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ABSTRACT
We address a car patrolling application arising in a service company

that needs to visit customers in a large area periodically. Customers

are divided into clusters, each of which is assigned to a single pa-

trol and requires different services, either mandatory or optional,

on a weekly basis. The services have to be performed by satisfy-

ing several operational constraints, including interdependent time

windows and maximum route duration. The aim is to maximize

a weighted function that combines the profit collected from the

optional services and the total working time required to perform

all routes. The resulting optimization problem can be represented

as a territory design and multi-period team orienteering problem.

We solve the problem using an Iterated Local Search that invokes

several inner procedures, including dedicated heuristics for cre-

ating the initial clusters, perturbation operators to diversify the

search, and a variable neighborhood descent to search for good-

quality routes. Extensive computational tests on a set of real-world

instances involving up to a few hundred customers and a few thou-

sand services prove the algorithm efficiency.
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1 INTRODUCTION
With the lack of public security and the growing violence, the pri-

vate security market has been constantly increasing. It is estimated

that half of the planet lives in countries where private security

workers are more in number than public ones. By 2017, this indus-

try was worth $ 180 billion, and it is estimated that it will keep

growing in the following years [7].

In Italy, Coopservice (https://www.coopservice.it/), a large ser-

vice provider, is inserted in this market with its patrolling services

provided to a set of customers spread among a number of Italian

provinces. Counting on more than 20 000 employees, the company

provides not only security services, but also a wide range of other

services, such as logistics, cleaning, and maintenance.

Regarding car patrolling, the company operates a number of

security patrols that are shipped to inspect structures, parks, build-

ings, and many other facilities so as to counter potential criminal

actions or simply restore normal, safe conditions after breakdowns.

These services, such as closing and opening a commercial activity or

checking the condition of a private house, are requested every week

by the customers who contracted the company for their security.

Some of these services are mandatory, while others are optional

and, when performed, induce a score. The company’s goal is to

maximize the total collected score and minimize the total working

time of the patrols while meeting several operational constraints,

such as interdependent time windows, minimum quality of service,

and maximum route duration. The quality of service is measured by

the number of services performed over all clusters divided by the

overall number of services requested, and it must not drop below a

given threshold value.

The customers who require the services are geographically dis-

persed in a large area and consequently divided into clusters. Each

cluster is assigned to a unique patrol, which performs one route

every day to visit customers and execute the requested services.

Figure 1 details the customers’ distribution in the province of

Parma (Italy), showing how customers are divided into clusters.

The cluster configuration does not change from one day to another,

but the routes performed inside the clusters may change accord-

ing to the daily service demand. Indeed, customers may require

different services according to the day of the week, following the

contract stipulated by the company. In a previous research on this

problem [31], the cluster configuration adopted by the company
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was considered as a fixed input, and the resulting routing problem

was solved for each cluster independently from the other clusters,

using an Iterated Local Search (ILS). In this work, we extend that

previous research by proposing changes in the clusters and hence

integrating the multi-period routing component of the problem

with that of cluster design (also known as territory design), thus

seeking solutions on the entire set of clusters. We thus expect solu-

tions of higher quality but to be obtained at the expense of a more

complex problem.

Figure 1: Customers in the Parma province, divided by clus-
ters (solution adopted by the company).

The resulting optimization problem involves a number of oper-

ational constraints. Each customer may require multiple services

and possibly multiple visits during the same period for each such

service. The services must be performed within hard time windows,

and each route performed by a patrol should not exceed a maximum

working time. In case a customer requires multiple visits for the

same service in the same period, two consecutive visits should be

separated by at least a given threshold time (e.g., 90 minutes or so).

During the execution of their activities, patrols may have to per-

form services that were not initially scheduled, like the verification

of the triggering of an alarm. This could also be considered part of

the optimization, but it would complicate the problem even more

since it would introduce a dynamic stochastic aspect. In our work,

we disregard alarms and leave them as a future research avenue.

Instead, we focus on developing an algorithm that can be used

strategically to define a good cluster configuration for customers

in a region. Good territory partitioning, defined for a medium-long

term, is the basis for obtaining high-quality daily routes for the

patrols.

The first goal of our research is to develop algorithms that can

produce new cluster configurations that will lead to a better provi-

sion of the patrolling services provided by the company. This can

be interpreted as a clustering problem, a class of problems widely

studied in the literature and tackled by several optimization algo-

rithms. For example, clustering algorithms based on centroids, like

the 𝑘-means [1], or based on density, like the Density-Based Spatial

Clustering of Applications with Noise [28], are popular algorithms

for this class.

Our second goal is to build a set of routes, one per cluster and

per period, by optimizing a weighted objective function that takes

into account both the total collected score (to be maximized) and

the total working time (to be minimized). The resulting subproblem

can be interpreted as a multi-period team orienteering problem,

which is a generalization of the well-known and strongly NP-hard

orienteering problem [9].

We solve the resulting problem by means of an ILS [17]. Within

the ILS, we invoke several inner algorithms to produce tentative

cluster configurations and improve the patrol routes. The routing

part is largely based on a Variable Neighborhood Descent (VND)

approach [13], which looks for good-quality routes by exploring

larger and larger neighborhoods. The resulting algorithm has been

tested on ten instances derived from the real-world activity of the

service company, consistently improving the solutions currently in

use.

