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LP-EXACT CONTROLLABILITY OF PARTIAL DIFFERENTIAL
EQUATIONS WITH NONLOCAL TERMS

L. MALAGUTI, S. PERROTTA, AND V. TADDEI

ABSTRACT. The paper deals with the exact controllability of partial differ-
ential equations by linear controls. The discussion takes place in infinite di-
mensional state spaces since these equations are considered in their abstract
formulation as semilinear equations. The linear parts are densely defined and
generate strongly continuous semigroups. The nonlinear terms may also in-
clude a nonlocal part. The solutions satisfy nonlocal properties, which are
possibly nonlinear. The states belong to Banach spaces with a Schauder basis
and the results exploit topological methods. The novelty of this investigation is
in the use of an approximation solvability method which involves a sequence of
controllability problems in finite-dimensional spaces. The exact controllability
of nonlocal solutions can be proved, with controls in LP spaces, 1 < p < co.
The results apply to the study of the exact controllability for the transport
equation in arbitrary Euclidean spaces and for the equation of the nonlinear
wave equation.

1. INTRODUCTION

This paper deals with the exact controllability of nonlinear partial differential equa-
tions by means of linear controls. The discussion is led in suitable Banach spaces
since we start from the abstract formulation of such equations.

The study of the exact controllability for nonlinear dynamics in infinite dimension
started with the seminal paper [25] and the pioneering results in [20], [23] and [24].
This topic currently includes many contributions where the discussion also accounts
of restrictions on the admissible controls, on the initial and final states, on the type
of solution or on the properties of the dynamics. The main results can be found in
the books [1], [4], [15] and [35]. Some very recent achievements appear in [6], [17]
and [21] to which we also refer for their bibliography.

We consider the semilinear equation
y'(t) = Ay(t) + f(t,y(t)) + Bu(t),  t€[0,T], y(t)eW (1.1)

in the separable Banach space W. We assume that its linear part A is densely
defined and generates the strongly continuous semigroup {S(t)};>0. We take a
linear control action B and treat the two cases when its domain U is a uniformly
convex Banach space and when it is a Hilbert space. We consider f: [0, T|xW — W
satisfying suitable regularity conditions for which we refer to Section 3.

Given a control function u(t), we assume that y(t) satisfies equation (1.1) in its
integral form that is we consider mild solutions of (1.1) (see Definition 3.6).

We require that the solution y satisfies a nonlocal condition of the following type:
y(0) = Dy + yo where yg € W and D: C([0,T], W) — W may also be nonlinear.
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2 L. MALAGUTI, S. PERROTTA, AND V. TADDEI

The map D accounts of possible restrictions on y such as, for instance, a Cauchy
multi-point condition or some integral constraints (see Example 3.13). Starting
from the seminal paper [8] it is increasing the interest to introduce these nonlocal
restrictions since they are able to capture additional important information about
the dynamics. We refer to [2] for a list of references and some recent results about
this family of solutions. It is showed in [2], in particular, that equation (1.1) without
control terms, admits nonlocal solutions.

We say that equation (1.1) is exactly p-controllable (p-controllable or simply con-
trollable for short) (see Definition 3.7) when, for every yo,y1 in W, it is always
possible to find u € LP([0,7T],U), with 1 < p < oo, such that the corresponding
nonlocal solution of (1.1) further satisfies y(T') = Dy + y1. In particular, when
D = 0, we recover the classical notion of exact controllability.

In the linear case, i.e. when f = 0, the p-controllability with D = 0 is equivalent
to the surjectivity of the operator (see e.g. [14, p. 456])

T
G: 17(0,T),U) — W, u»—>/ S(T — t)Bul(t) dt.
0

The nonlinear problem is generally thought to inherit the same controllability prop-
erties. This is essentially true but the restrictions on f may be very strong de-
pending on the technique used for its study. In particular, the choice to address
the controllability in Banach spaces leads to far grater difficulties than the use of
Hilbert spaces. Indeed, when G is surjective, p = 2 and U is a Hilbert space,
then G has a very natural right inverse, i.e. there exists G=t: W — L2([0,T],U)
with G o G™! = Idy. This is the map w ~— v € L2([0,T],U) such that
[lol = min{|lu|| : G(u) = w} which is well-defined, linear and bounded (see
e.g. [26]). The same map, when U is an arbitrary Banach space, v € L?([0,T],U)
and p # 2, is again a right inverse of G, but it is not necessarily linear as we showed
in [26]. For this reason, in our opinion, most controllability investigations involve
control strategies belonging to Hilbert spaces.

To the best of our knowledge, the topological method used in this paper is new in
this framework and it was previously introduced in [26] for studying the controlla-
bility of integro-differential equations. It starts from the observation that we can
often assume that the state space is W = L"(Q) with 1 < r < oo and Q C R™ suf-
ficiently regular. It is known that L"(2) admits a Schauder basis, i.e. its elements
can be written as limits of suitable finite linear combinations (see Section 2). From
this property, we introduce a sequence of controllability problems each one in a fi-
nite dimensional state space, hence simpler to be investigated. We then obtain the
controllability of (1.1) by passing to the limit. The method can be applied under
quite general regularity conditions. In particular, the map G~! defined above, is
always continuous when 1 < p < oo and U is uniformly convex (see Proposition 2.3)
and such regularity for G~ is sufficient for getting the limiting procedure. This
finite dimensional approach is also particularly suitable for the study of solutions
which satisfy nonlocal conditions.

Our main results are Theorem 3.8, Theorem 3.9 and Theorem 3.10. In the first
two contributions we state the p-controllability of (1.1), i.e. we allow u to be in
LP([0,T],U) with 1 < p < oo and U is a uniformly convex Banach space. Instead,
in Theorem 3.10, we test our approximation technique with a control strategy in
Hilbert spaces and again we get the controllability in a very general framework; in
particular, we do not need any compactness concerning the operator G, a condition
which could be very difficult to check in concrete situations.

The controllability is a rather strong property for partial differential models which
fails in several cases, since G is never surjective when either the semigroup {S(t)}:>0
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or the map B are compact (see [32] and also [14]). However, in some cases, the
surjectivity of B or its very nature, imply that the corresponding operator G satisfies
the same property. It happens, in particular, either when A generates a strongly
continuous group (e.g. A is the translation group) or when A is obtained by the
wave equation modeling a vibrating string (see [14, Example VI.8.9]). Our results
allow to investigate the controllability associated to both these cases (see Theorem
4.1 in Section 4 and Theorem 5.1 in Section 5, respectively). The controllability
of the wave equation is frequently treated with localized controls (see e.g. [20] and
[37] for the case when D = 0). In Section 5 (Theorem 5.4) we also outline the use
of our techniques in this case.

Controllability theory can also be set in the framework of multivalued dynamics
occurring when the nonlinearity f or the nonlocal condition D are given by a
multivalued map (see e.g. [3], [29] or [33]). We believe that our solvability method
works also in this framework.

Section 2 contains some preliminary results. The abstract controllability problem is
discussed in Section 3 and the main results are stated and proved there. Section 4
and 5 respectively deal with the controllability of the transport equation and the
wave equation.

2. NOTATIONS AND PRELIMINARY RESULTS

Let W be an infinite dimensional real Banach space with norm || - ||. For every
x € W and r > 0, B.(z) is the open ball centred in = with radius r. Given a
sequence {x}; in W, we write x, — « if the sequence converges in norm to x and
x — « if it converges weakly.

If {e, }, is a Schauder basis for W (see the Appendix for this definition) for every
x € W there exists a unique sequence of real numbers a,, = a,, (), n € N such that

n
T — E Q€4
i=1

If W,, = span{ey,...,e,} is the n-dimensional Banach space generated by the first
n vectors of the basis, we denote by P, : W — W, the natural projection:

o0 n
Pn Zakek = Zakek.
k=1 k=1

We refer to the Appendix for some useful properties of the sequences {e,}, and
{Pp}n.

Remark 2.1. Obviously, if a Banach space admits a Schauder basis it is separa-
ble, but in [13] is proved that there exist separable Banach spaces which have no
Schauder basis. However for each measurable subset Q C R™ LP(Q2), 1 < p < oo
has a monotone Schauder basis (see e.g. [18, Chap. 1.3 and 1.4]).

— 0, asn — oo.

Definition 2.2. If X and Y are two non empty sets and f: X — Y is surjective,
a right inverse of f is a function f ' : Y — X such that fo f~! = idy.

The following proposition shows that for every surjective, bounded, linear operator
G defined in a uniformly convex Banach space, the function that select the element
of minimal norm in the preimages of G is continuous. This function is a right
inverse of G but in general it is not linear (Remark 2.4).

Proposition 2.3. Let G : E — F be a surjective, bounded, linear operator, E a
uniformly convex Banach space and F a Banach space. Then
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(i) the map G : E/kerG — F defined by G([u]) = G(u) for every u € E is
linear, bounded, one to one and onto;
(i) there exists a continuous map II: E/ker G — E such that

GI([u])) = G(u) and |I([u])]| = min{[o] : G(u) = G(v)};
(iii) the map Gl =MoG ! is a continuous right inverse of G and
Hé_l(w)H =min {|ju] : v € G (w)};
(iv) if E is a Hilbert space, then G~ is linear.

