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Sommario

La crescente diffusione di veicoli connessi ha aperto nuove frontiere nella ricerca sulle
comunicazioni veicolari (V2X). Questo lavoro di dottorato si concentra sull’analisi e lo
sviluppo di tecnologie innovative per i sistemi di comunicazione V2X, con l'obiettivo di
migliorare I'efficienza, la sicurezza e la sostenibilita dei trasporti. In particolare, la ricerca
si & focalizzata sullo strato fisico (PHY) delle comunicazioni V2X, approfondendo lo studio
dei sistemi per la comunicazione e sensing congiunti (joint communication and sensing,
JCAS). Questi sistemi innovativi integrano le funzionalita di comunicazione e radar, con-
sentendo ai veicoli di scambiare informazioni e allo stesso tempo generare un’immagine
dell’ambiente circostante, contribuendo cosi a migliorare la sicurezza stradale e 'efficienza
del traffico. Sono state analizzate e confrontate in dettaglio due delle principali tecniche
di modulazione multiportante utilizzate nei sistemi JCAS: la modulazione OFDM (Or-
thogonal Frequency Division Multiplezing) e la modulazione OTFS (Orthogonal Time Fre-
quency Space). Entrambi questi formati presentano vantaggi e svantaggi specifici, dal
punto di vista della comunicazione, del sensing, della complessita computazionale e della
robustezza nei confronti delle diverse condizioni del canale wireless. Da un lato, 'OFDM
rappresenta un formato ampiamente adottato a livello di comunicazione, dall’altro il suo
impiego nel sensing presenta ancora tanti aspetti da chiarire. Una tecnica ancora piu re-
cente & 'OTFS, che si distingue per la sua robustezza nei confronti della selettivita nel
tempo e in frequenza; cio la rende una scelta promettente in scenari dinamici, come quello
veicolare, i quali diventeranno sempre piu critici all’aumentare delle frequenze operative
dei sistemi di nuova generazione. Lo studio condotto sui sistemi JCAS si & concentrato su
due problemi principali: 1) lo sviluppo di nuovi algoritmi a basso costo computazionale
per la rivelazione di ostacoli multipli e stima dei loro parametri caratterizzanti (quali,
distanza, velocita, coordinate spaziali ed energia) in sistemi JCAS basati su OFDM. Lo
studio ha considerato sia sistemi dotati di singola antenna trasmittente e ricevente (SISO),
sia dotati di schiere di antenne in trasmissione e ricezione (MIMO), analizzando 'impatto
della molteplicita di antenne sulle prestazioni e la complessita del sistema. 2) L’impiego di
un doppio prefisso ciclico (uno nel tempo ed uno in frequenza) nella modulazione OTFS
e lo sviluppo di algoritmi innovativi per la stima del canale assistita da simboli pilota in
un sistema che la utilizza (la stima di canale ¢ utile sia per il sensing al lato trasmittente,
sia per l'equalizzazione dei dati ricevuti al lato ricevente). Infine, & stato implementato un
sistema di comunicazione basato su OTFS su piattaforme SDR (Software Defined Radio)
ed e stato verificato sperimentalmente che tale sistema € in grado di operare in maniera
affidabile anche in presenza di canali di comunicazione dinamici. I risultati ottenuti pos-
sono contribuire allo sviluppo della tecnologia JCAS e certamente forniscono indicazioni
utili nella scelta del formato di modulazione, aprendo la strada a sistemi di comunicazione
wireless piu efficienti e versatili. Le soluzioni sviluppate in questo lavoro possono trovare
applicazione in una vasta gamma di scenari, tra cui la guida autonoma, la gestione del
traffico intelligente e la sicurezza stradale.
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Abstract

The increasing number of connected vehicles has opened new frontiers in Vehicle-to-
Everything (V2X) communication research. This PhD work focuses on the analysis and
development of innovative technologies for vehicle-to-everything V2X communication sys-
tems that aim at enhancing transportation efficiency, safety, and sustainability. Specifi-
cally, the research concentrates on the Physical Layer (PHY) of V2X communications, with
a particular focus on Joint Communication and Sensing (JCAS) systems. These cutting-
edge systems integrate communication and radar functionalities, enabling vehicles to ex-
change information while simultaneously detecting their surroundings, thereby improving
road safety and traffic efficiency. This study provides a detailed analysis and comparison
of two primary multicarrier modulation techniques that are envisioned as promising can-
didates for JCAS systems: Orthogonal Frequency Division Multiplexing (OFDM) and Or-
thogonal Time Frequency Space (OTFS). Each of these modulation formats offers distinct
advantages and disadvantages in terms of performance for both communication and sens-
ing, computational complexity, and resilience under various wireless channel conditions.
While OFDM is widely adopted in digital communications, its application to radio sensing
presents several open challenges. On the other hand, the relatively newer OTFS technique
demonstrates robustness against time and frequency selectivity, making it a promising
choice for dynamic vehicular scenarios, which are expected to become more demanding as
the operational frequencies of next-generation systems increase. This research addresses
two primary challenges within JCAS systems: 1) The development of low-complexity algo-
rithms for the detection of multiple obstacles (targets) and for the estimation of their key
parameters (such as distance, speed, spatial coordinates, and reflected energy) in OFDM-
based JCAS systems. The analysis includes both Single-Input Single-Output (SISO) and
Multiple-Input Multiple-Output (MIMO) antenna systems, examining the impact of an-
tenna cardinality on system performance and complexity. 2) The utilization of a double
cyclic prefix (one in the time domain, the other one in the frequency domain) in the
OTFS modulation, as well as the development of novel algorithms for pilot-aided channel
estimation in OTFS-based systems. It is important to underline that channel estimation
is crucial for both sensing at the transmit side and for data equalization at the receive
side. Finally, an OTFS-based communication system has been implemented on Software-
Defined Radio (SDR) platforms. The obtained experimental results have evidenced that
this system can reliably operate in dynamic communication channels. The findings of this
study contribute to the advancement of JCAS technology and provide valuable insights
into the selection of modulation formats, paving the way for more efficient and versatile
wireless communication systems. The solutions developed here have potential applications
in a wide range of scenarios, including autonomous driving, intelligent traffic management,
and road safety.
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Introduction

This chapter starts by providing a general overview of the research area. Next, it delves
into the specific objectives and finally describes the structure of the thesis.

Background

In recent years, there has been a growing awareness of road safety and the importance
of sustainable transportation. A key innovation in this context is represented by vehicu-
lar connectivity, which enables vehicles to share real-time information with one another,
with Vulnerable Road Users (VRUs), and with roadside infrastructure. The advent of
Intelligent Transportation Systems (ITS) has brought about a paradigm shift in the auto-
motive industry. Central to this transformation is Vehicle-to-Everything (V2X) commu-
nication, a technology that enables vehicles to exchange information with other vehicles,
infrastructure, and pedestrians. By fostering Vehicle-to-Vehicle (V2V) and Vehicle-to-
Infrastructure (V2I) communication, V2X has the potential to significantly enhance road
safety, traffic efficiency, and overall mobility.

The Physical Layer (PHY), as the foundation of any communication system, plays a
pivotal role in V2X. It governs the transmission and reception of data over wireless
channels, encompassing aspects such as modulation, coding, and channel access. The
efficacy of V2X heavily relies on the robust performance of the PHY, which must contend
with various challenges, including:

1) Channel characteristics: The wireless channel in vehicular environments is highly dy-
namic and subject to fading, shadowing, and interference from other wireless devices.

2) Reliability: V2X communication must be highly reliable to ensure the safety of road
users. Even a brief interruption in communication can have severe consequences.

3) Latency: Low latency is crucial for applications such as collision avoidance, where timely
information exchange is essential.

4) Security: The security of V2X communication is paramount to protect against malicious
attacks and ensure privacy.

In this context, the rapid evolution of wireless communication technologies has revolution-
ized the way we interact with the digital world. The Fourth-Generation (4G) Long-Term
Evolution (LTE) standard, while groundbreaking in its time, is now being surpassed by
the emerging Fifth-Generation (5G) technology, which promises to deliver significantly
enhanced performance and capabilities. Building upon the success of its predecessors,
Sixth-Generation (6G) is poised to further push the boundaries of wireless communica-
tion, offering unprecedented levels of speed, reliability, and connectivity.
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6G aims to address the increasing demands of a data-driven society, where the need for
high-speed, low-latency, and energy-efficient wireless communication is ever-growing. By
leveraging advanced technologies such as Artificial Intelligence (AI), machine learning,
and millimeter-wave and terahertz frequencies, 6G will enable a wide range of innovative
applications, including Ultra-Reliable Low-Latency Communication (URLLC), Massive
Machine-Type Communication (mMTC) and Enhanced Mobile Broadband (eMBB). To
achieve these ambitious goals, 6G will require significant advancements in various aspects
of wireless communication, including spectrum and energy efficiency, and security measures
to protect sensitive data and prevent cyberattacks.

As we stand on the brink of the 6G era, the potential for transformative innovation is
immense. By addressing the challenges and capitalizing on the opportunities presented by
this technology, we can shape a future where wireless communication seamlessly integrates
into every aspect of our lives.

Thesis Motivation

From a technical perspective, and of particular relevance to this dissertation, emerging ve-
hicular communication scenarios will be analyzed, with a primary focus on JCAS systems.

JCAS systems primarily aim to transmit useful information to targets (i.e., pedestrians,
vehicles, bicycles, walls or any other obstacle), which are thus not merely “passively”
detected.

Instead, a single device handles both sensing and communication tasks, eliminating the
need for separate subsystems (thus representing a paradigm shift from the communica-
tion or radar only device) and reducing cost and complexity. To address this challenge,
two main approaches are commonly adopted: radar-centric and communication-centric
approaches. The first involves adapting traditional radar waveforms to also carry informa-
tion. Traditional radar systems, known for their effectiveness in detecting and localizing
targets within the range-velocity domain, are evolving to accommodate dual functional-
ities, in particular in the context of millimeter-wave systems, which are known for their
very high resolution. The second approach, which is also the focus of this dissertation,
employs standard communication waveforms (single- or multi-carrier). In this case, com-
munication tasks are inherently supported, while radar processing is performed through
innovative methods that leverage knowledge of transmitted information (shared by both
the transmitter and receiver, if colocated). This approach departs from conventional radar
methods that rely on straightforward threshold analysis of the power reflected by the
target.

Selecting an appropriate communication waveform requires balancing competing objec-
tives. On one side, the system seeks to maximize the achievable communication rate,
defined as the amount of information transmitted within a given time-frequency window.
On the other side, precise radar sensing is essential to accurately localize a target in terms
of range, velocity, and spatial (angular) coordinates. Traditional radar systems achieve
high localization accuracy using chirp-like pulses-short single-carrier impulses with wide
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bandwidth, which ensure sufficient energy delivery to the target while enabling precise lo-
calization across all dimensions. However, the information-carrying capacity of such chirp
signals is strongly limited.

To enhance communication rates, multi-carrier digital waveforms can be used, where infor-
mation is encoded not only in the time domain (as in single-carrier systems) but also across
multiple frequency subcarriers, each carrying distinct modulation symbols. Despite this
advantage, the design involves tradeoffs. The subcarrier spacing and symbol time, which
are interdependent, must be carefully optimized. While multi-carrier waveforms enable
higher communication rates, they present challenges in terms of radar signal processing
and typically offer lower localization precision compared to single-carrier pulses. This
tradeoff reflects the inherent cost of integrating communication capabilities with radar
functionalities.

In conclusion, the current literature on the PHY layer of communication systems increas-
ingly focuses on developing advanced multi-carrier schemes that aim to overcome the
communication rate limitations of traditional radar waveforms. Optimizing the tradeoff
between communication and sensing remains an open research problem, with no univer-
sally optimal solution yet identified. Among the most promising multi-carrier modulation
techniques for joint radar and communication are OFDM and OTFS modulation.

OFDM has gained widespread adoption in recent years, forming the backbone of many
modern communication standards, including 5G. Its popularity stems from its ability to
simplify detection through the use of a cyclic prefix, namely a guard interval between
symbols to mitigate Inter-Symbol Interference (ISI). Under moderate Doppler conditions
and appropriately spaced subcarriers, OFDM effectively diagonalizes the communication
channel, enabling element-wise symbol detection. This simplicity has made it a cornerstone
of digital communications.

On the other hand, OTFS is an innovative Two-Dimensional (2D) modulation technique
that maps data symbols into the Delay-Doppler (DD) domain, providing a fundamen-
tally different approach to signal representation and processing. Unlike traditional One-
Dimensional (1D) modulation schemes, like OFDM, OTFS leverages both time and fre-
quency dimensions simultaneously, ensuring that each data symbol is fully expanded across
the Time-Frequency (TF) domain. This enables the channel to exert a nearly uniform ef-
fect on every symbol, effectively mitigating fading and interference.

While OFDM relies on computationally intensive algorithms to manage Inter-Carrier In-
terference (ICI) caused by fast channel variations, OTFS approaches the problem from
the perspective of interference sources. By mapping symbols into the DD domain, OTFS
minimizes interference and ensures more reliable and accurate communication in rapidly
changing scenarios.

As a result, OTFS is particularly advantageous for applications in highly mobile and
dynamic scenarios, such as vehicular communications, where traditional modulation tech-
niques often struggle. Furthermore, OTFS technology is expected to seamlessly integrate
with existing modulation frameworks, making it a strong candidate for future wireless
communication standards.
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This dissertation provides a comprehensive comparative analysis of OFDM and OTFS,
evaluating their strengths and weaknesses in key metrics, including the estimation of radar
parameters, achievable communication rates, the estimation of channels, and other critical
tasks. The aim is to offer insights that enable system designers to select the most appropri-
ate waveform for specific applications and scenarios, balancing the needs of communication
and radar functionalities in the context of JCAS systems.

Organization of the Thesis

This dissertation is structured as follows. Part 1 focuses on OFDM as a multicarrier modu-
lation technique employed in the context of radar sensing within a colocated radar system.
In particular, Chapter 1 introduces an approximate maximum likelihood approach to ad-
dress the problem of target detection and estimation in a SISO OFDM-based radar system.
A novel algorithm is developed to accurately estimate the positions and velocities of mul-
tiple targets while serially canceling their contributions from the received radar echoes.
This process enhances the ability of the system to detect weaker targets while offering a
significant improvement in the accuracy-complexity trade-off, especially in scenarios with
closely spaced targets.

Chapter 2 offers a detailed overview of the key algorithms employed for target detection
and parameter estimation in radar sensing based on colocated SISO OFDM radar systems.
These algorithms are thoroughly described, with an emphasis on their underlying principles
and computational requirements. In addition, their performance in terms of accuracy
and complexity is evaluated through simulations conducted across various scenarios. The
numerical results highlight the distinct trade-offs between accuracy and computational cost
associated with each technique, providing useful insights for selecting the most suitable
approach in practical applications.

Chapter 3 introduces a novel algorithm designed to estimate the amplitude, position, ve-
locity, and angular coordinates (that is, azimuth and elevation angles) of multiple targets
in a MIMO OFDM-based radar system. The proposed approach addresses the inherent
complexity of joint maximum likelihood estimation by adopting a more computation-
ally feasible strategy. Specifically, it separates the angle estimation problem from range-
Doppler estimation, enabling the integration of well-established algorithms to solve these
sub-problems. A comprehensive framework is presented, and various techniques from the
technical literature are incorporated into this scheme to evaluate their performance and
complexity trade-offs. Numerical simulations evidence that one of the proposed methods
can achieve near-optimal performance in terms of accuracy, while maintaining a manage-
able computational burden across different scenarios.

Part 2 of this dissertation shifts the focus toward the communication aspects of JCAS,
particularly for systems operating in high-mobility scenarios. These environments are
characterized by severe degradation in communication performance caused by significant
Doppler effects. While OFDM is widely used in multicarrier modulation, its performance
deteriorates under such conditions due to its sensitivity to ICI, making it less suitable
for high-mobility scenarios. To overcome these challenges, the recently developed OTFS
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modulation is explored. Unlike OFDM, OTEFS is specifically designed to operate effectively
in doubly-selective channels, as it represents the transmitted symbols in the DD domain,
inherently offering robustness against high Doppler shifts. In this context, this part of
the dissertation proposes a novel modulation format for OTFS that incorporates a double
cyclic prefix, one in Time Domain (TD), and the other in the Frequency Domain (FD).
This innovative format is developed by drawing inspiration from the principles of OFDM
and the duality principle between the time and frequency domains, paving the way for
improved performance in JCAS applications under high mobility.

Chapter 4 focuses on the theoretical derivation and modeling of the proposed OTFS mod-
ulation format with a double cyclic prefix. The derivation takes advantage of insights
from the duality principle that connects the time and frequency domains, building on
the framework of OFDM and extending it to the DD domain representation. To provide
the necessary context, the chapter begins with a brief overview of the traditional OFDM
scheme and introduces its dual modulation, a concept that has not previously appeared
in the technical literature. Following this, the chapter details the mathematical formula-
tion of the novel OTFS format and develops an analytical model for both the transmitted
and received signals. The resulting modulation format is examined under two conditions:
ideal channel and doubly-selective fading channels, where both time and frequency selec-
tivity are present. In addition, the chapter investigates the impact of pulse shaping on
the structure of the waveform and power spectral density, highlighting how this affects
communication performance. These results serve as a foundation for developing practical
rules for pilot symbol allocation, which will be further explored in Chapter 5.

Chapter 5 builds upon the modulation framework developed in Chapter 4 by addressing
the technical aspects of pilot symbol allocation and channel estimation in OTFS systems
employing a double cyclic prefix. Recognizing the importance of accurate channel state
information in high-mobility scenarios, the chapter proposes novel pilot-aided channel esti-
mation and equalization algorithms tailored to the new modulation format. The obtained
numerical results lead to the conclusion that the new channel estimator achieves supe-
rior accuracy with reasonable computational complexity, which makes it suitable for both
channel equalization in communication tasks and sensing applications in JCAS systems.

Chapter 6 shifts the focus from theoretical analysis to practical implementation, address-
ing the implementation of an OTFS-based digital communication system with a double
cyclic prefix on commercial SDRs. This chapter provides a detailed account of the de-
sign and implementation of the proposed OTFS system on a pair of National Instruments
SDRs, leveraging the flexibility of the hardware to evaluate the real-world performance
of the considered modulation scheme. Key signal processing algorithms employed at the
transmitter and receiver are described, along with practical considerations for achieving
robust communication in high-mobility scenarios. The experimental results demonstrate
the ability of the proposed system to maintain reliable performance even under challeng-
ing channel conditions with significant Doppler effects, validating the theoretical findings
and showcasing the potential of OTFS with double cyclic prefix for real-world applica-
tions. This work represents a crucial step toward bridging the gap between theory and
practice, offering insights into the challenges and solutions involved in deploying advanced
modulation schemes in commercial hardware environments.

XxXVil



Chapter 0. Introduction xxviii

In both parts, different appendices containing additional results and proofs are provided.
Finally, some conclusions and suggestions for future research are given in Chapter 7.

Notation

Throughout this dissertation, the following notation has been adopted:

1) ()T denotes matrix transposition, whereas (-)* and ()" denote complex conjugate and
complex conjugate transpose (Hermitian operator), respectively.

2) ®R{x} and I{z} indicate the real part and imaginary part, respectively, of the complex
variable x.

3) Op,.p, denotes the D; x Dy null matrix.

4) The symbols ®, ®, * and x represent the Kronecker, Hadamard, Khatri-Rao and
Cartesian product operators, respectively.

5) diag(v) represents a square diagonal matrix having the elements of the vector v along
its main diagonal.

6) In; denotes the order M identity matrix;

8

)

7) O represents the empty set.
) * denotes the linear convolution;
) R

9) Ry[-] indicates the modulo N operator;
10) |-| and [-] denote the floor and ceiling operators, respectively;

11) X £ [z defines a matrix X of proper size and z, , denotes the element appearing
on its mth row and nth column;

12) Ex is the unitary Discrete Fourier Transform (DFT) matrix of order X, whose element

(p,q) is exp(—j27pq/X)/VX.
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An Approximate Maximum
Likelihood Method for the Joint Estimation

of Range and Doppler of Multiple Targets
in OFDM-Based Radar Systems

In this chapter, an innovative method for the detection and the estimation of multiple
targets in a radar system employing orthogonal frequency division multiplexing is illus-
trated. The core of this method is represented by a novel algorithm for detecting multiple
superimposed two-dimensional complex tones in the presence of noise and estimating their
parameters. This algorithm is based on a maximum likelihood approach and combines a
single tone estimator with a serial cancellation procedure. The numerical results lead to
the conclusion that the developed method can achieve a substantially better accuracy-
complexity trade-off than various related techniques in the presence of closely spaced
targets.

1.1 Introduction

Wireless communication and radar sensing have been advancing independently for many
years, even though they share various similarities in terms of both signal processing and
system architecture. In the last few years, substantial research efforts have been devoted to
the design of wireless systems able to perform communication and radar functions jointly.
The interest in this class of systems, that accomplish JCAS, has been motivated by the
advantages they offer in terms of device size, power consumption, cost and efficiency of ra-
dio spectrum usage with respect to traditional wireless systems in various applications [1].
Three main paradigms have emerged based on system design priorities and underlying
physical layers: communication-centric, radar-centric, and hybrid joint design and opti-
mization.

In communication-centric systems, radar sensing capabilities are added to a communica-
tion framework as a secondary function. The primary goal is to preserve communication
performance, while leveraging the existing communication waveforms to extract radar in-
formation.

Radar-centric systems prioritize radar sensing while embedding communication signals
within radar waveforms. This approach enables nearly optimal radar performance, as
the sensing function remains the primary focus of the system. However, communication
throughput is typically limited, given the constraints of radar waveform properties. Mod-
ifications to radar operations may introduce tolerable performance trade-offs, allowing for
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basic communication functions. Despite its limitations in data rate, radar-centric designs
offer robustness in sensing-critical applications, making them suitable for defense and cer-
tain automotive systems.

The hybrid approach represents a paradigm shift, involving the co-design of systems and
waveforms to achieve a balance between communication and sensing. Unlike the loose
integration of communication-centric or radar-centric designs, hybrid systems optimize
both functions concurrently. This joint design offers tunable trade-offs, enabling flexibility
in adapting performance to specific scenarios or priorities.

In this chapter we focus on a communication-centric JCAS approach, where the radar
sensing function can be considered as an add-on to the given communication system.
More specifically, we take into consideration a SISO JCAS system employing OFDM; this
modulation format has been adopted in various wireless communication standards, thanks
to its robustness to multipath fading and to its relatively simple synchronization [2].

In the technical literature, direct and indirect sensing methods for target detection and
estimation are available for OFDM-based JCAS systems. Generally speaking, direct sens-
ing methods extract target information from the received signal without compensating for
the effect of the data payload it conveys [1,3] and typically exploit computationally inten-
sive Compressed Sensing (CS) techniques. Indirect estimation methods, instead, require
isolating and estimating the signal component related exclusively to the targets and, conse-
quently, compensating for the contribution due to channel symbols (e.g., see [4, eq. (20)]).
Indirect sensing methods can be divided in: 1) DFT-based or correlation-based methods
(i.e., methods based on the matched filter, MF, concept) [5-7]; 2) subspace methods [3,8,9];
3) Maximum Likelihood (ML) based methods [10-13].

Correlation-based and DFT-based methods for joint range-velocity estimation exploit prior
knowledge of the received signal and, even if conceptually simple and computationally
efficient, may generate poor radar images in the presence of closely spaced targets or strong
clutter around them [14]. Such methods can be outperformed by subspace methods, like
the well-known Multiple Signal Classification (MUSIC) algorithm and the Estimation of
Signal Parameters via Rotational Invariant Technique (ESPRIT) at the price, however,
of a significantly larger computational complexity [8]. An accuracy comparable to that
of subspace methods can be achieved through various ML-based algorithms, which also
require a significant computational effort. Relevant contributions to this field concern:
1) the use of the Amplitude Weighted Linearly Constrained Minimum Variance method
for estimating the parameters of multiple targets [10]; 2) the adoption of an alternating
mazimization approach to mitigate the computational complexity of ML estimation [11];
3) the development of an iterative non-linear Kernel Least Mean Square (KLMS) based
technique for the estimation of target range [12]; 4) the derivation of a ML method, based
on a kinematic model of detected targets, for estimating target speed [13].

The work illustrated in this chapter has been motivated by the interest in extending the
ML-based estimator of multiple overlapped complex exponentials developed in [15] to a 2D
scenario, and to investigate the application of the resulting algorithm to the detection of
multiple targets and the estimation of their range and Doppler in an OFDM-based JCAS
system. The contribution provided by this chapter is threefold and can be summarized as
follows:
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1) A novel iterative DFT-based algorithm, called Complex Single Frequency-Delay Esti-
mation (CSFDE), is developed for the ML estimation of a single 2D complex tone. This
estimator is based on the periodogram method for coarse frequency estimation and on a
new iterative algorithm for the estimation of frequency residuals and complex amplitude.
The last algorithm requires the evaluation of multiple Discrete Symplectic Fourier Trans-
forms (DSFTs), but, unlike other estimation techniques, does not need prior knowledge of
the overall number of targets. Moreover, its derivation is based on: a) a new approximate
expression of the ML metric; b) the exploitation of the alternating minimization technique.

2) A novel recursive algorithm, called Complex Single Frequency-Delay Estimation and
Cancellation (CSFDEC), for the estimation of the parameters of multiple superimposed
2D tones is derived. This algorithm, which combines the CSFDE algorithm with a serial
cancellation & refinement procedure, is applied to target range and Doppler estimation in
the considered JCAS system.

3) The accuracy of the CSFDEC algorithm is assessed by extensive computer simulations
and compared with that achieved by various related algorithms available in the technical
literature.

The obtained numerical results lead to the conclusion that the CSFDEC algorithm outper-
forms all the other related estimators in terms of probability of convergence, and achieves
similar or better accuracy in all the considered scenarios; in particular, it is able to reliably
operate in the presence of multiple closely-spaced targets in scenarios in which DFT-based
methods, subspace methods and other ML-based methods fail. In addition, the com-
putational requirements of the CSFDEC algorithm are quite limited; this is due to the
fact that it exploits a DFT-based method (namely, the CSFDE algorithm) and a math-
ematically simple serial cancellation & refinement procedure, that, unlike ML-based and
subspace methods, does not require matrix inversions and eigendecompositions. Moreover,
the CSFDEC algorithm is an off-grid algorithm since, unlike most of the ML-based meth-
ods available in the technical literature, it does not make use of a search grid in frequency
estimation; this makes its application substantially easier than on-grid algorithms.

The remaining part of this chapter is organized as follows. In Section 1.2, the processing
accomplished in an OFDM-based radar system is summarized, and the model of the signal
feeding the CSFDEC algorithm is briefly derived. Section 1.3 is devoted to the derivation
of the CSFDE and CSFDEC algorithms and to the assessment of their computational
complexity. The CSFDEC algorithm is then compared, in terms of accuracy and complex-
ity, with other estimation algorithms in Section 1.4. Finally, some conclusions are offered
in Section 1.5.

1.2 System and Signal Models

This section focuses on the processing accomplished at the receive side of a SISO OFDM-
based JCAS system; the main objectives of this section are deriving the mathematical
model of the received signal in the presence of multiple targets and illustrating some
essential assumptions on which it relies. In the following, we take into consideration the
transmission of a single frame, consisting of M consecutive OFDM symbols; such symbols
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can convey both pilot tones (for channel estimation and synchronization) and information
data to be sent to a single or multiple receivers at different locations. However, what is
relevant in this study is that the considered frame is sent over a wireless channel by a
transmitter which is colocated with the considered receiver; consequently, the receiver has
full knowledge of the structure and content of the whole frame and of the transmission
frequency, and exploits this information for sensing purposes only. The complex envelope
of the transmitted signal conveying the mth OFDM symbol (with m = 0,1, ..., M — 1) of
the considered frame can be expressed as (e.g., see [11, eq. (3)])

N-1

T (t) 2 x(t — mTy) = q(t — mTy) Z sm(n) exp(j2mnAf(t — m1y)), (1.1)
n=0

where x(t) denotes the OFDM baseband signal at the instant ¢, ¢(¢) is a windowing
function, s,,(n) is the channel symbol carried by the nth subcarrier of the mth OFDM
symbol (with n =0,1,..., N — 1), N is the overall number of subcarriers, Ay = 1/T is the
subcarrier spacing, T is the OFDM symbol interval, Ty £ T + Tg is the overall duration
of the OFDM symbol and T is the Cyclic Prefix (CP) duration (also known as guard
time [4]). Following [11], a rectangular windowing function is assumed in this chapter, so
that ¢(t) =1 for t € [T, T] and ¢(t) = 0 elsewhere.

Given the complex envelope (1.1), the Radio Frequency (RF) waveform radiated by the
radar transmitter can be expressed as

M-—1
zrr(t) =R {exp(j27r fet) > xm(t)} , (1.2)

m=0

where f. denotes the frequency of the Local Oscillator (LO) employed in the up-conversion
at the transmit side. In order to better understand the analytical steps describing OFDM
baseband processing at the receiver, we initially assume now that the last waveform is
reflected by a single' scatterer (i.e., by a single point target), located at the (initial)
distance R from the transmitter and moving at the radial velocity? v with respect to it.
It is not difficult to show that, in this case, the complex envelope of the signal received by
the JCAS system (i.e., by the colocated receiver) is (e.g., see [11, eq. (6)])

M—-1
r(t) = exp (—j2n for) exp(j2n fut) > @ (t —mTy — 7+ J;”t> +w(t),  (1.3)

m=0
where 7 £ 2R/c is the overall propagation delay, ¢ denotes the speed of light, f, = 2v/\ is
the Doppler shift due to target motion, A = ¢/ f. is the wavelength of the radiated signal
and w(t) is the complex Additive Gaussian Noise (AGN) process affecting r(t).

The signal r(¢) (1.3) undergoes analog-to-digital conversion followed by Discrete Fourier
Transform (DFT) processing. A simple mathematical model describing the sequence gen-
erated by the sampling of r(¢) can be derived as follows. Substituting the Right-Hand

!The model resulting from this initial assumption will be then generalized to multipath channel in the
following.

2This velocity is positive (negative) if the target approaches (moves away from) the considered radar
system.
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Side (RHS) of (1.1) in that of (1.3) and extracting the portion associated with the mth
OFDM symbol from the resulting expression yields

rm(t") = A(T) exp(j27 f,t') exp(j2n f,mTy)
N—-1

: Z $m (1) Y (7) &n(fus t') G (f1) exp(j2mnly t) +w(t), (1.4)

n=0

where t' £ t — mTy, A(T) £ exp(—j27fcT), Yn(T) = exp(—72mnAs7), &u(fu,t') £ exp(j2m
nAf(fV/fC)t/) and Cm,n(fu) £ eXP(jQWnAf(fu/fC) mTy).

Note that: 1) the phase of A(7) depends on the target delay 7 only, whereas that of ~,(7)
is proportional to both 7 and the subcarrier index n; 2) the factor &,(f,,t") produces a
time-dependent phase rotation influenced by both the target speed v and the subcarrier
index n; 3) the factor ¢ ,(f,) generates a phase rotation depending on both the OFDM
symbol index m and the subcarrier index n, and accounts for the so-called inter-subcarrier
Doppler effect (e.g., see [11, Sec. II, p. 3]).

Based on (1.4), it is not difficult to show that, if |f, 7| < 1, sampling 7,,,(¢t') (1.4) at the
instant ¢, 2 7+ T(I/N) yields

m,l =

N-1

rm(l) = T (thy) = A(T) exp (j27rjif£”f) exp(j2m f,mTy) Z sm(n)

n=0

: ’Vn(T) gn,l(fl/) Cm,n(le) exp(j%m%) + wm(l)a (1'5)

with [ =0,1,..., N — 1; here, &,1(f,) = &(fo, TI/N) and w, (1) £ w(t,, ;) is the Gaussian
noise affecting 7,,(l). In the following, we also assume that: 1) the sequence {wm(1);1 =
0,1,...,N — 1} can be modeled as Additive White Gaussian Noise (AWGN); 2) the target
speed is limited, so that |2v/c| < 1/(MN) and |f,|/Af = |f,T| < 1. Consequently,
the factors exp(j2m(Lf,)/(NA¥)), &ni(fv), Gmn(fy) appearing in the RHS of (1.5) can be
neglected; this leads to the simplified signal model

N—-1
rm(l) = A(1) exp(j2r f,mTy) Z Sm(n) Yn (7) exp(j27rn%) + wn (1), (1.6)

n=0

that represents the reference model in the derivation of the CSFDE and CSFDEC algo-
rithms.

The N signal samples acquired in the mth OFDM symbol interval are collected in the
vector T, = [1,(0), 7 (1), ..., i (N — 1)]7, that undergoes order N DFT processing. The
nth element of the resulting DFT output vector

Rm = [Rm(o)aRm(l)v 7Rm(N - 1)]T (17)
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is

H

1 V=
)& — T exp( 327r— )
N 1=0 "l

= A(7) exp(j27 f,mTy) sm(n) exp(—j2anAs7) + Win(n), (1.8)

where Wp,(n) is the AWGN sample affecting the nth subcarrier of mth OFDM symbol.
Since the channel symbol s,,(n) is known by the JCAS receiver for any n and m, the

estimate Rou(n)
- n . -
Hyp & =22 = A(T) an(F)) al (Fr) + Win(n) (1.9)
sm(n)
of the channel frequency response H,, ,, at the nth subcarrier frequency in the mth OFDM
symbol interval can be computed; here,

F. &2 Asr (1.10)

is the normalized target delay,
F, 2 f,T, (1.11)

is the normalized Doppler frequency®, a,(Fx) £ exp(j2rqFy) (withg=mornand X = v
or r) and

W(n) £ (1.12)

is the noise sample affecting H,,,, (1.9). It is important to underline the following;:

1) The parameter F, (F,) satisfies the inequalities F. min < Fr < Frmax, (Fumin < Fy <
Fymax), with Fymin = 0 and Fpmax = 1 (Fymin = —1/2 and F), max = 1/2); in fact, only
positive ranges must be taken into account, whereas Doppler can be either positive or
negative.

2) In all the computer simulations, the channel symbols {s,,(n)} belong to a M.ary Phase-
Shift Keying (PSK) constellation; this assumption ensures that s,,(n) # 0 for every m and
n, thus avoiding division by zero.

3) Based on the last assumption, the noise samples {W,,(n)} (see (1.12)) can be modeled
as AWGN if {W,,(n)}, in (1.8), is AWGN.

4) The noise variance is denoted 0127[/ = 0‘27[, /o2, where o2 denotes the power of the Transmit
(TX) symbols.

5) Without any loss of generality, the factor A(7) appearing in the RHS of (1.9) can be
replaced by the complex gain A £ aexp(j¢), accounting for the phase rotation due to 7,
the path loss and the gain (attenuation) introduced by the target.

3Note that F, is always a positive quantity, whereas F, is positive (negative) if the considered target is
approaching (moving away from) the radar.
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The model (1.9) has been derived for a single target, but can be easily generalized to the
case of K point targets. In fact, in the last case, (1.8) becomes

K
R, Apam(F,) ay, (Fry) + Win(n), (1.13)
k::O

>—‘

so that H,,, (1.9) can be expressed as

K-1
Ay am Vg :(Frk) Jer(n), (114)
k=0

with m = 0,1,..., M —1 and n = 0,1,..., N — 1; in the last two formulas, F}, , F,, and
A}, denote the normalized delay, the normalized Doppler frequency and the complex gain,
respectively, characterizing the kth target. In the following, we assume that these complex

exponentials are ordered according to a decreasing strength, so that |Ag| > |Agy1|, with
k=0,.,K—1.

From (1.14) it can be easily inferred that: 1) the noisy samples { H,, .} of the 2D channel
response acquired over a single frame can be modeled as the superposition of multiple
2D complex exponentials with AWGN; 2) target detection and estimation are tantamount
to identifying the K complex exponentials forming the useful component of the sequence
{fImn} and estimating their parameters. Finally, it is important to point out that the two
normalized frequencies characterizing each target need to be estimated jointly; in fact, if a
1D frequency estimator is used to estimate each of them separately, a complicated pairing
problem has to be solved in order to avoid any ambiguity in target detection.

1.3 Approximate Maximum Likelihood Estimation of Two-
Dimensional Complex Tones

In this section, we first derive a novel algorithm for jointly estimating the parameters
of a single 2D complex tone. Then, we show how this algorithm can be exploited to
detect multiple superimposed tones and estimate their parameters through a procedure
based on successive cancellations and refinements. Finally, we analyze the computational
complexity of the developed algorithms and discuss the similarities and differences of our
multiple tone estimator with other related estimation techniques.

1.3.1 Joint estimation of the parameters of a single two-dimensional
complex tone

Let us focus on the problem of estimating the parameters of a single 2D complex tone
affected by AWGN on the basis of the noisy observations {H,,,}, where (see (1.9) or,
equivalently, (1.14) with K = 1)

]:Imm = Aexp(jQTrmF,,) exp(—j27mFr) + Wn(n), (1.15)

7
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withm =0,1,.... M —1and n=0,1,..., N — 1. It is easy to show that the ML estimates
Fynn, Frwn and Ay, of Fy, F, and A, respectively, can be evaluated as

(Fymvs Frmu, Avn) 2 arg min_e(F,, Fy, A), (1.16)
By B A

where F,, F, and A are the trial values of F,, F, and A, respectively,

(P B A) 2 1S cn(Bo ) (117)

. - . N
e (Fo B A) 2 | Aoy = Hun (B B, A)| (1.18)
is the square error between the noisy sample ﬁm,n (1.15) and its useful component
Hpn (]5’,,, F., fi) £ flexp(j27rmﬁ’u) exp(—j27rn]5’r) (1.19)

evaluated under the assumption that F, = 1*:},, F, = Fr and A = A. Substituting the RHS
of the last equation in that of (1.18) yields

emn(Fy, B, A) = | Hp|” + |4 —29%{ Hyp o A exp(—j ( ¢n))}, (1.20)

where @, = 2rmF, and qgn 2 97nF,. Then, substituting the RHS of (1.20) in that of
(1.17) gives, after some manipulation,

e(Fy By A) =2y + |A =20 {47 (B, F) ], (1.21)
where
1 M—-1N-—
& — Z_: Z_: ) (1.22)
and
M—-1N-—
% (F,,F) % Z Z o exp< jzﬂmﬁ,,) exp(j27m131). (1.23)

It is important to note that:

1) The metric e(F),, F,, A) is really optimal in the ML sense, if a PSK constellation is
adopted for the channel symbols {s,,(n)}, so that, as already pointed out in the previous
section, an AWGN model can be adopted for the noise sequence {W,,(n);n =0,1,..., N—1}
(see (1.15)). On the contrary, if a Quadrature Amplitude Modulation (QAM) constellation
is selected, the samples of that sequence are not identically distributed, having, in general,
different variances (e.g., see [14]); consequently, in the last case, the ML metric can still be

4Tt is not difficult to show that, if an arbitrary constellation is selected for the transmitted channel
symbols, the optimal metric to be adopted in (1.16) can be still put in a form similar to (1.17), the only
difference being represented by the fact that e,,,.(F,, Fy., A) is multiplied by |sm(n)|>.
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put in a form similar to that expressed by (1.17), but its terms {e, n(E,, Fy, A)} cannot
be uniformly weighted, being affected by different noise levels.

2) From (1.21) it is easily inferred that the optimization problem (1.16) does not admit a
closed-form solution because of the nonlinear dependence of the metric e(F,, F;, 4) (1.21)
on F, and F;.

The approach we pursued in developing an approximate (but accurate) solution to (1.16)
is based on:

a) Expressing the dependence of the function a(ﬁ’y,ﬁ},fl) on the variables F, and F,

through the couples (F), ., 5,,) and (Fj..,d,) such that

F, = u,c“‘gypy (124)

and 3 .
F.=F,..+6.F,. (1.25)

Here, F, . (F}. ) represents a coarse estimate of F,, (F;), 5, and 0, are real variables called
residuals®. Moreover, F,, £ 1/My and F, = 1/ Ny are the normalized fundamental Doppler
frequency and the normalized fundamental delay, respectively, characterizing the order
(Mo, No) DSFT

Y0,0 = [Y(),O[lvp]] (1.26)

of the zero padded version®
I“{(()ZOP) a2 | Hop 0, No—N (1.27)
’ Oprto—m, N Ongg— M, Ng—N

of the M x N matrix
Hoo £ [Hypnp) (1.28)

collecting all the elements of the sequence {ﬁmn}, moreover, in (1.27),
My& L, M (1.29)

and
No = L, N, (1.30)

denote the number of rows and columns, respectively, of the matrix I:Ié?g ) (1.27), with L,

and L, being positive integers dubbed oversampling factors. Note that the element (1,p)
of Yo,0 (1.26) is defined as

M—-1N-1

_ 1 R . _ ‘ _
Yooll,p] Voo W;) ;) Hypm exp(—wamlFl,) exp(g27mpFr>, (1.31)

with [ =0,1,....,.Mp—1and p=0,1,..., Ng — 1.

5The decomposition of an unknown frequency into the sum of a multiple of a given fundamental fre-
quency and a frequency residual is commonly adopted in the technical literature concerning ML frequency
estimation (e.g., see [15] and references therein).

SNote that the following definition represents a specific case of the matrix I:I,(Czlpk)2 defined right after
(1.39) (in particular, its corresponds to the choice k1 = kg = 0).

9



Chapter 1. Joint Estimation of Range and Doppler in OFDM-Based Radar Systems 10

b) Assuming that the residuals é, and 0, (appearing in the RHS of (1.24) and (1.25),
respectively) are small, so that Taylor series

exp(jX) =32 o (1.32)
k=0 )

truncated to its first four terms (i.e., to the terms associated with k = 0,1,2 and 3) can
be employed to accurately approximate the dependence of the function e(F,, F;, A) (1.21)
on these variables.

c) Exploiting an iterative method, known as alternating minimization (AM; e.g., see [16])
to minimize the approximate expression derived for 5(Fy, F., fl); this allows us to trans-
form the Three-Dimensional (3D) optimization (1.16) into a triplet of interconnected 1D
problems, each referring to a single parameter and, consequently, much easier to solve than
the original ML problem.

Let us show now how these principles can be put into practice. First of all, the exploitation
of AM requires solving the following three sub-problems:

P1) minimizing e(F,, F}, A) with respect to A, given F,, = F, and F, = F,;
P2) minimizing e(F,, F}, A) with respect to F),, given A = Aand F, = F,;
P3) minimizing 5(}3’,,, F., fl) with respect to F,, given A = Aand F, = F,.

The first sub-problem can be solved exactly thanks to the polynomial dependence of the
cost function e(Fy, F;, A) (1.21) on the variable A. In fact, the function e(F,, I}, A) is
minimized with respect to A if”

A:A:Y(FV,FT), (1.33)

where Y(Fl,, Fr) can be computed exactly through its expression (1.23) or, in an approx-
imate fashion, through a computationally efficient procedure based on the fact that the
matrix

Y2 L, LYoo (1.34)

collects My x Ny uniformly spaced samples of the function Y(F,,,Fr), since }7070[l,p] =
Y(IF,, pF,)/(L, L,) (see (1.23), (1.29)-(1.31)). For this reason, if one of the normalized
frequencies F, and F, or both of them are not a multiple of F,, and F,, respectively, an
approximate evaluation of 17(13},, Fr) can be accomplished by interpolating® the elements
of the matrix Y (1.34). Note also that the last matrix can be efficiently computed by
performing an order Ny Inverse Fast Fourier Transform (IFFT) along the rows of IA{&ZOP )
(1.27), followed by an order My Fast Fourier Transform (FFT) along the columns of the

resulting matrix.

Let us take into consideration now P2 and P3. Such sub-problems, unlike the previous
one, do not admit closed form solutions. However, approximate solutions can be developed

"This represents a straightforward generalization of a mathematical result which is well known in 1D
ML frequency estimation (e.g., see [17, Sec. IV]).
8See [18] for polynomial interpolation and [19] for barycentric interpolation.

10
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by: 1) representing the parameters F,, and F, in the same form as F, (1.24) and F, (1.25),
respectively, i.e., as F,, = F), . + 0, F, and F, = F. .+ o, F,, respectively; 2) using the 2D
periodogram method to estimate F, . and F, .; 3) devising a novel algorithm for estimating
the residuals 0, and §,, i.e., for accomplishing the fine estimation of F,, and F}., respectively.
The fine estimation algorlthm is derived as follows. Based on the representations (1.24) and
(1.25) of the trial variables F, and Fr, respectively, the variables ¢, and qﬁn defined right
after (1 20) are expressed as gom =2mmF, .+ m$ and gi)n =2mnF. .+ nA, respectively;
here, Q £ 276, F, and A £ 276, F,. Then, the following steps are accomplished: 1)
the new expressions of @,,, and ¢, are substituted in the RHS of (1.20); 2) the resulting
expression is substituted in the RHS of (1.17) and the approximation (1.32) is adopted
for exp(jm€) and exp(jnA) under the assumption that both Q and A are small enough?.
This yields, after some manipulation, the approximate expression

~

ECSFDE (Q,A,A) =eg+ |A’ —2£ ( A) (1.35)

p=0¢=0 plq!
_ L1 MaN-n . 2mmps emp,
Yk17k2 (vapT) = m Z Hm,lﬁ 2) exp <]]VO> exp (] M, ) s (1.37)
m=0 n=0
pl/ é Z/,C/Fl/) pr é 'I’,C/F'I’ and
AR &bk, (1.38)

withm=20,1,.... M —1and n=0,1,.... N — 1.
It is important to point out that:

a) if both p, and p, are integers, the quantity Y, x, (v, pr) (1.37) represents the (p,, pr)th
element of the My x Ny matrix

Voo 2 DSF Ty, [AY) | (1.39)
generated by the order (Mg, Ng) DSFT of the zero padded version of the M x N matrix!©

Hy, 5, 2 [H{FLF); (1.40)

m,n

b) if the previous condition is not met, the quantity Y, x,(pv, pr) can be evaluated exactly
on the basis of (1.37) or, in an approximate fashion, by interpolating multiple adjacent
elements of the matrix L, L, Yj, , (see (1.39)).

