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ABSTRACT
We prove well posedness and stability in L! for a class of mixed hyperbolic—parabolic nonlinear and nonlocal equations in a
bounded domain with no flow along the boundary. While the treatment of boundary conditions for the hyperbolic equation is

standard, the extension to L' of classical results about parabolic equations with Neumann conditions is here achieved.
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1 | Introduction

We consider the following nonlinear and nonlocal problem on a
bounded domain Q C R":

(t,x) € [0, T] X Q

1.1

ou+V - (uo,w)) = alt, x, w)u+ at,x),
o,w — p Aw = p(t, x,u(t), w))w + b(t, x),

When n = 2,3, this mixed system is motivated by a variety of
predator-prey models. Indeed, for instance, u = u(t, x) can be
the density of a population that chases the other population w =
w(t, x). This chase is described through the nonlocal operator v,
able to model the movement of u towards regions where the con-
centration of wis higher. A change in the sign of v allows to model
the case where the population u escapes from w. The w popula-
tion diffuses isotropically in all directions. The source terms a and
p account for natality, mortality or predation, while a and b may

describe controls acting on the system, which consist in the intro-
duction of the two species at desired times and locations.

We equip problem (1.1) with the following initial data and condi-
tions at the boundary:

u(0, x) = uy(x)
w(0, x) = wy(x)
u(t, &) =0
Vw(,8) - v(§) =0
The present choice of Neumann boundary conditions for the
parabolic equation is motivated by the no flow requirement typi-
cally suited to the physical setting considered. Recall that bound-
ary conditions for the hyperbolic equation bear an entirely dif-

ferent meaning: where characteristics exit the domain, boundary
conditions have to be essentially neglected to prevent that the

x € Q,

1.2)
(t,€) €10, T[ X 9Q.
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hyperbolic problem becomes over determined. As a consequence,
the first boundary condition in (1.2) does not prevent u from exit-
ing €, but it ensures that no u enters the domain Q through its
boundary. Refer for instance to [1, § 4.8.1] for basic information
about characteristics, or also to [2-6] for the specific treatment of
boundary conditions in hyperbolic equations.

The analytical treatment of (1.1) relies on that of the separate
hyperbolic and parabolic equations

ou+V-(uc@x)=A{tx)u+a( x) and L3)
1.3
o,w— pu Aw = B(t,x) w+ b(t, x)

together with the initial and boundary conditions (1.2). While
general well posedness results related to the former equation
are available in the literature, the treatment in L! of the lat-
ter equation with Neumann boundary conditions has received
far less attention and is here presented. Recall that system (1.1)
equipped with homogeneous Dirichlet boundary conditions for
both equations is considered in [7]. Indeed, as the classical
books [8, 9], the literature offers a variety of results in L?, a choice
which is hardly justifiable in the present physical setting. Here,
on the contrary, the L' norm has a clear meaning but L! sta-
bility estimates were not available, not even in [8, 9], especially
in the case of Neumann boundary conditions. Also, the general
mixed hyperbolic-parabolic setting in [10] does not comprise the
well posedness of (1.1). Therefore, we provide a definition of weak
solution in L! to the parabolic equation, and correspondingly, we
develop a well posedness and stability theory in the L! norm. In
this procedure, differently from typical results in the literature,
the many properties that follow from reflexivity can not be used.
It is then remarkable that the weak completeness of L! plays a
key role in our treatment of the parabolic equation.

Note that in (1.1) the dependence of v, « and # on u(r) and w(r)
is of a functional nature, allowing for nonlocal dependencies.
Indeed, u(r) and w(?) in (1.1) denote the functions x — u(t, x) and
x — w(t, x), both defined on all Q.

Systems of this form arise, for instance, in predator-prey mod-
els [11] and can be used in the control of parasites, see [12, 13].
A similar mixed hyperbolic-parabolic system is considered, in
one space dimension, in [14], where Euler equations substi-
tute the balance law in (1.1). A mixed ODE—parabolic PDE
predator-prey model with Neumann boundary conditions is
presented in [15]: Here, the predators’ movement is the super-
position of a directed hunting and a random dispersion. The
present model (1.1)-(1.2) is applicable also to the setting of
pursuit-evasion games, similarly to [16]. Here, however, the
movement of the pursuer is not purely diffusive, but it is directed
towards the average gradient of the evaders’ density.

A mixed hyperbolic-parabolic system motivated by population
dynamics is considered in [17], where the theoretical framework
is set in L? and the theory of m-accretive operators is the key ana-
lytic tool. A more applied result is [18], where the description
of an aneurysm leads to a mixed hyperbolic-parabolic system
in 1 space dimension. Global classical solutions to a parabolic
predator-prey system, under Neumann boundary conditions, are
exhibited in [19], motivated by the dynamics of competing popu-
lations with repulsive chemotaxis. In the L? framework, local in

time well posedness of a mixed hyperbolic-parabolic system is
obtained in [20], by means of a Cauchy sequence of approximate
solutions. A mixed elliptic-parabolic problem also with biologi-
cal motivations is studied in [21].

The next section presents the main analytical results. Sys-
tem (1.1) is split in the 2 Equations 1.3. The former one is dealt
with by means of results mainly coming from the literature,
see Section 2.1. On the contrary, in Section 2.2, we present results
on the parabolic part developed ad hoc in L! for the purposes of
the present work. Finally, all proofs are deferred to Section 3.

2 | Main Results

Throughout, the following notation isused. R, = [0, +co[. If E C
R”, the characteristic function y is defined by y,(x) =1 if and
onlyifx € E and y,(x) = 0Oifand onlyif x € R" \ E. For x, € R"
and r > 0, B(x,, r) is the open sphere centered at x, with radius r.
For a functionu : R" — R, we denote by TV(u) its total variation,
see [22, definition 1.1 and definition 1.3]. For a function u : R x
R" - R, D,uand Dfu denote the first and second total derivatives
of the map x — u(t, x).

Fix T > 0. We pose the following assumptions on Q and on the
functions appearing in problem (1.1):

(Q) Q is a nonempty, bounded and connected open subset of
R”, with C'” boundary, for a y €]0,1].