Proof. (1) Since G is bounded, K = ker G is a closed subspace of E and the quotient
space F/K is a Banach space with the norm

Il = jnf floll, - ] ={ve B Gl) =G} =u+t K

(see [31, Thm. 5.1]). Then G is obviously well defined, linear, one to one and onto.
Moreover, by the definition of ||-||, G is bounded and ||G| = ||G||.

(ii) Notice that [|[u]l| = min,epy [[v]| for every v € E. In fact let {v,}, C [u] be a
minimizing sequence:

el = T Jjoa)

E is uniformly convex, then reflexive, the sequence {v, }, is bounded in F and [u]
is closed, then there exists a subsequence {v,, }» weakly convergent to ¥ € [u]. By
the weakly lower semicontinuity of the norm

ullll < Mol < lim o, [} = [I[]]l-
—00

Moreover, by the strict convexity of the norm in E there is a unique minimizer.
Therefore we can define the function II : E/ker G — E calling II([u]) the unique
@ € u+ K such that ||[u]|| = ||a.

We have to prove that II is continuous. Consider a sequence ([u,])y, in E/K strongly
convergent to [ug]. Setting u, = II([u,]) and @y = II([ug]), we have to show that
Uy, — Ug. Suppose by contraddiction that there exists € > 0 and a subsequence
{@n, }x such that ||, — G| > € for every k.

Since

[ || = leni ]I = llwollll = llaol|

the sequence {@y,, }x is bounded, then there exists a subsequence, denoted {n, }x
for simplicity, such that @,, — 4. G and G are linear and bounded, then

G(un,) = G(u)  and  G(un,) = G([un,]) = G([uo]) = G(uo)

as k — oo, therefore G(a) = G(up), i-e. 4 € [up]. By the weakly lower semicontinu-
ity of the norm

lull < lim f[dn, || = [l
—00
then @ = @9 = ([ug]). Now, ||@n,|| = |l@oll, @n, — %o and E is uniformly

convex, then @,, — o strongly ([7] Proposition 3.32) a contradiction. Then II is
continuous.

(iii) G~! is continuous because composition of continuous functions. Moreover, for
every w € F' we have

GoG Y w)=GolloG Hw) = w.
The last equality in (iii) is a direct consequence of the definition of II.

(iv) the linearity of G~ is proved in [26, Proposition 2.2]. O
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Remark 2.4. By the definition of G~! in the previous proposition, G~! is linear
if and only if II is. If F is not a Hilbert space, the map II is homogeneous, but in
general II is not linear, then also the right inverse G~ is not a linear operator (see
[26, Remark 2.3]).

In the sequel, for vector valued functions we will consider strong measurability (or
simply measurability) and Bochner integrability.

Remark 2.5. If W is separable, for functions with values in W measurability
is indifferently strong and weak measurability and the integrals are indifferently
Bochner or Pettis integrals (see [11, Chap. II]).

For 1 < p < oo, LP([0,T],W) denotes the Banach space of equivalence classes of
functions y : [0, 7] — W such that y is measurable in [0, 7] and ||y||, < +o0, where
I - |l is the usual norm defined by

T v
Iyl = (/O |y(t)||pdt>

[Ylloc = ess sup|ly(t)]|
te

s

when 1 < p < 0o and

when p = co.

Remark 2.6. If W is a uniformly convex Banach space and 1 < p < oo, then even
L?([0,T],W) is uniformly convex and hence reflexive ([7]).

C([0,T),W), the space of continuous functions y : [0,7] — W, is a Banach space
with the norm

[Ylloo = max{[ly(t)| : t € [0,T]}.

Let the family {S(t) }:>0, S(t) : W — W bounded and linear operator, be a strongly
continuous semigroup (Cp-semigroup), that is:

(1) S(0) =1

(2) S(t)S(s) = S(t + s) for every t,s € [0, +00);

(3) the map t — S(t)z is continuous on [0, +00) for every x € W.
It is well known (see [28, Theorem 2.2. page 4]) that, if {S(¢)}1>0 is a Cp-semigroup,
there exists M > 1 such that

IS <M forall tel0,T)]. (2.1)

If moreover || S(t)]] < 1 forall ¢ € [0,400) (or ||S#)| < 1 for all t € R), it is
called a Cy-semigroup (or group) of contractions.

If S(t) is defined for all ¢t € R, it satisfies (1), (2) for all s,t and the map ¢t — S(¢)x
is continuous on all R for every x, then {S(¢)}cr is a strongly continuous group.

We now recall a useful compactness result for semicompact sequences proved in [19,
Corollary 5.1.1].

Definition 2.7. We say that a sequence {f,}, C L*([0,T], W) is semicompact if it
is integrably bounded and the set {f,(t)}, is relatively compact for a.e. t € [0,T].

Theorem 2.8. Let {S(t)}i>0 be a Co-semigroup and F be the linear operator from
LY([0,T]),W) to C([0,T],W) defined by

F(f)(t):/o S(t—8)f(s)ds, feI}0,T], W) andte[0,T].  (22)
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Then, for every semicompact sequence { fn, }n C L*([0,T], W), the sequence {F(fn)}n
is relatively compact in C([0,T], W) and

fon - fO in Ll([OvT] 7W); then F(fn) - F(fO)

In order to prove that a subset of a Banach space is relatively compact it is possible
to use a measure of non-compactness (m.n.c. for short). We recall that, given a non
empty subset C' of the Banach space W, the Hausdorff m.n.c. of C (see e.g. [19,
Chap. 2]) is defined by

k
xw (C) = inf {e >0: Jdxq,...x, € W such that C C U Be(xi)} .
i=1
it C is bounded and xw (C) = +oo if C' is unbounded.

Some properties of the Hausdorff measure of non compactness that we will use in
the sequel are stated in the Appendix.

3. THE ABSTRACT PROBLEM

In this section we consider the control problem

y'(t) = Ay(t) + f(t,y(t) + Bu(t)
y(0) = Dy + 9o

where W is a reflexive Banach space with a monotone Schauder basis {e,}n, 4 :
D(A) C W — W is a linear (not necessarily bounded) operator whose domain D(A)
is dense in W and generating a Co-semigroup {S(t) > on W, f: [0, T|xW — W,
D :C([0,T),W) = W,yo € Wand B: U — W is a bounded linear operator defined
in a uniformly convex Banach space U.

(P)

Remark 3.1. Notice that all the results we are proving hold true also if K =
sup{|| Pul|}» > 1, introducing K in conditions (f3) and (3.27). Nevertheless all the
Banach spaces involved in our applications admit a monotone basis, therefore we
chose to assume that K = 1 in order to simplify the notations.

We will prove the controllability of (P) in different frameworks. In particular in
Theorems 3.8 and 3.9 the control space U is a Banach space, but a strong condition
on f is assumed, the weak-weak sequential continuity with respect to the second
variable. Instead, Theorem 3.10 requires that U is a Hilbert space, but it applies
to functions f that are Lipschitz-continuous in the second variable.

In the first two results we will consider the following assumptions on f, D and B:

(B) the linear operator G : LP([0,T],U) - W, 1 < p < oo, defined by
T
Glu) = / S(T — ) Bul(t) dt:
0

is onto.
(D7) D is a sequentially continuous function with respect to the weak topology
both in C([0,T],W) and in W:

if ¢, — ¢, then Dgq, — Dgq
and maps bounded sets into bounded sets;
D

Dy |Dal] _

lalloo—=-+o0 [[qlloo

(f1) for every y € W the function f(-,y) : [0,7] — W is measurable with
respect to the Lebesgue measure on [0,7] and the Borel measure on W;

)
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(f2) for almost every ¢ € [0,T] the function f(¢,-) : W — W is sequentially
continuous with respect to the weak topology in W:

if y,, =y, then f(t,y,) — f(t,y)

for a.e. t € [0,T];
(f3) for every N € N there exists ¢ € L'(0,T) such that

sup ”f(tay)” < SDN(t)v for a.e. t € [OvT]v
lyll<N

1 /7
liminfﬁ/O pn(s)ds =0;

N=o00
(f2) there exist a, 8 € L'(0,T) such that
1FE 9l < a®llyll +5(®),  for ae. t €[0,T], for every y € W,
Ml (14 MIBIT [l671]) <1,

where G~! is defined from G as in Proposition 2.3.

Remark 3.2. (f}) and (f2) represent different growth conditions of the nonlinear
term f. More precisely, when (f2) is satisfied, let

Yn(t) == sup ||f(t )| <alt)N+B(t), forae. te[0,T], for every y € W
llyll<N

and compare {1y }n with the sequence {¢n}n appearing in (f3).
First notice that {||¢)x |1}~ is an infinite at most of the same order as N. It is

exactly of the same order as N when ||a|; # 0 and the inequality in the definition
¥n(t) _
=

of ¥ is an equality; moreover in this latter case limy_, o a(t) a.e. on
[0, T].

Instead (f1) implies that {||¢x]|/1}n has a subsequence which is bounded or an
lenlls

= 0, Fatou’s 1
N , Fatou’s lemma

infinite of lower order as IN. Moreover since lim inf x_, oo

implies that liminfy_, o ‘/’WN is the zero function.

However the validity of (f4) in general does not imply (f3) as the following example
shows. In order to obtain condition (f3) from (fi) we need to assume further reg-
ularity such as, for instance, that {£}}y is an a.e. on [0, T] dominated convergent
sequence.