9This is equivalent to assuming that 1/Mo and 1/Ny are small enough (i.e., that Mo and Ny are large
enough).

ONote that I:I](Czlplg2 has the same structure as IfI(()ZOP> (1.27), the only difference being represented by the
fact that, in its definition, Flo o (1.28) is replaced by Hy, x, (1.40).

11
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Minimizing ecsppe(Q, A, A) (1.35) is equivalent to maximizing the function 5((2~ A 121)
(1.36). The last function can be easily maximized with respect to the variable 2 (A) if A
(Q) is known.

Therefore, given A A, the estimate 6, Né Q/(27F,) of 3, can be evaluated by taking the
derivative of £(£2, A ) with respect to €2 and setting it to zero. In fact, this leads to the

estimate!!
) —bX+1/b§(—4aXcX
X = (1.41)

2ax ’

that represents one of the two solutions of the quadratic equation
axX2—|—be+CX:O, (1.42)

with X = ; here,
0= —A3R {A*ngg} /6 — A2S {A*Ygg} /2 4+ AR {A*Yg 1} S {A* ’370} . (1.43)

bQ_A3C‘{A Y23}/3 AZSR{A }—zA%{A*YQ,l}m% A ‘2,0}, (1.44)

co=MR{AVis} 3+ A2 AT} —2An{AT, | -5 {A o). (145)

A simpler estimate (denoted Qo ) of Q is obtained neglecting the contribution of the
quadratic term in the Left-Hand Side (LHS) of (1.42), i.e., setting aqg = 0. This leads
to a first-degree equation, whose solution is (with X = Q)

X' = —cx/bx. (1.46)

Dually, given Q = ), an estimate §, 2 A /(27 F}) of 4, is computed by taking the derivative
of £(€, A, A) with respect to A and setting it to zero. This leads to a quadratic equation
in the variable A whose structure is still expressed by (1.42) (with X = A); however, its
coeflicients are

an = B R {A* ’3,3} /6+ 023 {A* 2,3} 2+ QR {A*Y1 3} -3 {A*Yo’g} . (147)
ba =00 {45} /3— PR {A Vo) +208 {A Vo) + 20 {AT0n),  (143)
ea=0R{AVy ) 3- 029 {AT, 20w AT ras AT} (149)

For this reason, the estimates A and A’ of A can be computed on the basis of (1.41) and
(1.46), respectively.

The previous mathematical results allow us to easily develop an AM-based procedure for
estimating the parameters F,, F, and A in an iterative fashion. This procedure, dubbed
CSFDE, is initialized by computing:

"1n the following equations, the dependence of the function Y, x,(pw, pr) (1.37) and of the coefficients
{ax, bx, cx} on (pv, pr) is not explicitly specified to ease reading.

12
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1) the set collecting the My x Ny matrices'? {Y;ﬂ,;@; ki, ko =0,1,2,3} (see (1.39));

2) the coarse estimates F,ES;) =1F,—1 /2 and Fr(g) = pF, of F, and F,, respectively, where

2
(1.50)

(Z,ﬁ) =arg  max ‘}70,0 [Z,ﬁ}

ZESMO ,ﬁ GSNO
and Sy £ {0,1,..., X — 1} for any positive integer X;
3) the initial estimate A(®) of A on the basis of (1.33), with (F},, F}) = (F,,(,Oc), E«(g));

4) the coefficients {aq, ba, ca} ({aa, ba, ca}) for (pu,pr) = (1, 5®) according to
(1.44)-(1.45) ((1.47)-(1.49));

5) the initial estimate Q(©(A©) of Q (A) on the basis of (1.41) or (1.46) with X = Q
(with X = A);

6) the initial fine estimates (see (1.24) and (1.25))

F =FY + 00/ (2m) (1.51)
and . . .
EO = 9 + A/ (2m) (1.52)

of F,, and F,., respectively.

Finally, we set the iteration index ¢ to 1 and start an iterative procedure. The ith iteration
is fed by the estimates Flsi_l), Fr(i_l) and A1) of F,, F,. and A, respectively, and produces
the new estimates F,Si), F,@ and A® of the same quantities (with i = 1,2, ..., Nj;, where
Njt is the overall number of iterations). The procedure adopted for the evaluation of Fy(i) ,
F,Si) and A consists of the two steps described below.

1) Estimation of the normalized Doppler and the normalized delay - The new estimates
Q@ and A® of O and A, respectively, are computed according to (1.41) or (1.46). In the
evaluation of the coefficients of these equations, A = A(~1),

Dy = ﬁz(f ) _ Fi 1)/F (1.53)
and , .

oy = pAg‘Z_l) — FTQ_I)/FT (154)
are assumed. Then, . . L

EO = EOD 4 00 /(27) (1.55)
and o . .

Fr(l) _ Fr(z—l) + A(Z)/(Qﬂ') (1.56)

are computed.

12Note that the matrices {Yl€1 ko } corresponding to (ki1,k2) = (0,3), (3,0) and (3, 3) are not required if
the simpler estimates €’ and A’ are evaluated.

13
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2) Estimation of the complex amplitude - The new estimate A of A is evaluated by means
of (1.33); in doing so, F, = FV(Z) and F, = F,@ are assumed.

The index 4 is incremented by one before starting the next iteration. At the end of the last
(i.e., of the Njth) iteration, the fine estimates F, = FZSN“), . = ﬁ’r(N“) and A = AWir)
of F,,, F,. and A, respectively, become available. The CSFDE algorithm is summarized in
Algorithm 1.

Algorithm 1: Complex Single Frequency-Delay Estimation (CSFDE)

Input: The matrices { Yy, x,; k1, k2 =0,1,2 and 3} (see (1.39)) and the value of the
parameter Ni;.

Initialization:

a- Evaluate Yo (1.26), [ and j (see (1.50)); then, compute the initial estimate A()

of A according to (1.33) and set (pl(,o),pgo)) = (I,p) (see (1.53)-(1.54)).

b- Compute the coefficients aq, bo and cq according to (1.43)-(1.45); then, evaluate

Q) according to (1.41) or (1.46).

c- Evaluate the coefficients aa, ba and ca according to (1.47)-(1.49); then, compute

A©) according to (1.41) or (1.46).

d- Compute FV(O) and F,SO) according to (1.51) and (1.52), respectively.

Refinement: for : = 1 to Ny, do

e- Estimation of A: Set F, = F,Si_l) and F, = Fr(i_l); then, evaluate Y(Fy, 13})
using (1.23) or by interpolating a few adjacent elements of the matrix Y (1.34).
Finally, compute A®, [),(j_l) and ﬁq(j_l) according to (1.33), (1.53) and (1.54),

respectively.

f- Estimation of F,: Set A= A®) and compute Yy, 4, (é,(j_l), pﬁ‘l)) according to

(1.37) or by interpolating a few adjacent elements of Yy, x, (1.39); then,
compute ag, b and cq according to (1.43)-(1.45) assuming
(pvypr) = (ﬁ,&iil),ﬁ&ifl)). Finally, compute Q) and 2% according to (1.41) (or
(1.46)) and (1.55), respectively.

g- Estimation of F.: Compute ag, by and cz according to (1.47)-(1.49) under
the assumption that (p,, pr) = (;33‘1),;35"‘1)); then, evaluate A@ and ]3‘,@ on the
basis of (1.41) (or (1.46)) and (1.56), respectively.

end
Output: The estimates F,SN“), FT(N“) and AN of F, F, and A, respectively.

It is worth pointing out that:

1) the initial coarse estimates F,,(f)c) (1.51) and FT(,%) (1.52) are computed by resorting to the

2D periodogram method (see (1.50));

2) unlike traditional DFT-based methods, the CSFDE algorithm requires the evaluation
of multiple DSFTs and, more precisely, of 16 (13) DSFTs {Yg, &, } if (1.41) ((1.46)) is
employed in the evaluation of the estimates of 2 and A;

3) the approximate ML metric ecsrpg (€, A, A) (1.35) on which the CSFDE algorithm is
based is new;



Chapter 1. Joint Estimation of Range and Doppler in OFDM-Based Radar Systems 15

4) the estimates 3,(,1) (37@) of 0, (d,) computed by the CSFDE algorithm in its ith itera-
tion are expected to become smaller as i increases, since F,El) (Fr(l)) should progressively
approach F), (F;) if this algorithm converges.

1.3.2 Estimation of multiple two-dimensional tones

Let us show now how the CSFDE algorithm can be exploited to recursively estimate
the multiple tones forming the useful component of the complex sequence {I:Imn}, whose
(m,n)th element is expressed by (1.14), where K is assumed to be greater than unity
and unknown. The method we develop to achieve this objective is called Complex Single
Frequency-Delay Estimation and Cancellation (CSFDEC) and is based on the idea of 1)
separating the contribution of the first (and strongest tone) in the RHS of (1.14) from
that of the remaining (K — 1) tones and 2) considering the latter contribution as part
of the overall noise affecting the former one. Based on this representation of {ﬁmn},
an estimate of the parameters (Ao, Fy,, Fy,) can be evaluated through the CSFDE and
can be employed to subtract the contribution of the first tone to {I:Imm}, so generating a
residual measurement. This estimation & cancellation procedure is repeated to recursively
estimate the other tones on the basis of the computed residuals until the energy of the
last residual falls below a given threshold; this generates, as a by-product, an estimate
of K. Moreover, in the CSFDEC method, after detecting a new tone and estimating its
parameters, a re-estimation technique is executed to improve the accuracy of both this
tone and the previously estimated tones.

The CSFDEC algorithm is initialized by: 1) running the CSFDE algorithm to compute
the initial estimates FV((? ), ]3}((? ) and 12180) of the parameters F),,, F,, and Ay characteriz-
ing the first target; 2) setting the recursion index 7 to 1 and Y(()?[)) = Yo, (see (1.26)).
Then, a recursive procedure is started. The ith recursion of this procedure is fed by
the vectors FU Y = [F,ﬁg‘l),ﬁ,,(f‘”, ...,F,Sf;l)]T, []:"T(é_l),ﬁ}(f_l), ...,F,gfjll)]T and
AG-D — [A(()i_l),flgi_l), ceey AE:U]T, collecting the estimates of the normalized Doppler
frequency, normalized delay and complex amplitude, respectively, of the 7 tones detected
and estimated in the previous recursions, and generates the new vectors ]?‘l(,i), ]?‘,(f) and A
after: a) estimating the parameters F,,(f), }:}(f) and AEZ) of the new (i.e., of the ith) tone (if
any); b) refining the estimates of the ¢ tones available at the beginning of the considered

recursion. The procedure employed for accomplishing all this consists of the three steps
described below (the pth step is denoted CSFDE-Sp, with p =1, 2 and 3)

CSFDEC-S1 (spectral cancellation and estimation of a new tone) - In this step, the fol-
lowing quantities are evaluated (see the initialization part of the CSFDE algorithm):

a) The residual spectrum

Yé% = [570(3 [lyp]] N Y[()z;al) _ Cé’% (A(i—l)7 13‘1(}41)7]§11(ﬂ1;71))7 (1.57)

where -
C(()% (A(i—1)7]§«£i—1)’]§«£i—1)) A Coo (Al(ci_l)’FV(i_l)’Fr(z_l)) (1.58)

k=0

15
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represents the contribution given by all the ¢th estimated 2D tones to Yo,g and (73070 (/ll(f_l),

F,S,ifl), F,ﬂ(,ifl)) is the contribution provided by the kth tone (with £ = 0,1,...,4 — 1) to
the same matrix (the expression of the elements of the matrix Coy(:,-,-) is derived in

Appendix A.1.1; see Eq. (A.2)). If the overall energy e¢o[i] = HY(()Z;E)H2 of the vector Yé%
(1.57) satisfies the inequality Eo,o[i]A< TcsrpEC, Wwhere Tospprc s a proper threshold, the
algorithm stops and the estimate K = ¢ of K is generated.

b) The couple of integers (I),5) on the basis of (1.50) (where, however, Yo oll, 7] is

replaced by YO(B [l p]) and the coarse estimates F,Eg —[OF, —1 /2 and Fr( C)z = pF, of
F, . and F; ., respectively.

c¢) The preliminary estimate (see (1.33))

) v,c; vt r,C

AD =Y (R, F) ~ Yoo (L, ED: AU, BG-) BU-D) (1.59)

of the complex amplitude A;; here,

Yoo (Flszc)7 7(0) . A1) f(i-1) Fg—l)) N Yo.0 ( (i) F(i)‘,Al(ci—l) pli-1) F(i—l))

,Ci 0 sty )

(1.60)
is the contribution given to Y(F,EQI ,FT(ZC)Z) by the first i estimated tones for (F, , F,) =
(F,,(lc)z ,Fr(lc)l) and Yoo( ,,(C)Z ,F,EQZ,A,E:l 1 F( B Frg,i_l)) represents the leakage due to the
kth tone and affecting the ith tone. The expression of the quantity Ykle(Fﬁ’gz ,FT(ZC)I,
/ll(j_l), F,Si_l),p,gé_l)) is provided in Appendix A.1.2 (see (A.6)).

d) The spectral coefficients

?Ic(f?kz (pl(/i)’pgi)) = Ykhk‘z (P(ui)apgi)) - Y/kl,kz (Fu(,lgz’ 7§ZC)1 A(Z Y F(Z 1) (l 1)) ) (1'61)

: _ i (@) _ @) 5 _76) _ n @) _ @) 5 _ o)
with k1,ke = 0,1,2,3; here, p,’ = Fpc. /F, =1 1/(2F,) and pr re/Fr = p\ (see
(1.53) and (1.54), respectively), whereas

(1.62)
represents the contribution given to ?k(f)kz (p,(,l), p7(n )) by all the estimated tones (in partic-

to the kth estlmated tone for (F,, F,) = (FV(ZC)Z ,Fr(lc)l))

e) The coefficients {aq, bo ,ca } ({aa ,ba,ca}) on the basis of (1.43)-(1.45) ((1.47)-(1.49))
0

with (py, pr) = (pg,),pp) and the initial estimate of the residual Q(O)(AZ(. )) of Q (A) on
the basis of (1.41) or (1.46) with X = Q (X = A).

f) The initial fine estimate of the normalized Doppler frequency F, ,SZO) IEC)Z —I—Q( ) /(2m) and

that of the normalized delay Fr(?) = r(c)l + AE )/(27r) (see (1.24) and (1.25), respectively).
The evaluation of 13'150) and F#O) concludes the first step.

16
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CSFDEC-S2 (refinement of the last tone) - In this step, Nj iterations are executed to
refine the estimate of the parameters of the new tone detected in the previous step. The
processing accomplished in this step follows closely that described in the refinement part
(i.e., in the second step) of the CSFDE. For this reason, in each iteration, new estimates
of the complex amplitude and of the two residuals are computed for the ith tone. This
requires reusing (1.59)-(1.60) and (1.61)-(1.62) for the removal of spectral leakage. At
the end of the last iteration, the estimates (F,Ef), F}(f ),flgi)) of (F,, Fy,,A,) are available;
these estimates represent (FZEZ’), FT(ZZ )
re-estimation is avoided).

,flgi)) if the next step is not accomplished (i.e., if tone

CSFDEC-S3 (tone re-estimation) - This step is fed by the (i+1) normalized delays {ﬁ}(oifl),
E{f—l)’ ...,F,a(f__ll), F’,fj)}, the normalized Doppler frequencies {F,ﬁé_l), Fy(f‘l), ...,Fy(f_‘f),
Fr(f)} and the associated complex amplitudes {Ag_l), flgi_l), ...,flg:l), AZ@}. It consists
of repeating the previous step for each of the detected tones, starting from the first tone
and ending with the last (i.e., with the (¢+1)th) one. This means that, when re-estimating
the kth tone, the leakage due to all the other (i — 1) tones is removed (with &k = 0,1, ...,4).
This allows us to progressively refine the amplitude, normalized Doppler frequency and
normalized delay of each tone, thus generating the final estimates. Note that, in principle,
this re-estimation procedure can be repeated multiple (say, Nrgr) times.

1.3.3 Computational complexity of the proposed algorithms

The computational complexity, in terms of number of Floating Point Operations (FLOPs),
can be assessed for both the CSFDE and the CSFDEC algorithms as follows'®. First of
all, the overall computational cost of the CSFDE is expressed as

CcsFDE = Co(CSFDE) + Nit CZ'(CSFDE), (1.63)

where Co(CSFDE) (C;(CSFDE)) represents the computational cost of its initialization
(each of its iterations). The cost Co(CSFDE) is evaluated by summing!*:

1) the contribution due to the computation of the couple (,) on the basis of (1.50);

2) the contribution due to the computation of the matrices {Y}, k,} on the basis of (1.39),
including the evaluation of the spectrum Yo (1.26);

3) the contributions due to the evaluation of the estimates Q and A, respectively, on the
basis of the quadratic equation (1.41).

The cost C; csrpE, instead, is evaluated by summing:

1) the contribution due to the computation of Y (F,, F,) on the basis of (1.23) or of the
interpolation of a few adjacent elements of the matrix Y, (1.34);

2) the contributions due to the evaluation of p, (p,) on the basis of (1.53) ((1.54));

13The general criteria adopted in the evaluation of computational costs are summarized in [15, App. C].
MNote that the evaluation of the estimate of the tone complex amplitude is neglected, being based on
(1.33), that requires a negligible computational effort.

17
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3) the contribution due to the evaluation of A on the basis of (1.33);

4) the contribution due to the computation of the quantity Yy, k, (ﬁz(/i_l),ﬁv(ﬂi_l)) (1.61)
through the interpolation of a few adjacent elements of the matrix L, L, Y, k, (see (1.39))
for the considered values of (ki, k2);

5) the contributions due to the computation of Q and A on the basis of (1.41). Based on
these considerations and the mathematical results illustrated in Appendix A.1.3, it can be
proved that Ccsrpr = O(Ncsrpr), where

Ncsrpe = 16 My Ny logQ(Mo No) + Ny 161, 1, (1.64)

and I, (I) is the interpolation order adopted in the Doppler (range) domain for the
evaluation of Yy, k, (pA,(j_l), ﬁg_l)) (1.61). Note that, for small values of I, and I, (e.g., if
a 2D linear or barycentric interpolation is used; see [19]), the contribution of the second
term of the RHS of the last equation can be neglected, so that the order of the whole
computational cost is well approximated by its first term, i.e., by the term originating

from DSFT processing.

The assessment of the complexity of the CSFDEC algorithm is based on the considerations
illustrated in [15] for its 1D counterpart. Based on these, it can be proved that Ccspprc =
O(NcsFpEc), where

Ncsrprec = 16 My Ny log, (M() N()) + K Ny 161, I, (165)

so that the required computational effort depends linearly on K. The last result holds if
tone re-estimation is not accomplished and all the tones are detected (i.e., K=K ). The
first term appearing in the RHS of the last equation accounts for the initialization (and, in
particular, for the computation of the matrices Yoo (1.26) and {Yy, x,; (k1, k2) # (0,0)}
(1.39)), whereas the second one for the fact that, in the CSFDEC algorithm, the CSFDE
is executed K times. Note that the computational cost related to the estimation of the
2D-tones detected after the first one and to their frequency domain cancellation does not
play an important role in this case. However, if tone re-estimation is executed in the
CSFDEC algorithm, the parameter K appearing in the RHS of (1.65) is replaced by K2,
since this task involves all the estimated 2D-tones.

1.3.4 Comparison of CSFDEC with related techniques

The CSFDEC algorithm is conceptually related with: 1) the 2D periodogram method [6]
(denoted 2D-FFT in the following); 2) the CLEAN algorithm [20,21]; 3) the Modified Wax
& Leshem (MWL) developed in [20,21]. The 2D-FFT, CSFDEC and CLEAN algorithms
are FFT-based techniques; however, the last two algorithms are more complicated than the
first one. In fact, unlike the 2D-FFT, both the CSFDEC and CLEAN algorithms perform
leakage compensation, iterative cancellation of the detected targets and tone re-estimation.
Note also that the CLEAN algorithm, unlike the CSFDEC algorithm, does not accomplish
fine frequency estimation and employs coarse frequency estimates in its target cancellation
procedure. The MWL algorithm, similarly as the CSFDEC algorithm, relies on the idea
of turning a complicated 3D optimization problem (see (1.16)) into a triplet of three

18
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simpler 1D optimization problems. However, unlike the CSFDEC algorithm, it requires
the computation of orthogonal projections (and, consequently, of matrix inversions) and
the definition of a search grid.

If frequency re-estimation is ignored, the following considerations can be formulated for
the computational complexity of the above-mentioned algorithms:

1) The computational effort of the CLEAN algorithm is expressed by the sum of three
distinct contributions, related to its initialization (which is based on the 2D-FFT), its tone
cancellation and its leakage compensation; these three costs are shared with the CSFDEC
algorithm, that requires the computation of another 12 (or 15) additional DSFTs (see
Section 1.3.3).

2) The CLEAN and MWL algorithms perform cancellation and leakage compensation in
the time domain, whereas the CSFDEC algorithm performs these tasks in the frequency
domain. This explains why the computational complexity of the CSFDEC cancellation,
being in the order of My x Ny, is L, x L, times larger than the cost of the same task for
the CLEAN and MWL algorithms.

3) The computational cost of leakage removal can be neglected for the CSFDEC algorithm
because of its simplicity (complex scalar subtraction), even if it has to be accomplished on
multiple DSF'T; on the other hand, the CLEAN and MWL algorithms execute this task

in a similar fashion as cancellation, thus requiring O(M N) operations.

4) The computational effort of the MWL algorithm is expressed by the sum of two distinct
contributions, one due to its initialization, the other one due to its iterations. The cost
of the initialization task is the same as that of the Wax and Leshem (WL) algorithm
illustrated in [20]. The cost of each iteration, instead, is given by that of the WL algorithm
plus a contribution due to leakage compensation; the last cost is O(K M N), being equal
to that required by the CLEAN algorithm for the same procedure.

To sum up, the 2D-FFT is the least demanding algorithm; moreover, its computational
effort is independent of the overall number of detected targets (i.e., of K). The MWL
algorithm is less computationally demanding than the CLEAN algorithm since it exploits
alternating maximization. The CSFDEC algorithm has the highest initialization cost and
usually is computationally heavier than all the other algorithms mentioned above. How-
ever, the dependence of its complexity on K is limited and weaker than that exhibited by
the CLEAN algorithm; in addition, the CSFDEC algorithm is substantially more accurate
than all the other algorithms in the presence of multiple closely spaced targets, as shown
in the following section.

1.4 Numerical Results

The accuracy of the CSFDEC algorithm has been assessed in five different scenarios and
compared with that achieved by the related algorithms introduced in Section 1.3.4 and
four other algorithms, namely:

1) the 2D-MUSIC algorithm [8,9], [22];
19
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2) the approximate ML method recently proposed in [11] and dubbed modified'® alternating
projection ML (MAP-ML) algorithm;

3) an estimation algorithm based on the same 2D cost function as the MAP-ML algorithm,
but not using the alternating projection method for its maximization (this algorithm is
denoted modified Zhang ML, MZ-ML);

4) the Expectation Maximization (EM) algorithm. A detailed description of all these al-
gorithms and an analysis of their computational complexity are provided in Chapter 2;
here, we limit ourselves to pointing out that the MAP-ML and MZ-ML algorithms re-
quire a significant computational effort, since they are ML-based and do not turn, unlike
the CSFDEC and MWL algorithms, a multidimensional optimization problem into signif-
icantly simpler sub-problems.

In this work, the first three scenarios (denoted S1, S2 and S3) are characterized by a
couple of targets having amplitudes Ag = A1 = 1, but differ in the assumptions we make
about their ranges and speeds. In fact, we have that:

1) in S1, the target ranges are Ry = 10 m and Ry = 10 + 3Ry, m, whereas the target
velocities are vg = 1.39 m/s and vy = 1.39 + 3vnin, m/s (here, Ry, = ¢/(2NAy) and
vphin = ¢/(2M f.Ty) represent the size of the range bin and velocity bin, respectively, that
characterize the considered FFT processing in the absence of oversampling).

2) In S2, the range Rq (velocity vg) is uniformly distributed!® over the interval [Rumin, Rmax] =
[3, 80] m ([Vmin, Vmax] = [0.2778, 10] m/s), whereas Ry = Ro+1.1Rpin and v = vg+1.1vpip.

3) in S3, the range Ry (velocity vg) is uniformly distributed over the interval [Rpin, Rmax| =
[3, 30] m ([Umin, Umax] = [0.2778, 5.56] m/s), whereas R; = Ry + Agr(d) Rpin (v1 = vo +
Ay (d) vpin), with d = 0, 1, ..., 5. In this scenario, Ar(d) = 0.84-0.05d (A,(d) = 0.840.054d)
represents the tone spacing normalized with respect to Rpin (vbin) and the Signal-to-Noise
Ratio (SNR), which, in general, is defined as SNR £ Zf;ol |Ag|?/o%,, is equal to 0 dB.

The fourth scenario (denoted S4), instead, is characterized by K € {2,3,...,9}, i.e., by a
varying number of targets. In addition, for any K, the amplitude, range and velocity of
the kth target are given by Ag 4 10*]“A“/10, Ry = Ry + 1.8k Ry, and vg, = vg + 1.8 k vpin,
respectively (with & = 0,1,..., K — 1), the random variables Ry and vy are generated in
the same way as S3, and the SNR is equal to 5 dB for the strongest tone.

In the last scenario (denoted S5), the range and velocity of the kth target are generated
according to the simple mathematical laws given for S4, but Ry, = vpin = 1.1 and Ay =1
for any £ =0,1,..., K — 1 (with K € {3,5,7,9}) are assumed; moreover, the SNR ranges
from —15 dB to 25 dB.

It is important to point out that: 1) in S1 the spacing of the two targets in the velocity and
range domains is fixed and not small, whereas in S2 (S3) the spacing in both the range
and velocity domains is small and fixed (variable); 2) S4 is characterized by a variable
number of close targets; 3) S5 is characterized by a variable number of close targets and

51n this work, the approximate ML-based algorithm devised in [11] has been properly modified to adapt
it to the signal model (1.14) (that does not account for inter-pulse and inter-subcarrier Doppler effects).
18Tn both S2 and S3, Ry and vg are independent random variables.
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by a variable SNR; 4) in all the considered scenarios, positive velocities have been selected
for all the targets and the overall number of targets has been assumed to be known.

In our computer simulations, the estimation accuracy of each algorithm has been assessed
by evaluating the Root Mean Square Error (RMSE) for the range (RMSER) and velocity
(RMSE,) of the considered targets. Moreover, the following parameters have been selected
for the OFDM modulation: 1) overall number of subcarriers N = 32; 2) overall number
of OFDM symbols/frame M = 32; 3) subcarrier spacing Ay = 250 kHz; 4) CP duration
Tg = 12.5 ps (consequently, the OFDM symbol duration is Ty = 1/A¢ + Tg = 16.5 ps);
5) carrier frequency f. = 78 GHz; 6) cardinality of the PSK constellation M. = 32. Then,
we have that Rpi, = 18.75 m and vy, = 3.64 m/s.

In S1 the accuracy of all the considered estimation algorithms has been assessed. More-
over, the following choices have been made for these algorithms!” selected for S1 have
been also employed in S2 and S3.: 1) the oversampling factor L, = 16 (L, = 16) has
been chosen for Doppler (range) estimation in both the 2D-FFT and CSFDEC algorithms
(so that My = ML, = 512 and Ny = NL, = 512; see (1.29) and (1.30), respectively);
2) (1.46) has been always employed in the evaluation of the CSFDEC residuals (so that
13 DSFTs {Yk, x,} have been computed in each new run); 3) the 2D-FFT method has
been used to compute the initial estimates of target range and Doppler in the MZML,
MAP-ML and EM algorithms; 4) My = 512 (Np = 512) has been chosen for the refine-
ment grid over Doppler (range) employed by the CLEAN, MWL, MZML, MAP-ML and
EM algorithms; 5) in the CSFDEC algorithm Nj; = 15 refinement steps have been ac-
complished for the computation of the range and Doppler residuals, the interpolation'®
orders I, = I, = 7 have been selected and Nggr = 3 re-estimations have been executed;
6) Nrer = 5 (Nrer = 3) re-estimations have been executed by the CLEAN and MWL
(MZML, MAP-ML and EM) algorithms; 7) My = Ny = 11 (My = Ny = 9) have been cho-
sen for the grid size in the CLEAN and MWL (MZML, MAP-ML and EM) algorithms
during the re-estimation steps; 8) a unit value has been assigned to all the mizing coef-
ficients {,8,(;)} of the EM algorithm (see eq. (2.65), in Chapter 2, and comment related
to it); 9) the spacing between adjacent values in the search (initial search) grid for 2D-
MUSIC algorithm (CLEAN and MWL algorithms) is Ag = 0.6 m (A, = 0.1166 m/s).
Moreover, in S1, My = 121 (Np = 121) has been selected for the number of trial values
of the 2D-MUSIC algorithm and for the initial trial values of the CLEAN and MWL al-
gorithms in the Doppler (range) domain; such values are uniformly spaced in the range
(velocity) interval'® [0, Riax] ([0, Umax]); With Rmax = 72 m (Umax = 13.986 m/s).

Some numerical results referring to S1 are given in Fig. 1.1, where the RMSERr and RMSE,
characterizing all the considered algorithms are shown for SNR € [—15,25] dB (in these
figures and in all the following ones, simulation results are represented by labels, whereas
continuous lines are drawn to ease reading). From these results, it is easily inferred that:

"The meaning of the parameters of the various algorithms can be found in Chapter 2, Section 2.3

1811 all the simulations, the barycentric interpolation described in [19] has been always used.

9Note that, in the considered simulations, positive trial values are always considered for target velocities,
without loss of generality.
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FIGURE 1.1: Root mean square error performance achieved in range and velocity esti-
mation (first scenario).

1) The CSFDEC, CLEAN and MWL algorithms achieve good accuracy, very close to the
Cramér-Rao Lower bound (CRLB)?°, thanks to their use of cancellation and refinement
procedures.

2) The RMSE curves for the 2D-FFT and 2D-MUSIC algorithms exhibit a floor at high
SNRs.

3) The MAP-ML and the MZML algorithms perform similarly since both aim at maxi-
mizing the same cost function.

4) The EM algorithm can be fruitfully exploited to refine the estimates generated by other
methods and, in particular, if employed jointly with the 2D-FFT algorithm, achieves an
estimation accuracy similar to that provided by the MAP-ML and MZML algorithms.

As far as point 2) is concerned, it is worth pointing out that:

a) The accuracy of the 2D-FFT algorithm is intrinsically limited by the adopted FFT order,
whereas that of the 2D-MUSIC algorithm is limited by the discretization of its steering
vector; for this reason, when the spectral leakage is limited (i.e., when the targets are well
spaced), the RMSE achieved by these two algorithms at large SNRs is well approximated
by the square root of the variance of a random variable uniformly distributed over an
interval whose width is equal to the step size of the grid of the considered algorithm, i.e.,
(X2,/12), with X = R or v; here, Ryes = Rpin/No = 1.171875 m, vyes = Vpin /Mo =
0.2276 m/s for the 2D-FFT, whereas Ryes = Ar and ves = A, for the 2D-MUSIC).

b) For given values of M and N, the accuracy of the 2D-FFT algorithm improves if
the associated oversampling factors increase; unfortunately, oversampling can provide a
limited improvement by itself, since it does not add extra information, but simply allows
to interpolate adjacent spectral samples.

c¢) The accuracy of the 2D-MUSIC algorithm can be improved by selecting a finer grid, at
the price, however, of a higher computational complexity, as shown in Chapter 2.

20The evaluation of the performance bounds can be found in Appendix A.1.4
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FIGURE 1.2: Root mean square error performance achieved in range and velocity esti-
mation (second scenario).

d) Both the 2D-FFT and 2D-MUSIC algorithms do not execute refinement and/or re-
estimation steps.

These considerations apply to all the following results shown for the two above mentioned
algorithms. In addition, in analyzing the results shown in Fig. 1.1, readers should keep
in mind that: 1) the computational complexity of the CSFDEC (CLEAN) algorithm
is approximately 17 (39) times higher than that of the 2D-FFT?!, whereas that of the
MWL algorithm is very close to it; 2) the complexity of the 2D-MUSIC, MAP-ML and
MZML algorithms is 3481, 577 and 2593 times higher than that of the 2D-FFT algorithm,
respectively; 3) the computational cost of the EM algorithm is approximately 149 (671)
times smaller than that of the MAP-ML (MZML) algorithm.

Some numerical results referring to S2 are provided in Fig. 1.2, where the RMSEpR and
RMSE, characterizing all the considered algorithms are shown for SNR € [—25,20] dB. In
this case, My = 131 (No = 181) have been selected for the number of trial values of the
2D-MUSIC algorithm and for the initial trial values of the CLEAN and MWL algorithms
in the Doppler (range) domain; such values are uniformly spaced in the range (velocity)
interval [0, Rmax] ([0, Vmax)), With Rpax = 108 m (vmax = 15.15 m/s). These results lead
to the following conclusions:

1) The CSFDEC, MWL, CLEAN, MAP-ML, MZML and EM algorithms are substantially
more accurate than the 2D-FFT and 2D-MUSIC techniques. In particular, the RMSEs
in range (velocity) of the 2D-FFT and 2D-MUSIC algorithms are 3.9 (4) and 1.5 (1.68)
times higher, respectively, than that of the above mentioned group of algorithms at SNR
= 0 dB; moreover, these performance gaps, in terms of both RMSEr and RMSE,, tend
to increase by a factor 1.75 if the SNR is incremented by 5 dB.

2) The trend of both the RMSEr and RMSE, curves referring to the 2D-MUSIC and 2D-
FFT algorithms does not follow that of the corresponding CRLB; for this reason, these
algorithms are ignored in the following.

21The 2D-FFT is taken as a reference since it represents the method commonly adopted in real world
systems, thanks to its computational efficiency and acceptable accuracy.
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FIGURE 1.3: Root mean square error performance achieved in range and velocity esti-

mation (third scenario) for different values of the normalized tone spacing Ag and A,,

respectively. The CSFDEC, CLEAN, MWL, MAP-ML and EM algorithms are consid-
ered.

3) The SNR threshold of the CSFDEC, CLEAN, MAP-ML and EM algorithms is about
—10 dB, whereas that of the MWL algorithm is substantially higher (about —5 dB).

4) The MAP-ML algorithm performs similarly to the MZML algorithm; however, since the
latter estimator requires a higher computational effort than the former one, it is ignored
in the following.

It is also important to point out that the considerations illustrated about the computa-
tional complexity of the various algorithms in S1 still hold; however, the complexities of
the CLEAN, 2D-MUSIC and MWL algorithms are 64, 5497 and 1.01 times higher than
that of the 2D-FFT algorithm, respectively.

In S3, the RMSEs have been evaluated for different values of the normalized tone spacing
Apg and A,; some numerical results referring to this scenario are illustrated in Fig. 1.3,
that shows the dependence of RMSER and RMSE,, respectively, on the normalized tone
spacing. In this case, the number of initial trial values is My = 101 (Ny = 101) for the
CLEAN and MWL algorithms in the Doppler (range) domain; such values are uniformly
spaced in the range (velocity) interval [0, Rmax] ([0, Vmax]), With Rmax = 60 m (vmax = 11.66
m/s). These results lead to the following conclusions: 1) The lowest threshold in range
estimation is achieved by the CSFDEC algorithm (more specifically, in the considered
scenario, its threshold is found at the normalized spacing Agr(2) = 0.9); 2) the lowest
threshold in velocity estimation is achieved by both the CLEAN and CSFDEC algorithms.
Note also that the complexity of the CLEAN is approximately 1.6 times higher than that
of the CSFDEC algorithm in this case.

Based on the considerations illustrated above, in S4 we restrict the attention to the
CSFDEC, CLEAN, MWL, MAP-ML and EM algorithms. Moreover, the performance
analysis does not concern estimation accuracy, but the probability of failure (Py), i.e., the
probability that convergence is not achieved, so that large estimation errors can be gen-
erated. In the considered computer simulations, we have observed that large estimation
errors occur more frequently as K increases. To detect the frequency of occurrence of
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FIGURE 1.4: a) Probability of failure versus overall number of tones; b) computational

complexity in terms of computation time (blue curves) and computational cost (red

curves). The CSFDEC, CLEAN, MWL, MAP-ML and EM algorithms are considered
(fourth scenario).

these errors, we have counted, in each simulation run, the number of failure events for
each of the considered algorithms; in practice, an event of this type is detected whenever
the absolute value of the range error and that of the velocity error (or only one of these
errors) exceed the thresholds Ae, = ¢/(4NAy) = 9.375 m and Ae, = ¢/(4M f.T,) = 1.82
m/s, respectively??. Moreover, in generating the results for S4, the following changes have
been made with respect to the previous scenarios: 1) Nrgr = 7 (INrgr = 5) re-estimations
have been executed by the CSFDEC, CLEAN and MWL (MAP-ML and EM) algorithms;
2) My = 551 (Ny = 551) have been selected for the initial trial values of the CLEAN
and MWL algorithms in the Doppler (range) domain; 3) these trial values are uniformly
spaced in the range (velocity) interval [0, Rmax] ([0, Umax]), With Rmax = 330 m (vmax = 64
m/s). Note that the spacing between adjacent trial values is the same as S1-S3 in both
domains.

The probability of failure estimated for K = 2,3,...,9 is illustrated in Fig. 1.4-a). From
this figure, it is easily inferred that: 1) the MAP-ML and EM (MWL) algorithms exhibit
a Py greater than 1072 for K >4 (K >5); 2) the CSFDEC algorithm is substantially
more robust than all the other algorithms since it is characterized by a Py not exceeding
1074 for K < 8; 3) the CLEAN algorithm achieves a Py smaller than 1072 for K < 7.
These results evidence that the CSFDEC algorithm performs substantially better than
the other estimators in the presence of multiple closely spaced targets. This feature plays
a fundamental role in the estimation of extended targets, whose radar image is usually a
dense point cloud.

In S4 the computational effort required by the CSFDEC, CLEAN, MWL, MAP-ML and
EM algorithms in terms of both Computation Time (CT)?3 and estimated number of mega
FLOPs (MFLOPs) has also been evaluated. The results, illustrated in Fig. 1.4-b), evidence
that: 1) the MWL (MAP-ML) algorithm requires the lowest (highest) complexity in terms
of both CT and MFLOPs; 2) the complexity of the CLEAN algorithm is not far from that

#2Note that Ae, (Ae,) correspond to half the size of the range (Doppler) bin characterizing the processing
of the considered algorithms.
2The CT has been assessed on a personal computer equipped with an i7 processor.
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FIGURE 1.5: Root mean square error performance achieved in range and velocity esti-
mation (fifth scenario) by the CSFDEC algorithm with a varying number of targets, i.e.,
K €[3,5,7,9] and the SNR € [—15;25].

of the MAP-ML algorithm; 3) the complexities of the CSFDEC and EM algorithms are
comparable and placed in the middle.

The last results are shown in Fig. 1.5 and concern the RMSE R and RMSE,, of the CSFDEC
algorithm in S5; N;; = 10 and Nrgr = 3 have been selected for this algorithm (the values
of its remaining parameters are the same as S1).

These results show that:

1) The SNR threshold of the CSFDEC algorithm depends on K; for instance, this threshold
for the range estimation is found at a SNR ~ —9 (SNR ~ —5) dB for K =3 and 5 (K =7
and 9).

2) The range and velocity estimates generated by the CSFDEC algorithm are unbiased.
Note, for instance, that for both K =7 and 9, the RMSER and RMSE, and the corre-
sponding CRLB curves are separated by a constant SNR gap when the SNR exceeds the
above-mentioned threshold; further computer simulations have evidenced that this gap
can be reduced by increasing the values of Nrgr and, more evidently, of Ny, at the price,
however, of a higher computational effort.

Finally, based on all the results illustrated above, we can state that, thanks to its accuracy,
its limited complexity increase with respect to the 2D-FFT method and its ability to resolve
multiple closely spaced point targets, the CSFDEC algorithm represents a good candidate
for target detection and estimation in future OFDM-based radars.

1.5 Conclusions

In this chapter, a novel algorithm for the detection of a single 2D complex tone and the
estimation of its parameters has been derived. Moreover, it has been shown how combining
this algorithm, dubbed CSFDE, with a serial cancellation procedure leads to the develop-
ment of a new algorithm for the detection and the estimation of multiple 2D tones. Then,
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the last algorithm, called CSFDEC, has been applied to the detection of multiple targets,
and to the estimation of their range and velocity in an OFDM-based SISO radar system.
In addition, it has been compared, in terms of accuracy and computational complexity,
with various estimation methods available in the technical literature. The proposed simu-
lation results evidence that the CSFDEC algorithm is very accurate and outperforms all
the other related estimators in the presence of multiple closely spaced targets. In the next
chapter, a detailed overview of the most relevant classes of deterministic signal process-
ing methods for the detection and the estimation of multiple targets in a JCAS system
employing OFDM is conducted.
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2

Deterministic Signal Pro-
cessing Techniques for OFDM-based Radar
Sensing: An Overview

In this chapter, we analyze the most relevant classes of deterministic signal processing
methods currently available for the detection and the estimation of multiple targets in a
joint communication and sensing system employing orthogonal frequency division multi-
plexing. The objective of this chapter is to offer a fair comparison of the available technical
options in terms of required computational complexity and accuracy in both range and
Doppler estimation. The proposed numerical results, obtained in various scenarios, evi-
dence that distinct algorithms can achieve a substantially different accuracy-complexity
trade-off.

2.1 Introduction

In the last few years, increasing attention has been paid to the design of wireless systems
able to perform both communication and radar functions, i.e., to accomplish JCAS. Such
systems make efficient use of the available spectrum and offer significant benefits in terms
of size, energy consumption, and cost, since they employ a single radio device for both
communication and sensing functionalities. For these reasons, they are expected to play
an important role in the field of future vehicular networks [23-25].

One of the waveforms currently being considered for its adoption in JCAS systems is
OFDM [2]. A huge technical literature is available about the signal processing techniques
to be employed at both the TX and Receive (RX) sides of wireless communication sys-
tems exploiting this modulation format. On the contrary, limited research efforts have
been devoted until now to the development of methods for target detection and estima-
tion in OFDM-based JCAS systems. The currently available methods can be divided in
direct sensing methods and indirect estimation methods. The former methods extract tar-
get information from the received signal without compensating for the effect of the data
payload conveyed by its useful component [1]; moreover, they typically exploit computa-
tionally intensive compressed sensing techniques (e.g., see [3,26-28]). The latter methods,
instead, rely on the knowledge of a preliminary estimate of the communication channel.
The evaluation of this estimate requires compensating for the contribution of the transmit-
ted channel symbols to the received signal (such symbols are always known at the receive
side of a colocated radar; e.g., see [4]). In this chapter, we focus on indirect methods only
and investigate their use in a colocated' OFDM-based JCAS system equipped with a single

1Since the considered system is colocated (i.e., its TX and RX antennas are closely spaced), its receiver
has a full knowledge of the structure and content of the transmitted frames and of the carrier frequency.
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TX and a single RX antenna (i.e., of SISO type). Moreover, we take into consideration
different classes of indirect methods, namely: 1) DFT-based or correlation-based methods;
2) subspace methods; 3) ML-based methods. It is worth pointing out that, even if various
overviews on JCAS systems have appeared in the last three years [1,2,29-37], none of
them provides a comparative analysis of the above mentioned methods for sensing in an
OFDM-based radar system. Written with the aim of filling this gap, this chapter offers a
fair comparison in terms of accuracy and computational complexity of various algorithms
belonging to the aforementioned classes and highlights their peculiarities and limitations.

The remaining part of this chapter is organized as follows. In Section 2.2, the processing
accomplished in an OFDM-based radar system is summarized and the model of the signal
feeding target detection and estimation algorithms is illustrated. Section 2.3 is devoted
to the description of various relevant estimation methods, and to the assessment of their
computational complexity. The analyzed techniques are compared in terms of accuracy
and complexity in Section 2.4. Finally, some conclusions are offered in Section 2.5.

2.2 System and Signal Models

In this section, the same processing accomplished in a SISO OFDM-based JCAS system
described in Section 1.2 is considered. In the considered analysis, we focus on the transmis-
sion and reception of a single OFDM frame consisting of M consecutive OFDM symbols,
each composed of N subcarriers. In particular, here we consider:

1) The availability of stable and accurate frequency and timing references; for this reason,
the time-frequency mismatch at the RX side is deemed negligible [38, Sec. III-B].

2) The TX signal is sent over a wireless channel and gets reflected by K point targets
before being received and processed by a colocated receiver.

