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SPECTRAL SPLITTING METHOD FOR NONLINEAR
SCHRODINGER EQUATIONS WITH QUADRATIC POTENTIAL

ANDREA SACCHETTI

ABSTRACT. In this paper we propose a modified Lie-type spectral splitting ap-
proximation where the external potential is of quadratic type. It is proved that
we can approximate the solution to a one-dimensional nonlinear Schrédinger
equation by solving the linear problem and treating the nonlinear term sep-
arately, with a rigorous estimate of the remainder term. Furthermore, we
show by means of numerical experiments that such a modified approximation
is more efficient than the standard one.

1. INTRODUCTION

In this paper we consider non-linear Schrodinger equation of the form

2
{m%#M:P3A+V@ﬂW@+”W“W”W”,mweﬁmamx(n

Vo (2) = tho(z)
where o > 0, V() is a real-valued quadratic potential and v € R. Hereafter,
we assume the units such that 2m = 1 and A = 1, we simply denote by ; the
wavefunction ¢ (z), by 1o the initial wavefunction 1g(x), ¥’ = g—i’, P = ?)2715’ etc.,
and z/J = %—f. Furthermore, we restrict our attention, for sake of simplicity, to the
one-dimensional case, i.e. d = 1.

Nonlinear Schrodinger equations with a quadratic potential are a useful tool in
order to describe Bose-Einstein condensates in a trapping potential [10, [14], as well
as in the theory of nonlinear optics [12].

An efficient numerical treatment of such an equation is based on the Lie-type
splitting approximation. The basic idea is quite simple (see, e.g., the paper [5]):
suppose to consider an evolution equation

iy = [A+ B

{ ve= AT Bl e 2R o), 2)
Yry = %o

where A and B are two given operators. Let us denote by S~ the solution to

where S?~% is the associated evolution operator; let us denote by X*~% and

Yi~% the evolution operators respectively associated to the equations

ithy = Ay and ity = Bipy .
It is well known that, in general,
S%g # X°Y g, 6 €R,
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2 ANDREA SACCHETTI

but this difference may be proved, under some circumstances, to be small when §
is small. More precisely, if one fix any T' > 0, a § > 0 small enough and a positive
integer number n such that nd < T, then the solution 1; = S*~*0q to , where
t = nd + ty, can be approximated by

[X°Y°] " o, (3)
up to a remainder term that goes to zero when § goes to zero.

In fact, a better result may be obtained by means of the Strang-type approxi-
mation where the solution v¥; to is approximated by

[X6/2yéX6/2} " o .-

However, for sake of definiteness we restrict our analysis to the Lie-type approxi-
mation method .

When one applies such an approximation to the problem a typical choice
consists in choosing A = —63—;2, i.e. the one-dimensional linear Laplacian operator,
and B = V + v|y;|?°. Here, we denote by X¢ and Y} the associated evolution
operators. Thus, with such a choice Xffto = ¢~ *A(t=%) ig the evolution operator
associated to the Laplacian and it is an integral linear operator with well known
kernel function. For what concerns Y™™ it is the evolution operator obtained by
means of the solution to the ordinary differential equation

{ Z’wt = th + I/|wt|2"wt
W, = Wo

(4)

We observe that |w;| is constant with respect to t since V(z) is a real-valued func-
tion; indeed, one can check that

8|wt|2 - thi &Tt

ot FErTS

= —1 [wa + V|w1‘,|20’wt] Wy +1 [V’LZ),‘ + I/|U)t|20’lf)t] Wy = 0.
Thus, equation takes the form

iy = [V + v|wol* ] wy
Wy, = Wo

Wt

which has solution
wi(z) = [Y{ ™ wo] (2) = eIV EHI @Iy o), (6)
that is Ylt_t‘J is a multiplication nonlinear operator such that
IY*"wo||zr = |lwollL» , Vp € [1,+00].

Therefore, both evolution operators X!~ and Y,/ have an explicit expression.
The crucial point is to give a rigorous estimate of the remaining term

Rato := Sty — [X2¥P]" vy . (7)

Let us recall here some rigorous results concerning the estimate of R .
In the case where the external potential is absent, i.e. V = 0, and under some
assumption on the initial state 1)y then the estimate

[R1tbollz < €6, (8)
for some positive constant C' = C(1g,T'), has been proved by [5] @].
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If the external potential V' is not identically zero then a similar estimate of the
remainder term holds true provided that the Schrédinger equation is restricted to
a bounded domain U C R? and provided that its solution ; is such that (see, e.g.
Thm. 4.3 [3])

Y eC([0,T); H™(U)NH(U)) ,

for some m > 5.
We should also mention that a purely formal (not completely rigorous) argument
(see [1]) suggests that

[R1vo || 2 ry < C5%e°

for some positive constant C = C(tg,T), provided that the potential V(x) is a
bounded function and v € H*(R).

We must remark that such an approach does not properly work when the poten-
tial V(z) is singular, e.g. V is a Dirac’s delta. In such a case the method should
be modified by choosing A = H = —(9%22 + V', where H is the linear Schrodinger
operator, and where B = v||?? is the nonlinear term [13].

