencyωg and

phase crossover frequencyωp.

the frequency domain. In both situations, the design is effectively carriedout using frequency domain

considerations on Bode, Nyquist or – nowadays less frequently – Nichols plots, which constitute different

types of graphical representations of the frequency responses involved in the control problem.

Specifications on the phase and gain margins and on crossover frequencies have always been ex-

tensively utilized in feedback control system design to ensure a desirableperformance and to obtain a

robust control system, see Fig. 1.2. To express these specifications mathematically, we define the loop

gain transfer function as the productL(s)
def
=C(s)G(s). WhenL(s) is strictly proper and the polar plot of

L( jω) for ω ≥ 0 has a single intersection with the unit circle and the negative real semiaxis (except for

the trivial intersection at the origin asω → ∞), the gain and phase margins are well defined, and ensure

that the polar plot ofL( jω) does not encircle the critical point−1 in view of the simplified version of the

Nyquist criterion, [17]. We denote byωg the gain crossover frequency, i.e., the frequency at which the

polar plot ofL( jω) intersects the unit circle. Hence,ωg is such that|L( jωg)|= 1, and the phase margin

is defined as the angleφm
def
= argL( jωg)+π. Similarly, we denote byωp the phase crossover frequency,

i.e., the frequency at which the polar plot ofL( jω) intersects the negative real half-axis. As such,ωp is

such that argL( jωp) =−π, and the gain margin is defined asGm
def
= 1/|L( jωp)|.

The phase and the gain margins are related to the distance of the loop gain frequency responseL( jω)

from the critical point−1. Thus, on the base of the Nyquist criterion, these specifications are indicators

of relative stability and robustness of the system. Moreover, specifications on the phase margin and the

gain crossover frequency are often used together as a measure of theperformance of a control system.

Indeed, the phase margin is loosely related to characteristics of the response such as the peak overshoot

and the resonant peak. The gain crossover frequency is known to affect the rise time and the bandwidth,

thus it is related to the velocity of the system in tracking an input reference signal and the ability to reject
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Design

Problem

Phase

margin

φm

Gain

margin

Gm

Gain

crossover

f requency

ωg

Phase

crossover

f requency

ωp

A × ×
B × ×
C × × ×
D × × ×
E × ×

Table 1.1: Main Design Problems and design specifications addressed in thethesis.

noise and disturbances. [17].

A classical Design Problem proposed in nearly all classical textbooks ofAutomatic Control courses

is the following.

Design Problem A:Design a controller C(s) to meet the specifications on the phase marginφm and

on the gain crossover frequencyωg, i.e., such that

|L( jωg)|= 1 and argL( jωg) = φm−π. (1.1)

An alternative control problem can be formulated by specifying the gain margin and the phase crossover

frequency:

Design Problem B:Design a controller C(s) to meet the specifications on gain margin Gm and on

the phase crossover frequencyωp, i.e., such that

|L( jωp)|= G-1
m and argL( jωp) =−π. (1.2)

These problems can be solved by using a first order compensator. In some cases, the compensators

with a richer dynamic structure will allow an additional degrees of freedom tobe exploited to the end

of satisfying a further specification. In particular, Lead-Lag and PID compensators are characterized by

three degrees of freedom that can be used to satisfy three dynamical specifications as required by the

following design problems.
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Design Problem C:Design a compensator C(s) to satisfy requirements on the phase marginφm, the

gain margin Gm and the gain crossover frequencyωg.

In other words,C(s) must guarantee that a frequencyωg > 0 exists such that (1.1) and (1.2) hold.

Other control problems can be formulated as follows.

Design Problem D:Design a compensator C(s) to satisfy requirements on the phase marginφm, the

gain margin Gm and the phase crossover frequencyωp.

Design Problem E:Design a compensator C(s) to satisfy requirements on the phase marginφm and

the gain margin Gm.

The table 1.1 summarizes the main Design Problems considered in this thesis.



Chapter 2

Lead and Lag networks

Lead and Lag compensators are characterised by a first-order model and they are described by two

parameters, which are the time constants of the real zero and the real pole.Due to the simplicity of

their structure, and their easy implementation in electrical circuits, Lead and Lag controllers are the first

networks described in almost all control textbooks.

2.1 Lead and Lag compensators

The classical form of Lead controller with unity static gain is the following

CLead(s) =
1+ τs

1+ατs
, (2.1)

whereτ > 0 and 0< α < 1. An equivalent form of the same compensator is given by

CLead(s) =
1+ τ1s
1+ τ2s

, (2.2)

with the constraintτ1 > τ2 > 0. The zerozc and the polepc of CLead(s) are

zc =−1
τ
=− 1

τ1
, pc =− 1

ατ
=− 1

τ2
. (2.3)

Let γ0 andγ denote, respectively, the steady-state gain and the high frequency gainof CLead(s), that is

γ0 = lim
s→0

CLead(s) = 1, (2.4)

γ = lim
s→∞

CLead(s) =
1
α

=
τ1

τ2
. (2.5)

The Bode and the Nyquist diagrams ofCLead( jω) for τ = 0.1 and different values ofγ are shown in

Fig. 2.1 and 2.2. Notice thatγ = pc
zc

> 1 is the maximum gain of the controller. The Nyquist plot of

CLead( jω) is a semicircle with centerC0 and radiusR0 which depend only onα , that is

C0 =
1
2

(
1+

1
α

)
, R0 =

1
2

∣∣∣∣1−
1
α

∣∣∣∣ .
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Figure 2.1: The Bode diagrams ofCLead( jω) for τ = 0.1 andγ = 1
α = [2 : 1 : 7]. The blue line is for

τ = 0.1 andγ = 1
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The Lag controller with unity static gain can be expressed by the following two equivalent forms

CLag(s) =
1+ατs
1+ τs

=
1+ τ1s
1+ τ2s

, (2.6)

whereτ > 0, α ∈ (0,1), or equivalently with 0< τ1 < τ2. The zerozc and the polepc of CLag(s) can be

expressed as in (2.3). The steady-state and the high frequency gains of CLag( jω) are respectively

γ0 = lim
s→0

CLag(s) = 1,

γ = lim
s→∞

CLag(s) = α =
τ1

τ2
< 1.

The Bode and the Nyquist diagrams ofCLag( jω) for different values ofγ are shown in Fig. 2.3 and

2.4. Notice thatγ is the minimum gain of the controller.

2.2 Classical solution of Design Problem on phase margin specification

A classical solution based on Bode diagrams of the Design ProblemA using Lead and Lag controllers is

briefly recalled. This is described in many Automatic Control books [18]-[20] and is still used in many

university courses.
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Im
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γ = α 1C0

R0

Figure 2.4: The Nyquist plot ofCLag( jω) for τ = 0.1 andγ = α = 1./[2 : 1 : 7]. The blue line is for

τ = 0.1 andγ = α = 1/4.

2.2.1 Design of Lead controllers

The design of a Lead controller (2.1) is obtained by selecting the pole and zero of the compensator in such

a way that that the maximum phase leadpm of the compensator is placed at the gain crossover frequency

of the uncompensated system. The undesired shift in the magnitude of the loopgain, which causes the

phase margin of the controlled system to be different frompm, is compensated using a trial-and-error

procedure. The main steps of the design method are described below in moredetails.

Step 1.Draw the Bode plot of G( jω) and calculate the phase marginφG of the uncompensated

system.Let ωg′ be the gain crossover frequency ofG( jω).

Step 2.Calculate the parameterα of the regulator. As previously described,γ = 1
α is the maximum

gain of the regulators. As is well known,α is geometrically related to the maximum compensator phase

shift pm by the following well-known relation

α =
1−sinpm

1+sinpm
. (2.7)

The value ofpm is designed in such a way that atω = ωg′ the phase margin isφm, i.e.

pm = φm−φG+Fs. (2.8)

Since at frequencyωg′ the gain of the controller is not equal to 0db, as a rule of thumb a safety factor

Fs of about 10◦ is introduced in (2.8). In most applications that value is sufficient. However, in some

cases a higher value ofFs is needed to satisfy the required phase margin specification. This may require

multiple iterations of the previous step of the design procedure.
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Step 3.Determine the value of the compensated gain crossover frequency.It can be proved that the

magnitude of the compensator at frequencyωmax, where the controller has the maximum phase shiftpm,

is

|C( jωmax)|=
| j ωmax

zc
+1|

| j ωmax
pc

+1| = 10log10

(
1
α

)
, (2.9)

and it depends onα . This magnitude shifts the gain crossover frequencyωg′ of the uncompensated

system to a higher valueωg in the compensated system. To satisfy the phase margin specificationφm

without changingpm andα designed in Step 2, the gain crossover frequencyωg of the compensated

system has to be chosen such that the following relation holds

|G( jωg)|=−10log10

(
1
α

)
= 10log10(α). (2.10)

In this way, if the regulator is designed in such a way thatωmax= ωg, the compensated system has a

magnitude of 0db atω = ωg.

Step 4.Determine zc and zp. The pole and the zero of the regulator are selected so thatωmax= ωg.

The frequencyωmax is the geometric mean ofzc andpc, that is,ωmax=
√

zcpc. It follows thatzc andzp

can be designed using the following relations

zc = ωp
√

α , pc =
zc

α
, (2.11)

whereα = zc
pc

is given by (2.7). From (2.11) it follows thatτ =− 1
zc

.

Numerical example

Example 1.Given the plantG(s) = 25
s(s+1)(s+10) , design a Lead controller to satisfy a phase marginφm =

50◦.

Solution: The Bode and the Nyquist plots ofG(s) are shown in green in Fig. 2.5 and 2.6. The

uncompensated phase margin is 27◦, for Fs = 10◦ α = 0.295 and the designed compensator is

CLag(s) =
0.9161s+1
0.27s+1

. (2.12)

The corresponding loop gain frequency response is shown in red in Fig. 2.5 and 2.6, the phase margin of

the compensated system is 48.1◦ and the gain crossover frequency isωg = 2 rad s-1. The phase margin

can be increased by choosing a higher value ofFs. The plots of the compensated loop gain frequency

responsesL( jω ,Fs) = G( jω)C( jω ,Fs) for Fs ∈ [13◦ : 6◦ : 25◦] are shown in purple in Fig. 2.5 and 2.6.
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Figure 2.7: Example 2. The Bode plots ofG( jω) andL( jω ,Fc) for Fc = [4 : 2 : 10] obtained using a Lag

controller.

2.2.2 Design of Lag controllers

The Lag compensator (2.6) can be used to solve the Design ProblemA such that the magnitude of the

plant is attenuated until the phase margin specification is satisfied. The effects of the undesired phase

shift of the loop gain are reduced by the design procedure, which is described below.

Step 1.Draw the Bode plots of G( jω) and calculate the phase marginφG of the uncompensated

system.

Step 2.Determine the compensated gain crossover frequency.The gain crossover frequencyωg of

the compensated system is chosen such that the following relation holds

∠G( jωg) =−π +φm+Fc, (2.13)

whereFc is a correction term that can be chosen in the range[5◦,10◦].

Step 3.Calculate the parameterα . From the definition of phase margin, the desired phase margin

φm can be achieved atωg by modifying the magnitude ofG( jω) such that

|L( jωg)|= 1 or |L( jωg)|db = 0db, (2.14)
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Figure 2.8: Example 2. The Nyquist plots ofG( jω) andL( jω ,Fc) for Fc = [4 : 2 : 10] obtained using a

Lag controller.

whereL( jωg) =CLag( jωg)G( jωg) is the loop gain frequency response. For all frequencies greater than

about 4zc, |CLag( jω)| ≃ α . From (2.14),α can be calculated using the following relation

α =
1

|G( jωg)|
. (2.15)

The termFc in (2.13) is required to compensate the small phase ofCLag( jω) at ωg.

Step 4.Calculate zc and pc. The value ofzc can be chosen a decade belowωg. This is usually

enough to ensure a magnitude ofCLag( jω) equal toα at frequencyωg. It follows thatzc andpc can be

determined using the following relations

|zc| ≤
ωg

10
, pc = αzc. (2.16)

From (2.16), it follows thatτ =− 1
pc

.

Example 2. Given the plantG(s) = 5.3
s(s+1)(s+2)(s+3) , which includes the gain and the integrations

terms needed to satisfy the steady-state requirements, design a Lag controller to meet a phase margin

φm ≥ 50◦.

Solution: The phase margin ofG( jω) is φG = 26.8◦, see the green lines in Fig. 2.7 and 2.8.

The chosen gain crossover frequencyωg of the compensated system is 0.192rad s-1. At that frequency
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Figure 2.9: The pointA is brought to pointB by a Lead controller (solution of Example 1 using Inversion

Formulae method).

∠G( jωg) = −110◦ and the relation (2.13) holds forFc = 10◦. From (2.15) and (2.16)α = 0.236,zc =

−0.0241, pc = −0.0045 andτ = 220.7. The loop gain crossover frequencyL( jω) is shown in red in

Fig. 2.7 and 2.8. The purple lines denote the loop gain crossover frequencies forFc = [4 : 2 : 8]◦.

2.3 The Inversion Formulae method

The graphical and numerical solutions of the Design ProblemsA andB by using Lead and Lag networks

and Inversion Formulae method can be found in [4]-[7].

2.3.1 Graphical solution

Referring to the block diagram shown in Fig. 1.1 and to the Design ProblemsA andB, let B= MBej ϕB

the point through which the loop gain frequency responseL( jω) has to pass to satisfy the given dynamic

requirements (Fig. 2.9), that is

L( jω0) =C( jω0)G( jω0) = B, (2.17)

whereω0 is the desired frequency ofL( jω) at pointB. The pointB can be expressed in the following
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Figure 2.10: Position of pointB on the Nyquist and Nichols planes w.r.t. the design specifications.

way on the base of design specifications

B=





B1 = ej(π+φm) specification onφm

B2 =− 1
Gm

specification onGm

B3 = M3ej ϕ3 medley specification

(2.18)

The medley specification denotes explicitly the position of pointB3 through whichL( jω) has to pass.

The position of pointsB1, B2, B3 on the Nyquist and the Nichols planes are shown in Fig. 2.10. Relation

(2.17) can also be expressed as

C ·A= B, (2.19)

whereA= MAej ϕA andC= M ejϕ are the points ofG( jω) andC( jω) at frequencyω0, see Fig. 2.9. We

say that pointA can be brought to pointB by using the compensatorC(s) if a set of positive parameters

of C(s) exists such that(2.17) and(2.19) hold. This happens whenM = MB/MA andϕ = ϕB−ϕA.

Let us defineadmissible domainDB of the compensator C(s) with respect to Bas the set of all the

pointsA∈ C that can be brought toB by the controller.

The Lead and Lag regulators (2.1) and (2.6) can be expressed by the following unified frequency

response

C( jω) =
1+ j τ1ω
1+ j τ2ω

, (2.20)

and the admissible domainDB of Lead and Lag controllers can be expressed as

DB=
{
A∈C

∣∣∣∃τ1,τ2>0,∃ω ≥0 : C( jω) ·A=B
}
.
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Figure 2.11: Admissible domainDB of Lead compensator in the Nyquist and Nichols planes.

The shape ofDB for Lead and Lag compensators in the Nyquist and Nichols planes are shown in gray in

Fig. 2.11 and 2.12.

Definition 1 (Lead-Lag Inversion Formulae). Given two points A= MAejϕA and B= MBejϕB of the

complex planeC, the Lead-LagInversion FormulaeP(A,B) and Q(A,B) are defined as follows

P(A,B) =
M−cosϕ

sinϕ
,

Q(A,B) =
cosϕ− 1

M
sinϕ

,

(2.21)

where M= MB
MA

andϕ = ϕB−ϕA, see [2], [4] and [14].

Tuning procedure

The main steps of the proposed method for the solution of Design ProblemsA andB are illustrated below.

Step 1.Determine the point B= MBejϕB. This point is completely determined by the design specifi-

cations, see (2.18).

Step 2.Draw the admissible domainDB. The domainsDB of Lead and/or Lag compensators in the

Nyquist and Nichols planes are shown in Fig. 2.11 and 2.12.
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Figure 2.12: Admissible domainDB of Lag compensator in the Nyquist and Nichols planes.

Step 3.Plot the frequency response G( jω) of the plant. Let A = G( jω0) = MAejϕA be a point of

G( jω) belonging toDB. This point is completely defined by the design requirements if the frequency

ω0 of L( jω) in point B is a explicit design specification (i.e. the gain or the phase crossover frequency).

The pointA can be brought to pointB by a Lead or Lag controller if only ifA ∈ DB. If there are no

intersection points betweenG( jω) andDB the problem has no solutions.

Step 4.Design the parameters of the compensator.The values ofτ1 andτ2 in (2.1) or (2.6) can be

obtained by using theInversion Formulaewith P(A,B) = τ1ω andQ(A,B) = τ2ω , that is

τ1 =
M−cosϕ

ω sinϕ
, τ2 =

cosϕ − 1
M

ω sinϕ
. (2.22)

Using the forms of Lead and Lag networks (2.1) and (2.6) as function of classical parametersα andτ,

equations (2.22) lead to

α =
Mg cosϕg−1

Mg(Mg−cosϕg)
, τ =

Mg−cosϕg

ωg sinϕg
, (2.23)

α =
Mg(cosϕg−Mg)

1−Mg cosϕg
, τ =

Mg cosϕg−1
ωgMg sinϕg

, (2.24)

for Lead and Lag regulators respectively.

Proof: The frequency responses of Lead an Lag compensators (2.1) and (2.6) can be written as

C( jω) =
1+ jP(ω)

1+ jQ(ω)
= Mejϕ , (2.25)
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whereP(ω) = τ1ω , Q(ω) = τ2ω , M = M( jω) andϕ = ϕ(ω). Equation (2.25) can be expressed in

matrix form as 


1 −M cosϕ

0 M sinϕ






P(ω)

Q(ω)


=




M sinϕ

M cosϕ −1


 . (2.26)

Solving (2.26) with respect toP(ω) andQ(ω) one directly obtain the Inversion Formulae (2.21). As a

consequence, (2.22) can be obtained by using theInversion Formulaewith P(A,B) = τ1ω andQ(A,B) =

τ2ω . �

Numerical examples

Let us consider the same numerical examples solved in Sec. 2.2 by using the classical method.

Solution of Example 1: The design specificationφm = 50◦ defines the position of the pointB =

MBejϕB, i.e. MB = 1 andϕB = 230◦. The admissible domainDB of the Lead compensator is shown in

gray in Fig. 2.9. The pointA = G( jω0) can be chosen in the admissible domainDB. A comparison

with the classical solution can be performed by choosingω0 = ωg = 2 rad s-1. It follows thatMA = 0.54,

ϕA = −165,M = MB
MA

= 1.85 andϕ = ϕB−ϕA = 35◦. Substituting the values ofM, ϕ andω = ωg in

(2.22), one obtainsτ1 = 0.892 andτ2 = 0.241. The loop gain frequency responseL( jω) is shown in red

in Fig. 2.9. Notice thatL( jω) passes exactly through pointB.

The corresponding MATLABR© instructions to solve analytically the given problem by using the Inver-

sion Formulae method are shown in Algorithm 1.

Algorithm 1 Solution of Example 1 in MATLABR©

s=tf(’s’);

G=25/(s*(s+1)*(s+10));

wg=2;

PM=50*pi/180;

C=evalfr(G,j*wg);

M=1/abs(C);

phi=PM-(pi+angle(C));

if (sin(phi)<0)|(cos(phi)<0)|M<1/cos(phi),

disp(’No solutions with a Lead network’);

return

end

tau1=(M-cos(phi))/(wg*sin(phi));

tau2=(cos(phi)-1/M)/(wg*sin(phi));
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Figure 2.13: The pointA is brought to pointB by a Lag controller (solution of Example 2 using Inversion

Formulae method).

Solution of Example 2:The phase marginφm = 55◦ ≥ 50◦ defines the pointB = MBejϕB: MB = 1

andϕB = 235◦. The admissible domainDB is shown in gray in Fig. 2.13. The pointA= G( jω0) can be

chosen on the plot ofG( jω) (the green line in Fig. 2.13) and in the admissible domainDB. We choose

ω0 = ωg = 0.27. It follows thatMA = 3.12,ϕA =−118◦, M = MB
MA

= 0.321 andϕ = ϕB−ϕA =−2.06◦.

Substituting the values ofM, ϕ andω = ωg in (2.22), one obtainsτ1 = 69.9 andτ2 = 218.

The loop gain frequency responseL( jω) is shown in red in Fig. 2.13. Notice thatL( jω) passes

exactly through pointB.