The remainder of this paper is organized as follows. In Section

2, we delve into the literature on the problem and its two subprob-

lems we deal with, namely clustering and routing. In Section 3,

we formalize the overall problem. Then, in Section 4, we describe

the solution methods we developed, and in Section 5, we present

the outcome of computational experiments we performed on real-

world instances encountered in different Italian provinces. Final

conclusions and future research directions are outlined in Section

6.

2 LITERATURE REVIEW
Car patrolling is a security activity largely adopted to ensure that

businesses can operate regularly without the worry of criminal ac-

tions overnight. Such activity can involve several operating models,

and different methodologies have been developed to optimize it. In

our study case, the customers require a series of security-related

services to be performed by patrols. The customers are partitioned

into clusters, and each patrol serves a single cluster. This gives raise

to a territory design subproblem (to define the clusters served by

the patrols) and a car patrolling subproblem (to define the routes

for each cluster and for each period). The literature on this field is

large. We cite the recent surveys in Samanta et al. [25, 26], which

reviewed police patrolling problems and divided them into two

main categories: route design and district design. Our application

combines these two categories, resulting in a very complex problem.

In the following sections, we separately explore each category, so as

to enlighten the current state of the art and relate it to our problem.

2.1 Car patrolling problems
For each cluster and each period, we handle a routing subproblem

that shares similarities with the Orienteering Problem (OP), a well-

known generalization of the Traveling Salesman Problem (TSP) in

which it is not imposed to visit all customers. The literature on OPs

is large, with numerous applications. The first studies on OPs date

back to Tsiligirides [29]. In the following years, heuristic methods

have been largely developed due to the 𝑁𝑃-hard nature of the OP.

First, we refer to the extensive surveys in Vansteenwegen et al.

[30] and Gunawan et al. [11]. In particular, Vansteenwegen et al.

[30] described the most relevant OP variants and pointed out the

key features of exact and heuristic methods used to solve them. A
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few years later, Gunawan et al. [11] focused on the computational

evaluation of eight methods to solve the team orienteering problem

(TOP, the OP variant that considers multiple vehicles) with time

windows. The authors concluded that the best results, on average,

are obtained by the ILS in Gunawan et al. [10]. Other surveys con-

cerning tourist trip design problems and vehicle routing problems

were presented by, respectively, Gavalas et al. [8] and Archetti et al.

[2].

Further literature contributions related to the problem we tackle

in this work can be found in Palomo-Martínez et al. [19], Kotiloglu

et al. [15], and Gündling and Witzel [12]. In Palomo-Martínez et al.

[19], a hybrid heuristic composed of a greedy randomized adaptive

search procedure (GRASP) and a variable neighborhood search

(VNS) was proposed to solve an OP generalization. This variant im-

poses constraints on mandatory visits and incompatibilities among

nodes. The hybrid heuristic takes advantage of the multi-start fea-

ture of the GRASP to generate initial solutions that were then

optimized with the VNS.

In Kotiloglu et al. [15], the authors handled the personalized

multi-period tour recommendation problem. Their aim was to gen-

erate tours containing mandatory and optional visits while maxi-

mizing the total collected score of the optional visits. The problem

also considered complicating aspects such as multiple periods of

visits, time windows, maximum budget, and maximum tour length.

The authors presented a Mixed Integer Linear Programming (MILP)

model and an iterated tabu search, both evaluated on two data sets,

one taken from the literature and the other composed of real-world

data.

A tourist routing problem assuming visit redundancy avoidance

and time window constraints was solved instead in Gündling and

Witzel [12]. The authors proposed a MILP model and an ILS meta-

heuristic. The ILS obtained results close to those of the MILP model

(solved with Gurobi) for small-size instances, while, for larger ones,

it provided better solutions in most cases.

Recently, Zhang et al. [35] worked on a multi-period OP. A two-

stage heuristic solved the problem. The subset of customers to be

visited was decided in the first stage, whereas next, in the second

stage, a vehicle routing problem was solved considering this subset.

The authors took into consideration the relationship between the

customers and the salesmen since the salesmen have a series of

decisions to make upon arriving at a customer site.

In Xu et al. [34], a TOP was solved by including a set of features

from Internet-of-Things applications: a limited budget was imposed

on the vehicles; node costs were part of the objective function in

addition to edge costs; and nodes could be serviced by multiple

vehicles. An OP variant, including time-dependent service profits

and time-dependent travel times, was studied by Khodadadian et al.

[14]. The authors proposed a MILP model and a VNS heuristic with

three specialized neighborhood structures, which were validated

over benchmark instances. The VNS was also applied to a case

study based in the city of Shiraz (Iran).

2.2 Territory design problems
Efficient territory design plays a crucial role in addressing routing

problems, especially in the management of multiple vehicles. Defin-

ing working areas for each vehicle may enhance productivity and

allow drivers to become familiar with their operating areas. Besides

being an important question in service provision, optimizing pa-

trol routes according to their operating areas helps in performing

the service efficiently, thus improving customer satisfaction [33].

However, this approach may reduce route flexibility, mainly when

integrating time-window constraints [27], so it must be tackled

with care.