In this paper we prove the validity of the Lie-type approximation for a nonlinear
Schrédinger equation with quadratic potential following the approach introduced
by [13] in the case of singular potential. Let X := e~*9 be the evolution operator
associated to the linear Schrodinger operator and

[Yow] (z) := ef“jlw(“’)‘%éw(z) . (9)
If we denote by
Ratbg := 8" 4ho — [X3V3]" g (10)

the remainder term, we are going to prove that it goes to zero when § goes to
zero and n§ < T for any fixed T > 0 (see Theorem [I). We can thus show
that this method has at least as solid a theoretical basis as the one based on the
approximation .

One must remark that approximation can be implemented by means of a
quite simple numerical algorithm basically independent on the shape of the poten-
tial V' (z); in contrast, approximation is substantially useful when the evolution
operator X3, associated to the linear Schrédinger operator, can be efficiently com-
puted, like in the case of a quadratic potential. On the other side, by means of
numerical experiments, the approximation turns out to be more accurate than
the usual one (7).

The paper is organized as follows. In Section [2| we state our main result (Theo-
rem ; Section [3|is devoted to the proof of Theorem (I} in Section we compare the
approximations (7)) and on test models; is Sectionwe draw the conclusions; a
short Section [A] appendix is devoted to the Mehler’s formulas, that is to the kernel
of the evolution operator X3 of the linear Schrodinger operator with harmonic or
inverted oscillator potential.

Hereafter C' denotes any positive constant which may change from line to line.
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2. MAIN RESULT

Let us consider the one-dimensional (i.e. d = 1) nonlinear Schrédinger equation
of the form

Yy _ 20 02
%y Hy + v |*7y 2 __Y
{ 50 = o Wt € L*(R,dx), H = ) +Vi(x), (11)

where
V(z) = ax?

is a real-valued quadratic potential for some oo € R\ {0}. Let tg = 0 for the sake
of definiteness.
Solutions to are usually studied in the space

Si={yeS : Wl = I1llze + ¥l 2 + llz¢bllz2 < +oo}

and the existence of a local solution to (11]), with the conservation of the norm

N () = N(tho), where N(4) := [|9]|z2
and of the energy

E(wn) = EWo), where E(9) = |/l2 +allawlfs + 5 IWIEEE

has been proved (see [7, [§])

Solution to globally exists when o < % and the map t e R — ¢, € ¥
is continuous provided that 1)y € X. On the other hand, blow-up may occur as
proved by [8] under some circumstances for some v < 0 and « > 0 when o > %

Let I" be the vector space

P={yveS : [¥lr:=¢lu+ ¢ < +oo} C X.

Let X3 = e *H% be the evolution operator associated to the linear Schrodinger
operator and let Y3 be the multiplication operator defined by @

In order to compare the approximate solution (X3Y;)"g with the solution St
for any t = nd < T, where T' > 0 is any fixed positive real number, we have to
assume that the solution S*iy does not blow up. We remark that the approximate
solution (X9Yy)"py always exists; however, we have to introduce the following
technical assumption: we assume that

_max [(X9Y9)" TSIy e < O (12)
7=0,1,...,.n—1
for some positive constant C' depending on ¥y and T, but independent of ¢ and n.
We should remark that for each index j the vector (X3Yy)" =150+, belongs
to L because of Lemma [3] and Lemma [4] the technical assumption concerns the
uniformity of the bound with respect to n. Assumption is necessary when we
make use of the estimate obtained in Lemma [B] and its is a rather usual kind of
assumption in such a contest (see, e.g., equation (2.4c) in Lemma 2.3 by [0] and its
application in equation (16) of the same paper, see also the assumptions of Theorem
1 by [13)]).
Here we state our main result.

Theorem 1. Let o > %; let T > 0 be any fized positive real number and let 1y € T
be such that Sty € T for anyt € [0,T). Letd > 0 andn € N such that t =nd < T.
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Let (@ holds true. Then, there exists a positive constant C := C(¢g, T) depending
on g and T such that

H [X3Y3]" 4o — S"‘SonB < Célv. (13)

Remark 1. In fact, we expect that such a result may be extended to subquadratic

potentials V(x) € C(R) such that % . < C as soon asr > 2. Also the

extension to an higher dimension d > 2 could be considered, too. However, in both
two cases we have to face some problems: e.g. the proof of Lemmal[3 is based on the
explicit expression of the propagator Xt of the linear Schrédinger operator. Some
results [6] concerning the generalized Mehler’s formula could be the basis for such
an extension. However, we don’t dwell here on the details concerning these two
generalizations.

3. PROOF OoF THEOREM [II
Hereafter, in this Section we simply denote X5 and Y5 respectively by X and Y.
3.1. Preliminary results. We require some preliminary Lemmas and Remarks.
Lemma 1. I' C L? for any p € [1,+0o0]. In particular
wlliey < C [l2*wll 2@ + [wllz2@)] (14)
where C = (2°/3)1/8.
Proof. The statement I' C LP? holds true for p = +o0o by making use of the
Gagliardo-Nirenberg inequality:
e~ < Clhwlf:lw'|£: < Cllwlr.