2.3.2 Numerical solution

The numerical solutions of the Design ProblemsA andB can be directly obtained by (2.22) and (2.25),

with

i-a) M(ωg) = Mg = 1/ |G( jωg)| ,

ii-a) ϕ(ωg) = ϕg = φm−π −argG( jωg),

for the solution of the Design ProblemA, and

i-b) M(ωp) = Mp = 1/( Gm|G( jωp)| ),
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ii-b) ϕ(ωp) = ϕp =−π −argG( jωp),

for the solution of the Design ProblemB. The solutions are acceptable for the design of Lead compen-

sator if and only if

0< ϕ <
π
2

and M >
1

cosϕ
, (2.27)

are and they are acceptable for the design of Lag controller if and only if

−π
2
< ϕ < 0 and M < cosϕ. (2.28)

The proof can be easily obtained by the polar expression of the frequency response of the plant and

the regulator, and the use of the Inversion Formulae (2.21).

On a educational environment the following questions can be given to students in written test.

Question 1. Given the plantG(s) = k
s+10

s(s2+2s+10)
, design the gaink and a phase-correction

network that satisfies the following static and dynamic specifications:

• velocity constant equal to 0.5;

• phase margin equal to 45◦;

• gain crossover frequency equal to 3 rad/sec.

Find also the range of phase margins that are achievable at the crossover frequency 3 rad/sec with this

phase-correction network. Also, determine the range of phase margins that at this gain crossover fre-

quency ensures closed-loop stability.

The DC gainK must be selected so as to satisfy the specification on the velocity constant:

Kv = lim
s→0

sC(s)G(s) = K,

so thatK = 0.5. In order to select the right compensation structure, we computeM(ωg) andϕ(ωg):

M(ωg) =
1

|G(3 j)| = 6

√
37
109

≃ 3.4957,

ϕ(ωg) = φm− (π +arcG(3 j))

=
7
4

π −arctan(3/10)+arctan6≃ 18.84◦.

Since the conditions (2.27) are both satisfied, a Lead network may be used.A simple computation,

that can even be carried out in closed-form with pen and paper, showsthat
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Figure 2.14: Graphical representation on the Nyquist of solution of Question 1.

α =
3·85·

√
2−109

36·37−3·85
√

2
≃ 0.2590,

τ =
12·37−85

√
2

3·29
√

2
≃ 2.6317sec.

The corresponding MATLABR© instructions are shown in Algorithm 2, and the required compensator

that satisfies all the specifications is given by

CLead(s) = 0.5
1+2.6317s
1+0.6817s

.

A graphical plot on the Nyquist plane of the frequency responseG( jω) is shown with the black line in

Fig. 2.14, whereA denotes the point ofG( jω) at frequencyωg = 3 rad/sec. Notice thatA belongs to

the admissible domain of Lead controller shown in grey in the plot. The compensator CLead(s) has been

designed such thatL( jω) shown with red line passes through pointB= ej (φm+π) at frequencyωg.

The smallest phase margin achievable with a Lead network at the gain crossover frequencyωg = 3

rad/sec is

φm min = π +argG( jωg) =
π
2
+arctan

3
10

−arctan6≃ 26.1616◦,
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and the largest phase margin is

φm max = π +argG( jωg)+arccos(|G( jωg)|)

=
π
2
+arctan

3
10

−arctan6+arccos
1
6

√
109
37

≃ 99.54◦.

Algorithm 2 Solution of Question 1 in MATLABR©

s=tf(’s’);

G=0.5*(s+10)/(s*(s^2+2*s+10));

wg=3;

PM=pi/4;

C=evalfr(G,j*wg);

M=1/abs(C);

phi=PM-(pi+angle(C));

if (sin(phi)<0)|(cos(phi)<0)|M<1/cos(phi),

disp(’No solutions with a Lead network’);

return

end

alpha=(M*cos(phi)-1)/(M*(M-cos(phi)));

tau=(M-cos(phi))/(wg*sin(phi));

Question 2. Given the same plant of Question 1, design a phase-correction networkthat satisfies the

following specifications:

• velocity error equal to 0.1;

• phase margin equal to 60◦;

• gain crossover frequency equal to 1 rad/sec.

Find also the range of phase margins that are achievable at this crossover frequency with this phase-

correction network.
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Figure 2.15: Design of a Lag network on the Nyquist plane to meet the specifications of Question 2.

Since the velocity error is equal toev = 1/Kv andKv = K as shown in Question 1, it is found that

K = 10. In order to select the right compensation structure, we computeM(ωg) andϕ(ωg):

M(ωg) = =
1
10

√
85
101

≃ 0.0917< 1,

ϕ(ωg) = −π
6
−arctan(1/10)+arctan

2
9
≃−23.18◦.

Since (2.24) are satisfied, a Lag network can be used to solve the problem.The Lag controller is char-

acterised by the parametersα = 0.0829 andτ = 25.3559 sec by simply replacingM(ωg) andϕ(ωg)

thus found into (2.24). The smallest phase margin achievable with a Lag network at the gain crossover

frequencyωg = 1 rad/sec is

φm min = π +argG( jωg)−arccos
1

|G( jωg)|
≃ −1.55◦,

and the largest phase margin is

φm max= π +argG( jωg)≃ 83.18◦.

The graphical interpretation of the network design is shown in Fig. 2.15. The designed Lag controller

brings the pointA= G( jωg) to the desired pointB= ej 240◦ . The gray area denotes the set of points that
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can be brought toB by a Lag network. IfA = G( jωg) is not within this area, the problem cannot be

solved with this type of network.

Question 3. LetK = 10. Find the interval of gain margins achieved using a Lag network at the phase

crossover frequencyωp = 4 rad/sec that guarantee asymptotic stability of the closed loop.

A simple computation shows that

M(ωp) =
2

Gm
√

29
,

ϕ(ωp) = −π
2
+arctan

2
5
+arctan

4
3
,

from which it follows that

α =
52− 20

Gm

145Gm−52
, τ =

145Gm−52
56

.

It follows that

C(s) =
56+

(
52− 20

Gm

)
s

56+(145Gm−52)s
.

The characteristic polynomial is

(145Gm−52)s4+(290Gm−48)s3

+(112+1450Gm− 200
G−m

)s2+(6320− 2000
Gm

)s+5600= 0.

The asymptotic stability of the closed loop can at this point be studied using the Routh criterion on this

polynomial. Such study will lead to a set of intervals forGm that guarantee asymptotic stability of the

closed-loop.

2.4 Evaluations on the methods

The classical design procedure based on the Bode diagrams is still one ofthe most widely used in edu-

cational environment. However the method is based on trial-and-error procedure, the specifications are

not exactly satisfied and the repetition of the same steps could discourage thestudents. The two different

design procedures for the design of Lead and Lag controllers are difficult to remember. Moreover they

are based only on the design of the magnitude of the regulators, while the phase is designed by rule of

thumb. In this way the two parameters of the regulators are used to satisfy onlya design requirement,

that is the given margin specification, while the gain crossover frequencyis automatically determined by

the design procedure.

The main advantage of the Inversion Formulae method is that both the magnitude and the phase of

the controller are designed to exactly meet the given margin specification at agiven crossover frequency.
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Figure 2.16: Example 3. The Bode plots ofG( jω) and the closed-loop frequency responsesL( jω ,Fs)

for Fs = [10 : 5 : 30]◦.

This can be done numerically, using very simple formulae, or graphically on Bode, Nyquist or Nichols

planes. It is well known that in the process of learning the graphical representation of a numerical

solution makes it easier to understand and easier to recall. The drawing andthe comparison of the same

function plotted in different diagrams, i.e. the loop gain frequency response on the Bode, the Nyquist

and the Nichols diagrams, have a great educational value. They emphasize some properties hidden in a

single representation and lead to a deeper knowledge of the concepts. Moreover the design procedure is

the same for the two types of regulators, the feasibility of the design procedure can be checked a priori

on the base of the concept of the admissible domain, the method can be employedin all forms of written

questions and exercises.

Moreover in some cases the classical method is not able to solve the problem with a single compen-

sator, while this is possible with the Inversion Formulae method. Let us consider the following example.

Example 3. Given the plant of example 2G(s) = 5
s(s+1)(s+2)(s+3) which includes the gain and the

required integrators terms to satisfy the steady-state specification, design aLead network to satisfy a

phase margin equal to 50◦.

Solution: The uncompensated phase margin is 26.8◦, and the gain crossover frequency isω ′
g =
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Figure 2.17: Example 3. The Nyquist plots ofG( jω) and the closed-loop frequency responsesL( jω ,Fs)

for Fs = [10 : 5 : 30]◦.

0.6496 see the green curves in Fig. 2.16 and 2.17. The valueα = 0.29, calculated using (2.7) and (2.8)

whenFs = 10◦, leads to design the following compensator

CLead(s) =
1.937s+1
0.566s+1

. (2.29)

The corresponding loop gain frequency response is shown in red in Fig. 2.16 and 2.17, the gain crossover

frequency isωg = 0.955. Notice that the phase margin of the compensated system is only 36.1◦. This

can be increased choosing an higher value ofFs but the compensated phase margin is still too low. The

plots of the compensated loop gain frequency responsesL( jω ,Fs) = G( jω)CLead( jω ,Fs) for Fs ∈ [15◦ :

5◦ : 30◦] are shown in purple in Fig. 2.16 and 2.17.

The Example 3 can be exactly solved using the Inversion Formulae method. The pointA is chosen in

the admissible domain of Lead controller atωg = 0.9550, that is the gain crossover frequency obtained

by the classical solution. The compensator which exactly solves the problemis

CLead(s) =
1.66s+1
0.202s+1

.

The corresponding loop gain crossover frequency is the red curve inFig. 2.18 and 2.19. Notice thatωg is

a free parameter when the Inversion Formulae method is used. That is eachfrequencyωg ∈ (ωmin,ωmax),

that corresponds to a point ofG( jω) placed in the admissible domain of the controller, leads to a feasible
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Figure 2.18: Example 3. Solution of Example 3 using the Inversion Formulae method, ωg is a free

parameter.

solution. An open research problem is to find a criterion to choose the gain crossover frequencyωg when

this is not a given design requirement.
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Chapter 3

Lead-Lag networks

The Lead-Lag compensator has a richer dynamic structure compared to thestructure of Lead and Lag

networks, since it is characterized by a second-order transfer function, with two poles and two zeros. The

form of the regulator that has been considered in this thesis has an unity static gain and is characterized

by three degrees of freedom. As known, PID controllers are the most widely used networks in industry

because of their simplicity. However in some cases Lead-Lag controllers, compared with PID regulators,

lead to a better tradeoff between the static accuracy, system stability and insensibility to disturbance in

frequency domain [21]. Moreover the recent literature shows a renewed interest in the design of this type

of controllers [22]-[24]. In particular, they are utilized for classical loop shaping and weighting functions

for automated controller synthesis algorithms, [24].

Within the context of exact design with frequency domain specifications, thefirst order Lead and

Lag networks can satisfy only specifications on either the phase margin andthe gain crossover frequency

or on the gain margin and on the phase crossover frequency. The use of Lead-Lag compensators – also

known asnotch compensators– is particularly important. Indeed, there are cases in which a Lead-Lag

compensator can satisfy the control specifications whereas a simple Lead or Lag network cannot. For

example when the frequency response of the plant at the desired gain crossover frequency is such that

its magnitude is greater than 1 and the difference between its argument and thedesired phase margin is

an angle greater thanπ/2 and smaller thanπ. Similar considerations hold with requirements on the gain

margin and phase crossover frequency. On the other hand, the degree of freedom of the extra parameter in

the transfer function of the second-order Lead-Lag compensator canbe exploited to satisfy an additional

requirement/specification, for example on the other margin.

In this chapter it is described how the Inversion Formulae method has been extended to Lead-Lag

controllers to meet three frequency specifications, such as the phase and gain margins and the gain

crossover frequency specifications, by analytic and graphical solutions, see [8], [10]-[12]. As in the case

of Lead and Lag regulators, the solution can be carried out by determiningdirectly the parameters of the
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compensator as a function of the specifications and by making use of the Nyquist or Nichols plots. In this

way, the advantages of analytic and graphic procedures are combined together to deliver a method that

outperforms the classic techniques based on trial-and-error considerations. Differently from the method

in [25], in which the parameters of the compensator are determined using a graphic construction on a

special design chart, the approach presented in this chapter enables theparameters of the compensator to

be computedexactlyusing simple formulae.

3.1 Lead-Lag compensators: the general structure

Consider a Lead-Lag compensator described by the transfer function

CLL(s) =
s2+2γ δ ωns+ω2

n

s2+2δ ωns+ω2
n
, (3.1)

whereγ, δ andωn are real and positive. Whenγ δ < 1 and/orδ < 1 the zeros and/or the poles of the Lead-

Lag compensatorCLL(s) are complex conjugate with negative real part. The compensatorCLL(s) has a

unity static gainCLL(0) = 1 which does not change the static behavior (i.e., the steady-state performance)

of the controlled system. The frequency responseCLL( jω) of the compensatorCLL(s) is

CLL( jω) =
ω2

n −ω2+ j 2γ δ ωnω
ω2

n −ω2+ j 2δ ωn ω
, (3.2)

which, forω 6= ωn, can be written as

CLL( jω) =
1+ j P(ω)

1+ jQ(ω)
(3.3)

where

P(ω)=
2γ δ ω ωn

ω2
n −ω2 , Q(ω)=

2δ ω ωn

ω2
n −ω2 . (3.4)

Due to assumptions thatγ, δ andωn are real and positive, functionsP(ω) andQ(ω) satisfy




P(ω)> 0, Q(ω)> 0 when ω < ωn,

P(ω)< 0, Q(ω)< 0 when ω > ωn.
(3.5)

The parameterγ is the gain ofCLL( jω) at frequencyω = ωn. From (5.4) and (3.3) we get:

γ =CLL( jωn) =
P(ω)

Q(ω)

∣∣∣
ω 6=ωn

. (3.6)

The gainγ is the minimum (or maximum) amplitude ofCLL( jω). The Nyquist and Bode diagrams of

CLL( jω) for ωn = 1 and for different values of the parametersδ andγ are shown in Fig. 3.1 and Fig. 3.2.

The Nyquist diagrams of Fig. 3.1 satisfy a property which is based in the following definition.
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Figure 3.1: Nyquist diagrams of functionCLL( jω) whenωn = 1, (δ = 1.5, γ = [2 : 1 : 7], blue lines) and

(δ = 1.5, γ = 1./[2 : 1 : 7], magenta lines). The thick blue line is forδ = 1.5 andγ = 5.

Definition 1 Let C (γ) denote the set of all the Lead-Lag compensators CLL(s) as defined in (3.1) char-

acterized by the same parameterγ, that is

C (γ) =
{

CLL(s) as in(3.1)
∣∣∣ δ > 0,ωn > 0

}
. (3.7)

Moreover, letCγ(s) ∈ C (γ) denote one element ofC (γ) chosen arbitrarily.

Property 1 The shape of the frequency responseCγ( jω) of Cγ(s) on the Nyquist plane is a circle with

center C0 and radius R0

C(γ)=C0+R0ejθ , C0=
γ+1

2
, R0=

|γ−1|
2

(3.8)

whereθ ∈ [0, 2π], see Fig. 3.1. The intersections ofCγ( jω) with the real axis occur at points1 andγ.

The shape does not depend onδ > 0 andωn > 0.
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Figure 3.2: Bode diagrams of functionCLL( jω) whenωn = 1, (δ = 1.5, γ = [2 : 1 : 7], blue lines) and

(δ = 1.5, γ = 1./[2 : 1 : 7], magenta lines). The thick blue line is forδ = 1.5 andγ = 5.

Proof: One can easily verify that the distanced= |Cγ( jω)−C0| of the generic pointCγ( jω) from

the centerC0 is constant and equal toR0:

d2 = |Cγ( jω)−C0|2 =
∣∣∣ω2

n−ω2+ j 2γδωnω
ω2

n−ω2+ j 2δωnω − γ+1
2

∣∣∣
2

=
∣∣∣2(ω

2
n−ω2+ j 2γδωnω)−(γ+1)(ω2

n−ω2+ j 2δωnω)
2(ω2

n−ω2+ j 2δωnω)

∣∣∣
2

=
∣∣∣ (1−γ)[(ω2

n−ω2)− j 2γδωnω)]
2(ω2

n−ω2+ j 2δωnω)

∣∣∣
2
=
∣∣∣ γ−1

2

∣∣∣
2
= R2

0.

Variations ofωn andδ modify the distribution of the frequencyω on the Nyquist diagram ofCγ( jω),

but they do not change the diagram shape, which only depends onγ. �

Remark 1 The considered Lead-Lag compensator CLL(s) in (3.1) is a general form which encompasses

the classical form Cr(s) with real poles and real zeros

Cr(s) =
(1+ τ1s)(1+ τ2s)
(1+ατ1s)(1+ τ2

α s)
(3.9)

with 0< τ1 < τ2 and0< α < 1. Details on the relations that link the parameters of the general and the

classical forms CLL(s) and Cr(s) are given in Appendix A.
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Figure 3.3: Admissible domainD = D1∪D2 of Lead-Lag compensatorsCLL(s) on the Nyquist plane.

3.2 Inversion Formulae method for the design of Lead-Lag compensators

The concepts introduced in chapter 2 for the graphical and the numericaldesign of Lead and Lag regu-

lators are here recalled and extended to the design of Lead-Lag compensators.

Definition 2 (D) Let us define the “admissible domain of a Lead-Lag compensatorCLL(s)” as

D= {z∈ C | ∃γ ,δ ,ωn > 0,∃ω ≥ 0 : CLL( jω) ·z=1}.

Loosely speaking, theadmissible domainD can be interpreted as the set of all the pointsz∈C that “can

be moved” to point 1 on the Nyquist plane by pre-multiplication with the frequency responseCLL( jω),

whereCLL(s) is as in (3.1), for someω ≥ 0 and for suitable values of the parametersγ ,δ ,ωn > 0, see

Fig. 3.3. It can be easily verified that domainD is given byD = D1∪D2 where

D1 =

{
z= M ej ϕ

∣∣∣ − π
2
< ϕ <

π
2
, M >

1
cosϕ

}
,

D2 =
{

z= M ej ϕ
∣∣∣− π

2
< ϕ <

π
2
, 0< M < cosϕ

}
.

DomainD1 is obtained whenγ > 1 and domainD2 is obtained when 0< γ < 1. The shape ofD =

D1∪D2 on the Nyquist plane is shown in Fig. 3.3, see [4].
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Definition 3 LetC−(γ) denote the set of Lead-Lag compensators defined as

C
−(γ) =

{
1

CLL(s)

∣∣∣CLL(s) ∈ C (γ)
}
, (3.10)

with C (γ) defined in (4.10). Moreover, letC−
γ (s) ∈ C−(γ) denote one element of the setC−(γ) chosen

arbitrarily.

Property 2 Givenγ > 0, the two setsC−(γ) andC (1
γ ) coincide, i.e.,

C
−(γ) = C (1

γ ) (3.11)

and the frequency responsesC−
γ ( jω) andC 1

γ
( jω) of C−

γ (s) andC 1
γ
(s) on the Nyquist plane have the

same shape, see Fig. 3.3. The property holds also on the Nichols plane.

Proof: Each elementC−
γ (s) of C−(γ) also belongs toC (1

γ ). In fact, from (4.10) and (3.10), it

follows that

C−
γ (s) =

s2+2δωns+ω2
n

s2+2γδωns+ω2
n
=

s2+2(1
γ )δωns+ω2

n

s2+2δωns+ω2
n

∈ C (1
γ ),

whereδ = γδ . In the same way it can be easily proved that each elementC 1
γ
(s) of C (1

γ ) also belongs to

C−(γ), and thereforeC−(γ) andC (1
γ ) coincide. Moreover, the shape of the Nyquist diagrams ofC−

γ (s)

andC 1
γ
(s) depend only onγ and therefore they coincide. The extension of this property to Nichols

diagrams is straightforward. �

From (4.9) and (3.11) it follows that the Nyquist diagram ofC−
γ (s) is a circle whose centerC0 =

(γ +1)/(2γ) lies on the real axis, whose radius isR0 = |γ −1|/(2γ) and its intersections with the real

axis occur at pointsa= 1 andb= 1
γ , see Fig. 3.3.