We begin by resuming the last steps accomplished at the RX side of the considered system.
In particular, by following the same steps shown in Section 1.2, it can be easily proved
that the nth element of the vector (see (1.7))

Rm = [Rm,Oa Rm,la ceey Rm,N—l]Ta (21)

at the output of the DFT block, can be expressed as
K-1
R = Smn Y, Ak am(Fy,) aiy(Fp,) + Winn, (2.2)
k=0

where Ay and F, (see (1.11)) denote the complex gain and the normalized Doppler fre-
quency associated to the kth target. In (2.2)

aq(Fx) = exp(j2mqFx), (2.3)
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with ¢ being either m or n if X is either v or r, respectively. Moreover, in (2.2), the term
Win,n is the Gaussian noise affecting the nth subcarrier of the mth OFDM symbol and

Fp, = Fry — FVkT/(NTS) (2.4)

is a normalized frequency accounting for the target delay (through F,, see (1.10)) and
the so-called range migration effect due to the kth target Doppler (e.g., see [38]). In the
following, we assume that IV is large enough, so that the F,, ~ F,, for any k, thus (2.2)
can be simplified as

K-1

Rm,n = Sm,n Z Ay am(FVk) Q:L(Frk) + Wm,n- (25)
k=0

Since the channel symbol sy, ,, is known at the receive side for any n and m, the estimate

. R K-1
—E =N Apam(Fy) af(Fr) + Win (2.6)
k=0

A
Hm,n =
Sm,n

of the channel gain H,,, observed at the nth subcarrier frequency in the mth OFDM
symbol interval can be computed; here,

T Wmn
Win 2 — (2.7)

9
Sm,n

is the noise sample affecting lﬁImm, in (2.6). It is worth pointing out that:

1) The parameters F, (1.10) and F, (1.11) satisfy the inequalities Fy min < Fr < Fpmax
and Fu,min < F, < Fl/,max; with Fr,min =0, Fr,max =1 and Fu,min = _1/27 Fu,max = 1/27
respectively.

2) an AWGN model is adopted for the noise samples {W,, ,,} (see (2.5)) and, consequently,
for the noise samples {W,,,,} (see (2.7)), since a PSK constellation is employed in the
considered simulations (each element of the sequence {W,,,} is assumed to have zero
mean and variance o).

3) Neglecting self-interference and range migration results in a signal model in which
the target delay and Doppler frequency are decoupled parameters. This entails that, in
principle, the values of these parameters can be evaluated separately through 1D frequency
estimation techniques. However, only 2D frequency estimation techniques are considered
in the following since, despite their higher computational effort than their 1D counterparts,
they achieve better accuracy and do not require the use of a pairing method to associate
the estimated delays and Doppler frequencies with each detected target.

4) Even if clutter plays an important role in radar sensing, its contribution to the received
signal can be mitigated by resorting to various techniques available in the technical liter-
ature (e.g., see [26]). For this reason, in this work, this contribution is always neglected.

From (2.6) it can be easily inferred that: a) the noisy samples { H,, ,} of the 2D channel
response acquired over a single frame can be modeled as the superposition of multiple 2D
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complex exponentials with AWGN; b) target detection and estimation is tantamount to
identifying the K complex exponentials forming the useful component of the 2D sequence
{Hy,n} and estimating their parameters, respectively.

2.3 Detection and Estimation Algorithms

In this subsection, various algorithms for the detection and estimation of multiple targets
in an OFDM-based radar system are illustrated and their computational complexity is an-
alyzed by deriving the order of magnitude of the number of FLOPs they require to process
a single OFDM frame. The general criteria adopted in estimating the computational cost
of the various algorithms are the same as those illustrated in [39] and [40, App. C|. These
algorithms are divided in FFT-based techniques, subspace-based methods and ML-based
techniques.

2.3.1 FFT-based techniques

Correlation-based and DFT-based methods have been developed in [5-7,41-46]. In par-
ticular, Matched Filter (MF)-based techniques for the estimation of range and Doppler in
a single or multi-target scenario have been investigated in [5,7]. Such techniques benefit
from the prior knowledge of the received signal and are computationally efficient; however,
the accuracy they achieve in radar imaging may be poor because of high side-lobes and
leakage, especially in the presence of strong clutter around real targets. We also highlight
the serial cancellation technique for improving the overall accuracy of radar images, which
has been developed in Chapter 1, whereas a reduced complexity method, based on the idea
of splitting a 2D estimation problem (involving target range and Doppler) into a couple
of 1D simpler sub-problems, has been illustrated in [44].

In the following, we take into consideration the 2D periodogram method (dubbed 2D-FFT
in the following) and two cancellation-based estimation algorithms, namely the CSFDEC
algorithm (see Chapter 1) and the CLEAN algorithm [21,47]. On the one hand, the
first algorithm can be considered as a reference technique; on the other hand, the other
two algorithms as methods able to efficiently mitigate the main problems of the first one,
namely:

1) The limited accuracy, due to the discretization of the grid selected in the search for the
peaks of the periodogram.

2) The need to search for multiple local maxima, which can lead to missed target detection
in the presence of closely spaced targets.

3) The significant impact that spectral leakage may have in the presence of multiple targets.
In fact, both the CSFDEC and the CLEAN algorithms combine the serial cancellation
of the spectral contribution of each detected target with leakage compensation and re-
estimation techniques. Moreover, unlike the 2D-FFT algorithm, they do not need prior
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knowledge of the overall number of targets?. If prior knowledge of the number of targets
is necessary, methods such as the generalized Akaike Information Criterion (AIC) [48] or
the Minimum Description Length (MDL) [49] are commonly suggested for estimating this
parameter. However, these approaches often come with a significant computational cost.

In the following, we provide a comprehensive description of the 2D-FFT and the CLEAN
algorithms only, since the CSFDEC algorithm has been thoroughly detailed in Chapter 1.

2.3.1.1 Two-dimensional periodogram method

This method is based on the so-called Range-Doppler (RD) map [6], i.e., on the function

2

Jltpl = |Slt.pl] (2.8)
with [ =0,1,...., Mp — 1 and p = 0,1, ..., Ng — 1; here,
1 M—-1N-1
S[l,p] = MN Z Z Hin ag (Fy[1]) an(Fr[p)), (2.9)
m=0 n=0

is the coefficient (I, p) of the order (My, Ny) DSFT of the 2D sequence {I:Imn} Moreover,

F I £1/My —1/2, (2.10)
F[p] £ p/No, (2.11)
My = L,M, (2.12)

No 2 L,N; (2.13)

and L, and L, are the oversampling factors adopted in the Doppler and range domain,
respectively. The estimates of the normalized Doppler frequency F, and the normalized
delay F, of a single target are evaluated as F,, = F,[l] and F, = F,[p], respectively, where

(I,p) Zarg . max  J[I,p] (2.14)
ZGSJMO,]}ESNO

and Sy is the set of integers {0,1,..., X — 1} for any positive integer X. Given [ and p,
the target complex amplitude A is estimated as

A=1L,L S[l,p|. (2.15)

In a multi-target scenario, multiple (say K, where K denotes a prior estimate of the
number of targets K) local maxima® should be expected in the RD map; in this case, the
parameters of the target associated with each local maximum are evaluated according to
(2.10), (2.11) and (2.15).

2This is a relevant feature of all the detection and estimation algorithms that exploit a serial cancellation
procedure for the sequential detection of multiple targets.

3In the simulations, the Fast 2D peak finder function available in MatlabR2022a has been exploited to
locate all the relevant peaks in RD maps.
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The most computationally intensive task required by this method is represented by the
evaluation of the above-mentioned order (Mp, No) DSFT (see (2.9)). Then, the cost for
the search of K local maxima in the RD map has to be added to the previous cost. For this
reason, the overall computational cost of the 2D-FFT method is Cop_prr = O(Nap_FFT),
where )

Nop_rrT = MyNy IOgQ(M()NO) + K(M()N(]) (216)

2.3.1.2 CLEAN algorithm

The use of the CLEAN algorithm in radar systems has been proposed in [21,47] and [20].
On the one hand, one of the earliest implementations of the CLEAN algorithm can be
found in [47], where the cancellation capability of the CLEAN algorithm is adopted to
reduce side-lobe-induced artifacts affecting the images generated by microwave systems
that employ antenna arrays. On the other hand, a more recent CLEAN-based algorithm
has been proposed in [21] and [20], where it is employed in the context of Stepped Frequency
Continuous Wave (SFCW) radar technology. In that case, the algorithm also includes
a technique for the compensation of the spectral leakage due to close targets. In this
subsection, we show how this algorithm can be also employed for jointly estimating the
range and velocity of multiple targets in the OFDM-based radar system described in the
previous section. The CLEAN algorithm is based on the same cost function as the 2D-FFT
method (see (2.8)), but, unlike it, makes use of an iterative target cancellation procedure.
This means that, within each of its iterations, after detecting a new target and estimating
its parameters, its contribution to the aforementioned cost function is canceled; this results
in a residual cost function, which is passed to the next iteration. More precisely, the
processing executed by the CLEAN algorithm consists of an initialization step followed by
an iterative procedure. In the initialization, we set the iteration index k to 0 and

ﬁm,n[o} - ﬁm,n7 (217)

with m = 0,1,....M —1 and n = 0,1,..., N — 1. Then, in the kth iteration (with k =
0,1,...., K — 1, where K denotes the overall number of detected targets), the four steps
described below are carried out sequentially.

1) Computation of the cost function — The cost function

Jillp) = |Selt, p]|” (2.18)

is computed for | = 0,1,..., My — 1 and p = 0,1, ..., Ny — 1; here, Si[l, p] is expressed by
(2.9), where, however, Hy, ,, is replaced by H,, »[k] (see (2.19) below).

2) Estimation of the parameters of a new target — A search for the global maximum over
the set {Jx[l,p]; | € Smy, p € Sn,} (collecting My Ny values) is performed to detect a
new target (i.e., the kth target); the value of the couple (,p) corresponding to the global
maximum is denoted (fk, Pr). Then, the estimates of the normalized frequency F,, and of
the normalized delay F,, of the kth target are evaluated as Fl,k =F, [Zk] and Frk = F,. [Pl
respectively (see (2.10) and (2.11)); whereas that of its complex amplitude Ay, is evaluated
according to (2.15), where S[f, p] is replaced by Sk [ik,ﬁk].
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TABLE 2.1: Description of the grid employed for the refinement step of the CLEAN

algorithm.
Condition Grid nodes Eq.
FX,min < F)((Z;U < FX,min +0x F)((l) [ZX] = FX,min + (ZX/QO) (5X/Z) (223)

Fxmin+0x < F¢Y < Fxmax —0x - FQax] = FED 4 ((2x/Qo) — 1/2)(6x /i) (2.24)

Fxmax — 0x < F{ ) < Fxmax F[2x) = Fxamax + ((2x/Qo) — 1)(8x /i) (2.25)

3) Threshold test to identify false targets — If |Ak| < ToLEAN, where Topean denotes a
proper (positive) threshold, a false target is identified and the execution is stopped by
moving to step 5); otherwise, we proceed with the next step.

4) Target cancellation — The new residual frequency response
Hynlk +1] 2 Hypnlk] = A am () a (Er,) (2.19)

is evaluated to cancel the contribution of the last detected target to H, n[k] (with m =
0,1,....M —1and n=0,1,..., N —1). Then, the iteration index k is increased by one and
a new iteration is started (i.e., we go back to step 1).

5) End — The final output provided by the CLEAN algorithm is represented by the set
{(Fy,, Fy,, Ar); k= 0,1,..., K — 1}, where K represents the last value taken on by the
iteration index k.

The serial cancellation procedure expressed by eq. (2.19) may suffer from error accumu-
lation, since the effects of errors in the estimation of target parameters accumulate over
successive iterations.

This may result in: a) poor accuracy in the presence of multiple and/or closely spaced
targets; b) the detection of false targets. These considerations motivate the use of a
refinement procedure to be accomplished after the last iteration of the CLEAN algorithm.
This procedure consists of Nrgr iterations. In its ith iteration (withi = 1,2, ..., Nrgr), the
refined estimates {(F,,(z), Fr(,?, A,(f)); k=0,1,.. K- 1} of the parameters of the K targets
detected by the CLEAN algorithm are evaluated as follows. First of all, we maximize,
over a specific rectangular grid (consisting of My Ny distinct nodes), the function

IO (B, Fr) = ’S;(f) (F,. F)| (2.20)
where 1Nt
SR F) 2 o )33 ), [ka (Fp) an (F) (2.21)
and A
70, (K] = Hyp 0] — > 10V, (FGD) a (FGD), (2.22)
J=0,j#k
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A~

with £ =0,1,..., K — 1. The above-mentioned grid, which has a significant impact on the
accuracy achieved by the CLEAN algorithm, has the following properties:

1) its center depends on both F,,(zfl) and Fﬁzfl);

2) its step sizes get smaller as i increases. More precisely, its node (z,,z2,) (with z, =
0,1,..., Mo—1and z. = 0,1, ..., Ng—1) is associated with the frequencies (FV(Z) [20], joll [2:])%.
In Table 2.1 it is shown how the nodes of the above-mentioned grid are selected; in that
Table, 5X = 1/M0 and QQ = MO —1if X =v ((5)( = 1/N0 and QO = No —1if X :7“).
The nodes are grouped in the set

where Il(,i)(Mo) and 7" (No) are the sets collecting the My and Ny frequencies {Fy(’) [2v]}
and {]5}(1) [2r]}, respectively.

Maximizing the function S,(j)(ﬁ,,, F}) (2.21) over I,Sl?» (2.26) leads to the estimates F,S;) and
Fvgz) of F,, and F,,, respectively. Finally, the new estimate flg) = S,(;) (FV(;), Z:'}(]:)) of Ay is
evaluated.

k?

It is important to point out that:

(4)

1) the evaluation of Hyy'n k] according to (2.22) aims at canceling the contribution given
to Hy, »[0] by the (K — 1) targets different from the kth one in the ith iteration;

2) at the end of the last (i.e., of the Ngrgpth) iteration, the refined estimates {(F,,(,ivREF),

F,«(,fVREF), A](CNREF)); k=0,1,..,K — 1} become available;

3) the value assigned to dx (with X = v and r) allows covering two adjacent bins of the
evaluated DSFT.

It can be shown that the computational cost of the CLEAN algorithm with refinement is
O(Ncr), where (see [20, Sec. III-E, eq. (43)])

Ner, = Nex, (Mo, No) + Nrer New (Mo, No). (2.27)

Here,
Ner (Mo, No) = K[MN (6MoNy + 15) + 2MoNy (M + N)] (2.28)

is the contribution due to a single iteration of the algorithm; note that the parameters
(Mp, No) and (My, Ny) define the grid sizes for the initialization and for the refinement
steps, respectively.

2.3.2 Subspace-based methods

The use of subspace methods for target range and Doppler estimation has been investi-
gated in [3] and [8,9,50]. In particular, algorithms based on the MUSIC technique have

“In the equations listed in Table 2.1 and in (2.26), the dependence of F)(;) [2x] and I,El)r on the target
index k is not specified to ease notation.
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been analyzed in [3,9,22] and [8], whereas the use of the 2D-ESPRIT for the estimation
of the delay and Doppler of multiple targets has been studied in [50]. Various results
illustrated in the above-mentioned papers lead to the conclusion that MUSIC-based algo-
rithms can outperform 2D FFT-based methods for joint range-velocity estimation at the
price, however, of a significantly larger computational complexity [8]. A lower complex-
ity version of the MUSIC technique, called auto-paired method, has been proposed in [9],
whereas an iterative method for improving the robustness of the MUSIC algorithm has
been developed in [3].

In the following we concentrate on the 2D-MUSIC algorithm only, since it performs sim-
ilarly as the 2D-ESPRIT at a comparable computational cost [11,51]. This algorithm is
based on the search of K local maxima in the 2D-MUSIC spectrum (also known as pseudo
spectrum), whose computation requires the identification of the so-called noise subspace.
In practice, the algorithm needs a prior estimate (denoted K ) of K and consists of the
following steps:

1) The (M N) x (M N) correlation matrix

1

R2
MN

HHY (2.29)
is evaluated; here, H denotes the (M N)-dimensional column vector generated by the
ordered concatenation of the columns of the M x N matrix H = [Hy, ,,] (see (2.6)).

2) The pseudo-spectrum
_ -2
Puvstoll,p] 2 | QI ML, p] (2.30)

is computed for [ = 0,1,..., My — 1 and p = 0,1, ..., Ng — 1; here, My and Ny are integer
parameters defining the size of the search space for the normalized Doppler frequency and
the normalized delay, respectively, M[l,p] is a (M N) x (Mg Ng) matrix whose (m,n)th
element is defined by the product a,,(F,[l])a} (Fy[p]) (with F,[l] and F,[p] expressed by
(2.10) and (2.11), respectively) and Qn is (MN) x (MN — K) matrix, whose columns

represent the (M N — K) eigenvectors of R (2.29) associated with noise®.

3) The estimates of the normalized delay and of the normalized Doppler frequency are
evaluated by finding the global maximum of the pseudo-spectrum (2.30) in the case of a
single target or its K highest local peaks in the case of multiple targets. Note that, in the
last case, all the local maxima of the cost function can be really identified if the spacing
between all the targets is greater than the grid step size; this problem can be mitigated by
using a finer grid (i.e., a smaller step size) at the price, however, of a larger computational
complexity.

The overall 2D-MUSIC complexity is O(Nyusic), where
Nymusic = Cr + Ce + Cp. (2.31)

Here, we have that: a) Cr = 10(M N)?+2M N —2 is the cost due to the computation of the
covariance matrix R (2.29); b) C, ~ (M N)3 is the contribution due to the computation of

E’This is true in the absence of fully correlated targets, i.e., when the span of the useful signal subspace
is K-dimensional.
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the eigenvalues of the matrix R. (2.29); ¢) Cp = My No(8(M N)?+M N) is the contribution
due to the evaluation of the pseudo-spectrum (see (2.30)).

2.3.3 Maximum likelihood-based techniques

Maximum likelihood-based algorithms are able to achieve an accuracy comparable to that
of subspace methods at the price of an increase in computational complexity [11-13,52].
Recent research contributions to this field concern: 1) the exploitation of alternating maxi-
mization approach to mitigate the computational complexity of ML estimation [11]; 2) the
derivation of an iterative non-linear KLMS-based estimation technique for the estimation
of target range [12]; 3) the development of an ML method, based on a kinematic model of
detected targets, for estimating target speed [13].

In the following, we first take into consideration the approximate ML methods recently
proposed in [11] and show how they can be adapted to the signal model ® (2.6); the resulting
algorithms are dubbed modified Zhang ML (MZML) and modified alternating projection
ML (MAP-ML). Both these algorithms are iterative; however, the first one maximizes a 2D
cost function, whereas the second one exploits the method of alternating projections to turn
a 2D optimization problem into a couple of simpler 1D sub-problems in order to mitigate
the overall computational effort. Finally, we take into consideration the Modified Wax &
Leshem (MWL) algorithm developed in [21] and [20] for joint range and azimuth estimation
of multiple targets in Frequency Modulated Continuous Wave (FMCW) radar systems, and
the EM algorithm developed in [20] and [11]. In particular, the last algorithm is exploited
as follows. It is initialized by means of the 2D-FFT technique. Then, in each of its
iterations, it accomplishes leakage compensation in the same way as the MZML algorithm.
The resulting algorithm is denoted Modified Zhang EM (MZEM) in the following.

2.3.3.1 Modified Zhang maximum likelihood algorithm

This algorithm operates in an iterative fashion; in each of its iterations, the estimates of
the detected targets are refined. It is initialized by: 1) setting the iteration index i to 1;
2) selecting the initial estimate of the normalized Doppler frequency F,, and that of the

normalized delay F,, as F,,(,?) =F, [Z,go)] and F,S,? ) = FT[A,(CO)], respectively (see (2.10) and
(2.11)), where (i,go),ﬁ,io)) is computed on the basis of (2.14) (with k = 0,1, ..., K —1, where
K denotes the prior estimate of K). Then, its iterations are started. The input of the ith
iteration (with ¢ = 1,2, ..., Nrgr, where Nggr denotes the overall number of iterations) is

represented by the K-dimensional vectors

o (i— (i—1) f(i— -] 7
FUD =[BT, BY, L B (2.32)
and
Fl-1) — [p(z‘—l) Fi=1) F(H)}T (2.33)
r 0 ) 71 g ey 7’[%—1 ] .

SNote that, in our model, unlike the one considered in [11], inter-pulse and inter-subcarrier Doppler
effects are neglected.
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that collect the estimates of the normalized Doppler frequency and the normalized delay,
respectively, of the K tones estimated in the previous (i — 1) iterations, and produces

i)

the new estimates f*‘,(f) and ]§‘$ . Moreover, in the ith iteration, two distinct steps that
are repeated sequentially for each target (i.e., for k = 0,1,..., K — 1) are executed; the
description of these steps is provided below for the kth target.

1) Computation of the cost function — In this step, the cost function
JNE,,, F) 28T PV (F,, F,)H (2.34)

is evaluated for (F,, Fp, ) € I(')(Mo) X I(Z)(No) here, I(z)( Y) denotes the set” of Y
trial values selected for Fx, (with X = D and r) in the ith iteration, H is the (M N)-
dimensional vector resulting from the ordered concatenation of the columns of the M x N
matrix F,, , = [Hpn] (see (2.6)),

Npo () (O @\ 7 O\ H
P (R Fry) 2 M0 ()" M) () (2.35)
is the (M N) x (M N) orthogonal projection matriz,

v [ M N

is a (MN) x K matrix®. The uth element of the last matrix, namely

M1 = MU= (£ (l 1) F(l ) (2.37)

u

is an (M N)-dimensional column vector that results from the ordered concatenation of the
columns of the M x N matrix 1\7[(171) whose element (m,n) is expressed by the product
m(ﬁ}gi_l)) ar (F(l 1)) for any u # k (see (2.3)), and ng) is an (M N)-dimensional column

§ (i)

vector generated by the ordered concatenation of the columns of the M x N matrix Mk ,

whose element (1m,n) is expressed by the product a,(F, ) a’(F,).
It is worth pointing out that:

1) the vector M{ Y (2.37) represents the contribution of the uth target (with u # k),
evaluated on the basis of its parameters estimated in the (i — 1)th iteration, to the vector

M,(f) (computed for the kth target in the ith iteration);
(4)

2) evaluating the matrix Mk on the basis of (2.36) allows compensating for the spectral

leakage affecting the projection matrix P,(:)(-, -) (2.35);

3) the sets I,Si) (Mpy) and L@ (Np) are generated by means of the same procedure illustrated
for the CLEAN algorithm [21] in Section 2.3.1.2 (see (2.23)-(2.25), in Table 2.1).

“Once again, the dependence of Ig(i) (Y') on the target index k is omitted for simplicity. This consideration
also applies to the set of trial values employed by the MZML and the MZEM algorithms.

8The dependence of the matrices l\v/Ig), 1\7I§f)and of the vector M;Ci) (see below) on the trial variables
Fyk and Frk is not always explicitly shown for simplicity. For the same reason, the dependence of Y D
(see below) on £S5 and 'Y is not indicated.
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2) Target parameter estimation — In this step, the estimates F,S,i) and F,«(,:) of F,, and F},
are computed as

(F,S;),Fﬁz)) = argmax J(l)( ukaﬁm) , (2.38)
(Fop, Fry )ETS) (Mo)x T (No)
Then, the new estimate fl,(j) of the complex amplitude Ay, is evaluated as
A0 _ ( (a1 (50 0N 310 (56 20y (310 (56 oY)
k (Mk (FVk ’F )) Mk (FVk ’F""k ) (Mk (FVk ’FTk )) : (2'39)

At the end of the last iteration, the vectors f‘,(,NREF), FVRER) nd AWVREF) | collecting
the normalized frequencies, the normalized delays and the complex amplitudes of the K
targets are available.

The overall computational cost of MZML algorithm can be expressed as

Crzmr 2 Coyvzmr + Nrer CivzuL, (2.40)

where Co vzt s the cost of its initialization (i.e., the same cost as the 2D-FFT method;
see (2.16)), whereas

CimzmL = Cp + C + Copt (2.41)

represents the cost of a single iteration; here, we have that: 1) Cp ~ 8 My Ny K2M2N?
(C; ~ 8My No K M?N?) is the cost due to the evaluation of the projection matrix P](f)(-, )
(2.35) (of the function J,gi)(-, ) (2.34)) for all the My Ny nodes of the grid and all the K
targets; 2) Copt = 4Mo No K is the cost due to solving the optimization problem in (2.38).
Based on these results, it can be shown that the computational cost of MZML algorithm
is O(NMZML), where

Nuzmr = Nrer 8 Mo No (RQ + K) M?*N?2. (2.42)

2.3.3.2 DModified alternating projection maximum likelihood algorithm

The MAP-ML algorithm is initialized exactly in the same way as the MZML algorithm
(see [11]) and employs the cost function J,E,)(F,,k,F ) (2.34) in the estimation of the
parameters of the kth target; however, the method of alternating projection is exploited
for the maximization of that cost function in order to replace the 2D optimization problem
(2.38) with two 1D optimization problems. In practice, in its ith iteration, the frequency

estimates F, ,S,? and F @ appearing in the LHS of (2.38) are evaluated as

FT(Z) =arg max ‘J F(zfl),ﬁrk) (2.43)
Fr €T (N
and » PO
F{) =arg  max ‘J,j (Fop, BD)] (2.44)

F,, €18 (M)

40



Chapter 2. Signal Processing for OFDM-based Radar Sensing: An Overview 41

respectively (the sets il (Np) and I,S“(Mg) have been already defined for the MZML

algorithm). It is important to note that: 1) the evaluation of J,gi)(ﬁ’,g,i_l),ﬁm) and

Jlii) (F,,, F,Sz)) in the RHSs (2.43) and (2.44) requires computing the matrices l\u/Il(;) (F,E,ﬁ‘l), E)
and l\v/Ig’) (F,,k,ﬁ},z)) (see (2.36)), respectively; 2) in the first iteration (i.e., for ¢ = 1), FZES)
is computed according to (2.10), with [ = lA,(CO), where Z,go) results from solving (2.14) (the

value of p, ﬁg)), associated with []go) is discarded); 3) the estimate of the complex amplitude

/1,(:) is computed on the basis of (2.39).

The overall computational cost Cyiap_mr, of the MAP-ML algorithm can be expressed as

Cmap-ML = Comap—ML + IVREF Ci MAP—ML, (2.45)

where Co map—wr, is the contribution due to its initialization (equal to Co mzmr; see (2.40)),
whereas
Cimap—mL =Cp. +Cp, +Cy, +Cj, +Cr +C, (2.46)

is the contribution due to each of its iterations. Moreover, in the last formula, we have
that:

1) Cp, = 8Ny K2M2N? and Cp, ~ 8MyK2M?2N? are the costs due to the evaluation of the
projection matrix P,(;)('7 -) (2.35) in the first and second 1D optimization, respectively;

2) Cy. ~ 8NoKM?2N? and Cj, =~ 8MyIK M2N? are the costs due to the evaluation of the
function J,gz)(-, -) (2.34) in the first and second 1D optimization, respectively;

3) C, = 4Ny and C, = 4M are the costs required by solving the 1D maximization in (2.43)
and (2.44), respectively.

Based on (2.45)-(2.46), it can be shown that the computational cost of the MAP-ML
algorithm is O(Nyap—mr), where

NMAP—ML = NREF 8(M0 + N()) (IA(Q + IA() M2N2. (247)

2.3.3.3 MWL algorithm

Similarly to the CLEAN algorithm [21], the MWL algorithm operates in an iterative
fashion and, in each of its iterations, estimates the parameters of a new target and performs
cancellation and leakage compensation in the time domain. However, unlike the CLEAN
algorithm, the MWL algorithm requires solving 1D optimization problems only. Moreover,
it can achieve similar and even better accuracy than the CLEAN algorithm with a smaller
computational effort [20].

The MWL algorithm is initialized by setting the iteration index k to 0 and ﬁm,n [0] = ﬁmn
(see (2.6)), withm =0,1,...., M —1and n = 0,1, ..., N — 1. Then, its iterations are started;
the processing accomplished in the kth iteration evolves through the four steps described
below.
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1) Coarse estimation of the Doppler of a new target — In this step, the coarse estimate
F,, of the Doppler frequency F, of a new (namely, of the kth) target is computed by
solving the 1D optimization problem

Iy £ arg max a’ (F,[[))R[k] a(F,[1]), (2.48)

ZGSA{O

where F,[I] is defined by (2.10), a(F,[]]) is an M-dimensional column vector whose mth
element (with m =0,1,..., M —1) is a,,(F,[l]) (see (2.3)), R[k] = [Ry, o [K]] is an M x M
autocorrelation matrix such that

N-—1
Bt )2 3 i ] (B i) (2.49)
n=0

where H,, ,[k] is evaluated on the basis of (2.19) if k > 0, with m = 0,1,..., M — 1 and
m/ =0,1,..., M—1. Given [}, (2.48), the coarse estimate of F,, is computed as I}, = F}[I}]
(see (2.10)).

2) Estimation of target delay — In this step, an estimate Frk of the normalized delay F.,
characterizing the kth target is evaluated by solving another 1D optimization problem.
This requires:

a) Computing the N-dimensional column vector

Vi 2 [04[0], 0 [1], ..., 0k [N — 1]]7, (2.50)
where .
ouln) 2 [a (Fy) a(Fy)| - a (Fy,) Ha K], (2.51)

withn = 0,1,..., N—1, and Hy,[k] 2 [Ho,[k], Hin[k], ..., Hrr—1.0[K]]T is an M-dimensional
vector.

b) Evaluating
. a2
pr. = arg max [a (= F, [p]) 93|, (2.52)

PESN,
where F,[p] is defined by (2.11), and a(—F,[p]) is an N-dimensional column vector whose
n-element (with n = 0,1,...,N — 1) is a,(—F;[p]) (see (2.3)). Given pi (2.52), the final
estimate Fy, of the target delay is evaluated according to (2.11) with p = py.

3) Fine estimation of target Doppler — In this step, the fine estimate ﬁ',,k of the normalized
Doppler F,, characterizing the kth target is evaluated by solving the last 1D optimization
problem and, in particular, as F,, = F,[l}] (see (2.10)), where

2
; (2.53)

a’ (F,[l))B(F,)

7 A
lp, = arg max
lESMO

42



Chapter 2. Signal Processing for OFDM-based Radar Sensing: An Overview 43

~ ~

B(F},) is an M-dimensional column vector, whose mth element is defined as
A A Nil A A A A
B (F,,) 2 [Z Hppan(=F,) | CTH(E,), (2.54)
n=0
and
A A Nil A A
C(F) 2 an(-Fy)an (- ). (2.55)
n=0

af’(F,,) B(F,,), (2.56)

of the complex amplitude Ay is evaluated. Here, || - | denotes the vector norm operator.

Similarly as the CLEAN algorithm [21], at the end of the last step a false target is detected
if |Ax| < Tawr, where Tywi, denotes a proper (positive) threshold. When this occurs, the
execution is stopped; otherwise, a new iteration is started going back to step 1).

An iterative procedure can be employed to refine the target estimates generated by the
MWL algorithm. Similarly to the CLEAN algorithm, this procedure is based on:

1) estimating again the parameters of each target after removing the spectral contribution
of the other (K — 1) targets, i.e., their leakage;

2) shrinking the search grid as iterations evolve (see (2.23)-(2.25), in Table 2.1). In the ith
iteration of the refinement (with i = 1,2, ..., Ngrgr), the finer estimates {(Fy(z), ﬁ}(z), Ag));
k=0,1,..., K — 1} of the parameters of the K targets detected by the MWL algorithm
are computed as follows. First, we compute the coarse estimate

F’lglz) 2 arg max ‘aH (F,,k)R(i) (k] a(ch)
Fyy, €2 (1)

(2.57)

of the normalized Doppler frequency for the kth target; here, Il(,i) (Mo) denotes the set of
My trial values selected for F,, in the ith iteration and R [k] is an M x M matrix whose
element (m,m’) is still defined by (2.49), where, however, H,, ,,[k] is replaced by

) k] = Hypnl0] - AV g (BDY a (BGY). (2.58)

i

Then, we compute
, (2.59)

B —arg  max |af(<F;,) 9
Frp €78 (No)

where Zﬁi)(]\Nfo) denotes the set of Ng trial values selected for Frk, in the ith iteration,

a(—F},) is an N-dimensional column vector whose nth element is a,(—F},) (sce (2.3)),
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\7,(;) plays the same role as Vi, in (2.52), but its nth element is defined as (see (2.51))

0] 2 [af (FD) a(#10)] " o (£L)) O [, (260

where H{[k] £ [A{)[K], A{)[K], .., A}, ,[K]]". Finally, the new estimate

)

P & arg max [a (F,)B(ED)[ (2.61)

Vi .
Fu €Ty

of F,, is evaluated; here, B(FT(,Z)) is a M-dimensional column vector, whose mth element
(withm =0,1,..., M —1) is still defined by (2.54) with Fr(,:) in place of F},. This concludes
the ith iteration.

The estimates {(Fls,ivREF), Fr(,fVREF),A,gNREF)); k =0,1,.., K — 1} available at the end of
the last (i.e., of the Nygpth) iteration represent the output of the refinement algorithm.

It can be shown that the computational cost of the MWL algorithm is O(Nyw), where
(see [20, Sec. III-E, eq.(44)])

Nuw = Nuw (Mo, No) + K Nrer Naw (Mo, No) (2.62)

and
Nuw (Mo, No) = M? (6N + 8My) + 30M N + 8Ny N + 30My M (2.63)

represents the cost due to a single iteration of the algorithm; note that the parameters
(M, No) and (Mg, Ny) define the grid size for the initialization and for the refinement
step, respectively.

2.3.3.4 EM-based algorithm

The EM algorithm [53] can be employed jointly with each of the algorithms described above
to refine its estimates of target parameters [11,20]. For this reason, we can assume tbat, in
general, the EM algorithm is fed by the K-dimensional vectors ¥\, = [Fy,, oy, .o, By ],
F, = [FrmFrla-'-aFrk_J and A = [1210,1211,---,12113,1], collecting the initial estimates of
the normalized Doppler, normalized delay and the complex amplitude of the K detected
targets.

The EM algorithm operates in an iterative fashion; in each of its iterations, it executes an
expectation step (E-step) followed by a mazimization step (M-step). In the description of
such steps, we focus on the ith iteration (with ¢ = 1, ..., Nrgr, where Nrgr denotes the
overall number of iterations) and consider the kth target (with & = 0,1, ,K —1). At
the beginning of this iteration, the estimates (ﬁ’y(,i_l), En(z_l), fl,(f_l)) are available for the
normalized Doppler, the normalized delay and the complex amplitude, respectively, of the
considered target (ifi =1, (FZS,?), Fr(,? ), A,E:O)) = (F,,, F,,, Ap)). The two steps accomplished
within the considered iteration are described below.
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1) E step — In this step, the cost function

. - o (i B B H . ; 2
T, (B Bry) = ()(Fyk,Fm)> adl (2.64)

MN‘

where (Fl,k,F ) € I,S)(MO) X I(Z)(NO) here, gy )( Y) denotes the set of Y trial values
selected for Fx, (with X = D and r) in the ith iteration. Moreover, the (MN x K)
matrix M\’ )( E,,., F.,) is defined by (2.36),

A =AY B> ALY (2.65)

k'=0

is the reconstructed (M N)-dimensional vector of channel gains evaluated for the kth tar-

get in the ith iteration, H is the (M N)-dimensional vector resulting from the ordered

concatenation of the columns of the channel measurement matrix ﬂmn = [f[mn] (2.6),

I:I,(ffl) = fl,(j*l) M,(ffl), where M(ifl) is the (M N)- dimensional vector deﬁned by (2.37)
with u = k). Moreover, for any i, the K parameters B ,k = 0 1,. — 1} are the
k

so-called mizing coefficients and satisfy the inequalities 0 < ﬁk <1 for any k (e.g.,
see [20, Sec. III-DJ).

2) M step — The new (and, hopefully, finer) estimates F,E,? and 13}(;) of F,, and F,,,
respectively, are computed as

(Fﬁk),Fﬁz)): - argmax ngz/[k(ﬁuk,ﬁm)- (2.66)
(Fop oy )ETS) (Mo)x T (No)

In the equation above, the term J]g:?/[k(', -) evaluated through (2.64) represents the cost
function computed over a specific rectangular grid, defined by the trial values (F,,k, Frk),

whose center depends on both F,S,ifl) and F,ﬂ(zfl), and whose step sizes get smaller as
¢ increases. The grid employed in this case is generated according to the same criteria
illustrated for the refinement procedure developed for the CLEAN algorithm (see (2.23)-
(2.25), in Table 2.1 and the comments related to them).

Finally, the complex amplitude fl,(;) is evaluated as (e.g., see [11, Sec IV, eq. (48)]):

(i 1 i i
A}({) - <M< )(Fu(k)»F( ))) H;c), (2.67)

where M,(;)(, -) is defined right after (2.36). This concludes the M step.

At the end of the last iteration (i.e., for i = Nggr), the final estimates (F, (NREF), F(NREF) A(NREF))
are available, with £ =0, 1, LK -1

The overall computational cost of a single iteration of the EM algorithm in the presence
of K targets can be expressed in a similar way as [20, App. C], i.e., as

NEM:K(CH+CM+CJ+Copt+CA), (2.68)
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TABLE 2.2: Computational complexity order of various estimation algorithms.

Algorithm O(-)

2D-FFT MO NO 10g2(M0 N[)) + K(MO No)

MWL Nyw (Mo, No) + K Nrer Naw (Mo, No)
CSFDEC 13 Mo No logy (Mo No) + K? Nrgr Nit 131, I,
CLEAN Ner, (Mo, No) + Nrer New (Mo, No)
MAP-ML  Nggr 8 (M + No) (K? + K) M?N?

EM Ngrgr[K (14M N My No) + 2K2M N]
2D-MUSIC (M N + My No)(M N)?

MZML Nrer 8Mo No(K? 4+ K)M?N?

where: 1) Ciy = 2(K + 2) M N is the contribution due to the computation of (MN)-
dimensional vectors {IA{,(;)} (see (2.65)); 2) Cjy = 6M NMoNy is the contribution due to

the evaluation of the matrix l\v/I,(;)(-, -) appearing in (2.64); 3) C; = 8M NDMyNy is the
cost due to the computation of ngz/lk(-, -) (2.64), whereas Copy = 4MyNy is the cost of
its optimization; 4) C4 = 8M N is the cost due to the computation of /1,(;) on the basis
of (2.67). In this work, as already mentioned in Section 2.3.3, the EM algorithm has
been employed to refine the estimates generated by the 2D-FFT algorithm. The overall
computational complexity of the resulting algorithm, called MZEM, is O(Nyizem), where

Nyvzem = Nop_rrr + NEM (see (2.16) and (2.68)).

The computational complexity orders of the estimation algorithms described above and
considered in the simulations are listed in Table 2.2.

2.4 Numerical Results

The estimation algorithms described in the previous section have been compared, in terms
of accuracy and computational effort, in four distinct scenarios for different values of the

SNR
K
SNR £ " |Ax* /oty (2.69)
k=1
where o3, represents the variance of each element of the complex noise sequence {W,,(n)}
(see (2.7)). The first scenario (S1) is characterized by a single target (i.e., by K = 1),
whose range and velocity are uniformly distributed in the intervals [0, 10] m and [0, 2.78]
m/s, respectively; the complex amplitude Ag of its echo, instead, is set to one. The second

scenario (S2) is characterized by four targets (i.e., by K = 4). The range and velocity of
the kth target (with £ =0,1,..., K — 1) are evaluated as

R, =Ry+k RRbin (2.70)
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and
v = vg + kU Upin, (2.71)

respectively, and its amplitude A is set to 1 for any k; here, Ry and vy are uniformly
distributed in the interval [0, 10] m and [0, 2.78] m/s, respectively. Moreover, R = 1.65
and v = 1.65 represent the spacing of adjacent bins for normalized range and normalized
velocity, whereas Ry, = ¢/(2N A #) and vpin 2 ¢/(2 M f.Ty) denote the size of range and
velocity bins that characterize FFT processing in the absence of oversampling, respectively.
In both S1 and S2, the accuracy of eight different algorithms (namely, the 2D-FFT,
CSFDEC, 2D-MUSIC, CLEAN, MWL, MZML, MAP-ML and MZEM algorithms) has
been assessed in terms of root mean square error

R 1 Nme—1 1 K-1 A ,
RMSEx £ — ?Z(Xk[t] — X)2, (2.72)
me =0 k=0

where X, [t] denotes the estimate of the parameter X}, evaluated for the kth target in the
tth Monte Carlo run, Ny, is the overall number of runs and X = r (X = v) if target range
(target velocity) is considered. Moreover, the following choices have been made:

1) in the evaluation of the RMSE,, the vector collecting target ranges and the one collecting
their estimates have been organized according to an ascending order (from minimum to
maximum range).

2) In the evaluation of the RMSE,, the vector collecting target velocities and the one
collecting their estimates are sorted in the same way as the vectors referring to target
ranges.

3) An SNR belonging to the interval [-20, 20] dB has been considered.

4) The number of targets (K) has always been assumed to be known (so that events of
missed detection are avoided). Note that the knowledge of K does not prevent all the
algorithms from identifying false targets; in this work, unwanted detections contribute to
the evaluation of the RMSE.

In the third scenario (S3), the range and velocity of the targets are computed according
to the same strategy adopted in S2, but the SNR is fixed to 0 dB and the value of K
ranges from 1 to 10. In this case, we focus on the computational effort required by all the
algorithms considered in S1 and S2 and, in particular, we assess both their CT and the
overall number of FLOPs they require?.

The fourth scenario (S4) is characterized by the same number of targets as S2 (i.e.,
K =4) and by an SNR equal to 0 dB. Moreover, target ranges and speeds are computed
according to (2.70) and (2.71), but smaller bin spacings (more precisely, R = 1 and v = 1)
are assumed. For this reason, in this scenario, spectral leakage may substantially affect
target estimation; this can be easily inferred from Fig. 2.1, where the range-Doppler map
(or ambiguity function) is shown for the considered case. In that analysis of S4, we
assess the convergence speed of six iterative algorithms (namely, the CSFDEC, CLEAN,

9All the algorithms have been executed on a desktop computer equipped with an i7 processor.
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FIGURrE 2.1: Range-Doppler map referring to the fourth scenario considered in the sim-
ulations. The four closely spaced targets are indicated by a black cross.

MWL, MZML, MAP-ML and MZEM algorithms) and, in particular, we analyze how their
accuracy changes as the overall number of their iterations'® ranges from 1 to 5.

The interest in the four scenarios defined above can be motivated as follows. The numerical
results obtained in the first two scenarios show how the considered algorithms perform in
the presence of a single tone and of multiple (but adequately spaced'!) tones, respectively,
whereas those obtained in the third scenario allow us to assess the trend of their compu-
tational requirements when the overall number of targets increases. Finally, the fourth
scenario sheds some light on the trade-off between estimation accuracy and computational
effort of the considered iterative algorithms in the presence of closely spaced targets.

In the simulations carried out, the following choices have been made. First of all, prior
knowledge about K has been assumed and, unless differently stated, the following values
have been selected for the parameters of the OFDM modulation!?: 1) overall number of
subcarriers N = 32; 2) overall number of OFDM symbols/frame M = 32; 3) subcarrier
spacing Ay = 250 kHz; 4) cyclic prefix duration Tg = 0.257 = 1ps (consequently, the
OFDM symbol duration is Ty = 1/A¢ + Tg = 5 ps); 5) carrier frequency f. = 79 GHz.
These values entail that Rp;, = 18.7 m and vpy, = 12 m/s.

1071 the case of the CSFDEC algorithm, each iteration corresponds to the execution of the re-estimation
procedure described in Chapter 1 Section 1.3.2.

1This means that the spectral leakage affecting each tone and originating from all the other tones is
limited; therefore, the frequency estimation error due to this phenomenon is negligible.

12The choices we made for the following parameters have been dictated by the technical literature on
OFDM-based JCAS systems (e.g., see [11]).
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Secondly, the following values have been selected for the parameters of the considered
algorithms: 1) the oversampling factor L,, = 16 and L, = 16 have been chosen for Doppler
and range estimation, respectively, in both the 2D-FFT and CSFDEC algorithms (so that
My = ML, = 512 and Ny = NL, = 512; see (2.12) and (2.13), respectively); 2) the
2D-FFT method has been used to compute the initial estimates of the MZML, MAP-
ML and MZEM algorithms; 3) in the CSFDEC algorithm, N;; = 20 refinement steps
have been accomplished in the computation of the residuals and the interpolation'? orders
I, = I, = 7 have been selected; 4) a unit value has been assigned to the coefficient ﬁ,(;)
(with £ = 0,1,..., K — 1 and ¢ = 1,2,..., Nggr) in the EM algorithm (see (2.65)); 5)
Nrer = 5 (Nrer = 3) re-estimations have been executed by the CSFDEC, CLEAN and
MWL (MZML, MAP-ML and MZEM) algorithms in the first three scenarios. Substantial
attention has been paid to the selection of search grids. A brief description of the search
grid adopted for the 2D-MUSIC is provided in Table 2.3, whereas that of the initial search
grid employed for the CLEAN and MWL algorithms is shown in Table 2.4. In both tables,
the grid chosen for a specific scenario is described by the triplet [Xpin, Xmax, Qo], where
Xmin (Xmax) denotes the minimum (maximum) trial value for the variable X, and Qg
represents the overall number of (uniformly spaced) trial values'* (Q = M if X represents
the target range R, whereas Q = N if X represents target velocity v). Moreover, in our
simulations, My = Ny = 11 (My = Ny = 9) have been chosen for the grid size in the
CLEAN and MWL (MZML, MAP-ML and MZEM) algorithms during the re-estimation
steps.