If we are able to prove that the statement holds true for p = +1 too, then the
Riesz-Thorin interpolation Theorem prove the statement for any p € [+1, +oc]. In
order to prove the statement when p = 4+1 we observe that for any R > 0

[ / )z + / @)l + / " (e da

—00 +R —R

_ [/R ;x2|w(x)|dx+/+oo ;2952|w(x)|dx+/;R|w(x)dx]

—0o0 +R

”w”Ll(R)

-2

= (7%, 2°W) [2(—0o,—r) T (272, 2°W) 12(R,00) + (L, [W]) 22(~ R 1 R)

2
V3
from the Holder’s inequality. Hence, follows for R = (2/3)1/4. O
Remark 2. From Lemmal[]] it follows that
lwllzr < Cllw]lr-

IN

R732||2%w]| p2m) + V2R|w]| 12 ) < +00

The following result holds true
Lemma 2. Let w € T then
lle™"*w —w|[z2 < Clt|Jw|r

where C' = max([1, |a]].
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Proof. Indeed, since w € I' C D where D is the self-adjointness domain of H, then

the evolution vy(z) := [~ w] (z) € D is such that
t
= ’ / iHu dr
L2 0

t
||vt—vo||L2:’/ brdr
0
t .
/e*”HdeT
0

t
‘/ iHe "Huwdr —‘
0 L2

[t | Hw] gz < [t] [lw”]|z2 + lof 2w ]

—itH

lle w— w2

L2

L2

A

since the two operators H and e~ commute: [H,e "] = 0. O
Furthermore, we have that
Lemma 3. Let w € T, then X'w €T for any t € [0,T]. In particular:
[ X w]|p < Cllwlr (15)
for some positive constant C > 0 independent of t and w.

Proof. Assume, for argument’s sake, that a = —i—%wQ. Now, let a > 0 be fixed and
small enough, and let us consider, at first, the case where a < |t — ng’ < Z —a,
n € Z. Let us recall that

(X'w) (z) = [e7™w](z) = / Kno(z,y,t)w(y)dy
R
w i%[(w2+y2)cos(wt)—2xy]
- Isin(wt) d
\/ 47i sin(wt) / € w(y)dy
from the Mehler’s formula 1 . Hence, for any positive integer n

) 2
2" [emtH ) \/7/ et Teon (7497 cos(w =] 0 g
47i sin(wt

o ZLO(WJ;) W)

1 e 4 sin(wt w

1 [42sin(wt)]"” =3 jwa? cos(wt) way Y

= 07— | e’ 4sin(wt) e QSln(wt) dy
\/ﬂ w R ayn

In particular, for n =1 and n = 2 it turns out that

. [efitHw] (z) = /RKHO(Ly’t) [a1(t)yw(y) + by (t)w'(y)] dy
e ay (Byuly) + b0 )]} (@)
2? [e7 ] (x) = /RKHo(x, y,t) [a2(O)y*w(y) + b2 (t)yw' (y) + c2()w” ()] dy

= e ™ [ax(t)yPw(y) + ba(t)yw' (y) + c2()w” ()] } (2)

for some bounded functions ay(t), by (t), as(t), ba(t) and co(t) since a < |t — n%} <

% —a. Then, we can conclude that

o [e ™ w]|,. < laa@®)] lywlze + b1 (t)] 0| 22 < Clwllr
a2 [em ™ ]|, < laa(®)] ly?wllzz + [ba(®)] [lyw'|[ 22 + lea(®)|[[w” ||z < Cllw]r
for some C since
1/2 1/2
lywlze < [wll 2 ly?wll}z



SPECTRAL SPLITTING FOR NLS 7

and
/ 1 2 "
lyw'llz < 5 [l wllze + lw”|l 2] -
Indeed, the last inequality follows by observing that
2
lyw'll72 = (yw',yuw') = =2y, w) — (y*w", w)
and thus
2
lyw'llz2 < 2llyw'|[ 2wl zz + w2 lly*wl 2 -

Similarly, if one notices that

% [e”™Hw] (z) = as(t)z [e7™w] (z) + bs(t) [e" " Haw] (2)

for some bounded functions az(t) and b3(t), then the same arguments as above
prove that
for some C > 0.

Now, one can check that holds true for any ¢; indeed if ¢ is such that |t| < a
then we observe that

2
9 e—itH

@[ < Cllw|r

w]

L2

efthw — ezaHefl(tJra)H

w
from which, since a < [t +a| < T —aif 0 <t < a and a is small enough,

||e—th

w|| = ’ ei“He_i(H“)HwH <C He_i(tJ’“)HwH < C?lwllp -
F F

The case |t - ng| < a, n € Z, follows in the same way, too.
Eventually, the case a = —iwz < 01is similarly treated by making use of . (]

Concerning the evolution operator
(Y'w) () := e‘ivlw(r)‘zgtw(x),
we recall that
Y wlgr = |lwllzr , ¥p € [1, +o00].