Example 3.3. Consider the sequence {py}n defined by
on(t) :=K'n(k + 1), tel0,T], k! < N<(k+1)!, N>1.
Since its subsequence {pp, }r with N, =: (h 4+ 1)! — 1, h > 1 satisfies

1t . hTIn(h+1)
lim 7‘/0 Q@Nh(t)dt:hlinolom —>0, a.Sh—>OO,

then condition (f31) is true for {px}n. Let now {¢n, }x be the subsequence with
Ny =: k!, k> 1; since

1 T

lim—/ on, dt=Tln(k+1) - 00, ask— o0
k—oo N 0

the first condition in (f??) can never be satisfied (see Remark 3.2).

Proposition 3.4. Let conditions (f1), (f2), (f3) or (f3) hold and let q € C([0,T],W).
Then the function f(-,q(-)) € L*([0,T),W).
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Proof. For every q € C([0,T],W), there exists a sequence of step functions {gy}»
uniformly convergent to ¢ in [0,7T]. In particular
if gn(t) — q(t), then f(t,q.(t)) — f(t,q(t))

for every ¢ € [0,T], therefore f(-,¢(-)) is measurable.
Moreover, there exists N such that ||q||.c < N, then by (f3) the function f(-,q(-))

is integrable in [0, T7. O
Proposition 3.5. Let conditions (D1) and (D2) hold. Then
. Dy
MmN =0 (3:-1)
where
Dy = sup | Dgql, for every N € N.

llglloe <N

Proof. By contradiction let us suppose that there exist [ > 0 and a subsequence
{N}x such that
D
N, —
o . . D
for every k, which yields the existence of {qn, }x with ||gn, |lcc < Ni and % > 1
for every k. If {qn, }x is bounded, then by (D;) we have that there exists D such

that ||Dgn, || < D for every k, in contradiction with % > L for every k.

Therefore {gn, }1 is unbounded and we get that, for every k,

| Dan, |l > | Dan, || > !
g [l oo Ng

in contradiction with (D) proving (3.1). O

DO |

Definition 3.6. Let A : D(A) C W — W be a linear (not necessarily bounded) op-
erator whose domain D(A) is dense in W and generating a Cy-semigroup {S(t)}+>0
on W. Then, given a function g : [0,T] x W — W and a value yo € W, we say that
y € C([0,T],W) is a mild solution of the non-local problem

y'(t) = Ay(t) + g(t, y(t))
y(0) = yo + Dy
if g(-,y(-)) € L'([0,T], W) and

y(t) = S(t)(so + Dy) + / S(t — 5)g(s,y(s))ds
for every t € [0,T].

Definition 3.7. We say that the problem (P) is (exactly) p-controllable on [0,T],
1 <p< oo, if for all yg,y; € W there exist u € LP([0,T],U) and a mild solution
y(-) € C([0,T],W) to (P) (see Definition 3.6 with g(t,y(t)) := f(¢,y(t)) + Bu(t))
such that y(T) = Dy + y;1.

We will first prove the following result.

Theorem 3.8. Let conditions (f1), (f2), (f3),(D1),(D2) and (B) hold. Then
problem (P) is p-controllable, 1 < p < oo.

Proof. We have to prove that for all yo, y1 € W there exist a control u € LP([0,T],U)
and a mild solution y € C([0,T],W) to (P) such that y(T) = Dy + 4.
For every n € N and N > 0 consider the subset of C([0,T],W,,) defined by

Qi = {a € C([0.T1,W,) : lla(®)| <N, for all t € [0,7])
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and the integral operator Ty, : Q% — C([0,T],W,,) defined by
t
To@)) =PuS @l + PaDal + [ PuS(t = )PS5 .a(s)) ds
0

+/0Pn5(t $)B (G (Palp))(s)) ds, ¢ € (0,7,
where
T
Po =1 — S(T)yo + [idw — S(T)]Dg — / S(T—5)f(s,q(s)) ds € W

and G~! is the continuous map satisfying GoG~! = idy, defined in Proposition 2.3.
The proof consists of the following steps:

Step 1. For every n € N we prove that 7, admits a fixed point y,, : [0,T] — W,,.
Step 2. We prove that the sequence {y,}, found in previous step admits a subse-
quence pointwise weakly converging to a continuous function y : [0,7] — W such
that

y(t) = S(®)lyo + Dy] +/0 S(t—s)f(s,y(s))ds +/0 S(t—5)B (u(s))ds  (3.2)

and y(T) = Dy + y1, for a control uw € LP([0,T],U).
Step 1. The proof is based on Schauder’s fixed point theorem and to apply it we
shall prove that for every n € N
Claim 1: for every N > 0, 7,(Q%) is relatively compact in C([0,T], Wy,);
Claim 2: for every N >0, T,, : Q% — C([0,T],W,,) is continuous;
Claim 8: there exists N > 0, which does not depend on n, such that
To(Q%) € Q%

Proof of Claim 1. Fix n € N and N > 0. We have to show that every sequence
{T(@m) }m, Gm € Q%, admits a uniformly convergent subsequence. Setting f,,(-) =
(G am()), by (f3) we have

Ifm @) < en(t), forae. te[0,T] and for every m € N, (3.3)

then {f, }m is weakly relatively compact in L1([0,T], W) (see [11, p. 101] recalling
that W is reflexive) and there exist fo € L'([0,7], W) and a subsequence, denoted
by { fm }m for simplicity, such that f,, — fo in L*([0,T],W).

Since P, : W — W is linear and bounded, the functional P, : L'([0,T], W) —
LY([0,T],W) defined by

P,(9)(t) = P,g(t), for every g € L*([0,T],W) and t € [0,T]

is linear and bounded, in fact || P, (g)|: < [ Pallllgllx < lg]li. Therefore for every @
in the dual of L*([0,T],W) the map ¥ = ® o P, is in the dual of L1([0,T], W)
too and
D(Po(fm)) =U(fm) = V(fo) = P(Pu(fo)) asm — oo
proving that
Py(fm) = Pa(fo) in L'([0,T],W).
By (3.3) for almost every ¢ € [0,T] the set { P, fn(t) : m € N} is a bounded subset

of the finite dimensional space W, then it is relatively compact in W,, and in W.
Therefore, by Theorem 2.8,

/ S(t = $)Py fon(s) ds — / S(t = )Py fo(s) ds
0 0
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uniformly in [0, 7], then

t t
/ P,S(t — s)Ppfm(s)ds — / P, S(t —s)P,fo(s)ds (3.4)
0 0
uniformly in [0, 7.
The linear functional ¥ : L*([0, 7], W) — L*([0,T], W) defined by
Y(g9)(t) = S(T —t)g(t), for every g € L*([0,T],W) and t € [0,T]

is bounded since, by (2.1), ||2(g)|l1 < M]|gll1-

For every ® in the dual of L([0,7], W) we have that the map ¥ = ® o ¥ is in the
dual of L1([0,T], W) too, hence, since f,, — fo in L*([0,T], W), 2(fm) — Z(fo)
in L1([0,T],W) and, in particular,

/s 8o )ds—/ S (fn)(s) ds

T T
- / S(fo)(s) ds = / S(T — $)fols)ds (3.5)
0 0

in W. Moreover, from (D7) we know that {Dg,,}m is bounded, hence weakly
relatively compact. Thus there exist o € W and a subsequence still denoted as the
sequence such that

Dq,, — lo. (36)
Therefore

T
P — Do = y1 — S(T)yo + [idw — S(T)]lo — / S(T —s)fo(s)ds in W

and, by (A.1), P,p,,. — Papo in W. By the continuity of G~ we have that

Oém*G ( npqm)%G ( np())*ao
in LP([0,T],U) so, using (2.1) and Holder inequality, we obtain

/ P,S(t—s)B (G L(Pupg, ) ds—/ P,S(t—s)B (G (Pnpo)(s)) ds

/0 PoS(t— 5)B (am(s) — ao(s)) ds

/ 1PuS(t — 5)B(am(s) — ao(s))]| ds

< / M]|Bllllawn (s) — ao(s)llw ds < M{BIT** |l — oll,

for every ¢t € [0,T]. Hence

/O " PuS(t — $)BG (Papy. )(5) ds — /0 "PLS(t— )BG (Pupo)(s)ds  (37)

in C([0,T],W,,). Finally by (3.6) and (A.1) we get, for every ¢ € [0, T],
| P S(t) PrDgm — P S(t)Prlol| < M||PpDgpm — Palol] = 0
when m — oo which, together with (3.4) and (3.7), proves Claim 1.