) v: [0,T] x LY{(Q; R) - (C? n W-*)(Q; R") is such that for
aconstant K, > 0 and foramap k, € Ly> ([0,TIX R, ;R,)

loc
non decreasing in each argument, forallz,¢,,¢, € [0,T]and

w, wy, w, € LYQ;R),
llo@, Wl @rn < K, lwllpiory:
[ D0, )| oy < Ko l0llL )

oty wy) = o(ty, W) || Lo )
< Ku<|t1 —t|+|jw, - w2||L‘(Q;R)>;

oo

Ll(Q;RnXM)
< ku(t, ||W||L1(Q;R)) ||w||L‘(Q;R);

HV < (vt wy) = vty wy))

L®(Q;R)

< (sl ) s = sl

(@) a:[0,T]xQxW"(Q;R) — R admits a constant K, > 0
such that for a.e. 7 € [0,T], for a.e. x € Q and all w,,w, €
WHH(Q:R),

sup |a(t, x, wy) — a(t,x, w,)| < K, ||w; —w, || om)
x€Q

and there exists k, € LY([0,T];: R +) such that for all w e
W (Q;R)and a.e. r € [0,T],

TV(a(t,-, w)) < K, (1+ IVl omn)

ess sup|a(z, x, w)| <k (O (1+ [[wllpom)) -
xeQ
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(a) a € LY([0, T];L®(Q;R)) and
L'([0,T]; R).

t— TV(a(t)) is in

(B) p:[0,TIxQxLY(Q;R)x LY(Q;R) - R admits a con-
stant K; > Oandak; € L([0,T]; R,)such thatfora.e.r €
[0,T], all x € Q and u, uy, u,, w, wy, w, € LY(Q; R),

|ﬁ(1‘, X, uy, wy) = B, X, u,, wz)l

S Kﬁ(””l - u2”L‘(Q;R) +Jw; - wZ”L’(Q;R)>;

esssup|f(t, x, u, w)| < ky(r).
x€eQ

(b) b e LY([0,T] x Q;R).

Because (1.1) is the coupling of a hyperbolic and a parabolic
problem, the following definition of solution to (1.1) is a sort of
gluing of the definitions of solutions to the equations in (1.3):

Definition 2.1. A pair (u,w) € C°([0,T];L'(Q;R?)) is a
solution to problem (1.1)-(1.2) if, setting

c(t, x) = v(t, w()(x),

A(t, x) = a(t, x, w(t)),

B(t, x) = p(t, x, u(®), w(®)),

the function u solves, according to Definition 2.3, the problem

du+V-(uclt,x)=Alt,x)u+a(t,x) (t,x)€[0,T]xQ
u,& =0 (t, &) €10, T[ X 0Q

u(0, x) = uy(x) xeQ
(2.1)

and the function w solves, according to Definition 2.5, the
problem

o,w—u Aw = B(t,x)w+ b(t,x) (t,x) €[0,T] X Q
Vuw(t,&)-v(iE) =0 t,&) €0, T[x0Q  (2.2)
w(0, x) = wy(x) x € Q.

‘We now state the main result of this work: It ensures the well
posedness in L' of (1.1) and provides stability estimates to be
used, for instance, in control problems based on (1.1).

Theorem 2.2. Fix T > 0. Assume that (Q), (v), (), (a), (B)
and (b) hold. Let (uy, w,) € (L' N BV)(Q; R) x LY(Q; R). Then:

(M1) Problem (1.1) admits a unique solution (u, w) in the sense
of Definition 2.1.
(M2) Themap t  (u, w)(7) is in C°([0, T]; L' (©; R?)).

M3) If  (ul, wh), @2, w?) € L' nBV)(Q; R) X L'(Q; R), the
corresponding solutions (uy, w,) and (u,, w,) satisfy the
estimate:

[l @y, w01)(0) = gy w)O| 2 ey

<C(1) “(u(l), wh) = @2, wh)

LY(Q;R2)

where C € L*¥([0,T];R,) depends on u, (), (v), (a),
B). (@), (b) and on TV, TVGR), [|@h. )| ey
|5 wg)”Ll(Q;RZ)'

(M4) If ay, a, satisfy (a) and by, b, satisfy (b), the corresponding
solutions (uy, w;) and (u,, w,) satisfy the estimate:

||(u1v wl)(l) - (uzv wz)(t)”LI(Q;RZ)
<C@ <||a1 - a2”L‘([0,t]><Q;[R) + by - b2||L1([0,t]><Q;IR)>

where C € L*([0,T];R,) depends on p, (), (v), (), (),

(a), (b) and on TV(uy), ||(ug, W) || @2

(M5) If kg in (B) is bounded and uy > 0, wy > 0,a > 0and b >
0, then for a.e. t € [0, T, the solution (u, w) satisfies u(t) >
0 and w(t) > 0.

Remark that if the various assumptions hold on the time inter-
val R,, then Theorem 2.2 ensures well posedness on R,
with the function C appearing in (M3) and (M4) belonging to
L (R,,R,).

To deal with nonlocal operators on a bounded domain Q, the
modified convolution introduced in [23, § 3] is an adequate tool.
For a function p € L'(Q; R) and a smooth kernel #, it reads

Jo () n(x = y)dy

2.3
Jo n(x — y)dy @3

(p xq M(x) =

The quantity (p *q #)(x) is an average of the values attained by
p in Q around x as soon as the kernel  satisfies, for instance,

(m) n(x) = i(llx|), where 7 € C*(R,;R), sptij =[0,£], £ >0,
i’ <0,7(0)=7"(0)=0and [y, n(&)dé =1.

It is often reasonable to assume that u hunts w moving towards
areas with higher density of w, or else that u escapes from w
towards regions with lower w density. Thus, v is parallel to the
average gradient of w in Q, such as

o, w) = k(t) Viw *o ) (2.4)

14 ||V@w #q ;1)||2

where, for instance,

1) =7 (1= A/ 200 (2.5)

Here, £ has the clear physical meaning of the distance, or horizon,
at which individuals of the u population feel the presence of the
w population. The normalization parameter % is chosen so that
/Rn n(x)dx = 1. A choice like (2.4) is consistent with the require-
ments (v), as proved in [23, lemma 3.2].

2.1 | The Hyperbolic Problem

We focus on the hyperbolic problem (2.1). For completeness, we
present the standard definition of solution and a detailed well
posedness result based on the current literature. Precise refer-
ences are provided in Section 3.1.
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Definition 2.3. A function u € L*([0,T] x Q;R) is a solu-
tion to (2.1) if for any test function ¢ € Ci(] — 00, T[XQ; R),

T
/ /(u (0,0 +c - V) + (A u+ a)p)dxdr
o Ja (2.6)

+ / uo(x) ¢(0,x)dx = 0.
Q

Theorem 2.4. FixT > 0. Assume (a) and

(©) ¢ € (CONL®)([0,T] x R"), c(t) € C'(Q;R") forall t €
[0,T], D,c € L*([0,T] x Q; R™").