Furthermore:
Lemma 4. Let w € T, then Yiw € T for any t; in particular

1Y wllr < [1+ Clut][|wl3% ] flw]ir-
for some positive constant C > 0 independent of t and w.
Proof. A straightforward calculation proves that

12°Y ]2 = [la*w]| 2

and that

0%Ytw o
Hasz < [L+Cltl ol 2] lwllme (16)
L
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Indeed,
0%yt
H Y| S s+ O [l o s+ 28wt ) e+ e () e
L2
<

— 2 — 2
[w”|lz2 +C [Ivtlllwlli‘?x lw” [z + w2l 75| (') [z + |wt] [lw]| 22 ] (w') Hm}

since 0 > 1/2. Concerning the term || (w')?|| 2 we have that
| (w')* |13 / (@) (')’ dz| = ‘ / w [20'd's" +w (@')?] do
R R

2
3||w||L°°/|w”| W' do < Clwl]| o< [[w"[| 2 | ()] 2 5
R

IN

hence

2
(@) e < Cllwllzeellw”| L2 - (17)

Thus, we conclude that

0?Y'tw
H 5z || Sl + C 2] wllEe + v wl|z% ] v
X L2

from which follows. O

The evolution operator Y satisfies to the Lipschitz condition, too (see Lemmas
2 and 3 [13]).

Lemma 5. Let wy,ws € L2 N L™ and let
M := max [[|wi|[e, w2 L] -
Then,
Y 'wy — Y'wsl|p2 < [1+ 20|vt|M*7 ] [wy — wa 22 -
itH

Remark 3. Since the linear operator Xt := e~ is unitary from L? to L? then

the Lipschitz condition
[ XY wy — XY wol|re < 1+ 20|vt|M*7 7 lwy — wa|z2
holds true.
Finally.
Lemma 6. Let F(w) := |w|**w, w € T, then F(w) € T'; in particular
|F(w)|r < Cllw]?% Jwll,
for some positive constant C > 0 independent of w.
Proof. At first we consider
22 F(w)] £z = |2*[w* w]| 2 < [Jw|f%[lz*w]|zz < [lw]|7% [w|lr
and then, similarly,
’82F(w)

Ox?
since (|17)). O

H < O [llwlff llw”llze + lwl| 72 (w2 2] < Cllw]z% Jw”||:
L2
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Remark 4. Finally, we recall here some previous technical results. In particular
in Lemma 4 by [13] we proved that

|7 (w1) = F(ws)||r2 < (20 + )M [Jwy — wa 2, (18)
where M = max [||wy || e, ||wal| L]

3.2. Estimate of the remainder term. Now, let S* be the evolution operator
associated to the Cauchy problem ; it satisfies to the mild equation

t
G = S'o = X' — i / X 2t
0

t
= Xwo—z'y/ X' F[S® (1ho)]ds .
0

Now, we are going to compare S%g with X?Y %, where Y satisfies to the mild
equation

t
Yiho = tho — Z'1// F[Y*(¢o)] ds.
0
Then, we prove that
Theorem 2. Let w € ' and let T > 0 be fized, then
[Stw — XY w| 2 < |v|Cot?eCrt, Wt € [0,T],
where C1 and Cy are two positive constants given by:

Cr = Ci(w, ) = [V|(20 + 1) max {max [IS"w]z=, XY s wl| =]} (19)

and
Cy 1= Ca(w) = Cllw]| 2+ max [1, T2 ||w|[#7]* | (20)
where C' > 0 is a positive constant independent of w, t, v and T.

Remark 5. Indeed, if we assume that S*(w) does not blow up for s € [0,T] then
|5%(w)]| o is uniformly bounded on time; furthermore, from Lemmas[3 and[4] we
already known that

XY wl[p < [ XY w|r < CY w|lp
o 12
C[1+ Clsv||lwl[7%]" [lwllr -

IN

Hence Cy(w) < +00.
Proof. Let w € T', then we have that

t t
Stw — X'Vt = —iv { / X' R[S (w)]ds — [ X'F[V*(w)] ds
0 0

— v /0 Xt {F[S*(w)] — F[X°Y*(w)]} ds + R(t, w) (21)
where
R(t,w) = —iu/o X'"5Ry(s,w)ds

and

Ri(s,w) =F[X°*Y°w] — X°F [Y*(w)] .
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Lemma 7. Let
M, = max [| XY “w] o, [V 0] ]
Then
IR (s, )|z < Cls|M27 mas [1, %?M27) uw]e
for some positive constant C > 0 independent of s, v and w.
Proof. Indeed,
IRi(s,w)llie = |IF[X*Y*u] = X*F [Y*(w)] |12
< FXY w] = FYw] |2 + [ XPF[Y*(w)] — F[Y ]| 2
where from and from Lemma it follows that
|F[X*Y5w] — F[Y*w] |[g2 < (20 4+ 1)MZ27|| XY 5w — Y5w|| 2
< (o +1)M¥ZCOs||Yw|r .