The literature on territory design (also referenced as district-

ing/zone design, see, e.g., Ríos-Mercado [22]) is not limited to rout-

ing problems. Still, it includes, e.g., school redistricting [3] and sales

force design [18]. Regarding routing problems, Ríos-Mercado and

Salazar-Acosta [23] clustered a geospatial zone to minimize routing

costs, optimizing the territory by using routes as a guiding parame-

ter. On the other hand, Villalba and Rotta [32] clustered territories

to determine routes by solving a vehicle routing problem with time

windows and multiple vehicles. Both studies are examples of how

clustering geospatial data is crucial for developing effective solution

methods tailored to specific (real-world) situations.

One approach for solving territory design problems in the con-

text of routing problems is the sequential one, which first addresses

the territory design problem and then solves a vehicle routing prob-

lem. Although practical and easy to implement, sequential-based

approaches generally result in not-so-good solutions compared

to integrated approaches that face the complete problem (i.e., as

a single). At the same time, implementing integrated approaches

may raise practical issues related to, e.g., solution representation,

number of variables, and size of the search space.

Within this context, Ríos-Mercado and Salazar-Acosta [23] pro-

posed a GRASP for a real-world application in a beverage distri-

bution company. The authors designed the territory in order to

minimize the scattering of clients while imposing a limit on the

routing cost. The problem was solved with a sequential approach:

first, territories were designed in a greedy randomized way, and

next, routes were determined by solving a TSP for each territory.

The solution was further optimized with a local search-based proce-

dure. Very recently, Carlsson and Delage [5] handled the territory

design problem considering uncertain customers’ locations. Cus-

tomers were defined according to some probabilistic functions, and

the design of territories relied on historical data. Routes were solely

used to evaluate the quality of the territories, aiming at balancing

the route size for each territory. The authors incorporated the un-

known demand distribution to estimate the vehicle workload, with

the aim of estimating services such as alarm verification, where

occurrences might be uncertain.

In Rodrigues and Ferreira [24], the authors solved the integrated

problem, i.e., they addressed the territory design combined with

the determination of vehicle routes, in the context of solid waste

collection. The authors solved the territory design problem with an

algorithm inspired by Coulomb’s law of electromagnetism. They

proposed and solved a MILP model for the routing counterpart,

aiming to minimize the traveling costs. Multiple key performance

indicators were used to assess the quality of the solution. A compu-

tational study demonstrated that the proposed method effectively

solved the problem, making it suitable for real-life scenarios and

decision-makers.

A MILP model for solving the integrated problem occurring at a

parcel company was proposed in Litvinchev et al. [16]. The authors
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considered specific constraints, such as time windows and pickup

and delivery points. The aim of their model was to obtain a balanced

territory design in such a way that the average route lengths were

close to their mean. The model had issues in solving instances with

a relatively high number of customers, pointing out the necessity

of using metaheuristic solution methods.

In this line, Zhou et al. [36] proposed a genetic algorithm to

handle a real-world application in the dairy industry. The objective

was to cluster customers in regions and then determine vehicles

routes of vehicles for picking and delivering dairy products.

3 PROBLEM DESCRIPTION
In this section, we formally describe the optimization problem

we face, which we call the territory-design and multi-period team
orienteering problem with time windows (TDMPTOPTW). We adopt

the notation in Vidigal Corrêa et al. [31] but extend it to the territory

design aspect.We are given a directed graph𝐺0 = (𝐶0, 𝐴0), in which
the nodes are defined by𝐶0 = {0} ∪𝐶 , with 0 being the depot from

where all vehicles depart and return, and 𝐶 = {1, . . . ,|𝐶 |} being the

customer set. The graph is complete, and we associate with each

arc (𝑖, 𝑗) ∈ 𝐴0 a traveling time equal to 𝛾𝑖 𝑗 , imposing 𝛾𝑖𝑖 = 0 for

each 𝑖 .

We denote by𝑇 the overall set of services the company provides

(e.g., closing or opening a commercial activity, checking a private

house). Each service 𝑡 ∈ 𝑇 is associated with a standard service

time 𝑞𝑡 , which gives the time spent by a patrol for executing such

a service. The services are divided into mandatory, set 𝑀 , and

optional, set 𝑈 , thus resulting in 𝑇 = 𝑀 ∪𝑈 .

The activities are executed along a time span of𝐷 periods, where

each period 𝑑 ∈ 𝐷 represents the working shift of a patrol. Each

customer 𝑐 ∈ 𝐶 requires services for just a subset𝐷𝑐 ⊆ 𝐷 of periods.

Formally, we define 𝑇𝑐𝑑 ⊆ 𝑇 the subset of services to be performed

at customer 𝑐 on period 𝑑 , and we partition it as 𝑇𝑐𝑑 = 𝑀𝑐𝑑 ∪𝑈𝑐𝑑 ,
with𝑀𝑐𝑑 ⊆ 𝑀 being made of mandatory services and 𝑈𝑐𝑑 ⊆ 𝑈 of

optional ones. Consequently, there is not a fixed number of visits

required per period, but this number may change from one period to

another for each customer. Formally, we let 𝑛𝑐𝑑𝑡 denote the number

of times service 𝑡 is required by customer 𝑐 on period 𝑑 , and we let

𝑛𝑐𝑑𝑡 denote the number of services that have been performed in a

given solution (with 0 ≤ 𝑛𝑐𝑑𝑡 ≤ 𝑛𝑐𝑑𝑡 ).
The customers have to be partitioned into 𝐾 clusters, each as-

signed to a unique patrol that performs the required services in the

given time span, with 𝐾 being an input parameter of the problem

representing both the number of clusters and the fleet size.