(A) AeLY(0,T];L®(Q;R)) and
LY([0, T]; R).

t TV(A®) is in

Then, forallu, € LY(Q; R), problem (2.1) admits a unique solution
in the sense of Definition 2.3. Moreover,

(H1) Forallt €[0,T],

lu®ll or) < (”“o”y ory T ||a||L1([o,r1xQ<|R)>
’ (@8 ’ (2.7)

xexp (1Al o=@ry) -

(H2) Forallt € [0,T], if uy € L*(Q; R),

lull=@r) < <||u0”L°°(Q;R) + ”‘1||L'<[o,r];L°°<9;R)>>

x exp (Al onr=@ry + IV - clluiqoqr=@mry) -

(2.8)
(H3) Ifuy,>0anda>0,thenu > 0.

(H4) If u(lj,u(z) € LY(Q;R), then the corresponding solutions
uy, u, satisfy forall t € [0, T,

ller @ = 0|2 .0y

(2.9)
1 2

< ””o - “o”LI(Q;R) exp (Il Allui o= @my) -

(H5) If A,. A, satisfy (A) and ay, a, satisfy (a), the correspond-
ing solutions u, and u, satisfy forallt € [0,T]

[Jorr () = ”2(’)||L‘(Q;R)
< exp <max { [l 4, ”L‘([O,t];L“(Q;R))’ “AZ”U([O,!];L""(Q;R)) })

X (”uOHLl(Q;R) + ||al||L1([0,tJ;L°°(Q;R))>

X |42 = Arllw o= @my)

+exp (||A2||L‘([O,t];L°°(Q;R))) l|ay - a2||L‘([O,t]><Q;[R) .

(H6) If uy € BV(Q;R), c(r) € CX(Q:R") for all t € [0,T] and
VV-c e LY([0,T] x Q;R"), then the map t — u(t) is
locally Lipschitz continuous in L}(Q; R).

(H7) If uy € BV(Q;R), cq,¢, satisfy (c) and c,(t), c,(t) €
CXQ;R") for all t€[0,T] and VV-¢,,VV-c, €

L'([0,T] x Q; R"), then the corresponding solutions u,, u,
satisfy

[lu2(®) = 1, ]| 1 @)

SC('lecl||L1([0,r];L°°(Q;R"><"))’ ”VV . CIHLl([O,t]xQ;[R{")’

t
IANlL o= (@:my)- /0 TVA(T)dT)
X (”Cl - &lluiqone=@rm IV (e - CZ)”LI([OJ];L""(Q;R)))

where C also depends on ||all .1 jo 1.~ @:r)) fOITV (a(r))dr
and ||y || q.my ([0 [l @imy TV(Ho)-

The proof is based on results from the literature detailed
in Section 3.1.

2.2 | The Parabolic Problem

We focus on the L well posedness for the parabolic problem (2.2),
first adapting the classical definition of weak solution, see for
instance [24, § 2.3], to the case of interest here.

Definition 2.5. A function w € L*([0,T];L"(Q;R)) with
w(t) € W (Q;R) for a.e. 1 € [0,T] is a weak solution to (2.2) if
for all test functions ¢ € C([0, T'[x€2; R)

T T
/ / w 0,¢pdxdt — /4/ / Vw - Vepd xdt
0 Q 0 Q
T T
+ / / B w ¢pdxdt + / / b pdxdt (2.10)
0 Q 0 Q

+ / wy(x) ¢p(0,x)dx =0 .
Q

Recall that a map ¢ is in C°([0, T[xﬁ; R) if it is the restriction
to [0, T'[xQ2 of a map in C°(R x R"; R) with support contained in
] =00, T[XR".

A relevant consequence of the definition chosen above is the fol-
lowing convergence result where the weak completeness of L' is
essential. This Lemma is of use in a few key points in the proof of
Theorem 2.7.

Lemma2.6. For heN, let b, e€LY([0,T]xQR),
B, € L'([0, T];L¥(Q; R)) and w! € L} (Q;R) be such that (2.2)
admits the solution w,, in the sense of Definition 2.5. Moreover,
assume that

lim,_, b, =b in L}([0,T] x Q;R),
lim,_ B, = B in L'([0, T]; L¥(Q; R)),
lim,_,  wi =w, in L"Q;R),

lim,,_,, w;, =w in L¥([0,T; LY (R)).

Then:

(1) Forae.t €[0,T], w(t) € W-(Q; R).
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) lim,_,, ., Vw, = Vw weakly in L}([0, T] X Q; R).

(3) wis asolution to (2.2) in the sense of Definition 2.5.

The following result differs from others found in the literature
in its being set in L' and in its referring to Neumann boundary
conditions.

Theorem 2.7. Let Q satisfy (). Fix T,u > 0. Assume B €
L'([0, T];L*(Q; R)) and b € L}([0, T] x Q; R). Then, for all w, €
LY(Q; R), problem (2.2) admits a unique solution in the sense of
Definition 2.5. Moreover,

(P1) It also holds that w e C°([0,T;L'(:R)), Vwe
LY([0,T] x Q;R") and

1
IVellyr jo.rixerm < ;”B”Ll(m,ﬂ:w(ﬂ:m» lwllye o, 71t @)
1 1
+ P 1BllLr o ixeumy + ;”"UO“L](Q;R)'
(2.11)

(P2) The following implicit representation formula holds:

w(t,x) = / N(t,x,0,y) wy(y)dy
Q

1
+ / / N, x, 5, )(B(s, y) w(s, y) + b(s, y))dyds
0o JQ
(2.12)
and the Neumann function N is defined in Proposition 3.3.

(P3) There exists a positive K depending on u, Q—hence on
n—such that the following a priori bound holds for all
te[0,T:

”w(t)”Ll(Q;[R) < K(”I’UOHLI(Q;R) + ”b”Ll([O,t]xQ;IR)> (2.13)

x exp (K || Blly:qoqe@mry) -

(P4) If w}, w? € L'(Q;R), the corresponding solutions w, and
w, satisfy forall t € [0,T],

[lw01(®) = w, )| o) < K “wé - w(Z)HLl(Q;R)

x exp (K || Blly: qogr=@mry) -

(2.14)

(P5) If B,,B, € LY([0,T];L*(Q;R)), the corresponding
solutions w, and w, satisfy forallt € [0,T1],

[l (@ = w12y
<K*exp (K(”Bl Il o1 my + ”BZ||L1([0,tJ;L°°(SZ;[R)))>

x (llwolluram + 161 o ) 1 B1 = Ballurgonas@

(P6) If by, b, € L}([0,T]x Q;R), the corresponding solutions
w;, W, satisfy forallt € [0, T],
[|t01(®) = 0| o) < K exp (K 11Bllgope=@ury)

X ||b1 - bz“Ll(lO,erQ;R) :
(2.15)

(P7) Assume B € L¥([0,T]1 X Q;R). If b > 0 and w, > 0, then
w > 0.