Concerning the other term we apply, at first, Lemma[2|and then Lemma[6]obtaining
that

[X*F Y (w)] = F[Y w2 Clsl|F[Y*w] v < Cls[|lY *w||Z%[|Y *wr

<
< Ols|MZ|[Y*w]r
Hence, we have proved that
[Rrllzz < Cls| MY *w]r.
From this result and from Lemma [4] the proof follows. O
Remark 6. From Remark[§ it follows that
o 12
M, < max [1 + C’|51/|||w||%oo} lwlr -
Thus

20+1

20+1
[[wl[

[R5, w)]l2 < Cls|max 1, 522]w]|{]
for some positive constant C > 0 independent of s and w.
Then, an estimate of the term R will follow
Lemma 8. Let w € T', then
IR(t,w)l[r2 < [v|Ca(w)t?.

Proof. Indeed, let t > 0 for argument’s sake; then:

t
IRGE w2 < o] / | X5 Ry (s, )| pods
0
t
< I / IR (s, w)|2ds
0
t
< |1/|/ C'smax [1,52y2||w||fi”]20+1 ||w||%"+1ds
0

from which the Lemma follows. O
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Now, we are ready to estimate the difference (21)):

5t - wam<m/nﬂsww31 FIXY*ul}||,, ds + [R(t w)] 1z

<WMWF9 F (XY w2 ds + Rt w)]| 2

SVWa+n/rmﬂwwmmmXWﬂmmfﬂwm—Xﬂ”wmdwumwwmw
0

¢
< Cl(w,t)/ |S5w — XY w||,» ds + [v|Co(w)t?
0

from Remark [4] recalling that X* is an unitary operator on L? and where Cy(w,t)
and Cy(w) are respectively defined by and . That is

t
Mﬂéa/y®®+M@9J€Mﬂ,
0

where we set
y(t) == ||S'w — XY w0l .
Thus, the Gronwall’s Lemma implies that
y(t) < |v|Cat?eCrt | Yt € [0,T].
and Theorem [2] is so proved. [l
Finally, we can conclude the proof of Theorem Let us fix t < T, let § >0

small enough and let n € N such that ¢t = nd, let Z° = X°Y?: then, the triangle
inequality yields to

_ Z [ (n j—1) Z5Sj5¢o _ (25)(n—j—1) S(j+1)5w0:|

7=0

|(2%)" w0 — 5700

L2
L2

IN

S 12 (29 950y - 20 (2"
=0

From this inequality, by making use of Lemma [5, Remark [3] and Theorem [2] it
follows that

|28 (25" s, - 28 (29)

Cn—j—1,j
S [1 +2O’|V§|C2071} Cn—j—2,5
< [1+ 2U|V<5|C'2‘771}n_]_1 Co,j (22)

for some positive constant C independent of n since . Therefore, we have
proved that

i
L

IN

[1+ 20vo|C27-1]" 7~ 1”265%

[(2%)" w0 — 5700

L2

Il
[ ]

3w
I

[1+20(us|C2 )" 77 | Cy ;52eC130

IA
<.
I
o
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where
Cy; = Ca(S7%g) = OS2 max {I,TQZ/Q HSj‘s%Hi‘yrUH
Chg 7= Cu(S00,0) = 2o+ 1) i {59700 1275700l

From Lemma Bl and Lemma [4] then it follows that

1228950 | oo < 12587 00]|; < € max [1,028 | 7o [, ] 57w -

and lhal
=

Since we assume that the solution S%)g € I' for any ¢ < T then we can conclude
that
Cl,ja C2,j §037 Vj:(Ll,...,n—l,

for some positive constant C3 := C5(T, o) > 0. Hence,
n—1
< OW|a® " [1+20lpe|C?e 1" 0y
§=0
Colvt|, t=nd < T,

[(2%)" vo — 5700

L2

IN

from which the proof of Theorem [I] follows.

4. NUMERICAL EXPERIMENTS

For any fixed ¢t we numerically compute the approximate solutions
5v/6
Vg = [X5Y7 "o
for different values of n where § = %; Yy = [X]‘-;Yf]nz/}(), j = 1,2, where X?{ is
the evolution operator associated to —68—:2, XS is the evolution operator associated
to —88—;2 +V, Y is the evolution operator associated to the differential equation
i) = Vb + vip|?71 and Y25 is the evolution operator associated to the differential
equation i1, = v|i;|?74p;. We consider the harmonic oscillator potential where

V(z) = +1w?2? and the inverted oscillator potential where V(z) = —iw?z%. In
both cases we consider the focusing (where v < 0) and defocusing (where v > 0)

nonlinearity.

In this Section, for simplicity’s sake, let us drop out the index ¢, i.e. ¥, = 9,
¥i,; = ¥, and so on. For argument’s sake the initial wavefunction is a Gaussian
function

1 2 2 .
. —(z—xz0)* /45" +ivox
T) = ——¢
Yola) V2ors?
where
ro=-3,v9=2 and s=0.5.

We compare in numerical experiments the rate of convergence of the numerical
solutions ;. More precisely, we compare the probability densities

pj(x) = |;()]*, j=1,2,
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and the expectation value of the position observable

<x>.7 = <w]7ij>[z2 ) ] = 172a
for a fixed value of t.