A key component that guides the search for good TDMPTOPTW

solutions is the quality of service (QoS). The QoS is defined by the

ratio of services that have been performed in all periods and clus-

ters, namely,𝑄 =
∑
𝑐∈𝐶,𝑑∈𝐷𝑐 , 𝑡 ∈𝑇𝑐𝑑 𝑛𝑐𝑑𝑡/

∑
𝑐∈𝐶,𝑑∈𝐷𝑐 , 𝑡 ∈𝑇𝑐𝑑 𝑛𝑐𝑑𝑡 . To

impose that a minimum QoS is attained, the value of𝑄 is restricted

to be greater than or equal to a given input threshold value 𝑄min.

Services in each cluster are performed when the patrol arrives

at a customer. More in detail, a service 𝑡 required by customer

𝑐 in period 𝑑 is associated with a given time window [𝑒𝑐𝑑𝑡 , 𝑙𝑐𝑑𝑡 ],
which represents the earliest and latest possible times to start the

execution of each of the 𝑛𝑐𝑑𝑡 services. Arriving at the customer

after 𝑙𝑐𝑑𝑡 is not allowed. Arriving before 𝑒𝑐𝑑𝑡 is, instead, allowed,

but the patrol will have to wait until 𝑒𝑐𝑑𝑡 .

A time window [𝑒0, 𝑙0] is associated with the depot and is used

to impose the maximum working time of each period, which also

corresponds to the maximum route duration. Customers may re-

quire multiple visits for the same nodes during the same period

(e.g., to check their property twice or more per night). In those

cases, the start times of any two such visits should be separated

by at least a given threshold 𝛿min. The resulting time windows for

the successive visits are thus interdependent [6], and the threshold

value serves to obtain a balanced patrol so that the visits are not

too close to each other.

For each cluster and each period, a patrol starts its route at the

depot, visits some (or all) customers to execute mandatory and

some (or all) optional services, and eventually returns to the depot.

The working time of a route is defined as the difference between

the time the vehicle returns to the depot and the beginning of the

shift (i.e., 𝑒0).

A weight profit function is adopted to decide which service to

select if not all of them can be conveniently processed. In detail,

each service 𝑡 required by customer 𝑐 is associated with a score𝑤𝑐𝑡 .

This score is collected during the first time the service is performed

at the customer in a period. If multiple visits are performed in

the same period for the same service at the same customer, then

additional scores are collected. However, these are computed using

a decreasing function. Namely, by letting 𝜏 = 1, . . . , 𝑛𝑐𝑑𝑡 be the

index of the 𝜏th visit performed, for 𝑐 ∈ 𝐶 , 𝑡 ∈ 𝑇 and 𝑑 ∈ 𝐷 ,

the score collected at visit 𝜏 is denoted by 𝑤𝑐𝑡𝜏 and is computed

as 𝑤𝑐𝑡1 = 𝑤𝑐𝑡 and 𝑤𝑐𝑡𝜏 = 𝑤𝑐𝑡𝑒
1−𝜏

. This is imposed to obtain a

balanced number of visits among customers and services.

Overall, the TDMPTOPTW asks to partition the customers into

𝐾 clusters and to build a set of routes, one for each cluster and each

period, to perform all mandatory services and some (or all) optional

services within their interdependent time windows. The aim is to

maximize a weighted objective function that considers the score

S of the services that have been actually performed on all clusters

and all periods minus the total working time T used by the entire

set of routes. Formally, the objective function is defined as

max 𝑧 = 𝛼S − 𝛽T , (1)

with 𝛼 and 𝛽 being two non-negative input parameters.

4 SOLUTION ALGORITHM
To solve the TDMPTOPTW, we first take care of the territory design

part by building an initial set of clusters using different methodolo-

gies (Section 4.1) and then construct the routes for all clusters by

an ILS (Section 4.2). While constructing the routes, we also attempt

modifying the initial clusters to explore diverse solutions.

4.1 Territory design
We consider four different methodologies to define the initial set of

clusters. The first two are well-known algorithms from the cluster-

ing field, namely the constrained 𝑘-means [4] and the 𝑘-medoids

[21]. Both algorithms are variants of the widely used 𝑘-means clus-

tering algorithm. Still, they differ because the former explicitly

adds constraints to the problem by imposing a minimum number
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of points (i.e., customers) in each cluster. In contrast, the latter uses

a medoid instead of a mean to define the clusters. In summary, the

constrained 𝑘-means builds a solution by using the centroids of the

clusters while minimizing the sum of the squared distances within

each cluster and satisfying cardinality constraints. In contrast, the

𝑘-medoids achieves the same objective by resorting to the medoids.

In our implementation, we used the 𝛾𝑖 𝑗 traveling times as a measure

of the distances between points for both the constrained 𝑘-means

and 𝑘-medoids.

The other two methods are based on MILP models derived from

the literature on Facility Location Problems, specifically, the capac-

itated 𝑝-median and the capacitated 𝑝-center problems. The core

idea in both methods is to associate cluster centers with facilities

and then use a MILP model to decide where to locate facilities and

how to assign customers to them. Both problems are solved in their

capacitated version to obtain balanced clusters. We note that these

models do not solve the complete problem (i.e., the TDMPTOPTW)

but only the territory design part of it.

