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Abstract: We consider the boundary driven harmonic model, i.e. the Markov process
associated to the open integrable XXX chain with non-compact spins. We characterize its
stationary measure as a mixture of product measures. For all spin values, we identify the
law of the mixture in terms of the Dirichlet process. Next, by using the explicit knowledge
of the non-equilibrium steady state we establish formulas predicted by Macroscopic
Fluctuation Theory for several quantities of interest: the pressure (by Varadhan’s lemma),
the density large deviation function (by contraction principle), the additivity principle (by
using the Markov property of the mixing law). To our knowledge, the results presented
in this paper constitute the first rigorous derivation of these macroscopic properties for
models of energy transport with unbounded state space, starting from the microscopic
structure of the non-equilibrium steady state.

1. Motivations and Informal Discussion of the Main Results

In non-equilibrium statistical physics, a major problem is to understand systems with
open boundaries, in particular the structure of their stationary measure. In the litera-
ture this is often referred to as the “non-equilibrium steady state” or the “stationary
non-equilibrium state”. In the simplest set-up one considers one-dimensional models
on a finite segment of length N which are driven out-of-equilibrium by two boundary
reservoirs with densities p; > 0, resp. o, > 0. A paradigmatic model, for which explicit
knowledge of the stationary measure is available, is the boundary-driven simple sym-
metric exclusion process, where one has the description of the stationary measure via the
matrix-product ansatz [18]. Other models are solvable but do not exhibit the long-range
correlations structure that is believed to be a distinguishing feature of non-equilibrium,
such as zero-range models [1,36,39] which have a non-equilibrium steady state which is
product, or the Ginzburg—Landau model [12, 14], whose non-equilibrium steady state is
a Gibbs measure with exponentially decaying correlations. Clearly there is urgent need
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to identify other boundary-driven models for which one has full control of the station-
ary state. This is especially important to extract universal large scale properties via the
asymptotic analysis.

In this paper we will prove that the family of boundary-driven model introduced
in [26] (called “harmonic models” because it involves harmonic numbers) admits an
explicit description of the invariant measure for each system size N as a probabilistic
mixture. This family of models, labelled by a parameter s > 0, emerged as the integrable
version of the family of discrete Kipnis—Marchioro—Presutti models [11,33] (the two
families share the same large scale behavior). The root of the exact solvability of the
harmonic models can be traced back to the fact that they are related to the open integrable
XXX spin chain with non-compact spins [3,23,26,35,37]. Remarkably, this spin chain
is integrable for all spin values s > 0 and thus the whole family of harmonic processes
is exactly solvable. See [25] where the moments and the stationary state were obtained
in closed-form.

Our first main result is presented in Theorem 3.1, where we prove that the stationary
measure of the harmonic models is a “mixture of inhomogeneous Gibbs distributions”.
In the equilibrium set-up (equal reservoir densities p; = p,) the reversible Gibbs distri-
bution of the harmonic models is an homogenous product measure, the marginal at each
site being given by a Negative Binomial distribution with shape parameter 2s > 0 and
mean equal to the density of the reservoirs. Theorem 3.1 tell us that in a non-equilibrium
set-up (different reservoir densities p; # p,) the invariant measure of the harmonic
models is a mixture of inhomogeneous products of Negative Binomials distributions
with shape parameter 2s > 0 and scale parameters which are given by random vari-
ables, representing a random chemical potential at each site. We identify the law of
these random variables in terms of the symmetric Dirichlet distribution with parameter
2s > 0 on the (N + 1)-dimensional simplex. As it is well known, when the parameter 2s
is an integer, the Dirichlet distribution can be expressed in terms of the order statistics
of i.i.d. uniform random variables. Our result agrees with the steady state obtained in
[25] (see Appendix A), and reduces to the case of [10] where the stationary measure of
the harmonic model with s = 1/2 was proved to be a mixture of i.i.d. geometric random
variables whose mean are the order statistics of i.i.d. uniforms.

A second motivation of this paper is the Macroscopic Fluctuation Theory (MFT)
[7], which is a theory for diffusive systems proposed in recent years to describe the
macroscopic properties emerging in the limit N — oco. MFT relies on the study of
dynamical large deviations and states that macroscopically the behavior of a diffusive
systems is dictated by two transport coefficients, the diffusivity D(p) and the mobility
o (p) depending on the system density p : [0, 1] — R,. For the simple symmetric
exclusion process, for which a dynamical large deviation principle is available [34],
several findings of MFT nicely match the results obtained with microscopic computations
using Bethe ansatz methods. See for instance [19] for the large deviations of the density
profiles in the stationary state, [15,16] for the large deviations of the current and [31]
for the large deviations of the positions of tagged particles. More recently, the time-
dependent solution of the MFT dynamical equations was found in [38] using integrability.