TABLE 2.3: Main parameters of the search grid selected for the 2D-MUSIC algorithm
(range is expressed in m, velocity in m/s).

2D-MUSIC [lem maXaNO} [UmlnavmaxaMO}
S1 0, 12, 21] 0, 345 31]
S2 [0 120, 201] [O 201}
s3 [0, 300, 201] 0, 57.5, 501]

TABLE 2.4: Main parameters of the initial search grid selected for the CLEAN and MWL
algorithms (range is expressed in m, velocity in m/s).

CLEAN & MWL  [Ruin, Riuaxs No]  [Vmins Vmaxs Mo]
S1 [0, 12, 21] [0, 3.45, 31]
S2 [0, 120, 201] [0, 23, 201]
S3 [0, 300, 501] [0, 57.5, 501]
S4 [0, 72, 121] [0, 13.8, 121]

Some numerical results about the RMSE, and RMSE,, characterizing all the considered al-
gorithms in S1 are illustrated in Fig. 2.2, where the CRLBs'® for the considered estimation

13In all the simulations, the barycentric interpolation technique described in [19] has been always used.

YThis entails that the step size between adjacent trial values selected in the interval [Xmin, Xmax] is
Xstep = (Xmax — Xmin)/(Qo — 1).

15The expression of the CRLB for range and velocity estimation in the case of single target can be found
in Appendix A.1.4. The CRLB in the case of multiple targets, instead, can be easily derived following the
procedure illustrated in [54].
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FIGURE 2.2: Root mean square error performance achieved in range and velocity esti-
mation (first scenario). The 2D-FFT, CSFDEC, CLEAN, MWL, 2D-MUSIC, MZML,
MAP-ML and MZEM algorithms are considered.

problem are also shown.

Note that: 1) most of the algorithms achieve poor estimation accuracy when the SNR
drops below a threshold, which is algorithm dependent; 2) the threshold of the 2D-MUSIC,
CLEAN and MWL algorithms is not visible in the considered SNR range; 3) the accuracy
of each algorithm attains the CRLB above its SNR threshold, but, at high SNRs, may
reach a floor. The last phenomenon, observed for the 2D-FFT and 2D-MUSIC algorithms,
is due to their limited accuracy'® (which depends on the overall number of FFT bins and
on the overall number of trial points employed in the computation of the steering vectors,
respectively). The other algorithms, instead, take advantage of their refinement cycles,
which improve the accuracy of their final estimates.

In addition, in analyzing the results shown in Fig. 2.2, readers should keep in mind that:
1) the computational complexity of the CSFDEC, CLEAN and MZEM algorithms is ap-
proximately 13, 2.3 and 1.35 times higher, respectively, than that of the 2D-FFT, whereas
that of the MWL algorithm is very close to it; 2) the complexity of the 2D-MUSIC, MAP-
ML and MZML algorithms is 352, 183 and 819 times higher, respectively, than that of the
2D-FFT.

Most of the considerations illustrated above for Fig. 2.2 also apply to the results shown
in Fig. 2.3 for N = 32 and in Fig. 2.4 for N = 256. In both cases S2 is considered, but
the results illustrated in Fig. 2.4 concern range estimation only and refer to a subset of

the considered algorithms (2D-MUSIC, MZML and MAP-ML are ignored because of their
huge memory requirements). Note that:

1) Unlike S1, an SNR threshold is visible in Fig. 2.3 for all the algorithms, mainly because
of the presence of spectral leakage.

2) Independently of the considered algorithm, a higher number of subcarriers allows to
achieve a lower RMSE, and reduce the SNR threshold.

16Tn the case of the 2D-FFT algorithm, this phenomenon can be mitigated by interpolating its cost
function to improve the accuracy in peak detection.
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FIGURE 2.3: Root mean square error performance achieved in range and velocity esti-
mation (second scenario). The 2D-FFT, CSFDEC, CLEAN, MWL, 2D-MUSIC, MZML,
MAP-ML and MZEM algorithms are considered.
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FIGURE 2.4: Root mean square error performance achieved in range estimation (second
scenario) with N = 256 subcarriers. The 2D-FFT, CSFDEC, CLEAN, MWL and MZEM
algorithms are considered.
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FIGURE 2.5: Computational time of the 2D-FFT, CSFDEC, CLEAN, MWL, 2D-MUSIC,
MZML, MAP-ML and MZEM algorithms versus overall number of targets. The third
scenario is considered.

3) In analyzing the results shown in Fig. 2.3, it should be kept into account that the
computational complexity of the CSFDEC, CLEAN, MWL and MZEM algorithms is
approximately 34, 177, 2.7 and 4.7 times higher, respectively, than that of the 2D-FFT.
Moreover, the complexity of the 2D-MUSIC, MAP-ML and MZML algorithms is 7532,
1518 and 7070 times higher, respectively, than that of the 2D-FFT.

The CT'" and the overall number of FLOPs assessed in S3 are shown in Fig. 2.5 and
Fig. 2.6, respectively. From these results and from those illustrated in S1 and S2, it can
be easily inferred that: 1) the gap, in terms of CT, between the CLEAN, MAP-ML and 2D-
MUSIC algorithms is small; 2) the MAP-ML algorithm takes advantage of the alternating
projections method to reduce the computational effort of the MZML algorithm; 3) the CT
of the MWL algorithm is the closest to that of the 2D-FFT algorithm, but, as shown in
Fig. 2.3, the former algorithm achieves poorer estimation accuracy than the latter one for
SNR € [-15, 3] dB; 4) the CSFDEC algorithm stays in the middle between high and low
complexity algorithms, but is able to achieve excellent estimation accuracy, as evidenced
by the RMSE results illustrated for the previous scenarios.

Some numerical results'® referring to S4 are shown in Fig. 2.7 for RMSE, and RMSE,
and in Fig. 2.8 for the CT. These results deserve the following comments: 1) the estima-
tion accuracy of most of the considered algorithms does not improve after the first three
iterations; 2) the CLEAN, MZEM and CSFDEC algorithms exhibit similar CTs if three
iterations are carried out for each of them; 3) the MWL algorithm requires a lower CT,
but generates poorer range and velocity estimates.

7The values shown for this parameter represent averages computed over one thousand runs for each
algorithm.

18Please note that a linear scale is adopted on the ordinate axis of Fig. 2.7, since the interval which the
estimated RMSEs belong to is narrow.
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Fi1GURE 2.8: Computational time of the CSFDEC, CLEAN, MWL, MZML, MAP-ML
and MZEM algorithms versus overall number of iterations (fourth scenario).

2.5 Conclusions

In this chapter, eight different algorithms for detecting multiple targets, and for jointly
estimating their range and velocity in a SISO OFDM-based JCAS system have been de-
scribed. All belong to the class of indirect methods and are deterministic; moreover, three
of them (namely, the CLEAN, MWL and CSFDEC algorithms) exploit an iterative can-
cellation procedure in the estimation of target parameters. The obtained numerical results
evidence that, in the presence of a single target or of multiple well-spaced targets, all the
considered algorithms achieve reasonable accuracy. However, their behavior substantially
changes in the presence of multiple closely spaced targets; in such conditions, the attention
of this chapter has focused on how accuracy and computational effort are influenced by
the overall number of a) targets and b) refinement cycles employed to improve the quality
of the final estimates of target parameters. The following conclusions can be formulated in
the light of the obtained simulation results: 1) the CLEAN and CSFDEC algorithms re-
quire a limited complexity and achieve excellent performance thanks to the use of a target
cancellation procedure; 2) the MZML and MAP-ML algorithms achieve better accuracy
than subspace-based methods (i.e., than the 2D-MUSIC algorithm) at the price of similar
(and really high) computational complexities; 3) the MWL algorithm achieves a better
accuracy-complexity trade-off than the MAP-ML algorithm.

Therefore, in future OFDM-based JCAS systems, the selection of a target detection and
estimation algorithm requires a careful assessment of the pros and cons characterizing
the various options available in the technical literature. The next chapter concerns the
extension of some of the considered algorithms to MIMO OFDM-based radar systems

employed for JCAS.
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3

Deterministic Algorithms

for Four-Dimensional Imaging in Colocated
MIMO OFDM-based Radar Systems

This chapter investigates the problem of detecting multiple targets and jointly estimating
their spatial coordinates (namely, the range, the Doppler and the direction of arrival of
their electromagnetic echoes) in a colocated multiple-input multiple-output radar system
employing orthogonal frequency division multiplexing. It is well-known that its optimal
solution, namely the joint maximum likelihood estimator of an unknown number of targets,
is unfeasible because of its huge computational complexity. Moreover, until now, sub-
optimal solutions have not been proposed in the technical literature. Here, we introduce
a novel approach to developing reduced complexity solutions. It is based on the idea
of separating angle estimation from range-Doppler estimation, and of exploiting known
algorithms for solving these two sub-problems. A detailed analysis of the accuracy and
complexity of various detection and estimation methods based on this approach is provided.
The numerical results presented in this chapter evidence that one of these methods is
able to approach optimal performance in the maximum likelihood sense with a limited
computational effort in different scenarios.

3.1 Introduction

Wireless communication and radar sensing have been advancing independently for many
years, even though they share various similarities in terms of both signal processing and
system architecture. This consideration and the problem of radio spectrum scarcity have
motivated the investigation of a new class of wireless systems, able to accomplish sens-
ing and communication jointly. Various recent research activities in this field have ev-
idenced that JCAS systems can provide significant advantages in terms of device size,
power consumption, cost, and spectral efficiency compared to traditional systems in vari-
ous applications [1]. Different approaches to their development are currently being inves-
tigated [2,4,23,55,56]. In this chapter, we adopt a communication-centric approach; this
means that radar sensing represents an add-on to the considered wireless communication
system. Moreover, we assume that OFDM is employed for both communication and sens-
ing and that the proposed system is equipped with both TX and RX arrays (i.e., it is of
MIMO type).

The OFDM modulation format has been adopted in various wireless communication stan-
dards, due to its robustness to multipath fading and to its relatively simple synchroniza-
tion [2]; in addition, its use in MIMO communication systems has been widely investigated
(e.g., see [57,58] and references therein). A wide technical literature on the use of OFDM
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for radar sensing refers mainly to SISO systems [4-6,8,9,11,22,59,60]. For this class of
systems, various direct and indirect sensing methods for target detection and estimation
have been proposed. Generally speaking, direct sensing methods extract target informa-
tion from the received signal without compensating for the effect of the data payload
it conveys (e.g. see [1,26,59]) and typically exploit computationally intensive CS tech-
niques. An example of application of CS is shown in [61], in which different multiplexing
alternatives to OFDM are analyzed and the CS technique is employed to overcome the ran-
dom assignment of subcarriers. Indirect estimation methods, instead, require estimating
the communication channel and, consequently, compensating for the contribution due to
channel symbols (e.g., see [4, eq. (20)]), which are known at the RX side of any colocated
radar. Indirect sensing methods can be divided into: 1) DFT-based or correlation-based
methods (i.e., methods based on the MF concept) [5,6,62]; 2) subspace methods [8,9];
3) ML-based methods [11-13]. Correlation-based and DFT-based algorithms are concep-
tually simple and computationally efficient, but can generate poor radar images in the
presence of closely spaced targets and/or strong clutter [14]. Moreover, they can be out-
performed by subspace methods, like the well-known MUSIC algorithm and the ESPRIT
at the price, however, of a significantly larger computational complexity [8]. An estima-
tion accuracy comparable to that of subspace methods is provided by various ML-based
algorithms, which also require a significant computational effort; relevant contributions to
this field can be found in [11], [13] and [12].

Indirect sensing methods for JCAS MIMO systems employing OFDM are investigated
in [23,26,56,63-68] and can be classified according to the same criteria as defined above
for SISO systems. Correlation-based or DFT-based methods are developed in [23,26, 56]
and [68]. In particular, an algorithm combining matched filtering for range estimation
with a 1D-MUSIC algorithm for both Doppler and azimuth (i.e., Angle of Arrival (AoA))
estimation is proposed in [56]. In [23] a Constant False Alarm Rate (CFAR) technique is
employed to detect multiple targets, whereas the estimation of their range and Doppler
is based on a 2D-FFT; note that in this case the estimation of AoA is ignored and the
availability of antenna arrays is beneficial for communication only. In [26] a 2D-FFT
technique is exploited to estimate the range of multiple targets and their azimuth, whereas
in [68] multiple FFTs are combined with a clutter removal technique to estimate their
range, azimuth and Doppler.

Subspace methods are investigated in [63], [64] and [65]. More specifically, in [63] a
subspace-based algorithm assisted by CFAR, pre-processing is developed to estimate the
range, velocity, and azimuth of multiple targets on the basis of a reduced number of sam-
ples and without resorting to high-resolution spectral estimation. In [64] the estimation
accuracy of the 2D-MUSIC algorithm is assessed for a varying number of available data
snapshots, whereas in [65] the use of an augmented beam-space approach is proposed to
make the use of 2D-MUSIC and 2D-ESPRIT possible when hybrid digital arrays are used.

Methods based on an ML approach are proposed in [66] and [67]. In particular, the strategy
devised in [66] is based on: 1) a preliminary channel estimation; 2) an ML-based technique
for the estimation of the range and Direction of Arrival (DoA) of multiple targets. In [67],
instead, a 1D technique, based on a systematic phase correction method and leveraging
the virtual array concept, is derived for the estimation of the azimuth of a single target.
Finally, a hybrid approach, combining DFT-based and subspace methods, is illustrated
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in [69]. More specifically, channel estimation is accomplished, after DFT-based processing
for range estimation, by means of an Amplitude and Phase Estimation (APES)-based
method; this method, that exploits the presence of ICI to produce a preliminary estimate
of target Doppler, is followed by the 1D-MUSIC algorithm for angular estimation and by
1D-FFT processing to generate the final estimate of target Doppler.

It is important to point out that all the methods mentioned above for JCAS MIMO sys-
tems represent partial solutions to the problem of jointly estimating the range, Doppler,
azimuth and elevation of multiple targets, i.e., briefly, to the Four-Dimensional (4D) imag-
ing problem considered in this chapter. On the one hand, the authors of [23] focus on range
and Doppler estimation only; moreover, they develop a correlation-based method, which
is employed after channel estimation and time—frequency synchronization in the context
of long-range radar processing. On the other hand, the correlation-based or subspace
methods proposed in [26,64,65] are able to compute accurate estimates of target azimuth
only, whereas the other target parameters are ignored (see [64] and [65]) or estimated with
limited accuracy, without any refinement process (see [26]). Similar considerations apply
to the ML-based method illustrated in [67], since it can provide accurate estimates of the
azimuth of multiple targets, but coarse estimates of their range only. These limitations
originate from the fact that an acceptable complexity in subspace-based and ML-based
methods can be achieved by neglecting (or accepting poor accuracy in) the estimation of a
portion of target parameters. These considerations have motivated the work described in
this chapter, which aims at illustrating how a family of novel and computationally efficient
sub-optimal methods able to generate accurate 4D radar images in an OFDM-based JCAS
system equipped with TX and RX arrays can be developed; therefore, unlike previous re-
search work, this chapter aims at providing a full solution to the above-mentioned 4D
imaging problem. More specifically, the contribution provided by this chapter is threefold
and can be summarized as follows:

1) A general strategy, called Doppler-Range-Angle Estimation with successive Compensa-
tion (DRAEC), is proposed for the detection of multiple targets and the estimation of their
parameters in a MIMO OFDM-based JCAS system. This strategy is based on the idea of:
a) assigning each TX antenna a subset of all subcarriers, which is disjoint from the subsets
of subcarriers assigned to other TX antennas; b) decoupling the problem of range-Doppler
estimation from that of azimuth-elevation estimation; c¢) employing an algorithm for the
estimation of the parameters of 2D complex tones to solve each of these two sub-problems.

2) An overview of the algorithms that can be employed for the detection and the estimation
of 2D complex tones, and an analysis of their computational complexity are provided.
On the one hand, five of these algorithms are known DFT-based estimation techniques
that have been proposed in the technical literature for related applications (namely, for
harmonic retrieval [70,71] or for radar sensing applications [72]). On the other hand,
the remaining algorithm, called extended Lee algorithm (ELA), is new, even if it can be
considered as an extended version of the ML-based 1D algorithm developed in [67]. Note
that all these algorithms have been originally proposed to solve estimation problems that
are formally different from the ones considered in this chapter. For this reason, in this
chapter, their use for target range-Doppler estimation and azimuth-elevation estimation
according to the DRAEC strategy is illustrated in detail. Moreover, a unified notation is
adopted in their description to ease their implementation and the reading of this chapter.
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FI1GURE 3.1: Architecture of the considered MIMO OFDM-based JCAS system.

3) Based on the above-mentioned estimation algorithms, seven different embodiments of
the DRAEC strategy are proposed and compared in terms of both accuracy and computa-
tional complexity. Six of them are based on the known DFT-based estimation techniques
mentioned above, whereas the remaining one relies on the CSFDEC algorithm. This al-
lows us to assess how various state-of-the-art algorithms perform in 4D imaging and how
large the computational effort they require is.

The remaining part of this chapter is organized as follows. In Section 3.2, the processing
accomplished in a MIMO OFDM-based radar system is summarized, and the received
signal model adopted in this work is briefly derived. The DRAEC strategy is illustrated
in Section 3.3, whereas various estimators of 2D complex tones and their computational
complexity are described in Section 3.4 and in Section 3.5, respectively. Different em-
bodiments of the DRAEC strategy are proposed and compared, in terms of accuracy and
complexity, in Section 3.6. Finally, some conclusions are offered in Section 3.7.

3.2 System and Signal Models

This section focuses on the architecture of the MIMO OFDM-based JCAS system con-
sidered in this chapter and on the processing accomplished at its receive side. The main
objectives in this work are deriving the received signal model in the presence of multiple
targets and illustrating some essential assumptions on which it relies. The architecture
of the considered JCAS system is illustrated in Fig. 3.1 and has the following essential
features:

1) Its transmitter is colocated with the receiver; consequently, the receiver has full knowl-
edge of the structure and content of the transmitted signal and of its carrier frequency,
and exploits this information for sensing purposes only.

2) It is equipped with a TX Horizontal Uniform Linear Array (HULA) and a RX Vertical
Uniform Linear Array (VULA), consisting of N1 and Ng elements, respectively. All the
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FIGURE 3.2: Representation of the physical TX and RX arrays, and of the corresponding
virtual array characterizing the considered JCAS system. The reference virtual antenna
element (corresponding to the couple (p, q) = (4,4) is identified by a purple circle.

antennas are placed on the same planar shield, so that a 2D reference system lying on
the plane of the physical antenna array can be defined, as illustrated in Fig. 3.2 (where A
denotes the wavelength of the transmitted signal).

3) The data frames it transmits are made of M consecutive OFDM symbols, each consist-
ing of N subcarriers. Such symbols can convey both pilot tones (for channel estimation
and synchronization) and information data to be sent to a single or multiple receivers at
different locations.

In the work described in this chapter, each couple of physical TX and RX antennas is

replaced by a single Virtual Antenna (VA); the abscissa w(vp ‘D and the ordinate y‘(,p D of

the VA element associated with the pth TX antenna and the gth RX antenna (briefly, the
(p,q) VA) are evaluated as (e.g., see [73, Egs. (1)-(2)])

2D = (2P 4+ 2(0) /2 (3.1)
and
Yy = (yép) + y{9) /2, (3.2)

respectively, with p = 0,1,..., Ny — 1 and ¢ = 0,1,..., Ng — 1; here, (acép), yt(p)) and
(wﬁq), yr(q)) denote the coordinates of the pth TX and gth RX antenna, respectively. It
is easy to show that the set of Nya = N7 Nr VAs associated with the physical arrays
shown in Fig. 3.2 forms a virtual Uniform Rectangular Array (URA). Moreover, based on

(3.1) and (3.2), the abscissa and ordinate of the VA (p, q) are

2P0 = 2® = (29 + 2O 1 pd,)/2 (3.3)

r
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and

y(p,q) — y‘(/q) — (yt(o) + 3/1@ +qd,)/2, (3.4)

respectively; here, (z (0)7%( )) ((xgo),yﬁo))) represent the coordinates of the leftmost TX

(lowermost RX) antenna and d; (d;) denotes the distance between adjacent antennas of
the TX (RX) array (see Fig. 3.2, where it is assumed that dy = d, = \/2).

In the following derivations, we concentrate on the transmission of a single frame. The
complex envelope of the RF signal conveying the mth OFDM symbol radiated by the pth
TX antenna (with p =0,1,..., Ny — 1) can be expressed as (e.g., see [11, Eq. (3)])

N-1
2B (t) £ q(t —mTy) > s exp (j2mnAy (t — mTy)) (3.5)
n=0

up to a transmit delay; here, ¢(t) is a windowing function, s(p ). is the mth channel symbol
conveyed by the nth subcarrier and transmitted by the pth TX antenna, Ay = 1/T is the
subcarrier spacing, 7" is the OFDM symbol interval, Ty = T + Tg is the overall duration
of the OFDM symbol and Tg is the CP interval. Following [11], a rectangular windowing
function is adopted, so that ¢(¢t) =1 for t € [-Tg,T] and ¢(t) = 0 elsewhere.

Given the complex envelope (3.5), the RF waveform radiated by the pth TX antenna in
the considered frame can be expressed as

M—-1
xg%(t) %{exp j2nfet) Z aP)( } (3.6)

m=0

where f. £ ¢/ denotes the frequency of the LO employed in the up-conversion at the TX
side and ¢ the speed of light.

Let us assume now that z )( t) in (3.6) is reflected by K distinct point targets, and that
the kth target (with £ =0, 1, ..., K — 1) is located at the (initial) distance Ry from the
transmitter, moves with the radial velocity! v, with respect to it and is characterized by
the azimuth (elevation) angle 6y (¢y). It is not difficult to show that the complex envelope
of the RF signal T’g%(t) (see Fig. 3.1) captured by the gth RX antenna is? (e.g., see [11, Egs.

(5) and (6)])

K—

[y

Np—1

a exp( j27TfCTk )
k=0 p=0

M-1
exp (12 fut) Y o) ( ni”’q)+€?’“t)+w<q> (). (37

m=0 ¢

IThis velocity is positive (negative) if the target approaches (moves away from) the JCAS system.

2Note that the overall delay that characterizes the echo originating from the kth target depends on all
the parameters of the target itself (namely, its range, its velocity and its angular parameters) and changes
over time.
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where 5
T,ip’Q) £ - Ry + 2P sin (6)) cos (¢r) + P9 sin (¢>k)} (3.8)
and a(p 9 are the overall propagation delay and the attenuation, respectively, associated

with the kth point target (and observed on the VA (p,q)),
vk
o 2 2% (3.9)

is the Doppler shift due to the motion of the kth target and w(%(¢) is the complex AWGN
process affecting (@ (t).

The signal 7@ (t) in (3.7) undergoes analog-to-digital conversion followed by DFT pro-
cessing. A simple mathematical model that describes the sequence generated by sampling
79 (t) in the mth OFDM symbol interval can be derived as follows. Substituting the RHS
of (3.5) in that of (3.7), extracting the portion associated with the mth OFDM symbol
from the resulting expression and substituting ¢ with ¢’ = t — mTy} yields

K-1
P (#) 2 37 D (fust) vin (fun) A(RBR) Y0 (1) + w@(t), (3.10)
k=0
where
D (f,t') £ exp (j2r ft'), (3.11)
vm(f) = exp(j527 fmTy), (3.12)
A(R) £ exp(—jdn foR/c), (3.13)
Np—1 N-1
Yk(%(t/) 23 o POBED (g, ) > s (R
p=0 n=0
1PD (O, 60) €alFu ) GunlFn) exp (27mA¥) | (314)
BP9 (4, ¢) £ exp (—j47r(ac£,p’q) sin(0) cos(¢) + y{P9 sin(qﬁ))//\) , (3.15)
Yn(R) £ exp(—jdmnAsR/c), (3.16)
nPD(6,) 2 exp (—jamn(As/ fo) (@ sin(6) cos(6) + gV sin(@))/A),  (317)
En(fot") = exp(52mnl s (f/ fo) ) (3.18)
and
Cmn(f) £ eXp(jzﬂnAf(f/fc) mTs). (3.19)
Note that:

1) The term D(f,t'), in (3.10), is responsible for the so-called range migration effect
(see [38]) due to the kth target Doppler frequency, whereas vy, (f,,) is proportional to
both f,, and the OFDM symbol index m.
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2) The phase of A(Ry) in (3.10) depends on the range Ry only, whereas that of ~,(Ry)
in (3.14) is proportional to both Ry and the subcarrier index n (see (3.13) and (3.16),
respectively).

3) The terms in (3.15) and in (3.17) both depend on the virtual array configuration as
well as the target DoA.

4) The term &,(f,,,t") in (3.14) produces a time-dependent phase rotation influenced by
both the Doppler frequency f,, and the subcarrier index n (see (3.18)).

5) The term (i (fy, ) in (3.14) introduces a phase rotation depending on both the OFDM
symbol index m and the subcarrier index n (see (3.19), and accounts for the so-called
intersubcarrier Doppler effect (e.g., see [11, Sec. 11, p. 3]).

It is not difficult to show that samphng r(q)(t’) (3.10) at the instant ] = IT/N (i.e.,
sampling (@ )( t) at the instant ¢; = t’ +mTy), with [ =0,1,..., N — 1, yields?

K—
o &y Dy (fu) Vi (£u,) A(Ry) YO |+ 0 (3.20)
k=0

H

here, the term D;(f) = exp(j2nfIT/N) accounts for the ICI effect due to the range
migration,

Nr—1 N—-1
Y0, 2V D) = 3 aPVBOD (9,4,) S 5B, v(Ry)
p=0 n=0

U,(nbp’Q) Ok Ok) Eni(fur) CGmm(fry) exp (j27nl /N, (3.21)

Ena(f) = &(f,t]) and wl(q) 2 w9 (1)) is the Gaussian noise affecting rfnq?l (an AWGN model

is assumed for the sequence {wl(Q); [=0,1,... N —1}).

If the target Doppler frequencies { f,, } are sufficiently small and, more precisely, | f,, / fe| <
1/(MN) for any k, the factors &, ;(f,,) and (nn(fy,) appearing in the RHS of (3.21) can
be neglected; this leads to the simplified signal model

K—1 Nt—1 N—-1
P = 3" Dy (fo) vin (fu) AR) Y aPPBPD (6,6) S s, exp (j2mnl/N)

Y (Be) 0D (O, 1) + 1w, (3.22)

The N signal samples acquired in the mth OFDM symbol interval through the ¢th RX

antenna undergo Serial-to-Parallel (S/P) conversion, as shown in Fig. 3.1; this produces

the N-dimensional vector r(q) = [rg?o, 7(73)1,. '7747(Z)N71]T7 for which an order N DFT is

computed. The nth element of the resultlng DFT output vector

m,07 ~'m,1 "

RY, )T (3.23)

3Note that the samples associated with the CP are ignored.
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can be expressed as

N-1 K-1 N1

R(q) A 1 Z (q) 2 l N 1 D R — (p q)
mn T AT T, eXp( Jamn / N Z n fl’k Vm f’/k k Z A
1=0 =0

- BPD (61, 81) s, o (Ri) nP? (eka¢k)+Wr(zq)7 (3.24)

where W,(Zq) is the AWGN sample affecting the nth subcarrier.

The received signal model expressed by (3.24) is general, but quite complicated. In the
work presented in this chapter, a simplified version of it can be employed since:

1) the approximation

(6, ¢) =1 (3.25)

is made for any n, since f; is assumed to be much greater than Ay (see (3.17));

2) it is assumed that, in the transmission of each OFDM symbol, disjoint subsets of the
N available subcarriers are assigned to distinct TX antennas.

The last assumption means that the signal radiated by each TX antenna can be represented
as the superposition of a set of multiple subcarriers exclusively assigned to that antenna,

e., briefly, it consists of private subcarriers only*. Therefore, if S,(ff) denotes the set
collecting the indices of the subcarriers radiated by the pth TX antenna in the mth symbol

interval, we have that
Srn s — ¢ (3.26)

for any p; # po, with p; and pe € {0,1,..., Ny — 1}, and

Np—1
U s¥ =g (3.27)
p=0

for any m, where J = {0,1,. — 1}. It is important to point out that, although

the underlying assumption about the use of subcarrier frequencies is strong and entails a
reduction by a factor N7 in the transmission rate (with respect to the case in which all
the subcarriers are employed by each TX antenna), it paves the way for the development
of target detection and estimation algorithms requiring a limited computational effort. In
fact, under the last assumption, the sum over p appearing in the RHS of (3.24) involves a
single term different from zero; consequently, (3.24) becomes

(pa) K1
Sm,n ay
R, = =% 37 Dy (fu) v () A(RR) BP0, 01) va(Ri) + Wi, (3.28)
k=0

which represents a sample of the 2D signal employed for channel estimation. Here, p,
denotes the index of the TX antenna to which the nth subcarrier has been assigned in the

4The use of a subset of private subcarriers in JCAS systems has been first proposed in [62] to improve
the accuracy of target range and angle estimation through a CS technique. Although CS methods typically
involve high computational complexity, the combined utilization of shared and private subcarriers enables
a flexible tradeoff between communication and sensing.
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mth OFDM symbol interval (the dependence of p, on m and n is not explicitly shown to
ease notation). Based on (3.3), (3.4), (3.11)-(3.13), (3.15) and (3.16), it is easy to show
that

Pyn(Rk)Dn (fl/k) = an(_FPk)7 (329)
Vm (fl/k) = am(FVk) (330)
and
aépa’Q)A(Rk)B(p“q) (Og, 1) = a}gpa,q) exp (jwk) ap, (—Fi, ) ag(—Fyy), (3.31)
where
az(Fx) 2 exp(j2n2Fx), (3.32)

with 2 = pa, ¢, m or n, X = Hy, Vi, v or pg,
Fp, = dysin(6g) cos(¢r) /A (3.33)

and
Fy, £ d,ysin(gr) /A (3.34)

denote the normalized horizontal frequency and the normalized vertical frequency, respec-
tively, associated with the kth target,

F, = f,Ts (3.35)
is the normalized Doppler frequency,
F, £F, —F,T/(NTy) (3.36)

is a normalized frequency accounting for both the Doppler of the kth target and its range
through the normalized target delay®

F., = 2R, Ag/c (3.37)
and
w2 =2m(2Ry + (@ +20) sin(0n) cos(de) + ) +u”)sin(e)/A (3.38)
Note that:
1) F,, (3.36) and F,, (3.35) are both frequencies in the range [-1/2, 1/2], for any k.

2) Fy, and Fp, satisfy the inequalities —d;/\ < Fy, < d./\ and —d, cos(¢y) /A < Fp, <
dy cos(py) /A, respectively, for any k.

3) The range of Fpg, is also limited by the elevation ¢, of the kth target for any k (see
(3.33)).

4) The ranges of Fy, and Fpg, are maximized for d, = A/2 and dy = A\/2, respectively.

5Note that, F,, is always positive, whereas F,, is positive (negative) if the kth target is approaching
(moving away from) the considered JCAS system.
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Based on (3.29)-(3.31), eq. (3.28) can be rewritten as®

RW, = sibe) AP, (3.39)
where
K—
APt & — Z A ap, (=Fi) ag(=Fs) am (Fy) an(=Fp,) + Wiks?, (3.40)
k:

denotes an estimate of the channel frequency response Hr(,fﬁ{q) characterizing the nth sub-

carrier frequency in the mth OFDM symbol interval for the VA (pa,q), Ar = o exp(jwy)
and

_ (pasq)
A (3.41)
’ S(pd)
m,n
is the noise sample affecting I;TT(,?};Q). The quantity Hﬁ‘};q), in (3.40), represents the noisy

measurement produced by the symbol compensation block for the VA (pa,q), the nth
subcarrier and the mth OFDM symbol interval (see Fig. 3.1, where this block is followed by
a buffer storing the measurements acquired over each frame). Moreover, the measurements
acquired over the OFDM frame and the whole virtual array are collected in the set®

a2 {(HPD;p=01,...,Npr—1,¢q=0,1,..., Ng — 1}, (3.42)

where H®2) £ [FI,%;;{)] represents the M x N matrix formed by all the measurements
acquired through the VA (p, q) over the OFDM frame. Note that this set consists of Nya
matrices, one for each of the Nya VAs, and that it represents the output of the last block
appearing in Fig. 3.1.

The measurement model (3.40) deserves the following comments:

1) The complex gain Ay appearing in its RHS accounts for the phase rotation due to the
path delay, the path loss and the gain (attenuation) introduced by the kth target.

2) Since, in all the computer Simulations done for this chapter, a M.ary PSK constellation

is adopted for the channel symbols {s } the 2D sequence of noise samples {¥, WP a’q)}

(see (3.41)) affecting the measurements has the same statistical properties as {qu)} (see
(3.28)), i.e., it can be modeled as AWGN (the variance of each sample is denoted o).

3) The noisy samples {I:I%’f{)} of the 4D channel response acquired over a single OFDM
frame can be modeled as the superposition of an AWGN process with K 4D complex
exponentials, whose amplitude, phase and frequencies provide information about the range,
the Doppler and the angular coordinates of the detectable targets. For this reason, target
detection and estimation are tantamount to identifying the K complex exponentials that
form the useful component of the sequence {ﬁﬁé’ﬁ)} and to estimating their parameters,
respectively.

5Note that channel symbols {s(pa)} are known to the JCAS receiver for any m, n and pa.
"In the following, the dependence of a,(cpa’w on (pa, q) is neglected; therefore, ay = a,(cpa’w is assumed.

8In the following, the antenna index p, is replaced by p (with p =0,1,..., Nr — 1) for simplicity.
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Finally, it is important to make some considerations about the use of private subcarriers
and the criteria that can be adopted in the selection of their subsets {S,(ﬁ)}. From the
rules illustrated above about the use of private subcarriers, it can be easily inferred that
the maximum data rate achievable through the proposed transmission scheme is identical
to that of a JCAS system equipped with a single TX antenna, i.e., as already mentioned
above, it is N1 times lower than that provided by a MIMO system with shared subcarriers
(e.g. see [62]). In addition, the TX array is not exploited for beamsteering, as suggested,
for instance, in [69], where a single-stream beamforming model is assumed. Despite this,
the considered JCAS system benefits from the availability of a TX array, since this results
in a larger virtual array (i.e., in an increase of the overall number of VAs, Nya) and,
consequently, in a better angular resolution [67]. As far as the selection of the subsets

{S,(ff)} is concerned, in the computer simulations carried out for this chapter, a pseudo-
random mechanism has been adopted in assigning the N available subcarriers to the N
TX antennas in the transmission of the mth OFDM symbol of a given frame; moreover,
the same pseudo-random pattern has been employed for all the transmitted frames. The
choice of this strategy is motivated by the fact that randomly changing the subset of
subcarriers from symbol to symbol allows the considered radar system to benefit from
transmit diversity.

3.3 Description of the Proposed Approach to the Estima-
tion of Multiple Targets

In this section, the problem of developing reduced complexity methods for the detection
of multiple targets and for the estimation of their parameters in the MIMO OFDM-based
JCAS system described in the previous section is tackled. We first describe a general
strategy to devise novel solutions to this problem. Then, we provide some indications
about the processing to be accomplished by each of the two main parts it consists of.

3.3.1 Description of the proposed strategy

Achieving joint ML estimation of an unknown number of targets, given the set of mea-
surements Sy, in (3.42), is an overly complicated problem, since it involves a large number
of parameters to be estimated (more precisely, five parameters per target plus the overall
number of targets), even for small values of K. This motivates the interest in the develop-
ment of sub-optimal methods based on the idea of turning a multidimensional estimation
problem into a set of interconnected lower dimensional sub-problems. In the remaining
part of this subsection, we illustrate a general strategy, called DRAEC, for the derivation
of a new class of such methods. According to this strategy, range and Doppler estimation
are decoupled from angular estimation. This explains why its structure, described by the
block diagram shown in Fig. 3.3, contains two core blocks, called Range-Doppler Esti-
mator (RDE) and Angular Estimator (AE): in fact, the former block accomplishes target
detection and jointly estimates target range and Doppler, whereas the second one identifies
multiple targets characterized by similar Doppler and ranges, and estimates their azimuth
and elevation. Note also that the proposed structure includes a fusion block, whose task is
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Su
RDE
S(RDE)
S(DRAEC)
{8 IEAE) } [Fusion ——
[ S
AE

F1GURE 3.3: Block diagram describing the DRAEC strategy. Two interconnected core
blocks, namely the RDE and the AE, and a fusion block, generating the final output, are
employed.

merging the information provided by the first two blocks in order to generate a 4D radar
image in the form of a point cloud. The processing accomplished by the core blocks can
be summarized as follows. Based on the available measurements (i.e., on the set Sy, in
(3.42)), the RDE generates the so-called Target Range-Doppler Profile (TRDP), namely
a collection of: 1) range-Doppler couples at which relevant echoes are detected; 2) an
estimate of the complex amplitude associated with each of these couples (the absolute
value of such amplitudes allows us to rank the couples on the basis of their perceptual
importance). More precisely, the TRDP is represented by the set

S(RDE) & {(F,,k £, Ak) L k=0,1,..., K®PE) _ 1} , (3.43)

where ﬁ'l,k, Frk and A, denote the estimates of the normalized Doppler frequency, the
normalized delay and the complex amplitude, respectively, associated with the kth range-
Doppler bin? in which (at least) one target has been detected!?, and KRPF) is the overall
number of relevant range-Doppler bins identified by the RDE.

The set S(RPE) in (3.43), is passed to the AE, which processes it jointly with the set Sy
(see (3.42)) in order to:

1) Identify all the targets associated with each of the range-Doppler-complex amplitude
triplets forming the TRDP;

2) Generate the so-called angular profile (AP), that collects the estimates of the angular
parameters and the complex amplitude of all the targets detected within each range-
Doppler bin. In practice, the AP information associated with the kth element (i.e., triplet)
of S(RPE) ig represented by the set

SO & (B 0, Prell), Aglt)s 1= 0,1, KM — 1), (3.44)

with & = 0,1, ..., K®PE) _ 1. here, FHk 1], ka [[] and Ay, [[] denote the estimates of the nor-
malized horizontal frequency, normalized vertical frequency and complex amplitude of the

)

[th target detected in the kth range-Doppler bin, respectively, whereas K ,iAE represents

9As shown in the next section, the 2D-FFT processing executed by the RDE leads to discretizing the
range-Doppler domain and, in particular, to partitioning it into multiple range-Doppler bins.

ONote that the RDE is unable to separate multiple targets whose range and Doppler fall in the same
bin.
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the overall number of targets detected in that bin. The normalized frequencies E m, 1] and
ka [l] are jointly processed by the fusion block in order to generate, on the basis of (3.33)
and (3.34), the estimates 6;[l] and ¢[l] of the azimuth 0[] and the elevation ¢y[l], re-
spectively, characterizing the Ith target identified in the kth range-Doppler bin. Moreover,
the fusion block processes the estimates F,,k and Frk to compute the estimates Ux[l] and
Ryl] of the velocity vy[l] and range Ry[l], respectively, on the basis of (3.9), (3.35) and
(3.37). Then, the above-mentioned estimates are collected in the set

K(RDE)fl
SIPRAEC) 2| | S{PRAEC) (3.45)
k=0
where
SO £ L Relt), 0ul1, 0l ), Anl); 1= 0.1, KT 1), (3.46)

with k = 0,1,.., K(BPE) _ 1 The set S(IPRAEC) "in (3.45), represents the final output of
the DRAEC strategy if the RDE is not exploited again. Alternatively, it can be passed
to the RDE with the aim of re-estimating!! the range and Doppler parameters of each of
the K ,gAE) detected targets for any k; this step is expected to generate an updated version
of the set S(RPE) (see (3.43)). Fusing the obtained set with the overall AP produces an
updated version of the set SPRAEC) that collects finer estimates of the parameters of all
the detected targets.

3.3.2 Processing tasks accomplished by the constituent blocks

In this subsection, the essential processing tasks accomplished by the RDE and AE blocks
appearing in Fig. 3.3 are sketched; in this description, it is assumed, without any loss of
generality, that the considered MIMO OFDM-based JCAS system is equipped with the
URA illustrated in Fig. 3.2.

The RDE extracts from the set Sp (see (3.42)), collecting Nya matrices, a single matrix,
denoted H(Pr-4®) and referring to a specific VA (called reference VA and associated with
the choice (p,q) = (pr,qr); see Fig. 3.2). Then, it processes H®rR) o generate the
TRDP, i.e., the set S®PE) in (3.43). It is important to point out that:

1) Based on ﬂ(pR’QR), the TRDP can be generated by estimating the complex amplitudes
and the frequencies of the complex exponentials that form the useful component of the 2D
sequence {I:If,fffi’m)}.

2) The parameter K (RDE) appearing in (3.43) represents the overall number of range-
Doppler bins in which at least a single target is detected. In fact, at this stage, the RDE
detects multiple targets, characterized by similar ranges and Dopplers (and, in particular,
such that their parameters fall inside the same range-Doppler bin!?) as a single target.
This explains why, in general, the kth range-Doppler bin selected by the RDE (with

A similar approach, where the 1D angle estimates are employed for re-estimating the range estimates
in [62].
!2This condition may occur in the presence of extended targets [T4].
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k=0,1,.., K®PE) _ 1) may contain multiple (say, K lgAE)) targets, which are overlapped

in the range-Doppler domain but have distinct angular coordinates.

3) The absolute value of the complex amplitude A}, appearing in (3.43) represents the
perceptual importance of the kth detected range-Doppler bin (with £ = 0,1, ..., K (RDE)); in
the following, we assume that the elements of S(RPE) are ordered according to a decreasing
perceptual importance, so that |flk+1| > \flk\, with £ = 0,1, ..., K®PE) _ 1,

4) The RDE sets a single VA as the reference for range and Doppler estimation for sim-
plicity. However, this process can be made more robust by utilizing multiple VAs, such as
those with the highest SNR values. The estimates obtained from these antennas can then
be combined (for example, by averaging) to enhance the estimation accuracy.

The set Sg and the TRDP (see (3.42) and (3.43), respectively) feed the AE, which se-
quentially accomplishes the three steps listed below.

1) It checks if the kth range-Doppler bin satisfies the inequality
|Ay|? > TRPE) (3.47)

with k& = 0,1, ..., KBPE): here, T(RPE) ig 5 proper threshold. Any bin not meeting this
condition is discarded. This leads to the reduced TRDP

S(RDE) & {(Fyk £, Ak) L k=0,1,.., K®PE) _ 1} , (3.48)

with K(RPE) < g (RDE)

2) It merges the information provided by the Nya matrices of the set Sgr (see (3.42)) in
K®RDE) N Ny matrices, one for each of K®PE) range-Doppler bins selected in the
previous step. The kth matrix (with k& = 0,1,..., K(EPE) _ 1) is denoted H, £ [I;T,gp’Q)];
the element appearing on its pth row and ¢th column is evaluated as

M-1N-1
) 1 2~ * - * -
Igp,q) =% E E HT(,%) at(Fy) as(—F,,), (3.49)

m=0 n=0

with p =0,1,..., Ny — 1 and with ¢ =0, 1, ..., Ng — 1; here, Fpk represents the estimate of
the normalized frequency in (3.36).

3) It processes the matrix H;, to identify all the targets contained in the kth range-Doppler
bin in order to generate the set S,EAE) in (3.44) where, however, k =0, 1, ..., K(RDE) _ 1

The AE output, i.e., the overall AP, results from merging all the information contained in
the K BPE) sets {SIEAE)} and collects the estimates of all the angular parameters referring

to
K(RDE)__{

KAR 2 N gAD (3.50)
k=0
distinct targets. This concludes the AE processing.

It is worth noting that:
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N

1) The term a}, (Fy,) (afl(—ﬁ’pk)) appearing in the RHS of (3.49) aims at compensating for
the factor ap (F,) (an(—F),)) which is visible on the same side of (3.40); in other words, it
is expected to cancel the dependence of H Igp D 6n the Doppler and range of the kth target
(leaving, however, the dependence on its normalized horizontal and vertical frequencies).

2) Similarly to step 1) of the RDE, step 3) of the AE processing requires estimating the
complex amplitudes and the frequencies of the overlapped complex exponentials that form

the useful component of the 2D sequence {I;flgp”)} (with £ = 0,1,..., K(RPE) _ 1),

If the AE output is passed to the RDE, the last block sequentially accomplishes the three
steps!® illustrated below for each of the considered K®PE) range-Doppler bins; in the
description of such steps we refer to the kth range-Doppler bin (with £ = 0,1, ..., K (RDE) _

1).
1) The RDE generates the subset

SAE) & LBy 1), By 1), ARll); 1= 0,1, ..., KM — 1} (3.51)
of SliAE), in (3.44), (here, KIEAE) denotes the size of S’IgAE), with I?IQAE) < KIEAE)); in doing
S0, it discards the Ith element of SIEAE) (with 1 =0,1,..., K,iAE) —1)if

AP < TP, (3.52)

where TAE) is a proper threshold.