Proof of Claim 2. Let {gm, }m be a sequence in Q%; uniformly convergent to ¢ € Q%;.
We have to prove that 75, (¢m) = Tn(q) as m — oo uniformly on [0,7]. To conclude
it is sufficient to prove that Ty, (gm)(t) = Tn(q)(t) as m — oo for every t € [0,T]. In
fact, by Claim 1, if {7,(gm)},, converges pointwisely to 7,(g), every subsequence
of {7n(gm)},, admits a subsequence uniformly convergent to 7,(g). Therefore all
the sequence must converge to T, (q) in C([0,T], Wp,).
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Fix t € [0,T]. Since ¢, — ¢ in C([0,T],W,,), in particular ¢,, — ¢ in C([0,T], W)
and g, (s) — q(s) for every s € [0,t] (see Proposition A.8). Then by (D;) we have
that Dg,, — Dgq, hence that S(T)Dgq,, — S(T)Dq and

PoS(t)P,Dgm — PoS(t)PaDg (3.8)

while (f2) yields that

f(s,qm(s)) — f(s,q(s)) forae. se€][0,t]. (3.9)
Since P, is bounded and W, is finite-dimensional,

P.f(s,qm(s)) = Pnf(s,q(s)) for a.e. s€[0,t]
and the boundedness of S(t — s) then yields
P,S(t — s)Pnf(s,qm(s)) = P,S(t — s)Pnf(s,q(s)) forae. s€]0,t].
Since by (2.1) and (f1)
[1PnS(t = 5)Puf(s,qm(s))| < Mon(s),

by the dominated convergence theorem we can conclude that

/ PoS(t— ) Pof (5, qm(s) ds—>/ PuS(t— 8)Puf(s,q(s)ds  (3.10)

as m — oo.
Let us show that

| st=98 (67 Py (o) ds = / St~ )B (G (Pulp)() ds (3.10)
as m — 0o.
By (3.9) and considerations above

P,S(T — 5)f(s,qm(s)) = PoS(T — s)f(s,q(s)) for a.e. s€0,T]

and . .
/ PuS(T — $)£(5, g (s)) ds — / PLS(T — 3) (s, q(s))ds
0 0

therefore P, (pq,,) = Pn(pq) as m — oo.
If G : LP([0,T),U)/ ker G — W is the linear and bounded map defined in (i) of
Proposition 2.3, then also G~! is linear and bounded and
G (Pu(pg,)) = G (Palpg))  in LP([0,T],U)/ ker G

as m — oo. By Proposition 2.3 again, II : LP([0,T],U)/kerG — L?([0,T],U) is
continuous, then

G (Palpg,.)) = NG (Pu(pg,,)) = TG (Pa(p)) = G~ H(Palpg)  (3.12)
in LP([0,T],U), as m — oo. Finally, by Holder inequality and (3.12) we have

/Ot S(t — $)B (é*l(pn(pqm))(s)) ds — /Ot S(t — )B (é—l(pn(pq))(s)) ds

(t = 5)B (G (Palpg,))(5) = G (Pulpy))(s) ) ds

<

(t = )B (G (Palpa,)(s) = G (Palpa))(9)) | ds
0

< M|B| / |G (Palp,)) () = G (Palpy))(s) | ds

< MIBIT' 5 |G (Palpy,.) = G (Balpy) | =0

as m — oo and (3.11) is proved.
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Then (3.8), (3.10) and (3.11) yield that Ty (gm)(t) — Tn(q)(t) for every ¢t € [0,T]
proving Claim 2.

Proof of Claim 3. By (f1) we have that, for every n € N and for every q € Q%;,

[ Pnpgll < llyall + Mllyoll + (1 + M) Dy + Mljen|l1, (3.13)
where
Dy = sup |Dql,
llgllec <N
and
& ntwa], = I Ptool, = 07 Putel < 97 0Pl
<G| Alyall + Mllyoll + (1 + M)Dy + Mllon|l1) -
Therefore, by Holder inequality,
1Ta (@)@ < [1PaSE)yoll + [1P.S(2) P Dyll
t
4 [ IRt = )Pas(s s ds
0
¢ (3.15)

[ e 08 (6o o

IR
< Mllyoll + MDy + M|lon |l + M| B|IT" =7 |G™* Pa(pq) I
< Ci+Collen|i +C3DyN

for every ¢ € [0,T], where

Cv =M [lyoll + IBIT* =5 {67 (sl + Mlwoll)]

Cy =M (1+M||B|T* 5 [|g7!]))
and
Cs = M[1+ || B|T" 7 ||g7 (1 + M)).
By Proposition 3.5 and (f1),

Ci + Collen|li + C3Dn
N

1

therefore, there exists N > 0 (independent from n) such that
1
+ s [Ta(@lle < 1
q€EQY
and the claim is proved.

Finally, applying Schauder’s fixed point theorem we prove that for every n € N
there exists a fixed point y,, of T,.

Step 2. The sequence {y, }, found in previous step satisfies

yn(t) = PoS(8)(yo + P D)+ / PuS(t — 8)Puf (s, yn(s)) ds
(3.16)

" / PaS(t = 5)B (G (Palpy))(5)) ds

for every n € N and t € [0,7]. We shall prove that there exists a subsequence
{Yn,, }r such that, for every ¢t € [0,T], yn, (t) — y(t), where y satisfies (3.2) and
y(T) = y1 + Dy, for a control w € LP([0,T],U).

For every N > 0, let Qx be the subset of C([0,T], W) defined by

QN = {qEC([O,T],W): Hq(t)ll <N, forallte [OvT]}"
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By Claim 3, for every n € N, y,, € Q then, setting g,,(t) = P f(t,yn(t)),
lon®ll < ox()  forae. te[0,T].

Hence there exist a subsequence {g,, }x and g € L*([0,T], W) such that g,, — g
in L1([0,T],W) and, as in (3.5),

/t S(t— 8)gn,(s)ds — /t S(t—s)g(s)ds, forevery t €[0,T]. (3.17)
0 0

The sequence {yy } is bounded, then by (D7) we can suppose, possibly passing to
a subsequence, that there exists [ € W such that Dy,, — lp. By Proposition A.2
(ii) and (A.3)

Pp, S(t)(yo + Py Dyn,) — S(t)(yo + lo) (3.18)

and
¢ ¢
/ P, S(t— 8)gn,(s)ds — / S(t—s)g(s)ds, foreverytel0,T]. (3.19)
0 0
Since G~1(P,, (Py,, ) € LP([0,T7,U), 1 <p < oo, and, as in (3.14),

16 Py, Dl < 1674 Qlnll + Mllgoll + (1 4+ M)Dy + Mllo)

there exist a subsequence, still denoted by ng, and u € LP([0,T],U) such that
G (P, (py,, ) = uin LP([0,T],U) (see Remark 2.6).
As in (3.17) we get that

/Ot S0t = 5)B (G (Pay (o, )(5)) ds — /Ot S(t— 8)B (u(s)) ds

and, by (A.3),

/Ot PoS(t = 9)B (G (Poy (0, )(5)) ds — /Ot S(t—8)B (u(s))ds,  (3.20)

for every ¢t € [0,T]. Finally by (3.18), (3.19) and (3.20) for every t € [0, 7] we have

i 8) = 9(6) = SO -+10) + [ St = s)g(s)ds+ [ St 9B (u(s)ds. (321)
0 0
Moreover, by (f2) and (A.3), for almost every ¢t € [0,T],
f(tyn, (8)) = f(t,y(t)) and then g, (t) = Pu, f(t, yn, (1)) = f(£,y(t)).
Therefore f(t,y(t)) = g(t). Now, since, as in (3.15), for every ¢ € [0,T],
[y, D < C1 + Callewll + C3 Dy,

where D = sup |, < [[Dqll, we get that y,, — y in C([0,T], W) (see Proposi-
tion A.8). Hence, by (D1), lp = Dy and then, by (3.21), (3.2) is satisfied.
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It remains to prove that y(T) = y; + Dy. By (3.16) and the definition of G~ we
have that, for every n € N,

b [ RS P ds + PG (Papy)
=P,S(T)(yo + PuDyn) + /OT PoS(T = s)Puf(s,yn(s)) ds + PoPapy,
=PS(T)(yo + PuDyn) + /OT PoS(T — )P f(s,yn(s)) ds + Papy,
=P.S(T)(yo + PuDyn) + /OT PoS(T = 8)Puf(s,yn(s)) ds + Puy

T
— P.S(T)yo + Pu(Dyn — S(T)Dy,,) — P, / S(T = 5)£(5,yn(5)) ds.

Therefore, for every k € N,

T 3.22
+Pnk/0 S(T_S) [P’ﬂkf(saynk(s)) _f(s7y7lk(8))] ds. ( )

Since Dy, — Dy, we get that P, [Dyn, + S(T)(Pn, Dyn, — Dyn,)] = Dy. More-
over, by (f2),

ftyn, (8) = f(ty(2))
for almost every t € [0, 77, then, by (A.3),

Fony, (t) = Py f (& Yn,, (8) — f(&, Y, (£) — 0, for almost every t € [0, T].

For every ® € W* and for every s € [0,7] the composition ® o S(T' — s) € W*,
therefore

O (S(T — $)hn,(s)) = 0, for almost every s € [0, 7. (3.23)
Moreover from (f1)
|PS(T — $)hn, (s)] < 2P| Mex(s), for almost every s € [0, T]. (3.24)
By (3.23), (3.24) and the dominated convergence theorem it follows that

T T
o </ S(T — $)hn, (5) ds) :/ B (S(T — 8)hn, (5)) ds — 0
0 0
for every ® € W*, that is

/O ST — 5) [Poy £ (5, 4 (3)) — £(5,yms (5))] ds — 0.

By passing to the weak limit in (3.22) we conclude that y(T') = y1 + Dy.
O

The following result shows that controllability can be proved with the growth as-
sumption (f%) instead of (fi) by adding a constraint on the linear term.