Definition 4 (DB) Given a point B∈ C, let us define the “admissible domain of the Lead-Lag compen-

satorCLL(s) to pointB” as

DB= {A∈ C | ∃γ ,δ ,ωn > 0,∃ω ≥ 0 : CLL( jω) ·A=B}.

DomainDB is the set of all the pointsA of the complex plane that can be moved to pointB using the

compensatorCLL(s). One can easily verify thatDB can be expressed asDB = DB1∪DB2 where

DB1 =

{
A= MAej ϕA

∣∣∣ − π
2
+ϕB < ϕA <

π
2
+ϕB, MA >

MB

cos(ϕA−ϕB)

}
,

and

DB2 =

{
A= MAej ϕA

∣∣∣ − π
2 +ϕB < ϕA < π

2 +ϕB, 0< MA < MBcos(ϕA−ϕB)

}
,

see Fig. 3.4.
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Figure 3.4: Admissible domainDB = DB1∪DB2 on the Nyquist plane.

Definition 5 Given B∈ C, let CB(γ) andC
−
B (γ) denote the sets of Lead-Lag compensators CLL(s) de-

fined as

CB(γ) =
{

B·CLL(s) |CLL(s) ∈ C (γ)
}

(3.12)

C
−
B (γ) =

{
B

CLL(s)

∣∣∣CLL(s) ∈ C (γ)
}

(3.13)

with C (γ) defined in (4.10). Moreover, letCBγ(s) ∈ CB(γ) andC
−
Bγ(s) ∈ C

−
B (γ) denote particular ele-

ments of the two setsCB(γ) andC
−
B (γ) chosen arbitrarily.

Property 3 Givenγ > 0, the two setsC−
B (γ) andCB(

1
γ ) coincide, i.e.,

C
−
B (γ) = CB(

1
γ ), (3.14)

and the Nyquist diagram of the frequency responsesC
−
Bγ( jω) andCB1

γ
( jω) of C

−
Bγ(s) andCB1

γ
(s) have

the same shape. The intersections p1 and p2 of C
−
Bγ( jω) with the straight line r passing through points

0 and B are p1 = B and p2 = B
γ . The corresponding graphical representation is shown in Fig. 3.4.

Proof: Property 3 follows directly from Property 2 becauseC
−
B (γ) = B·C−(γ) = B·C (1

γ ). �

The following property shows how the Inversion Formulae (2.21) introduced for the design of first

order Lead and Lag networks can be efficiently employed in the design of aLead-Lag compensators.
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Property 4 (From A to B). Given a point B∈ C and chosen a point A of the frequency response G( jω)

at frequencyωA belonging to the admissible domainDB, i.e. A= G( jωA) ∈ DB, the set CLL(s,ωn) of all

the Lead-Lag compensators CLL(s) that move point A to point B is obtained from (3.1) using

γ =
P
Q

> 0, δ = Q
ω2

n −ω2
A

2ωnωA
> 0, (3.15)

for all ωn > 0 such thatδ > 0 and with P= P(A,B) and Q= Q(A,B) obtained using (2.21).

Proof: For ω = ωA, (3.4) can be rewritten as

γ =
P(ωA)

Q(ωA)
, δ = Q(ωA)

ω2
n −ω2

A

2ωnωA
.

Substituting in (3.1) one obtains

CLL(s,ωn) =
s2+Pω2

n−ω2
A

ωA
s+ω2

n

s2+Qω2
n−ω2

A
ωA

s+ω2
n

,

whereP= P(ωA) andQ= Q(ωA). The frequency response ofCLL(s,ωn) at frequencyωA is equal to the

constant value

CLL( jωA,ωn) =CLL( jωA) =
1+ j P
1+ jQ

. (3.16)
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From (2.19) it is evident thatA= G( jωA) = MAej ϕA can be moved toB= MBej ϕB if and only if

CLL( jωA) = M ej ϕ =
MB

MA
ej (ϕB−ϕA). (3.17)

From (3.20) and (5.14) we obtain the complex equation

(M cosϕ + jM sinϕ)(1+ jQ) = 1+ j P,

which is equivalent to the following linear system

 1 −M cosϕ

0 M sinϕ




 P

Q


=


 M sinϕ

M cosϕ −1


 .

Solving forP andQ, one directly obtains (2.21)

P=

∣∣∣∣∣
M sinϕ −M cosϕ

M cosϕ −1 M0sinϕ

∣∣∣∣∣
M sinϕ

=
M−cosϕ

sinϕ
,

Q=

∣∣∣∣∣
1 M sinϕ
0 M cosϕ −1

∣∣∣∣∣
M sinϕ

=
cosϕ − 1

M
sinϕ

.

The assumption thatA belongs to the admissible domainDB ensures that there exist admissible Lead-Lag

controllersCLL(s,ωn) moving pointA to pointB which are characterized by positive parametersγ, δ and

ωn, see Definition 4. All the admissible values ofωn are those that satisfyδ > 0 in (3.15). �

From (3.15) and (2.21) it follows that the gainγ of CLL(s,ωn) at ω = ωn is

γ =
P
Q

=
M−cosϕ
cosϕ − 1

M

. (3.18)

Note thatγ does not depend onωA andωn, but only on the position ofA andB.

Property 5 Given two points A and B such that A∈ DB, the gainγ in (3.15) can be graphically deter-

mined as shown in Fig. 3.5:

1) draw the unique circleAC
−
B that passes through points A and B having its diameter on the straight

line r which passes through points0 and B;

2) the circleAC
−
B intersects the straight line r at points p1 = B and p2 = B/γ;

3) the gainγ is equal to the modulus of point B over the modulus of point p2: γ = |B|/|p2|.
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Proof: It follows directly from Property 3 because the circleAC
−
B on the Nyquist plane coincides

with the frequency responseC−
Bγ( jω) of C

−
Bγ(s)∈C

−
B (γ) and because the intersections of these functions

with the straight liner occur at pointsB andp2 = B/γ. �

From Prop. (4), the set of all the compensators (3.1) that bring the pointA at frequencyωA to the

pointB can be expressed as

C(s,ωn) =
s2+ P(A,B)

ωA
(ω2

n −ω2
A)s+ω2

n

s2+ Q(A,B)
ωA

(ω2
n −ω2

A)s+ω2
n

. (3.19)

In this way all the loop gain frequency responsesL( jω ,ωn) = G( jω)C( jω ,ωn), for ωn ∈ (0,ωA), pass

thought the required point B at frequencyωA, see Fig. 3.6. However the choice of the parameterωn

influences heavily the close-loop performances and stability [26]. CompensatorsC(s,ωn) satisfy the

following Properties 6 and 7.

Property 6 All the frequency responses C( jω ,ωn), for ωn ∈ (0,ωA), have the same parameterγ and the

same shape on the Nyquist diagram: a circle with center C0 =
γ+1

2 and radius R0 =
|γ−1|

2 (see Fig. 3.7).

The value of parameterωn modifies the distribution of the frequenciesω on the Nyquist diagram, except
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Figure 3.7: The Nyquist diagrams ofC( jω ,ωn) on variations ofωn.

for frequencyωA corresponding to the point CA =C( jωA,ωn), which is constant and does not depend on

ωn:

CA =C( jωA,ωn) =
1+ j P(A,B)
1+ jQ(A,B)

=C( jωA). (3.20)

Similarly, the Bode diagrams ofC( jω ,ωn) whenωn ∈ (0,ωA) are shown in Fig. 3.8: the blue high-

lighted pointsCn(ωn) denote the magnitudes and the phases ofC( jω ,ωn) at frequencyωn. Only point

CA does not change its magnitude and its phase whenωn varies.

Property 7 Given the loop gain frequency response L( jω ,ωn) = G( jω)C( jω ,ωn) for a particular

value ωn ∈ (0,ωA), the point Hn = L( jωn,ωn)|ω=ωn is Hn = γG( jωn). Point Hn can be graphically

determined on the Nyquist plane as the pointγG( jωn) where function L( jω ,ωn) intersects the straight

line passing through points G( jωn) and0. So, forωn ∈ (0,ωA), the functionγG( jωn) is the locus of all

the points of the loop gain frequency responses L( jω ,ωn) =C( jω ,ωn)G( jω) at frequencyω = ωn, see

Fig. 3.6.

The proof follows directly from Prop. 6 and from the fact that, for every ωn ∈ (0,ωA), it is

L( jωn,ωn)=C( jωn,ωn)G( jωn)=γG( jωn). (3.21)
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3.3 Synthesis of Lead-Lag compensators

In this section the Design Problems concerning the synthesis of Lead-Lag compensatorsCLL(s) based

on the following design specifications will be addressed, see Tab. 1.1:A) phase marginφm and gain

crossover frequencyωg; B) gain marginGm and phase crossover frequencyωp; C) phase marginφm,

gain marginGm and gain crossover frequencyωg; D) phase marginφm, gain marginGm and phase

crossover frequencyωp; E) phase marginφm and gain marginGm.

Design Problem A:(φm,ωg). Given the transfer functionG(s) and the design specifications on the

phase marginφm and on the gain crossover frequencyωg, design the Lead-Lag compensatorCLL(s) such

that the loop gain transfer functionCLL( jω)G( jω) passes through pointBg = ej(π+φm) for ω = ωg.

Solution A: Let Ag = G( jωg) denote the value of G( jω) at the desired gain crossover frequency

ω = ωg and let Bg = ej(π+φm) denote the point corresponding to the desired phase marginφm. The set

Cg(s,ωn) of all the compensators CLL(s) which solve Design Problem A is obtained from (3.1) using the

parameters

γ =
Pg

Qg
> 0, δ = Qg

ω2
n −ω2

g

2ωnωg
> 0 (3.22)

for all ωn > 0 such thatδ > 0 and with Pg = P(Ag,Bg) and Qg = Q(Ag,Bg) obtained using (2.21).
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Proof: The design specifications on the phase marginφm and gain crossover frequencyωg can be

satisfied if and only if the loop gain frequency responseCLL( jω)G( jω) at ω = ωg is equal toBg, that

is if and only if Bg =CLL( jωg) ·Ag. According to Definition 4, Design Problem A has a solution only if

point Ag belongs to the admissible domainDBg, see the grey region in Fig. 3.9. The parameters (3.22)

of all the compensatorsCg(s,ωn) which move pointAg to pointBg are obtained from Property 4 when

ωA = ωg, A= Ag andB= Bg. �

Examples of the loop gain frequency responseLg( jω ,ωn) =Cg( jω ,ωn)G( jω) obtained from (3.22)

for different values ofωn are plotted in red in Fig. 3.9 and 3.10. The blue circleC
−
Bgγ( jω) represents

the frequency response of all the functionsC
−
Bgγ(s) ∈ C

−
Bg
(γ) with γ = Pg/Qg given in (3.22). The free

parameterωn of Cg(s,ωn) can be used to satisfy an additional constraint such as, for example, a desired

gain marginGm as required in Design Problem C.

Design Problem B: (Gm,ωp). Given the transfer functionG(s) and design specifications on the

gain marginGm and phase crossover frequencyωp, design the Lead-Lag compensatorCLL(s) such that

CLL( jω)G( jω) passes through pointBp =−1/Gm for ω = ωp.

Solution B: Let Ap = G( jωp) denote the value of G( jω) at the desired phase crossover frequency

ω = ωp and let Bp = −1/Gm = MBp ejϕBp denote the point corresponding to the desired gain margin

Gm. The set Cp(s,ωn) of all the compensators CLL(s) which solve the Design Problem B is obtained from

(3.1) using

γ =
Pp

Qp
> 0, δ = Qp

ω2
n −ω2

p

2ωnωp
> 0, (3.23)

for all ωn > 0 such thatδ > 0 and with Pp = P(Ap,Bp) and Qp = Q(Ap,Bp) obtained using (2.21).

Proof: The design specifications on the gain marginGm and phase crossover frequencyωp are

satisfied if and only ifBp =CLL( jωp) ·Ap. According to Definition 2, Design Problem B has a solution

only if Ap belongs toDBp, see the grey region in Fig. 3.11. The parameters (3.23) of all the compensators

Cp(s,ωn) which moveAp to Bp are obtained from Property 4 whenωA = ωp, A= Ap andB= Bp. �

The loop gain frequency responsesLp( jω ,ωn) =Cp( jω ,ωn)G( jω) obtained from (3.23) for differ-

ent values ofωn are plotted in red in Fig. 3.11 and 3.12. The blue circleC
−
Bpγ( jω) in Fig. 3.11 represents

the frequency response of all the functionsC
−
Bpγ(s) ∈ C

−
Bp
(γ) with γ = Pp/Qp given in (3.23). The free

parameterωn of Cp(s,ωn) can be used to satisfy, for example, a constraint onφm.

Design Problem C:(φm , Gm , ωg). Given the transfer functionG(s) and design specifications on

the phase marginφm, gain marginGm and gain crossover frequencyωg, design a Lead-Lag compensator

CLL(s) such thatCLL( jω)G( jω) passes throughBg = ej(π+φm) for ω = ωg andBp =−1/Gm.

Solution C: Let Ag = G( jωg) denote the value of G( jω) at the desired gain crossover frequency
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Figure 3.11: Graphical solution of Design Problem B on the Nyquist plane.
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ω = ωg, and let Bg = ej(π+φm) and Bp = −1/Gm = MBp ejϕBp denote the complex points corresponding

to the desired phase marginφm and gain margin Gm, respectively. The set Cg(s,ωp) of all the Lead-Lag

compensators CLL(s) which solve Design Problem C is obtained from (3.1) using

γ =
Pg

Qg
> 0, δ = Qg

ω2
n −ω2

g

2ωnωg
> 0, (3.24)

ωn =

√√√√Qp ωp−Qg ωg
Qp

ωp
− Qg

ωg

> 0, (3.25)

where the coefficients Pg = P(Ag,Bg), Qg = Q(Ag,Bg), Pp = P(Ap,Bp) and Qp = Q(Ap,Bp) are obtained

using the inversion formulae (2.21) with Ap = G( jωp) = MAp(ωp)ejϕAp(ωp), for all the frequenciesωp

satisfying

γ = γp(ωp), (3.26)

whereγp(ωp) = Pp/Qp is defined as

γp(ωp) =

MBp

MAp(ωp)
−cos(ϕBp −ϕAp(ωp))

cos(ϕBp −ϕAp(ωp))−
MAp(ωp)

MBp

. (3.27)

A solution Cg(s,ωp) of Design Problem C exists only if: 1) the set Sωp of all theωp satisfying (3.26) is

not empty; 2) Ag ∈ DBg and Ap ∈ DBp; 3) ωn andδ in (3.24) and (3.25) are real and positive.

Proof: The design specifications completely define the position of pointsBg, Ag andBp. According

to Solution A, the Lead-Lag compensatorsCg(s,ωn) which move pointAg ∈DBg to pointBg are obtained

using the parametersγ andδ in (3.24). The free parameterωn can now be used to force the loop gain

frequency responseCg( jω ,ωn)G( jω) to pass through pointBp. This condition can be satisfied only if a

frequencyωp exists such thatCg(s,ωn) moves pointAp = G( jωp) ∈ DBp to pointBp, that is only if

γ =
Pp

Qp
=

P(Ap,Bp)

Q(Ap,Bp)
. (3.28)

This relation does not depend onωn, but only on the design specificationsφm, Gm andωg. Substitution

of (2.21),M = MB
MA

andϕ = ϕB−ϕA into (3.28) yields (3.26)-(4.14). The frequenciesωp ∈ Sωp satisfying

(3.26) are acceptable only if the compensatorCp(s,ωn) obtained using Solution B is equal toCg(s,ωn).

This condition is satisfied only if the two compensators share the sameδ , that is only if

δ = Qg
ω2

n −ω2
g

2ωnωg
= Qp

ω2
n −ω2

p

2ωnωp
> 0. (3.29)

Solving (3.29) with respect toωn leads to (3.25). �
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The solution of (3.26) can also be obtained graphically by plottingγp(ω) and by finding all the

frequenciesωp ∈ Sωp for which γp(ωp) intersects the horizontal lineγ, see Fig. 3.13. In the example

of Fig. 3.13 it isSωp = {ωp1, ωp2} and therefore there are two solutions:Cg(s,ωp1) andCg(s,ωp2).

The corresponding loop gain frequency responsesL21( jω) = Cg( jω ,ωp1)G( jω) (thin blue line) and

L22( jω) = Cg( jω ,ωp2)G( jω) (red line) on the Nyquist and the Bode diagrams are shown in Fig. 3.14

and 3.15. Both solutions satisfy the design specifications and are acceptable becauseδ > 0 andωn > 0.

Property 8 The frequenciesωp ∈ Sωp satisfying (3.26) can be graphically determined on the Nyquist

plane as shown in Fig. 3.14:

1) draw the circleC−
Bgγ( jω) on the Nyquist plane passing through points Ag and Bg with its diameter

on the segment(Bg,
Bg

γ );

2) determine the gainγ of the Lead-Lag compensators Cg(s,ωp) as described in Property 5 when

A= Ag and B= Bg;

3) draw the circleC−
Bpγ( jω) having its diameter on the segment(Bp,

Bp

γ );

4) the intersections Api of C
−
Bpγ( jω) with G( jω) correspond to the frequenciesωpi belonging to the

set Sωp.
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Proof: The circlesC−
Bgγ( jω) (black line) andC−

Bpγ( jω) (blue line) shown in Fig. 3.14 represent,

respectively, the frequency responses ofC
−
Bgγ(s)∈C

−
Bg
(γ) andC

−
Bpγ(s)∈C

−
Bp
(γ) with γ =Pg/Qg =Pp/Qp

given in (3.26) and (3.28). These two circles can be easily determined on the Nyquist plane because

Ag, Bg andBp are known (they follow from the design specifications) andγ is given by the graphical

construction described in Property 5. A frequencyωp satisfying (3.26) exists only if

G( jωp)Cγ( jωp) = Bp, (3.30)

whereCγ(s) is the Lead-Lag compensator (3.1) with the value ofγ determined as described above.

Relation (5.34) can be rewritten as

G( jω) =
Bp

Cγ( jω)
= C

−
Bpγ( jω), (3.31)

with ω = ωp, and therefore it can be solved graphically on the Nyquist plane by finding the intersections

ωp of G( jω) with C
−
Bpγ( jω). �

Design Problem D:(φm , Gm , ωp). Given the transfer functionG(s) and the design specifications on

the phase marginφm, gain marginGm and phase crossover frequencyωp, design a Lead-Lag compensator

CLL(s) such thatCLL( jω)G( jω) passes through pointBp =−1/Gm for ω = ωp and passes through point

Bg = ej(π+φm).

Solution D: The given design specifications completely define the points Ap =G( jωp), Bg = ej(π+φm)

and Bp = −1/Gm = MBp ejϕBp . The set Cp(s,ωg) of all the Lead-Lag compensators CLL(s) which solve

Design Problem D is obtained from (3.1) using

γ =
Pp

Qp
> 0, δ = Qp

ω2
n −ω2

p

2ωnωp
> 0, (3.32)

ωn =

√√√√Qp ωp−Qg ωg
Qp

ωp
− Qg

ωg

> 0, (3.33)

where Pp = P(Ap,Bp), Qp = Q(Ap,Bp), Pg = P(Ag,Bg) and Qg = Q(Ag,Bg) are obtained using (2.21)

with Ag = G( jωg) = MAg(ωg)ejϕAg(ωg), for all the frequenciesωg satisfying

γ = γg(ωg), (3.34)

whereγg(ωg) = Pg/Qg is defined as

γg(ωg) =

MBg

MAg(ωg)
−cos(ϕBg −ϕAg(ωg))

cos(ϕBg −ϕAg(ωg))−
MAg(ωg)

MBg

. (3.35)
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Figure 3.16: Graphical solution of Design Problem D on the Nyquist plane.

A solution Cp(s,ωg) of Design Problem D exists only if: 1) the set Sωg of all theωg satisfyingγ = γg(ωg)

is not empty; 2) Ap ∈ DBp and Ag ∈ DBg; 3) ωn andδ in (3.33) are real and positive.

Proof: The proof is similar to that of Solution C. The positions ofBg = ej(π+φm), Bp = −1/Gm

and Ap = G( jωp) are directly determined by the given design specifications. The parametersγ and

δ in (3.32) define the structure of the Lead-Lag compensatorsCp(s,ωn) which moveAp ∈ DBp to Bp.