Capacitated 𝑝-median: Let 𝑝 = 𝐾 be the number of clusters to be

created and Ω a maximum number of customers per cluster, which

in our implementation we set to Ω = ⌈|𝐶 |/𝑝⌉. Let 𝑥𝑖 𝑗 be a binary
decision variable taking the value 1 if customer 𝑗 is assigned to

cluster 𝑖 and 0 otherwise. Let 𝑦𝑖 be another binary variable taking

the value 1 if customer 𝑖 is used to initialize a cluster and 0 otherwise.

The capacitated 𝑝-median can be modeled as follows:

min

∑︁
𝑖∈𝐶

∑︁
𝑗∈𝐶

𝛾𝑖 𝑗𝑥𝑖 𝑗 (2)

s. t.

∑︁
𝑖∈𝐶

𝑥𝑖 𝑗 = 1 ∀𝑗 ∈ 𝐶 (3)∑︁
𝑖∈𝐶

𝑦𝑖 = 𝑝 (4)∑︁
𝑗∈𝐶

𝑥𝑖 𝑗 ≤ Ω𝑦𝑖 ∀𝑖 ∈ 𝐶 (5)

𝑥𝑖 𝑗 ∈ {0, 1} ∀𝑖, 𝑗 ∈ 𝐶 (6)

𝑦𝑖 ∈ {0, 1} ∀𝑖 ∈ 𝐶 (7)

The objective function (2) minimizes the total distance from each

cluster center to each customer assigned to that cluster. Constraints

(3) ensure that each customer is assigned to only one cluster. Con-

straints (4) ensure that exactly 𝑝 clusters are opened. Constraints

(5) impose a maximum number of customers to be assigned to each

cluster and also impose that a customer can only be assigned to an

opened cluster. Constraints (6) and (7) enforce the domain of the

decision variables.

Capacitated 𝑝-center: The 𝑝-center is similar to the 𝑝-median,

but it uses an additional continuous variable 𝑟 that represents the

maximum distance from each customer to the center of its cluster.

The aim is again to assign all customers to 𝑝 = 𝐾 clusters, but now

by minimizing the maximum distance 𝑟 . The resulting MILP model

is as follows:

min 𝑟 (8)

s. t. 𝑟 ≥
∑︁
𝑖∈𝐶

𝛾𝑖 𝑗𝑥𝑖 𝑗 ∀𝑗 ∈ 𝐶 (9)∑︁
𝑖∈𝐶

𝑥𝑖 𝑗 = 1 ∀𝑗 ∈ 𝐶 (10)∑︁
𝑖∈𝐶

𝑦𝑖 = 𝑝 (11)∑︁
𝑗∈𝐶

𝑥𝑖 𝑗 ≤ Ω𝑦𝑖 ∀𝑖 ∈ 𝐶 (12)

𝑥𝑖 𝑗 ∈ {0, 1} ∀𝑖, 𝑗 ∈ 𝐶 (13)

𝑦𝑖 ∈ {0, 1} ∀𝑖 ∈ 𝐶 (14)

𝑟 ≥ 0 (15)

The objective function (8) minimizes the maximum distance.

Constraints (10)– (14) are equivalent to constraints (3)–(7) above,

respectively. Constraints (9) and (15) state that 𝑟 should be non-

negative and not smaller than all selected distances.

4.2 Multi-period orienteering by ILS
Once the clusters’ initial configuration has been obtained, we use

an ILS algorithm to tackle the routing component of the TDMP-

TOPTW. Our ILS is derived from the one presented in [31], which

produces a solution for a single cluster. Instead, we now consider

the joint optimization of all clusters, allowing customers to move

from one cluster to another during the search, thus enlarging the so-

lutions space. The overall ILS procedure is presented in Algorithm

1. It builds an initial solution with a constructive heuristic and then

iteratively applies a sequence of perturbations and local searches

to find a local optimal solution. The aim of the perturbation step is

to ensure that the algorithm can escape from local optima and ex-

plore different regions of the search space. Instead, the local search

step aims to produce a locally optimal solution. Both procedures

guarantee that the newly produced solutions are feasible; hence,

no repair procedure is needed. The local search employs a VND, an

algorithm that sequentially invokes local search procedures with a

set of neighborhoods and finds a locally optimal solution for this

set [13]. The ILS runs until a maximum run time or a maximum

number of iterations without improvement is reached.

Constructive heuristic. The constructive heuristic builds an
initial solution to the problem by employing a greedy mechanism.

For each cluster, it sorts the services required in each period in a

non-decreasing order based on the start time of their time window.

Then, it builds a route for a given cluster and a given period by

starting from the depot and then sequentially adding the services

according to the generated order. The mandatory services are added

first, then the optional ones are added, provided their inclusion is

profitable and preserves the route’s feasibility. Once no more ser-

vice can be added to the route, the vehicle is sent back to the depot,

and the heuristic proceeds by initializing a new route (for the next

period, and so on for the other clusters).