The proof is deferred to Section 3.2.

3 | Analytical Proofs
3.1 | Hyperbolic Problem

Proof of Theorem 2.4. The existence and uniqueness of u fol-
low from [7, proposition 3.9].

The a priori L' and L® bounds (H1) and (H2) are obtained in [3,
lemma 4.2]. Positivity in (H3) is proved as in [7, lemma 3.12].
The Lipschitz continuous dependence on the initial datum (H4)
follows from (H1) by linearity. The stability estimate (HS5) is
proved through the same computations as in [3, lemma 4.3],
taking advantage of linearity and of (H1). The continuity (H6)
follows from [7, lemma 3.13]. The stability in (H6) is proved in
[7,lemma 3.1].

3.2 | Parabolic Problem

Proof of Lemma 2.6. Using Definition 2.5, pass to the limit
h = +coin

T
/4/ /th-Vquxdt
0o Ja
T T
=/ /wh 0,¢dxdl+/ /Bh wy, ¢dxdt
o Ja o Ja

T
+ / / by, ¢dxdt + / we(x) ¢(0, x)dx .
0 Q Q

By the dominatﬁd convergence theorem, for all test functions,
¢ € C2([0, T[x2 R)

T T
/ / wy, 0,pdxdt = / / w 0,¢pd xdt
o Jo h—teo Jo Jo

[Because wj;, — w in LY

T T
/ / B, w;, ¢pdxdt = / / B w ¢pdxdt
0 Q h—+oo [ Q

[Because w;, —» w and B, — B]

T T
/ / by pdxdt = / / b ¢pdxdt
0 Q h—+oo Jq Q

[Because b, — b in LY

/ wh(x) p0,x)dx = / wy(x) (0, x)dx
Q h—+oo Jo
[Because wg - w, in LY

As a consequence, we obtain that

T
li . =
h—EPoo/O /Qth Vodxdt = c,

for a real number c,, so that by the weak completeness of L,
see [25, corollary 14], there exists a map z € L1([0,T] x Q; R")
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such that Vw, — zinL!. Choose now y € CX(0, T[xQ; R):

h—+o0

T
/ / w Vydxdt
o Ja

T
= lim / /wh Vydxdt [Because w;, — win L]
h—+oco 0 Q h—+o00

T
— i
hirfw/o /Qth ydxdr
T
—/ /zu/dxdt
o Jao

proving that w(r) € WH(Q;R) for a.e. t € [0,T], proving 2.6,
and z = Vw € L}([0,T] x ; R"), proving 2.6. Hence, w satis-
fies the regularity requirements in Definition 2.5. As it also
satisfies (2.10), w is a weak solution to (2.2) in the sense of
Definition 2.5, proving 2.6 and completing the proof.

[Because w), € W]

[Because Vw, — z in L]
h—+co

We first consider problem (2.2) with B = 0, namely

d,w—p Aw = b(t,x) (,x) €[0,T]xQ
Vw(t, &) -v(E)=0 (1,6 €]0,T[ x 0Q (3.1)
w(0, x) = wy(x) x€eEQ

under Condition (€2) on Q.

Lemma 3.1. Fix w, € L'(Q;R), b € L'([0, T] x Q; R) and let
w solve (3.1) in the sense of Definition 2.5. Then, for all n €
C®(Q:R)

Vtelo,T[: }lir%/ (w(t + h, x) — w(t,x)) n(x)dx =0
@ (3.2)

t=0: lim
h=0+ Jq

(w(h, x) — wy(x)) n(x)dx =0.

ProofofLemma 3.1. Fixt € [0, T[ and introduce the sequence

of functions

X € CP(R;[0,1]), spty, C[-1.¢] and

Xr  — 1, pointwise a.e.on [0,T].
k—+00 ?

Then use (2.10) with B = 0, first ¢(s, x) = y, (s + h) n(x) and then
¢(s, x) = x,.(s) n(x), for a suitable n € C°°(§; R), with ¢ € [0, T[
and h sufficiently small. Taking the difference of the resulting
expressions, we have

T
/ / w(s, x)(a,;(k(s +h)— 6,)(k(s))rl(x)dxds
0o Ja
T
=u / / ()(k(s + h) — ;(k(s))Vw(s, x) - Vi(x)dxds
0o Jo
T
- / / b(s, x)()(k(s +h)— )(k(s))n(x)dxds
0o Jo
+ / wo(x) (7(0) — x,(h)) n(x)dx.
Q

If t > 0, the latter term above vanishes and in the limit k — +oo
the first equality in (3.2) follows.

‘When ¢t = 0, the above terms reduce to
T
/ / w(s, x) 0,y (s + h) n(x)dxds
o Ja
T
= /4/ / Xe(s+ h) Vw(s, x) - Vi(x)dxds
0o Ja

T
- / /b(s,x) Xe(s + h) n(x)dxds — / wo(x) x,(h) n(x)dx
o Jao Q
and as k — +oo the second equality in (3.2) follows.

When the initial datum w, is in L?(Q;R) and the source b is in
L%([0, T] x Q; R), strong L? continuity in time is available.

Lemma 3.2. If b€ L*([0,T];L*(Q;R)) and w, € L*(Q;R),
then problem (3.1) admits a unique solution w €
L*([0,T];W"*(Q:R)) in the sense of Definition 2.5 and
o,w € L?([0,T]; W(Q; R)*), so that w € C°([0, T]; LX(Q; R)).

Proof of Lemma 3.2. Use [1, problem (10.35)] and apply [1,
point b) in theorem 7.104]. Note that the definition of weak
solution in [1, p. 592] implies Definition 2.5 due to the density
of C¥(;R) in WH(Q; R) and by the dominated convergence
theorem.

We introduce for later use the space V as the closure of WH*(R x
Q; R) with respect to the norm

lwlly = IVwlliz@xor) T €88 Sup,eg llw® 2 o) -

Proposition 3.3. Let Q satisfy (Q) and u > 0. Then, there
exists a function

N eC({tx,5,5) € RXQP : (1,%) # (5,)}; R)

such that

(N1) Forall(s,y) e RxXQ,
t,x)~ N, x5y €L (RxQ;R) and

loc

(t,x) = V_N(t,x,5,y) € LL_ (RxQ;R").

loc

(N2) There exist positive C, k and K such that for all (t,x, s, y) €
(R, x Q)? witht > s

1 kllx = ylI?