2) It merges the information provided by the Nya antennas at the N subcarrier frequencies
and over the M OFDM symbol intervals (i.e., over the whole OFDM frame) to generate

a set of K ,(CAE) M x N matrices, each referring to a single element of the set S,E,AE). More

specifically, the matrix associated with the [th element of SIEAE) (with1=0,1,..., K IEAE) -1)
is denoted Hy[l] £ [Hy, [k, 1]]; moreover, the element appearing on its mth row and nth
column is evaluated as

] A 1 R (p,9) 7 7
Hm,n[k;’l] = Nt Ng Z Z Hm,’n aP(FHk [Z]) a‘I(FVk [l])v (3'53)
p=0 ¢q=0

withm=0,1,.... M —1land n=0,1,..., N — 1.

3) Tt processes the matrix Hy[l] (with I = 0,1, ..., KIEAE) —1) in order to estimate the range,
Doppler and complex amplitude of the [th target detected in the kth range-Doppler bin.
This requires estimating the parameters of a single complex exponential on the basis of
the 2D sequence {H,,,[k,]]}) and leads to the fine estimates (E,,[l], Ey, [I], A[l]) of the
normalized Doppler frequency, normalized delay and complex amplitude, respectively, of
the above-mentioned target. These information are collected in the set

SIERDE) = {(Fllk [l]aFm [”alek[l])? 1=0,1, "'>KliAE) B 1}‘ (3.54)

13 Actually, the first step is ignored if all the targets detected in each range-Doppler bin are taken into
consideration.
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Note that the term a,(F,[l]) (aq(Fy,[l])) appearing in the RHS of (3.53) aims at com-
pensating for the factor ap(—Fu,) (aq(—Fy,)) that appears in the same side of (3.40);
in other words, it is expected to cancel the dependence of fImm[k‘,l] on the normalized
horizontal and vertical frequencies (i.e., on the angular parameters) of Ith target detected
in kth range-Doppler bin.

The strategy described above is called Doppler-range-angle estimation with successive com-
pensation, or DRAEC, and is summarized in Algorithm 2. Its final output is represented
by the set

K(RDE)_1
o s(DRAEC
SORAEC) & | | GIPRAFO) (3.55)
k=0
that collects the estimates referring to
K (RDE) _q
~(AE
[ (PRAEC) 2 KM (3.56)
k=0
distinct targets; here,
S(DRAEC) a [ (£ o At 2 A L — (AE)
SRR 2 LRy, 0410, 0xl1), dl0), Apll])s 1= 0,1, KM — 11, (3.57)

represents the contribution due to all the targets detected in the kth range-Doppler bin.
Note that the set S(PRAEC) in (3.55), results from merging all the information provided
by the RDE and the AE, namely the sets S(RP®) and {‘S_‘IEAE)}. In other words, the final
output is obtained by 1) converting each normalized frequency to the corresponding spatial
parameter; 2) associating each target with its set of spatial parameters. These operations
are carried out by the fusion block appearing in Fig. 3.3.

Finally, it is important to stress that the most important task accomplished by both
the RDE and the AE is represented by the estimation of the parameters of 2D complex
oscillations on the basis of a set of noisy measurements. Different algorithms can be
employed for this task; the selection of a specific algorithm leads to a different instance of
the DRAEC strategy, as illustrated in the following sections.

3.4 Description of Various Algorithms for the Detection and
the Estimation of Two-Dimensional Complex Oscilla-
tions

In this section, we concentrate on the problem of detecting multiple overlapped 2D complex
exponentials and estimating their parameters in the presence of AWGN. Various estima-
tors, representing distinct solutions to this problem, are illustrated. In all cases, essential
mathematical details are provided and a unified mathematical notation is employed. More

specifically, it is assumed that: 1) {ﬁﬁ%, m=0,1,...M—1,n=0,1,...,N — 1} (with
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Algorithm 2: The DRAEC strategy.

Input: The set Sg, in (3.42), made of Nya M x N matrices, and the indices of the
reference antenna ((pgr, qr))-

RDE-1:

a- Generation of the TRDP: Process H?m47) to generate the set S(RPE) (see
(3.43)), made of KBPE) elements; one of the estimators described in Section 3.4 is

employed in this step.

AE:

b- Reduction of the TRDP size: Discard some elements of the set SEPE) on the

basis of their perceptual relevance (see (3.47)); the resulting set consists of K (RPF)

elements.

for k=0 to K®PE) _ 1 do

c- Doppler and range compensation: Compute the Np X Ny matrix ﬁk,

whose element (p, q) is defined by (3.49).

d- Detection and angular estimation of the targets contributing to the

kth range-Doppler bin: Detect all the targets contained in the kth

range-Doppler bin and estimate their normalized horizontal and vertical

frequencies, and their complex amplitude on the basis of the matrix ﬁk (one of

the estimators described in Section 3.4 is employed); this produces the set S,(CAE),

in (3.44), made of K ,(CAE) elements.
RDE-2:
(AE)

e- Reduction of the AP size: Discard some elements of the set S;”, in
(3.44), on the basis of their perceptual relevance (see (3.52)); the resulting set (see
(3.51)) consists of K IEAE) elements.

for | =0 to I_(IEAE) —1do

f- Angular compensation: Compute the M x N matrix ﬁk[l], whose
element (m,n) is defined by (3.53).

g- Fine estimation: Evaluate the fine estimates of the normalized Doppler
frequency F,, [l], the normalized delay F,, [l], and the complex amplitude A/[l]
of the Ith target contained in the kth range-Doppler bin on the basis of the
matrix Hy[l]; one of the estimators described in Section 3.4 is employed in this
step.

end

end
Output: The set SIPRAEC) Hin (3.55).
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X = RDE or X = AE) represents the input sequence'* of any 2D estimator employed in
the RDE or in the AE; 2) the element (m,n) of this sequence can be expressed as

7X) 2 Ay, am(Fl,k) an(FQ k) + W7$L),<n7 (358)

where Fi, = F,,, Fop = —F,, (Fir = —Fg,, For = —Fy,) if the estimator is employed
in the RDE (AE); 3) the parameters Ay, F,,, F),, Fu, and Fy, have the same meaning

as the corresponding parameters appearing in the RHS of (3.40) and WT(nX% is the noise

sample affecting Ifb(g( ) (an AWGN model is adopted for the sequence {W&X%})

All the algorithms described in the following subsections make use of 2D periodograms.
More specifically, target detection and range & Doppler estimation in the RDE require the
computation of the My x Ny matrix

Y8 = [y (ORI ] & DSF T v, [Fpp™ | £ Pa HR™IRE, (3.59)

that represents the order (Mg, No) DSFT of the My x Ny matrix
. [1(RDE)
12 [H Ont,No—N ] : (3.60)

Opnto—m, N Opgo—n,Ng—N

that results from zero-padding the M x N matrix H(RPE) £ [E[T(nRT]LD E)} (see (3.58)); here,
Fy represents the order N Fourier matrix (its element (a,b) is equal to w3?/N, where

wy = exp(—j27/N)). The element (1, p) of Y(RPE) in (3.59), is given by

M-1N-1
1 - l
y (RPE)[ ] & TN Z Z H}EEE) exp (—j27rmM> exp (j27rn]€> , (3.61)
m=0 n=0 0 0
where
My 2 LBPP (3.62)
No 2 L{FPEI N, (3.63)
and LgRDE) and LgRDE) represent the oversampling factors adopted in RDE processing.

Note that Y (RPE) [l,p] is associated with the normalized Doppler frequency
F&1F,—-1/2 (3.64)
and the normalized frequency (accounting for both range and Doppler; see (3.36))
Folp] 2 pF, (3.65)

where

F, 2 1/My, (3.66)

14 This 2D sequence corresponds to {FI,(,’,,’,%"]R)} or {Hom [k, 1]} (see (3.40) and (3.53), respectively) in the
case of the RDE; it corresponds, instead, to {PVI,(CP’Q)} (see (3.49)) in the case of the AE.
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and
Fp £ 1/Np. (3.67)

Similarly, angular estimation in the AE requires the computation of the My x Ny matrix

~(AE ~(AE
YR — [y AL, pl] £ IDFTyy, 5, [HGY] 2 Pl BREFY (3.68)
that represents the order (Mg, Ng) 2D-Inverse Discrete Fourier Transform (IDFT) of the
My x Ny matrix I:I(Z/;E), that results from zero-padding the Nypx Ng matrix HAE) £ [FIT%E)]

(see (3.58)). In practice, the structure of the matrix IA{(Z?,E) is expressed by the RHS of

(3.60) if the matrix I:I(P_{DE) and the parameters M, N, My and Ny are replaced by HAE)
and Ngr, N7, My and Ny, respectively; moreover, the element (I, p) of Y (AE) ig given by

Nr—1Np—1

1 - l p
yAB) [ 5] & HAE) ex ('27rm_> ex (‘27m_>, 3.69
1, p] NHNT”;; ) exp { j2mm e ) exp ( j2mn (3.69)
where
My 2 L8P Ny, (3.70)
No 2 LS N, (3.71)
(AE) (AE)

and Ly’ and Ly’ are the oversampling factors adopted in AE processing. Furthermore,
y (AE) [l,p] is associated with the normalized horizontal frequency

Filp) 2 pFu —1/2 (3.72)

and the normalized vertical frequency

Fy[l) &1 Fy —1/2, (3.73)
where
Fg 21/Ng (3.74)
and
Fy 21/ M,. (3.75)

In the remaining part of this section, we take into consideration six different estimation
algorithms and provide a brief mathematical description of each of them. The first five
algorithms are FFT-based methods and, more precisely, are the 2D periodogram method
[4], the CSFDEC algorithm derived in Chapter 1, the estimation algorithm proposed by
Popovié et al. in [70], a modified version of the estimation algorithm devised by Fan
et al. in [72] for solving the problem of channel estimation in a hybrid millimeter-wave
massive MIMO system and the g-shift estimator (dubbed QSE) developed in [71]. The
sixth (and last) algorithm can be considered as an extension to 2D frequency estimation
of the algorithm developed by Lee et al. in [67]; therefore, it is dubbed extended Lee
algorithm, or ELA. In the description of each estimation algorithm, we first describe its
formulation for the RDE; then, we illustrate the changes required to make its use possible
in the AE.
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3.4.1 Two-dimensional periodogram method

This method is based on the idea that the frequencies of the 2D complex exponentials
forming the useful component of the sequence {ﬁg( ,)L} are associated with the peaks of a
2D periodogram. For this reason, if the kth target is considered (with k= 0,1, ..., K- 1,
where K denotes an estimate of the overall number of targets), the estimates F,,k and

Fpk of its normalized frequencies F,, (3.35) and F),, (3.36), respectively, are evaluated

as F,, = F,,[ZA,(CRDE)] and F, = Fp[ﬁECRDE)] (see (3.64) and (3.65), respectively), where
(lA,(CRDE),]ﬁ,(gRDE)) is the value of the couple (I,7) associated with the kth of the K most

relevant local maxima (peaks) of the 2D sequence {|Y BPEI 5]|2; | € Sy, 7 € Sny b
Y BPE)[] p] is expressed by (3.61) and

Sy ={0,1,...,U — 1} (3.76)
for any positive integer U.

This algorithm can be also used in the AE block to evaluate the estimates F’ u, = Fr [ﬁ,(CAE)]
and Fy, = Fy [f,gAE)] (see (3.72) and (3.73), respectively) of the normalized frequencies

Fpy, (3.33) and Fy, (3.34); the couple of (lA,(CAE),ﬁéAE)) is generated in a similar way as
(Z,(CRDE),ﬁ,(CRDE)), the only difference being represented by the fact that YRPE)[1 p] in

(3.61), is replaced by Y AE)[1 p], in (3.69).
The estimation accuracy of this method can be improved by:

1) Extracting an I; x I, sub-matrix (where I; and I, denote the interpolation orders adopted
in the Doppler and range domains, respectively), whose central element is Y (%) [lA,(fX), ﬁ,(CX)]
(with &£ = 0,1, ..., K —1 and X = RDE or AE) from Y in order to generate a more
detailed representation of the analyzed spectrum through the interpolation® of the sub-

matrix elements.

2) Identifying the peak of the interpolated spectrum over the considered 2D domain.

3.4.2 Complex single frequency delay estimation and cancellation algo-
rithm

The second FFT-based method is the CSFDEC and it is described in Chapter 1. This
algorithm can be exploited by the RDE block as it is, whereas some modifications are
required if it is employed in the AE block. For this reason, here we limit ourselves to
illustrating the changes to be made for its use in the AE.

In particular, this requires:
(AE) (k1,k2)

1) Using Hy,r' (see (3.58)) in place of f[,(,f,{,?E) in the evaluation of Hy 4" according to
(1.38).

151n the considered computer simulations, the ‘spline’ interpolation (interp2 function) of Matlab R2022b
has been employed.
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2) Evaluating the initial estimate of the complex amplitude of the strongest 2D tone as
(see (1.33))

A0 — ¥, ( £y, Fﬁ}”) , (3.77)

where F‘(/Oc) = FV[ZA,(ﬁo)] and FI(;))C = FH[ﬁlgo)] (see (3.73) and (3.72), respectively) are the
coarse estimates of the normalized vertical and horizontal frequencies, respectively.

3) Replacing (1.48) and (1.49) with

ba(Fv, Fr)
= - S{AY32(Fv, Fu)} /3 + QP R{A* Y20 (Fy, Fiy) }
+ 20 %{A*YLQ(FV, FH)} — 2%{A*%72((Fv, FH)} (378)
and
ca(Fy, Fiu)
= BR{AY;31(Fv, Fr)} /3 + Q2 S{A* Y1 (Fv, F) }
—20R{A*Y11(Fy, Fr)} — 23{A*Yo1(Fv, Fr)}, (3.79)
respectively.

3.4.3 Popovié¢ algorithm

The third FFT-based method (namely, Alg-P) computes the frequency estimates through
a serial refinement and cancellation procedure based on the computation of a set of shifted
DFT coefficients and their subsequent parabolic fitting. If employed in the RDE, it is fed

by the complex sequence { ! ,SE,? E)} and it is initialized by setting the target index k to zero

and Hr(r?)n = f[g}?E) form=20,1,....M —1 and n=0,1,..., N — 1. Then, it sequentially
executes the three steps described below for the kth target (with £ = 0,1,..., K — 1, where
K is an estimate of K).

1) 2D periodogram maximization - In this step, the coarse estimates of the normalized

Doppler frequency F), and the normalized range frequency F), are evaluated as Flsk) =

Fl,[lA,E:O)] and Fp(? = Fp[ﬁlio)], respectively (see (3.64) and (3.65), respectively); here,

(Z,go),ﬁéo)>: arg max ‘Y(k)[[,ﬁ] , (3.80)
[GSMO,ﬁESND

and Y®)[I, p] is defined in a similar way as Y(RPE)[] p] in (3.61), the only difference
being represented by the fact that f[,(n%,? E) is replaced by H,(f)n (the evaluation of H,(r]f)n is

illustrated below).

2) Frequency refinement and amplitude estimation - In this step, the fine estimates Fyk and

Fpk of F,, and F), , respectively, are computed according to the formula (see [70, Table 1,

k7
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egs. (10)-(11)])

- 1 'num
Py =~ , 3.81
X 2Tpen (3:81)
with X = v or p; here,
I'xum = ¥ 3 (Px1 — Px2) + %o (Px,s — Px1) + %1 (Px2 — Px), (3.82)
I'pen = ¥x3 (Px,1 — Px2) + ¥x2 (Px3 — Px1)+vx1 (Px2 — Px3), (3.83)

Vxi 2 0xe+ (i —2)/(2Qp) (withi=1,2and 3), Q=M (Q = N) if X = v (if X = p),

A 1
Sve = F, .+ —arctan (tan (7/Mo) R{Op}), (3.84)
T

5y 2 By 4+ arctan (tan (m/No) R {0,}) | (3.85)
T

Y (1 —1,p) = Y® (I +1,p)

Op 2 h / / , 3.86
P oy (i p) —yW(i—1,p) - Y® (i +1,p) (3.86)
YO (1p—1)—Y® ([ p+1
0,2 v(ip—1) (bp+1) , (3.87)
2Y 0 (1,p) =Y ® (1, p—1) = Y®) (I,p+ 1)
M—-1N-1
P 2|30 37 AEDD exp (—2m(m i — nthr2))| (3.88)
m=0 n=0
and
M—-1N-1
P20 AP exp (< j2m(m s — nipa))], (3.89)
m=0 n=0

with ¢ = 1,2 and 3. Finally, an estimate of the complex amplitude Ay is evaluated on the
basis of (1.33), where (F},, F}) is replaced by (F},, E},).

3) Target cancellation - In this step, the contribution of the (k + 1) previously detected

targets is subtracted from {EE%DE }; this produces the 2D residual sequence {Hmtl)}
where
k
HghD & HRP =3 A an(=Fp), (3.90)
=0

L

with m = 0,1,...,M —1 and n = 0,1,..., N — 1. Then, the residual spectrum Y*+1)
[V E+D[1, pl] is computed; the expression of the element (I,p) of this My x Ny matrix is
obtained from that of Y(RPE)[] p] in (3.61), by simply replacing ﬁr(nRT]? ) with Hfrlf’#)
(additional details can be found in the description of the sinousoid removal step available
in [70, Table 2, eq.(12)-(13)]). If the energy e[k 4+ 1] £ [[Y*+D||2 (with || - || denoting
the norm operator) is smaller than TP) | where TF) is a proper threshold, the algorithm
stops and the estimate K=k+1of K is generated; otherwise, k is increased by one and
the three steps described above are accomplished again.

The use of Alg-P in the AE requires the following modifications: 1) the spectral coefficient
y (k) [l~, p] appearing in the RHS of (3.80) is still expressed by (3.69), where, however, I:I&AE)
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is replaced by

k
HESV & HAD =N " A an (—Fy, ) an (—Fu, ) (3.91)
i=0
2) formula (3.81) (with X =V or H) is employed to compute the estimates Fpy, and Fy;,
of Fg, and Fy,, but the quantities

M—-1N-1
Pig 2 |37 30 AR exp (j2m(mvs + nibp ) (3.92)
m=0 n=0

and
M—1N—-1

Py, & ‘ Z Z HAE exp (j2r(m v + n iy, 2))‘ (3.93)
m=0 n=0
are used in place of P,; (3.89) and P,; (3.88), respectively. A schematic description of
Alg-P is provided in [70, Sec. 3, Table 1 and Table 2].

3.4.4 Modified Fan algorithm

The fourth FFT-based method (namely, the MFA) results from: 1) adapting the estimation
algorithm devised in [72] to the signal model expressed by (3.58); 2) including zero-padding
in the initialization of the 2D periodogram method (see Section 3.4.1). The processing
accomplished by the proposed algorithm evolves through the following two consecutive
steps; note that, in this case, an estimate, denoted K , of the overall number of targets is
required.

1) 2D periodogram mazimization - In this step, the 2D periodogram is maximized (see
the description of the 2D periodogram method in Section 3.4.1) in order to evaluate the
coarse estimates Fl,,C ¢ and Fpk ¢ of the normalized Doppler frequency F,,, (3 35), and
the normalized range frequency F), , in (3.36), respectively, with £k = 0,1, ..., K —1.

2) Frequency refinement - First, the fine estimates of normalized Doppler frequency F),
and the normalized range frequency F), are evaluated as

F,=F,.—A, (3.94)
and A
By =Fp ot A, (3.95)
respectively, where
(A, A,) 2 arg max Je(Au, Ay, (3.96)
(Avy By, )€ Ty (Mo) X Ty (No)

with k =0,1,...., K —1, Ayk (Apk) represents the trial variable for the residual A,, (Ap,),
Z,(My) (Z,(No)) is the search domain for A,, (A,,),

2
(3.97)

Tk (A,,k, Apk) = fM( Vkvc) Y (Avk)ﬂ(RDE)(I’N (Apk)gN (FPM)
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is the cost function selected for the considered estimation problem (see [72, Sec. III, eq.

(3L,
i (F) 2 % lexp (j2m(M/2)F,) , ..., 1,exp (—j27F,) , ..,exp (—j2r(M/2 — 1)F,)]",
(3.98)
1 _ .
gy (F,) & + [Lexp (27F,) .., exp (j2r(N — 1) E)]" (3.99)
and
®y (AQk) ES diag{ [1,exp(j27rAQk>, exp(jQﬂ'(X - 1)AQ,€)} } (3.100)
with Q =v (Q =p) if X = M (if X = N). Then, the estimate
A 2 £f1(F, ) HEPE gy (F,) (3.101)

of the complex amplitude characterizing the kth target is evaluated (with £ = 0,1, ..., K-
1). It is important to point out that the search domain Z,(My) (Z,(No)) selected in
the computer simulations consists of Nf, (Np,) equally spaced numbers belonging to
the interval [—1/Mjy, 1/Mpy] ([—1/No, 1/No]); this interval covers two adjacent bins of the
periodogram computed in the initialization of the algorithm.

The use of the MFA in the AE block requires the following changes:

1) The 2D periodogram method processes the spectral matrix Y(AAE), in (3.68), (in place
of Y(RDE) ip (3.59)) to produce the coarse estimates Fpg, . and Fy, . of the normalized

A

frequencies Fp, (3.33) and Fy, (3.34), respectively (with £ =0,1,..., K — 1).

2) The fine estimates of Fy, and Fy, are evaluated as F H, = F Hy,c + AHk and ka =
ka,c-i-AVk, respectively. The estimates of the residuals A m,, and Avk represent the solution
of an optimization problem formally identical to (3.96), where, however, Ji(A,,,A,,) is
replaced by

2

Te(Bvis Bpy) 2 €0 (B @ (Av ) HOP @ (Mg, ) v (o) (3.102)

where
1 . , . T
fx (Fp) = e [exp(—j2n(X/2)Fg), ..., 1, exp(j2rFq), exp(j2m(X/2 — 1)Fy)| ", (3.103)
with Q@ =V (Q =H) it X = M (if X = N). Finally, the estimate

Ay, 2 £ (B ) HOPEy (Fr,) (3.104)

of the complex amplitude characterizing the kth target is evaluated (with & = 0,1, ..., K-

1).
The MFA is summarized in Algorithm 3.
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Algorithm 3: Modified Fan algorithm (MFA)

Input: The matrix HBPE) (H(AE)) if the RDE (AE) is considered and an estimate
of the overall number of targets (K).

Initialization:

a- Compute the coarse estimates F}, . and thc (Ey, . and Fy, ), if the RDE (AE)

is considered, by resorting the 2D periodogram method.

Refinement procedure:

for k=0to K —1do

b- Compute the fine estimates F,, = Fl,k ¢ — A, and Fpk = Apk c+ Apk

(FH]C = FHk e+ AHk and ka ka e+ Avk) if the RDE (AE) is considered. The

quantities (A,,,A,,) ((Am,,Ay,)) result from solving the optimization problem

(3.96) with the cost function (3.97) ((3.102)) for the RDE (AE).

c- Compute the amplitude estimate A, through (3.101) ((3.104)) for the RDE

(AE).
end
Output: The set of estimates {(Fyk, pk,Ak) k=0,1,.. K- 1}
({(FHk,FVk,Ak) k=0,1,.., K —1}) for the RDE (AE).

3.4.5 Q-shift estimator

The fifth FFT-based algorithm (namely, the QSE) has been proposed by [71] to estimate
the frequency of a 2D complex tone in the presence of AWGN. Similarly to the MFA,
this estimator makes use of the 2D periodogram method for coarse frequency estimation
and requires prior knowledge of the overall number of targets; however, it exploits a
different method for frequency refinement. In fact, the last task is accomplished by a
serial procedure that requires the evaluation of the DFT coefficients located at the relevant
frequency bins shifted by a quantity ¢ € [—0.5, 0.5]. In practice, the final estimates of the
normalized frequencies F,, (3.35) and F),, (3.36) are evaluated as

Fo, = Fope +00,/X, (3.105)

with Q = v (Q = p) if X = M (if X = N); here, Fg, . is a coarse estimate of Fgy, and SQk
is an estimate of the associated residual. In the QSE, F,, . (F ks ¢) is evaluated according to

3.64) ((3.65 Wlthl—l(RDE) with p = A(RDE) and the couple Z(RDE) , ﬁ(RDE) is provided
k

by the 2D periodogram method for the RDE (see Section 3.4. 1) The estimation of the
residuals (d,,,0,, ), instead, is accomplished by an iterative procedure; this is initialized

by setting the initial estimates of the residuals (namely, 51(,2) and Sg(,?) to zero and the
iteration index ¢ to 1. In the ith iteration (with i = 1,2, ..., Nj;, where Nj; is the overall

5(9)

number of iterations), the new estimate of the residual § X, 18 computed as

1 s ¥
5 =%V + R e Toax 4 (3.106)
T
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with X =vor p,and Kk =0,1, ..., K- 1; here, K denotes the estimate of K,

M—-1N-1
&, = SN HEP exp (—j2m (mY11q, —nYog,)) (3.107)
m=0 n=0
and
) M—-1N-1
S8 2 3™ ST AEPE exp (—j2r (mTo,, —nTx14,)) (3.108)
m=0 n=0

are the DFT coefficients evaluated with small shifts (quantified by the real parameters g,

and ¢,) with respect to the periodogram peak associated with the couple (l(RDE),ﬁ]E:RDE)).
Moreover,
a ((RDE) = 397V 4 2q,
T., 2 (zk F,+ ki) (3.109)
M
and (i—1)
& ( ~(RDE) Spr L+ 24,
oy, 2 (B F, + S ) (3.110)

are the normalized frequencies associated with the shifts g, and g,, respectively, z is an
integer belonging to the set {0,+1}, and

a 1 —mg, cot(mq)

v Qv 3.111
aulaw) & T (3111)
and
cplqy) 2 —2T (3.112)
PAIPT sin(2mq,)

are correction factors. The final estimates of the residuals (Syk and Spk) are evaluated as

Oy = 555:&) and 3% = ngf“), respectively.
The use of the QSE in the AE requires the following modifications:

1) The final estimates of the normalized frequencies Fp, and Fyy are evaluated through
(3.105), where X = N (X = M) if Q = H (if @ = V). Moreover, the coarse estimate Fy, .

(Ey;, ) appearing in that formula is evaluated on the basis of (3.72) ((3.73)) with p = ﬁ,(CAE)

(with [ = Z(AE) ); here, (l,gAE) , ﬁ,gAE)) denotes the couple of spectral indexes provided by the
2D perlodogram method for the AE (see Section 3.4.1).

2) The computation of the residuals m, and 5Vk is still based on (3.106) (with X = H or
V), but (3.108) and (3.107) are replaced by

‘ M-1N-1
se .2 HMD exp (j2m (mWoq, +nWi1g,)), (3.113)
m=0 n=0
and
) M—-1N-1
Sty & H D exp (527 (MW g + 10 g)) (3.114)
m=0 n=0
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respectively; here,

s ( ~(RDE) = 51(*3,:1) +2qn
Vegn = (pk Fot+——F—— ) (3.115)
and (i-1)
. _ oo 4 zqy
& (;(RDE) v,
Vogy 2 (P9 By + 0 (3.116)

are the normalized frequencies associated with the shifts gy and gy, respectively, and z
is an integer belonging to the set {0,+1}. Moreover, the correction factors cx(gx) (with
X = H or V) are both computed according to (3.112).

A schematic description of the QSE is provided in [71, Sec. IV, Algorithm 2].

3.4.6 Extended Lee algorithm

The last algorithm (namely, the ELA) has been originally proposed in [67, Sec. III]
to perform azimuth estimation in a MIMO radar equipped with a Uniform Linear Array
(ULA) and is based on an ML approach. However, in this work, the following modifications
have been made:

1) The original algorithm, being developed to estimate the frequencies of 1D tones, has
been adapted to the 2D signal model expressed by (3.58), thus making its use possible in
both the RDE and the AE.

2) An iterative procedure for frequency refinement has been added. In each iteration of
this procedure, the grid adopted in the search for the frequency estimate of a given target
is adjusted to improve the achieved accuracy.

3) The 2D periodogram method has been employed for the initialization of the ELA; in
the original algorithm, instead, the frequency estimates are initialized to zero for all the
detected targets.

The ELA is fed by the 2D sequence { AT(,EE E)}; in its initialization, this sequence is pro-

cessed by the 2D periodogram method to evaluate the initial estimates F,S,?), F p(,?) and A,(CO)
of ,, F,, and Ay, respectively, with £ =0,1, ..., K-—1 (being K a preliminary estimate
of the overall number of targets K), and the iteration index i is set to one. Then, the
refinement procedure is started. In its ith iteration (with i = 1,2, ..., Nj;, where Nj; is the
overall number of iterations), the new estimates F,S,i) and F, ,E,? of I, and F), , respectively,
are evaluated as

2

<F£z),Fﬁ§2)> = argmax J (F,,k,ﬁ”pk) , (3.117)
(FuysFoy )€ T) (N, )X TR (NE,)
with £ =0, 1, ,f( — 1; here,
~ ~ H —
_ F,,F,)"R'H
JO(Fy, By, ) & — Al Hpk) —— (3.118)
a(FVkaPk) R_la(Fl’k’FPk)
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is the ML cost function evaluated for the trial couple (Fy, Fy), a(Fy,, Fy) 2 a(F,) ®
a(_FPk)v

ag (Fx) 2 [1,exp (j2nFx) , ...,exp (j27(Q — 1) Fx)]© (3.119)
is a steering vector, H £ [Ho, Hy,...,Hy;_1] is a (M N)-dimensional row vector, H,, £
[szgi?E),I:IS’{?E), ...,I:IS?]]?,E_)l] (with m = 0,1,..., M — 1) and R = 0%I)/n represents the
covariance matrix of the Gaussian measurement noise, whose samples have variance U%I
(0’%{ = MN can be selected as the first attempt guess of the noise variance of H; see [67,
Sec. 11, eq. (21)]). Moreover, the search grid in (3.117) results from the Cartesian product

of the sets'® Z{!!(Np,) 2 {F{"[2]; 2, = 0,1,.., N, — 1} and Z}!) (Ng,) 2 {F{"[z,]; 2, =
0,1,...,Np, — 1}.

This grid has the following relevant properties: 1) its center depends on both Fy(i‘”

and ngifl); 2) its step sizes get smaller as ¢ increases. More precisely, its node (2, z,)
(with z, = 0,1,..., Np, — 1 and 2, = 0,1, oy Np, — 1) is associated with the frequencies

(B[], F3[2]), where
FQex] = Fxmin + (2x/(Niy — 1)) (9x /i), (3.120)
if Fx min < F)((i,:l) < FX min +0x ,
Flx] = BTV 4 ((ox/ (Npy — 1)) — 1/2)(6x /), (3.121)
if Fxmin +0x < £y " < Fymax — 6x and

F[2x] = Fxmax + ((2x/(Npy — 1) = 1)(8x /1), (3.122)

if Fymax — 0x < Fy. " < Fx.max, with X = v or p. Moreover, 6x = 1/My (0x = 1/Np)
is selected if X = v (if X = p), so that, when ¢ = 1, two adjacent bins of the spectrum
considered in coarse frequency estimation are covered.

At the end of the last (namely, the Nj;th) iteration, an estimate of the complex amplitude

of the kth target is evaluated as Aj, = J(Nit)(ﬁ’ls,iv“), F,Siv“)) (see (3.118)).

The ELA can also be employed in the AE; its formulation for the last block can be easily
derived from that illustrated above for the RDE by simply replacing f[,(nRB E), F, and F,
with I;T,(n,ﬁg), —Fy and Fy, respectively.

The ELA is summarized in Algorithm 4.

6The dependence of I}fy), I;,fp) and 13'}(;) [2] on the target index k is not shown in the following three
equations to ease notation.
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Algorithm 4: Extended Lee algorithm (ELA)

Input: The matrix HRPE) (HAR) for the RDE (AE), the overall number of
iterations in frequency refinement (Nj;) and an estimate of the overall number of
targets (K).

Initialization: Evaluate the estimates (FV(S), E ;Sg),flg))) (F 1(10;37 F‘(/Z), A,(CO))) by finding
K peaks in the spectrum (3.61) ((3.69)) for the RDE (AE).

Refinement: for k=0 to K — 1 do

for i =1 to Ny; do

a- Compute the estimates (FV(,?, Fp(z)) ((F‘(/i), F};Z)) by means of (3.117).

k

end

b- Evaluate the kth target amplitude as Aj, = JNVi)( Als,iv“), F,S,]CV“)) for the RDE
or Ay = J(Nit)(ﬁ"(/ivit),ﬁ’gzit)) for the AE (see (3.118)).

end

Output: The estimates (F,S,iv“), F,S,ivit), fl,(;)) ((ngv“), F‘(/f:f“), AI(CN“))) for the kth

A

target (with £ =0,1,..., K — 1) if the RDE (AE) is considered.

3.5 Computational complexity

In this section, the computational cost of the DRAEC strategy and of the estimation
algorithms exploited by it is analyzed in terms of the FLOPs to be executed when K
targets are detected and estimated. In general, the complexity of the DRAEC technique
is approximately of order O(Npragrc), where

Nprarc = NrpE + Noag + Nag + Nerpe + NrpE- (3.123)

In the last formula, the terms Nrpg and Nag represent the number of FLOPSs required by
the RDE and the AE, respectively, whereas Nrpr, refers to the number of FLOPs required
by the second instance of the RDE for the refinement of the range-Doppler estimates.
Moreover, Noag = 4K M N Nt Nr and Ncrprg = 4K M N Nt NR represent the costs
due to range-Doppler and angular compensation through (3.49) and (3.53), respectively.
The expressions of the terms Nrpr, Nag and Nrpg depend on the choice of the detection
& estimation algorithm employed by the RDE and AE; the main results about the com-
putational complexity of the algorithms described in the previous section are summarized
below.

2D periodogram method - The computational complexity of this method is O(Cap_prr),
where
Cop_rrr = MyNy 10g2(M0N0) + K MyNy. (3.124)

If spectral interpolation is used, the term

Cint = K(Ilfp + Nle) (3.125)
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has to be added to Cop_ppr, in (3.124); here, I; (1)) is the number of nodes employed
along the first (second) dimension, whereas N; (IN,) is the resulting number of points
evaluated by means of interpolation for the first (second) dimension.

CSFDEC algorithm - The computational complexity of this method is O(Ncsrprc), where
NCSFDEC is given by (1.65).

Alg-P - Unlike the CSFDEC algorithm, this algorithm does not operate in an iterative
fashion, performs time domain cancellation and re-computes the spectral residual after
each cancellation step in order to get ready for the detection of a new target (if any). For
these reasons, its computational complexity is O(Carg—p), where

C1ALG—P = K(Cinit + CP + Ccanc)- (3126)

In the last formula, Ciny = MoNylogy(MoNg) + MyNy is the contribution due to step
1) of Alg-P (i.e., to the 2D periodogram mazimization), Cp = Cp,, + Cp, (with Cp,, =
Cpy = 12MN) is the cost originating from the computation of the spectral samples for
the first and second frequency of the kth target (see (3.88) and (3.89), respectively) and
Ceanc = KM N is the contribution due to cancellation in the time domain. Note that the
initialization cost depends on the number of targets K; this is due to the fact that the
residual spectrum for the coarse estimation of a new target is evaluated after each time
domain cancellation (see (3.80)).

MFA - The initialization phase of this algorithm relies, similarly as both the CSFDEC
algorithm and the Alg-P, on the 2D periodogram method; however, since the MFA does
not include a cancellation procedure, the search for K local maxima in the periodogram is
required in order to acquire K coarse frequency estimates. Moreover, the initialization is
followed by a frequency refinement process, which is sequentially repeated for each target.
Therefore, the computational complexity of the MFA is O(Cyga ), where

CvrA = Cinit + K Cref. (3.127)

In the last formula, Cinit is equal to Cop—_pprr, in (3.124), (initialization cost) and Cyer =
16 MNNE,NF, (Cref = 16M N Ng, NE,, ) is the cost of the refinement step, being Ny, and
Np, (Np, and Np,, ) the number of trial values characterizing the grid selected for F), and
F, (Fv and Fg) if the RDE (AE) is considered.

QSE - Similarly to the MFA and the ELA, this algorithm evaluates first the coarse es-
timates of K targets through the 2D periodogram method. The frequency refinement
step requires evaluating (3.106) Nj; times for each target. Therefore, the computational
complexity of the QSE is O(Cqsg), where

CqsE = Chnit + K NitCref- (3.128)

In the last formula, Cj,;; is the initialization cost (which is equal to that of the same step
of the MFA and the ELA), Nj; represents the overall number of iterations carried out to
evaluate (3.106) and Cief = 8M N is the complexity due to the computation of the DFT
coeflicients required to solve the last referred equation.
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ELA - The initialization of this algorithm is based on the 2D periodogram method and
is followed by the frequency refinement step, which requires solving (3.117) Nj; times for
each target. Therefore, the computational complexity of the ELA is O(Cgra ), where

Crra = Cinit + K Nt Cres. (3.129)

In the last formula, Ciy;; is equal to Cop—ppr, in (3.124), (being the cost of 2D periodogram
method), Nj; is the number of iterations carried out to refine the estimates of each target
and Ciet = 16(M?2 + N? + MN)NF,Np, (Cret = 16(M? + N? + MN)Np, N, ) represents
the cost of each iteration of the refinement step, being Ng, and N, (Np, and Np,,) the
sizes of the grid for the refinement of F, and F, (Fyy and Fp), respectively, if the RDE
(AE) is considered.

3.6 Numerical results

In this work, seven different embodiments of the DRAEC strategy are compared in terms
of computational effort and estimation accuracy achieved in various scenarios. In each
embodiment, the same algorithm for the detection and estimation of 2D complex tones
is employed in both the RDE and the AE, and the RDE is executed for the second time
after that the AE has estimated the DoA (i.e., both the azimuth and the elevation) of
all the detected targets in order to generate a finer estimate!” of their range and velocity.
For this reason, in the following, the acronyms FFT0 (FFTi), CSFDEC, Alg-P, MFA,
QSE and ELA are adopted to identify the embodiments employing the 2D periodogram
method without spectral interpolation (with spectral interpolation), the CSFDEC algo-
rithm, the Alg-P, the MFA, the QSE and the ELA, respectively. It is important to point
out that embedding these algorithms in the DRAEC allows us to compare state-of-the-art
estimators, in terms of accuracy and complexity, in a 4D radar imaging problem and, in
particular, to assess their performance in the estimation of specific parameters of multiple
targets.

In the following, we also assume that:

1) The considered radar system is equipped with a TX HULA (RX VULA) consisting of
Nt = 8 (Nr = 8) elements, whose spacing, as already mentioned in Section 3.2, is dy = \/2
(dy = \/2); consequently, the structure of its virtual array is described by Fig. 3.2.

2) The OFDM modulation employed by the radar system is characterized by the following
parameters: a) overall number of subcarriers N = 512; b) overall number of OFDM
symbols/frame M = 64; c) subcarrier spacing Ay = 250 kHz; d) cyclic prefix duration
Tc = 12.5 ps (consequently, the OFDM symbol duration is Ty = 1/Ay 4+ Tg = 16.5 pus);
e) carrier frequency f. = 79 GHz (consequently, the carrier wavelength is A = ¢/f. = 3.8
mm); f) cardinality of the PSK constellation M, = 4.

In our simulations, four different scenarios have been considered. The first three scenarios
share the following features:

"Note that the performance of the second instance of the RDE is affected by the estimation errors
introduced by the AE.
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1) They are characterized by a couple of targets (i.e., by K = 2), whose echoes have a uni-
tary amplitude (so that |Ag| = |Ai| = 1). The range Ry, the velocity vg, the normalized
vertical frequency'® Fy, and the normalized horizontal frequency Fpy, of the first target are
mutually independent and uniformly distributed random variables (the interval character-
izing the uniform distribution of these variables is denoted (Xpmin, Xmax) in the following,
with X = R, v, Fyy or Fg)'?. The same parameters for the second target (namely, Ry,v1,
Fy, and Fp, ), instead, depend on those of the first one, since they are evaluated as

X1 =Xo+ Xbin Xres, (3130)

where X = R, v, Fy or Fy, and Xy, and X, represent the normalized target spacing
and the resolution, respectively, of the radar system along the X dimension; moreover,
Ries = ¢/(2NAy) = 1.1719 m, wvres = A/(2MTy) = 1.798 m/s, Fy,,, = 1/Ngr =0.125 and
Fy,..=1/Nt = 0.125 denote the resolutions in the range, velocity, normalized vertical
frequency and normalized horizontal frequency domains, respectively.

2) The SNR?°
K-1

SNR £ ) |4k foiy, (3.131)
k=0
at the RX side varies from —20 to 20 dB.

However, the first three scenarios differ for the values selected for the parameters Xy,
Xmax and Xy, with X = R, v, Fy and Fy. In fact, we have that:

1) In the first scenario (denoted S1), (Rmin, Rmax) = (0, 10) m, (Umin, Vmax) = (0, 2.78)
m/s, (Fy..,Fy. ) = (0,0.1754), (Fy..,Fy. ) = (—0.1761, 0.1761), Rpm = vpin = 3
and FVbin = FHbin = 2.

2) In the second scenario (denoted S2), the intervals (Fyv. . ,Fy,. ) and (Fu_ . , Fu,..)
are the same as S1, but (Rmin, Rmax) = (10, 20) m, (Umin, Vmax) = (2.78, 5.56) m/s,
Rbin = Ubin = 0 and FVbin = FHbin = 2.2.

3) In the third scenario (denoted S3), the intervals (Rmin, Rmax) and (Umin, Vmax) are
the same as S2, but (Fyv., , Fv,..) = (0,0.3566), (Fu,.. ,F#,..) = (—0.3623, 0.3623),
Rbin = Ubin — 3 and FVbin == f‘ijin =0.

The fourth scenario (denoted S4), instead, has the following characteristics:
1) Its overall number of targets is varying (in particular, K € {1,2,...,5}).

2) The range Ry, the velocity vg, the normalized vertical frequency Fy, and the normal-
ized horizontal frequency F'g, of the first target are mutually independent and uniformly
distributed random variables; the intervals (Rmin, Rmax), (Umin, Umax) and (Fy._. , Fy;...) se-

lected for Ry, vg and Fyj, respectively, are the same as S2, whereas the interval (Fy,_. , Fr . ) =

(—0.7765, —0.5534) is chosen for Fp,,.

8Note that, given the normalized spatial frequencies Fyy and Fy characterizing a given target, target
elevation 0 and azimuth ¢ can be easily computed on the basis of (3.33) and (3.34), respectively.

9Tn all the scenarios, target parameters have been generated by means of the function rand available in
MatlabR2022b.

2ONote that 0§, represents the variance of the noise sample V_Vr%’, «9) appearing in the RHS of (3.40).
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3) The amplitude of the kth target (with £ =0,1,..., K — 1) is unitary.

4) The range Ry, velocity vy, normalized vertical frequency Fy, and normalized horizontal
frequency Fp, of the kth target (with k& = 1,2,..., K — 1) are evaluated as X; = Xo +
k Xpin Xres, with X = R, v, Fyy or Fy (the parameters Xp;, and X,es have been already
defined; see (3.130)); here, Rpin = vpin = 1.8 and Fy;,, = Fp,, = 0.7.

5) The SNR is fixed and set to 10 dB.

The selection of the four scenarios defined above can be motivated as follows. On the one
hand, the first scenario allows us to compare the considered embodiments of the DRAEC
strategy in the presence of two targets whose spacing in the range, velocity and angular
domains is fized, but not small. On the other hand, in the second (third) scenario, we
still focus on the case of two targets, but assume that they are overlapped in range and
velocity (azimuth and elevation) domains, whereas they are well spaced in the azimuth
and elevation (range and velocity) domains. The fourth scenario, instead, allows us to
assess the impact of a variable number of targets on the estimation accuracy; note that
such targets are quite close in the azimuth and elevation domains, but are fairly spaced in
the range and velocity domains.

In the considered simulations®!, the following choices have also been made:

1) The overall number of targets (i.e., K) has always been assumed to be known. This
entails that none of the 2D estimators employed in the DRAEC strategy requires setting
a specific threshold. Note, however, that the target configuration is unknown at the RX
side; for instance, the radar receiver is unaware of the existence of targets characterized
by the same parameters in some domain (e.g., by the same DoA).

2) In the first three scenarios, the estimation accuracy achieved by each embodiment of
the DRAEC strategy has been assessed by evaluating the RMSE

N:—1 K-1
1 1 A

RMSEyx 2 N > EZ(Xk[t] — X})2 (3.132)
=0 k=0

for the range (X = R), velocity (X = v), azimuth (X = ) and elevation angle (X = ¢) of
the considered targets; here, X}, [t] denotes the estimate of the parameter X}, evaluated for
the kth target in the tth Monte Carlo run and N; is the overall number of Monte Carlo
runs. Moreover, in applying the last formula, the parameters of the K targets and the
estimates generated for them have been ordered on the basis of their range (in particular,
according to an ascending order, i.e., from minimum to maximum range).