The loop gainCp( jω ,ωn)G( jω) passes throughBg only if a frequencyωg exists such thatCp(s,ωn)

movesAg = G( jωg) ∈ DBg to Bg, that is only if the relationγ =
Pg

Qg
= γg(ωg) given in (3.34) holds. The

frequenciesωg ∈ Sωg satisfying (3.34) are acceptable only if (3.29) holds. From this relation onedirectly

obtains (3.33). �

The graphical solution of (3.34) can be obtained, see Fig. 3.13, by plottingγg(ω) (the black line)

and by finding all the frequenciesωg ∈ Sωg whereγg(ωg) intersects the horizontal lineγ. In Fig. 3.13 it

is Sωg = {ωg1, ωg2}. The corresponding loop gain frequency responsesL11( jω) = Cg( jω ,ωg1)G( jω)

andL21( jω) = Cg( jω ,ωg2)G( jω) on the Nyquist and Bode diagrams are the thin blue lines shown in

Fig. 3.16 and 3.17. These solutions are acceptable only ifδ > 0 andωn > 0 in (3.32) and (3.33).

Property 9 The frequenciesωg ∈ Sωg satisfying (3.34) can be graphically determined on the Nyquist

plane as follows, see Fig. 3.16:

1) draw the circleC−
Bpγ( jω) on the Nyquist plane passing through points Ap and Bp with its diameter
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Figure 3.17: Graphical representation of the solution of Design Problem Don the Bode diagrams.

on the segment(Bp,
Bp

γ );

2) determineγ as described in Property 5 when A= Ap and B= Bp;

3) draw the circleC−
Bgγ( jω) having its diameter on the segment(Bg,

Bg

γ );

4) the points Agi where circleC−
Bgγ( jω) intersects G( jω) correspond to the frequenciesωgi ∈ Sωg.

This graphical construction holds because a frequencyωg satisfies (3.34) only if

G( jωg)Cγ( jωg) = Bg. (3.36)

This relation can be rewritten as

G( jω) =
Bg

Cγ( jω)
= C

−
Bgγ( jω), (3.37)

with ω = ωg, and can be solved graphically on the Nyquist plane by finding the intersections ωg of

G( jω) with C
−
Bgγ( jω).

Let us now consider the following Design Problem E which is a relaxed version of Design Problem C

and Design Problem D.
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Design Problem E:(φm, Gm, γ) Given the transfer functionG(s) and the design specifications on

the phase marginφm and gain marginGm, design a Lead-Lag compensatorCLL(s) such that the loop gain

transfer functionCLL( jω)G( jω) passes through pointsBg = ej(π+φm) andBp =−1/Gm for a value ofγ
chosen arbitrarily.

Solution E: Let Bg = ej(π+φm) and Bp = −1/Gm = MBp ejϕBp denote the points corresponding to

the desired phase marginφm and gain margin Gm. The set Cγ(s,ωg,ωp) of all the compensators CLL(s)

which solve Design Problem E is obtained as follows:

a) find all the pairs(ωg, ωp) ∈ Sγω of frequencies which solve

γ = γg(ωg) = γp(ωp), (3.38)

whereγ > 0 is chosen arbitrarily, Sγω is the set of all the pairs(ωg, ωp) satisfying (3.38), andγg(ωg)

andγp(ωp) are defined in (3.35) and (4.14) with Ag = G( jωg) = MAg(ωg)ejϕAg(ωg) and Ap = G( jωp) =

MAp(ωp)ejϕAp(ωp), respectively.

b) for each pair(ωg, ωp) ∈ Sγω compute

ωn=

√
Pp ωp−Pg ωg

Pp

ωp
− Pg

ωg

=

√√√√Qp ωp−Qg ωg
Qp

ωp
−Qg

ωg

> 0, (3.39)

and

δ = Qg
ω2

n −ω2
g

2ωnωg
= Qp

ω2
n −ω2

p

2ωnωp
> 0, (3.40)

where the coefficients Pg = P(Ag(ωg),Bg), Qg = Q(Ag(ωg),Bg), Pp = P(Ap(ωp),Bp) and Qp =

Q(Ap(ωp),Bp) are obtained using the inversion formulae (2.21).

A solution Cγ(s,ωg,ωp) of Design Problem E exists only if: 1)γ satisfies

0< γ < min[max(γg(ωg)),max(γp(ωp))] (3.41)

2) Sγω is not empty; 3) points Ag(ωg) and Ap(ωp) belong, respectively, to the admissible domainsDBg

andDBp; 4) parametersωn in (3.39) andδ in (3.40) are real and positive.

Proof: The design specifications on the phase marginφm and gain marginGm completely define the

position of pointsBg andBp on the complex plane. A solutionCγ(s,ωg,ωp) exists only if the frequencies

ωg andωp satisfy (5.34) and (3.36), that is only if they satisfy (3.38) whereγg(ωg) =Pg/Qg andγp(ωp) =

Pp/Qp. For each value ofγ satisfying (3.41), one can find the setSγω of all the solutions(ωg,ωp) of

(3.38). This relation does not depend onδ andωn, but only on the frequencies(ωg,ωp) and points (Bg,

Bp). Each solution(ωg,ωp) ∈ Sγω corresponds to an acceptable regulatorCγ(s,ωg,ωp) only if ωn and

δ given in (3.39) and (3.40) are real and positive. The expressions ofωn andδ in (3.39) and (3.40) are
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Figure 3.18: Graphical solution of Design Problem E on the Nyquist plane.

obtained as described in the Solution of Design Problem C by taking into account (3.38),Pg = γ Qg and

Pp = γ Qp. �

The numerical solution of (3.38) can be obtained graphically by plottingγg(ω) andγp(ω) and by

finding, for each admissible value ofγ, all the pairs(ωg,ωp) ∈ Sωg whereγg(ωg) andγp(ωp) intersect

the horizontal lineγ, see Fig. 3.13. In the example of Fig. 3.13 there are four different solutions: Sγω =

{(ωg1,ωp1), (ωg1,ωp2), (ωg2,ωp1), (ωg2,ωp2)}. The loop gain frequency responsesL11(s), L12(s), L21(s)

and L22(s) of these four solutions on the Nyquist plane are shown in Fig. 3.18. Thesesolutions are

acceptable only ifδ > 0 andωn > 0 given in (3.39) and (3.40) are satisfied.

The solution of the Design Problem E can also be performed graphically on the Nyquist and Nichols

planes. Five different graphical representations are now described.

a) G( jω)-graphical representation on Nyquist plane. The frequencies(ωg,ωp) ∈ Sωg can also be

determined on the Nyquist plane using the graphical construction shown in Fig. 3.18:

1) given pointsBg andBp and a desired value forγ > 0, draw the circlesC−
Bgγ( jω) andC

−
Bpγ( jω)

having their diameters on the segments(Bg, Bg/γ) and(Bp, Bp/γ);

2) if the frequency responseG( jω) does not intersect both circlesC
−
Bgγ( jω) andC

−
Bpγ( jω), the chosen

value ofγ is not acceptable.
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Figure 3.19:G( jω)-graphical representation on Nichols plane.

3) otherwise, each pair(ωg,ωp) corresponding to the intersections ofG( jω) with circlesC
−
Bgγ( jω)

andC
−
Bpγ( jω) is a possibile solution for Design Problem E.

This graphical construction hinges on the fact thatωg and ωp satisfy relation (3.38) only if

G( jωg)Cγ( jωg) = Bg andG( jωp)Cγ( jωp) = Bp. These relations can be rewritten as




G( jω)|ω=ωg
=

Bg

Cγ ( jωg)
= C

−
Bgγ( jω)

∣∣∣
ω=ωg

G( jω)|ω=ωp
=

Bp

Cγ ( jωp)
= C

−
Bpγ( jω)

∣∣∣
ω=ωp

(3.42)

These relations can be solved graphically on the Nyquist plane by finding the frequencies(ωg,ωp) where

G( jω) intersectsC−
Bgγ( jω) andC

−
Bpγ( jω).

Using the graphical construction of Fig. 3.18 it is also easy to determine the maximum valueγ̄ of

parameterγ for which a solution of Design Problem E exists: it is the value for which the circleC
−
Bgγ̄( jω)

is tangent toG( jω), see the dashed red circles and pointAg in Fig. 3.18.

b) G( jω)-graphical representation on Nichols plane. The graphical construction described above can

be carried out also on the Nichols plane, see Fig. 3.19. The shapes ofC
−
Bgγ( jω) andC

−
Bpγ( jω) on the

Nichols plane are not circles, but the intersection pointsAg1, Ag2, Ap1, Ap2 with G( jω) can still be

determined. An advantage of working on the Nichols plane is thatC
−
Bgγ( jω) andC

−
Bpγ( jω) have the

same shape and the same dimension. In fact, these functions differ for justa constant,C−
Bpγ( jω) =
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(Bp/Bg)C
−
Bgγ( jω), and therefore they differ for just a translation on the Nichols plane.

c) C
−
Bgγ( jω)-graphical representation on Nyquist plane. Multiplying the second equation of system

(3.42) by the constantBg/Bp one obtains





G( jω)|ω=ωg
= C

−
Bgγ( jω)

∣∣∣
ω=ωg

G( jω)Bg

Bp

∣∣∣∣
ω=ωp

= C
−
Bgγ( jω)

∣∣∣
ω=ωp

(3.43)

It is evident that these relations can be solved graphically on the Nyquist plane by finding the frequencies

(ωg,ωp) whereC−
Bgγ( jω) intersectsG( jω) andG( jω)Bg/Bp. A graphical representation of (3.43) on the

Nyquist plane is shown in Fig. 3.20: the intersections ofC
−
Bgγ( jω) with G( jω) provide the frequencies

ωg1, ωg2, etc.; the intersections ofC−
Bgγ( jω)with G( jω)Bg/Bp provide the frequenciesωp1, ωp2, etc. The

loop gain transfer functionsL12( jω) andL22( jω) corresponding to solutions(ωg1,ωp2) and(ωg2,ωp2)

are shown in magenta and in red in Fig. 3.20.

d) Cγ( jω)-graphical representation on the Nyquist plane. Using simple mathematical manipulations,
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system (3.42) can be rewritten as




Bg

G( jω)

∣∣∣∣
ω=ωg

= Cγ( jω)
∣∣
ω=ωg

Bp

G( jω)

∣∣∣∣
ω=ωg

= Cγ( jω)
∣∣
ω=ωp

(3.44)

These equations can be solved graphically on the Nyquist plane by findingthe frequencies(ωg,ωp)

whereCγ( jω) intersectsBg/G( jω) andBp/G( jω). A graphical representation of (3.44) on the Nyquist

plane is shown in Fig. 3.21. The intersections withBg/G( jω) provide the frequenciesωg1, ωg2, etc. and

the intersections withBp/G( jω) provideωp1, ωp2, etc. Note that in Fig. 3.21 the points−Bg and−Bp,

and the two loop gain frequency responses−L12(s) and−L22(s) have also been reported: the relative

position of these points and functions with respect to point 1 is the same of points Bg andBp andL12(s)

andL22(s) with respect to−1.

e) Cγ( jω)-graphical representation on Nichols plane. Equations (3.44) can be solved graphically on

the Nichols plane as well, as shown in Fig. 3.22. In this case the shapes ofCγ( jω) are not circles, but the

graphical representation is more precise for small values of the modulus. This graphical representation

is similar to the one presented in [25] for the solution of Design Problems C and D. From the solution

of the Design Problem E directly follows the solution of a second version of the Design Problem D.
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Figure 3.22:Cγ( jω)-graphical representation on Nichols plane.

Design Problem D’: (Gm , ωp , φm). Given the control scheme of Fig. 1.1 and the transfer function

G(s), design a compensatorCLL(s) which satisfies the gain marginGm, the phase crossover frequency

ωp and the maximum allowable phase marginφm.

Solution D’: The value ofγ =
Pp

Qp
can be determined as in Design Problem D.1 by points Bp =

−1/Gm and Ap = G( jωp). The gainγ completely defines the shape of circleCB1
γ
( jω). The maximum

valueφ̄m of the phase marginφm can be graphically determined moving point Bg = ej(π+φm) on the unit

circle until CB1
γ
( jω) is tangent to function G( jω). The frequencyωg of the tangent point substituted in

(3.39) and (3.40) provides the parametersωn andδ of the compensator C(s).

3.4 Numerical examples

Example 1. All the graphical representations from Fig. 3.9 to Fig. 3.22 used in the solutions of Design

Problems A, B, C, D and E refer to the system

G(s) =
40(s+1)

s(s+1.5)2(s+3)

with the following design specifications: phase marginφm = 42◦, gain marginGm = 3, gain crossover

frequencyωg = 2.1 and phase crossover frequencyωp = 4.05. The modulus and the phase of points
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Figure 3.24: Design problemD′: functionγp(ω) (blue line) and functionsγg(ω) (black lines) forφm =

{40,44,48,51.75}.
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Bg = MBge
jϕBg = ej(π+φm) andBp = MBpe

jϕBp = −1/Gm areMBg = 1, ϕBg = 222◦, MBp = 0.333 and

ϕBp = 180◦. The value ofγ obtained in (3.22), (3.23), (3.26), (3.32) and used in Design Problem E is

γ =
Pg

Qg
=

Qp

Pp
= 0.315.

The frequenciesωg1, ωg2 = ωg, ωp1 = ωp andωp2 (3.26), (3.34) and (3.38) areωg1 = 1.57, ωg2 = 2.1,

ωp1 = 2.77 andωp2 = 4.05. The corresponding pointsAg1 = G( jωg1), Ag2 = Ag = G( jωg2), Ap1 = Ap =

G( jωp1) andAp2 = G( jωp2) on the frequency responseG( jω) are

Ag1 = 2.97e− j152.7◦ , Ag2 = 1.82e− j169.4◦ ,

Ap1 = 1.05ej174.3◦ , Ap2 = 0.44ej153.3◦ .

Let us now consider the solutions of the previously described Design Problems separately.

Design Problem A: (φm, ωg). The parametersPg, Qg and γ corresponding toAg and Bg are Pg =

−0.5824, Qg = −1.8491 andγ = Pg/Qg = 0.315. The set of regulatorsCg(s,ωn) satisfying Design

Problems A are

Cg(s,ωn) =
s2+Pg

ω2
g−ω2

n

ωg
s+ω2

n

s2+Qg
ω2

g−ω2
n

ωg
s+ω2

n

, (3.45)

for 0 < ωn < ωg = 2.1. The loop gain transfer functionLg( jω ,ωn) = Cg(s,ωn)G( jω) for ωn = {0.6 :

0.1 : 1.1} is represented by red lines in Fig. 3.9 and 3.10.

Design Problem B: (Gm, ωp). The parametersPp, Qp and γ corresponding toAp andBp arePp =

−0.295, Qp = −0.937 andγ = Pp/Qp = 0.315. The set of regulatorsCp(s,ωn) satisfying the Design

Problems B are

Cp(s,ωn) =
s2+Pp

ω2
p−ω2

n

ωp
s+ω2

n

s2+Qp
ω2

p−ω2
n

ωp
s+ω2

n

, (3.46)

for 0< ωn < ωp = 4.05. The loop gain transfer functionLp( jω ,ωn) = Cp(s,ωn)G( jω) is represented

by red lines in Fig. 3.11 and 3.12 forωn = {1.2 : 0.1 : 1.6}.

Design Problem C: (φm, Gm, ωg). The parametersPg, Qg and γ corresponding toAg and Bg are

Pg =−0.582,Qg =−1.849 andγ = Pg/Qg = 0.315. The two solutions of (3.26) areSωp = {ωp1,ωp2}=
{2.77,4.05}. Substitution into (3.24) and (3.25) yieldsδ = −0.571 andωn = 2.85 whenω = ωp1;

δ = 5.14 andωn = 0.37 whenω = ωp2. Only the second solution whereδ > 0 is acceptable:

Cg(s,ωp2) =
s2+1.186s+0.134
s2+3.765s+0.134

. (3.47)

The corresponding loop gain transfer functionL22( jω) =Cg(s,ωp2)G( jω) is plotted in red in Fig. 3.14

and 3.15.
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Figure 3.25: Step responsesy1(t) (magenta line) andy2(t) (red line) of the closed loop system when,

respectively, regulatorsCγ(s,ωg1,ωp2) in (3.48) andCg(s,ωp2) in (3.47) are used.

Design Problem D: (φm, Gm, ωp). The parameters which correspond to pointsAp andBp arePp =

−6.778, Qp = −21.52 andγ = Pg/Qg = 0.315. The two solutions of (3.34) areSωg = {ωg1,ωg2} =

{1.57,2.1}. Substitution into (3.32) and (3.33) yieldsδ = −8.82 andωn = 4.13 whenω = ωg1; δ =

−0.571 andωn = 2.85 whenω = ωg2. Neither solution is acceptable because in both casesδ < 0. The

loop gain transfer functionsL11( jω) andL21( jω) are the blue lines shown in Fig. 3.16 and 3.17.

Design Problem E: (φm, Gm, γ). GivenBg, Bp andγ, the four solutions(ωgi,ωp j) of equation (3.38) can

be graphically determined as shown in Fig. 3.13. By substitution into (3.39) and(3.40) one obtains only

two acceptable and stable regulatorsCγ(s,ωg,ωp). The first one is obtained for(ωg1,ωp2), δ = 1.691

andωn = 1.338:

Cγ(s,ωg1,ωp2) =
s2+1.065s+1.791
s2+3.382s+1.791

. (3.48)

The corresponding loop gain transfer functionL12( jω) = Cγ( jω ,ωg1,ωp2)G( jω) is shown on the

Nyquist plane in Fig. 3.18 and on the Nichols plane in Fig. 3.19. The second acceptable solution

Cγ(s,ωg2,ωp2) is obtained for(ωg2,ωp2), δ = 5.14 andωn = 0.37, and it coincides with theCg(s,ωp2)

given in (3.47). The other two solutions are not acceptable. The step responsesy1(t) andy2(t) of the

closed loop system when, respectively, regulatorsCγ(s,ωg1,ωp2) in (3.48) andCg(s,ωp2) in (3.47) are

used, are shown in Fig. 3.25.

Example 2. Given the plant

G(s) =
1200(s+2)

(s+1.5)2(s+7)2 , (3.49)

solve the Design ProblemD′ to meet the following specifications: gain marginGm = 3 and phase

crossover frequencyωp = 12.8.

The maximum phase margin̄φm which satisfies the Design ProblemD can be graphically determined

as shown in Fig. 3.23. The obtained value isφ̄m = 51.75◦. When phase marginφm increases from 40◦ to
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Figure 3.26: Example 3: functionγp(ω) intersects the valueγ at frequencies{ωp1, ωp2} =

{11.37,20.71}.

φ̄m, functionγg(ω) modifies its shape as shown in Fig. 3.24.

Example 3. Let us consider the transfer function proposed in [25]:

G(s) =
5000

s(s+5)(s+10)
, (3.50)

with the following design specifications: phase marginφm = 42◦, gain crossover frequencyωg = 9 rad/s

and gain marginGm= 4. The synthesis of the Lead-Lag controllersCg(s,ωp2) follows the lines described

in Design Problem C. The modulus and the phase ofBg = MBge
jϕBg = ej(π+φm), Ag = MAge

jϕAg = G( jωg)

andBp = MBpe
jϕBp = −1/Gm areMBg = 1, ϕBg = 222◦, MAg = 4.01, ϕAg = 167.1◦, MBp = 0.25 and

ϕBp = 180◦. FromAg andBg one obtainsPg =−0.397,Qg =−4.198 andγ = Pg/Qg = 0.0946. The two

solutions of (3.26) areSωp = {ωp1,ωp2}= {11.37,20.71}, see Fig. 3.26. Only the one corresponding to

ωp2 is acceptable, and givesδ = 17.68> 0 andωn = 2.28. The corresponding Lead-Lag regulator is

Cg(s,ωp2) =
s2+3.347s+5.198
s2+35.36s+5.198

. (3.51)

The graphical constructions corresponding to the synthesis of the Lead-Lag compensatorCg(s,ωp2) on

the Nyquist, Bode and Nichols planes are shown in Fig. 3.27-Fig. 3.29. Theloop gain transfer function

L2( jω) =Cg( jω ,ωp2)G( jω) is the red line shown in the figures.

Example 4. Given the plantG(s) = K(s+10)
s(s2+2s+10) , design a Lead-Lag network that meets the following

specifications: velocity constantKv = 0.1; phase marginφm = 45◦; gain marginGm = 3; gain crossover

frequencyωg = 1 rad/sec. First, notice that only a Lead-Lag network can simultaneously meet all the

specifications, since a first order compensator has only two degree of freedom. The DC gainK included

in G(s) must be selected so as to satisfy the specification on the velocity constant:

Kv = lim
s→0

sCLL (s)G(s) = K,
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whereCγ( jω) intersects functionBp/G( jω).

so thatK = 0.1. The frequency response of the plant atω = ωg is

G( jωg) =
10+ j

j (2 j +9)
.