< 1 Ckllx =yl

|N(t,x,s,y)|—c<1+(t_s)n/2) exp( t—s ’
(3.3)

/ IN({, x,s,y)|dx < K (3.4)
Q

(N3) FixT > 0. For every w, € L*(Q;R) and all b € C*([0,T] x
Q; R), the map

w(t,x) = /Q N(t,x,0,y) wy(y)dy

1
+ / / N(t,x,s,) b(s, y)dyds
0 Q

is the unique function in V satisfying (2.10), with B = 0, for
all test function ¢ € C7([0, T[x€2; R).

(3.5)
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Proof of Proposition 3.3. Here, we apply [24, theorem 3.9];
thus, we need to verify conditions (A1)-(A2) in [24]. (A1) holds
by [24, (1) in examples 4.1.1] thanks to [26, theorem 9.7] which
can be applied thanks to (€2); (A2) holds by [24, (1) in examples
4.1.2], that applies in the present scalar case. We can apply [24,
theorem 3.21] because also (A3) in [24] holds by [24, (3) in
examples 4.1.3], because the coefficients in (3.1) are constant
and () holds.

The regularity of N and the proof of (N1) directly follow from [24,
theorem 3.9]. To prove (3.3), start from the last line in the proof
of [24, theorem 3.21]:

n/2
IN(t, x5, <C maX{ dtl;(sg)}

X (t— s)—n/Z eXp <_K'”X - y” >

t—s

which implies (3.3), up to relabeling C. Now, (3.4) is a direct
consequence with K = C (meas(Q) + (/x)"/?).

Consider (N3). The proof that the expression (3.5) solves (3.1) in
the sense of Definition 2.5 follows from [24, theorem 3.9], as well
as uniqueness.

Remark 3.4. A close look at the proof of [24, theorem 3.9]
shows also that N > 0. This positivity is not explicitly consid-
ered in [24] as the object of that work is a system of parabolic
equations, and thus, N results to be matrix valued. This property,
though basic, is not necessary in the sequel; hence, we omit its
proof whose rigorous exposition might significantly lengthen this
work. However, N > 0 ensures that

wy, € LA(Q;R,) and beC¥([0,TIXQ;R,) = w>0.

Proposition 3.5. Let Q satisfy (Q). Fix T,u > 0. For every

e LY(Q;R) and any beLY([0,T]xQ;R), problem (3.1)
admits a unique weak solution w in the sense of Definition 2.5.
Moreover,

(1) w admits the representation (3.5) with N as defined in
Proposition 3.3.

(2) we C([0,T;LY(Q;R)) and Vw € L'([0, T] x Q;R").
Proof of Proposition 3.5.  We split the proof in a few steps.
Step 1: Uniqueness.
Assume w,;,w, solve (3.1) in the sense of Definition 2.5.

Then, their_ difference w satisfies, for all test function ¢ €
C([0, T[XQ: R),

T T
/ / w 0,¢pdxdt — /4/ / Vw-V¢dxdt =0. (3.6)
o Ja 0o Jo

First apply (3.6) with a test function depending only on time
to obtain, thanks to Lemma 3.1, that for all ¢t € [0, T],

/ w(t,x)dx =0 (3.7)
Q

Then, fix arbitrary a,b €]0,T[ with a < b. Introduce a
sequence of test functions

xn €CZA0,T[;[0,1]), spty, Cla,b] and

Xn = 11,5 pointwise a.e. on [0,T].

Lety € C®(Q;R) and apply (3.6) with ¢ = y,, v, obtaining

b b

O=/ /w@,)(h l/!dxdt—/l/ /;(h Vw - Vydxdt
a Q a Q
b
= /w(b,x)dx— /w(a,x)dx—y/ /Vw~Vy/dxdt
h=too Jo Q a Ja
b

=—/4/ /Vw~Vy/dxdt

a Q

where we used (3.7). Hence, there exists a ¢ € R" such that
fora.e. x € Q,

b
/ Vuw(t,x)dt = ¢ (3.8)

and, by the arbitrariness of @ and b, it must be ¢ =0.
From (3.8), we thus obtain that for a.e. x € Q and for all
g € L*(0,T;R")

T
/ Vuw(t, x) - g(t)dt =
0

so that Vw(t,x) = 0 forall7 € [0,T] and a.e. x € Q. Together
with (3.7) and the connectedness of Q, this implies that w =
0, proving uniqueness.

Step 2: Approximation.

By [22, (1.8) in § 1.14], there exists a sequence b, €
C;’°(R1+";IR) such that b, — b in L}([0,T]x Q;R) as h —
+o0. Similarly, there exists a sequence w(’)‘ € C7(R",R) such
that w! — w, in L'(Q;R) as h — +co. Note that wl e
L*(Q; R) for all .

For all 4 € N, by (N3) in Proposition 3.3, there is a unique
solution w;, € V to (3.1) with source b, and initial datum w0,
which is given by the representation

w,(t,x) = / N(t,x,0,y) wi(ydy
Q

1
+/ /N(Z,x,s,y) b,(s, y)dyds .
o Jo

Then, for A, k € N with k > h, thanks to (3.4) we have

(3.9)

| = wi O]l o)

< [ [INGx091 [uho) - |y
QJQ

+///|N(t’xvs’y)| |bk(ssJ’)—bh(S,y)|dydsdx
Q Jo Q
= [ [invexo.miax) s - whofas

/ / ( / NG x.s. y>|dx>|bk(s 1) = by(s., |dsdy

< K(”wé — wy var T [k = bh”U([O,T]xﬂ;R))
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proving that there exists a function w € L* ([0, T]; L'(; R))
such that

lim ||w), —

hoorco w”L""([O,T];L‘(Q;R)) =0. (3.10)

Step 3: Existence in L* ([0, T]; L'(Q; R)).

To prove that w solves (3.1) in the sense of Definition 2.5, it
is now sufficient to apply Lemma 2.6 with B, = 0.

Hence, w satisfies the regularity requirements in
Definition 2.5. As it also satisfies (2.10), w is a weak
solution to (3.1) in the sense of Definition 2.5, with B = 0.

Step 4: L'(Q; R) Continuity in Time.