Theorem 3.9. Let conditions (f1), (f2), (f2),(D1),(D2) and (B) hold. Then
problem (P) is p-controllable, 1 < p < oo.
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Proof. In the proof of previous theorem the strictly sublinearity condition

1 (7
1}\1{1;1;15 N/o on(s)ds =0
plays a role only in the proof of Claim 3. Then we can repeat all the proof (except
Claim 3) with pn(t) = a(t)N + B(t).

It remains to prove that there exists N > 0 such that 7,(Q%) € Q7% for every
n € N. Suppose, by contradiction, that for every N € N there exist n = n(N) € N

and gy € QR such that T (qn) ¢ Q%. By (3.15) and Tz (gn) ¢ Q7 we have that
N <|Talan)llee < Cr+ Ca(Nllells + [1B8]1) + C3Dn,

with C1, Cs and Cj as in the proof of Claim 3. Now dividing by N the first and the
last term in the previous inequality and passing to the limit as N — oo, by (3.1)
we obtain Cal|a||; > 1. On the other hand, condition (f3) means that Calla||; < 1,
a contradiction. O

Finally, in this last theorem we prove the 2-controllability of (P) under the hypoth-
esis that f is locally Lipschitz continuous in the second variable instead of (f2).
This proof holds when LP([0,T],U) is a Hilbert space, that is p = 2 and U is a
Hilbert space.

Theorem 3.10. Let U be a Hilbert space and p = 2 and let condition (B) holds.
In addition suppose that D is continuous and satisfies (Da) and there exists d > 0
such that, for every bounded sequence {y,}» C C([0,T], W)

xw ({D{yn}n}) < dts[l(l)pT] Xw ({yn(t)n) - (3.25)

)

Finally assume that f satisfies (f1), f(-,0) € L*([0,T],W) and there exists L €
LY(0,T) such that

£t y) = fE,y2)|l < L)y — vl (3.26)
for each y1,y2 € W and for a.e. t € [0,T]. If
M+ ) (1+ MIBIVTIG ) + dMBIVTIG <1 (3.27)

then problem (P) is 2-controllable.

Remark 3.11. If conditions (f1) and (3.26) hold then f is a Carathéodory function
and for every ¢ € C([0,T],W), f(-,q(-)) is measurable (q is the pointwise limit of
simple functions, then f(-,¢()) is the pointwise limit of measurable functions).
Moreover, if (3.26) holds also (f2) holds with a(t) = L(¢) and B(t) = || f(¢,0)]],
then f(-,q(-)) € Ll([ovT]v w).

Proof of Theorem 3.10. The structure of the proof is the same as in previous the-
orems. We have to prove Step 1 and Step 2 when D satisfies (3.25) and it is
continuous instead of weakly continuous and (3.26) instead of (f2) holds. Recall
that, since L2([0,T]U) is a Hilbert space, by Proposition 2.3 the linear operator G
admits a linear and bounded right inverse G~1.

Step 1. We shall prove Claim 1, Claim 2 and Claim 3 as in the proof of Theorem 3.8.
Proofs of Claims 1 and 3. Notice that by (3.25) we have that D maps bounded
sets into bounded sets. Hence, since in Theorem 3.8 and in Theorem 3.9 we do not
use elsewhere hypothesis (D1) and (f2) to prove these claims, the proofs remain
the same.

Proof of Claim 2. Also this proof is almost the same of the corresponding proof in
Theorem 3.8. First of all notice that formula (3.8) follows also from the continuity
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of D. The only main difference is in formula (3.9). If (3.26) holds we have that if
gm — q in C([0,T], W), then ¢,,,(s) — q(s) for every s € [0,t] and
f(s,qm(s)) — f(s,q(s)) for ae. s€[0,t].
The remaining part of the proof does not change.

Step 2. Let {y,}n be the sequence found in previous step, satisfying (3.16). First
of all we will prove that xw ({yn(t)}n) = 0 for every t € [0,T], that is

Y{yntn) = sup xw ({yn(t)}n) = 0. (3.28)
te[0,T)

For every fixed t € [0, T], by Proposition A.5 (ii) and (iv) we have that
xw ({yn(t)}n) <xw ({PaS®)yotn) + xw ({PaS#) PaDyntn)

+xw ({/Ot PoS(t = $)Puf(s,yn(s)) ds}n) (3.29)

o ({ [ Pust-98 (¢ Rme) as) ).

Since the sequence { P, S(t)yo }» converges to S(t)yo, xw {PnS(t)yo}tn) = 0. As to
the second and third addend, by (2.1), Proposition A.5 (v), Proposition A.6 and
(3.25), we respectively get

xw ({PnS(t)PnDyn}) < Mdy ({yn}n)
and
xw ({PnS(t = 8)Puf(s,yn(8)) }n) <Mxw ({£(s,yn(s))}n)
<M L(s)xw ({yn(s)}n) < ML(s)y({yn}n)

for every s € [0, t], then by Theorem A.7
t
w ({ [ Puste=9pas.(o s
0

The same reasoning gives xw{Pnpy, } < [d+ M(d+ || L||1)] Y({yn}n). Let us con-
sider now the linear functional H; : W — W defined by

) < MILIy ({gn}n) -

n

Hy(w) = /Ot S(t— s)B (é*l(w)(s)) ds, weW, (3.30)

then, by (2.1) and the continuity of B and G~', H, is bounded. In fact, since
G~Yw) is in L2([0,T],U), by Cauchy-Schwarz inequality:

Gl < [ s 98 (6 o) | as < animi [ 16w as
<M|BIVT||G (w)|| < MIBIVTIGw]

for every w € W and ¢ € [0, T]. By Proposition A.5 (v)

w ({ [ Pusa- 9 (@ eum00) s} )

< ({ [ ste-92 (67 R ) o5

< M|BIVT|G Ixw ({(Pa(py,))}n)
< M|[B|VTIG™|[[d+ M(d + ILI[)] ¥ ({yn}n)-

) — xw ({Hi(Pa(py))})

n
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Therefore

w ({yn(t)}In) <Mdy ({yntn) + M{I L]y {yn}n)
+M|BIVT(G|[[d+ M(d+ | LI[)] Y ({yn}n)
for every ¢t € [0,T] and then

Y{yntn) < [M(@+ L) (1+ MIBIVTIG ) + dMIBIVTIG ] 4({yn o)

which, with (3.27), imply Y({yn}n) = 0 so {yn(t)}, is relatively compact in W for
every t € [0,T].

Let us prove that {y, },, is relatively compact in C([0, T'], W). According to Proposi-
tion A.4, it is sufficient to prove that {S(-) P, Dyy }n, {Fin}n and { K, },, are relatively
compact in C([0,T], W) where

t) = /Ot S(t - S)Pnf(s7yn(s)) ds,
and
P = /0 "S(t— 9B (G (Papy) () ds.

Since {yn(t)}, is relatively compact for every ¢t € [0,T], by (3.25) we get that
{Dyn}n is relatively compact in W. It means that, given any subsequence { Dy, }r,
there exists ¥ € W such that, passing to a subsequence still denoted as the sequence,
Dy, — 7 and, by (A.2), P,, Dy,, — . Hence, by (2.1), we get that
sup |[S(t) Py Dy yny = S(OY| < M|[ Py Dy Yy, = 7l
te[0,T]

{S(-)Pp, Dyn, }i is convergent, thus {S(-)P, Dy, }n is relatively compact in
C([0,T],W).
Again by the relative compactness of {y, (s) }, for every s € [0,T] and the continuity
of f(s,-), {f(s,yn(s))}n is relatively compact for almost every s € [0,T]. Moreover
by (A.2), also {P,f(s,yn(s))}n is relatively compact for almost every s € [0,7].
Since {yn}n C Qx for some N > 0, by(f2) (see Remark 3.11), {f(-,yn("))}» and
{Pnf(-,yn(-))}n are integrably bounded. Then by Theorem 2.8 we get that the
sequences of functions {Fy, }, and {E,},, where

t) :/0 S(t—8)f(s,yn(s))ds,

are relatively compact in C([0, T, W). In particular { £, (T')},, is relatively compact
in W.