We recall that the evolution operators Y;? and Y3 are the multiplication operators
@ and @; X9 and Xg are the integral operators , and . Since the
evolution operators XJ‘»S are integral operators then we numerically compute the
integral on a large enough fixed interval [Z,min, Tmaz] by dividing it in m intervals
with the same amplitude #mez—Zmin that is m is the number of points of the mesh.
Let z/J;l’m be the numerical solutions given by the vector ([X }S Yj‘s} " wo) (x¢), where
Ty = Tppip + (Fmee—tmin for (= 0,1,...,m.

If we denote by ¢5° and p2° the values of ¢ and pi"™, j = 1,2, where n and
m are the largest values considered in the numerical experiment, then we are going
to estimate the quantities

AP = (mmax [p5(ze) - Py (@)l 7 =1,2,
for different values of n and m. Furthermore, we consider also the difference
6= max|pP ™ we) — ™ ()
£=0,1,....m

Finally, we compare also the exact expected value of the position observable
(2)" = (Yt, 21br) L2 with the ones (x)5 = (¢ +, 2 t) 12, j = 1,2, obtained with the
two approximate solutions. In fact, Ehrenfest’s Theorem for nonlinear Schodinger
equations does not generically hold true in the usual form, but when one cosniders
the position z and momentum p observables we still have that

A)' L g 40 <dv>t

dt m¥ dt dr

O av\' av
<p>t——1<¢t7&v>L2 and <dm> —<¢t7dx¢t>L2-

t

where

In particular, since m = 3 and V(z) = az? then (z)' is solution to the differential

equation
2 t
ddg) +afz)t =0 )
<33>0 = Zo and d<;t> ’t_o = 2<p>0 = 21}0
Thus
g cos(wt) + 22 sin(wt) if a = 4102
(z) = . (23)
xo cosh(wt) + 2% sinh(wt) if a= —%uﬂ

4.1. Harmonic oscillator. In such an experiment let
w=1,0=1 and t=10.

We numerically compute the integral operators X¢ and X§ where the integral
domain is restricted to the interval [Xin, Tmaz] Where

Tmin = —50 and X0z = +50.
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v =410
n | om AT T AP TAPT/ATT 8™ [ {2)i° [ (@)
60 | 2000 || 0.31 0.18 0.58 0.16 || 0.14 | 0.34
90 | 3000 || 0.12 0.12 0.94 0.08 || 0.22 | 0.34
120 | 4000 || 0.077 | 0.046 0.60 0.070 || 0.26 | 0.34
150 | 5000 || 0.048 | 0.027 0.56 0.055 || 0.28 | 0.34
180 | 6000 || 0.032 | 0.017 0.53 0.044 || 0.29 | 0.34
210 | 7000 || 0.020 | 0.010 0.51 0.037 || 0.30 | 0.34
240 | 8000 || 0.011 | 0.0060 0.53 0.032 || 0.30 | 0.34
270 | 9000 || 0.0049 | 0.0027 0.55 0.028 || 0.31 | 0.34

TABLE 1. Table of values corresponding to the case of defocusing
nonlinearity ¥ = 410 with harmonic oscillator potential V(x) =
+iw?z?. The exact expectation value is (z)'® = 0.3411 from (23)

The indexes n and m respectively run from 60 to 240 and from 2000 to 8000; we
denote by 97 = wioo,loooo the corresponding numerical solution obtained when

n =300, and thus § = 55, and m = 10000.

4.1.1. Defocusing nonlinearity. We fix
v=+10.

The numerical experiment shows that the following upper bound of the absolute
value of the difference between the two probability densities p$® and p3° holds true

max |p7° — p5°| = 0.025, (24)

and in Figure [T] - left hand side - we plot the graph of the function p3°. In Table
we collect the difference AY"™ between p}*™ and p5°, the ratio Ay"™ /AT™, the
difference 6;"™ between p}""™ and p5™ and, finally, the expectation values (z)§
and (z)} for different values of n and m and for ¢ = 3. It turns out that the
values obtained in correspondence of the approximation 1% become rapidly stable
even for n and m not particularly large; in particular the expectation value (x)i° is
practically constant, while the expectation value (x)1° slowly converges to its final

value.