Variable Neighborhood Descent. The local search consists of

a VND procedure over the following sequence of neighborhood
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Algorithm 1 ILS algorithm

1: procedure ILS(𝑇max = max run time, ITER = max n. of iterations, 𝑝 =

perturbation intensity,𝐺 = n. of perturbation structures)

2: iteration← 0 ⊲ the number of iterations without improvement

3: 𝑔← 1

4: 𝑠∗ ← ConstructiveHeuristic

5: 𝑠∗ ← VND(𝑠∗)
6: while elapsedTime ≤ 𝑇max AND iteration ≤ 𝐼𝑇𝐸𝑅 do
7: 𝑠′ ← Perturbation(𝑠∗, 𝑝, 𝑔)
8: 𝑠′′ ← VND(𝑠′ )
9: if Accept(𝑠∗, 𝑠′′ ) then
10: 𝑠∗ ← 𝑠′′

11: iteration← 0

12: 𝑔← 1

13: else
14: iteration← iteration + 1

15: if 𝑔 ≤ 𝐺 then
16: 𝑔← 𝑔 + 1

17: end if
18: end if
19: end while
20: return 𝑠∗

21: end procedure

structures. We implemented six intra-route neighborhoods. Some

are classical neighborhoods from the vehicle routing literature,

whereas others are designed to meet our problem requirements. In

the remove optional neighborhood, we remove an optional service

vertex from a route, thus trying to decrease the working time. In

the swap neighborhood, we swap the positions of two services

in the same route. In the 2-opt neighborhood, we swap two arcs

in a route, reversing the visiting order of the services performed

between the two arcs. In the Relocate neighborhood, we move a

service to another position in the same route. In the insert optional
neighborhood, we insert an optional and still unvisited service

into a route to increase the collected score. In the Swap optional
neighborhood, we swap two optional vertices by letting an un-

visited vertex replace a visited one. The VND starts by exploring

the first neighborhood. If no improvement is found, the search

continues with the second one, and so on. If an improvement is

found, the search restarts from the first neighborhood. The VND

ends when no further improvement can be obtained with the last

neighborhood. After preliminary experiments, we observed that

all neighborhoods contributed to improving the solution values

on average. At the same time, we also observed that the last two

neighborhoods, namely insert optional and swap optional, required

too much computing time for large instances. To obtain the best

performance, we consequently imposed the last two neighborhoods

to be invoked only for instances having not more than 5000 nodes.

Acceptance. An acceptance function is used at each iteration to

decide whether to start the new search from the current solution or

to move to a newly generated one. In our case, a newly generated

solution is accepted only if its value, computed according to Equa-

tion (1), is better than that of the current solution. We also tested

another common acceptance function based on a simulated anneal-

ing approach, in which worse solutions can be accepted throughout

iterations according to a given probability that depends on their

quality. Preliminary experiments showed that this acceptance func-

tion led to worse results than those obtained with the previous one,

and we thus disregarded it.

Perturbation procedure. The perturbation procedure is a cru-

cial component that enables the algorithm to escape from locally

optimal solutions and explore other regions of the search space.

We use three large inter-period and inter-cluster neighborhoods at

each iteration, namely relocate inter-period, swap inter-period, and

cluster change, invoked one after the other as depicted in Algorithm

2.

Algorithm 2 Perturbation procedure

1: procedure Perturbation(𝑠, 𝑝, 𝑔)
2: if 𝑔 == 1 then
3: 𝑠 ← 𝑅𝑒𝑙𝑜𝑐𝑎𝑡𝑒𝐼𝑛𝑡𝑒𝑟𝑃𝑒𝑟𝑖𝑜𝑑 (𝑠, 𝑝 )
4: else if 𝑔 == 2 then
5: 𝑠 ← 𝑆𝑤𝑎𝑝𝐼𝑛𝑡𝑒𝑟𝑃𝑒𝑟𝑖𝑜𝑑 (𝑠, 𝑝 )
6: else
7: 𝑠 ← 𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝐶ℎ𝑎𝑛𝑔𝑒 (𝑠 )
8: end if
9: return 𝑠

10: end procedure

In the relocate inter-period neighborhood, we randomly select

a cluster and two periods, 𝑑1 and 𝑑2. We then randomly select an

optional service currently performed in 𝑑1, and that could also be

performed in 𝑑2. We try to relocate it to 𝑑2. Namely, we first select

a service 𝑖1 in the route of period 𝑑1 that is associated with an

optional service that could be performed both in 𝑑1 and 𝑑2. We then

remove the service from the route in 𝑑1 and try to insert it in every

position of the route in 𝑑2.

In the swap inter-period neighborhood, we operate in a similar

way. We randomly select a service 𝑖1 performed in the route of

period 𝑑1 that is associated with an optional service in both periods

𝑑1 and 𝑑2. We then try to swap it with another service 𝑖2 performed

in day 𝑑2. In either case, a move is applied, independently of the

cost, if it succeeds in producing a feasible solution, otherwise it is

rejected. Either neighborhood proceeds until a certain amount 𝑝

of successful moves have been produced, or 𝜇 (𝑑1)𝜇 (𝑑2) attempts

(either successful or unsuccessful) have been performed, where

𝜇 (𝑑) gives the number of services performed in period 𝑑 .

The cluster change neighborhood works differently. We create

a list of all customers whose distance from the medoid of their

current cluster is higher than the distance to the medoid of another

cluster. All customers in the list are then moved, one at a time,

from their current cluster to their closest one. Next, all routes of

the clusters involved in the move are reconstructed. Unlike the two

previously presented perturbations, the cluster change does not

use a limited number of attempts but continues as long as there are

customers to be moved.