The boundary-driven harmonic models considered in this paper, labelled by a param-
eter s > 0, belongs to the class of models with constant diffusivity and convex quadratic
mobility

1
D(p) = 5- and o(p) = %(H%). (1.1)
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Other particle models in the same class include the symmetric inclusion processes [11,
27] and the discrete Kipnis—Marchioro—Presutti models [11,33]. For all these models, the
state space is non-compact and the dynamical large deviation principle is not available.
The reason is that the stationary measures have exponential tails, and the proof of the
dynamical large deviation principle, based on super-exponential replacement lemmas
requires super-exponential tails of the stationary measures. This technical obstacle has
so far not been overcome, so all the results based on the Macroscopic Fluctuation Theory
such as in [5,6] are conditional on the solution of this (highly non-trivial) technical
issue. This is also the case for the corresponding continuous models of energy transport,
namely the Kipnis—Marchioro—Presutti models [11,33] (see also [13] for recent results),
the Brownian energy processes [28] and the integrable heat conduction models recently
introduced in [24]. We also mention [4], where a stochastic model of linear oscillators is
studied and large deviations for the temperature profile in the non-equilibrium stationary
state are analyzed. Therefore, for the class of models with constant diffusivity and convex
quadratic mobility it is crucial to substantiate the predictions of MFT with microscopic
computations, which is the second aim of this paper. In the rest of this introduction
we give a summary of those MFT predictions, first formulated in [5] for the discrete
Kipnis—Marchioro—Presutti model, that we prove here for the boundary-driven harmonic
model.

Large deviations, pressure, additivity principle We recall that, given a sequence of
random variables (X,),> taking values in the measurable space (2", %), with 2" a
topological space and % a o-field of subsets of 2", then we say that (X,),> satisfies
a large deviation principle with rate function 7 (x) and speed n w.r.t. a sequence of
probability measure (i4,),>1 if, for all B € #

1
— inf I(x) <liminf —logu, (X, € B)
xeB? n—oo n

1
< hmsup—logu,,(X € B) < —inf I(x)

n— 00 xeB

where B° denotes the interior of B and B its closure. Consider the empirical density

profile
1 N
v= st% (12)

where § L is a Dirac measure in N € [0, 1]and (n;);=1,... n are distributed according to

.....

the 1nvarlant distribution of the boundary-driven harmonic model with parameter s > 0,
system size N € N and boundary densities 0 < p; < p, < oo (for a precise definition
of the model see Sect.2). We introduce the space of finite positive measure .Z*[0, 1]
equipped with the weak topology and in particular the subset of absolutely continuous
finite positive measures

X ={uwe #%0,1]: u(dx) = p(x)dx, withp € L'([0, 1], dx) : p(x) > 0}

Then, for models with transport coefficients (1.1) MFT predicts [5] that the sequence
of empirical measures (Ly)y>1 satisfies a large deviation principle with speed N and
rate function which is infinite when u ¢ 2" and for u(dx) = p(x)dx is given by I (p)
which is the solution of the variational problem

1(p) =i191ff(p,9) (1.3)



103  Page 4 of 40 G. Carinci, C. Franceschini, R. Frassek, C. Giardina, F. Redig

with
1 p(x) /
- pl) p()  (146() 0/ (x)
F(p,0) —ZS/(; dx[Tlog%+(l+7)log(l +%> —log(pr —,01)]-
(1.4)

The infimum in (1.3) is over increasing C! functions  : [0, 1] — R such that 6(0) = p;
and (1) = p,. As remarked in [6] this large deviation function contains a relative
entropy term and a contribution related to the large deviations of the empirical profile
of the order statistics of independent uniforms. We will obtain rigorously (see Theorem
5.1) this variational expression from the exact description of the stationary measure,
which indeed involves the order statistics of independent uniforms. In particular the
infimum in (1.3) corresponds to the contraction principle over the empirical profile of
order statistics.
We will also study the pressure, which for a function £ : [0, 1] — R is defined as

T N(L.h)
P(h)_Nh_r)nooﬁlogE[e ] (1.5)

The pressure can be obtained from the density large deviation rate function via Legendre
transformation, i.e.,

1
P(h) = sup ( fo h@)p(dx = 1(p)).

P

One gets the variational formula

P(h) =sup Z(h, 0) (1.6)
0

B ! 1 6’ (x)
P(h,0) = 2s/0 dx [log (1 Y eh(x))) + log <,0r — Pl>i| (1.7)

where again the supremum in (1.6) is over increasing C! functions 6 : [0,1] — R
such that 6(0) = p; and (1) = p,. This will also be rigorously proved from the exact
description of the stationary measure, see Theorem 4.1. We remark that for models
with constant diffusivity and convex quadratic mobility it has been shown [5] that the
large deviation function of the density profile is non-convex and therefore the Legendre
transform of the pressure does not reproduce the large deviation function (it rather gives
its convex hull).