To meet the given phase margin and gain crossover frequency specisications, the magnitudeMg and the

phaseϕg of the controller at frequencyωg has to satisfy the following relations

Mg =
1
K

√
85
101

,

ϕg =
π
4
−π − (arctan

1
10

− π
2
−arctan

2
9
)

=
3
4

π −arctan
1
10

+arctan
2
9
.

A simple goniometric calculation shows that

cosϕg =
103
2

√
2

85·101
,

which leads to

γ =
Mg−cosϕg

cosϕg−M−1
g

=
170−103

√
2K

103
√

2K−202K2
.
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Figure 3.30: Graphical interpretation of the closed-form solution of Example 4.

We expressMp = M(ωp) andϕp = ϕ(ωp) as a function of the phase crossover frequencyωp, which is

still unknown:

Mp =
ωp

√
4ω2

p+(10−ω2
p)

2

Gm ·K
√

ω2
p+100

,

cosϕp =
ωp(ω2

p+10)
√

(100+ω2
p)((10−ω2

p)
2+4ω2

p)
.

Plugging these expressions into (3.26), which can be rewritten as

γ =
Mp−cosϕp

cosϕp−M−1
p

,

yields the polynomial equation

ω6− (16+H + γH)ω4+10(10−H − γH)ω2+100γ H2 = 0,

whereH = GmK. This biquadratic equation has two positive solutions:ω ′
p = 3.9591 andω ′′

p = 2.3686.

Only the second solution leads to positive values ofδ and ωn. The corresponding values of the

parameters of the Lead-Lag network areγ = 12.3887, δ = 1.6747 andωn = 0.2980. The graphical

interpretation of the solution is represented in Fig. 3.30.
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This example has shown the effectiveness of this design method from another perspective. In fact,

even in the case of a plant with a reasonably rich dynamical structure, the design problem is found to

admit a closed-form solution. Indeed, the 6th degree polynomial equation inωp is biquadratic, and is

therefore solvable in finite terms. This leads to a “mathematically exact” solution ofthis design problem.

3.5 An open research problem to meet other design requirements

Using Inversion Formulae (2.21) and the Prop. 4 (FromA to B), the set of all the compensators (3.19)

exactly satisfies the given phase marginφm and the given gain crossover frequencyωg specifications,

which are very important indicators of system performance and robustness. The only necessary and

sufficient condition required to employ a Lead-Lag controller to meet these requirements is that the point

A= G( jωg) belongs to the admissible domainDB. As described in chapter 1, a very interesting research

problem is to study how to choose the degree of freedomωn in (3.19) in order to improve the dynamical

behavior of the control system. Let as consider two different design procedures to obtain a good settling

time of the step response or a good resonance peak of the closed-loop system. These procedures could

be an alternative to the procedure described in the solution of the Design Problem C to meet the gain

margin specificationGm.

3.5.1 Requirement on a good settling timets

Design Problem F: Given the rational transfer functionG(s) = N(s)
D(s) and the design specifications on the

phase marginφm and on the gain crossover frequencyωg, design a Lead-Lag compensatorCLL(s) such

that the loop gain frequency responseCLL( jω)G( jω) passes through pointBg = ej(π+φm) at ω = ωg and

the step response of the closed-loop system has a good settling timets.

Solution F: From Prop. 4, design specifications on the phase marginφm and the gain crossover

frequencyωg can be exactly satisfied using the set of compensators CLL(s,ωn) described by (3.19), with

ωA = ωg, A= G( jωg) and Bg = ej(π+φm). It can be easily shown that the set of the closed-loop charac-

teristic equations

1+G(s)CLL(s,ωn) = 0 (3.52)

can be expressed as follows

1+ω2
nG(s) = 0, (3.53)

where

G(s)=
D(s)(ωg+Q(A,B)s)+N(s)(ωg+P(A,B)s)

ωgs(D(s)(s−Q(A,B)ωg)+N(s)(s−P(A,B)ωg))

is a known function. Since (3.53) is linear inω2
n , the contour locus method can be applied. A good

settling time ts of the step response of the closed-loop system can be obtained choosingωn such to
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Figure 3.31: Root locus of 1+ω2
nG(s) for ω2

n ∈ (0,∞).

maximize the distance of the poles from the imaginary axis on the root locus ofG(s) whenω2
n ∈ (0,ω2

A),

see Fig. 3.31.

Numerical example.Given the plant

G(s) =
200

s(s+1)(s+10)
, (3.54)

design the compensatorCLL(s) that meets the design specifications of a phase marginφm = 45◦ at gain

crossover frequencyωg = 2.75 and such that the system step response has a good the settling timets.

Solution. The given design specifications define the pointsB= ej225◦ andA=G( jωg)= 2.4e− j175◦ ∈
DB, see Fig. 3.6. The set of compensators (3.19) that move the pointA in B can be obtained using (2.21)

and (4) withP(A,B) =−0.531 andQ(A,B) =−2.52. The Nyquist and the Bode plots ofC( jω ,ωn) for

ωn ∈ {0.3,0.6,0.9,1.35} are shown in Fig. 3.6-3.8 respectively. FunctionG(s) in (3.53) can be written

as follows

G(s) =
−0.9174s4−9.091s3+1.826s2−28.64s+200

s5+17.94s4+86.31s3+269.4s2+292.2s
.

The corresponding root locus is shown in Fig. 3.31, where the highlightedpoints are related to

ωn = 0.1 : 0.1 : 1. A good settling time can be obtained placing the poles such to maximize their distance
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from the imaginary axis. The minimum settling timets = 1.72s is given forωn = 0.3.

3.5.2 Requirement on a good resonance peak

The complementary modulus marginMc is equal to the inverse of the infinity-norm of the complementary

sensitivity functionT(s), see [27]:

Mc = ‖T(s)‖-1
∞, where T(s) =

G(s)C(s)
1+G(s)C(s)

.

The marginMc can be graphically determined as the inverse of the modulusM of the constantM-circle

tangent to the open loop frequency responseL( jω) = G( jω)C( jω). It follows that the marginMc is

an important performance indicator, since it is related to the resonance peak of the closed-loop system.

Indeed if the type of the system is zero,Mc is equal to the static gainL(0) over the resonance peak, if the

type is greater than zeroMc is equal to the inverse of the resonance peak. Let us consider the following

Design Problem proposed in [26].

Design Problem G: Given the plantG(s) and design specifications on the phase marginφm and the

gain crossover frequencyωg, design a Lead-Lag compensatorCLL(s) such that the loop gain frequency

responseL( jω) =CLL( jω)G( jω) is tangent in pointBg = ej(π+φm) at frequencyω = ωg to the constant

M-circle passing through pointBg.

Solution G: Draw the controllable domainDBg with respect to Bg = ej(π+φm) as shown in Fig. 3.32

and check if Ag = G( jωp) belongs toDBg. If not the Design Problem has no acceptable solutions.

Than determine the parameters Pg = P(Ag,Bg), Qg = Q(Ag,Bg) using the Inversion Formulae (2.21).

The complementary modulus margin Mc related to the unique constant M-circle passing through Bg can

be calculated employing the relation

Mc =
√

2cos(π +φm)+2. (3.55)

The desired angleψ of the loop gain frequency response C( jω)G( jω) in Bg, see Fig. 3.32, can be

obtained by using the following relation

ψ =

∣∣∣∣arctan

(
−cosφm+cc

sinφm

)∣∣∣∣ , (3.56)

where cc=− 1
1−M2

c
is the position of the center of the constant M-circle on the real axis.

Once a point A′g = G( jω ′
g) is chosen, whereω ′

g = ωg+∆ω and ∆ω small, calculateδ and ωn as

follows

δ = Qg
ω2

n −ω2
g

2ωnωg
, ωn =

√
−b±

√
b2−4ac

2a
, (3.57)
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where
a = α1+α2−α3,

b = ω2
g(α3−2α2)+ω ′2

g (α3−2α1),

c = α1ω ′4
g +ω2

g(α2ω2
g −α3ω ′2

g ),

α1 = YD + tanψ ′(1−XD),

α2 = Qg
ω ′2

g

ω2
g
(YDQg+ tanψ ′(Pg−XDQg)),

α3 = (Pg−Qg)
ω ′

g

ωg
,

XD = Re(Bg

A′
g
), YD = Im(

Bg

A′
g
), ψ ′ = ψ −∠A′

g.

The solution is acceptable only ifδ andωn are real and positive.

Proof: The design specifications define the position of pointsBg = ej(π+φm) and Ag = G( jωg).

According to Prop. 4, the compensatorsCg(s,ωn) which move pointAg ∈ DBg to pointBg are obtained

using the parametersγ andδ given by (3.15). The free parameterωn can now be used to force the loop

gain frequency responseL( jω ,ωn) = Cg( jω ,ωn)G( jω) to pass through pointBg with slope related to

the angleψ given by (3.56), see [26]. This problem can be solved under the following condition

lim
∆ω→0

∠(L( j(ωp+∆ω),ωn)−Bg) = ψ . (3.58)

Relation (3.58) can be approximated choosing a pointA′
g(ω ′

g) = G( jω ′
g) at frequencyω ′

g = ωg+∆ω ,

with ∆ω small. The pointA′
g(ω ′

g) can be brought toB′
g = L( j(ω ′

g,ωn) = A′
g(ω ′

g)Cg( jω ′
g,ωn) using the
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Inversion Formulae method. From (3.58) one obtains that

∠
(
B′

g−Bg
)
= ∠

(
A′

g(ω ′
g)Cg( jω ′

g,ωn)−Bg
)

= ∠

(
A′

g(ω ′
g)

(
Cg( jω ′

g,ωn)−
Bg

A′
g

))

= ∠
(
A′

g(ω ′
g)(XC(ωn)+ jYC(ωn)−XD− jYD)

)
=ψ ,

(3.59)

whereXC(ωn) andYC(ωn) are the real and the imaginary part ofCg( jω ′
g,ωn), XD andYD are the real and

the imaginary part ofBg

A′
g
. Equation (3.59) can be rewritten as follows

YC(ωn)−YD

XC(ωn)−XD
= tanψ ′, (3.60)

whereψ ′ = ψ −∠A′
g. Equation (3.60) is a second order equation in the variableω2

n . The solution of this

equation provides the value ofωn given in (3.57). �

Numerical example. Consider the plant given in the previous example, and the setCg( jω ,ωn) of

controllers that meet the design specification onφm= 45◦ at frequencyωg = 2.75. Calculateωn to adjust

the loop slope ofL( jω) =CLL( jω)G( jω) as described in Design Problem G.

Solution. Using (3.55) and (3.56), the complementary modulus margin isMc = 0.7654 and from

(3.56) it follows thatψ = 67.5◦. Choosingω ′
g = 3 and using (3.57), one obtainsδ = 3.3748 andωn =

0.9143. The corresponding loop gain frequency response is plotted in magenta in Fig. 3.32.

3.6 Comparison of the methods.

The Inversion Formulae method, useful to design Lead-Lag networks, allows to easily and exactly satisfy

two dynamical requirements. The third parameter can be chosen in order to meet a further specification.

The division of the design procedure in these two main parts can be used to simplify the classical meth-

ods. These are generally based on a simultaneous synthesis of the three parameters. The complexity of

some of these procedures could be reduced with a hybrid method. Indeedtwo of the three parameters

could be chosen by using the Inversion Formulae method, such to exactly satisfy two design specifica-

tions, the third parameter can be synthesized on the base of the classical methods. This idea leads to a

renew interest on the study of classical design procedures.

In this chapter the Inversion Formulae method has been used to solve several design problems. The

main advantages of the method are that it is exact, it can be obtained numericallyor graphically on

Nyquist diagrams, it can be used in written exercise test. Moreover the graphical solution, compared with

other graphical approaches such as the one in [25], can be easily determined by ruler and compass in the

complex plane by finding the intersections of the frequency response of the plant with particular design
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circles. Moreover, the Inversion Formulae method providesall the solutions of the control problem and

not only a subset of all the solutions, as it happens in [25]. The main disadvantage of the design procedure

is that not always an acceptable solution exists.

The design procedure proposed to solve the Design ProblemF employs the classical root-locus

method to determine a good settling time of the step response. This is an important specification for the

system performance, however the solution requires good knowledge onlinear control theory and can be

applied to plants without delays.

The procedure which solves the Design Problem G is important from an educational point of view,

because it leads the students to connect some very important concepts of the control theory. Some of them

are related to the M-constant locus, the sensitivity function, the complementary modulus margin and the

resonance peak of the closed-loop system. The procedure guarantees good performance in almost all

the closed-loop real systems. In the case of complex high-order systems,however, the tangent condition

of the loop gain frequency response to the M-constant circle at the gain crossover frequency not always

is sufficient to avoid that the loop gain frequency response enters into theconstantM-circle at higher

frequency. In these cases the procedure is not the optimal solution to guarantee a robust control. One of

the main advantages of this method is that it requires the knowledge of the plantin only two points.



Chapter 4

Discrete-time Lead-Lag type regulators

Nowadays digital control of automatic systems is widely used for its benefits over analog control, in-

cluding reduced parts count and greater flexibility. The discrete-time control design methods can be

classified as indirect and direct. The first are widely used because require only limited knowledge of

the discrete-time control theory and are based on the vast background of the continuous-time control.

Conversely, direct design of classical discrete regulators receivesfar less attention than indirect design

in control textbooks, i.e. [19], [28] and [29]. However, the discretization of a continuous-time control

system creates new phenomena not present in the original continuous-timecontrol system, such as con-

siderable inaccuracies in the locations of poles and zeros [29]. In this chapter the Inversion Formulae

method is employed to design the discrete time Lead-Lag type networks for robust control. The method

has been introduced to the design of discrete time Lead and Lag regulators in[14]. This design proce-

dure is reformulated in this thesis to use the same Inversion Formulae introduced in the Def. 1 for the

continuous time case. Moreover the method has been extended to the design of discrete time Lead-Lag

regulators [15]. In this way the same Inversion Formulae (2.21) can be used for all the types of Lead-Lag

regulators, both in continuous and discrete time domains.

4.1 The structure of the considered discrete-time Lead-Lag type networks

Let us consider the following unified structure of Lead and Lag networks

CdL(z) =
(z+1)+σ1(z−1)
(z+1)+σ2(z−1)

, (4.1)

with unity steady-state gainγ0 = CdL(1) = 1. Whenσ1 > σ2, (4.1) is the transfer function of a Lead

network, while whenσ1 < σ2, (4.1) is the transfer function of a Leg network. The zero and the pole can

be expressed as follows

z0 =
σ1−1
σ1+1

, zp =
σ2−1
σ2+1

.
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Figure 4.1: Bode magnitude and phase plots ofCdL(ω ,T) on variation ofγd.

The controller is a minimum-phase system when|z0| < 1 and|zp| < 1, that is whenσ1 > 0 andσ2 > 0.

The frequency response ofCdL(z) is obtained whenz= ejωT andω ∈ [0, π
T ], whereT is the sampling

period of the system. That is

CdL(ω ,T) =CdL(e
jωT) =

1+ jP(ω ,T)
1+ jQ(ω ,T)

= Mejϕ , (4.2)

where

P(ω ,T) = σ1Ω(ω), Q(ω ,T) = σ2Ω(ω), (4.3)

and

Ω(ω) = tan
ωT
2

.

The high frequency gainγd of (4.1) can be written as

γd =CdL(z)|z=−1 =
σ1

σ2
=

P(ω ,T)
Q(ω ,T)

.

It can be verify thatγd > 1 in the case of Lead network, whileγd < 1 in the case of Lag controller. The

maximum (or the minimum) phaseϕmd for ω ∈ [0, 0
π/T ] is

ϕmd = arcsin

[
γd −1
γd +1

]
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γd < 1

Figure 4.2: Nyquist plots ofCdL(ω ,T) on variation ofγd.

at frequency

ωmd =
1
T

arccos

[
z0+zp

1+z0zp

]
.

The Bode and the Nyquist diagrams ofCdL(ω ,T) for ωmd = 1 andT = 0.3 on variation ofγd = [0.2 :

0.2 : 1,1/(0.2 : 0.2 : 1)] are shown in Fig. 4.1 and 4.2. It can be easily shown that the Nyquist plots of

CdL(ω ,T) are semicirclesC(γd) with centerC0 =
γd+1

2 and radiusR0 =
|γd−1|

2 . The intersections ofC(γd)

with the real axis occur at points 1 andγd.

Definition 2 Given a point B∈ C, let us define “admissible domain of discrete Lead and Lag compen-

satorsCdL(z) with respect to pointB” the setDdLB defined as follows

DdLB=
{
A∈C

∣∣∣∃σ1,σ2>0,∃ω ≥0 : CdL(ω ,T) ·A=B
}
.

The shape ofDdLB for Lead and Lag compensators in the Nyquist plane are shown in gray in Fig. 4.2

and they are equal to the admissible domains of continuous time Lead and Lag networks (2.2) and (2.6)

shown in Fig. 2.11 and 2.12.

The considered form of discrete-time Lead-Lag compensator can be expressed as follows

CLL(z) =
(z−1)2+2γdδdΩn(z

2−1)+Ω2
n(z+1)2

(z−1)2+2δdΩn(z
2−1)+Ω2

n(z+1)2 , (4.4)
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Figure 4.3: Nyquist diagrams of functionCLL(ω ,T) whenΩn = 1, δd = 1.5, γd = [2 : 1 : 12] (blue lines)

andδd = 1.5, γd = 1./[2 : 1 : 12] (magenta lines).

whereγd, Ωn andδd are assumed to be real and positive. The frequency response of (4.4) for ω ∈ [0, π
T ]

can be written as

CLL(ω ,T) =CLL(e
jωT) =

1+ jP(ω ,T)
1+ jQ(ω ,T)

, (4.5)

where T is the sampling period,

P(ω ,T) =
2γdδdΩnΩ(ω)

Ω2
n−Ω(ω)2 , Q(ω ,T) =

2δdΩnΩ(ω)

Ω2
n−Ω(ω)2 , (4.6)

and

Ω(ω) = tan
ωT
2

. (4.7)

The proof hinges on the following equality

ejωT −1

ejωT +1
= tan

ωT
2

.

The steady-state gainγd0 of the discrete compensator (4.4) is unity, that is

γd0 = lim
z→1

CLL(z) = 1.
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From (4.5) and (4.6) it follows that

γd =CLL(e
jωT)

∣∣∣
ω= 2

T arctanΩn

=
P(ω ,T)
Q(ω ,T)

. (4.8)

As in the continuous time case, the shape of the frequency response (4.5)on the Nyquist plane is a circle

C(γd) with centerC0 and radiusR0:

C(γd)=C0+R0ejθ , C0=
γd+1

2
, R0=

|γd−1|
2

, (4.9)

whereθ ∈ [0, 2π]. The intersections ofC(γd) with the real axis occur at points 1 andγd. Notice that the

shape does not depend on parametersδd > 0 andΩn > 0. From this property it follows thatγd is the

minimum (or maximum) amplitude ofCLL(ω ,T) whenγd > 1 (or γd < 1). WhenΩn = 1, the frequency

at the point (γd,0) is ω = π
2T .

Definition 3 Given a point B∈ C, let us define “admissible domain of discrete Lead-Lag compensator

CLL(z) to pointB” the setDdB defined as follows

DdB=
{
A∈C

∣∣∣∃γd,δd,Ωn>0,∃ω ≥0 : CLL(ω ,T) ·A=B
}
.

It can be easily shown that the domainDdB on the Nyquist plane is equal to the Lead-Lag admissible

domainDB determined in the continuous time case.

Let CLL(γd) denote the set of all the Lead-Lag compensatorsCLL(z) having the same parameterγd

and the same shape on the Nyquist plane, that is

CLL(γd) =
{

CLL(z) as in(4.4)
∣∣∣ δd > 0,Ωn > 0

}
. (4.10)

Moreover, letCγd(z) ∈ CLL(γd) denote one element of setCLL(γd) chosen arbitrarily.

4.2 Synthesis of discrete-time Lead and Lag compensators

Let us refer to the block scheme of Fig. 6.1, whereHG(z) is the discrete system to be controlled, what

cab be given directly in discrete time domain or it can be obtained by a continuous time plantG(s) using

a zero-order holdH0(s), that is

HG(z) = Z [H0(s)G(s)],

H0(s) =
1−e−T s

s
,

andT is the sampling period. LetC(z) denote the discrete compensator (4.4) to be designed. The loop

gain frequency response of the system is

L(ω ,T) =C(ω ,T)HG(ω ,T).