Consider now {K,},. Since {Dy,}, and {E,(T)}, are relatively compact, then
also {py, }n is relatively compact in W. By (A.2) and the continuity of G~
we have that the sequence {G~( np,,n)}n is relatively compact in L?([0,7T],U).
Therefore, since B is bounded, also {B(G~(P,py, )())}n is relatively compact in
L2([0,T], W) and, a fortiori, in L ([0, T], W). Since, for every g1, g2 € L*([0,T], W),

/Spﬂm %—/S%$W(E<M/Hm (5)ds

we obtain that every subsequence {K,, }; admits a subsequence converging in
C([0,T),W), i.e. {Kp}, is relatively compact in C([0,T], W). Then, according to
above considerations, {y,}, admits a subsequence, still denoted by the sequence,
uniformly convergent to a function y : [0,7] — W, hence by (3.26) and (A.2)

fE,yn(®) = f(t,y(t)) and P,f(t,yn(t)) = f(t,y(t)) fora.e.t€[0,T].

sup
t€(0,7]
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Therefore by the dominated convergence theorem, (A.2) and the continuity of D,

¢ ¢
Pn/ S(tfs)Pnf(s,yn(s))ds%/ S(t—s)f(s,y(s))ds, forallte][0,T],
0 0
Dy, — Dy and P.py, — Dy-
Then, by (A.2) and the continuity of Hy, P, H:(Pn(py,)) = Hi(py), that is
¢ ~ ¢ ~
Pn/ S(t—s)B (G_I(Pn(pyn))(s)) ds — / S(t—s)B (G_l(py)(s)) ds
0 0

for every ¢t € [0,T]. Then the limit function y satisfies

) = SO+ Dyl + [ St =s)f(s ) ds+ [ 8- 98 (G 0)() ds

and
y(T) = S(T)[yo + Dy]

/ S(T —3s)f(s,y(s ds+/ S(T —s) é_l(py)(s)) ds
= S(T){wo+ Dy + / ST~ 8)f(s,y(s)) ds + G (G (p,))

T
— S(T)lyo + Dy) + / S(T — 8)f(s,y(s)) ds + p, = 41 + Dy.
O

Remark 3.12. Notice that we assume condition (Ds) only in order to simplify the
notations. Indeed all theorems can be proved under the weaker condition

lim sup ” qH

lla]l oo =00 llgll o

=[l< o0

with respectively Csl < 1 in Theorem 3.8 and

Collafli +Csl < 1 (3.31)
in Theorem 3.9 and Theorem 3.10 (where we recall that p = 2 and a = L), where
Co=M (1+MIBIT' 7 g7} and Gy = M1+ |BIT' =71+ M)
Notice that, in Theorem 3.10, if d = [, then (3.27) and (3.31) are the same condition.

Example 3.13. Let D be a linear and bounded operator from C([0,T],W) into
W. Then D maps bounded sets into bounded sets and it is continuous both with
respect to the strong topology in the domain and in the codomain, and with respect
to the weak topology in the domain and in the codomain. Moreover

lim sup I1Dql_ = ||DJ < oo.
llqllco —00 HQHoo
In this case we can choose d = ||D|| and then, by previous remark, Theorem 3.10

holds without additional assumptions. Consider now
m
q) = Zﬂzq(tz), with t; <ty < ... <t,, and ﬂl, ,Bm € R,

and

T
q) = /0 B(s)q(s)ds, with g€ L*([0,T],R).



LP-EXACT CONTROLLABILITY OF PARTIAL DIFFERENTIAL EQUATIONS 19

Let {yn}n € C([0,T],W) be bounded. By Proposition A.5 (iv) and (v) and Theo-
rem A.7, we respectively have

({Dlyn n < Z|BZ|XW {yn z n < Z|ﬁz"y {yn n)

=1

and

w ({D2yn}n) S/O 1B(s)xw ({yn(8)}n)ds < |81y ({yn}n),

where v is defined in (3.28), implying that they both satisfy (3.25) with d equal to
>t 18i] and ||B8]|1 respectively.

4. p-CONTROLLABILITY OF A NONLOCAL TRANSPORT EQUATION

As an application of the previous results we will prove the p-controllability, 1 <
p < oo, for a problem of the form

ye(t,z) +a- Vy(t,z)
= y(t,z)g (t,x,f . k:(x,f)y(t,g)df) +b(z)ul(t,z), zeR™ te[0,T], (41)
y(0,2) = yo(z) + X272, Biy(ti, ), z € R,
where a € R™, t,...,tm,m € [0,T], B1,..., Bm € R and yg € L"(R"), 1 < r < 0.

Equation in (4.1) is a nonlinear version of the known transport equation (see e.g.
[12] and [34]) which is still intensely studied because of its several applications such
as the transport of particles, the study of traffic flows etc. Notice that such equa-
tions are usually considered in L"(R™) with r # 2, and hence their corresponding
abstract formulations are studied in suitable Banach spaces. In some cases (see e.g.
[9] and [10]) the nonlinear term contains a nonlocal part as in (4.1).

Using the notation introduced in Section 3, the Banach space U = W = L"(R"). In
order to rewrite problem (4.1) in abstract form, we identify y and u respectively with
functions t — y(t,-) and t — u(t,-). We look for a solution y € C([0,T], L"(R"™))
associated to the control u € LP([0,T], L"(R™)) (see Definition 3.7). Notice that p
and r may be distinct.
Consider the following assumptions on functions k : R” x R™ = R, g : [0,T] x R x
R—Randb:R" = R:
(k1) k€ C(R™ x R™);
(ky) there exists ¢ € L" (R™) such that |[k(x,&)| < () for every z € R™ and
a.e. £ € R”, where % + % =1
(91) g(-,-,q) : [0,T] x R™ — R is measurable for every ¢q € R;
(92) g(t,x,-): R = R is continuous for a.e. t € [0,T] and z € R™;
(g3) there exists o € L1(0,T) such that |g(t,z,q)| < a(t) fora.e. t € [0,T],x €
R™ and every ¢ € R;
(b) b is measurable and there exists by,b2 > 0 such that b; < |b(x)| < by for
a.e. x € R";
(c) the following estimate is satisfied

(1+3) <|a||1 £y ﬁi|> <1- —Z 8.
=1

We obtain the following result

Theorem 4.1. Consider problem (4.1) witha € R™, t1,...,t,, € [0,TY], B1, ..., B €
R and yo € L"(R"), 1 < r < co. Assume conditions (k1)- ( 2), (91)-(g3), (b) and
(¢). Then (4.1) is p-controllable, with 1 < p < co.
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Proof. In order to apply Theorem 3.9 we have to define A, f, B and D and show
that hypothesis (f1), (f2), (f2) , (B), (D1) and (D3) hold.
The operator A : D(A) — L™(R™), with

D(4) = W' (B"),
is the linear operator Az = —a - Vz. A is the generator of the Cy — group of
contractions (M =1 in (2.1))

S(t)z(z) = z(z — ta) (4.2)
and it is clearly not compact ([34, Example 4.4.1 and Theorem 4.4.1]).
The function f:[0,7] x L"(R™) — L"(R™) is

) == (t0, [ k0206 de)

We claim that f is well defined, i.e. that for every ¢t € [0, 7] and z € L"(R"™), f(t,z2)
is in L"(R™).

First of all notice that, by (ks), for every x € R™ and for every z € L"(R™) the
function k(x,-)z(-) is integrable in R™. Moreover, given x,, — ¢, from (k) and
(ko) it respectively follows that

and

[F(2m, €)2(€)] < ¢ (§)]2(E)]

for a.e. £ € R™ and every m € N, thus the dominated convergence theorem implies
that the function

T — k(x,&)z(€)de (4.3)

Rn
is continuous. Since from (g1) and (g2) we obtain that g(¢,-,-) is a Carathéodory
function, we can conclude that the function

k(w,f)Z(ﬁ)df)

is measurable (see Remark 3.11). From (g3), we get that, for every z € L"(R"),
lf(t,2)(x)] < a(t)|z(x)], fora.e.z e R™ and for a.e. t € R" (4.4)

and so f(t,z) € L"(R™) and the claim is proved.

Notice that (4.4) also implies the first condition in (f3).

We now prove that, for every z € L"(R"), the map f(-,2) : [0,7] — L"(R")
is measurable. Since L"(R™) is separable it is enough to prove that it is weakly
measurable (see Remark 2.5). Since g is a Carathéodory function, from (4.3) we
get that, for every ¢ € L" (R™), the map

(1) = ola)stolg (1o, [ ko )x(6)0¢) (45)

is globally measurable (see Remark 3.11). Moreover, from (g3), for a.e. t € [0,T]
and x € R",

T —g (t, z,
R‘n

st [ K204 )| < @l

thus the map defined in (4.5) is integrable over [0,T] X R™. Therefore by Fubini’s
theorem the map

Hw,f(t,z»:/

is measurable.

e@)stalg (1o, [ b )s(6)as ) da

n
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We now claim that for a.e. ¢ € [0,7], the function f(t,-) is weakly sequentially
continuous in L"(R™). Indeed, let z, — zo in L"(R™), then from (k2) we have that

/n k(z,8)2,(€)dé — [ K(x,&)20(8) d€

R

for every x € R™. Therefore, (g2) implies that for every given ¢ € L (R™)

o(@lg (1, [ K 92(©d€) -+ o(olg (1, [ Mo Onl0de) (1)

for a.e. z € R™. From (g3) we also get that for every z € L"(R"™), it holds that
o)y ([ K200 )| < alOloto)

i.e. the function x — go(:r)g(t, x, fR" k(x, §)zo(§)d§) belongs to L™ (R™), moreover,

by the dominated convergence theorem, the sequence

bule) = o) g (10, [ K ©20(©d6) — g (10, [ kw0000

converges to 0 in L™ (R").
Hence, from the boundedness of {||z, || }n, we get that

[ o) |saterg (10 [ 1w ©20(60a )  salog (10 [ Ko 01 ) | a

| @] +| [ o@lato) - satoll (1, [ Kaaa(erac) ao
<l + | [ o@lente) ~ ol (1.0, [ Ko alerac ) ao

obtaining that

Ot [ CO2(0E) — 200t [ RCz0€)d) =0

in L"(R™) i.e. the claimed result holds.
The operators B : L"(R™) — L"(R™) and D : C([0,T], L"(R™)) — L"(R™) are
respectively defined as

<

—0

(B2)(x) = b()2(a)

Dy=> Byt
=1

The operator B maps L"(R™) in itself since b € L (R™). Moreover B is bounded
and || B|| < by. Finally, according to (b), B is invertible, (B~ w(z) = w(z) and
1B~ < 5;