Finally, the variational representations predicted by MFT encode an additivity princi-
ple [5], which can be formulated either for the pressure or for the density large deviation
function. For the pressure it is stated as follows. For a macroscopic system of size (b —a),
where —0co < a < b < oo with boundary parameters p;, p, define the modified pressure

with

Plablpy .= plablpy 4 25(b — a) log (

Pr — pPi
01,Pr o1,

b—a

where

b 1 (b —a)fd'(x)
[a.b](jyy — —
Poy o (1) = S‘;P/a dx 25 [log (1 ()1 — eh<x>)) +log ( pr— pi )} '
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Then, considering a macroscopic system of unit volume [0, 1] and two subsystems of
macroscopic size [0, x] and [x, 1] (with 0 < x < 1), the variational formula (1.6)—(1.7)
of MFT is equivalent to the following additivity principle:

Bl = sup [ B+ Bl |
PI=P=pr

where h1 and h; are the restrictions of the function 4 to the intervals [0, x] and [x, 1].
Thus, the additivity principle relates the pressure of a macroscopic system of unit volume
[0, 1] with boundary parameters p;, p, to the pressure of two subsystems, of macroscopic
size [0, x] and [x, 1] respectively, where the first subsystem is in contact with reservoirs
of parameters p;, p and the second subsystem is in contact with reservoirs of parameters
P, pr. This will be proved in Theorem 6.1 as a consequence of the Markovian structure
of the order statistics used to describe the stationary measure. The additivity principle
implies that the pressure for a constant function /, which corresponds to the large devi-
ations of the total density, completely determines the pressure for any function /. See
[19] for the additivity principle of the density large deviation function of the symmetric
exclusion process and [8] for a discussion of the additivity principle of the time inte-
grated current large deviation function, and its consequences in the setting of general
diffusive systems.

1.1. Relation between the main results and the existing literature. In this section we ex-
plain the significance of our results in the context of the existing literature. Starting from
large deviations from the hydrodynamic limit, developed in [30], [34], the macroscopic
fluctuation theory (MFT) was developed. MFT allows to compute the large deviation
rate function for the density profile in non-equilibrium steady states (NESS) as a quasi-
potential (see e.g. [7] for a review paper). This quasi-potential can rarely be computed
explicitly. In fact, only in the cases of quadratic mobility this can be done, and then is
based on an ansazt which is inspired by the exact solution of the SEP via matrix ansatz.

One of the basic assumptions underlying MFT is that there is a large deviation princi-
ple around the hydrodynamic limit. The proof of this large deviations principle requires
the existence of the moment generating function M (¢) of the marginals of the equilibrium
product measures, for all values of # € R. This is essential to perform a cut-off argument
(see e.g. Lemma 4.2 in chapter 5 in [32]) which is a crucial step in the replacement
lemma and the super-exponential estimate.

In the context of models of KMP type, a large deviation principle around the hy-
drodynamic limit was formally derived in [5]. Because the marginals of the reversible
product measures for models of KMP type have exponential tails, this condition is not
satisfied, and, as a consequence, the proof of the large deviation principle around the
hydrodynamic limit is still an open problem, as already mentioned in Remark 3.3 of [5].
Notice that this is not a simply a “technical issue” as we can infer from the fact that since
the appearance of the paper [5], no rigorous proof of large deviations around the hydro-
dynamic limit for KMP has been found. As a further consequence, all conclusions based
on the macrosopic fluctuation theory for these models of KMP type are non-rigorous.

In [6] the formal large deviation rate function for the density profile in the NESS of
the KMP model (with left reservoir parameter 0;, and right reservoir parameter 6r) was
recognized as being compatible with a mixture of exponentials whose parameters are
distributed as the order statistics of N independent uniforms on [6f, Or]. The infimum
appearing in the rate function could then be viewed as a contraction principle over the
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empirical profile of these “hidden parameters”. In the same paper it was proved that the
NESS of the boundary driven KMP model is not given by this mixture of product of
exponentials.