74 Discrete-time Lead-Lag type regulators

- - C(z) - HG(z) -

6

rn en mn yn

Figure 4.4: The considered block scheme for the discrete time case.
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Figure 4.5: Solution of Design ProblemA using discrete time Lead controller.

Let first consider the case of first order Lead and Lag networks. Due to the similarity of the consid-

ered structures in continuous and discrete time domains, the Inversion Formulae method, used to solve

the Design Problems A and B, can be extended to a direct discrete design.

Design procedure. The numerical and graphical solutions of Design Problems A and B can be

carried out as following described.

Step 1.Determine the point B= MBejϕB. This point is completely determined by the given design

specifications, see (2.18).

Step 2.Draw the admissible domainDdLB. The admissible domainsDdLB of Lead and/or Lag com-

pensators in the Nyquist or Nichols plane are shown in Fig. 2.11 and 2.12.

Step 3.Plot the frequency response HG(ω ,T) of the plant.Let A= HG(ω0,T) = MAejϕA denote a
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point ofHG(ω ,T), which belongs toDdLB. This point is completely defined by the design requirements

if the desired frequency ofL(ω ,T) at pointB is given as design specification (i.e. the gain or the phase

crossover frequency). The pointA can be brought toB by a discrete time Lead or Lag controller if only if

A∈ DdLB. If there are no intersection points betweenHG(ω ,T) andDdLB the problem has no solutions.

Step 4.Design the parameters of the compensator.The values ofσ1 andσ2 in (4.1) can be obtained

by using theInversion Formulae(2.21) withP(A,B) = σ1Ω(ω0) andQ(A,B) = σ2Ω(ω0), that is

σ1 =
M−cosϕ

Ω(ω0)sinϕ
, σ2 =

cosϕ − 1
M

Ω(ω0)sinϕ
, (4.11)

whereΩ(ω0) = tanωT
2 .

The proof directly follows from (4.2), (4.3) and (2.21) as shown in the continuous time case.

Numerical examples

Let us consider the same numerical examples solved in Sec. 2.2 using the classical method.

Solution of Example 1:The discrete time plantHG(z) to be controlled has been obtained byG(s)

employing a zero-order hold withT = 0.1s, that is

HG(z) =
0.003218z2+0.00996z+0.00186

z3−2.273z2+1.606z−0.3329
.

The Nyquist plots ofG( jω) andHG(ω ,T) are shown in continuous and dashed green curves in Fig. 4.5.

The design requirement on the phase marginφm = 50◦ specification defines the position of the point

B= MBejϕB, i.e. MB = 1 andϕB = 230◦. The pointA= HG(ωg,T) is chosen in the admissible domain

DdLB at frequencyωg= 2, see Fig. 4.5. The valuesMA= 0.547 andϕA=−170.5, can be used to calculate

the magnitudeM, and the phaseϕ of the controller at frequencyωg = 2, see (4.11). The parameters of

the controller that exactly solve the problem areσ1 = 16.3774 andσ2 = 3.2772. The corresponding loop

gain frequency responseL(ω ,T) is shown in red in Fig. 4.5.

4.3 Synthesis of discrete-time Lead-Lag compensator

It is well known that also in discrete time domain the gain and the phase margins provide a two-points

measure of how close the Nyquist plot is to the point−1 [30], thus they are indicators of the system ro-

bustness. An interesting problem to be solved is the Design ProblemC, that is the three parameters of the

compensator (4.4) have to be exploited such to satisfy both the gain and the phase margins specification

and the given gain crossover frequency. The direct design of Lead-Lag regulators to solve the Design

ProblemC leads to a set of nonlinear and coupled equations difficult to be solved. However, an exact
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solution can be obtained expressing the frequency response of the controller in polar form, as required

by the Inversion Formulae method and using the following property.

Property 10 (From A to B). Given a point B∈ C and chosen a point A of the frequency response

HG(ω ,T) at frequencyωA ∈ [0, π
T ] belonging to the admissible domainDdB, the set CLL(z,Ωn) of all

the discrete Lead-Lag compensators CLL(z) that move point A to point B is obtained from (4.4) using the

parameters

γd =
P(A,B)
Q(A,B)

> 0, δd = Q(A,B)
Ω2

n−Ω2
A

2ΩnΩA
> 0 (4.12)

for all Ωn > 0 such thatδd > 0, with P(A,B) and Q(A,B) obtained using (2.21) andΩA = tanωAT
2 .

Proof: The frequency response (4.5) at frequencyωA can be written as follows:

CLL(ωA,T) =
1+ jP(ωA,T)
1+ jQ(ωA,T)

= Mejϕ , (4.13)

whereM andϕ can be expressed as in (2.21). Due to the similar structure of (3.3) and (4.5) the proof is

similar to the one given for the continuous-time case.

�

In the case of discrete time systems, the Design ProblemC can be reformulated as follows.

Design Problem C:Given the control scheme of Fig. 6.1, the transfer functionHG(z), the sampling

periodT and design specifications on the phase marginφm, gain marginGm and gain crossover frequency

ωg, design a Lead-Lag compensatorCLL(z) such that the loop gain transfer functionCLL(ω ,T)HG(ω ,T)

passes through pointBg = ej(π+φm) for ω = ωg ∈ [0, π
T ] and passes through pointBp =−1/Gm.

Solution: The solution can be obtained following a procedure very similar to the ones presented for

the continuous time case.

Step 1.Draw the admissible domainDdBg of point Bg = ej(π+φm) as shown in Fig. 4.6 and check

whether pointAg = HG(ωg,T) belongs toDdBg.

Step 2.Determine the parametersPg = P(Ag,Bg) andQg = Q(Ag,Bg) using the Inversion Formulae

(2.21).

Step 3.Draw the circleC−
Bpγd

( jω) having its diameter on the segment defined by pointsBp and Bp

γd
,

whereBp = −1/Gm andγd =
Pg

Qg
. If there are no intersections points ofC

−
Bpγd

( jω) with HG(ω ,T), the

Design Problem has no solutions. Otherwise letApi = {Ap1,Ap2, ...} denote the set of the intersections

points of circleC−
Bpγd

( jω) with HG(ω ,T) at frequenciesωpi = {ωp1,ωp2, ...}. These points can also be
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Figure 4.6: Graphical solution on the Nyquist plane of the Design ProblemC for discrete time systems.

obtained solving the following relation (see Fig. 4.7)

γd = γdp(ωp) =

MBp

MAp(ωp)
−cos(ϕBp −ϕAp(ωp))

cos(ϕBp −ϕAp(ωp))−
MAp(ωp)

MBp

. (4.14)

Step 4.For eachωp = ωpi belonging to[0, π
T ] calculateδd andΩn as follows

δd = Qg
Ω2

n−Ω2
p

2ΩnΩp
> 0, (4.15)

Ωn =

√√√√Qp Ωg−Qg Ωp
Qp

Ωg
− Qg

Ωp

> 0, (4.16)

wherePp =P(Ap,Bp) andQp =Q(Ap,Bp) are obtained using (2.21) andAp =HG(ωp,T). The solutions

are acceptable only ifδd andΩn are real and positive.

The proof can be obtained in a similar way as in the continuous time case. Moreover, the design

procedure can be easily modified in order to meet the design specifications on the phase marginφm, gain

marginGm and phase crossover frequencyωp.
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Figure 4.7: Plot of functionγdp(ωp) versusωp.
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Figure 4.8: Step responses of the closed loop system in continuous time (magenta line) and discrete time

(black line) cases.
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Figure 4.9: Plot of functionγp(ω) versusωp.

4.4 Numerical examples

Example 2: Given the plant

G(s) =
36(s+1.1)

s(s+1.5)2(s+3)
, (4.17)

first design the continuous time Lead-Lag compensator (3.1) and then the discrete Lead-Lag compen-

sator (4.4) in order to meet the phase marginMϕ = 45◦, the gain marginGm = 3 and the gain crossover

frequencyωg = 1.8. For the discrete time case a sampling periodT = 0.04s can be considered.

Solution: The phase margin specification determines the pointBg = ej225◦ , that leads to the shape

of the admissible domainDBg shown in Fig. 4.10. The point to be brought toBg is Ag = G( jωg) =

2.2e− j162◦ , that belongs toDBg as required by the method. Using (2.21) it follows thatPg =−0.921 and

Qg = −0.921. The parameterγ = 0.327 and pointBp = 0.333ej180◦ define the blue circleC−
Bpγ( jω) in

Fig. 4.10. The intersections ofC−
Bpγ( jω) with G( jω) areAp1 = 1.007ej174◦ andAp2 = 0.436ej154◦ at

frequenciesωp1 = 2.704 andωp2 = 3.90. These points can also be obtained solving relationγ = γg(ωg),

see Fig. 4.9. The solution forωp = ωp1 is not acceptable becauseδ < 0. The corresponding loop transfer

functionL1( jω) is plotted in blue in Fig. 4.10. The second solution is obtained forωp = ωp2 and leads

to δ = 1.63> 0 andωn = 1.04> 0. The obtained regulator is

C(s) =
s2+1.11s+1.07
s2+3.39s+1.07

. (4.18)

The corresponding loop transfer functionL2( jω) = G( jω)C( jω) is plotted in red in Fig. 4.10.

The discrete time systemHG(z) obtained byG(s) using a sampling periodT is the following

HG(z)=
3.6610−4z3+1.0410−3z2−10−3z−3.1710−4

z4−3.77z3+5.33z2−3.34z+0.787
.

The pointsBg andBp are completely defined by the design specifications and are the same of the con-

tinuous time design. The pointAg ∈ HG(ejωT) at frequencyωg is Ag = 2.2e− j165◦ and it belongs to the
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Figure 4.10: Graphical solution of Design ProblemC on the Nyquist plane.

admissible domainDdBg. Using the Inversion Formulae (2.21)Pg = −0.828 andQg = −2.67 can be

obtained.

The parameterγd = 0.310 and pointBp define the circleC−
Bpγd

( jω) (see blue circle in Fig. 4.6). The

intersections points withHG(ω ,T) areAp1 = 1.06ej172◦ andAp2 = 0.469ej151◦ at frequenciesωp1 = 2.64

andωp2 = 3.78. These points can be equivalently obtained solving relation (4.14), seeFig. 4.7.

The solution forωp = ωp1 is not acceptable becauseδd < 0. The second solution is obtained forωp =

ωp2, δd = 2.7163> 0 andγd = 0.0147> 0. The following regulator is obtained

Cγ(z,ωp2)=
(z−1)2+2.4810−2(z2−1)+2.1710−4(z+1)2

(z−1)2+8.0110−2(z2−1)+2.1710−4(z+1)2 .

The corresponding loop transfer functionL2(ω ,T) is plotted in magenta in Fig. 4.6. The step responses

of the closed loop system in continuous and discrete time cases are shown in Fig. 4.8.

4.5 Comparison with other methods

A graphical solution to exactly meet specifications on phase margin, gain margin and crossover fre-

quency for the discrete and continuous design of all the compensators whose frequency response can be

expressed asC1+ jB
1+ jA is presented in [31]. From (4.5) it follows that this method can also be appliedto the
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discrete Lead-Lag regulator (4.4), however it is not directly describedin [31]. One of the main advan-

tages of the Inversion Formulae method is that the pointAp is directly determined in the complex plane

by finding the intersections of the frequency response of the plant and particular design circles and not on

an approssimate procedure. Moreover, the graphical solution for the direct design of discrete networks

can be easily done on the Nyquist plane by ruler and compass, while the graphic construction given in

[31] is based on the use of a special design chart. Another important aspect of the Inversion Formulae

method is that it providesall the solutions of the control problem, whereas other graphical approaches,

such as the one in [31], can only provide a subset of all the solutions.
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Chapter 5

Continuous PID regulators

The proportional-integral-derivative (PID) compensators are widely used in the industrial processes to

meet most of the control objectives, see [1], [32]-[35].

One of the main difference of PID controller compared to Lead-Lag network is the presence in

its transfer function of a pole at the origin. It follows that this structure could be enough to meet the

steady-state specification. For example, if the steady-state specification simply consists in achieving

zero velocity error, the use alone of a compensator with a pole at the origin issufficient to guarantee

that this requirement is satisfied. In this case, the steady-state specificationdoes not lead to constraints

the static gain of the controller and this can be used to meet another requirement. However, there are

steady-state requirements that lead to such constraints, for example a specification on the acceleration

error. It follows that these two cases have to be considered separatelyin the design of PID controllers,

see [9] and [13].

5.1 PID compensators: the general structure

The classical forms of PID networks are the following

• PID controller:

CPID(s) = Kp

(
1+Td s+

1
Ti s

)
= KP+KD s+

KI

s
, (5.1)

• PI controller:

CPI(s) = Kp

(
1+

1
Ti s

)
= KP+

KI

s
, (5.2)

• PD controller:

CPD(s) = Kp (1+Td s) = KP+KD s, (5.3)
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where the proportional, derivative and integrative termsKP, KD andKI are assumed to be real and pos-

itive, or with Kp = KP,Ti =
Kp

KI
,Td = KD

Kp
> 0. In addition to these controllers, sometimes the proper

versions of the PID and PD controllers are also introduced. The secondone is basically equivalent to a

Lead network. These more complex structures will not be considered in thisthesis. Their design using

Inversion Formulae method is described in [9].

The frequency responses of the considered PID regulators can be expressed in a unified form as

follows

C( jω) = P+ jQ(ω) = Mgeϕg, (5.4)

whereP= KP > 0 and
Q(ω) = ωKD − KI

ω ,

Q(ω) = −KI
ω < 0,

Q(ω) = ωKD > 0,

in the case of PID, PI and PD respectively. In the case of PID controllerQ(ω) is positive forω >
√

KI
KD

and negative for 0< ω <
√

KI
KD

.

The graphical representation of the frequency response of PID controller on the Nyquist plane is a

vertical line passing through point(KP,0), see Fig. 5.1. Variations on parameters determine the gray area

of admissible values ofMg andϕg useful in the synthesis procedure of the compensator.

Let C (KP) andC−(KP) denote, respectively, the set of all the PID compensatorsCPID(s) having the

same parameterKP

C (KP) =
{

C(s) as in(5.1)
∣∣∣ KI > 0,KD > 0

}
, (5.5)

and the set of all the inverse functionsC(s) -1

C
−(KP) =

{
1

C(s)

∣∣∣C(s) ∈ C (KP)

}
. (5.6)

It can be easily shown that the graphical representation of each elementof C (KP) on the Nyquist plane

is a vertical straight liner which passes through point(KP,0), see Fig. 5.2.

Property 11 The shape of the frequency response of each element of setC−(KP) is a circle with center

C0 =
1

2KP
and radius R0 = 1

2KP
which intersects the real axis in point0 and point 1

KP
.

This graphical property hinges on the fact that the Nyquist diagram ofC-1
PID( jω) is a circle

C-1
PID( jω) =

1
CPID( jω)

=C0+R0ejθ(ω), (5.7)
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Figure 5.1: Nyquist plot of functionsCPID( jω) andCPID
-1( jω).

where

C0 = R0 =
1

2P
, θ(ω) =−arctan

Q(ω)

P
∈ [0,2π], P= KP.

Proof: The frequency response (5.4) can be written in polar form as follows

CPID(jω)=M(ω)ejϕ(ω),

whereM(ω)= P
cosϕ(ω) andϕ(ω)=arctanQ(ω)

P . It follows thatC-1
PID( jω) can be expressed in the form

C-1
PID( jω) = 1

CPID( jω) =
cosϕ(ω)

P e− jϕ(ω)

= 1
2P[1+cos(2ϕ(ω))]− j 1

2P sin(2ϕ(ω))

= 1
2P + 1

2Pe− j2ϕ(ω),

for Q(ω) ∈ [−∞,+∞]. The last relation clearly shows that the shape ofC -1( jω) in the complex plane is

a circle with centerC0 =
1

2P and radiusR0 =
1

2P. �

The Nyquist diagrams of frequency responses of setsC (KP) andC−(KP) for different values of

parameterKP are shown in Fig. 5.2.
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Figure 5.2: The Nyquist diagrams of frequency responses of setC (KP) andC−(KP) for KP = 0.4 : 0.2 :

1.6.

The graphical representations of the transfer functions of PI and PD regulators in the Nyquist plane on

variation of their parameters are shown in Fig. 5.3-5.4. They are respectively positive and negative strict

lines passing through point(KP,0). It can be easily shown that their inverse are respectively negative and

positive semicircles with centerC0 =
1

2P and radiusR0 =
1

2P.

Definition 4 Given a point B∈ C, let us define “admissible domain of the PID compensatorCPID(s)

with respect toB” the setDB defined as follows:

DB=
{
A∈C

∣∣∣∃KP,KI ,KD>0,∃ω ≥0:CPID( jω)·A=B
}
.

It can be easily shown that the domainDB on Nyquist plane is the half-plane which includes pointB and

is delimited by the straight lineq passing through pointO and perpendicular to segmentB0, see the gray

region in Fig. 5.5.

Definition 5 Given a point B∈C, letCB(KP) andC
−
B (KP) denote the sets of PID compensators defined

as follows

CB(KP) =
{

B·CPID(s)
∣∣∣CPID(s) ∈ C (KP)

}
, (5.8)

C
−
B (KP) =

{
B

CPID(s)

∣∣∣CPID(s) ∈ C (KP)

}
, (5.9)
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Figure 5.3: Graphical representation of on the Nyquist plane ofCPD( jω) for KP = 0.4 : 0.2 : 1.6.
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Figure 5.4: Graphical representation of on the Nyquist plane ofCPI( jω) for KP = 0.4 : 0.2 : 1.6.
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Figure 5.5: Controllable domainDB and graphical design of compensatorsCPID( jω ,KI ) moving pointA

to B.

with C (KP) defined in (5.5). Moreover, letCBKP(s) ∈ CB(KP) andC
−
BKP

(s) ∈ C
−
B (KP) denote particular

elements of the two setsCB(KP) andC
−
B (KP) chosen arbitrarily.

Definition 6 (PID Inversion Formulae) Given two points A= MAejϕA and B= MBejϕB of the complex

planeC, the PID inversion formulae are defined as follows:




P(A,B) =
MB

MA
cos(ϕB−ϕA),

Q(A,B) =
MB

MA
sin(ϕB−ϕA).

(5.10)

Property 12 (From A to B) Given a point B∈ C and chosen a point A= G( jωA) ∈ DB, the sets

CPID(s,KD) and CPID(s,KI ) of all the PID compensators CPID(s) that bring point A to point B is ob-

tained from (5.1) using, respectively, the parameters

KP = P, KI = KDω2
A−QωA, (5.11)

for all KD > Q
ωA

, or the parameters

KP = P, KD =
Q
ωA

+
KI

ω2
A

, (5.12)
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for all KI > 0, where coefficients P= P(A,B) and Q= Q(A,B) are obtained using (5.10).

Proof: For ω = ωA, relation (5.4) can be rewritten as

CPID( jωA) = KP+ j

(
ωAKD − KI

ωA

)
. (5.13)

From relationsB=CPID( jωA) ·A, it is evident that pointA= G( jωA) = MAej ϕA can be moved to point

B= MBej ϕB if and only if

CPID( jωA) =
MB

MA
ej (ϕB−ϕA) = P+ jQ. (5.14)

Solving equations (5.14) with respect toP andQ, one obtains thePID Inversion Formulae(5.10). Equa-

tions (5.11) and (5.12) follow directly from (5.13) and (5.14). �

Property 13 The parameter KP can be determined on the Nyquist plane as shown in Fig. 5.5:

1. draw the unique circleAC
−
B passing through points A and O having its diameter on the straight

line r which passes through points0 and B;

2. the circleAC
−
B intersects the straight line r in points O and E= B/KP;

3. the parameter KP is equal to the modulus of point B over the modulus of point E: KP = |B|/|E|.