3) In the fourth scenario, instead, the estimation accuracy achieved by each embodiment
of the DRAEC strategy has been assessed by evaluating the normalized RMSE

. RMSEx

21 A1l the simulations have been performed on Matlab R2022b, running on a personal computer equipped
with an i7 processor.
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with X = R, v, Fy and Fpy; here, CRLBx denotes the CRLB for the estimation of X
(the evaluation of the CRLB for the considered scenarios is illustrated in Appendix A.2.1).
Note that the adoption of NRMSEx, in (3.133), as a performance index allows us to fairly
compare the estimation accuracy of each algorithm achieved in the presence of a variable
number of targets and its computation is done for each SNR value.

4) The detection thresholds adopted in the inequalities (3.47) and (3.52) have not been
selected, being K known. In practice, the RDE, in its first instance, searches for K (RPE)
K targets (i.e., K range-Doppler bins). Then, the AE identifies K (*F) > K targets, orders
them according to decreasing perceptual importance, and discards the last (K (AE) _ g )
of them.

5) In all the considered scenarios, the oversampling factors LgRDE) = LgRDE) =4 (LgAE)

= LgAE) = 8) have been adopted for the RDE (for the AE), independently of the employed
frequency estimation algorithm; consequently, according to (3.62), (3.63), (3.70), (3.71),
we have that Mo = 512 (M = 64) and N = 2048 (No = 64).

In addition, in all the considered scenarios, the following choices have been made for the
parameters of the 2D complex tone estimators:

2D periodogram method with interpolation - Orders I} = I, = 7 have been adopted for
the spectral interpolation accomplished in both the RDE and the AE, and a grid of size
N; x Np = 251 x 251 is selected in the serial refinement of the target estimates.

CSFDEC algorithm - Number of iterations carried out in the evaluation of the residuals

N{FPE) = 30 (N{*™) = 35), number of re-estimations N{to™) = 3 (N\a) = 3) and inter-
polation orders along the two dimensions of the spectral components I](\?DE) = I](\?DE) =7

(107 = 1) = 7) for the RDE (for the AE).
MFA - Number of trial values employed in (3.97) (in (3.102)) Np, = N, = 51 (Np, =
Np,, = 51) for the RDE (for the AE).

QSE - Number of iterations for frequency refinement Ni(tRDE) =20 (Ni(tAE) = 20) and
g-shifts ¢, = g, = 0.031 (qv = qu = 0.25) for the RDE (for the AE).

ELA - Number of iterations accomplished to refine target estimates Ni(tRDE) =7 (Ni(tAE) =
7) and number of trial values employed in (3.118) Np, = N, = 15 (Ng, = Np, = 15)
for the RDE (for the AE).

Some numerical results referring to S1 are shown in Fig. 3.4, where the performance index
RMSEx (with X = R, v, 0 or ¢) characterizing all the considered algorithms is shown
for SNR € [—20, 20] dB (in these figures and in all the following ones, simulation results
are represented by labels, whereas continuous and dotted lines are drawn to ease reading).
From these results, it is easily inferred that:

1) The FFTO is outperformed by all the other methods; note also that the floor observed
in the RMSE performance of this embodiment is due to the discretization of the grid (see
(3.76) employed in the RDE and in the AE (see (3.61) and (3.69), respectively).
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2) The CSFDEC and the Alg-P achieve very good accuracy (close to the CRLB) thanks
to their use of cancellation and refinement procedures.

3) The QSE performs similarly to the Alg-P (FFTi) in range (angle) estimation and
similarly to the CSFDEC in velocity estimation.

4) The FFTi takes advantage of peak interpolation, achieving an estimation accuracy
similar to that of the MFA and of the ELA in angular estimation. These considerations,
together with those illustrated at point 3), also apply to S2 and S3.

5) The RMSE curves for the FFTi, the MFA and the ELA exhibit a floor at high SNRs.
This is due to the fact that the accuracy of the FFTi estimator and the MFA is intrinsically
limited by the discretization of their search grid. Further simulation results have evidenced
that enlarging the set of trial values improves estimation accuracy; however, this result is
achieved at the price of higher computational complexity. As far as the ELA is concerned,
its accuracy can also be improved by increasing its number of iterations, but this results
in a significant increase in the required computational effort. These considerations apply
to all the results shown below for the three algorithms that have been just mentioned.

6) The RMSER and RMSE, curves of the Alg-P exhibit a floor at high SNRs. This
phenomenon can be related to the fact that the employed estimation algorithm is biased,
since it does not include either an iterative refinement process or a leakage compensation
procedure for each detected target.

7) The computational efforts required by the FFTi, the CSFDEC, the Alg-P, the MFA,
the QSE and the ELA are 1.01, 6.6, 1.1, 10, 1.2 and 49 times higher than that required
by the FFTO0; these results also hold for S2 and S3.

Further results for S1 are shown in Fig. 3.5, in which the RMSER curves of the CSFDEC,
the Alg-P and the QSE are shown for the cases in which the RDE is executed only once
(dashed lines) and twice (solid lines). From this figure, it is easily inferred that:

1) The improvement in range estimation provided by the second instance of the RDE in
order is significant for all the proposed techniques; similar results, not shown here, have
been found for velocity estimation.

2) The price to be paid for this improvement is an increase in the overall computational
effort (this is quantified by the term Nrpg appearing in (3.123)).

Note also that running a single instance of the RDE corresponds to what is done in all the
related technical manuscripts in which only a subset of the target parameters (range and
Doppler, in this case) is estimated, whereas the other parameters are kept fixed and/or
are not successively compensated for (e.g., see [23] where the angular parameters are not
estimated). For this reason, these results evidence the importance of estimating all the
target parameters jointly.

Some numerical results referring to S2 are shown Fig. 3.6, where the performance index
RMSEx (with X = R, v, 6 or ¢), characterizing all the considered algorithms, is shown
for SNR € [—20, 20] dB. These results lead to the following conclusions:
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1) The FFTi, the MFA, and the ELA achieve similar accuracy in the estimation of angular
parameters and exhibit similar trends (and, in particular, a floor); however, the FFTi is
outperformed by the MFA and the ELA in range and Doppler estimation.

2) The RMSEy and RMSE, referring to the Alg-P and the QSE are quite flat. This is due
to the fact that the two targets are located in the same range-Doppler bin. This affects
the quality of the signal generated by the AE in compensating for the range and Doppler
of each target (see (3.49)) and passed to the RDE. Moreover, the performance of the QSE
is appreciably influenced by the selection of the shifting parameters (i.e., gy and gy for
the AE). The values of these parameters have been optimized according to [71, Sec. III,
egs. (40) and (45)].

3) The CSFDEC performs substantially better than all the other embodiments in the
estimation of azimuth and elevation, and similarly as the QSE in range and velocity
estimation (the accuracy of both embodiments is very close to the CRLB).

Some numerical results obtained for S3 are illustrated in Fig. 3.7, showing again the
dependence of the RMSEs on the SNR, with SNR € [—20, 20] dB. These results lead to
the following conclusions:

1) The CSFDEC and the QSE achieve the best estimation accuracy (very close to the
CRLB) for all the considered parameters, whereas the Alg-P performs similarly in angle
estimation only.

2) The accuracy provided by the MFA in azimuth and elevation estimation is slightly
better than that characterizing the ELA and the FFTi.

3) The accuracy achieved by the MFA in range and velocity estimation is similar to that
provided by the Alg-P and the ELA; moreover, the trend of their RMSER and RMSE,
curves remains flat even at high SNR values.

The last results refer to S4 and are shown in Fig. 3.8 and in Fig. 3.9. In particular, in
Fig. 3.8 the NRMSE characterizing all the considered embodiments at a given SNR and in
the presence of a variable number of targets is shown. These results lead to the following
conclusions:

1) The NRMSEx increases with the overall number of targets (i.e., the RMSEx departs
from the associated CRLB), with X = R, v, Fy or Fy. This is due to the fact that
increasing K results in a stronger spectral leakage and, consequently, in poorer estimation
accuracy of each algorithm.

2) The CSFDEC, the Alg-P and the QSE perform similarly in range and velocity estima-
tion, whereas the CSFDEC performs better in the estimation of azimuth and elevation.
This confirms once again that the CSFDEC algorithm better exploits the limited infor-
mation available in the angular domain?? and takes advantage of its leakage compensation
mechanism.

3) The QSE represents the best option in the case of a single target. However, if the overall
number of targets increases, it is outperformed by the CSFDEC and the Alg-P; this is due

22The estimation of angular parameters is based on the Nt x Ngr matrix FIk; see Section 3.3.2.
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to the fact that the CSFDEC algorithm and the Alg-P make use of a serial cancellation
procedure.

4) The ELA performs better than the MFA in the considered scenario.
5) The FFTO and the FFTi are less accurate than all the other techniques.

In Fig. 3.9, instead, the computational complexity of all the embodiments is represented
for a variable number of targets; both the computational cost, measured in mega FLOPs
(MFLOPs), and the CT?® are taken into consideration. From this figure, it is easily
inferred that:

1) The trend of most of the CT curves is similar and in agreement with that characterizing
the corresponding curves of the computational cost; the only exception is represented by
the CSFDEC, for which the trend of the computational cost appears to be flatter than
that of the CT.

2) The slopes of all the curves (i.e., the relative increase in complexity as K gets larger)
are similar.

3) The CT of the Alg-P is very close to that required by the FFTO0 and the FFTi; moreover,
the last two methods require similar CTs.

4) Even if the complexity of the QSE is similar to that of the Alg-P, the CT of the former
embodiment tends to be larger than that of the latter; this is mainly due to the fact that
their estimators have different initializations. In fact, in the case of the QSE (the Alg-P),
the search for K local maxima (for a single maximum) is required.

The results shown in this section evidence that the CSFDEC represents the winning op-
tion among the set of considered embodiments, since it achieves the best performance-
complexity trade-off.

3.7 Conclusions

In this chapter, a novel general strategy to develop sub-optimal methods for the detec-
tion of multiple targets and the estimation of their parameters in a MIMO OFDM-based
JCAS system has been proposed. This strategy is based on the idea of splitting a com-
plicated multidimensional optimization problem into a couple of simpler (but interacting)
sub-problems. Seven different embodiments of it have been described, their complexity has
been assessed and their estimation accuracy has been compared in four different scenar-
ios. The numerical results, based on synthetically generated data referring to four distinct
scenarios, evidence that all the proposed embodiments perform reasonably well, but may
require substantially different computational efforts. Moreover, the estimation accuracy
of the majority of the algorithms exhibits a floor as the SNR increases. This phenomenon

ZThese metrics allow us to compare the impact of different 2D estimators available in the technical
literature on the overall computational effort required by the DRAEC, since this mainly depends on the
complexity of the specific algorithm adopted in its two core blocks.
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is due to the lack of an iterative procedure for refining the coarse estimates of the de-
tected targets or to the use of a sub-optimal refinement procedure or to the adoption of a
(discretized) search grid.

We believe that this work sheds new light on a complicated technical problem, which
plays a key role in the development of future JCAS systems; in fact, it provides an in-
depth analysis of the accuracy-complexity trade-off characterizing different solutions to it.
In a number of applications, achieving good estimation accuracy represents a fundamental
requirement; at the same time, real-time operation is also needed, so that substantial
attention must be paid to the computational effort required by the adopted estimation
algorithms. All in all, we believe the detection and estimation algorithms based on the
strategy we propose can represent good candidates for the processing to be accomplished
in OFDM-based 4D radars. The next chapter introduces multicarrier modulation formats
to be employed for JCAS applications within the context of high-mobility communications,
with a particular focus on OTFS, a format designed to be resilient against doubly-selective
fading communication channels.
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4

Multicarrier modulations in high mobility
scenarios

This chapter discusses focuses on the challenges of wireless communication systems when
rapid channel variations and Doppler effects are present. Orthogonal Frequency Divi-
sion Multiplexing (OFDM) has been widely adopted due to its robustness against multi-
path fading and its efficient implementation using Fast Fourier Transform (FFT). How-
ever, its performance degrades in high-mobility environments due to its sensitivity to
Doppler shifts. To address these challenges, Orthogonal Time Frequency Space (OTFS)
has emerged as a promising alternative. OTFS transforms the time-frequency domain into
the delay-Doppler domain, providing resilience against channel variations and improving
performance in high-mobility scenarios. In particular, in this chapter, we investigate the
implications of adopting a double cyclic prefix in the acOTFS modulation. The study in
this chapter first focuses on the analysis of the modulated signal and on the development
of a useful model for the received signal in the presence of a doubly selective fading chan-
nel. On the one hand, the obtained mathematical results allow us to accurately assess the
impact of pulse shaping on the structure of the transmitted waveform and on its power
spectral density. On the other hand, the resulting models pave the way for developing
some simple rules for allocating pilot symbols within each OTFS symbol and develop
novel strategies for channel estimation and equalization.

4.1 Introduction

In the near future, 6G wireless networks are expected to provide high-quality wireless
connectivity as well as highly accurate and robust sensing capability. One of the key chal-
lenges in 6G network research is represented by the development of new communication
waveforms that are able to support communication and sensing functionalities in high-
mobility environments at very high frequencies. In the last two decades, a multicarrier
modulation format, known OFDM, has played a fundamental role in new standards for
local area and mobile wireless networks. Recently, substantial efforts have been devoted to
investigating its use for Integrated Sensing and Communication (ISAC) in future wireless
networks [75,76]. Unluckily, one of the main weaknesses of OFDM-based digital commu-
nications is represented by the severe ICI experienced at the RX side in the presence of a
doubly selective fading channel characterized by strong Doppler [77]. From this perspec-
tive, a more appealing alternative! is represented by a 2D modulation technique called
OTFS [79]. In fact, it has been shown that, since in that case data are modulated in the
DD domain rather than in the conventional TF domain, the communication channel has

! Another alternative to OFDM, in the ISAC context, is represented by Affine Frequency Division
Multiplexing (AFDM) (see [78]) for further details).
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approximately the same impact on all the channel symbols of the same OTFS symbol and
its full diversity can be potentially extracted through proper equalization methods [80].

It is important to mention that Hadani et al., in their seminal manuscript [79], presented
the OTFS modulation as a 2D generalization of the OFDM format, but did not focus
on the problem of adopting, in a similar way as OFDM, a proper CP to impart a quasi-
periodic structure to the transmitted signal; this issue has been also ignored in their
later manuscript [80]. Note that the presence of a CP plays a fundamental role in OFDM
communications over a frequency selective (i.e., time dispersive) communication channel, as
it allows to represent the effect of the communication channel on the transmitted signal as
a cyclic convolution in the TD, thereby drastically simplifying channel equalization at the
RX side; moreover, it eliminates the interference between consecutive OFDM symbols [81,
Sec. 3.7]. Note, however, these advantages are obtained at the price of a reduction of
energy efficiency. Since the OTFS modulation generalizes OFDM by expanding the last
format along the frequency dimension, in the light of the TF duality principle developed by
Bello in [82], the use of an additional CP in that dimension in the presence of a frequency
dispersive (i.e., time dispersive) communication channel appears to be a natural choice.
This unavoidably increases the bandwidth of the modulated signal and, consequently,
reduces its spectral efficiency. However, based, once again, on the duality principle, we
should expect that the presence of the second prefix will allow us to represent the effect
of frequency dispersion (i.e., Doppler) on the transmitted signal as a cyclic convolution in
the FD and, consequently, will simplify the processing to be accomplished at the RX to
compensate for the resulting distortions.

As far as we know, the use of a CP in the OTFS modulation has been taken into consid-
eration for the first time in [83,84] and, later, in [85]. In all these manuscripts, however,
the CP is adopted along the time dimension only. When this occurs, interference between
OTFS symbols (i.e., ISI) is avoided if the CP is long enough [86]; otherwise, this phe-
nomenon has to be taken into account in the received signal model [87,88]). Another
significant contribution related to the CP issue can be found in [85], where a derivation of
the OTFS modulation based on the Zak transform [89] is provided. The use of this trans-
form makes an entire OTFS frame appear periodic to the communication channel along
the Doppler direction and ” quasi-periodic” along the delay direction. The work illustrated
in [85] effectively encompasses the concept of imparting 2D periodicity to the modulated
signal. However, in our opinion, it does not fully unveil the implications of the use of a
CP along the frequency dimension.

In this chapter, we focus on the use of a Double Cyclic Prefix (DCP) in the OTFS modu-
lation and on its implications on pulse shaping and pilot-aided channel estimation. More
specifically, the following contributions are provided:

1) The dual of the OFDM modulation, called Dual Orthogonal Frequency Division Mul-
tiplexing (DOFDM), is derived by applying the duality concept to OFDM. Moreover,
its use in a digital communication system operating over a time selective communication
channel is illustrated. This allows us to show that the adoption of a FD CP in DOFDM
drastically simplifies channel equalization at the RX side.

2) It is shown that the OTFS modulation can be developed by jointly exploiting a few
essential principles on which OFDM and DOFDM are based. This leads to extending
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OTFS symbols by incorporating a CP in the TD and one in the FD in a natural fashion;
the resulting modulation format is called OTFS with DCP (OTFS-DCP, briefly) in the
following.

3) The impact of the TX pulse on the overall structure of OTFS-DCP signals is assessed
in a rigorous way. The conducted analysis is based on representing the complex envelope
of the modulated signal and its spectrum through their Fourier series; the adoption of
this mathematical tool is made possible by the cyclic structure of the modulated signal
along the time and the frequency dimensions. Note that, in the technical literature, a
rectangular TX pulse is usually selected because of its simplicity and the simplifications it
offers in signal modeling (e.g., see [83,84,88,90-92]). We show, instead, that the choice of
a pulse having a Root of a Raised Cosine (RRC) spectrum represents a better choice. In
addition, differently from [93,94], which primarily focus on the influence of pulse shaping
on the architecture of OTFS receivers, in this chapter a specific pulse shape imparting a
simple multicarrier structure to the modulated signal is proposed; this, in turn, simplifies
the processing to be executed at the RX side for channel estimation and equalization.

4) The Power Spectral Density (PSD) of the OTFS-DCP format is derived and analyzed.

The remaining part of this chapter is organized as follows. Section 4.2 is devoted to briefly
describing OFDM and its dual modulation scheme, and to showing how the OTFS-DCP
format is related to them. In the analysis of the OTFS modulation format, we take into
consideration not only the baseband model of the transmitted signal, but also show how
channel equalization and detection of channel symbols should be accomplished at the RX
side. Moreover, the impact of pulse shaping on the inner structure of the OTFS-DCP
format and its PSD are investigated. Finally, some conclusions are offered in Section 4.3.

4.2 Signal and System Models

In this section, we illustrate: 1) the derivation of three distinct digital modulations; 2)
the signal models at the RX side of a communication system employing each of these
modulations and operating in the presence of different types of fading channels. First, we
briefly describe how an OFDM signal is generated and derive the corresponding RX signal
model in the presence of a frequency selective fading channel. Then, following the same
line of reasoning and, based on the duality concept, we introduce the dual of the OFDM
format (briefly, dual OFDM, DOFDM) and develop the corresponding RX signal model in
the presence of a time selective fading channel. Finally, we show how the signal model of
the OTFS-DCP modulation can be derived from most of the previously obtained results
in a natural fashion; moreover, we develop the received signal model for a communication
system employing that modulation format and operating over a doubly selective fading
channel.

4.2.1 Signal Models in an OFDM-Based Communication System

In this subsection, the derivation of various signal models is sketched for a communication
system employing the OFDM modulation. In the following mathematical developments
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we focus on the transmission of the N-dimensional vector cy = [co,c1y-eny cN_ﬂT, repre-
senting the message and collecting N channel symbols, each of which belongs to an M ary
constellation; this vector represents a single OFDM symbol. To begin, we assume that
cy undergoes the one-to-one transformation g : CV — C; this yields the N-dimensional
vector

xy £ [0, 21, ., 2n-1]" = g (en) (4.1)

conveying the same information as cy. The last vector is employed to generate the periodic
sequence {zj} by repeating it with period N, so that

Tk = TRy[K]s (4.2)

for any k£ ¢ {0,1,...,N — 1}. This sequence feeds a pulse amplitude modulator, that
produces the baseband periodic signal

“+oo
s(tien) = Z xp p(t — kTy), (4.3)

k=—o00

where p(t) is the modulator impulse response and Ty is the symbol interval. Since the
period of s(¢;cy) in (4.3) is T' = NTj, this signal can be represented through its Fourier
series as

+0o0
s(tien) = Y SUP) (e) exp (j2m fmt) (4.4)

where f,, £ m/T = m/(NT,) is the mth harmonic frequency and

1 T
SﬁfD)Onv)ézjﬂjg s (t e) exp (2 funt) dt (4:5)

is the mth Fourier coefficient. Substituting the RHS of (4.3) in that of (4.5) yields, after
some manipulation,

(TD) (o r) — — 1
for any m; here, P, 2 P(f,,) = P(m/(NTy)),
+o0o
P(P) = FCTp) £ [ plt)exp(—j2n o)t (.7

is the Fourier Continuous Transform (FCT) of p(¢) and
;| Nl

l
X 2 — xrexp| —j2mr—m (4.8)
VN ; : ( N )

is the mth coefficient of the order N DFT of the vector xy, in (4.1). Note that the last
equation can be rewritten in vector form as

Xy 2 [Xo, X1, ..., Xnv_1]F 2 DFTx[xn] 2 En xp, (4.9)
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where Ey is the order N DFT matrix. Then, if the transformation g(-) in (4.1) is an order
N IDFT, iec., if
xy = IDFTy[cy] 2 Elcy, (4.10)

we have that (see (4.9))
XN = ENEJH\;CN = CN. (4.11)

Similarly as xn, Xy can be cyclically extended to generate the periodic sequence { Xy},
having period equal to N; from (4.11) it is easily inferred that

Xk = CRN[M (412)

for any k ¢ {0,1,...,N — 1}. Substituting the RHS of (4.12) in that of (4.6) and, then,
the resulting expression in the RHS of (4.4) yields

1 X .
s(tieny) = TN Z P cRym) €XP (527 fmt) - (4.13)

The last expression can be reformulated by replacing the (single) index m with the couple
(n,k), such that m = n + kN, with n = 0,1,..., N — 1 and k arbitrary integer. This
produces

s (tien) Z Cn gn(t (4.14)

where
—+o00

gn(t) 2 )" Poyrnexp (j2m frirnt) .- (4.15)

k=—o00

The RHS of (4.14) is required to represent a multicarrier signal, i.e., to consist of the
superposition of N complex exponentials, characterized by distinct frequencies, having
the same amplitude and conveying different channel symbols. This result is achieved if
only a single term and, in particular, the one associated with k = 0, survives in the sum
appearing in the RHS of (4.15), i.e., if P,4xny = 0 for any k # 0; this means that p(t)
should be bandlimited and its spectrum P(f) should ensure that the spectral samples
{Ppy;n=0,1,..., N — 1} are identical. In [81, Subsec. 3.7] it is shown that a good option
for p(t) is represented by a pulse whose spectrum P(f) is the RRC? with roll-off factor «
(e.g., see [81, Subsect. 3.5.4, eq. (3.90)])

VT |fl < fica
P(f) = VT:cos(m w) fica < f] £ fivas (4.16)
0 ’f‘ >f1+a

where fi1q = (1 £ a)/(27%), with 0 < a < 1. However, in this case, the contribution of
some of the functions {g,(t)} appearing in the RHS of (4.14) needs to be suppressed, since
they consist of the superposition of a couple® of complex exponentials, whose frequencies
are spaced apart by 1/Ty Hz (see [81, Sebsect. 3.7.2, eq. (3.257)]). The suppression of

2This spectrum is characterized by a flat top; the identical spectral samples {P,} originate from it.
3If subcarrier suppression was not used, this would result in the presence of a form of self-interference.
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such functions is obtained by setting Ny, & N — 2N, — 1 consecutive elements of ¢y (and,
in particular, the elements whose index runs from N, to N — N, — 1) to zero; here,

N, = Vv(lz_a)J . (4.17)

Then, (4.14) turns into

No

1 .
s(t;en) = N Z CRy[n] €XDP (127 fnl) . (4.18)
s n=—Ng

Note that: 1) in the last equation, CRy[n] = Cn for n=0,1,..., Ny and cgy ) = cN4n for
n = —Ng,—Ny + 1,...,—1; 2) the number of useful subcarriers is equal to N,, = 2N, + 1
and increases as the roll-off factor gets closer to zero at the price of a longer p(t); 3) the
number of Suppressed Carriers (SCs) is equal to N — N,; 4) the subcarrier spacing is
equal to 1/(NTy); 5) the pulse p(t) characterized by the spectrum P(f) (4.16) needs to
be truncated to L, symbol intervals (where L, is an integer parameter) in order to ensure
that the transmission of each OFDM symbol is accomplished over a finite time interval;
6) since the truncation interval adopted for p(t) is required to capture most of the energy
of this pulse, its duration should increase as « gets smaller.

Let us assume now that the signal s(¢;cn) (4.18) is sent over a time-invariant frequency
selective wireless channel having impulse response

L—-1
h(T) £ d(r — ), (4.19)
=0

where h; and 7; represent the complex gain and the delay, respectively, of the [th path,
with { =0,1,...,L — 1, and L is the overall number of multi-path components. The useful
component of the baseband signal available at the output of the RX filter can be written
as

r(tien) = s(t;en) * h(t) * g(t), (4.20)

where g(t) represents the impulse response of the RX filter, which is assumed to be
matched* to p(t) (ie., g(t) = p*(—t)), so that G(f) 2 FCT[g(t)] = P*(f). Then, un-
der this assumption, substituting the RHS of (4.18) in that of (4.20) produces

No

1 .
r(t;eny) = Nidi Z CRy[n] HRy[n) €D (127 frl) , (4.21)
n=—Ng

where H,, = H(f,) and H(f) = FCT[h(t)]. Note that, if (4.19) holds, we have that

L—1
H(f) =" hyexp(—j2nfn), (4.22)
=0

Comparing (4.21) with (4.18) leads to the conclusion that:

4The adoption of this filter follows from the model (4.3), that represents the complex envelope of an
OFDM signal at the output signal of baseband pulse amplitude modulator.
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1) r(t; cy) retains the same structure as the signal feeding the channel input;

2) the effect of the communication channel on the nth subcarrier of the transmitted signal
is represented by the complex coefficient Hp, ). Moreover, given r(t;cy) in (4.21), the
extraction of the transmitted message can be accomplished by: a) uniformly sampling this
signal N times in the interval [0, NTg|; b) evaluating an order N DFT on the resulting
sample vector; ¢) compensating for the channel distortion on a subcarrier-by-subcarrier
basis (i.e., equalizing the received signal in the FD); d) accomplishing symbol detection
the basis of the equalized samples (once again, on a subcarrier-by-subcarrier basis). In
practice, sampling 7(t;cy) in (4.21) at the instant t; = AT} yields

N, -
1 = . N
27 (th;en) = Nidi nE_N CR[n] HRyn] exp<]27rﬁn>, (4.23)

with 7 =0,1,..., N — 1. The last equation can be easily written in vector form as
ry £ [ro,r1, ., rvo1]” = Ef(eny © H), (4.24)

where H 2 [Hy, Hy, ..., Hy_1]7. Performing an order N DFT of the N-dimensional vector
ry produces the N-dimensional vector

Ry = EnyEf(cy ©H) = cy © H, (4.25)
whose nth element is ]
R, = Nc" H, (4.26)

for 0 <n < N, and N—N, <n < N—1 (the remaining Ng. elements of Ry are irrelevant
since, being associated with the SCs, are discarded). Note that the simplicity and the
elegance of the model (4.26) follows from the orthogonality of the complex exponentials
appearing in the RHS of (4.23). Moreover, from (4.26) it is easily inferred that ¢, can be
detected on the basis of R, after compensating for the complex channel gain H,. This
elegant result has been obtained under the assumption that the complex envelope of the
transmitted signal is expressed by (4.3), since this allows, under certain assumptions, to
put it in the multicarrier form expressed by (4.18); this, in turn, leads easily to (4.21).
Unluckily, all these signals have an infinite duration, so that, seemingly, an unlimited time
interval is required for the transmission of a symbol vector of limited size. In practice, if the
temporal supports of p(t) and h(t) are limited and, in particular, are the intervals [0, L,T]
and [0, LpT] (where L, and L, are integer parameters), respectively, and if the integer

parameter NépT D), representing the size of the CP, is not smaller than® (2L, + L), it can
be shown that (4.23) still holds in the interval (0, N7y) provided that (4.3) is replaced by
its time limited counterpart

N—-1
s(tiey) = Y app(t — kTy). (4.27)
k=—NG ™)

5Note that the duration of p(t) plays an important role in determining the value of NC(ED).
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Finally, it is useful to note that the interval devoted to the transmission of the CP can
be also considered as a guard interval for avoiding the interference between consecutive
OFDM symbols, i.e., the so-called Inter-Block Interference (IBI). Moreover, if the duration
of the CP exceeds its minimum value, the performance of the considered communication
system is not affected by a limited sampling offset. In fact, such an offset, that results in
a phase rotation of all channel symbols, is compensated for through FD equalization.

4.2.2 Signal Models in a DOFDM-Based Communication System

In this subsection, we focus on the derivation of various signal models for a communication
system employing the DOFDM modulation; the considered approach parallels that pro-
vided for OFDM in the previous subsection and relies on the use of the duality principle.
This means, for instance, that each DFT is replaced by an IDFT (and vice-versa) and that
TD signal models are replaced by the corresponding FD counterparts (and vice-versa).

In the following, we take into consideration the transmission of a digital message repre-
sented by the M-dimensional vector ¢y = [co, c1, ..., car—1]"
elements are channel symbols belonging to an M ary constellation and that M is even.
The vector ¢y undergoes an order M DFT (see (4.9)) at the TX side. This produces the
M-dimensional vector

; we assume that each of its

YMm = DFTM[CM] = EMCM, (4.28)

which is periodically extended to generate the sequence {yx} having period M. In other
words, the kth element of this sequence is expressed by

Yk = YRy (k] (4.29)

for any k ¢ {0,1,..., M — 1}. This sequence is conveyed by the complex signal sp(t;cpr),
characterized by the periodic spectrum

+oo
Sp(fiem) = Y wP(f —kAy), (4.30)

k=—oc0

that represents the dual of s(¢; cxy) (4.3); here, P(f) is the FCT of the pulse p(¢) employed
in the generation of the modulated signal (further details about the properties of this pulse
are provided below). Since the period of Sp(f;car) in (4.30) is equal to B = M Ay, this
spectrum can be represented through its Fourier series as

+oo
Sp (fiem) = > s (car) exp (—j2mfty), (4.31)
qg=—00
where t, £ q/B = q/(MAy) and
S e 2 [T Sp(freur) exp (2nt) df (1.32)
—MA/2
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is the gth Fourier coefficient of Sp(f;cas). Substituting the RHS of (4.30) in that of (4.32)
and exploiting the periodicity of the sequence {yx} produces, after some manipulation,

1
(FD) ( =
S cm) = Pq CRy([q)> (4.33)
q \/MAJC M
where
A q q
pe 20t = (5) =0 (375 ) (4.34)
1 ? (B) MAy
Then, substituting the RHS of (4.33) in that of (4.31) yields
1 X
Sp (fiem) D PqCRylq P (=127 f1) . (4.35)

VMAy oo
The last equation can be further simplified following the same approach as that illustrated
for (4.13); for this reason, the index ¢ is replaced by the couple (m,k) such that ¢ =
m~+ kM, withm =0,1,..., M — 1 and k arbitrary integer. This allows us to rewrite (4.35)
as

1 M—-1
Sp (fiem) = \/MAf P emGm(f), (4.36)
where
+oo
Gm(f) é Z Pm+kM €XP (—j27Ttm+ka) . (4.37)
k=—0o0

Based on similar considerations as those illustrated for (4.14) and (4.15), we require G, (f)
to consist of a single complex exponential; this means that, for any m, only a single term
should survive in the sum appearing in the RHS of (4.37). From (4.37) it is easily inferred
that this result is achieved if p(t) is time-limited and, in particular, if its duration does
not exceed 1/Af. Note that, when this occurs, Sp(f;car) consists of the superposition
of M complex exponentials that are orthogonal in the frequency range Zy = (—B/2, B/2)
(i.e., over a single period of this spectrum). In the following, we assume that:

1) The support of p(t) is contained in the interval [—1/(2A¢),1/(2Af)] and py = /Ay
for ¢ = —Ng,—Ng+1,...,—1,0,1,..., Ng, where Ng is a positive integer depending on the
pulse shape and such that N, = (2Ng+ 1) < M.

2) Ny £ M — N, consecutive elements of ¢y, (and, in particular, the elements whose index
runs from Ng to M — Ng — 1) are set to zero. Under these assumptions (4.36) becomes

1 &
D Cragm) xXD(—527 ftm), (4.38)

NI

so that it takes the form described above. This representation of Sp(f;car) holds in a
single period (say, in the interval Zy) if p(¢) is bandlimited (with bandwidth Bp). In
this case, the sum appearing in the RHS of (4.30) can be properly truncated to limit the

Sp (fiem) =
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number of its terms; this leads to the new spectrum®
M/2-14+NG>)
Yo(fiew)= > wP(f-kAp), (4.39)

k=—(M/2+N5"™)

. (FD) (FD) .
where the integer parameters Ngp, ~ and Ngpo * denote the size of the CP and that of the
Cyclic Postfix (CPO), respectively. Similarly as OFDM, the use of a CP and a CPO is
needed to guarantee that, over the considered frequency range, the observed spectrum looks
periodic, i.e., that it has a quasi-periodic structure (details about the selection of NC(ZI: D) and
NC(}EOD) are provided below). Given the spectrum in (4.39), the complex envelope yp(t;car)
of the transmitted signal is expressed by its Inverse Fourier Continuous Transform (IFCT),
that is

FD
M/2—14+NSED)

yp(t;cn) = IFCT [YD(f;cM)} = p(t) > Y exp(j2mkAyt). (4.40)
k=—(M/24+Ng ")

This means that the complex envelope of the DOFDM modulation is the superposition
of multiple complex exponentials windowed by p(t). Note that this signal model is struc-
turally similar to the model (4.18) developed for OFDM, but is characterized by a sub-
carrier spacing equal to Ay. However, in the case of DOFDM, the set of channel symbols
{cry[n)} 18 Teplaced by the set of their DFT coefficients (namely, by the set {yx}), and the
presence of both a CP and a CPO is required; moreover, the role of p(t), acting as a TD
window, is also clear.

Let us consider now the transmission of yp(¢;cpr) in (4.40) on the dual of a frequency
selective channel, i.e., on a time selective channel. This channel introduces the TD multi-
plicative distortion (see [81, eq. (2.134)])

L-1

a(t) = Z ajexp (j2muyt) ; (4.41)
=0

here, a; and v; represent the [th complex gain and the corresponding Doppler shift (with
l=0,1,...,L—1), respectively, and L is the overall number of Doppler shifts characterizing
the communication channel. Let also

Bp = 2mlax | (4.42)
denote the Doppler bandwidth of the communication channel. The spectrum of the channel
response zp(t;cyr) to yp(t;car) in (4.40) can be evaluated as

M/2—-14+NED)

Zp(fiem) =Yp(fiem) x A(f) = Z yePa(f — kAy), (4.43)
k=—(M/2+NED))

5Note that a larger value of By, results in a longer prefix and in a longer postfix; i.e., requires increasing
the values of N§§D> and Nc(g(?).
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where A(f) denotes the FCT of a(t) (4.41) and

Pu(f) = P(f) * A(f) (4.44)

represents the FCT of the pulse p(t) distorted by the communication channel, i.e., of the
signal”
pa(t) £ IFCT[Pu(f)] = p(t) a(t). (4.45)

Note that, if (4.41) holds, we have that

L—-1
Pi(f) =) aP(f —w). (4.46)
=0

At the RX side, matched filtering is executed in the FD; this means that the signal
Zp(f;car), in (4.43), is applied to a filter matched to P(f), i.e., to a filter whose impulse
response is P*(—f). The filter output is the spectrum

Rp(fiem) = Zp(fiem) = PH(—f). (4.47)

The spectrum Zp(f;car), in (4.43), looks periodic over the interval Z; and, consequently,
can be represented as (see (4.38))

Np
1 .
Z CRar[m] @Ry [m)] €XP (=527 ftm) (4.48)

VMA;

Zp(fiem) =

in that interval; here,
am = a(ty) = a(m/B) = a(m/(MAy)) (4.49)

for any m. Then, substituting the RHS of (4.48) in that of (4.47) yields

Ng
1 . *
E CRyr[m] @R s [m] exp(—ﬂwftm)p (tm) (4.50)

VMA;

Sampling Rp(f;car) at the frequency fr = kA, withk = —M /2, —M/2+1,...,—1,0,1, ..., M/2—
1, gives

Rp(fiem) =

L
VM

The last equation can be easily written in vector form as

Ng
. m
Z CRar[m) AR [m] €XP (_.7 QWkM) . (4.51)
m=—Ng

Rpyi = Rp(friem) =

Rpm 2 [Rpo,Rpis s Rpar—1]’ = Em(cn © a), (4.52)

"Note that the bandwidth of pa(t) is equal to By, 4+ Bp. Therefore, it is larger than that of p(t) because
of the spectral broadening due to the Doppler phenomenon.
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where a £ [ag, a1, ...,apr—1]7. Performing an order M IDFT of the vector R p, v produces
the M-dimensional vector

rpv =ENEm(cy @a) =cy Oa, (4.53)

whose mth element is given by
1
'Dm = Mcmamv (454)

for 0 < n < Ngand M — Ng < n < M — 1 (the remaining N, elements of rp s are
irrelevant since, being associated with the zeroed elements of cjs, they are discarded).
The last result represents the TD counterpart of the FD formula (4.26). For this reason,
symbol detection can be carried out in a similar way after equalizing the communication
channel; this task, in turn, requires estimating the complex samples {a,,}, i.e., multiple
samples of the multiplicative distortion introduced by the communication channel.

Finally, it is important to point out that:

1) A TD pulse having a RRC shape could be adopted for p(t). The value of Ny for this
pulse depends on the value of the RRC roll-off (similarly to OFDM, a smaller roll-off
results in a wider flat top of the pulse and, consequently, in a larger Npg).

2) The value of both the CP NC(ZIjD) and the CPO NC(ZEOD) should not be smaller than
[(2Bp + Bp)/(2Af)] in order to ensure the property of spectral cyclicity in the frequency
range of interest (namely, Zy £ (—B/2, B/2)).

3) The TD counterpart of (4.47) is
TD(L‘; CM) = ZD(t; CM)p*(t), (4.55)

where rp(t;cpr) and zp(t; cpr) represent the IFCT of Rp(f;car) and Zp(f;car), respec-
tively. This means that, in practice, the received signal rp(¢;cpr) undergoes windowing
(represented by a multiplication by p*(¢)) and, then, spectral analysis for the evaluation
of the samples {Rp(fx;car)}. The last task can be executed by sampling rp(t;cp) at a
proper rate and accomplishing a DFT on the resulting sample sequence.

4.2.3 Signal Models in an OTFS-Based Communication System

In this subsection, we first show how the mathematical results illustrated in the previous
two subsections can be exploited to: 1) develop various models for the complex envelope
of an OTFS signal incorporating a DCP; 2) derive the corresponding received signal model
in the presence of both an ideal communication channel (i.e., a channel not introducing
any distortion and noise) and a doubly selective fading channel. Then, we analyze the
implications of adopting a specific pulse shape in the OTFS signal model. The following
approach is inspired by the basic principles illustrated for OFDM and its dual, and aims
at developing a digital modulation format whose detection and equalization can be imple-
mented at a reasonable complexity in the presence of a doubly selective communication
channel. As shown below, the property of double cyclicity of the modulated signal plays
a fundamental role in the next derivations.
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4.2.3.1 Transmitted signal model

In the following, we take into consideration the transmission of the M x N matrix® C £
[emn) (With m =0,1,...,M —1and n =0,1,..., N — 1), collecting M N channel symbols,
each of which belongs to an M_.ary constellation; this matrix represents a single OTFS
symbol. Let us assume that the matrix C undergoes a one-to-one transformation g :
CM*N _, CMXN “generating the new symbol matrix

X £ [zmn] = g(C), (4.56)

having the same size as C. The matrix X is periodically extended along both its dimensions
to generate the 2D periodic sequence

Tkl = TRy [k],RN[]]> (4.57)

for any value of the couple (k,l) not belonging to the set of indices of the elements of
X (4.56). The matrix X is transmitted by generating a modulated signal that exhibits
the property of cyclicity in both the TD and the FD. As shown in Section 4.2.1 and
Section 4.2.2, cyclicity in the TD over an interval lasting NT5 s and in the FD over
the frequency range (—MAjf/2, MAy/2) can be guaranteed by generating the complex

envelope (see (4.27))
N—1

soye 3 s (t 1T C), (4.58)
I=—NGP

with (see (4.40))

M/2-14+NED)
sl(FD) (t;C) £ p(t) Z wp1 exp(j2mkAyt); (4.59)
k=—(M/2+NED))

here, p(t) is a bandlimited pulse (whose temporal support is the interval [0, L, T5], L, being
an integer parameter), Ty is the symbol interval, Ay is a frequency spacing, and the integer
parameters N(g;r D), Nég D) and NC(IEP ) have the same meaning and scope as that illustrated
for the corresponding parameters which have been defined in the description of OFDM
and DOFDM, respectively. Note that the DCP insertion entails the transmission of

Nop 2 NEDIM -+ (V + NP (VD) + NLED) (1.60)

additional channel symbols, so that

Nep

Apgp &8 ——L
P MN + N

(4.61)

8The values of the parameters M and N are assumed to be even in the following.
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represents the fraction of channel symbols assigned to the TD prefix and to the FD prefix
& postfix. Substituting the RHS of (4.59) in that of (4.58) yields the signal model

FD
N—l M/2_1+Nu(po )

s(t;C) = Z Z xk,lp(t - lTS) exp(jkaAf (t - ZTS)), (4.62)
I=— NI k=—(M/2+NED))

that has the same structure as [79, Sec. 1I-A, eq. (5)], but, unlike that, includes a double
cyclic extension. Note also that (4.62) can be easily rewritten as

M/2—-1+NED)
s(t;C) = 3 st ), (4.63)
k=—(M/2+N5"))
where Nl
(TD) (t;C) 2 Z zp p(t — UT3) exp (j2rkAf(t — UT3)), (4.64)
I=——NG"®

and that the last signal can be interpreted as a frequency shifted version of an OFDM
signal (characterized by the frequency shift kA¢; see (4.27)); consequently, s(t; C) (4.63)
can be seen as the superposition of multiple (namely, M + NC(IP: D) C(IP;OD)) OFDM signals,

characterized by distinct central frequencies. Let us select now”
Ay =1/T;, (4.65)

so that s,(gTD) (t; C) (4.64) looks periodic in the interval [0, 7], thanks to presence of its TD
CP, and its period is
T = NTL. (4.66)

Therefore, in that interval, it can be represented through its Fourier Series (FS) (see (4.4)
and (4.5))

ot
Z Sty (C) exp(ﬂwqf), (4.67)
gq=—00
where .
1
S;E,ED)(C)éT/ SJE;TD)(t;C)eXp< J27q )dt (4.68)
0

is the gth Fourier coefficient. The coefficient SIEED)(C) (4.68) can be evaluated by:

1) replacing the extremes (—NC(ED)) and (N —1) of the summation in (4.64) with —oco and
+00, respectively!?

2) Substituting the RHS of the resulting formula in that of (4.68).

°This assumption is commonly made in the technical literature (e.g., see [88]); this corresponds to
selecting an OFDM subcarrier spacing equal to Ay/N, ie., N times smaller than that characterizing
DOFDM (see the comments above (4.19) and those following (4.40)).

!"Note that this does not have any impact on the representation of s,(CTD)(t; C) (4.64) over the limited
interval [0, 7.
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3) replacing the index I with the couple (I,u) such that [ = [ +uN, with [ = 0,1,..., N — 1
and v arbitrary integer.

4) Exploiting the periodicity, with period N, of the sequence {xj;} in the index [ (see

(4.57)). This yields, after some manipulation!!,

(TD) 1 q— kN
Sty (C) = = XeoP (1), (4.69)
where P(f) is the FCT of p(t) and
N—-1
1 n
Xig2 = —jor 4.
TN exp (=27 1) (4.70)

represents the gth element of the order N DFT of the sequence {zj,} evaluated with
respect to the index n.

The mathematical results developed until now (and, in particular, the F'S representation
(4.67)) allow us to analyze easily what happens at the RX side when s(t;C) (4.62) is
transmitted on an ideal communication channel, i.e., on a channel that does not introduce
distortion and noise (channel delay is also neglected for simplicity). The study of this
scenario, which is described in the following paragraph, allows us to:

1) discover the nature of the transformation g(-) to be adopted in (4.56).

2) assess the impact of TX and RX filtering.

4.2.3.2 Received signal model in the presence of an ideal communication
channel

In this paragraph, we develop a mathematical model of the received signal under the
assumption that it coincides with the transmitted signal s(¢; C) (4.62). Following [95,96],
we assume that the first stage in the baseband model of the receiver for the modulation
format described in the previous paragraph is a filter bank!'?, consisting of M distinct
matched filters. The frequency response and the impulse response of the kth filter (matched
to p(t) exp(j2mkAyt)) are

D(f) = P*(f ~ kAf) = P*(f — kN/T) (4.71)

and
¢i.(t) = p*(—t) exp(j27rl%t/Ts), (4.72)

respectively, with k= —M/2, —M/2+1, ...,M/2 — 1. Based on the signal decomposition
(4.63), the overall response of this filter to the signal s(t; C) (4.62), can be computed by

"The derivation of the following result is similar to that illustrated for (4.6) (obtained from (4.5));
further details can be found in Appendix A.3.1.