4.1.2. Focusing nonlinearity. We fix
v=-10.

In this case the numerical experiment shows that the upper bound concerning the
difference between the two probability densities p® and pS° is of the same order of
(24) since

max |p7° — ps°| = 0.040,
T
and in Figure [I] - right hand side - we plot the graph of the function p3°. In Table
we collect the difference A}"™ between p}™ and p5°, the ratio Ay™ /AJ™, the
difference 07" between p)"™ and p"™ and, finally, the expectation values ()] and

(x)} for different values of n and m and for t = 3. It turns out that the values for the
expectation values coincide with the ones obtained in defocusing case; even in this
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FIGURE 1. Harmonic oscillator. We plot the graph of the prob-
ability density p3° at ¢ = 10 of the numerical solution 5° in the
defocusing case for v = 410 (left hand side picture) and in the

focusing case for v = —10 (right hand side picture).
v=-10
n o A AT AFAT 5 Gl [
60 | 2000 || 0.43 | 0.29 0.68 0.19 0.14 | 0.34
90 | 3000 || 0.34 | 0.34 1.00 0.12 0.22 | 0.34
120 | 4000 || 0.17 | 0.17 1.00 0.099 || 0.26 | 0.34
150 | 5000 || 0.076 | 0.054 0.71 0.082 || 0.28 | 0.34
180 | 6000 || 0.086 | 0.083 0.96 0.075 || 0.29 | 0.34
210 | 7000 || 0.081 | 0.077 0.95 0.064 || 0.30 | 0.34
240 | 8000 || 0.038 | 0.036 0.94 0.057 || 0.30 | 0.34
270 | 9000 || 0.023 | 0.022 0.94 0.045 || 0.31 | 0.34

TABLE 2. Table of values corresponding to the case of focusing
nonlinearity ¥ = —10 with harmonic oscillator potential V(x) =
+4w?a?. The exact expectation value is (z)'0 = 0.3411 from (23)

case the approximation 1 become rapidly stable even for n and m not particularly
large and we can observe the same behaviour of ()1° and (x)1° already observed
in the defocusing case (in fact, the expectation values are exactly the same of the
previous experiment).

4.2. Inverted oscillator. In such an experiment let
w=1,0=1 and t=3.
We numerically compute the integral operators X¢ and XJ where the integral
domain is restricted to the interval [Xin, Tmaz] Where
Tomin = —200 and .4, = +200.

The indexes n and m respectively run from 30 to 135 and from 10000 to 45000;
thus we denote by ¢7° = w;50’50000 the corresponding numerical solution obtained

when n = 150, and thus § = %, and m = 50000.
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v=+10
n ‘ m H A;L,m Ag,m ‘ Ag,m/A;L,m H sm H <.13>:13 ‘ <l‘>g
30 | 10000 || 0.017 0.0050 0.29 0.017 || 8.10 | 9.87
45 | 15000 || 0.0024 | 0.0017 0.70 0.0015 || 8.84 | 9.87
60 | 20000 || 0.0015 | 0.0011 0.69 0.0011 || 9.10 | 9.87
75 | 25000 || 0.0010 | 0.00069 0.68 0.0009 || 9.26 | 9.87
90 | 30000 || 0.00067 | 0.00045 0.67 0.00075 || 9.36 | 9.87
105 | 35000 || 0.00043 | 0.00029 0.67 0.00065 || 9.43 | 9.87
120 | 40000 || 0.00025 | 0.00017 0.66 0.00057 || 9.49 | 9.87
135 | 45000 || 0.00011 | 0.000073 0.66 0.00051 || 9.53 | 9.87
TABLE 3. Table of values corresponding to the case of defocusing

1,22

nonlinearity v = 410 with inverted oscillator potential V(z) =
—2w?z?. The exact expectation value is (z)* = 9.8685 from ([23)

0,081

0,061

0,0

0,029

~300 “Too 0 100 200 0 5 10 15 20

FIGURE 2. Inverted oscillator. We plot the graph of the prob-
ability density p5° at ¢ = 3 of the numerical solution 5° in the
defocusing case for v = +10 (left hand side picture) and in the
focusing case for v = —10 (right hand side picture).

4.2.1. Defocusing nonlinearity. We fix
v =+10.

In this case the two probability densities p® and p5° practically coincides since
the numerical experiment shows that the upper bound of their difference in much
smaller than ; indeed, it takes the value

max [p7° — p3°| = 0.00046,

and in Figure [2] - left hand side - we plot the graph of the function p5°. In Table
we collect the difference A}"™ between p}"™ and p3°, the ratio Ay /AT™, the
difference 03" between pi""" and py'™ and, finally, the expectation values ()
and (z)} for different values of n and m and for ¢ = 10. It turns out that, as
well as in the previous experiments, the values obtained in correspondence of the

approximation ¥} become rapidly stable even for n and m not particularly large.
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v=-10
n | om AT AP TAPT/ATT 60 [ (2)f | (2)3
30 | 10000 || 0.93 0.12 0.13 0.89 || 8.23 | 9.86
45 | 15000 || 0.72 | 0.063 0.087 0.82 || 8.84 | 9.87
60 | 20000 || 0.52 | 0.037 0.071 0.73 || 9.10 | 9.87
75 | 25000 || 0.37 | 0.023 0.061 0.64 || 9.25 | 9.87
90 | 30000 || 0.26 | 0.014 0.055 0.56 || 9.36 | 9.87
105 | 35000 || 0.17 | 0.0086 0.051 0.50 || 9.43 | 9.87
120 | 40000 || 0.099 | 0.0048 0.048 0.45 || 9.49 | 9.87
135 | 45000 || 0.044 | 0.0020 0.046 0.40 || 9.53 | 9.87

TABLE 4. Table of values corresponding to the case of focusing
nonlinearity ¥ = —10 with inverted oscillator potential V(:ﬂb—
(23)