Proof: It follows directly from Property 11 because the circleAC
−
B on the Nyquist plane is the

inverse of the frequency responseCBKP( jω) of functionCBKP(s) ∈ CB(KP) and because the intersections

of circle AC
−
B with the straight liner occur in pointsO andE = B/KP. �

5.2 Synthesis of PID compensators

Let us consider the case of given steady-state specifications that imposethe value of the integrative term

KI > 0. This case occurs for example for type-0 systems and design specification on velocity error, or for

type-1 systems and design specification on acceleration error. The factthat the integrative termKI has

been fixed do not reduce the admissible domainDB with respect toB, that is still the gray region shown

in Fig. 5.5. The other two degrees of freedomKP andKD of the regulator can be imposed to meet the

phase marginφm and the gain crossover frequencyωp. Let us extend the Inversion Formulae method to

solve the Design Problem A using a PID regulator.
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Figure 5.6: Modified feedback structure with unity DC gain controller.

Design Problem A: Given the transfer functionG(s), the steady-state specifications that impose

the value of the integrative termKI > 0 and design specifications on the phase marginφm, and gain

crossover frequencyωp, design a PID compensatorCPID(s) such that the loop gain transfer function

CPID( jω)G( jω) passes through pointBp = ej(π+φm) for ω = ωg.

Solution A: If point A=G( jωA) belongs to the admissible domainDB shown in Fig. 5.5, the solution

follows directly from (5.12) of Property 12 with parameter KI imposed by the steady-state specifications.

Let us now consider an alternative and interesting way to solve numerically the Design ProblemA

employing the Inversion Formulae method. The factorKI/s can be separated from̄CPID(s) = 1+Ti s+

Ti Td s2, and viewed as part of the plant. In this way, the part of the controller to bedesigned isC̄PID(s),

and the feedback scheme 1.1 reduces to that of Figure 5.6.

Let G̃(s)
def
=

Kp

Ti s
G(s), so that the loop gain transfer function can be written asL(s) = C̄PID(s)G̃(s).

The transfer functions̃G( jω) andC̄PID( jω) can be written in polar form as

G̃( jω) = |G̃( jω)|e j argG̃( jω),

C̄PID( jω) = M(ω)e j ϕ(ω),

so that the loop gain frequency response can be expressed as

L( jω) = |G̃( jω)|M(ω)e j (argG̃( jω)+ϕ(ω)).

If the crossover frequencyωg and the phase marginφm of the loop gain transfer functionL(s) are

assigned, the equations

|L( jωg)|= 1, φm = π +argL( jωg)

must be satisfied, and as already observed these can be written as

Mg = 1/ |G̃( jωg)| , ϕg = PM−π −argG̃( jωg).
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Alternatively,Mg andϕg can be computed as functions of the frequency response ofG(s) atω = ωg:

Mg =

∣∣∣∣
Kp

Ti j ωg
G( jωg)

∣∣∣∣
−1

=
ωg

KI |G( jωg)|
(5.15)

ϕg = PM−π −arg

[
Kp

Ti j ωg
G( jωg)

]

= PM− π
2
−argG( jωg), (5.16)

sinceKp,Ti > 0. In order to find the parameters of the controller such thati-a) andii-a) in Subsec. 2.3.2

are met, equation

Mgej ϕg = 1+ j ωgTi −Ti Td ω2
g (5.17)

must be solved inTi > 0 andTd > 0. The closed-form solution to this problem is given in the following

theorem.

Theorem 1 Equation (5.17) admits solutions in Ti > 0 and Td > 0 if and only if

0< ϕg < π and Mg cosϕg < 1. (5.18)

If (5.18) are satisfied, the solution of (5.17) is given by

Kp = KI
1

ωg
Mgsinϕg, (5.19)

Ti =
1

ωg
Mgsinϕg, (5.20)

Td =
1−Mg cosϕg

ωgMg sinϕg
. (5.21)

The two conditions (5.18) can be alternatively written as

ϕg ∈
(

arccos
1

Mg
, π
)

if Mg > 1,

ϕg ∈ (0, π) if Mg < 1.

In fact, whenϕg ∈ (0,π/2), condition cosϕg < 1/Mg is always satisfied whenMg < 1, and is satisfied

whenϕg > arccos(1/Mg) whenMg > 1. Whenϕg ∈ (π/2,π), the condition cosϕg < 1/Mg is always

satisfied since cosϕg < 0 and(1/Mg)> 0.

Let us now consider the case of steady-state specifications that do not constrain the value ofKI . The

degree of freedom in the Property 12 can be utilized in order to satisfy another specification. In literature

different methods can be found to impose the degree of freedom. In one of them the ratioσ def
= Td/Ti is
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chosen to ensure that the zeros of the PID controller are real, [36]. The ratioσ is an important parameter.

Whenσ−1 ≥ 4, the zeros of the PID controller are real, and they are complex conjugatewhenσ−1 < 4.

In the following Theorem, necessary and sufficient conditions are given for the solvability ofi −a) and

ii −a) in Subsec. 2.3.2 when specifications on the phase margin, gain crossoverfrequency and the ratio

σ are given. In order to find the parameters of the controller such thati-a) andii-a) are met, equation

CPID( jωg) = M(ωg)e
jϕ(ωg) = Mgejϕg, (5.22)

becomes

Mge j ϕg = Kp
1+ j ωgTi −ω2

g Ti Td

j ωgTi
, (5.23)

which must be solved inKp,Ti ,Td > 0. By equating real and imaginary parts of both sides of (5.23) we

get

ωgMgTi cosϕg = ωgKpTi , (5.24)

−Mg ωgTi sinϕg = Kp−Kp ω2
g Ti Td, (5.25)

in the three unknownsKp,Ti andTd.

Theorem 2 ([36, Ch. 4, pp. 140–141]). Letσ = Td/Ti be assigned. Equation (5.23) admits solutions in

Kp,Ti ,Td > 0 if and only ifϕg ∈ (−π/2,π/2). If this condition is satisfied, the solution of (5.23) is given

by

Kp = Mg cosϕg, (5.26)

Ti =
tanϕg+

√
tan2 ϕg+4σ

2ωg σ
, (5.27)

Td = Ti σ . (5.28)

Proof: (Only if) . As already observed, equating real part to real part and imaginary part to imaginary

part in (5.23) results in (5.24) and (5.25). SinceKp must be positive, from (5.24) – which can be written

asKp = Mg cosϕg – we get thatϕg must satisfy−π/2 < ϕg < π/2. If this inequality is satisfied, it is

also easy to see that (5.25) always admits a positive solution. In fact, (5.25) can be written as

ω2
g σ T2

i −ωgTi tanϕg−1= 0, (5.29)

in Ti , that always admits two real solutions, one positive and one negative.

(If) . From (5.26), it follows that (5.24) is satisfied. Moreover, since as aforementioned (5.25) can be

written as (5.29) and
√

tan2 ϕ +4σ > | tanϕ |, the positive solution is given by (5.27). �
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Figure 5.7: Graphical solution of Design ProblemC on the Nyquist plane.

Another possibility to spend the degree of freedomKI is to satisfy a gain margin constraint. Let us

solve the Design Problem C employing a PID controller.

Design Problem C: Given the transfer functionG(s) and design specifications on the phase margin

φm, gain marginGm and gain crossover frequencyωg, design a PID compensatorCPID(s) such that the

loop gain transfer functionCPID( jω)G( jω) passes through pointBg = ej(π+φm) for ω = ωg and passes

through pointBp =−1/Gm.

Solution C: Let Ag =G( jωg) denote the value of G( jω) at the desired gain crossover frequencyω =

ωg, and let Bg = ej(π+φm) and Bp = −1/Gm = MBp ejϕBp denote the points corresponding to the desired

phase marginφm and gain margin Gm, respectively. The set Cp(s,ωp) of all the PID compensators

CPID(s) which solve Design Problem C is obtained from (5.1) using the parameters

KP = Pg > 0, KD =
Qgωg−Qpωp

ω2
g −ω2

p
> 0, (5.30)

KI =
Qgωgω2

p−Qpωpω2
g

ω2
g −ω2

p
> 0, (5.31)

where the coefficients Pg = P(Ag,Bg), Qg = Q(Ag,Bg), Pp = P(Ap,Bp) and Qp = Q(Ap,Bp) are obtained

using the inversion formulas (5.10) with Ap = G( jωp) = MAp(ωp)ejϕAp(ωp), for all the frequenciesωp
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Figure 5.8: FunctionsPp(ω) (blue) andPg(ω) (black).

satisfying the relation

KP = Pp(ωp) =
MBp

MAp(ωp)
cos(ϕBp −ϕAp(ωp)). (5.32)

A solution Cp(s,ωp) of Design Problem C exists only if:

1) the set Sωp of all the ωp > ωg satisfying (5.32) is not empty;2) Ag ∈ DBg and Ap ∈ DBp; 3) the

parameters KI and KD in (5.30) and (5.31) are real and positive.

Proof: The design specifications define the position of pointsBg = ej(π+φm), Ag = G( jωg) and

Bp = −1/Gm. According to Property 12, the compensatorsCp(s,KD) which move pointAg ∈ DBg to

pointBg are obtained using the parametersKP andKI in (5.11). The free parameterKD can now be used to

force the loop gain frequency responseCp( jω ,KD)G( jω) to pass through pointBp. This condition can be

satisfied only if a frequencyωp exists such that compensatorCp(s,KD) moves pointAp = G( jωp) ∈ DBp

to pointBp, that is only if (5.32) holds. The frequenciesωp ∈ Sωp satisfying (5.32) are acceptable only if

the compensatorCg(s,KD) which moves pointAp to pointBp, obtained using Property 12, is equal to the

compensatorCp(s,KD). This condition is satisfied only if the two compensators share the sameKI and

KD, that is only if

KI = ω2
gKD −Qgωg = ω2

pKD −Qpωp. (5.33)

Solving (5.33) with respect toKD one obtains the expression ofKD given in (5.30), that can be substituted

in (5.33) obtaining (5.31). The solutions are acceptable only ifKP,KD,KI > 0. �

The solution of equation (5.32) can be obtained graphically, by plottingPp(ω) and by finding all

the frequenciesωp ∈ Sωp for which Pp(ωp) intersects the horizontal linePg = KP, see Fig. 5.8. In

the example of Fig. 5.8 it isSωp = {ωp1, ωp2} and therefore there are two solutions:Cp(s,ωp1) and

Cp(s,ωp2). The loop gain frequency responsesL11( jω) =Cp( jω ,ωp1)G( jω) (red line) andL12( jω) =

Cp( jω ,ωp2)G( jω) (magenta line) on the Nyquist plane are shown in Fig. 5.7. The two solutions satisfy

the design specifications and are acceptable only ifKD > 0 andKI > 0.
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Property 14 The frequenciesωp ∈ Sωp satisfying (5.32) can be graphically determined on the Nyquist

plane as shown in Fig. 5.7:

1. Draw the circleC−
BgKP

( jω) on the Nyquist plane and determine the parameter KP of compensator

Cp(s,KD) as described in Property 13 when A= Ag and B= Bg;

2. Draw the circleC−
BpKP

( jω) having its diameter on the segment defined by points O andBp

KP
;

3. The intersections Ap1, Ap2 of circleC
−
BpKP

( jω) with G( jω) correspond to the frequenciesωp1, ωp2

belonging to set Sωp.

Proof: The circlesC−
BgKP

( jω) (black line) andC−
BpKP

( jω) (blue line) shown in Fig. 5.8 represent,

respectively, the frequency responses of functionsC
−
BgKP

(s) ∈ C
−
Bg
(KP) andC

−
BpKP

(s) ∈ C
−
Bp
(KP) with

KP = Pp given in (5.32). These two circles can be easily determined on the Nyquist plane because

the pointsAg, Bg and Bp are known from the design specifications andKP is given by the graphical

construction described in Property 13. A frequencyωp satisfying (5.32) exists only if

G( jωp)CKP( jωp) = Bp, (5.34)

whereCKP(s) is the PID compensator (5.1) with the value of parameterKP determined as described

above. Relation (5.34) can also be rewritten as follows

G( jω) =
Bp

CKP( jω)
= C

−
BpKP

( jω), (5.35)

with ω = ωp, and therefore it can be solved graphically on the Nyquist plane by finding the intersections

ωp ∈ Sωp of G( jω) with C
−
BpKP

( jω). �

The extension of the Inversion Formulae method to PID controller leads to solve the following design

problems D and E with the same procedures introduced for the design of Lead-Leg controllers.

Design Problem D: Given the transfer functionG(s) and the design specifications on the phase

marginφm, gain marginGm and phase crossover frequencyωp, design a PID compensatorCPID(s) such

that the loop gain transfer functionCPID( jω)G( jω) passes through pointBp = −1/Gm for ω = ωp and

passes through pointBg = ej(π+φm).

Solution D: Let Ap = G( jωp) denote the value of G( jω) at the desired phase crossover frequency

ωp, and let Bg = ej(π+φm) and Bp =−1/Gm = MBp ejϕBp denote the points corresponding to the desired

phase and gain margins. The set Cg(s,ωg) of all the PID compensators CPID(s) which solve Design

Problem D is obtained from (5.1) using the parameters

KP = Pp > 0, KD =
Qgωg−Qpωp

ω2
g −ω2

p
> 0, (5.36)
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KI =
Qgωgω2

p−Qpωpω2
g

ω2
g −ω2

p
> 0, (5.37)

where Pg = P(Ag,Bg), Qg = Q(Ag,Bg), Pp = P(Ap,Bp) and Qp = Q(Ap,Bp) are obtained using the

inversion formulas (5.10) with Ag = G( jωg) = MAg(ωg)ejϕAg(ωg), for all the frequenciesωg satisfying the

relation

KP = Pg(ωg) =
MBg

MAg(ωg)
cos(ϕBg −ϕAg(ωg)). (5.38)

A solution Cg(s,ωg) exists only if:

1) the set Sωg of all the ωg > ωp satisfying (5.38) is not empty;2) Ag ∈ DBg and Ap ∈ DBp; 3) the

parameters KI and KD in (5.36) and (5.37) are real and positive.

The proof is quite similar to the one given for Solution C.

Design Problem E: Given the transfer functionG(s) and the design specifications on the phase

margin φm and gain marginGm, design a PID compensatorCPID(s) such that the loop gain transfer

functionCPID( jω)G( jω) passes through pointsBg = ej(π+φm) andBp =−1/Gm.

Solution E: Let Bg = ej(π+φm) and Bp =−1/Gm = MBp ejϕBp denote the points corresponding to the

desired phase marginφm and gain margin Gm. The set CKP(s,ωg,ωp) of all the compensators CPID(s)

which solve the Design Problem E is obtained as follows:
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a) find all the pairs(ωg, ωp) ∈ Sγω of frequencies which solve the equation

KP = Pg(ωg) = Pp(ωp), (5.39)

where the parameter KP > 0 is chosen arbitrarily, SKPω is the set of all the pairs(ωg, ωp) satisfying (5.39)

with ωp > ωg, and functions Pg(ωg) and Pp(ωp) are defined in (5.38) and (5.32) with Ag = G( jωg) =

MAg(ωg)ejϕAg(ωg) and Ap = G( jωp) = MAp(ωp)ejϕAp(ωp).

b) for each pair(ωg, ωp) ∈ SKPω compute





KD =
Qgωg−Qpωp

ω2
g −ω2

p
> 0,

KI =
Qgωgω2

p−Qpωpω2
g

ω2
g −ω2

p
> 0.

(5.40)

A solution exists only if:

1) KP satisfies

0< KP < min(max(Pg(ωg)),max(Pp(ωp))) ; (5.41)

2) SKPω is not empty;

3) Ag(ωg) ∈ DBg and Ap(ωp) ∈ DBp;

4) KD and KI in (5.40) are real and positive.

Proof: The proof hinges on the fact thatCPID(s) has to be design to move pointAg = G( jωg) to

point Bg and pointAp = G( jωp) to pointBp. A solutionCKP(s,ωg,ωp) exists only if the frequenciesωg

andωp satisfy (5.38) and (5.32), that is only if they satisfy (5.39). For each value ofKP satisfying (5.41),

one can find the setSKPω of all the solutions(ωg,ωp) of (5.39).

The solutions of (5.39) can also be obtained graphically by plottingPg(ω) andPp(ω) and by finding,

for each admissible value ofKP, all the pairs(ωg,ωp) ∈ Sωg wherePg(ωg) and Pp(ωp) intersect the

horizontal lineKP, see Fig. 5.8. In the example of Fig. 5.8 there are three different solutions: SKPω =

{(ωg1,ωp1), (ωg1,ωp2), (ωg2,ωp2)}. The solution(ωg2,ωp1) is not admissible becauseωg2 > ωp1. The

loop gain frequency responsesL11(s), L12(s) andL22(s) of these three solutions on the Nyquist plane

are shown in Fig. 5.10. These solutions are acceptable only if parametersKD andKI given in (5.40) are

positive.

The solution of (5.39) can also be obtained on the Nyquist plane. Given points Bg andBp and a

desired value forKP > 0, the circlesC−
BgKP

( jω) andC
−
BpKP

( jω) can be drawn on the Nyquist plane as the

circles having their diameters on the segments defined by points{O,
Bg

KP
} and{O,

Bp

KP
}, respectively, as

described in Property (13). Each pair(ωg,ωp) corresponding to the intersections ofG( jω) with circles

C
−
BgKP

( jω) andC
−
BpKP

( jω) is a possible solution for Design Problem E. IfG( jω) does not intersect both

circlesC
−
BgKP

( jω) andC
−
BpKP

( jω), the chosen value ofKP is not acceptable.
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Figure 5.10: Graphical solution of Design ProblemE.

�

5.3 Numerical examples

Example 1.

Design Problem A: Given the following type-1 plant

G(s) =
40(s+1)

s(s+1.5)2(s+3)
,

design a PID compensatorCPID(s) in order to achieve the acceleration constantKa = 2, the phase margin

φm = 50◦ and the gain crossover frequencyωg = 2.5.

Solution: The integral constantKI is determined by steady-state requirement as

Ka = lim
s→0

s2CPID(s)G(s) =
40KI

1.52 ·3 = 2,

that leads toKI = 0.337. The pointA=G( jωg) = 1.2ej178◦ belongs to the admissible domainDB defined

by B= e− j230◦ , see Fig. 5.11. From inversion formulae (5.10) it follows thatP= 0.514 andQ= 0.658.

Finally relations (5.12) lead toKP = 0.514 andKD = 0.303. The designed compensator (5.1) is

CPID(s) = 0.514+0.303s+
0.337

s
.
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Figure 5.11: Example 1: graphical solution of Design problem A .

The corresponding loop gain transfer functionL( jω) =CPID( jω)G( jω) is plotted in red in Fig. 5.11.

Example 2. All the graphical representations from Fig. 5.7 to Fig. 5.10 used in the solutions of the

presented Design Problems C, D and E refer to the system proposed in [35]:

G(s) =
1

0.12s2+1.33s+1.24
e−2s,

with the following design specifications:φm = 60◦, Gm = 3, gain crossover frequencyωg = 0.3325,

and phase crossover frequencyωp = 1.1052. The modulus and the phase of pointsBg and Bp are:

MBg = 1, ϕBg = −120◦, MBp = 0.333 andϕBp = 180◦. The value ofKP obtained in (5.30), (5.36) and

used in Design Problem E isKP = Pg = Pp = 0.6107. The frequencies obtained solving equations

(5.32), (5.38) and (5.39) areωg1 = ωg = 0.332, ωg2 = 1.18, ωp1 = ωp = 1.1052 andωp2 = 1.257

(see Fig. 5.8). The corresponding points onG( jω) areAg1 = 0.767e− j57.9◦ , Ag2 = Ag = 0.525ej168.7◦ ,

Ap1 = Ap = 0.546ej180◦ andAp2 = 0.506ej158.1◦ .

Design Problem C: The set of regulators satisfying the Design Problems C are:

Cp(s,ωp1) =
0.3449s2+0.6107s+0.4212

s
, (5.42)

Cp(s,ωp2) =
0.4706s2+0.6107s+0.4351

s
. (5.43)
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The corresponding loop gain transfer functionsL11( jω) (red line) andL12( jω) (magenta line) are

plotted in Fig. 5.7.

Design Problem D: Givenωp as phase crossover specification, the two solutions of equation (5.38)

areωg1,ωg2 = {0.332,1.18}. The second is not admissible becauseωg2 > ωp. The unique admissible

solution is the PID (5.42). The corresponding loop gain transfer functions L11( jω) (red line) is plotted

in Fig. 5.9.

Design Problem E: Given Bg, Bp andKP, the four solutions(ωgi,ωp j) of equation (5.39) can be

graphically determined as shown in Fig. 5.8. The two acceptable regulators (5.42), (5.43) are obtained for

(ωg1,ωp1) and(ωg1,ωp2). The solution determined by(ωg2,ωp1) is not acceptable becauseωg2 > ωp1.