Now, given w € L"(R"), consider v : [0,T] — L"(R"™) defined as v(t) = + B~ *S(t —
T)w. Clearly v € L?([0,T], L"(R")) and

and
_1
b(x)

[vllp < ———llwll-.
P01
Moreover

Gv—/ S(T — t)Bu(t) dt —/ S(T —t)BB~*S(t — T)wdt

—/ S(T—-t)S{t—T)wdt = /wdt:w,
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by the definition of Cy — group. Therefore G is surjective and
1
||fUH17 <

wllr = T 5,

G711 < |

According to Example 3.13, since D is a linear and bounded operator, it is weakly
continuous and

timsup 1Dy Z 1Bil-

1yl 0o =00 1Yl
Hence, by condition (¢) also assumption (3.31) of Remark 3.12 is satisfied and the
existence of a solution is proved. O

5. 2-CONTROLLABILITY OF A NONLINEAR WAVE EQUATION

In this part we investigate the controllability of the nonlinear wave equation with
nonlocal conditions of integral type. Consider

z(t,x) = zge(t,z) + g(t, 2(t, x)) + Bu(t)(z), t€][0,T], z€]0,1],
2(,0) = =(1 )_0 telo,1],

z(0,2) = f 77 2(t,x)dt + z0(z), = €][0,1],

2(0,2) = [y 0(t)ze(t,z)dt + 21 (x), = €]0,1],

withn,0 € L1(0,T), 20 € H}(0,T), 21 € L?(0,1). The equation in (5.1) models the
vibrating string clipped at the end points # = 0,1. The nonlinear term g: [0, 7] x
R — R denotes a feedback control. The equation contains an additional control
term given by the bounded linear operator B: U — L?(0,1) defined in the control
Hilbert space U and u(-) € L?([0,7],U). The case when = § = 0 and the equation
in (5.1) is multivalued, corresponding to a more general feedback control strategy,
was discussed in [27]. We claim that the techniques introduced in Section 3, on
which we base the present discussion, could be easily extended in order to support a
multivalued analysis as in [27]. In problem (5.1) we assume nonlocal integral initial
conditions (see also [30]). Alternatively, it is possible to consider multipoint initial
conditions as in [16] (see Remark 5.5).
We assume that

(a) g(-,q) : [0,T] — R is measurable, for all ¢ € R and g(-,0) € L*(0,T);

() lg(t,q2) — g(t,q1)] < L(t)|g2 — q1] for ¢1,92 € R and a.a. t € [0,T] with

L e LY0,T);
(¢) the following estimate is satisfied

ILIi(14+A)+d(1+2A) <1

with A = | B|VT||G!| and d = \/||n]l.> + ||0]l1%, G is defined in (5.7), its

right inverse G~1 exists and it is linear by Proposition 2.6 (iv);
(d) B is surjective.

(5.1)

In the following, by a change of variables, we transform (5.1) into the first order
problem (5.5) in abstract spaces and apply Theorem 3.10. Condition (d) then
aims to guarantee the 2-controllability of the associated linear problem (5.6) (see
Proposition (5.2)). We investigate this case in Theorem 5.1.

In controllability of nonlinear wave equations controls are frequently located in an
open subset of the state space, i.e.

B: L*(ty,63) — L*(0,1), with Bh = hl(, o), (5.2)

where 1,, is the characteristic function of the set w (see [37] and references therein).
In this case a constraint on the control time T is required, in order to get the



LP-EXACT CONTROLLABILITY OF PARTIAL DIFFERENTIAL EQUATIONS 23

controllability of the associated linear problem (see [36] and also Proposition 5.3).
We discuss this case in Theorem 5.4.

Theorem 5.1. Consider problem (5.1) with n,6 € L*(0,T),20 € H}(0,T),21 €
L?(0,1) and B: U — L*(0,1) bounded and linear with U a Hilbert space. Assume
conditions (a)-(d). Then (5.1) is 2-controllable.

Proof. Problem (5.1) can be written in its abstract form as
W(t) = Aw(t) + f(t,w(t)) + Bu(t),  te0 T]
T
w(0) = / nbw(t)dt +z0, W' / O(t)w' (t) dt + 2
0

with w(t) € L?(0,1) for every t € [0,7]. The linear term A is the abstract for-
mulation of the Laplace operator with D(A) = {w € H?(0,1); w(0) = w(1) = 0}.
The function f: [0, 7] x L?(0,1) — L?(0,1) is defined by f(t,w)(z) = g(t,w(z)) for
a.e. z € (0,1); f is well-posed by (a) and (b) since |f (¢, w)(x)| < L(t)|w(x)|+|g(t,0)|
for all w € L?(0,1) and a.e. t € [0,7] and z € [0, 1].

Following [34, Section 4.6] we transform (5.3) into a first order system in the Hilbert
space € := H}(0,1) x L?(0,1) with the inner product

1 1
m@:l%wme+Ammm@m, (5.4)

p=(po,p1),q4=(q,q) €.
We set

(5.3)

A= ( M é ) D(A) = D(A) x H}(0,1)

and consider the functions F : [0,T) x & - &, B: U — £ and D: C([0,T],&) — &€
respectively defined by

Ft,y) = F(t, (yo,v1)) = ( f(t?yo) >

0
Bu = Bu
D(y) = D(ymyl) (D( ) Dy(y1)) where

fo t)dt and Dgy(y;) fo

Notice that B is linear and bounded with ||B|| = || B]|. It is easy to see that problem
(5.3) can be written as

{40 =0 7o) +5u), <o 655

y(0) =D(y) + =
z = (z9,21). In [34, Theorem 4.6.2] it is proved that A is the generator of a
Co-group of contractions on &, {S(t) }1er-
Consider the linear problem associated to (5.5)
(V0= A0+ 80, o 56
y(0) =9

g € €. The following result is proved in [14, Example VI - 8.10].

Proposition 5.2. If operators A, B, A and B are defined as above, and B is
surjective, then the linear control system (5.6) is 2-controllable.

We prove that problem (5.5) satisfies the assumptions of Theorem 3.10. This implies
the 2-controllability of the initial problem (5.1).
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First we show condition (B). According to (d), by Proposition 5.2 for every § € £
there exists @ € L?([0,T], U) such that the corresponding solution y to (5.6) satisfies
y(T) = g. This is equivalent to assume that

G: L*([0,T],U) — &, ur— G(u) = /T S(T — t)Bu(t) dt (5.7)
0

is surjective, hence condition (B) is satisfied.

We consider now the linear operator D and prove that it is bounded. Let y = (yo,y1)
in C([0,T], €) be such that

= ma \/ <1.
Iyl = mase \/lo(e) 2* + ln (0]

Notice that

T
/0 0(t)n (1) dt

In order to obtain a similar estimate for fOT n(t)yo(t) dt we need the following claim

T
S/ 10Oy (D)2 dt < max [lya(t)l[2/[0]l1 < [16]1-
0 te[0,T]

T ! T
</0 n(t)yo(t)dt> =/O n(t)yo(t) dt, y = (yo,y1) € C([0,T], &). (5.8)

Indeed, by (5.8) we have that

HfOT (o (t) dtHHl _ H (fOTn(t)yo(t) dt)/
= | fin t) dt||2
< e, g ()l2llnlle < [l
Therefore
T 1 2 T 2
Dylle = H</0 n(t)yo(t)dt> i * /0 ”(t)yl(t)dtz (5.9)

2 2
<y/lImll”™ + 01+~

implying that D is bounded, provided that (5.8) is satisfied.
In particular (see Example 3.13) by (5.9) we obtain that

, 1Dyl 2 2
lim sup =Dl </l + 16"

19| oo —>00 ||y||oo

Now we prove that, for every u € C([0,T], H}(0,1)),

T ! T
( /0 u(t)dt) _ /0 w(t)'dt. (5.10)

By the definition of Bochner integral, there exists a sequence of simple functions
¢n : [0,T] — H}(0,1) such that

T T
| en®) = ut@lede = [ lloa®) = u(®)ll de 0.
0 0

In particular this implies that

/ on(t dt—>/ Ydt in L*(0,1) (5.11)
0
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and

T T
/ gon(t)dt—>/ u(t)dt in H3(0,1)
0 0

and the latter yields that

(/Tgpn(t)dt> — (/Tu(t)dt> in L?(0,1). (5.12)

Since ¢, is a simple function, then for every n € N

Y Y mg m

Mp
en(t) =Y X(EMv!, of,..vh €H)0,1) and EY,...E} C[0,T).
=1

Therefore

™Mn

(pn(t)) =Y X(EF)(vF)"
i=1

Then (5.10) follows from (5.11), (5.12) and

T ! M ! Mn T
</O gon(t)dt> = (ZA(E?)U?) :Z)\(Ef)(vf)’:/o ©n (1) dt.

Finally (5.8) holds by (5.10) with u(t) = n(t)yo(t).