5 COMPUTATIONAL RESULTS
In this section, we present the outcome of the computational tests

we have performed to assess the performance of our solution al-

gorithm. The algorithm was coded in Python 3.7.3 and executed
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on a single thread. The MILP models were solved with Gurobi 9.5,

invoked with its default configuration. The machine used for the

experiments has a processor AMD Opteron(tm) 6376 (16M Cache,

2.3 GHz, 32 cores) and 64 GB of RAM. The 𝑘-means and 𝑘-medoids

algorithms were implemented using Python’s scikit learn package

[20]. The time limit of the ILS was set to 𝐾 CPU hours, with 𝐾 be-

ing the given input number of clusters of the instance to be solved,

while 𝐼𝑇𝐸𝑅 was set to 100 after preliminary calibration tests.

The algorithm was tested on real-world instances derived from

Coopservice’s everyday activities. The traveling times were ob-

tained by computing the shortest paths (between each pair of cus-

tomers, and each customer and the depot) on the real road network

via OpenStreetMap (https://www.openstreetmap.org/). The value

of𝑄min was set to 75%, and that of 𝛿min to 90 minutes. The company

operates a set of |𝑇 | services, whose score for the first visit was set
to𝑤𝑐𝑡 ∈ {1, 6, 9, 10}, respectively.

We first report in Table 1 the objective function values of the

solutions obtained by the constructive heuristic (i.e., step 3 of Al-

gorithm 1) when the different clustering methods of Section 4.1

are adopted. The solution values are computed using Equation (1).

Column company reports the values obtained by the heuristic when

using the clusters currently in use at the company. In contrast, the

other four columns report the values obtained with the clusters

originated by the four territory design methods we implemented.

Each instance corresponds to a province in Table 1. For each

such province, we show the number of clusters (#), which also

corresponds to the number of patrols, the total number of customers

(|𝐶 |), and the total number of requested services (𝑛). The last line

reports the average values of each column. The best value obtained

for each instance is highlighted in bold. The ten instances provide

an interesting and diversified test bed, with a number of clusters

ranging from 2 to 10, a number of customers ranging from 43 to 679,

and a number of requested services, either mandatory or optional,

from 171 to 7812. The car patrolling activities occur over a time

span of 𝐷 = 7 days in all instances.

We observe that the clusters adopted by the company in Table

1 are a good starting point and allow the constructive heuristic to

find the best solution values for two out of ten instances. The best

results, on average, are obtained with the clusters originated by the

constrained 𝑘-means algorithm (c. 𝑘-means for short in the table),

which also leads to three out of ten best solutions. The 𝑘-medoids

approach leads to less predictable results, with some low-quality

solutions (e.g., for Bologna and Reggio Emilia) and some very high-

quality ones (e.g., for Mantova, Pescara, Rimini, and Rome). Clusters

obtained with the MILP models for the capacitated 𝑝-median and

capacitated 𝑝-center are competitive only in a few instances (e.g.,

Mantova).

Table 2 reports the objective function values of the solutions

obtained with the ILS. We have again attempted the five territory-

design configurations of Table 1, but now, for each configuration, we

ran the ILS with and without the cluster change (CC) perturbation

procedure. The last two lines give, respectively, the average values

of each column and the percentage improvement with respect to the

constructive heuristic executed with the same configuration. The

improvement is computed as 100(𝑧𝐼𝐿𝑆−𝑧𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑣𝑒 )/𝑧𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑣𝑒 .
The results in Table 2 show that, by considering both CC and

no CC, our algorithm can improve the current solutions obtained

with the clusters adopted by the company (company and no CC)

for eight out of ten provinces. The clusters adopted by the com-

pany prove once more to be a good starting point for the ILS, but

the constrained 𝑘-means clusters provide slightly better results.

Indeed, by considering the overall average solution value, we can

notice that the constrained 𝑘-means outperforms all other methods.

By comparing the company clusters with those generated by the

constrained 𝑘-means with CC, we can also notice that the latter

algorithm obtains an average improvement of 1.38% concerning

the former.

The 𝑘-medoids, the 𝑝-center, and the 𝑝-median clusters can pro-

duce the best solution for Mantova, which is the smallest instance of

the entire test set. The 𝑝-center also obtains the best solution value

for Rome. All methods consistently improve the initial constructive

heuristic, proving the efficiency of the ILS’s iterative phase. The

most notable improvement is obtained with the ILS running with

𝑘-medoids and CC, improving the constructive by 24%. With the

exception of the 𝑝-median method, the use of CC always leads to

equal or better results than those obtained without CC.

In Figure 2, we compare the computational effort required by the

ILS under the constrained 𝑘-means configuration to produce the

incumbent solution. For each instance, we contrast the values ob-

tainedwith (in orange) andwithout (in blue) CC. The computational

times are expressed in seconds. With the exception of Mantova,

where the computational time is close to zero as the incumbent

solution is found very early, the ILS needs a considerable amount

of time to reach the incumbent. This is compatible with its strategic

use, as its main purpose is to properly partition the customers in

clusters for the company. The results also show that using the CC

perturbation does not increase the time needed to find the incum-

bent (while it helps improving the solution quality, see Table 2),

and in some cases it consistently reduces it (e.g., for Forli, Pescara,

and Ravenna).

Figure 2: Computational times (in seconds) required to find
the incumbent solutions by the ILS with the constrained 𝑘-
means.