In this paper we study the harmonic models, which is a one-parameter family of energy
redistribution models similar to the KMP model. Whereas in the KMP model the energy
redistribution among particles occurs uniformly at random, in the harmonic models the
energy redistribution occurs with precise rates as described in Sect. 2. These rates are
derived from the integrable XXX Hamiltonian with non-compact spins. From the point of
view of the macroscopic fluctuation theory the KMP model and the harmonic models are
indistinguishable, as they share the same macroscopic transport coefficient. However, for
the harmonic models we are able to obtain an explicit description of the non-equilibrium
steady state (not available for the KMP model) and prove rigorously the large deviations
of the density profile and additivity principle in the non-equilibrium steady state. These
agree with those formally predicted by MFT (again we notice that harmonic model has
the same reversible measures of the KMP model and thus no dynamical large deviation
principle around the hydrodynamic limit is available). More precisely our results show
for a whole one-parameter family of models the following:

1. The NESS is explicitly identified as a mixture of product measures. Even if in previous
papers [25], [24], factorial moments were explicitly computed, it is still a large step
to compute from these the moment-generating function, and recognize from it the
structure of a mixture of product measures with mixing measure the ordered Dirichlet
process. It is rarely the case that a NESS is available in explicit form, and when it
is the case it always led to several interesting developments, see for instance the
various consequences and developments of the matrix ansatz solution for the SEP
and ASEP. Previous to our work, in [10], another, independent and simpler proof is
given for the case s = 1/2. It is not clear how to generalize this to other values of s.
After our work, in [29] another development related to intertwining was considered
for the general case s > 0.

2. From the structure of the NESS we derive both the large deviation principle for the
density profile and the pressure (i.e., the Legendre transform of the rate function).
This is more than a rigorous verification of the results predicted by the macroscopic
fluctuation theory, as it also identifies a “microscopic” version of the additivity
principle, due to the spatial Markov structure of the mixing measure.

As a final comment, we observe that both in [29], and [13] a class of models (which in
particular includes the KMP model and the harmonic models) has been derived where
the NESS is in the form of a mixture of product measures. The mixing measure is in turn
the stationary distribution of a “hidden temperature” model. Notice that this does not
imply per se the large deviation principle for the density profile, except in the cases of the
harmonic models, where the mixture measure can be identified explicitly. In particular
the identification of the mixing measure of the KMP model remains an open problem.

2. Model Definition

Denote by 2y the configuration space made of N-dimensional vectors n = (;)ie(1,..., N}
with non-negative integer components. We interpret the component 7; as the number
of particles at site i € {1,..., N}. We shall write 8 € Q for the vector with all
components zero except in the i’ place, i.e.
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1if j =1,

@) = {0 otherwise. 2.1

Definition 2.1 (Boundary-driven harmonic process with parameter s > 0, [25]). For
N € N, we define the open symmetric harmonic process with parameter s > 0 and
reservoir densities 0 < p; < p, < oo as the continuous-time Markov chain {n(t), t >
0} having configuration space 2y and whose time-evolution is defined by the generator
< working on functions f : Qy — R

N-1
Lf=Af+ (Y L f)+ Inf 22)
i=1

where

Ni
(Zhin 0D = Y s m)| £ — k&' + k™) = £()]
k=1
Ni+1

+Y ek o+ k8 — k8t = fap] @)

k=1

and, fori € {1, N},

ni
L) =Y psecn)| £ — ke = F()]

k=1

1 P\ :
+ —( £ )[f(n+k5’)—f(n)] 24)

L+ p

with p; = p; and py = p,. Here the function ¢; : N x N — R is given by

. I1T(n+1)IC'(n —k +2s)

st = DT (1 29)

U1 <k<ny - (2.5)

Remark 2.1 (Harmonic numbers). When the occupation of the i’ h site is n, the function
s (k, n) in (2.5) represents the rate at which k particles (with 1 < k < n) jump from
site i to a nearest neighbour site i = 1. One can check that

n n 1
kZ:]jws(k, m=) o (2.6)

k=1

which are the “shifted” harmonic numbers. In particular, for s = 1/2 one recovers the
standard harmonic numbers, which explains the name of the process.