Note that the sequence w),, defined above also satisfies w,, €
L*([0,T];W"(Q; R)) and d,w, € L*([0,T]; W"*(Q; R)*),
so that w;, € C°([0, T];L*(Q; R)) by Lemma 3.2. Recall that
C°([0, T1; L*(@; R)) € C°([0,T];L'(Q; R)); hence, the con-
vergence (3.10) then ensures that w € C°([0,T]; L'(Q; R)).

Step 5: Representation Formula.
It is now sufficient to pass to the limit 2~ - +o0 in (3.9) to
prove that w admits the representation (3.5).

The proof is completed.

Corollary 3.6. Let (Q) hold. Fix T,u>0. Let w},w; €
LY(Q;R) and b,,b, € L}([0,T] x Q;R). Call w,,w, the corre-
sponding solutions to (3.1). Then, forallt € [0,T7],

[|t01(®) = w0, (Ol @y

o (3.11)
s K<Hwo - w0||L1(Q;R) + |16 - b2||L1([0,r]><Q;IR))

where K is as in (N2) of Proposition 3.3.

Simply apply (1) of Proposition 3.5 to the difference w, — w, and
exploit the linearity of (3.1).

Proof of Theorem 2.7. We split the proof in a few steps.

Step 1: Problem (2.2) admits a unique solution on [0, T']
satisfying (P1) and (P2).
Consider the operators

A C([0,T];LY(Q;R)) — L'([0,T]XxQ;R)
w - Aw

where(A w)(t,x) = B(t,x) w(t,x)+ b(t, x)
(3.12)

and, with reference to Definition 2.5,

@ : L'([0,T] x Q;R) — C°([0, T]; L'(Q: R))
frw
dw—p Aw = f(t,x) (t,x) €[0,T]xQ
where SVw(t, &) -v(&) =0  (t,&) €]0, T[x0Q
w(0, x) = wy(x) x€eQ.

Let us precise that A is well defined, meaning that if w €
C°([0,T];L"(©; R)) then, by the assumptions on B and

b, A(w) € LY([0,T] x Q; R). Similarly, ® is well defined by
Proposition 3.5.

By the assumption on B, there exist times ¢, fori =0, ... ,m
suchthatO0 =1, <t <---<t;<t;,; <---<t,=Tand

i1
* 1
B womds < — 3.13
[ I B(s) | = :r)ds K ( )

i

with K as in (3.4) in Proposition 3.3. Clearly, thanks
to the continuity proved in Proposition 3.5, w in
L ([0, T LY (@ R))  with  w@®) € WH(EQR)  for
a.e. t €[0,T] is a weak solution to (2.2) if and only if
it is a fixed point of ®-A in C°([0,T];L'(Q;R)). To con-
struct such fixed point, we apply Banach fixed point theorem
iteratively in each of the spaces C°([#;,1,,,]; L' (Q;R)) for
i=0,..,m—-1.

Notice that for all w,,w, € C°([z;,1,,,];L"(Q:R)) with
w(t;) = w,(t), forallt € [1,,1,,,1,

[| @A) = PeAwW)D| L1 )

<K / [|AGw(s) = A(wz)(s)”Ll(g;R) ds [By Corollary 3.6]
L4

=K/ /QIB(S,)’)l |, (s, y) — wy(s, y)| dyds [By (3.12)]

<K / 1Bl /Q |twy(s, y) = wy(s, )| dyds

1
< K/ 1Bl @) ds [lwy — w2||C°([t,,ti+1];L1(Q;R))
1

1
< 3 f|lw: ~ w2”CO([t,»,t,H];Ll(Q;R)) . [By (3.13)]

An iterated application of Banach fixed point theorem
ensures the existence of w, € C°([0, T']; L' (©; R)) such that
w, =® e A(w,).

Define b= B w,+b, so that beLY([0,T]xQ;R). By
construction, w, solves

dw—pu Aw = b(t,x) (t,x) €[0,T]xQ

Vw8 -viE) =0 (1,8 €]0,T[ X 0Q

w(0, x) = LUO(X) xeQ
in the sense of Definition 2.5. Hence, w, () € W"(Q;R)
for a.e. 1€ [0,7T] and Vw € L([0,T] x Q;R") by (2) in
Proposition 3.5. This shows that w,, is a weak solution to (2.2)

in the sense of Definition 2.5 on [0, 7] and (P1) holds. To
prove the bound (2.11), by (2.10), we have

T )
/ /[w —uVuw) dxdr
o Ja Vo
T
/ /(B w + b)¢pd xdt
o Jo

< ( ”B”Ll([O,T];L“(Q;R)) ”w”L""([O,T];Ll(Q;R))

<

+ ‘ / wo (0, -)dx
Q

+ ”b”L‘([O,T]xQ;IR) + ”wO”Ll(Q;R) ) ”¢”L°°([O,T]><Q:R)

which together with

1
IVl gorixarny < P llw = pu VwlllLgorxarm
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completes the proof of (2.11).
By construction, (P2) holds. Step 1 is proved.

Step 2: (P3) holds.
Using (2.12), for all 7 € [0, T], by (3.4)

t
||w(t)||L1(sz;R)5K<||Wo||v(g;nz<)+ /O /Q(lB(S’y)l |w(s. )l
+ [b(s, )] dde)
= K<”w0”Ll(Q;R) + 16l qo.n @ry)
t
+ / 1B L= ur) ”w(s)”Ll(g;R)ds>-
0

An application of Gronwall lemma leads to (2.13).

Step 3: (P4) holds.
This is an immediate consequence of (P3) by linearity.

Step 4: (P4) and (P5) hold.
Using (2.12), compute:

||w1(t) - wz(t)”L‘(Q;R)

<K / /Q |Bl(s,y) wl(S,y)— Bz(s,y)wz(syy)|dyds
0

+K/ /|b1(s,y)—bz(s,y)|dyds
0 Q

SK/ LlBl(S’y)wl(S,y)—Bl(s,y)wz(s’y)|dyds
0
+K/ /Q|Bl(s,y)u)z(s,y)—Bz(s,y)wz(s,y)|dyds
0
+K/ / |b1(s, ¥) = by(s, y)|dyds
o Ja

t
<K [ NBO e 102 = 00z
+K ”Bl - BZ||L1([0,x];L°°(Q;R)) ”wZHCO([O,t];Ll(Q;R))
+K ||b1 - b2||L1([0,z]><Q;R) .