6 CONCLUSIONS AND FUTURE RESEARCH
This study has addressed a real-world car patrolling application

that a large Italian service company faces. The problem consists of
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Table 1: Solution values obtained by the constructive algorithm under different initial cluster configurations.

Instance # |𝐶 | 𝑛 company c. 𝑘-means 𝑘-medoids 𝑝-center 𝑝-median

Bologna 8 239 2733 40601.1 21067.4 36549.2 32250.9 33616.1

Ferrara 7 236 1812 44781.5 42198.4 40363.8 40363.8 38935.6

Forli 8 407 2695 58562.2 65736.4 40050.6 37824.8 48803.9

Mantova 2 43 171 3423.1 3054.1 3440.9 3440.9 3440.9
Parma 5 289 2952 62982.7 63996.1 31502.7 39160.6 45928.9

Pescara 4 227 1370 32302.2 31306.8 32390.0 31726.1 32248.9

Ravenna 5 172 1382 28755.2 29340.6 29263.1 29355.3 29176.5

Reggio Emilia 10 679 7812 95254.6 109834.9 92291.8 93063.4 96162.4

Rimini 4 154 987 17472.1 17369.0 17728.2 17615.4 17167.4

Rome 8 118 1234 19164.7 19633.2 20607.1 19050.8 19586.4

AVG solution value 40329.9 40353.7 34418.7 34385.2 36506.7

Table 2: Solution values obtained by different ILS configurations.

company c. 𝑘-means 𝑘-medoids 𝑝-center 𝑝-median
Instance # |𝐶 | 𝑛 no CC CC no CC CC no CC CC no CC CC no CC CC

Bologna 8 239 2733 48929.9 49750.9 34311.8 34311.8 47429.5 48191.7 42175.5 39189.7 41613.4 42075.2

Ferrara 7 236 1812 50711.5 50727.7 48704.4 49143.5 44526.3 48958.0 44581.3 43696.9 43346.0 44544.6

Forli 8 407 2695 67369.3 67191.5 73298.8 73345.5 44890.7 45513.8 41436.6 50548.3 53654.9 48906.5

Mantova 2 43 171 4407.1 4407.1 4323.7 4323.7 4408.8 4408.8 4408.8 4408.8 4408.8 4408.8
Parma 5 289 2952 71269.6 69654.7 70517.7 72145.3 32143.4 58208.7 40977.9 39647.8 49228.5 37303.1

Pescara 4 227 1370 36956.3 36903.2 36384.9 36373.7 37392.4 37761.4 35693.8 37553.9 36734.7 38354.3
Ravenna 5 172 1382 33318.0 33199.7 33088.4 33180.1 32787.5 29410.6 33172.5 31989.0 32892.4 32404.3

Reggio Emilia 10 679 7812 110395.9 111988.7 124023.7 127121.4 118746.8 112177.4 92050.4 93541.9 103730.4 97987.5

Rimini 4 154 987 20491.5 20468.9 20309.4 20213.1 20254.1 20109.5 20161.3 20133.3 20246.1 19020.7

Rome 8 118 1234 25175.9 25162.9 24983.7 24988.9 25456.8 25418.8 23957.6 25742.3 25294.7 25665.2

AVG solution value 46902.5 46945.5 46994.7 47514.7 40803.6 43015.9 37861.6 38645.2 41115.0 39067.0

AVG impr. w.r.t. constructive 19% 19% 23% 23% 18% 26% 15% 17% 16% 12%

planning the routes that a fleet of patrols has to perform to deliver

different security services to private customers. Each patrol takes

care of a cluster of customers, serving them on a weekly basis. Not

all services can be performed, but a minimum service level must

be imposed to guarantee that a minimum percentage of services is

satisfied.

The resulting optimization problem is a very challenging vari-

ant of the team orienteering problem that includes complicating

additional constraints (especially the one on interdependent time

windows). Due to its strong NP-hardness, we have chosen to solve

it through a metaheuristic approach. In more detail, we have de-

veloped a two-step algorithm composed of clustering and routing

subproblems. Several methods have been tested for the clustering

subproblem, including some classical algorithms from the machine

learning field and some MILP models. An ILS equipped with an

inner VND was proposed for the routing component. An extra

intra-cluster neighborhood structure was also included in the ILS

to enable changes in the initial set of clusters, which is performed

during the ILS iterations.

Our algorithm was tested on real-world instances that the com-

pany provided. The results showed an improvement for eight out of

ten instances concerning a previous ILS that did not consider cluster

modifications, showing that the proposed methodology can be very

well suited to the context of the strategic company’s operations.

The only concern arising from our results is that such improve-

ments are scattered across our several clustering algorithms. We

have thus advised the company to use the algorithm in a multi-start

way since the initial clustering is to be done only once. Then, as

future research, we plan to produce a unique algorithm that gathers

together the best aspects of the different components we tested.

For future studies, we also intend to extend this work to include

dynamic stochastic features in our routing algorithm. This will

allow it to consider the possible triggers of alarms that patrols must

check upon demand. The resulting algorithm should run with low

computing times so as to be used dynamically. Another topic for

future studies is modeling the minimum time between two visits

to the same customer for the same service as a soft constraint.

This would be obtained by imposing an additional penalty in the

objective function, and it could enable the solution algorithm to

consider a wider set of solutions.
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