For a system of size N and reservoirs parameters 0 < p; < p, < oo we denote by
N, p,p, the invariant measure of the process {n(¢), t > 0} of Definition 2.1, i.e. the
“non-equilibrium steady state” of the boundary-driven harmonic process with parameter
s > 0. To alleviate the notation we do not write in the measure the dependence on the
parameter s.
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As a particular case, in the equilibrium set-up p; = p,, one can check that the
harmonic process with parameter s > 0 has a reversible invariant measure given by a
product of Negative Binomial distributions with shape parameter 2s and mean 2 s®.
Namely, considering the univariate probability mass function

()._11"(2s+n) e \" 1 \» eNy. ©>0 2.7
Ve (n .—n! ['(2s) 1+40 1+© ! o a .

with mean

oo
vae)(n) =250,

n=0

and defining the product law

N0 () = [ [ vor ) neQn, p>0 (2.8)
i=1

then one has (f, Zg) = (Zf, g), where (-, -) denotes the scalar product in the Hilbert
space L2(NN, un . 0)-

In the non-equilibrium case (0 < p; < pr < 00) the stationary measure was com-
puted in [25] by a combination of stochastic duality and quantum inverse scattering

method. Define the (scaled) factorial moment of order & = (&1, ...,&N) € N{)v as
6=y o) ﬁ Uk L&) (29
= AN, prpr (1 ~ : :
L i =g TR+
0

Then the following result is available:

Theorem 2.2 (Factorial moments, [25]). Using the notation |n| = Z,Nzl i, the scaled
factorial moments of the non-equilibrium steady state are given by

N
GE = > plfM o — o) T (i) fi(m) (2.10)
i=1 !

neNo

with

T Ds(N+1—i)— j+. 47"
ﬁ(n):]_[ S(IN+1—10)—j+47(n)

N
N+ D—j+ At M) =Y e 211

k=i

The steady state of the boundary driven harmonic process can the be reconstructed
in terms of the factorial moments (2.10) via the formula

N &—n; :
mv,pz,p,(m:ZG(s)[]"[ D n(ﬂ)”ﬁigf’)]. (2.12)

£>n 5it
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3. The Non-equilibrium Steady State

In this section we identify the non-equilibrium steady state of the harmonic model in
(2.12) as a mixture measure. In the equilibrium set-up (p; = p,) the invariant measure
is reversible and is an homogeneous (Gibbs) product measure. In non-equilibrium (p; #
or) we shall prove that the invariant measure is a mixture of inhomogeneous product
measures. The mixing measure is related to the the “ordered Dirichlet distribution”, and,
in the particular case when 2s is an integer, to the order statistics of i.i.d. uniform random
variables.

3.1. Stationary measure as a probabilistic mixture.

Theorem 3.1 (Mixture structure of the NESS). Let s > 0 and N € N and assume
without loss of generality that 0 < p; < p, < 00. Then, the non-equilibrium steady
state of the open harmonic process of Definition 2.1 is equal to

N
U () = E (]‘[ VR,-(’?i)) (3.1)
i=1

where E denotes expectation w.r.t. the joint distribution of the randomvariables (R1, . . .,
Ry) with joint probability density
C2s(N + 1))

L 2s)N*1 (o, — po)"
N+1

' H(PHI —)* " Ly <ezon s (3.2)

i=1

SRRy (O1, ..., pN) =

withn := 2s(N + 1) — 1. More explicitely

_ TQs(N +1) |
o (D = TR N (g — B
Pr Pr Pr N+l
/ d,OI/ dpz-~/ dpn [ oi = pi-)®~!
Pl P1 PN-1 i=1
N n; 2s
L F(2S + 771) Pi 1 (3 3)
mt T@2s)  \1+pi L+ p; .

with the convention py = p; and py+1 = pr.

Remark 3.2. (Connection with ordered Dirichlet distribution) The law of the mixing
measure (3.2) is related to the “ordered Dirichlet distribution”. More precisely this arises
from the sum of the components of the symmetric Dirichlet distribution. Let Ry := py
and Ry4+1 := pr, and define V; := R; — R;—1 fori = 1,..., N + 1, then the joint
distribution of (V1, ..., Vy41) reads

N+1

F@2s(N +1)) [T
v esan, (3.4)
i=1

L 2s)N* (o, — po)"

vy, oN4) =
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which is the Dirichlet distribution on the (N + 1)-dimensional simplex

N+1
YNyl = {(vl,--.,vml)ipe =V = pr, Zvi =,0r—,0z}

i=1

with all parameters equal to 2s > 0. Notice that the inverse transformation is
i
R; =Zvj fori=1,...,N
j=1

that allows to recover from (3.4) the distribution of the vector (Ry, ..., Ry) given in
(3.2).

In the special case 2s € N, the mixing measure (3.2) can be characterized in terms
of the law of the order statistics of i.i.d. uniform random variables.