By Gronwall lemma and using (P3),

[[t01 () = w2 |1 o)
= K(”Bl - BZ”LI([OJ];L‘”(Q;R)) ”wZHC"([O,t];Ll(Q;R))
+ by - b2||L1(lOJJ><SZ;R))
X exp (K [l B, ”Ll([O,r];L""(Q;R)))
< K11 = bl oxaim &P (K B, ”Ll([O,t];L‘X’(Q;R)))
+K*||B, - BZHLl([o,z];Lm(Q;R))(”wonLl(g;R) + ”bZ”Ll([O,r]xQ;R))

X exp (K(||B1 Lt o0 @my) + ||B2“Ll([O,tJ;L""(Q;IR))))’

By [22, (1.8) in § 1.14], there exists a sequence b, €
Cj"(IR”"; R,) such that b, — b in LY([0,T] X Q;R) as h —
+o0o. Similarly, there exists a sequence w(’)’ € CP[R",R,)
such that w! — w, in L'(Q; R) as h — +oo. Note that w/! €
L*(Q; R) for all h. Call w,, the solution to

o,w, — u Aw, = B(t,x)w, + b,(t,x) (t,x) € [0,T]XQ
Vw, (t,&)-v(E) =0 (t,&) €10, T[ x 0Q
w(0, x) = wg(x) x € Q.

in the sense of the definition given in [1 , p. 592]. By [1,
Remark 10.19], w;, > 0.

Using (P4) and (P6), we have
“wh(t) — wk(t)”Ll(Q;R) < KeK||B”L1Llo.r|;u°m.m)

h k
x (||w0 - wh

L'@R) +16n = bk”L'(IO,t]xQ;R))

hence, there exists a w € L®([0,T];L'(Q;R)) such that
wy, — win L* ([0, T]; LY (Q; R)).

Apply now Lemma 2.6 to prove that w is a solution to (2.2)
in the sense of Definition 2.5. By construction, w > 0.

The proof is completed.

3.3 | Mixed Problem
Proof of Theorem 2.2. Define u; and w; as solutions to

ou, =a(t,x) (t,x) € [0,T]xQ
Y4 (1,8 =0 (t,£) € 10,T[x0Q
u(0, x) = uy(x) x e Q

o,w; —uAw, =bt,x) (t,x) € [0,T]xQ
AVw,(t,¢6) - v(é) =0 &) € 10, T[x0Q
wy(0, x) = wqy(x) x € Q

in the sense of Definition 2.3 and of Definition 2.5. Clearly, u,
and w, are well defined by Theorem 2.3 and Theorem 2.7. Define
recursively, for i € N\ {0}, u;,; as solution to

Oty + V(41 ¢(1,%))

=A(t,x) u;; +alt,x) (t,x) € [0,T]xQ
u, 1,8 =0 t, & € 10,T[ X 0L
u;,1(0, x) = uy(x) x € Q

(3.14)

in the sense of Definition 2.3 and w;,,, as solution to

0,Wi — 4 Aw; . = Bi(t,x) wi . +b(t,x) (t,x) € [0,T]xXQ
Vw18 -v(E) =0 t,&) € 10, T[x0Q

w; 10, x) = wy(x) x € Q
(3.15)

in the sense of Definition 2.5, where for i € N\ {0},

which implies (2.7) and (2.15). ¢t x) = v(tw,(0)(x) Bi(t,x) = B(t,x,u,(t), wi(1))
At x) = a(t,x,w(1) i X, 1), W
Step 5: (P7) holds with B € L*([0.T] x : R). (3.16)
9of12
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We aim to prove that (u;,w;) are well defined for all i € N\
{0,1} and constitute a Cauchy sequence with respect to the
C°([0, T]; L'(©; R?)) distance as soon as T is sufficiently small.

Step 1: ¢; satisfies (c) in Theorem 2.4. We first check the continu-
ity. By (3.16) and (v), we have

[lei(t, %) = € (tg, xo) ||
<l @ x) = ¢;(tg, )| + || €i(tos X) — € (g, x0) ||
= |t wi) 0 = v(ty, w,10)) 0|
+ ||u(z0, w,(10)) (x) = v (1o, w,(to))(xo)”
<K, (I =10+ i) = w00 ey
+ ||u(z0, w,(t9)) (x) — (1, w,.(to))(xo)”
where the terms [|w;(t) — w,(to)]| g, and “U(to, w;(to))

(xg) — v(to, wi(to))(xo)” vanish as t — ¢, and x — x, by the
continuity of w; and that of v(1,, w;(#,)), ensured by (v).

To prove the L* boundedness, observe that by (v)

llese )] < [Jo(e, wi)

LE@R (3.17)

<K, [willpor < Ko llwille

(QR) = (0, TLH(QR))

The regularity c¢;(f) e CH(Q;R") directly follows from (v).
Concerning the boundedness of D,c;, observe that by (v),

||DXC1'||L°°([0,TJ><Q;R"><") <K, ”wi”CO([O,TJ;Ll(Q:R))'

Step 2: A; satisfies (A) in Theorem 2.3. Compute:

” A; ” L'([0,TT;L® (R))

T
=/ ess supxeg)a(t,x, wi(t))‘dt [By (3.16)]
0

T

< / ka(t)<1+||wi(t)||L1(Q;R)>dz [By (a)]
0

S”ka”Ll(O,TI;R) (1 + ||wi||L°°([0,T];L1(Q;R))>

proving that A, € L([0, T]; L®(Q; R)). Moreover,

T
/ TV(A;(1))dr
0
T
< / K, (1+ V0,0l e ) By @)
0
=K, (T + ||Vw,-||L.([OVTJXQ;RH)> ,  [By (2) in Proposition (3.5)]
proving that (A) holds.

Step 3: B; € L([0,T]; L®(Q; R)).Using (B) compute:

T
“Bi”Ll([O,T];L""(Q;R)):/ eSSSup)ﬁ(r,x,ui(r),wi(r))|d1—
0 XEQ (3.18)

<l|lk H
_H AllLiqo iRy

proving Step 3.
Hence, Theorem 2.4 and Theorem 2.7 apply, ensuring that the
sequence (u;, w;) can be recursively defined. The next steps aim

at proving that (u;, w;) is a Cauchy sequence.