2This choice is optimal in the maximum likelihood sense in this case, but is sub-optimal in the case of
a multipath fading channel.
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first evaluating its response to 8; )(t C) (4.64) and then summing over k. Based on the
F'S representation (4.67) of s](fTD) (t;C) and (4.71), the last response can be expressed as

+oo
1 ot
rptC) = Wei Z Xiyg Gkﬁéﬁqexp<¢]2ﬂ'qf>, (4.73)
g=—00

in the interval® [0, T); here,

R i a7

for any k, k and ¢. The output of the kth matched filter (with k= —M/2,—M/2 +
1,...,M/2 — 1) is sampled at the instant t; = nTy, with n = 0,1,..., N — 1. Sampling
7, i(t; C) (4.73) at that instant produces'*

rilk,n] & r CHOES \/» Z Xk g kkqexp(gQwNn> (4.75)

q=—00

The last expression can be easily rewritten by: 1) replacing the index ¢ with the couple
(G,u), with ¢ =0,1,..., N — 1 and u arbitrary integer; 2) replacing ¢ with ¢; 3) exploiting
the periodicity of the sequence { X}, ,} in the index ¢ (with period N) thanks to the presence
of the TD CP'®. This yields

. 1 N—1 7
kK, 7] X g kg exp(gQwﬁn), (4.76)
q:O
where
R + u—i—x NN . /q+uN
G 2 f (q e (L) (@.77)

for any integer z. Given (4.76), the output r[k,7] of the kth matched filter at the instant
tn = n1y can be evaluated as

rlk, i) = ) rglk, 7). (4.78)

Then, substituting the RHS of (4.76) in that of the last equation gives, after some manip-

ulations
M—1N—

rlk,7) =

. D5 q .
2 2 pquqexp( ]QW(M]{J— Nn)), (4.79)

3Despite RX filtering, this interval remains the same as that in which (4.67) holds, thanks to the fact
that the employed matched filters are assumed not to be causal for simplicity (see (4.72)).

141n the following, the dependence on C is omitted to ease notation.

15Note that this is the first time that the double cyclicity of the modulated signal is exploited at the RX
side.
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where

M-1
1 p
Xpg2 =Y Xpgex ('27r—m> 4.80
P.q Al P m,q €XP\J M ( )

is the pth element of the order M IDFT of the sequence {X,, ,} in the index m and

+o0
Gpqg = Z Guyqexp<j27r%u) (4.81)

U=—00

represents the frequency response, evaluated at the normalized frequency (p/M), of the
digital filter characterized by the impulse response {Gu} (further details can be found in
Appendix A.3.2). It is important to point out that: 1) the derivation of (4.79) relies on
the order M periodicity of the sequence {X} 4} (4.70) in k, i.e., on the presence of the FD
CP and CPO; 2) ciclicity is exploited for the second time in deriving the proposed received
signal model (further mathematical details can be found in Appendix A.3.2). Moreover,
(4.79) leads to the conclusion that the 2D sequence {r[k, 7]} consists of the superposition of
MN distinct complex exponentials and that the complex gain associated with the couple
of indices (p, ¢) is given by the product between X,, , (conveying the transmitted message)
and gp, (depending on TX and RX filtering only). Based on the last results, we can:
1) select properly the transformation g(-); 2) assess the impact of the pulse p(¢) on the
structure of the received signal samples. In the remaining part of this paragraph, we
concentrate on the first issue only (a detailed discussion on the second one can be found
in Section 4.2.3.4). As far as g(-) is concerned, substituting the RHS of (4.70) in that of

(4.80) gives
M—-1N-1

Xpq = \/7 Z Z :Umnexp(j27r(M ]T\qu)), (4.82)

that can be interpreted as the coefficient (p, q) of the order (M, N) DSET of the M x N
complex matrix X [87,88]. In addition, (4.82) can be rewritten in matrix form as

X = DSFTy n[X] £ B, X Ey, (4.83)

where X £ [X, ] is an M x N complex matrix This suggests to select an order (M, N)
Inverse Discrete Symplectic Fourier Transform (IDSFT) for the transformation g(-) ap-
pearing in the RHS of (4.56), so that

X = IDSFTy, v[C] £ Ey CEX. (4.84)
In fact, (4.83) implies that
X=zgllzycelley=C (4.85)
and, consequently, that B
Xp.q = CRaslp,Ruld] (4.86)

for any p and ¢, and (see (4.79))

) M—-1N—
rlk,n] =

Cp,a Ip.q exp( ]277(%]% %ﬁ)) (4.87)
p=0 ¢=0
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The last result can be easily rewritten in matrix form as
r(C) = 2y (C o G)EL, (4.88)

where r(C) £ [r[k,7]] and G £ [g,,] are M x N matrices collecting the received signal
samples acquired at the output of whole filter bank over the observation interval and the
complex gains {g,,} (evaluated on the basis of (4.81)), respectively. Moreover, based on
(4.88), a simple detection method, conceptually similar to those illustrated for OFDM and
DOFDM, can be easily developed. In fact, the evaluation of an order (M, N) DSFT of
r(C) (4.88) produces the M x N complex matrix

Y (C) £ DSFTy n[r(C)=C 0o G, (4.89)
whose element (m,n) is
1
Y = ——=CmnImmn; 4.
[m7n] MNC ) g ) ( 90)

with m = 0,1,.... M —1 and n = 0,1,.... N — 1. Then, for any m and n, the channel
symbol ¢, n, has to be detected on the basis of Y[m,n] only, after compensating for the
complex gain gp, p-

Finally, it is important to point out that:

1) Equations (4.84) and (4.86) entail that

M—-1

2

1
A
Tmn =

" VMN &

p

Cpgq exp(—j27r(—m - in)), (4.91)

Il
=)

q
withm=0,1,.... M —1and n=0,1,..., N — 1.

2) The mathematical result expressed by (4.90) can be seen as a generalization of (4.26)
and (4.54), that have been derived for OFDM and DOFDM, respectively. Note that the
absence of any form of ISI affecting Y [m, n] (4.90) is made possible by the use of a DCP!6.
In fact, this property would disappear if the TD CP and/or the FD CP & CPO were
removed. Note also that, since the communication channel we are considering does not
introduce any distortion, the coefficient g,,, depends exclusively on the spectrum P(f)
(see (4.81) and (4.77)).

3) Ideally, the pulse p(t) should be selected in a way that all the elements of the resulting
gain matrix G have similar amplitudes (see (4.89)); in fact, this would ensure that all the
channel symbols are treated fairly, i.e., that the 2D complex exponentials conveying them
exhibit similar strengths (see (4.79)). It should be expected, however, that, similarly to
what happens in the case of OFDM and DOFDM, since this condition cannot be met
for all the elements of the matrix C, even in an approximate fashion, a portion of such
elements has to be suppressed (i.e., set to zero). These issues are discussed in detail in
Section 4.2.3.4.

%Tn the absence of a DCP, (4.76), (A.48) (see Appendix A.3.2) and, consequently, (4.79), would not
hold. This would result in the presence of a 2D ISI term in the RHS of (4.90).
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4.2.3.3 Received signal model in the presence of a doubly selective fading
channel

Let us focus now on the reception on a multipath fading channel characterized by Channel
Impulse Response (CIR)7

L-1
h(t,7) = hilt,7), (4.92)
=0
where
hi(t, ) = agexp (j2mut) 6 (1 — 1) (4.93)

represents the CIR component associated with the [th path, characterized by the gain ay,
the delay 7; and the Doppler shift v;, and L is the overall number of paths. In the following,
we assume that the CIR components are organized according to increasing delays, so that
7o and 77,1 represent the minimum and maximum delays, respectively. In the remaining
part of this subsection, we derive a mathematical model for the M x N matrix r(C)
collecting the samples acquired at the output of the above mentioned filter bank (see
(4.88)) in the new scenario. The subsequent analytical developments follow closely those
illustrated above for an ideal communication channel. To begin, we evaluate the response

—+oo .
2,1(t; C) £ / S](CTD) (;C)hy(1,t — T)dT (4.94)
of the Ith CIR contribution (namely, (¢, 7) (4.93)) to siTD)(t; C) (4.64). Once again, in

doing so, the FS representation (4.67) of s,(gTD) (t; C) is exploited; based on this, it is easy

to prove that

+o00
Zk,l(t; C) = dl Z Zk,q,l(c) exp (]27‘(’(% + I/l)t) (495)
q=—00

in the interval [r;_1,T + 77,—1]; here,

1 q— kN ) T
2 (©2 1, (1Y) exp( g2 .
() TN Sk 7 ) e —i2ma (4.96)
and
a; = q exp(jQﬂ'l/m). (4.97)

Note that the difference between the coefficient (4.96) and its counterpart S ,(;{;D)(C) (4.69)

obtained for an ideal channel is represented by a complex exponential, that accounts for
the delay 7; introduced by the Ith path of the communication channel.

Given (4.95), the response

it C) = 21 (8 C) * ¢ (t) (4.98)

17 Channel sparsity is usually assumed in the OTFS literature (e.g., see [79,87,88,97]). This assumption
is not required in the following derivations.
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of the kth matched filter (see (4.71) and (4.72)) to 2;;(t; C) can be expressed as

Tkjg,l(t; C)=a +Z°° Zkq1(C)P* (q _T]%N + I/l> exp (j27r(% + I/l)t). (4.99)

q=—00

Then, substituting the RHS of (4.96) in that of the last equation and sampling the resulting
signal at the instant t; = 771 + nTy produces

o A o =
Tk,l[k,”] £ Tk/}z(tﬁ%c) = ——exp (j2miFy,) Z Xkq kac l
b b \/N q:7oo b 7q7

F . .
- exp (—jQWqu) exp (]27T%7”L> , (4.100)

with n =0,1,..., N — 1; here,

1 qg—kNN\ _,/q— kN
Crias 2 ip( - )P( — n), (4.101)
and
Ap & @ exp(j2ryTr—1), (4.102)
F,oAll Tl 4.103
1 Ts ( )
and
F, = yT; (4.104)

denote a complex gain, the normalized delay and the normalized Doppler shift associated
with the Ith path, respectively. Given (4.100), the expression of the overall output of the
kth RX filter due to the Ith path and to all the components of s(t; C) at the nth sampling
instant is evaluated by summing over k; this produces

M-1N-1
-~ Al
ri[k, 7] = \/Wexp( j27rkFTl)exp (j2mnFE,,) pzo % p.q Ip.q(Fry Fuy)

-exp(—ij(Miﬂ - %n)) (4.105)

Note that validity of this result relies on the assumption of double periodicity of the
sequence { X ,} (4.82), i.e., on the presence of the DCP!8. In (4.105), X, , is still expressed
by (4.82), whereas

_ > A . u
Gpa(Frs Fu) 23" GuglFr, ) exp (j27-7p) (4.106)

U=—00

represents the counterpart of g, , (4.81). Note that (4.105) can be rewritten as

rilk, 7] = hylk, 2Tk, 7], (4.107)

8This is the third time that the property of double cyclicity is exploited in the derivations referring to
the RX side (further mathematical details are provided in Appendix A.3.3).
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where . .
Mk, 7] & Ajexp(—j2rkFy,) exp (j2rnk,,) (4.108)

depends on the parameters of the [th path only, whereas

M-1N-1
1

Tk, 7] 2 WIi DI gp,q(Fn,Fyl)exp<—j27r(%l% = %ﬁ)) (4.109)

p=0 ¢=0

depends on: 1) the channel symbols {c,q}; 2) the pulse shape, and the Ith normalized
delay and Doppler shift through g, ,(Fy,, Fy,).

Equation (4.105) describes the contribution given to the output of the kth RX filter by
the [th path only. The contribution of all the paths can be accounted for by summing over
the index [ (see (4.92)); this produces (see (4.107))

— L—1
rlk, 7 éz k7] = hlk, AT [k, 71 (4.110)
=0 =0

that, similarly as (4.79), expresses the nth sample taken at the output of the kth RX
filter. The samples acquired at the output of the filter bank at all the considered sampling
instants are collected in the M x N matrix r(C) £ [r[k,7]], that, similarly as the case of
an ideal channel, undergoes DSFT processing (see (4.89)); this yields

Y (C) £ [Y[m,n]] = DSFTy n[r(C)]. (4.111)

It is easy to prove that the element (m,n) of Y(C) (4.111) is

M-1N-1 L—-1

1 _
Y[ m Z ZCP#Z ZAlgpyq(FTuFVz)lpM (m_p’_FTz)\IIN(n_q’FVL) )
p=0 ¢=0 1=0
(4.112)
where .2 Py
Uy (v, F) & SRU2T0 A+ FV)) = (4.113)

exp (]27r (”“‘FV)) 1

and F' is a normalized frequency belonging to the interval [0, 1]. Comparing (4.90) with
(4.112) evidences that:

1) The presence of time dispersion (i.e., multipath) and frequency dispersion (i.e., Doppler)
results in the presence of 2D ISI'?. In fact, the RHS of (4.112) depends not only on ¢, n,
but also on all the other channel symbols belonging to the same OTFS symbol.

9Tn a part of the technical literature on OTFS, the 2D ISI is often split into two components (e.g.,
see [87]). In practice, on the one hand, the term ISI usually refers to the interference affecting TD samples
due to the presence of a fractional component in the delay introduced by the communication channel; on
the other hand, the term Inter-Doppler Interference (IDI) is adopted for the interference affecting frequency
domain samples and due to the presence of a fractional component in the Doppler shift. The 2D ISI turns
into 1D ISI in the absence of time dispersion (i.e., multipath) or frequency dispersion (i.e., Doppler).
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2) The amplitude g,y » appearing in the RHS of (4.90) is replaced by the quantity (which
is associated with (p,q) = (m,n); see (4.112))

L—-1 L-1
gm,n(FT, FV) é Z gm,n(FT“Fw) = Z Al gm,n(FTluFVl)\IJM (07 _FTZ) \IIN (07 FI/l) ’
=0 =0

(4.114)
here, F; 2 [Fry, Fryy oo, Fr, J¥ and Fy, 2 [F,,, Fyy,y .., Fy, 7. Therefore, the amplitude
of the term conveying ¢, , in Y [m,n] is influenced by all the parameters of the commu-
nication channel (namely, its overall number of paths, its Doppler shifts and its path
delays).

3) In the presence of a single path (i.e., for L = 1), (4.114) turns into
gm,n(me FI/()) = AO gm,n(Fm? FV())\IIM(O7 _F’T())\I’N(Oa Fu0)~ (4115)

This shows that, even in the presence of a single propagation path in the communication
channel, the amplitude of the term conveying ¢, » in Y[m,n] (4.112) depends not only on
p(t) (through gmn(-,-)), but also on the path delay and Doppler.

A thorough understanding of the ISI phenomenon affecting Y [m,n| (4.112) requires ana-
lyzing the dependence of function Wy (v, F'), that appears in the RHS of (4.112), on the
variable v for a given F. To this aim, it is useful to express the variable F as F' = F /V +F,,
where F is an integer and F, is a real quantity belonging to interval [~0.5/V, 0.5/V] (F
and F) represent the so-called integer part of F and its fractional part, respectively). In
fact, it is easy to prove that, in general, the function Wy (v, F') exhibits a peak at v = F'
and, if F,. = 0, the function Wy (v, F) = Wy (F/V, F) turns into a Kronecker delta, i.e.,

1 ifv=F

s, F)=4{ "'T7 (4.116)
0 otherwise

otherwise, it exhibits tails that decay slowly and that become more pronounced if | F;.| ap-

proaches 0.5/V. Because of the behavior of the function Wy (v, F'), the terms W, (0, —F%,)

and ¥y (0, F},) appearing in the RHS of (4.112) are responsible for:

1) A cyclic shift of all the elements {c, 4} of the OTFS symbol matrix C; the horizontal
shift and the vertical one are quantified by the integer part of F;, and F,,, respectively.

2) The presence of leakage (i.e., ISI) when one or both the fractional parts of the normalized
frequencies F;, and F,, are different from zero.

Based on these results, we can conclude that, even if a DCP is employed, the estimation
of the transmitted OTFS symbol requires a form of 2D equalization, which is substan-
tially more complicated than its 1D counterparts illustrated for OFDM and DOFDM in
the previous two subsections. Equalization, in turn, needs channel estimation; this task
is usually accomplished through pilots, i.e., through the exploitation of known symbols
surrounded by guard symbols (i.e., by zero symbols placed around pilots) for mitigating
mutual interference [88,98].
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4.2.3.4 Pulse-shaping

Let us focus now on the pulse shaping problem, i.e., on how to select the pulse p(¢). In the
technical literature, the use of a rectangular pulse is often taken into consideration, since
its simple shape makes mathematical derivations easier [83,84,87,88,99-101]. However,
this choice is not in agreement with the fact that:

1) as illustrated in Section 4.2.3.1, an OTFS signal can be seen as the superposition of
multiple OFDM signals, characterized by distinct central frequencies.

2) The generation of an OFDM signal requires the use of a bandlimited pulse, whose
amplitude spectrum exhibits a flat top?” (see Section 4.2.1). Based on these considerations,
in this work, the following choices have been made:

1) The same pulse as the one adopted in the OFDM signal model has been selected for
p(t) (therefore, its spectrum P(f) is expressed by (4.16)). Note that, for any value of its
roll-off factor «, its bandwidth is equal to (1 + «)/(27T5) and, consequently, never exceeds
As=1/T, = N/T.

2) Subcarrier suppression has been employed to ensure that the useful subcarriers of the
multiple OFDM signals, which the OTFS signal is made of, have identical amplitudes and
that self-interference is avoided (see Section 4.2.1).

Regarding point 1), if the above mentioned pulse is selected, only the terms associated
with u € {—1,0, 1} survive in the sums appearing in the RHS of (4.77) and (4.81), because
of the limited bandwidth of p(t). As far as point 2) is concerned, instead, following the
rules illustrated for OFDM, subcarrier suppression SC can be achieved by simply setting
to zero Nye = N — 2N, — 1 consecutive columns?! of the matrix C; this means that

Nge 2 M(N — 2N, — 1) (4.117)
elements of the matrix C do not convey channel symbols, being zeroed. Note also that:

1) Subcarrier suppression ensures that, in principle, the coefficients {gm n} (see (4.81))
associated with the unsuppressed channel symbols {c¢;,}, in (4.87), have exactly the
same amplitude (and, in particular, a unit amplitude for the selected pulse).

2) If this occurs, (4.91) can be rewritten as

a

. q p
pr Cp,Rx1q] eXp(]Qﬂ(ﬁn - Mm)>, (4.118)

withm =0,1,....M —1and n=0,1,.... N — 1.

The overall number of channel symbols conveyed by a single OTFS symbol can be increased
a little bit by relaxing the above-mentioned amplitude constraint at the price of introducing

20This choice, as noted in Section 4.2.1, ensures uniform amplitude for the useful (i.e., unsuppressed)
subcarriers of an OFDM signal.
2 particular, the columns whose index runs from N, +1to N — N, — 1.
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FIGURE 4.1: Representation of the 2D sequence {|Gmn|} for M = N = 512. The
spectrum P(f) is expressed by (4.16) with o = 0.25.

a limited amount of self-interference. In the considered case, this result can be achieved
by exploiting all the elements of the matrix C whose indexes (m,n) belong to the set

Le(o) £ {(m,n) : (1 =) < |gmn| < (1 +e)}; (4.119)

here, m =0,1,....M —1,n=0,1,..., N — 1, whereas € denotes a real (and small) positive
parameter representing the maximum tolerable deviation from a unitary amplitude. These
concepts are exemplified by Fig. 4.1, in which the amplitude of the complex 2D sequence
{gmn} is represented for M = N = 512 and o = 0.25. In this case, if ¢ = 0 is selected,
386 subcarriers are available for data transmission. On the other hand, if ¢ = 0.01 and
€ = 0.05 are chosen, the overall number of useful subcarriers increases to 388 and 401,
respectively. The small increase observed in this case is due to the fast variations observed
in the sequence {|gmn|} out of its flat region; this is evidenced by the two heat maps
shown in Fig. 4.2, that represent the behavior of the sequence {|gm |} in the 2D region
I'.(«) (4.119) for € = 0.01 and € = 0.05. Note also that a larger cardinality of the set
I'.(«) results in a higher transmission rate; the impact of the roll-off factor on this can be
assessed by evaluating the Spectral Efficiency (SE) [83,85]

N:(a)
MN '’

e () £ (4.120)
where N.(a) denotes the cardinality of the set I':(«) (4.119) (i.e., the overall number of
useful channel symbols conveyed by a single OTFS symbol). A representation of I'c(«)
and that of its Lower Bound (LB)

2 Ny + 1M 2N, +1

mo(a) = — N (4.121)
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FIGURE 4.2: Heat maps representing the behavior of the sequence {|g, |} in the 2D
region I'c(a) (4.119) for a) € = 0.01 and b) € = 0.05; o = 0.25 is assumed in both cases.

versus « is provided in Fig. 4.3 for a € [0.2;0.45]; ¢ = 0.05 and M = N = 512 have been
selected in this case. From this figure, it is easily inferred that reducing « improves the
spectral efficiency of the communication system; this is due to the decrease of the overall
number of zeroed symbols. However, this result is achieved at the price of an increase in
the duration of p(t) and, consequently, of a longer CP in the TD (i.e., a higher value of

TD
NP,

The considerations made in this paragraph until this point refer to the inner structure of
the transmitted signal. As shown in Section 4.2.3.3, this structure may be substantially
modified by a doubly selective communication channel. In particular, as illustrated at the
end of that paragraph, the complex amplitude gy, , associated with the channel symbol
Cmn in Y [m,n] (4.90) is replaced by Gmn(Fr,, Fuy) (see (4.115)) in the presence of a single
path in the communication channel (i.e., for L = 0). Let us now analyze the impact of
this simple communication channel on the transmitted signal under the assumption that,
once again, P(f) is expressed by (4.16). Some numerical results referring to the considered
scenario are shown in Fig. 4.4, in which the amplitude of the complex factor g, n(Fry, Fiy)
versus n is illustrated under the assumption that: 1) M = N = 512; 2) Ty = 4 ps; 3)
path gain Ag = 1; 4) F,, = 4-10~* (this value corresponds to the path length Ry = 250
m); 5) F,, = 0.0222 (this value corresponds to the velocity vg = 250 km/h if the carrier
frequency f. = 24 GHz is employed); 6) o = 0.25; 7) m = M /2 — 1 (this choice allows us
to assess the impact of the Doppler introduced by the communication channel on a specific
row of the M x N matrix [gm n(Fry, Fi,)]). Comparing the amplitude |gas/o—1.n(Frys Fip)l
with its counterpart [gy;/2—1 | referring to an ideal scenario leads to the conclusion that,
in the considered case, such amplitudes are close; moreover, similar results are observed
for other values of m. The obtained numerical results have also evidenced that limited
changes are also observed in the phase of the sequence {gar/2—1,,(Fry, Fip)} With respect
to the phase of {gM/Q_l,n} in the flat region of its amplitude. Based on these results, we
can assume that

gp:‘](FTHFVl) = gp,q (4122)
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FIGURE 4.3: Representation of 7.(a) (4.120) (SE) and its lower bound my,(«) (4.121)
(LB) versus « for o € [0.2;0.45]; ¢ = 0.05 and M = N = 512 have been selected.

for any [ and (p,q). This approximation, obtained for a specific pulse, has the following
relevant implications: 1) the SC positions can be unambiguously identified at the RX side;
2) the approximation

M—-1N-1
Tilk,n) = Tk, 7] = \/ﬁ pz 2 Cpa Tpa exp(—j%r(%fc - %ﬁ)) (4.123)
can be adopted in the RHS of (4.109), so that (see (4.110))
rlk,n) = Tk, a]h[k, 7], (4.124)
where (see (4.108))
L-1 L—-1
hlk, 7] 2> Wk, i) = Y Ajexp(—j2rkFy,) exp (j2niF,) (4.125)
=0 =0

represents the multiplicative distortion introduced by the communication channel. Note
that, if (4.124) holds, channel equalization is tantamount to compensating for the factor
hlk,n] (4.125) that appears in the RHS of that equation.

Since the selection of p(¢) influences the structure of the OTFS-DCP signal (4.62), it should
be expected that it has a major impact on the spectral properties of that modulation
format. In Appendix A.3.4, the derivation of the PSD Ss(f) of the OTFS-DCP complex
envelope s(t; C) (4.62) is sketched for the pulse shape considered in this paragraph; in
particular, it is shown that

M/2—-14+NED)
Ss(f) = > S(f —kAyp), (4.126)

k=—(M/2+NED))
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FIGURE 4.4: Representation of the sequences {|Gar/2—1,n(Fry, Fuo)|} and {|gar/2—1,nl};

a single path doubly selective fading channel characterized by Ag = 1 and (Fy,, F,,) =

(4-107%,0.0222) is assumed in the evaluation of the first sequence. Here, M = N = 512
and a roll-off value oo = 0.25 for p(t) are selected.

where S(f — kAy) is the PSD of the signal séTD) (t;C) (4.64),

2 Nao

S — T Sen(f — f1), 4.127
T(N+N§,,TD>>‘ (/)] _E;Va b(f = fi) (4.127)

g

S(f) =

02 is the variance of the adopted channel symbol constellation??, Sg,,(f — f;) is the con-

tribution of the Ith subcarrier?® to the PSD S(f) and

sin? <7T(N + NC(],TD))fTs>
sin? (7 fTs)

Ssun(f) £ (4.128)

It is important to point out that:

1) If the pulse p(t) selected for the OTFS signal is bandlimited, the OTFS spectrum Ss(f)
(4.126) is also bandlimited (see (4.127)).

2) The bandwidth B of the OTFS-DCP format proposed in this chapter can be approxi-
mated as
By 2 (M + NEP)  NEDHA (. (4.129)

cp cpo

A portion of this bandwidth is exploited to transmit the FD CP and CPO (i.e., Nc(gD) +

Nc(pFOD) OFDM signals); this implies a loss in spectral efficiency (such a loss is quantified
by A¢p (4.61)).

22The expression of o2 for different types of constellation can be found in [81, Subsect. (3.5.4)].
23This subcarrier is characterized by the frequency fi; 2 kA +1/T = kA +1/(NTs) if siTD)(t; C) is
considered.
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3) In real world communication systems, a causal and time-limited approximation of the
TX pulse p(t) proposed above (and having a RRC spectrum) needs to be used. This
can be generated by first delaying the pulse by L,T,/2 s and, then, by truncating it to
the interval [0, L,Ts], where L, is an integer parameter. In doing so, it is important to
keep in mind that the tails of p(¢) become more and more pronounced as its roll-off «
approaches 0; for this reason, the duration of its truncation interval has to be increased if
a given fraction of the unlimited pulse energy has to be captured. Nevertheless, a larger
L, unavoidably results in a longer TD CP, since,in general, NépT D) i required to be not
smaller than (2L, + L) (i.e., than the overall channel memory, that includes TX/RX

filtering).

4) The superposition of multiple subcarriers in S(f) (4.127) results in the presence of fast
oscillations in the overall PSD S,(f) (4.126) within its lower and upper band limits.

4.3 Conclusions

In this chapter, a novel modulation format, resulting from the insertion of a DCP in the
OTFS modulation, has been proposed. The impact of pulse shaping on the inner structure
of the modulated signal has been analyzed and a specific proposal for pulse selection has
been made. Moreover, a receiver architecture for the considered modulation format has
been described. The next chapter describes 1) simple rules for allocating one or multiple
pilots in the OTFS symbol and 2) novel algorithms for pilot-aided channel estimation with
a particular focus for JCAS applications. The developed algorithms are able to estimate
the inner structure of a multipath communication channel with better accuracy than other
technical alternatives at the price of limited complexity.
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Novel Channel Es-
timation and Equalization Algorithms for

Orthogonal Time-Frequency Space Modu-
lation with Double Cyclic Prefix

In this chapter, a digital communication system employing the orthogonal time-frequency
space modulation with a double cyclic prefix and operating over a doubly selective fading
is considered. After providing some guidelines for the allocation of pilot symbols within a
single orthogonal time-frequency space modulation symbol, novel algorithms for pilot-aided
channel estimation and equalization are illustrated. The proposed channel estimator is able
to provide a description of the inner structure of the communication channel; therefore, it
can be also employed at the transmit side for sensing applications. The numerical results
evidence that the proposed algorithms outperform two technical alternatives outlined in
the literature at the price of a limited increase in the required computational effort.

5.1 Introduction

In the last few years, substantial research efforts have been devoted to the investigation of
modulation schemes that can be used for JCAS applications in future wireless networks
operating at very high frequencies [76]. The considered technical options include OFDM
and the OTFS modulation. Unluckily, OFDM suffers from severe ICI in high-mobility
conditions. This has motivated the study of alternative communication waveforms and,
in particular, of the OTFS modulation. The last modulation scheme has been proposed
by Hadani et al. to benefit from the diversity offered by doubly selective communication
channels [79].

Two important research problems in the field of OTFS-based systems for JCAS are rep-
resented by: 1) the development of novel methods for pilot-aided channel estimation; 2)
the design of computationally simple equalization techniques. Both problems have been
tackled in [83,91,92,101]. However, the solutions developed in those manuscripts suffer
from the following limitations: a) the cyclicity property of the modulated signal along the
frequency direction, imparted by the introduction of a FD CP and a CPO has never been
taken into consideration; b) the presence of a single known channel symbol within each
OTFS symbol is assumed for pilot-aided channel estimation; ¢) the impact of pulse shap-
ing on the positioning of the pilot channel symbol is ignored; d) the property of sparsity is
assumed for the communication channel. This chapter presents new findings in the field of
pilot-aided channel estimation and equalization to be adopted in a communication system
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using the OTFS modulation scheme. This study introduces the concept of DCP, which
consists of one CP in the TD and a CP & CPO in the FD. The inner structure of the
resulting OTFS signal, referred to as OTFS-DCP, is analyzed in detail in the previous
chapter (see Chapter 4).

More specifically, the contributions of this chapter can be summarized as follows.
1) Novel criteria for arranging multiple pilots in each OTFS symbol are illustrated.
2) The improvement provided by multiple pilots in channel estimation is assessed.

3) A low-complexity off-grid algorithm for pilot-aided channel estimation is described. The
Channel State Information (CSI) generated by this algorithm can be exploited for target
detection and estimation at the TX side in sensing applications or to compute the channel
equalizer coefficients at the RX side.

4) A simple channel equalization algorithm is proposed. This algorithm, unlike the alter-
natives available in the technical literature [83,101], does not rely on the assumption of
channel sparsity!.

The remaining part of this chapter is organized as follows. In Section 5.2, the architecture
of the considered communication system and some relevant signal models referring to it are
illustrated. The proposed algorithm for pilot-aided channel estimation and equalization
is analyzed in Section 5.3. The algorithm is compared with two technical alternatives in
Section 5.4 and its performance, together with those of the other two techniques, is shown
in Section 5.5. Finally, some conclusions are given in Section 5.6.

5.2 System and Signal Models

In this section, we focus on a communication system whose architecture is described by
the baseband model shown in Fig. 5.1. We assume that:

1) the OTFS-DCP modulation described in Chapter 4 is employed at its TX side;

2) the signal s(t; C), denoting the baseband equivalent of the modulated signal, conveys
the M x N matrix C £ [¢p] (With m = 0,1,...,M — 1 and n = 0,1,..., N — 1), that
represents a single OTFS symbol;

3) the communication channel is doubly selective? and is characterized by the CIR,

L-1

h(t,T) = Z a; exp(j2muyt) (r — 7), (5.1)
=0

In this context, sparsity refers to the fact that leakage caused by fractional delays and Doppler fre-
quencies is limited to few adjacent bins. It is worth noting that this property does not generally hold in
all scenarios [88].

2Channel noise is neglected for simplicity.
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where a;, 7, and v; represent the gain, the delay® and the Doppler shift associated with
the [th channel path, respectively, and L is the overall number of paths.

Following the methodology described in Section 4.2.3.1, we also assume that

M/2-1+NG,”
stC)= Y. S0, (5.2)

k=—(M/2+NG ")

where No1
SIE;TD) (t;C) & Z 2y p(t — UT5) exp(j2rkA s (t — UT5)), (5.3)
I=— N

xy, is the element (k,[) of the M x N matrix
X 2 [#y.n] = IDSFTy; n[C] 2 By CEX (5.4)

for k € {0,1,..., M — 1} and I € {0,1,..., N — 1} (wx; = @R, [x],ry Otherwise), p(t) is
the TX pulse, Ay = 1/Ty [101], Ty is the symbol interval, and Nc(pTD), NC(ED) and NC(;(P)
represent the sizes of the TD CP, the FD CP and the FD CPO; moreover, IDSFT s n[X]
denotes an order (M, N) IDSFT (see [101]).

In Section 4.2.3.1, it is proved that, for any k, sl(ﬁTD) (t; C) (5.3) can be seen as the frequency-
shifted version of the complex envelope of an OFDM signal, characterized by a CP size

equal to N(SE D) and by a frequency shift equal to kA, if:
a) the spectrum P(f) of p(¢) is the RRC function with roll-off factor a € [0, 1] (see (4.16));

b) N, & M(N — 2N, — 1) elements of the matrix C are set to zero (that is, subcarrier
suppression, SC, is accomplished); here, N, = [N (1 — a)/2], where |-| denotes the floor
operator. In practice, ¢, 4 = 0 for any (p, q) € I'sc(r) with

Ise(@) 2 {(p,q); p=0,1,... M —1,N, +1 < qg< N — N, — 1}. (5.5)

Then, under the last assumptions, we have that: 1) s(¢; C) (5.2) can be interpreted as the
superposition of M + NC(;ED) + NC(EOD) distinct OFDM signals; 2) Ny 2 MN — N, elements
of C are available for the transmission of pilot and information channel symbols, since the

remaining ones are set to zero (i.e., are suppressed).

The channel response to s(t; C) (5.2), denoted r(t; C), is applied to a filter bank consisting
of M distinct matched filters; ¢;(t) = p*(—t) exp(j2nkt/T}) is the impulse response of
the kth filter (with k= —M/2,...—1,0,1,...M/2 — 1). The output of each filter is then
sampled at the instants t; = 7,1 + nlgs, with n = 0,1,..., N — 1. Note that the DCP
ensures that any shift in both time and frequency directions caused by each path of the
doubly selective channel does not result in a loss of useful data, thanks to the availability
of redundant information. Thanks to the property of double cyclicity of the transmitted

3We assume the CIR components are arranged in ascending order of delays, so that 7o and 7_; are
the minimum and maximum delays, respectively.
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FIGURE 5.1: Baseband model of the developed OTFS-DCP-based communication system.

signal, the M x N matrix r(C), collecting the M N samples acquired through the filter
bank, can be put in the form (see Section 4.2.3.4)

r(C) £ [r[k,7]] = h® T(C), (5.6)

where 'r[/%, 7] is the th sample of the kth matched filter output, h is an M x N CSI matrix
whose element (k,n) (with £k =0,1,....M —1 and n =0,1,..., N — 1) is expressed by

L-1
hlk, 7] £ ZAl exp(—j2rkF, ) exp(j2minky,), (5.7)
=0

Ay = apexp(i2rv(m + 1-1)), F., 2 (- 11-1)/Ty and FV = y T, represent the complex
gain, the normalized delay and normalized Doppler shift associated with the Ith channel
path, respectively, and (see (5.6))

T(C)=Ey(Co G)EX (5.8)

is an M x N matrix accounting for the channel symbols through C and the impact of
p(t) through? G £ [g,4]. The matrix r(C) (5.6) undergoes an order (M, N) DSFT; this
produces the DD domain M x N complex matrix

Y(C) £ [Y'[m,n]] = DSFTasn[r(C)] £ Efjr(C)Ew, (5.9)
whose element (m,n) can be expressed as

M—-1N—

1N-1
1
Yim, Mi CpquCIZAl\I/M m—p,—F)Un(n—q,Fy), (5.10)
p=0 ¢=0
where (j2n(o + FV)) — 1
exp(72m(v + -
Uy (v, F) & 5.11
v(v, F) exp(j2n(v/V + F)) —1 (5.11)

for any integer v and normalized frequency F' € [0,1]. To understand the properties of
Uy (v, F) (5.11) and its impact on the signal (5.10), it is useful to express the variable F,
appearing in (5.11) as F = F'/V +F,, where F is an integer parameter (called integer part)
and F;. is a real parameter, called fractional part and whose valuf belongs to the interval
[—0.5/V,0.5/V]. In general, Uy (v, F) exhibits a peak at v = F, and, when F, = 0, it
turns into a Kronecker delta. Otherwise, it displays tails that decay gradually, becoming
more prominent as |F,.| approaches 0.5/V.

4The expression of g, is given in (4.81).
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Finally, based on the RX signal models (5.6) and (5.9) and on the previous comments
about Wy (v, F) (5.11), the following conclusions can be inferred:

1) If the CSI matrix h (or an estimate of it) is available, channel equalization can be easily
accomplished by compensating for the channel gains appearing in the TF domain matrix
r(C) (5.6). This allows recovering the matrix T(C) (5.8), from which the OTFS symbol
C can be estimated through an order (M, N) DSFT, followed by element-by-element
detection.

2) Two-dimensional cyclic shifts of all the symbols {c,,} may appear in the DD domain
signal (5.9), because of the properties of Wy (v, F'). This occurs when the integer part of
one or more of the normalized delays {Fy,} and/or the normalized Doppler shifts {F,,} is
different from zero.

3) The DD domain signal (5.9) is affected by leakage (i.e., by a form of ISI) if the fractional
part of the normalized delays {F~,} and/or the normalized Doppler shifts {F,,} is different
from zero.

5.3 Pilot-aided channel estimation & equalization method

In this section, we focus on pilot-aided channel estimation and equalization algorithms
that can be employed in the communication system illustrated in Fig. 5.1. The algorithm
we propose relies on the availability of multiple (say, Npi) pilot channel symbols in each
received OTFS symbol. The pilot symbol arrangement is based on the following criteria:

1) The vth pilot symbol, denoted z, (with v = 0,1,..., Npy — 1), is surrounded® by a
rectangular guard region, containing multiple null symbols; in practice, we have that ¢, ; =

0 for any (p,q) € I§\ {(pv, ¢0)}, with
Fg}) £ {(RM[pv + k],RN[QU + l])7 ‘k’ < pr, W < 2(]1/}; (5'12)

here, the couple (p,,q,) denotes the coordinates of z, within the OTFS symbol matrix®
C, and p; and ¢, are integer parameters defining the vertical and horizontal width, re-
spectively, of the rectangular guard.

Note that p, and g, cannot be arbitrarily small, since their values should be selected on
the basis of the maximum delay Tnax and the maximum Doppler shift vyax, respectively,
envisaged for the communication channel”. More specifically, we should select

Pr = [Tmax/Tres~| (513)

and
Qv = ’VVmax/VrcsL (514)

In the considered communication system, the pilot configuration is assumed to be time invariant,
meaning it does not change over consecutive OTFS symbols.

5Note that (pu, ¢v) belong to the unsuppressed region of C for any v.

"Do not forget that the presence of a delay and a Doppler shift results in a 2D cyclic shift of all the
elements of the each OTFS symbol. In the following, we assume that Tmax and vmax do not exceed Ty /2 and
Ay /2, respectively, in order to avoid any ambiguity in the interpretation of the detected OTFS symbols.
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where Tyes = Ty /M and vpes = A¢/N represent the delay resolution and Doppler frequency
resolution, respectively. If these choices are made, we can extract, from the DD domain
matrix Y (C) (5.9), Ny distinct P x @ submatrices, each containing a single channel pilot
symbol; here,

P2p +1 (5.15)

and
Q% 2g, + 1. (5.16)

are selected in a way that no information symbol has stepped inside each submatrix because
of path delays and/or Doppler shifts (further details are provided below), so that the
submatrix content depends on a single pilot symbol only.

It is easy to understand that the elements of C that are not occupied by the Ny pilots or
their guards, or that have not been zeroed for SC (see Section 4.2.3.4), can be exploited
to convey information symbols.

2) In general, the transmission rate loss due to the considered pilot arrangement scheme
can be quantified by evaluating the parameter

Npi—1
LS (v)
A - v .
Aross = MN vZ:O #<Fpi] (OZ)), (5.17)
here, #(I") denotes the cardinality of the set I" and
() 2 T\ T AT () (5.18)

represents a measure of the overhead due to the vth pilot.

3) The proposed pilot arrangement can be easily employed in MIMO OTFS-based JCAS
systems, due to the use of disjoint guardbands (e.g., see [102]).

4) The Np; guard regions overlap as much as possible with the portions of C zeroed because
of SC. This choice aims to minimize the impact of the guard region on the transmission
rate.

These concepts are exemplified by Fig. 5.2, which refers to an OTFS symbol characterized
by M = 16 and N = 32. In this context, Np; = 2 pilot symbols are considered; even if their
associated guardbands are both characterized by p, = 4 and ¢, = 1, the pilot positioning
has a significant impact on the transmission rate loss (5.17). In fact, as it can be inferred
from Fig. 5.2, the guardband of zy partially overlaps with the 16 x 7 null submatrix
representing the contribution of the suppressed carriers, but this does not happen for
the guardband of ;. The overheads associated with xp and z; are #(Fggl) () = 27
and #(Fl()lﬂ)(oz)) = 45 (see (5.18)), respectively; here a roll-off factor a = 0.25 has been
considered. Therefore, arranging the pilots as done for zy reduces the pilot overhead and
consequently, the overall transmission rate loss.

Let us focus now on the problem of estimating the inner structure of the communication
channel. This requires estimating the L triplets {(A4;, F,,, F,,);l = 0,1,...,L — 1} and
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FIGURE 5.2: Representation of the guard regions associated with a couple of pilot sym-

bols. Such symbols are conveyed by an OTFS symbol C characterized by M = 16 and

N = 32. The guard region of z( partially overlap with the portion of C conveying null

symbols because of subcarrier suppression (SC). For this reason, the pilot overhead re-
quired by the guardband of x; is larger than that required by that of xg.

the parameter L; in fact, these provide a full description of the communication channel,
described by the M x N matrix h = [h[k, 7]] (see (4.125)).

First of all, let us assume, for simplicity, that the matrix C conveys a single pilot channel
symbol (denoted xy and having coordinates (po, qo) € I'c(«)) and that all the remaining
elements of it form the guardband of that symbol (this scenario is denoted Full Guard (FG),
in the following). Under this assumption, based on (4.122), the element (k,7) of the
channel matrix h can be approximately expressed as® (see (4.123) and (4.124))

2 vVMN

To

exp(j2m (B2 k = 207) )ik, ). (5.19)

1%

hlk, 7] = hlk, 7]
From the last equation it is easily inferred that an estimate h[k, 7] of the element (k,n) of

h can be easily evaluated on the basis of the received signal r[/%, n|, for any k and n (see
(4.124)). Note that:

1) The set of complex gains {hlk,7]} does not directly provide full knowledge of the
communication channel, since the inner structure of the channel, in terms of the number
of paths, delays, and Doppler shifts, cannot be immediately inferred from that set. For
this reason, in the following, this set is considered as a form of partial CSI®.

2) Thanks to (4.125), the 2D sequence {h[k, 7]} can be seen as the noisy superposition of
2D complex exponentials whose parameters (namely, complex amplitude and normalized
frequencies) completely describe the inner structure of the communication channel. For
this reason, the set of those parameters, that represent a form of full CSI, can be estimated
by applying the 2D sequence {h[k,7]} to an algorithm for Multidimensional Harmonic
Retrieval (MHR).

8The term gy, ,q, (for v = 0) is absent from the RHS of (5.19), as its value is assumed to be unitary for
any pair of indices (p, q) € I'c(«) (4.119). This assumption extends to all v thereafter.
9 Another form of partial CSI is represented by the DSFT of {h[k, 7]}, i.e., its DD domain representation.
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3) The FG option described above should only be considered in two distinct scenarios. In
the first scenario, a single OTFS (pilot) symbol is transmitted solely for sensing purposes.
In the second scenario, the OTFS pilot symbol is included in a frame and is followed by
multiple OTFS symbols carrying data. In this case, the channel estimates obtained from
the pilot symbol are either directly utilized for channel equalization if channel variations
are deemed negligible over the whole frame, or they serve as initial values for decision-
directed channel tracking if the latter assumption does not hold.

Algorithm 5: The MTEE algorithm.

Input: a) the noisy matrices r(C) (5.6) and Y(C) (5.9); b) the set of pilot symbols
{zy;v =0,1,...,; Ny — 1}; ¢) an estimate 62

Extraction of pllot submatrices: Extract the set {Y(”); v=0,1,...Npjy — 1} from
Y(C) (5.9) (see (5.25)).