Corollary 3.3 (NESS for 2s € N). For 2s € N, the non-equilibrium steady state of the
open harmonic process of Definition 2.1 is equal to

N
UN, o, 0,(m) =E (l_[ VOssin (77,-)) with n:=2s(N+1)—1 3.5)
i=1

where vg is the Negative Binomial law defined in (2.7) and the expectation E is w.r.t.
the random variables (O . . ., OaN ) obtained as a marginal of the order statistics
O1p < -+ < Opp of the independent random variables Oy, ..., Oy that are i.i.d.
uniform random variables on [p;, p;].

Proof. Let Uy, < Uy, < --- < U, be the order statistics of n i.i.d. uniform
random variables Uy, ..., U, in [0, 1]. The distribution of the N-dimensional vector
(Uas.n, Uss.ns - - -, Uagy ) has probability density given by (see Lemma B.1)

'@2s(N+1))
f(UZS.n’U4s.n’~-wU25N.n)(u] rrrto MN) = W

N+1
. H(ui —ui)> Tjo<u; < -<uy <1}
i=1
(3.6)

with the convention ug = 0 and upy,; = 1. Let
O; = p1 + (or — PDU; i=1,...,n 3.7

then ®1, ..., ®, arei.i.d. uniform random variables on [p;, p,]. Denoteby ®1 , < --- <
©®,,., their order statistics. Then, the random vector (Rj, ..., Ry) defined in Theorem
3.1 coincides with (®2, ..., Oy ,) obtained as a marginal of the order statistics
O1p < -+ < Oy, Equivalently we have that the random vector (Vi, V2, ..., V1)
whose probability density function is given in (3.4) is distributed as

(Vlv V2, ceey VN+1) = (®2s,n - ®0,nv ®4s,n - ®25,n, ceey ®25(N+1),n - ®2sN,n)

with the convention ® , = 0 and ®7 (y4+1),,» = 1, which is the well-known relation be-
tween the symmetric Dirichlet distribution with parameter 2s on the (N +1)-dimensional
simplex and the vector constructed from differences (with gaps 2s) of the order statistics
of n =2s(N + 1) — 1 i.i.d. uniform random variables on the unit interval. O
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3.2. Proof of Theorem 3.1. In this section we provide a proof of Theorem 3.1. We also
refer the reader to Appendix A where it is shown that the integral representation (3.3) is
identical to the closed-form expression in (2.12).

3.2.1. Moment generating function The strategy to prove Theorem 3.1 is to use the
moment generating function to characterize the stationary measure. Define the set

1
ﬂwwwrz{hz(m,“th)eRN:|m|§bg<b+;) ﬁni:lpn,N}

-

(3.8)

For h € @y .5, let us denote by Wy ,, , (h) the moment generating function (MGF)
of the non-equilibrium steady state, i.e.

N
N oo () =Y v o, 1) [ [ (3.9)
n i=1

Starting from the factorial moments (2.10) we will compute the generating function and
show it coincides with the one of the law (3.5). We split the computation of the moment
generating function into three steps, which are given in Proposition 3.4, Proposition 3.6
and in Proposition 3.8.

3.2.2. N-fold sums Inthis section we show that the moment generating function Wy ,, ,.
(h) can be written, modulo multiplication by a factor, as the composition of a function
&y : RN — R and the map

. N N
CN.pe.pr - R™ — R

(or =po) (1=€M)  (pr = po) (1 =)
(hl,...,hN)—>( T o (=) " Ta ol — o) (3.10)

i.e. the i-th component of the vector ¢y, o, o, (N) is given by

(or = po) (1 = M)
1+ p,(1 —ehi)

(CN,p@,pr(h))i = Cp,,pg,i(hi) = (3.11)

We will see that the function @y for which we will obtain an explicit formula in terms
of an N-fold sum, does not depend on the boundary densities p; and p,.. The dependence
on this parameters is then completely offloaded onto the map cy o, p, -

Proposition 3.4 (MGF, un-nested sums). For h € @y ,, ,, we have that

N
WN oy () = [T (1420 =)™ @y (en,py.p, () (3.12)

i=1

with ey p,,p, RN — RN defined in (3.10)—(3.11) and Py : RN - R defined by

N
Oy (c) = I'2s(N +1)) Z l—[C,m

rQ
(25) reny i1
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I T(n;i+25) TQs(N+1—i)+.4+)
! T@2s)  T@s(N+2—i)+4*(n)

(3.13)

forallc = (cy,...,cN) e RV,

Proof. The moment generating function can be rewritten in terms of the scaled factorial
moments as follows:

YN, g, (N) = Z l_[ Z (nl>(€ — D5 | 1w ppor ()

n | i=1&=0

N TQs+&)
= — (M- ¥ |G
;Ll 5T @ VT 0®

with G as defined in (2.9) and where it has been used that (gl') = 0 for natural numbers