The solution determined by(ωg2,ωp2) is not acceptable because the PID parametersKD and KI are

negative and the controlled system is unstable.

Example 3. Let us consider the following plant

G(s) =
s+10

s(s2+2s+10)
,

design a compensator that meets the following specifications:

• zero velocity error;

• phase margin equal to 45◦;

• gain crossover frequency equal to 3 rad/sec.

The steady-state specification is automatically satisfied by using a PID controller or a PI controller.

Let us consider the case of a PID controller. The extra freedom in this case can be used to select the

ratio Ti/Td. Let us choose for exampleTi/Td = 8, so thatσ = 1/8 guarantees that the zeros of the PID

controller are real. Then, we computeMg andϕg:

Mg =
1

|G(3 j)| = 3

√
37
109

≃ 1.7479,

ϕg = PM− (π +arcḠ(3 j))

=
7
4

π −arctan
3
10

+arctan6≃ 18.84◦.

Sinceϕg ∈ (−π/2,π/2), the problem admits a solution with a PID controller. Using (5.26-5.28) we find

Kp = 1.6542,Ti = 1.5017 sec andTd = 0.1877 sec. This choice guarantees that the controller has real

zeros, which in this case are−4.5471 and−0.7802.
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Figure 5.12: Design of PID compensator on the Nyquist plane to meet the specifications of Example 3.

Let us attempt to solve the same problem with a PI controller. To this end, we compute

ϕg = φm− π
2
−argG( jωg)≃ 108.8384◦,

so that a PI controller solving the problem does not exist.

The graphical representation of the problem solution with PID regulator is shown in Fig. 5.12. The

designed PID brings the pointA = G( jωg) to B = ej (φm+π). The gray area corresponds to the set of

admissible points that can be brought toB by a PID controller.

Example 4. Given the plant of the previous example, design a compensator that meets the following

specifications:

• zero velocity error and acceleration error not greater than 0.2;

• phase margin equal to 45◦;

• gain crossover frequency equal to 3 rad/sec.

The correct compensator structure to be employed in this case is the PID controller. As already

observed, the steady-state requirement in this case imposes the ratioKI = Kp/Ti . In particular, in this
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Figure 5.13: Design of PID controller on the Nyquist plane to meet the specifications of Example 4.

case we needKI ≥ 5. Let us chooseKI = 5. Hence,

Mg =
ωg

KI |G( jωg)|
≃ 1.0487,

ϕg = φm− π
2
−argG( jωg)≃ 108.8384◦.

The conditions 0< ϕg < π andMg cosϕg < 1 are both satisfied, so that the problem admits solutions.

The parameters of the controller in this case are

Ti =
Mgsinϕg

ωg
≃ 0.3308sec

Td =
1−Mg cosϕg

ωgMg sinϕg
≃ 0.4496sec

Kp = Ki Ti ≃ 1.6542.

As such, the PID controller

CPID = 1.6542

(
1+

1
0.3308s

+0.4496s

)

solves the control problem. However, since in this caseTi < 4Td, the zeros of the compensator are

complex conjugate and equal to−1.1122±2.3423j. The Nyquist plot ofG̃( jω) is shown in Fig. 5.13.



5.3 Numerical examples 103

It can be shown that̃G( jω) is a rotation and an amplification ofG( jω) and the area of points that can be

brought toB by the controller is shown in gray.
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Chapter 6

Discrete time PID regulators

In this chapter the Inversion Formulae method is extended to a direct approach for the design of the dis-

crete proportional-integral-derivative (PID) regulators for robustcontrol. The tuning of regulator param-

eters leads to achieve steady-state requirements, phase margin, gain marginand gain or phase crossover

frequency specifications. The similarity of the continuous and discrete design methods and the simplicity

of the graphical solutions allow an easy use of the discrete direct procedure.

6.1 Discrete PID compensator: the general structure

Referring to the block scheme of Fig. 6.1,HG(z) is the discrete system to be controlled,

HG(z) = Z [H0(s)G(s)],

whereH0(s) = 1−e−T s

s is the zero-order hold, whileCd(z) is the discrete-time PID compensator having

the following structure:

Cd(z) = KP+KD
z−1
z+1

+KI
z+1
z−1

. (6.1)

Let us now design the regulatorCd(z) in order to meet design specifications on the phase and gain

margins and on the gain crossover frequency.

The frequency response of (6.1) forω ∈ [0, π
T ] and sampling period T is

Cd(e
jωT) = P+ jQ(ω ,T), (6.2)

- - Cd(z) - HG(z) -

6

rn en mn yn

Figure 6.1: The considered block scheme for the discrete-time case.
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where

P = KP,

Q(ω ,T) = KDΩ(ω)− KI
Ω(ω) ,

Ω(ω) = tanωT
2 .

Let us defineCd(KP) as the set of all the PID compensatorsCd(z) having the same parameterKP, that is

Cd(KP) =
{

Cd(z) as in(6.1)
∣∣∣ KI > 0,KD > 0

}
, (6.3)

and letC−
d (KP) denote the set of all the inverse functionsCd(z) -1 having the same parameterKP:

C
−
d (KP) =

{
1

Cd(z)

∣∣∣Cd(z) ∈ Cd(KP)

}
. (6.4)

As for the continuous-time case, the graphical representation of each element of Cd(KP) on the

Nyquist plane is a vertical straight line which passes through point(KP,0), see Fig. 6.2. Moreover the

Nyquist plot of each element ofC−
d (KP) is a circle with centerC0 and radiusR0, where

C0 =
1

2KP
, R0 =

1

2KP
.

It can be easily shown that the graphical representation of the admissible domainDB for reaching

pointB on the Nyquist plane is equal to the domain considered for continuous-time case, see Fig. 5.5.

The propertyFrom A to Bfor discrete time PID compensators can be expressed as follows.

Property 15 (From A to B). Given a point B∈ C and chosen a point A= HG(ωA,T) ∈ DB on the

frequency response of the plant at frequencyωA ∈ [0, π
T ], the sets Cd(z,KD) and Cd(z,KI ) of all the

PID compensators Cd(z) that bring point A to point B are obtained from (6.1) using, respectively, the

parameters

KP = P(A,B), KI = KDΩ2
A−Q(A,B)ΩA, (6.5)

for all KD > Q
ΩA

, or the parameters

KP = P(A,B), KD =
Q(A,B)

ΩA
+

KI

Ω2
A

, (6.6)

for all KI > 0, where P(A,B) and Q(A,B) are obtained using the same Inversion Formulae defined for

the continuous-time case (5.10) andΩA = tanωAT
2 .

The proof can be obtained similarly to the proof of Prop. 12.
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Figure 6.2: Nyquist plot of functionsCd( jω) andCd
-1( jω).

6.2 Synthesis of discrete PID compensator

The Prop. 15 and the Inversion Formulae (5.10) can be used to solve all the design problems considered

in the continuous time case.

Design Problem A: Given the control scheme of Fig. 6.1, the transfer functionHG(z), the steady-

state specifications that impose the value ofKI and the design specifications on the phase marginφm and

gain crossover frequencyωg ∈ [0, π
T ], design a discrete-time compensatorCd(z) such that the loop gain

transfer functionCd(ω ,T)HG(ω ,T) passes through pointB= ej(π+φm) at ω = ωg.

Solution A: If the point Ag = HG(ωg,T) belongs to the admissible domainDB shown in Fig 6.3, the

solution can be obtained using the parametersKP andKD given by (6.6) andKI > 0 is determined by

the steady-state specifications.

Let us now consider the case of steady-state specifications that do not constrain the value ofKI .

Design Problem C: Given the transfer functionHG(z) and the design specifications on the phase

marginφm, gain marginGm and gain crossover frequencyωg ∈ [0, π
T ], design a discrete compensator

Cd(z) such that the loop gain transfer functionCd(ω ,T)HG(ω ,T) passes through pointBg = ej(π+φm)
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Figure 6.3: Graphical solution of Design Problem A (solution b) of Example 1).

for ω = ωg and passes through pointBp =−1/Gm.

Solution C: The numerical and graphical solutions can be obtained following this directprocedure.

Step 1. Draw the admissible domainDBg of point Bg = ej(π+φm) defined by the straight line q passing

through point O and perpendicular to segmentBgO, see Fig. 6.4.

Step 2. Check whether the point Ag = HG(ωg,T) belongs toDBg. If not the problem has not accept-

able solutions.

Step 3. Determine the parameters Pg = P(Ag,Bg), Qg = Q(Ag,Bg) using the Inversion Formulae

(5.10).

Step 4. Draw the circleC
−
BpKP

having its diameter on the segment defined by points O andBp

KP
, where

it is Bp = −1/Gm and KP = Pg. If there are not intersections points ofC
−
BpKP

with HG(ω ,T), the

problem has no acceptable solutions. Otherwise let Api denote the intersections points of circleC
−
BpKP

with HG(ω ,T) at frequenciesωpi. These points can also be obtained solving the following equation

KP = Pp(ωp) =
MBp

MAp(ωp)
cos(ϕBp −ϕAp(ωp)). (6.7)

Step 5. For ωp = ωpi ∈ [0, π
T ], the set of all the compensators Cd(z) which solve Design Problem C is
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Figure 6.4: Graphical solution of Design ProblemC on the Nyquist plane (solution of Example 2).

obtained from (6.1) using the parameters

KP = Pg > 0, KD =
QgΩg−QpΩp

Ω2
g−Ω2

p
> 0, (6.8)

KI =
QgΩgΩ2

p−QpΩpΩ2
g

Ω2
g−Ω2

p
> 0, (6.9)

whereΩg = tanωgT
2 , Ωp = tanωpT

2 and parameters Pg = P(Ag,Bg), Qg = Q(Ag,Bg), Pp = P(Ap,Bp)

and Qp = Q(Ap,Bp) are obtained using the Inversion Formulae (5.10), with Ap = HG(ωp,T) =

MAp(ωp)ejϕAp(ωp). The solution is admissible only if the parametersKI and KD in (6.8) and (6.9) are

real and positive.

The proof is quite similar to the one given for the Solution C using continuous time PID regulator.

Design Problem D: Given the transfer functionHG(z) and the design specifications on the phase

marginφm, gain marginGm and the phase crossover frequencyωp, design a PID compensatorCd(z) such

that the loop gain transfer functionC(ω ,T)HG(ω ,T) passes through pointBp =−1/Gm for ω = ωp and

passes through pointBg = ej(π+φm).

Solution D: Let Ap = HG(ωp,T) denote the value of HG(ω ,T) at the desired phase crossover

frequencyωp, and let Bg = ej(π+φm) and Bp = −1/Gm = MBp ejϕBp denote the points corresponding to
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Figure 6.5: Zoom of the graphical solution of Design ProblemC: set of points Api =

(Ap1,Ap2,Ap3,Ap4...) that can be moved to pointBp by the controller.

the desired phase and gain margins. The set Cgd(z,ωg) of all the PID compensators Cd(z) which solve

Design Problem D is obtained from (6.1) using the parameters

KP = Pp > 0, KD =
QgΩg−QpΩp

Ω2
g−Ω2

p
> 0, (6.10)

KI =
QgΩgΩ2

p−QpΩpΩ2
g

Ω2
g−Ω2

p
> 0, (6.11)

where Pg = P(Ag,Bg), Qg = Q(Ag,Bg), Pp = P(Ap,Bp) and Qp = Q(Ap,Bp) are obtained using the

inversion formulas (5.10) with Ag = HG(ωg,T) = MAg(ωg)ejϕAg(ωg), for all the frequenciesωg satisfying

the relation

KP = Pg(ωg) =
MBg

MAg(ωg)
cos(ϕBg −ϕAg(ωg)). (6.12)

A solution Cgd(z,ωg) exists only if: 1) the set Sωg of all the ωg > ωp satisfying (5.38) is not empty; 2)

Ag ∈ DBg and Ap ∈ DBp; 3) the parametersKP, KD andKI in (6.10) and (6.11) are real and positive.

The proof is quite similar to the one given for the solution of Design Problem D using continuous

time PID regulator.
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6.3 Numerical examples

Example1. Let us consider the following plant

G(s) =
0.7

(s+0.3)(s2+0.6s+1)
. (6.13)

a) Design the continuous-time PID compensator (5.1) satisfying the following design specifications:

phase marginφm = 60◦, gain marginGm = 4.5 and gain crossover frequencyωg = 0.91. b) Design the

discrete-time PID compensatorCd(z) for the discrete systemHG(z) with T = 0.1s to meet the following

design specifications: velocity constantKv = 3, phase marginφm = 60◦ and gain crossover frequency

ωg = 0.91.

Solution: a) Referring to Fig. 6.6, the pointAg = G( jωg) = 1.28e− j144◦ belongs to the admissi-

ble domainDBg for reaching pointBg = ej240◦ . From (5.10) it isPg = 0.714 andQg = 0.322. The

circle C
−
BpKP

( jω) with the diameter
(
O,

Bp

KP

)
, Bp = −1/Gm and KP = Pg intersectsG( jω) in point

Ap1 = 0.196ej129◦ at frequencyωp1 = 1.68. From (5.30) and (5.31) it isKD = 0.5953 andKI = 0.1998.

The loop gain frequency responseH1( jω) is the dashed red line shown in Fig. 6.6.

b) The discrete-time system to be controlled is

HG(z) = 10−4 1.14z2+4.457z+1.09
z3−2.903z2+2.817z−0.9139

. (6.14)

The integral constantKI is determined by the velocity constant requirement

Kv = lim
z→1

1−z-1

T
Cd(z)HG(z) =

2·6.687·KI

0.1
= 3,

which leads toKI = 0.0224. The pointAg = HG(ejωgT) = 1.28e− j147◦ belongs to the domainDBg, see

Fig. 6.3. From (5.10) it follows thatP(A,B) = 0.699 andQ(A,B) = 0.354. Finally from (6.6) it is

KP = 0.699 andKD = 18.6. The designed compensator is

Cd(z) = 0.699+18.6
z−1
z+1

+0.0224
z+1
z−1

.

The correspondent loop gain frequency responseH(ω ,T) = HG(ω ,T)Cd(ω ,T) is the dashed red line in

shown in Fig. 6.3.

Example2. Given the following nonminimum phase plant proposed in [37]

G(s) =
s3−4s2+s+2

s5+8s4+32s3+46s2+46s+17
e−s, (6.15)

synthesize a discrete-time PID compensatorCd(z) for systemHG(z) with T = 0.3s to meet the following

design specifications: phase marginφm = 60◦, gain marginGm = 2.5 and gain crossover frequency
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Figure 6.6: Graphical solution a) of Example 1.

ωg = 0.2.

Solution The pointAg = HG(ejωgT) = 0.123e− j38.6◦ belongs to the domainDBg, see Fig. 6.4. From

(5.10) it follows thatP(A,B) = 1.21 andQ(A,B) = −8.03. The intersections points ofC−
BpKP

with

HG(ω ,T) occur at frequenciesωpi = (0.6 , 1.06 , 2.49 , 3.88, ...). One possible solution is obtained

moving the pointAp1 at frequency(ωp1) to point Bg using relations (6.8) and (6.9). The obtained de-

signed parameters areKP = 1.21, KD = 7.10 andKI = 0.247. The corresponding loop gain frequency

responseH(ω ,T) is plotted in dashed red line in Fig. 6.4 and 6.5.

6.4 Comparison with other methods

One of the main advantages of the graphical solution presented in this chapter over other graphical

approaches, such as the one in [31], is that it can be easily determined in the complex plane by finding

the intersections of the frequency response of the plant with particular design circles. This graphical

solution can be easily obtained by students in valuation test without the use of computer. Moreover, the

method based on Inversion Formulae providesall the solutions of the control problem and not only a

subset of all the solutions, as it happens in [31]. The proposed method has the advantage to avoid the

double transformation as required by the classical indirect method and it is not based on trial-and-error
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procedure, such as the classical methods based on the use of Bode plot,see [17].
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Conclusions

This thesis presents a design method for all types of standard compensators that are ubiquitously ad-

dressed in control subjects, and which represent the very vast majorityof compensators used in industry.

The method, based on the so-called Inversion Formulae, enables the synthesis to be carried out precisely

and just with the aid of a pen and a piece of paper. This represents the mostremarkable value and po-

tential of this method in control education and in industrial applications. In fact, these techniques do not

rely on iterative procedures to be performed on Bode or Nyquist plots.

In Chap. 1 the formulation of the considered Design Problems and the importance of their design

specifications have been presented. In Chap. 2 the comparison of the classical method based on the

Bode diagrams and the Inversion Formulae method for the design of first order Lead and Lag regulators

have been described. It can be easily shown the effectiveness of theInversion Formulae method both

for numerical and graphical solutions. The method leads to an exact solution using simple closed form

formulae and can satisfy both the phase margin and the gain crossover specifications, while the classical

method can satisfy only one of them. The Inversion Formulae method appearstherefore to be very suit-

able for numerical exercises that can test students’ skills in every single aspect of the compensator design

process. In Chap. 3 it is described how this method can be used to exactly solve the Design Problems ad-

dressed in Chap. 1 using second order Lead-Lag controllers. A general form of Lead-Lag compensators

which include real or complex zeros and poles has been considered. Necessary and sufficient conditions

to exactly satisfy specifications on the gain and phase margins have been proposed together with a sim-

ple graphical solution on the Nyquist plane. Moreover the use of the Inversion Formulae enables two

parameters of the compensator to be computed in closed form to exactly satisfythe phase margins and

the gain crossover frequency specifications. An open research problem is to determine the design proce-

dures to select the third parameter such to satisfy another specification. The root locus and the contour

locus methods have been used to synthesize this third parameter to maximize the distance of the poles

of the system closed-loop characteristic equation from the imaginary axis. In this way the settling time

of the system step response can be optimized. Another tuning procedure has been proposed, this aims to

maximize the complementary modulus margin in order to optimize the system resonancepeak. In Chap.

4 a numerical and graphical direct method, useful to solve the Design Problems formulated in Chap. 1
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using discrete time Lead-Lag type regulators, has been described, see [14], [15]. This method has the

advantage to avoid the double transformation in continuous and in discrete time domains as required

by the classical indirect method. It is relevant to notice that all the proposed design procedures, based

on the synthesis of continuous and discrete Lead-Lag type regulators, are based on the same Inversion

Formulae.

In the second part of the thesis the Inversion Formulae method has been addressed to the synthesis

of PID regulators, both in continuous and discrete time domains. Exactly the same design procedures

introduced for the synthesis of Lead-Lag regulators have been appliedto PID regulators. Also in this

case, unique Inversion Formulae for all types of PID controllers have been found.

The simplicity of the method and its graphical interpretation seem to be useful both for educational

and industrial purposes. It is well known that in the process of learningthe graphical representation of

a numerical solution makes it easier to understand and easier to recall. The drawing and the comparison

of the same function plotted in different diagrams, i.e. the loop gain frequency response on the Bode,

the Nyquist and the Nichols diagrams, have a great educational value. They emphasize some properties

hidden in a single representation and lead to a deeper knowledge of the concepts. The relevance of these

methods for written exercises has been demonstrated in this thesis with many Question examples, that

are extremely difficult to tackle with the standard approaches, and that shed some light on some aspects

of the control design that would otherwise remain neglected.



Appendix A

Appendix A: Lead-Lag compensators with

real poles and real zeros

The classical formCr(s) of the Lead-Lag compensator with real poles is

Cr(s) =
(1+ τ1s)(1+ τ2s)
(1+ατ1s)(1+ τ2

α s)
(A.1)

with 0< τ1 < τ2 and 0<α < 1. The asymptotic amplitude Bode diagram ofCr( jω) is shown in Fig. A.1.

The relations that link the parametersτ1, τ2 andα of compensatorCr(s) to parametersγ, δ andωn of

compensatorC(s) are

τ1 =
γδ −

√
γ2δ 2−1

ωn
, τ2 =

γδ +
√

γ2δ 2−1
ωn

,

α =
δ −

√
δ 2−1

γδ −
√

γ2δ 2−1
; γ =

τ1+ τ2

ατ1+
τ2
α
,

ωn =
1√
τ1τ2

, δ =
ωn

2

(
ατ1+

τ2

α

)
.

ω

α
τ2

1
τ2 ωn

1
τ1

1
ατ1

α

|Cr( jω)|

Figure A.1: Asymptotic amplitude Bode diagram of compensatorCr(s).
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For compensatorCr(s) the admissible domain coincides with the admissible domainD1 of compensator

C(s), see Fig. 3.3.
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