Step 4: w; is bounded in L®([0,7T];L"(Q;R)) uniformly in i.
By (2.13) and (3.18), we have

”wi(t)”L‘(Q;IR) < K<”w0”L‘(9;R) + ”b”L‘([O,t]xﬂ;R)>

X exp (K [|Bi-1 ||L1([0,t];L°°(Q;R))>

<K,
where we set

K, = K<”w0”L1(Q;IR) + 16l goriom)

(3.19)
X exp (K “kﬂ“

Ll([o,T];R)) '

Step 5: Bounds uniform in i. Note that ¢,(f) € C*(Q;R") by (v)
and (3.16). Moreover,

fle:(® ||L°°(Q;|R”)

<K [lwill o @my [By (3.17)]
<K, K,; [By (3.18)]
” D, ”Lw([O,TJxQ;R”X")
<K, ”wi”C“([O,T];L‘(Q;R)) [By (v)]
<K, K,: [By (3.19)]
[VV- Ci”L‘([O,T]xQ;IR”)
T
- /0 “VV ot w,(1)) HU(Q;R”)dt [By (3.16)]
T
sé(p@@WMML@mm
T
< /0 ku<t’ ”wi(z)”Ll(Q;R)> [[0: 0] 1 ey A1 [By ()]

which is bounded because k, € Ly ([0, T] x R_;R,).

loc

Using (3.19) and (v), prepare for later use:

||Ci+1 - Ci||L‘([o,t];L°°(Q;R"))

< /Of”l;(f, Wi (1) = o(r, wi(T))HLl(Q;Rn)dT

<K, ||w = wi”quo,thQ;R)'

[V (i - Ci)”Ll([o,r];Lm(g;Rn»

< [+ (e @) - ol o)

dr

L®(QR)

S/kv(‘r, Kw) ||w,-+1(1')—wi(r)”Ll(Q;R)df
0

= ”kU||L°°([0,rJ><[0,Ku,J;R) [l — wi”Ll([O,thQ;[R) .
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Passing to the A;:

”Ai ”L1 ([0,/;L®QR))

t
= / ess Sup‘a(‘r, X, wy (1)) }dr (By (3.16)]
0 xeQ
t
< / ka(f)<1 + ”wi(f)”Ll(Q;R))dT [By (@)]
0
<(1+ Kw)”ka”Ll([OJ];IR) ; [By (3.19)]
t
/ TV(A;(r))de
0
<K, (1 +|[Va; ”Ll([o,z]xQ:R")) [By Step 2]

K(l
<K,+ m 1Bi-1 [l o711 @0 190 e o101 iy

K{l Kll
+ 7 181l 1 o, r7xm) + 7 ”wO”Ll(Q;R) (By (2.11)]

[By (3.18), (3.19)]

K,
<K+ 7{1 K Hk” | LY(O.TER)

K
+ 7“ 181l L1 o, rxam) + 7(1 llwwollpr ) :
||Ai+1 - Ai”Ll([O,r];L""(Q;R))
1
= /0 [[Ai1(®) = A;(D)|| Lo )47

t
=/0”a(r,~,wi+1(r))—a(r,gwi(r))”Lm(Q;R)dT [By (3.16)]

<K, [|wip - w[“LI([O,erQ;R) - [By ()]

Step 6: (u;,w;) is a Cauchy sequence in C°([0, AT];L'(Q;R?))
for AT small. Thanks to the above bounds uniform in i, all the
constants appearing in (H5) and (H7) are bounded uniformly
by quantities depending on Q, u,, a, b and by the constants in
the assumptions (Q), (v), (@), (a), (B), (b). Hence, (H5) and (H7)
yield

[[ti2 D = O]

< 0(1)<“Ci - Ci—1||L1([O,rJ;L°°(Q;R"))

+ ”V ¢ Ci—l”Ll([o,t];L""(Q;R")))
+ (9(1)<||A, - AL ||L1([0,r];L°°(§z;R)))
<o) ||w, - wi—1||L1([0,thQ;IR) :

To compute the distance ||w,;(®) — w; (]| qp)> aPPly (P5)
thanks to Step 3 and get

i ® = Wi L2 omy

SKZ(”’”O“L1 @r) t ”b”Ll([O,t]xQ;R)>

x eKUIBillL o oo @y HlBimt L o, i)

X||B; = Bia|L oLy [By (P5)]
<K? Kﬂ(||w0||L1(Q;R) + ||b||L1([0,r]><Q;[R))
x QZK”kﬂ“Ll([OJ];IR) [By (3.18)]

X (””i =t 1|l goxam)

# llw = wir oo - [BY )

As a consequence,

”“i+1 - “i”co([o,ATJ;Ll(Q;R)) + ||wi+1 - wi”CO([O,ATJ;Ll(Q;[R))
< 0(1)(””1' - “i—l”Ll([o,AT]xg;R) + fJw; - wH”Ll([o,AT]xQ;R))
<o) AT(”“i Ui ||C0([0,AT];L1(Q;R))

+ fw; = wi—l”CO([O,ATJ:Ll(Q:R)))

proving that for AT small, (4;,w;) is a Cauchy sequence in
C°([0,AT]; L} (Q;R)). Call (u, w) the corresponding limit.

Step 7: Problem (1.1) admits a global solution in the sense of
Definition 2.1. Note that by (v), (@) and (), we can pass to the
C°([0, AT]; L'(2;R)) limit also in (3.16). Hence, the dominated
convergence theorem allows to pass to the limit in (2.6), so that
Definition 2.3 applies to u. A further use of Lemma 2.6 allows to
pass to the limit also in (2.10), proving the existence of a solution
on the time interval [0, AT'].

Further iterations of the above procedure yield a solution, say
(u, w), to (1.1) in the sense of Definition 2.1. Call [0, T, [, fora T, >
AT, the biggest time interval on which (u, w) can be extended.

Define B(t,x) = B(t, x,u(t), w(?)). By B, Be
L'([0,T,];L*(Q;R)). Hence, Theorem 2.7 ensures that
problem (2.2) admits a solution w on [0,7,] in the sense of
Definition 2.5. By (P1), w € CO([O, T,1: LY(Q; R)).

Define c(t, x) = v(t, w())(x), A(t, x) = a(t, x, w(t)) and repeat the
same computations as in Step 1 and Step 2 to obtain that
problem (2.1) admits as solution u on [0,7,] in the sense of
Definition 2.3. By (H6), u is continuous on [0, T_,].

Thus, (u,w) is extended up to time T,. If T, < T, the above
procedure can be repeated with reference to problem (1.1) with
initial datum (u, w)(T,) assigned at time 7,, obtaining an exten-
sion of (u, w) beyond time T, hence contradicting the maximal-
ity of T, unless T, = T'. This proves the global existence stated
in (M1).

The continuity at (M2) follows from (H6) and (P1).

The continuous dependence and stability estimates (M3),
and (M4) follow through long and tedious computations based
on the estimates obtained so far. More precisely, to prove (M3),
use (H4), (H5), (H7), (P4), (P5) and repeat the computations in
Step 3,4, 5 and 6. To prove (M4), the procedure is entirely similar,
also using (P6).

The proof of (M5) is a direct consequence of (H3) and (P7).
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