& > n;. Therefore, as a consequence of Theorem 2.2 we have

YN o) =
&

— §i—ni i & I'(2s + &)
—211:[] P oy~ >"< ) Ao (=) 55
n=<é

—
=
=3
2|3
SR
2L
+
e | L
TE

l( ) } 3 Pl oy — gyl H( )f,(ﬂ)

where we used the notation n < & to indicate that n; < & foralli € {1,..., N}. By
exchanging the order of summations we obtain

N .
Uy ) = Y[ oe = o (" =1)" fim)

noi=l
Z (51) - (e B l)éi—rli 'Q2s+&)
gy Vi L(2s)-&!
The sum of the £ variables can now be performed using that for all i € {1, ..., N}
Z (éjl) £i— ( _ )Si—ni '2s+&)
i—Ni el — 1 - 7
Ni rQs)-é&!

&i>n;
' +2 'Q2s+¢&; §i—ni
_ L0+ 2) Q28) o (o 1)
L@s)-mit o Tni +25) - (5 —ni)!
(i +2s) Z I'Cs+n; +ki)
I'2s) - n;! >0 'Q2s+n;)-k;!
(i +2s) 1
CT@s) ! (1= p(ehi — 1))mi+2s’

where in the last equality we have used the identity

(pr (M — 1))k

1 S Ta+k
—— = F(“—Jrk)'x" x| < 1. (3.14)
(I—x)® =Tk
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Thus we arrive to

N ,
UN o ) = 3T Joe = o (M = 1) fin

noi=l1
I'(n; +2s) 1
C@2s)n;i! (1 — p(eMi — 1))mi+2s’

Equivalently, multiplying both sides by ]_[lN:l (l +p,(1—ehi ))2 * we rewrite this identity
in terms of the function ®y defined in (3.12) as

N

C(ni +2
CDN(C):ZHC?’# £ (3.15)
n i=1

with ¢; as given in (3.10). Recalling the definition of the functions f; in (2.11) and using
the convention </V Vo1 (M =0, we write ]_[lN: 1 fi(n) as a telescopic product

N N Am— .
2s(N+1—i)+k
[Tren =11 M VA DAk
1= = k=3 (n)
AS a Consequence
N TQ2s(N + 1)) N OP@s(N +1— i) + .4+ (p)
[Trm=

T TSN+ D+ AT @) LT @SN +1—i) +A75,()

C@2s(N +1))
T Qs

FQs(N+1—1)+47(n)
res(N+1-(@G—-1)) +JI{+(77))'

|
1=

i=1
Inserting this last expression in (3.15), the result of the proposition follows. O

Remark 3.5. (MGF nested sums) There is a one-to-one relation between the set of con-
figurations n € N and the set of N-tuples {(m1,...,my) € N tmy>my > >
my > 0}. This 1mphes that the moment generating functlon can also be written as nested
sums. Then we have

N
_ T@s(N+1)) iy Tmi = migy +25)
*N O =0 m1>_§w>oﬂcf T (2s)(m; — mia)!
TQs(N + 1 — i) +m;)
TQ2s(N+2—i)+m;)

with the convention m 41 = 0. This easily follows from Proposition 3.4 by implement-
ing the change of variables:

n=W,....nN) — m=(my,...,my), with m;:=47"(n)

from which one has n; (m) = m; — m;41.
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3.2.3. N-fold integrals We proceed further by moving from a representation of the mo-
ment generating function with N sums to one involving N integrals. This will be useful
to recognize the invariant distribution of the harmonic process as a mixture.

Proposition 3.6 (MGF, un-nested integrals). We have

C2s(N + 1))
F(Zs)NH 0

1 N | 2s (316)
. dty Hzﬂzs(N*Hl)f] (1 —1)>! (—) .
/0 el —ci [Tt

Proof. We prove that (3.16) coincides with (3.13) using again the identity (3.14). Indeed,
plugging this identity in (3.16) we have

© _ T@s(N+1) ld 1d
N(C)_Wo l‘l"'o IN

!
Py (c) = dn

N
i '2s +n;)
2s(N—i+1)— 1 2s—1 !
X t — 1 ti
.11 ’ ! Z [ (2s)n;! H !

Collecting the powers of #; and recalling the definition .4;* (1) = Z,?’:i Nk this can be
rewritten as

r2s(N +1)) Z l—[ '2s+n;) i /1 25(N—i+1)+ A" (n)—1
0

i 25—1
Ddy(c) = T2 )N+1 T2 ¢ t; (A=) dt;.