—2w?z?. The exact expectation value is (z)* = 9.8685 from

4.2.2. Focusing nonlinearity. We fix
v=-10.

In this experiment we have that a significant difference between p3® and p3° occurs
because of a shift, as shown in Figure 3] since

max |p7° — p5°| = 0.37,
x

that slowly decreases for increasing values of n and m. Such a shift is due to
the fact that in the usual spectral splitting approximation (X¢Y?)"g the linear
part is approximated as well as the nonlinear one; in contrast, in the proposed here
spectral splitting approximation (XgYQ‘S )1 the linear part is exactly solved and
the approximation only concerns the nonlinear one. In order to reduce such a shift
one has to significantly increases the number m of the points of the mesh and the
number n of iterations in the usual spectral splitting approximation.

In Table 4l we collect the difference A7™ between p;"™ and p2°, the ratio
Ay™ /AT, the difference 07" between pi™™ and py™ and, finally, the expecta-
tion values (z)! and (z)} for different values of n and m and for t = 10. Concerning
the velocity of convergence of the approximate solutions we can draw the same kind
of conclusions of the previous numerical experiments.

5. CONCLUSIONS

Theorem || states that the result reported in this paper has at least as much
theoretical validity as the method based on the standard spectral splitting approx-
imation.

In fact, numerical experiments suggest that this new method has a significantly
higher speed of convergence than the standard method and therefore it seems more
suitable for performing sophisticated numerical experiments. This higher speed of
convergence is evident in Table [d] and in Figure [3] but in reality it could already
be observed in other cases as well, although the effect is much less evident, and it
is due to the fact that in our proposed spectral splitting method the linear term
is exactly treated and not approximated as in the usual approximation. Indeed,
if one compares the absolute errors AT and AJ""™ that respectively occur in the
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0,8

0,67

0,2+

FIGURE 3. Full line is the graph of the function p3°, broken line
is the graph of the function p$°; the two graphs differ because of a
small translation of the spatial coordinate.

V@) [ v [ n ] m [[A3"/AT"]

222 [ +10 270 [ 9000 0.55
727 | =10 ] 270 | 9000 0.94
—12? | +10 | 135 | 45000 0.66
—;#% | =10 [ 135 | 45000 0.046

TABLE 5. Comparison of absolute errors for different nonlinearities
and harmonic/inverted oscillator potentials.

usual spectral splitting approximation and in the spectral splitting approximation
proposed in this paper then it turns out (see Table that the second approximation
proposed here is more efficient in all the situations and, in particular, in the case of
focusing nonlinearity and inverted oscillator potential. The fact that the method
proposed in this paper is faster and more accurate than the usual spectral splitting
approximation also emerges when comparing the expected values <x>§, j=1,2 of
the position observable obtained through the approximate solutions with the exact
value {x)! obtained through Ehrenfest’s Theorem.

Not only that, this advantage could become decisive when numerical experi-
ments are performed when the spatial dimension is greater than 1 and it would be
interesting to perform a series of experiments to clarify this issue.

On the other hand, the price to pay is due to the fact that the evolution operator
associated with the linear Schrodinger operator is not always explicitly known;
however, one could at least partially overcome this defect by using numerical solvers
of the Schrédinger equation that are sufficiently efficient and fast.
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APPENDIX A. MEHLER’S FORMULA

Here we recall the expression for the evolution operator associated to the linear
Schrodinger operator H with quadratic potential; this expression is named Mehler’s
formula.

Since the potential is quadratic then the linear operator H = 7% +az?, a €R,
admits a self-adjoint extension on the domain D and the evolution operator et
is well defined. ,

Let Hy = f% be the free Schrodinger operator; then the associated evolution
operator has the form

e o] () = [ Koty (25)
where [15]
1 , 2
Ko(z,y;t) = ell@=y) /4t 26

Let Hyo = 78% + %wzzQ, w > 0, be the Harmonic Oscillator Schrédinger

operator; then the evolution operator has the form
[e= o] (2 /KHO x,y;t)o(y)dy (27)
where [T1]

Kpo(x,y;t) = S A exp i— (% + y°) cos(wt) — 2zy] ¢ . (28)

4mi sin(wt) 4 sin(wt)

Let Hjp = —68—;2 — 2w?2% w > 0, be the Inverted Oscillator Schrodinger opera-
tor; then the evolution operator has the form

e 0] (@) = | Kinofe.yit)bo(u)dy (29)
where [2] 4]
Kro(t,yit) = | ——o— exp{ i———— [(2® + y?) cosh(wt) — 2ay] | .

47i sinh(wt) 4 sinh(wt)

Remark 7. It is well known that
lle™ " %2 = [|ebol| 2

for any self-adjoint operator H. Furthermore, in the case of self-adjoint operator
H with quadratic potential then from (@), (@) and (@) it follows that

le™ 4| poe < CE12 |l ]| 1
for any o = :i:ioﬂ € R and for any t < t*, where t* <
C =C(t",w).

= is fived, and for some
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