Since D is linear and bounded, as in Example 3.13 condition (3.25) is satisfied with

d=\/|Inll} + 1613

We investigate now the properties of . Fix y € £ and consider first F(-,y): [0, T] x
£ — &; its measurability can be proved as in previous Section 4, by means of the
weak measurability and Fubini’s Theorem. Notice, in particular that, since £ is a
Hilbert space, ¢ € (€)' corresponds to p € € and ¢(y) = (p,y) as defined in (5.4).
Since || F(¢,0)|le = |g(t,0)], by condition (a) we obtain that F(-,0) € L1([0,T],&).
In order to show the lipschitzianity condition (3.26) of F(¢,-) fix t € [0,7T] and let
y1,92 € € with y1 = (yd, 1) and y2 = (y3,y?). We obtain that

1F(ty2) = Fty)lle = 10, f(t,55)) — (0, f(t90))lle = llg(t,v5() — 9(t. 5o ())l2-
According to (b) we have that

I F(t,y2) — F(t,y1)lle < Lt)|lyg — woll2 < L(E)[ly2 — w1 le-

Finally, property (3.27) is verified, because it is exactly condition (c).

Notice that condition (Ds) is not satisfied in this case, but, according to Re-
mark 3.12 and Example 3.13, since d = | = +/||n||? + ||0]|3 also condition (3.31)
is the same condition (c).

All the assumptions of Theorem 3.10 are then satisfied and then problem (5.1) is
2-controllable. O

By comparing the present discussion on problem (5.1) with the related one in [27]
we notice that we are able to deal with nonlocal solutions but also that we can
avoid any condition on xy{G~1(Q(t))} (see [27, (C)]) with © C &€ bounded (see
[27, (C)]) which could be very difficult to check.
At last when the map B: L?(0,1) — L?(0,1) is defined by Bz(z) = b(z)z(x) with
b as in condition (b) of Section 4, then ||B|| = bs.

The following result is proved in [36].
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Proposition 5.3. The linear problem
2u(t, ) = Zgo(t,x) +u(t,2)lg 0, te€[0,T], ze€l0,1],
z(t,0) = =2(t,1)=0, tel0,T1], (5.13)
2(0,z) = zo(z) and z1(x), = €]0,1],
with zo € HE(0,T), z1 € L?>(0,1) and u € L*((¢1,42) x [0,T]) is 2-controllable in
time T > 2max{f1,1 — {5}.

We remark that the controllability of (5.13) and of the corresponding first order
system as in (5.6) are equivalent. Therefore, the following result can be proved, by
means of a similar reasoning as before.

Theorem 5.4. Consider problem (5.1) with n,0 € L'(0,T), zo € HL(0,T),
z1 € L*(0,1) and let B as in (5.2). Assume (a)-(c). Then (5.1) is 2-controllable
for T > 2max{l1,1 — l2}.

The result in Theorem 5.4 can be compared with [37, Theorem 1] where n =6 =0
and g = g(z) is a C! function but with less restrictive growth conditions at infinity
than in (b).

Remark 5.5. In problem (5.1) we can also replace the integral initial condition
with a multipoint condition as in the previous section:

2(0,2) = Yt aiz(t,x), x€0,1]
Zt(O,J?) = Zlnll Bizt(tiax)v LA [05 1]
tiy ey tm € [0,T], @1,y ...Qm, B1,- .., Bm € R. In this case

yO ayl (Z azyO Zﬁzyl ) .

APPENDIX A

In this appendix we recall some standard definitions and properties about Schauder
basis and measures of non-compactness. The last result, instead, deals with the
weak convergence in the space of continuous functions.

Definition A.1. A sequence {e,}, of vectors in a Banach space W is a Schauder
basis for W if for every © € W there exists a unique sequence of real numbers
ay = ap(z), n € N such that

n
T — E ;€4
i=1

Given a Schauder basis {e,},, for W, every «,, : W — R is linear.

—0, asn—oo.

The following three propositions contains some useful properties of the sequence
{P,,}, of the natural projections (see Section 2). We refer to [22, Proposition 1.a.2,
Proposition 1.b.1 and Theorem 1.b.5] for the proof of Proposition A.2.

Proposition A.2. Let W be a Banach space with a basis {ey }n, {an}n be the asso-
ciated sequence of functionals, and { P}, be the sequence of the natural projections.
Then

(i) there exists K > 1 such that
[P (2)]| < K]
foralln e N and x € W;
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(i) for every x € W, ||Py(z) — z|| = 0 as n — oo;
(iii) for every n € N, a,, € W*;
(iv) of W is reflexive, then {oum }nen is a Schauder basis for W* and

¢ = Z (b(en)an
n=1

for all p € W*;

(v) if W is reflexive, then the operator Pr : W* — W* defined by P} (¢)(x) =
@(Pp(x)), for every ¢ € W* and x € W, is the natural projection of W* in
W =span{aa,...,a,}.

When in (i) of the previous proposition K = 1 the Schauder basis {e,}, is said
monotone. This means that for a monotone Schauder basis ||P,|| = 1 for every
n e N.

Trivially, if W is a separable Hilbert space every orthonormal system of W is a
monotone Schauder basis.

Proposition A.3. Let W and P, be as in Proposition A.2, and let {xy}i be a
sequence in W. The following properties then hold.

If ¢, — x then P,(xy) — Py(x), as k — oo, for everyn € N, (A1)
and
if v, — x then Py(zr) — x, as k — oo. (A.2)
Moreover,
if W is reflexive and x — x then Py(xp) — x, as k — oo. (A.3)

Proof. (A.1) is an immediate consequence of (iii) in the previous proposition.
Since

[1Pe(zr) = l| < |[Pr(xy) = Pu(@)l| + |1 Pe(2) — 2| < Kllay, — af| + || Pe(x) — =],

(A.2) follows from (ii) in the previous proposition.

As to (A.3), let {zx}r be a sequence weakly convergent in W. For every fixed
¢ € W*, we have to prove that limy_,co ¢(Pi(zx)) = ¢(x). By (ii) in Proposition
A.2 applied to P (defined in (v)),

P (¢) — ¢ strongly in W*,

then
|(Pr(xr)) — o(2)| = [P () (zx) — o()]
< |Pr(9)(zk) — o(xi)| + |d(zk) — d(2)]
< [P (@) = dllllzell + [¢(xr) — ¢(z)] = O
as k — oo. O

Proposition A.4. Let W and P, be as in Proposition A.2. Let {q,}n be a sequence
converging to q in C([0,T],W). Then the sequence {P,qn}, converges to q in
c([o,T],w).

Proof. Since {gy }, is uniformly convergent it is equicontinuous and g, (t) — ¢(t) for
every t € [0,T]. Therefore, by (A.2), P,g.(t) — q(t) for every t € [0,T]. Moreover,
by Proposition A.2 (i), {P,gx}n is equicontinuous, in fact

| Prdn(t1) — Pagn(t2)|| < Kl|gn(t1) — gn(t2)]] for every t1,t2 € [0, 7.

Therefore, by Ascoli-Arzeld Theorem, every sequence { P, qn, } has a subsequence
which converges to ¢ in C([0,T], W) and this proves the statement. O
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The following two propositions and Theorem A.7 deal with some useful properties
of the Hausdorff m.n.c. xw on the Banach space W introduced in Section 2. The
proof of Proposition A.5 easily follows by the definition of m.n.c.

Proposition A.5. If xyw : P(W) — [0, +00] is the Hausdorff m.n.c. defined above
then
(i) xw(C) =0 if and only if C is relatively compact;

(ii) zf Cy C Cy CW then xw(C1) < xw(Co);

(iii) for every C1,Co C W, xw(C1 U Cs) < max{xw (C1),xw(Ca)};

(iv) for every C1,C2 C W, xw(C1 + C2) < xw(C1) + xw(Ca);

(v) if V is a Banach space and ® : W — V is a Lipschitz function with constant
L, then for every C CW, xv(®(C)) < Lxw (C).

Proposition A.6. Let W be a Banach space with a monotone Schauder basis and
{Pn}n be the sequence of the natural projections. Then for every sequence {wpy }n
n W

Proof. If {wy,}, is unbounded the inequality is trivial.

Otherwise, given nn > xw ({wn }rn) we shall prove that xw ({Ppwn}n) < n. By the
definition of yyy, there exists 0 < € < n and z1, ...,z C W such that

k
{wn}n C | Bel(ws).

i=1

By (ii) of Proposition A.2 there exists 7 € N such that ||z; — P,2;|| < n — € for
every n > 7 and i = 1,..., k. Therefore for every n > 1 given i € {1,...,k} such
that ||w, — ;]| < € we have

[ Prown, — zil| < | Prwn — Ppi|| + || Pari — 2| < |wn — 2]+ — €<

and then

k
{Ppwp}n C U By (x

i=1

By (Prwy,).
1

C
T C

O

Theorem A.7. [19, Theorem 4.1.2] Let {S(t)}1>0 be a Co-semigroup and F be the
linear operator (2.2). Suppose that the sequence { f}n C L*([0,T], W) is integrably
bounded and there exists ¢ € L*(0,T) such that

w ({fn(t)}n) < q(?), for a.e. t €[0,T].
Then

xw ({F(fa)()}n) < M/ ds, for every t € [0,T],
where M is the constant in (2.1).

At last, in the following proposition we deal with the weak convergence in the space of
continuous functions.

Proposition A.8. (see [5, Theorem 4.3]) Let W be a Banach space. A sequence {yn }n C
C([0,T],W) weakly converges to an element y € C([0,T], W) if and only if

(1) there exists N > 0 such that, for everyn € N and t € [0,T], |lyn(t)|| < N;
(2) for everyt € [0,T],yn(t) — y(t).
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