Using that for alla, b > 0

b T'(a)T (b)
a—1 b—1
/Ox (1 —x)"""dx —F( b

it then follows

'2s(N +1)) i F2s+n;) TQ@s(N+1—i)+ A7) T'2s)
d .
() = TN Zl—[ I'(2s)n;! CQ2s(N+2—i)+.4"(n)
which reproduces (3.13) after simplifications. O

Remark 3.7. (MGF;, nested integrals) Similarly to the discrete case (see Remark 3.5),
one can also write an expression in terms of nested integrals. We have

C2s(N +1 1 1
CI)N(C)Z%' ) du1/ du2

N+1

1 1
. d (i —ui—)>™! (3.17)
/MN_I o 1] Y TP e
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where we recall the convention g = 0 and up.; = 1. The result easily follows from
Proposition 3.6 by implementing the change of variables u; = 1 — ]_[lj=1 t;j. Inverting
this mapping one gets

1 —u; Ui — Uj—1
fi=—" and l—fp=— "
I —uiy I —uiy

which substituted in (3.16) yields (3.17).
3.2.4. Concluding the proof The last step in the proof of Theorem 3.1 consists in rec-
ognizing in the expression (3.17) the probability generating function of the probability

measure (3.1). We recall that the moment generating function of a Negative Binomial
distribution with law (2.7) is given by

o0 1 2s
My(h) = eh"vg(n) = (—) for |h| < log (1 + l) . (3.18)
,12—(:) 1+6(1 —eh) o

Proposition 3.8 (MGF, mixture). For h € #y p, ,, we have

N
Wy o () =E []‘[ Mg, (h,-)] (3.19)
i=1
where the expectation is w.r.t. the law of the random vector (R, ..., Ry) whose prob-

ability density is given in (3.2).

Proof We observe that using (3.10), namely

(or — pe) (1 — €M)
1+ pr(1— ehi)

ci =

we have

1 B (1+p,(1 —e"))
L—ci(l—ui) 1+ (pr+ (pr — pui)(1 — i)

Inserting this into (3.17) and recalling the relation (3.12), the moment generating function
of the non-equilibrium steady state is given by

FQs(N +1)) [! /1 /1

v hy = S+ duy - - d

N,ﬂl,pr() F(2S)N+1 0 “1 u "2 UN-—1 o
N

N+1

[Ta —uwii* " T] !
i=1

i=1 (1+ (o1 + Gor — p)u;) (1 — ehz))zs'

(3.20)

Therefore, using (3.2) and (3.18) we obtain (3.19). |
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4. Pressure

In this section we use the formula for the stationary measure proven in Sect.3 to com-
pute the pressure associated to the non-equilibrium steady state. We will reproduce the
expression predicted by the Macroscopic Fluctuation Theory by first conditioning to
a given realisation of the random local parameters and then using the large deviation
properties of those local parameters. For simplicity, we will restricts to the special case
2s € N, for which we can exploit the characterization, given in Corollary 3.3, of the
non-equilibrium steady state in terms of the order statistics of i.i.d. uniform random
variables. This allows us to use known result on the Large Deviation Principle for the
sample paths of the order statistics, see Lemma B.5. Of course, due to the Markovian
structure of the measure (proved in Theorem 3.1), the results actually hold for all s > 0
and one could prove this by considering the sample path large deviations of the ordered
Dirichlet process.

Theorem 4.1 (Pressure). Let h : [0, 1] — R be a smooth function. Define the pressure
of the open symmetric harmonic process as

1 i
P(h) = lim — 1ogE[e2fN:1 "ih(ﬁ)] . 4.1)
N—oo N
Then, for 2s € N, the pressure admits the following variational expression:
P(h)= sup [P(h, 0) — J(e)] (4.2)
0:[0,11>R,
9(0)=ﬂzg
0(h=pr
where
! 1
P(h6)=2s [ log( )d 43
(.6 S/O S\ (1 — ey /™ (4-3)
and ] )
0
J(6) = —2s/ 1og( *x) )dx. (4.4)
0 Pr — PI
Proof Recalling Proposition 3.8, we have
N i [ N
E[ezz':1 Uih(ﬁ)] =K 1_[ Me,,;, (h (lﬁ))i| 4.5)
Li=1
r 2s

N

1
_E : (4.6)
E 1+ @zﬂ,n(l - eh(lﬁ)

where n = 2s(N + 1) — 1. Introducing the sample path of the order statistics
On(x) = Ost)xj+1,n X € [0, 1]
with the convention ®,,4 , := p,, We arrive to

2s

E[ez,”:l mh(%)] —® ] ! ,~
=1 \1+0,(Zh) (1 