Channel estimation:

a- Evaluation of the reduced dimension TF model: Compute the matrix

of the noise variance 2.

h,, = IDSFTp[H,], (5.20)
where

o, 1 et )

H, £ N z_:o Y /z,. (5.21)
b- Channel parameter estimation: Run the CSFDEC algorlthm fed by the
matrix hy, to generate the estimates {(A;, Fy,, F,);1=0,. —1} and L of
{(A, F;,, F,,);1=0,. — 1} and L, respectively.
c- CSI reconstruction: Compute an estimate h 2 [h[k,7]] (with k = 0,1,...., M — 1
and 7 =0,1,...,N — 1) of h on the basis of (5.7); in doing so, A; = A, F 13’
F,, = F,, and L = L are assumed.
Equalization:

d- Evaluation 0f~the MMSE equalizer gains: Compute the M x N matrix
Gmmse é [Gmmse [k7 fl]], where

Gromse[k, 1] 2 B*[k, 7] (A, A)h* [k, 7)) + 62) L. (5.22)

e- Element-wise equalization: Perform equalization in the TF domain by
computing A
T =r(C) ® Gumse- (5.23)

f- TF to DD domain conversion: Evaluate the equalized symbol matrix in the
DD domain as
A £ DSFT) n|[T). (5.24)

Output: The set {(Al, Fﬂ, F,,l);l =0,...L — 1}, the number of channel paths L and
the equalized matrix A (to be employed for channel symbol detection).

Thanks to the presence of IV pilots, each surrounded by a guard region, Ny non-
overlapping P x @ submatrices, with P £ p, +1 < M and Q £ 2¢, +1 < N, can
be extracted from Y (C) (5.9) at the RX side. In practice, the vth submatrix Y*) (where
v=0,1,..., Npii — 1) is obtained by selecting elements from Y (C) with coordinates (p, q)
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in the set
I 2 {(Rypo + k], Rnlgo +1);0 < k < pr I < g} (5.25)

This choice ensures that, for any v, Y(®) depends on the vth pilot channel symbol only, if
spectral leakage can be neglected. The proposed channel estimation algorithm combines
the Npi matrices of the set {Y(”); v=0,1,..., N — 1} in a single P x @ matrix, denoted
I:IW; this matrix undergoes an order (P, Q) IDSFT, whose output is processed by an
algorithm for 2D harmonic retrieval.

The last algorithm generates an estimate of all the channel parameters (namely, of the L
triplets {(A4;, Fr,, F,)} and L); given the estimates of such parameters, CSI reconstruction
becomes possible (see (5.7)). In this chapter, the CSFDEC algorithm, derived in Chapter 1,
has been employed for MHR because of its accuracy and limited complexity.

The proposed equalization algorithm, instead, exploits the reconstructed CSI (5.7) to
compensate for the channel distortion affecting the TF domain matrix'® (5.6) employing
a Minimum Mean Square Error (MMSE) equalization technique in TF domain.

The overall strategy sketched above (and combining channel estimation and channel equal-
ization) is dubbed multiple tone estimation and equalization (MTEE), and is represented
by Algorithm 5. In analyzing the structure of this algorithm, readers should keep in mind
that:

1) Step 2a aims at improving the accuracy of channel estimation through the constructive
combination of the N submatrices {Y®: 0 =0, 1,...,Npi — 1}, in particular at low
SNR values. This step involves an element-wise division procedure, which can be further
refined using an MMSE approach, as proposed in [103, Eq. (22)], provided that both the
data-induced interference and noise variance are known.

2) The estimates of the channel parameters obtained at step 2b can be employed for target
detection and estimation in JCAS systems.

3) For any [, the normalized frequencies Fn and Fw provided by step 2b need to be
multiplied by P/M and Q/N, respectively, before being employed in the evaluation of the
estimate h of h in step 2c.

4) All the elements of the matrix A (5.24) associated with suppressed channel symbols
are discarded, whereas the remaining elements undergo channel symbol detection (see
Fig. 5.1).

5.4 Comparison with other channel estimation & equaliza-
tion techniques

The technique for channel estimation & equalization described in the previous section is
conceptually related to: a) the threshold-based approach developed by Raviteja et al. [83]

%Tn the proposed simulations, all the elements of r(C) (5.6) are affected by AWGN; the variance of noise
samples is denoted 2.
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and denoted Alg-R in the following; b) the frequency estimation algorithm proposed by
Wu et al. [91] and denoted Alg-W in the following. In fact, both these algorithms rely on
the transmission of pilot symbols to extract partial or full CSI. Despite their similarities,
they exhibit various differences concerning the six specific issues listed below.

1) Assumptions on delays and Doppler shifts - Alg-R has been developed under the restric-
tive assumption that the fractional part of all the normalized delays {F7, } is equal to zero.
This assumption does not hold; instead, for the derivation of the MTEE algorithm and
Alg-W. Keep in mind that the presence of a fractional part in the normalized delays makes
the problems of channel estimation and data detection significantly more challenging.

2) Pilot symbol arrangement - In Alg-R and Alg-W, a single pilot symbol is employed for
channel estimation (e.g. see [83, Figs. 1-2]); moreover, its position does not take into
account the impact of pulse shaping (see Section 4.2.3.4). The MTEE algorithm, instead,
can benefit from the use of multiple pilot symbols, whose position is carefully selected on
the basis of the adopted pulse shape and the suppressed channel symbols.

3) Channel estimation method - The channel estimation technique adopted in Alg-R ex-
ploits a threshold-based approach to extract partial CSI only (represented by the matrix
H,, (5.21)); then, this information is exploited in an iterative data detection process. On
the other hand, a DFT-based approach initialized through Alg-R is employed by Alg-W.
The last algorithm is able, similarly to the MTEE algorithm, to estimate both integer and
fractional components of the normalized delays {F%,} and the normalized Doppler shifts

{F,,} (see the frequency estimation algorithm described in [91, Sec. IV-A]).

4) Use of channel estimates for sensing purposes - Even if the exploitation of the channel
estimates generated by Alg-R for sensing purposes has not been investigated in [83], the
threshold-based approach on which this algorithm is based paves the way for the estimation
of the integer parts of normalized delays and Doppler shifts; these can be considered as
coarse estimates of target parameters. Alg-W, instead, has been proposed for sensing only;
for this reason, it does not solve the problems of channel equalization and data detection.
On the other hand, the MTEE algorithm can be employed for JCAS in the proposed
OTFS-DCP-based communication system.

5) Channel equalization - A message passing detection and interference cancellation al-
gorithm to be used jointly with Alg-R has been developed in [87]; it relies on a sparse
model of the received signal. Sparsity entails a significant reduction in the complexity of
iterative detection methods. However, if the RX signal matrix in the TF domain or in
the DD one is not sufficiently sparse (because of the presence of fractional components
in the channel delays and/or Doppler shifts [88,98]), iterative detectors become infeasible
because of their highly increasing complexity, may produce significant detection errors,
and may not even converge. On the other hand, the MTEE algorithm is not based on a
sparse signal model (see (4.124)); moreover, it makes use of an MMSE equalizer, fed by
the full CSI (represented by the set {(fll, Fn , Fyl); 1=0,1,..,.L— 1} and the parameter L
see step 3e in Algorithm 5). Finally, in the development of Alg-W, the problem of channel
equalization has not been taken into consideration.

6) Computational complexity: The computational complexity orders of Alg-R, MTEE and
Alg-W are listed in Table 5.1, where the partial contributions due to channel estimation,
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sensing and equalization steps are also provided. From the provided formulas, the following
conclusions can be easily inferred:

TABLE 5.1: Computational complexity order of Alg-R, MTEE and Alg-W.

Technique Channel estimation O(+) Sensing O(-) Equalization O(-)
AlgR PQ - MNS
MTEE (Npit +10g5(PQ))PQ  13[PyQology(PoQo) + L*NitNyerIply] M N logy(MN)
Alg-W (1+1logy(PQ))PQ PyQology(PoQo) + LNi8PQ -

a) In channel estimation, Alg-R evaluates the matrix H, (5.21) under the assumption
that a single pilot symbol is transmitted (i.e., Npiy = 1). On the other hand, both the
MTEE algorithm and Alg-W also require the estimation of the matrix hy, (5.20), which
is processed by a MHR, algorithm for sensing purposes. The only difference between the
MTEE algorithm and Alg-W is represented by the fact that the last method uses a single
pilot for channel estimation.

b) The computational cost of the sensing step of the MTEE algorithm is given by the sum
of different contributions (see (1.65)). The first contribution is the cost of initialization;
this requires the evaluation of the order (Py, Qo) DSFT of hy (5.20) and its first three
derivatives''. In general, Py > P and Qg > Q, since oversampling is employed along one
or both dimensions in order to improve the sensing accuracy. The second contribution,
instead, is given by the cost of refinements; the cost of each refinement depends on the
overall number of targets L and on the interpolation technique!? adopted in each refine-
ment step of the CSFDEC algorithm employed for 2D harmonic retrieval in S2. Note that
the overall refinement step can be run N,¢s times.

c) The Alg-W cost (see [91, Sec. IV-B]|) also results from the sum of the costs of its
initialization (requiring the evaluation of a single 2D spectrum) with that of an iterative
refinement step based on DFT coefficients.

d) In accomplishing channel equalization, Alg-R exploits the sparsity of the channel model
proposed in [83]; the complexity of the proposed iterative equalizer depends on an integer
parameter, denoted S and quantifying the sparsity of the channel model'3.

e) The computational cost of the proposed MMSE equalization is Nymse = Neq + Nad,
where Neg = O(MN) and Ngq = O(MN logy(MN)) are the costs of computing (5.22),
(5.23) and (5.24), respectively. From the last result, it can be inferred that the overall
computational cost of the MMSE equalizer is approximately of order O(Npmse), where

Ninmse = M N logy (M N). (5.26)

It is important to highlight that this last computational cost is much lower than that
required by the MMSE or Zero Forcing (ZF) techniques operating in the DD domain and

HThe overall number of derivatives to be computed is equal to 12; the matrices corresponding to the
derivatives of order (0,3), (3,0) and (3,3) of the DSFT of hy, (5.20) are not needed (see Section 1.3.3).

21n the following, the interpolation orders employed for the rows and columns of the spectrum and its
derivatives are denoted I, and I, respectively Algorithm 1.3.

13Note that S is usually greater than L.
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adopted in [88,99]; in fact, these involve matrix inversion (as opposed to element-wise
division in (5.23)) and thus require O((M N)3) operations (e.g., see [88, Eq. (48)]).

5.5 Numerical Results

Extensive computer simulations have been run to compare the MTEE algorithm, Alg-R
and Alg-W from two different perspectives. In fact, on the one hand, we have assessed
their ability to accurately estimate the inner structure of the communication channel
and, in particular, to estimate the delays and Doppler shifts characterizing its paths.
This issue is relevant not only for digital communications, but also for sensing in JCAS
systems. On the other hand, we have evaluated the error performance achievable on
different doubly selective channels when the considered algorithms are used for channel
estimation and the resulting estimates are exploited for channel equalization. Ensuring a
fair comparison between the considered algorithms has required adapting Alg-R and Alg-
W to the considered scenarios. More specifically, the following choices have been made in
the implementation of these last two algorithms:

1) The same pilot symbol configuration as the MTEE algorithm has been adopted; this
involves Ny pilot channel symbols. In Section 5.3 we have mentioned that, if the guard-
bands surrounding pilot symbols are of proper size, the use of multiple pilots represents a
viable way to improve the quality of the full CSI conveyed by the matrix Hy, (5.21).

2) A 2D spline interpolation technique'? has been employed in Alg-R to increase the
number of rows of the matrix Hy, (5.21) and that of its columns from P and Q to Py and
Qo, respectively. This improves channel estimation accuracy by enhancing the resolution
in both delay and Doppler domains.

3) In Alg-R, the matrix H, (5.21) has been processed to detect its L most relevant ampli-
tude peaks (that are associated with relevant normalized delays and Doppler shifts); this
is conceptually similar to the peak search in a 2D periodogram (e.g., see Section 2.3.1.1).

4) In Alg-W, sensing consists of the following two consecutive steps: a) Alg-R is run on
the matrix Hy (5.21) to detect its L most relevant peaks, whose indices are collected in
the set {(p;,q);1 = 0,1,...,L — 1}; b) a serial refinement procedure, based on the matrix
hy, (5.20), is accomplished for each peak (p;,¢). This procedure can be repeated up to
Njt, times for each detected peak and closely follows what is described in [91, Algorithm 2],
where the input parameters x» 1], (I, 7p) and Niger are replaced by the element (p/, ¢)
(withp’ =0,1,...., P—1land ¢ =0,1,....,Q —1) of hy,, the couple of indices (p1,q;) and the
number of iterations to be accomplished in each refinement step (i.e., Nj), respectively.

5) The MMSE equalizer described in Section 5.3 (see step 3e of Algorithm 5) has also
been employed by Alg-R and Alg-W.

In the simulations, five different scenarios, denoted SC1, SC2, SC3, SC4 and SC5, have
been considered. The first scenario is characterized by a single path (corresponding to
the presence of a single target in sensing), i.e., by L = 1. The path amplitude is set to unity,

1411 the considered simulations, the MatlabR2023b spline 2D interpolation has been used.
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whereas both its delay and Doppler frequency are generated randomly to ensure that their
fractional parts are usually different from zero (see comments below (5.13) and (5.14)).
In sensing, the path delay 7y and Doppler shift 1y can be easily related to target range
Ry and velocity vg as 10 = 2Ry/c and v = 2f.vg/c, respectively (here, f. and ¢ denote
the carrier frequency and the speed of light, respectively). In the simulations, Ry and vy
are generated in an independent fashion and are uniformly distributed in [Rpin, Rmax] and
[Umin, Umax), respectively, with Rpyin = 0, Rpax = 30 m, vpin = —50 km/h and vpax = 50
km/h.

The second scenario, instead, is characterized by a couple of paths having unitary am-
plitude. The range Ry and the speed vy characterizing the first path are generated in
the same way as the corresponding parameters defined for SC1; however, Rpax = 26 m,
Umin = —90 km/h and vpax = 90 km/h have been selected. The range R; and the velocity
v1 characterizing the second path are evaluated as

R1 = Ry + (pr + pr)Roin (5.27)

and
v = v + (ﬁv + pv)vbin; (528)

respectively; here, we have that: 1) Ry, = ¢/(2MAy) and vpin = ¢/(2N T f.) represent
the bin resolutions for range and velocity, respectively; 2) p, = 3 and p, = 3 denote the
normalized range and velocity bin spacing, respectively; 3) py, and p, are independent
random parameters, and each of them is uniformly distributed between 0 and 0.5.

The third scenario is characterized by three paths, all having unitary amplitude. In
this case, the range Ry characterizing the first path is generated in the same way as the
corresponding parameter defined for SC1; however, Ry.x = 25 m has been chosen. On
the other hand, the ranges characterizing the other two paths have been generated as

Ry = Ry + 1p: Rpin, (5.29)

with [ = 1 and 2; moreover, the parameter p, is set to 2. The velocities associated with
the considered paths have been generated according to Jake’s formula (e.g., see [83]), that
is as

U] = Upax €08 (0)) , (5.30)

with [ = 0,1 and 2; here, vpmax = 250 km/h and 6; is a random parameter uniformly
distributed over [—,7].

The fourth scenario is very similar to SC2, the only difference being represented by the
fact that p, = py = 1.4 in the generation of R; and v; according to (5.27) and (5.28),
respectively.

In the fifth scenario the following assumptions regarding the communication channel have
been made: 1) the channel power delay profile is a truncated exponential with maximum
delay Tiax = 0.67 ps; 2) the channel Doppler spectrum is the Jake’s power spectrum with
maximum Doppler shift vp,,x = 5.56 kHz. The methodology illustrated in [104] and based
on Gaussian Quadrature Rules (GQR) has been applied to derive a simple channel model
for the simulations in SC5. This has resulted in a channel model characterized by L = 3
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channel paths, characterized by the delays 7 = 0.07 ps, » = 0.31 ps and 73 = 0.59
ps, and whose complex amplitudes are represented as the superposition of three complex
exponentials (see [104, Table I]).

The selection of the five scenarios defined above can be motivated as follows. The first
scenario allows us to assess the performance of the considered algorithms in the absence of
interference between different paths; in fact, in this case, the spectral leakage affecting pilot
symbols originates from data symbols only. In the second scenario, the contributions due to
the couple of paths are adequately spaced in the DD domain (since the spacing corresponds
to 3 resolution bins for both range and velocity), but leakage has a random impact because
of the presence of the terms p, and p, in (5.27) and (5.28), respectively; this makes the task
of channel estimation harder. In the third scenario, the overall number of paths is larger
than that of the other two, and Doppler shifts are randomly distributed according to the
widely adopted Jake’s spectrum (e.g., see [81, Example 2.2.8]). This scenario allows us to
assess how the considered algorithms perform when we use: a) a couple of pilots; b) a single
pilot surrounded by a guard wide enough to accommodate a Doppler shift corresponding
to twice its maximum value (with the aim of leakage mitigation). The fourth scenario
allows us to assess the performance of the considered algorithms when the contributions of
the two paths are closely spaced in the DD domain (since the spacing corresponds to 1.4
resolution bins for both range and velocity). Finally, the fifth scenario takes into account
a distinct delay profile compared to the first four scenarios, with each path distinguished
by varying amplitudes.

In the computer simulations, the following parameters have been selected for the OTFS
modulation: 1) M = 512 and N = 512 for the data matrix C; 2) frequency spacing
Aj = 250 kHz; 3) TD cyclic prefix size Ny ) = N/32; 4) FD cyclic prefix and post-
fix sizes!® Nc(g D) = NC(II;OD) = M/32; 5) carrier frequency f. = 24 GHz; 6) roll-off factor
and truncation length for the RRC pulse @ = 0.25 and L, = 19, respectively; 7) gain
tolerance adopted in the evaluation of the overall number of SCs ¢ = 0.05; 8) cardinality
of the PSK modulation M, = 4 (Gray coding is used in symbol mapping). The choice
of these parameters entails that: 1) Ty = 1/Ay = 4 ps; 2) the bin sizes along range
and velocity are Ry, = 1.17 m and vy, = 3.05 m/s, respectively; 3) the percentage of
overhead due to the insertion of the DCP is 8.73% (see (4.61)). The only changes in
the parameters listed above have been made for the evaluation of the PSD (4.126). In
fact, in this case, to ease the interpretation of numerical results, the following parameters,
different from those listed above, have been selected for the OTFS modulation: 1) M = 32,

2) NégD) = NC(IP;OD) = M /8. The resulting PSD (4.126), normalized with respect to

1 o2
, (5.31)
NTs N + NG

is represented in Fig. 5.3 and in Fig. 5.4 for the following cases:
1) untruncated p(t) (blue curves in both figures);

2) untruncated p(t), and absence of the FD CP and CPO (red curve in Fig. 5.3);

15This choice entails a small loss in terms of spectral efficiency with respect to the case FD CP and CPO
are not used.
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FIGURE 5.3: Normalized PSD of an OTFS signal employing an (untruncated) pulse p(t)
characterized by a RRC spectrum with roll-off factor «« = 0.25. The presence of a DCP
(blue curve) and the absence of FD CP/CPO (red curve) are considered.
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FIGURE 5.4: Normalized PSD of an OTFS signal for a system employing: a) an (untrun-

cated) pulse p(t) characterized by a RRC spectrum with roll-off factor o = 0.25 (blue

curve); b) a truncated version of it (characterized by the truncation length L, = 19; red

curve). The right figure displays the same curves for the frequency range f € [4.83,4.91]
MHz.

3) truncated pulse p(t) with truncation length L, = 19 (red curve in Fig. 5.4).

These results have allowed us to assess the impact of the FD CP & CPO on the spectral
efficiency (see Fig. 5.3) and the effect of pulse truncation on out-of-band emissions (see
Fig. 5.4).

These results show that: 1) the signal bandwidth Bs (see (4.129)) is approximately equal
to 10 MHz and 8 MHz, in the presence of a DCP and in the absence of FD CP/CPO,
respectively (see Fig. 5.3); 2) pulse truncation results in spectral widening and in the
generation of new side lobes, but it does not have a significant impact on the overall shape
of the PSD (see Fig. 5.4). As far as the last point is concerned, we have also found out
that, for the given truncation length and roll-off factor, over 99% of the radiated power
remains within the bandwidth Bs.
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As far as the transmission of pilot symbols is concerned, the use of a variable number
of pilot symbols (in particular, Npy € {1,2,3,4}) has been considered in the first two

scenarios. In all cases, the guard I‘g)) of each pilot is generated according to (5.12).
Moreover, the guard parameters p, = 26 and ¢, = 5 have been adopted in SC1 (so that
P =27and @Q =11), and p, = 26 and ¢, = 12 in SC2 (so that P = 27 and @ = 25). Note
that the values of p, and ¢, have been selected according to (5.13) and (5.14), respectively.
In SC3, instead, the guard size is the same as SC2 when two pilots are employed; however,
¢» = 24 has been chosen in the case of a single pilot, in order to double the guard size along
Doppler direction. Differently from SC2, in SC4 a single pilot channel symbol has been
used, but three different guardband sizes have been considered. In particular, the first
guardband configuration, denoted GB; is identical to that of SC2 (therefore, the guard
parameters are p-, = 26 and q,, = 12). In the second guardband configuration, dubbed
GBa, pr, = 1.5p,, and q,, = 1.5q,,, whereas in the third guardband configuration, dubbed
GBs, pry = 3pr, and quy = 3qu, .

The computer simulations have aimed at assessing: a) the Bit Error Rate (BER) achieved
by the OTFS-based communication represented in Fig. 5.1 when each of the considered
algorithms is used at its RX side; b) the RMSE achieved in range (RMSER) and velocity
(RMSEy) estimation by each of the considered algorithms. Note that the first performance
index is meaningful in data communications only, whereas the last two are also relevant for
sensing applications. In generating the proposed numerical results referring to the three
performance indices mentioned above, the following choices have been made for all the
compared algorithms:

1) The oversampling factors N, = Ny = 16 have been adopted for all the algorithms. This
implies that, for the first three scenarios, By = N, P = 432, whereas Qg = NqQ = 176
and 400 in SC1 and SC2/SC3, respectively. As far as SC4 is concerned, the couple of
parameters (Py, Qo) is equal to (432,400), (648,600) and (1296, 1200) for GBy, GB2 and
GBg3, respectively.

2) The overall number of paths (L) has been assumed to be known at the RX side.

3) In the MTEE algorithm, Nj; = 5 refinement steps have been accomplished for the
computation of the normalized delay and Doppler residuals, the interpolation orders I, =
I, = 7 have been selected, and N,.s = 2 re-estimations have been executed.

4) In Alg-W, Nj; = 5 refinement steps have been executed.

5) The noise variance o2 has been assumed to be known in all the considered scenar-
ios; consequently, 62 = o2 has been adopted in evaluating the gain Gumse[k, 7] (5.22),
employed during the equalization step of each algorithm.

The numerical results are illustrated in the following figures. In analyzing them, readers
should keep in mind that:

1) Simulation results are represented by labels, whereas solid and dashed lines are drawn
to ease reading.
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FIGURE 5.5: Root mean square error performance achieved by Alg-R, the MTEE algo-
rithm and Alg-W in range (left figure) and velocity estimation (right figure) in the first
scenario. The CRLB is also shown.
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FIGURE 5.6: Bit error rate performance achieved by Alg-R, the MTEE algorithm and
Alg-W in the first scenario.

2) In all the figures referring to SC1 and SC2, solid lines refer to the transmission of
a single pilot for channel estimation, whereas dashed lines refer to the transmission of 4
pilots in the same OTFS symbol.

3) In the evaluation of the SNR per information bit (E},/Ny), we have taken into account
the energy loss originating from the presence of one or more pilot symbols, but not that
due to the use of the DCP for simplicity (this results in an Ey, /Ny loss equal to 0.085 dB).

Some numerical results referring to SC1 are illustrated in Fig. 5.5 and in Fig. 5.6. In
particular, the RMSEgR and RMSE, characterizing all the considered algorithms are shown
for an E,/No € [~13,27] dB; the CRLB!® is also provided as a reference. The BER
performance achievable in the same SNR range through the use of each of the considered
algorithms is shown in Fig. 5.6. Moreover, in that figure, the BER performance achieved
by the coherent demodulation of an uncoded Quadrature Phase-Shift Keying (QPSK) over

The evaluation of this bound is based on the methodology described in Appendix A.2.1.
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FIGURE 5.7: Root mean square error performance achieved by Alg-R, the MTEE algo-
rithm and Alg-W in range (left figure) and velocity estimation (right figure) in the second
scenario. The CRLB is also shown.

an AWGN channel is also shown (see [105, Subsect. 5.2.7, eq. (5.2.59)]), since it provides
a lower bound.

The results shown in Fig. 5.5 and in Fig. 5.6 lead to the following conclusions:

1) An Ey, /Ny threshold can be easily identified in all the RMSE curves; in all cases, the
threshold is lowered by an increase in the number of pilot symbols from one to four.

2) All the techniques exhibit a RMSE floor at high values of Ey,/Ny. This result can be
motivated as follows. On the one hand, Alg-R does not include a refinement step and
limits its estimation to peak searching on the matrix H, (5.21). Conversely, for the other
two techniques, their refinement step relies on the input matrix hy (5.20), which ideally
should represent a pure overlap of 2D complex exponentials (this condition is perfectly
met in the FG case only).

3) The MTEE algorithm achieves the best estimation accuracy in terms of RMSE,,, whereas
Alg-W achieves it in terms of RMSER at high SNRs. This can be related to the fact that
the refinement step of Alg-W converges faster, provided that the 2D tones are adequately
spaced.

4) Alg-R and the MTEE algorithm offer the worst and the best BER performance, respec-
tively. Note also that Alg-W is outperformed by Alg-R for an Ey /Ny € [2,17] dB. This
can be related to the fact that Alg-R achieves a RMSE, lower than that of Alg-W in the
considered SNR range.

It is also worth mentioning that:

1) The computational complexity for the sensing steps of Alg-W and the MTEE algorithm
is 1.1 and 13.1 times higher than that of Alg-R, respectively (see Table 5.1). Even if the
MTEE algorithm exhibits a higher complexity (this is due to its initialization cost), it
achieves a better complexity-performance trade-off than the other two methods.

2) The percentages of transmission rate loss Ajess (5.17) due to pilots in SC1 are 0.44%
and 1.76% for 1 and 4 pilots, respectively.
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FIGURE 5.8: Bit error rate performance achieved by Alg-R, the MTEE algorithm and
Alg-W in the second scenario.

Some numerical results referring to the RMSE and the BER performance achieved in SC2
are shown in Fig. 5.7 and in Fig. 5.8, respectively. From these results, it can be inferred
that:

1) The MTEE algorithm achieves the best accuracy in terms of both range and velocity
estimation. This improvement is mainly due to the serial cancellation mechanism adopted
by the CSFDEC algorithm.

2) Similarly as SC1, estimation accuracy improves as the overall number of pilots increases.
However, the performance gap between the considered techniques is significantly larger
than that observed in SC1. This is due to the presence of multiple paths, whose fractional
delays and Doppler frequencies generate stronger leakage (i.e., interference) that affects
not only pilots but also data symbols.

3) The BER performance of all the algorithms is worse than that observed in SC1. More-
over, Alg-R is outperformed by the other two techniques and exhibits a high floor even
when four pilots are used.

It is also important to point out that:

1) The computational complexity of the sensing step of Alg-W and the MTEE algorithm
is 1.1 and 13.1 times higher than that of Alg-R, respectively (see Table 5.1) as in SC1;
for this reason, the considerations illustrated for that scenario also apply to SC2.

2) The percentages of transmission rate loss Ajogs (5.17) due to pilots in SC2 are 1% and
4% for 1 and 4 pilots, respectively.

Other numerical results, referring to SC3, are illustrated in Fig. 5.9 and in Fig. 5.10. In
these figures, solid lines refer to the case in which two pilot symbols are used, whereas
dashed lines refer to the use of a single pilot with a guard size doubled along the Doppler
direction. The last results evidence that:
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FIGURE 5.9: Root mean square error performance achieved by Alg-R, the MTEE algo-
rithm and Alg-W in range (left figure) and velocity estimation (right figure) in the third
scenario.
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FIGURE 5.10: Bit error rate performance achieved by Alg-R, the MTEE algorithm and
Alg-W in the third scenario.
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FI1GURE 5.11: Root mean square error performance achieved by Alg-R, the MTEE algo-

rithm and Alg-W in range (left figure) and velocity estimation (right figure) in the fourth

scenario. Solid, dashed and dash-dotted lines refer to GB;, GBs and GBj3 guardband
configurations, respectively. The CRLBs are also shown.

1) All the algorithms exhibit similar thresholds in their RMSE performance. If one or two
pilots are used, the E},/Ny threshold is approximately 3 dB and 7 dB, respectively.

2) A high floor is visible in the RMSER and RMSE, curves referring to Alg-R.

3) Alg-W performs better than Alg-R in terms of RMSER, whereas its performance in
terms of RMSE, is comparable to that achieved by Alg-R.

4) The MTEE algorithm performs substantially better than all the other algorithms for
high SNRs (more precisely, for Ey,/Ng > 12 dB).

5) Increasing the guard size along the Doppler dimension improves the estimation accuracy
in terms of RMSE,. On the contrary, the use of two pilots with a smaller guard size along
the Doppler dimension improves RMSER.

6) The BER performance achieved in the case of a single pilot with a double guard size
is better than that obtained with a couple of pilots. This is mainly due to the fact that
SC3 is characterized by a significant Doppler spread. On the other hand, the delay has a
weaker impact, even if it introduces some leakage.

Note that, the percentage of transmission rate loss Ajss (5.17) is 2% in both the cases
considered in SC3.

Numerical results referring to SC4, are illustrated in Fig. 5.11 and in Fig. 5.12; in these
figures, solid, dashed and dash-dotted lines refer to GBy, GBs and GB3 guardband con-
figurations, respectively. These results evidence that:

1) All the algorithms exhibit similar thresholds in their RMSE performance, regardless of
the guardband configuration. The threshold is located at E}y, /Ny = 2 dB.

2) Despite the RMSE performance improves with increasing guardband sizes, since a higher
number of samples becomes available to the harmonic retrieval algorithm, an RMSE floor
remains visible at large SNRs for all the considered techniques.
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FIGURE 5.12: Bit error rate performance achieved by Alg-R, the MTEE algorithm and
Alg-W in the fourth scenario. Solid, dashed and dash-dotted lines refer to GB;, GB5 and
GBj3 guardband configurations, respectively.
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FIGURE 5.13: Root mean square error performance achieved by the MTEE algorithm,
Alg-R and Alg-W in a) delay and b) Doppler shift estimation (CRLBs are also shown for
comparison). ¢) Bit error rate performance achieved by the MTEE algorithm, Alg-R and
Alg-W (the error performance obtained with perfect CSI is also shown for comparison).

3) Alg-R and MTEE offer the worst and best RMSE & BER performance, respectively,
for the same guardband configuration.

4) Better RMSE performance usually results in an improvement in BER performance.
However, the price to be paid for this improvement is the adoption of a wider guardband

and, consequently, a lower data rate.

The last numerical results, referring to SC5, are illustrated in Fig. 5.13-a), -b) and -c), and
refer to the cases in which Np; = 1 (solid lines) and Ny = 4 (dashed lines). In particular,
some results referring to RMSE,; and RMSE,, are shown in Fig. 5.13-a) and in Fig. 5.13-
b), respectively; in both figures, the SNR range [0,40] dB is considered and CRLBs are
provided as a reference. Other results referring to the achievable BER performance in the
same SNR range are shown, instead, in Fig. 5.13-c); in that figure, the BER obtained when
CSI is perfectly known at the RX side (perfect CSI case) is also provided as a reference.

From the results shown in Fig. 5.13-a), -b) and -c¢) the following conclusions can be inferred:

148



Chapter 5. Novel Channel Estimation and Equalization Algorithms for OTEFS-DCP 149

1) A SNR threshold can be easily identified in all the RMSE curves; the threshold observed
for Ny = 4 is significantly lower than that referring to Ny = 1.

2) All the considered algorithms exhibit a RMSE floor at high SNRs. This result can
be explained as follows. In Alg-R, the peak search involving the matrix H,, (5.21) is
not followed by a refinement step; this limits the estimation accuracy of that algorithm.
The MTEE algorithm and Alg-W, instead, execute a refinement procedure that involves
the input matrix hy, (see step 2b of Algorithm 5). This procedure, however, relies on
the assumption that the 2D sequence conveyed by the matrix h,, is the overlap of L 2D
complex exponentials; unluckily, this condition is perfectly met when the fractional part
of all the normalized channel delays and normalized Doppler shifts is equal to zero (this
does not occur in the considered simulations).

3) In the SNR range [22, 35] dB, the estimation accuracy provided by the MTEE algorithm
in the presence of a single pilot symbol (i.e., Npi = 1) is very close to that offered by Alg-W
when four pilot symbols (i.e., Npj = 4) are available.

4) The MTEE algorithm and Alg-R offer the best and worst BER performance, respec-
tively, for a given number of pilots.

5) The computational complexity of step 2b for Alg-W and the MTEE algorithm is 1.1 and
13.1 times higher, respectively, than that of the same step of Alg-R (see Table 5.1). Despite
the computational gap between the MTEE algorithm and the other two algorithms, we
can state that the first algorithm achieves a better complexity-performance trade-off than
the other two.

Finally, based on all the results illustrated above, we can state that: a) the proposed mod-
ulation format (namely, an OTFS modulation incorporating a DCP and employing a pulse
shape with RRC spectrum) can be considered a good candidate for future JCAS systems;
b) the MTEE algorithm outperforms all the considered technical alternatives over dou-
bly selective fading channels thanks to its ability to accurately estimate fractional delays
and Doppler shifts; ¢) the performance improvement provided by the MTEE algorithm is
obtained at the price of a limited complexity increase with respect to other methods.

5.6 Conclusions

In this chapter, a communication system employing the OTFS modulation with a double
cyclic prefix has been considered and novel solutions to the problems of pilot-aided channel
estimation and equalization have been proposed. First, a pilot arrangement scheme taking
into account the impact of pulse shaping and the strategy of using multiple pilots has been
described. Then, a novel algorithm for pilot-aided channel estimation to be adopted at
the RX side of the communication system (or at its TX side for sensing applications) has
been proposed; moreover, it has been shown how the channel estimator output can be
exploited for channel equalization. The obtained numerical results have evidenced that
the proposed algorithms outperform two technical alternatives at the price of a limited
increase in computational complexity. For these reasons, we believe that they represent
promising technical solutions for future JCAS systems employing the OTFS modulation.

149



Chapter 5. Novel Channel Estimation and Equalization Algorithms for OTEFS-DCP 150

The next chapter deals with implementing OTFS-DCP modulation on commercial SDRs to
conduct experimental measurements about the communication performance of the system
in doubly selective channels.
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6

On the
Use of a Double Cyclic Prefix in Orthogo-
nal Time-Frequency Space Modulation for
Communication and Sensing

In this chapter, the problem of implementing, on commercial software defined radios, a
digital communication system that employs the OTFS modulation is addressed. In the
technical literature, few manuscripts on this issue are available; moreover, they do not take
into consideration the use of a cyclic prefix in both the time and frequency domains (i.e.,
the use of a double cyclic prefix, DCP). In this chapter, we describe the implementation
of the OTFS-based communication system developed in Chapter 4 on a couple of software
defined radios manufactured by National Instruments. Various technical information about
the signal processing algorithms employed at the transmit and receive sides is provided.
The obtained experimental results evidence that the implemented communication system
is able to reliably operate in the presence of strong Doppler affecting the communication
channel.

6.1 Introduction

Future communication systems are expected to support multiple broadband services and
perform reliably in heterogeneous propagation conditions. The most challenging com-
munication scenarios are usually characterized by high mobility; in this case, broadband
transmissions based on OFDM suffer from severe ICI due to the lack of orthogonality in
the presence of fast variations in communication channels. This consideration has moti-
vated the investigation of new modulation formats exhibiting resilience to both multipath
and Doppler, and, in particular, has led to the development of the OTFS modulation [79].
This format can be considered as an example of 2D modulation, since it maps data in the
DD domain through a 2D transform and, thanks to its inner structure, is able to coun-
teract selectivity in both time and frequency domains. Even if various theoretical results
about the OTFS modulation are available in the technical literature, few manuscripts
focus on its implementation on programmable radio platforms (i.e., SDR) and analyze
its performance in realistic propagation environments. The first implementation has ap-
peared in [106], where two Universal Software Radio Peripheral (USRP) 2943R devices
manufactured by National Instruments (NI) have been employed for transmission and re-
ception. Moreover, channel emulation and all the required signal processing algorithms
have been implemented in the LABView environment and run on a host Personal Com-
puter (PC). A proof-of-concept static setup has been proposed in [107], where a single
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Adalm-Pluto [108] SDR operating at 3.5 GHz has been employed; this choice has allowed
to circumvent the problem of compensating for a Carrier Frequency Offset (CFO) at the
RX side. An implementation based on a pair of X310 SDRs manufactured by ETTUS
Research has been described in [109], where the impact of hardware impairments, such as
zero frequency (i.e., DC) offset, Timing Offset (TO) and CFO on the received signal is
analyzed. Some additional results can be found in [110], in which the same radio setup has
been employed. Finally, in [111] and [112], USRP-2953R and USRP-2954 SDRs equipped
with Global Positioning System (GPS) synchronization (for minimizing the CFO at the
RX side) have been employed; both manuscripts focus on the use of the OTFS modulation
for basic JCAS tasks.

It is important to point out that, in all the above-mentioned implementations, a TD CP
has always been adopted in the generation of the OTFS modulation. However, the use of
an additional CP and a CPO in the FD has never been taken into consideration. We believe
that this represents a fundamental issue since, as proved in Section 4.2.3, FD CP & CPO
play a similar (dual) role in Doppler mitigation as the TD CP in multipath equalization.
This chapter aims at filling this gap by providing some implementation guidelines for the
OTFS modulation employing a DCP! on SDRs.

This chapter is organized as follows. In Section 6.2 the architecture of an OTFS-DCP
based communication system, some essential signal models and relevant signal processing
techniques employed at the RX side are described. In Section 6.3 pilot-aided channel esti-
mation and equalization algorithms for OTFS-DCP are proposed. Section 6.4 is devoted to
the implementation of the TX and RX chains of the considered system. The performance
of the developed algorithms is compared with that provided by two technical alternatives
in Section 6.5. Various experimental results acquired in two specific scenarios are analyzed
in Section 6.6. Finally, some conclusions are given in Section 6.7.

6.2 System and Signal Models

The overall architecture of the considered communication system is illustrated in Fig. 6.1,
where, for simplicity, a detailed representation is provided for the baseband part of the
TX and RX sides. In the remaining part of this section, we briefly describe how this
system operates and illustrate some essential signal models. Let us focus first on the

i Baseband TX iTo ™
H < o o (U) "
: S, ¢] X X, )f Preamble & ] X X g s[n]}; Radio
! ! 1 ]
——{ Symbol S} \ sg_ MO pser Xl | DC:’ pilot () Upsampl. [~ T ---]-:_ >
b From lapping nsertion nsertion Insertion an! :
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________________________________________________________________________________________________________________________________ :
; Baseband RX ) 5 ) - iFrom RX
) {Si {C {T R, R, Y i r[n]} Radio
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Detection Removal Removal Synch. Bank '
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'
'
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FIGURE 6.1: Block diagram of the considered communication system; all the blocks refer
to the baseband processing accomplished at the TX and RX sides (see the upper part
and lower part, respectively).

!Following the rules for the signal generation described in Section 4.2.3, this modulation format is called
OTFS-DCP.
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processing accomplished at the TX side. A coded bit stream is mapped into channel
symbols, each belonging to an M_.ary constellation. Then, such symbols are grouped to
generate the sequence {C;} of OTFS symbols; for any [, the ith OTFS symbol, C; = [c%),n]
(with m = 0,1,....M —1 and n = 0,1,...,N — 1), is an M x N matrix?, collecting N,
channel symbols and Ny, £ M(N — N,) null symbols identifying the SCs?. The matrix
C; undergoes an order (M, N) IDSFT, generating the M x N matrix

X; = [21),] £ IDSFTy v[C)] £ Ey C EX. (6.1)

Then, X is cyclically extended along both dimensions, with period N in n (i.e., in the TD)
and period M in m (i.e., in the FD); this aims at introducing a TD CP, a FD CP and a

FD CPO having sizes Nc(g D), Nc(g D) and NC(EOD), respectively4; note that the new elements
of X are generated as :U,(Cl)z = :L‘EQM[H Rulil for k ¢ {0,1,...,M —1} and ¢ ¢ {0,1,..., N — 1}.

This results in the generation of the M x N cyclically extended OTFS symbol X;, with
M2 M+ NC(IfD) + NC(;P) and N 2 N + NC(I;FD). The resulting sequence {X;} is cyclically
enriched with equally spaced pilot symbols. In particular, every block of (D—1) consecutive
elements of {X;} is preceded by an OTFS pilot symbol, which is employed for channel
estimation at the RX side; the block and the associated pilot symbol form a transmission
frame, that consists of D OTFS symbols. Moreover, an M-dimensional column vector,
representing the frame preamble and exploited for frame synchronization at the RX side, is
concatenated with each pilot symbol. This vector results from: a) evaluating the M order
DFT of a Barker sequence of length Lp; b) adding a CP and CPO to the DFT output in
order to extend it cyclically, so that its size becomes M. Consequently, concatenating the
frame preamble with the OTFS pilot symbol produces a M x (N + 1) dimensional symbol.
The resulting sequence of OTFS symbols is applied to a filter bank, which consists of M
filters running in parallel and generates the complex envelope of the modulated signal. In
the following, we concentrate on the transmission and reception of the Oth OTFS symbol
(i.e., Cp) for simplicity and drop its subscript to ease reading; its complex envelope can
be expressed as (see (4.63))

M/24+NGP -1
s(t;C) 2 3 s\ (1: C), (6.2)
k=—(M/2+NG ")
with
D) N-1
s o) ST aen(t— 1T, (6.3)
I=—NG®P
Here, for any k,
ok (t) 2 p(t) exp(j2mkt/Ts), (6.4)

is the impulse response of the kth filter employed at the TX side, whereas Ty and p(t) denote
the symbol interval and the TX pulse, respectively. In the considered system, following
the methodology illustrated in Section 4.2.3.1, p(t) has been selected as the pulse whose

2The parameters M and N are supposed to be even in the following,.
3Details about subcarrier suppression are provided in Section 4.2.3.4
4Some guidelines for the selection of the TD CP and FD CP & CPO sizes can be found in Section 4.2.3.
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the spectrum P(f) is the RRC with roll-off factor a € [0,1] (see (4.16)). Moreover, we
have set to zero multiple (i.e., Nsc = N — Ny, with N, 2 2N, +1 and N, = [N(1—a)/2])
columns of the matrix C to accomplish subcarrier suppression.

It is important to note that the blocks following the DCP insertion, in Fig. 6.1, aim at
generating a sampled version of the complex envelope described above.

Let us assume now that the signal s(t; C) (6.2) is sent, after frequency up-conversion, over
a doubly selective fading channel, having the baseband CIR

L-1

h(t,7) = Z ayp exp(72mvpt) 6(T — 171), (6.5)
I'=0

where ay, 7 and vy represent the gain, delay®, and Doppler shift, respectively, of the I'th
path (with I’ =0,1,...,L —1), and L is the overall number of paths. At the RX side, after
frequency down-conversion and sampling, the OTFS-DCP signal is processed by a digital
filter bank. To simplify the description, we assume that the sampling occurs after a filter
bank consisting of M distinct analog matched filters (in the proposed implementation,
a digital filter bank is employed). According to (4.72), the impulse response of the kth
matched filter is ¢7(—t) = ¢ (t) (see (6.4)), with k=-M/2,-M/2+1,...,M/2—1. Each
filter is fed by the complex signal r(¢; C) and its output is sampled at the instant ¢; =
T—1 + nTy, with 7 = 0,1, ..., N — 1; this makes the sample r[l?:, n] available at the output
of the kth filter. The M N samples acquired through the filter bank for the considered
OTFS symbol are collected in the M x N matrix R £ [r[k,7]]. In Section 4.2.3.4, it is
proved that, thanks to the property of double periodicity of the transmitted signal and to
the specific choice of the pulse p(t), R can be expressed as

R £ ho T(C), (6.6)

if channel noise is neglected; here, h £ [h[k,7]] is an M x N matrix representing the
channel state information (CSI) and

L—-1
hlk, 7] £ Ay exp(—j2nkF, ) exp(j2riF,, ), (6.7)
I'=0

with k=0,1,...,M—1and 7 =0,1,..., N — 1. Moreover, Ay £ ap exp(j2nvy(1y +711-1)),
FTl’ 2 (Tl’ — TL—I)/TS and

F,, £ T, (6.8)

represent the complex gain, the normalized delay and normalized Doppler shift associated
with the I’th channel path, respectively, and (see (6.6))

T(C) 2 [T[k,7]] = Epy(C o G)EX (6.9)

5The CIR components are ordered by increasing delay, with 7o and 77,_1 being the minimum and
maximum delays, respectively.
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is an M x N matrix accounting for the channel symbols through C and the pulse shape
through G £ [g,,4]. As shown in Eq. (4.122) of Section 4.2.3.4, g, , exhibits a weak depen-
dence on the normalized frequencies F;, and F),,. For this reason, the coefficients {g, ,}
corresponding to the M N, unsuppressed channel symbols are characterized by similar
amplitudes (and, in particular, by a unitary amplitude for the selected pulse).

6.3 Channel Estimation & Equalization Techniques

Let us focus now on the problem of identifying the inner structure of the communication
channel, i.e., estimating the L triplets {(A4;, F%,, F,);1 = 0,1, ..., L — 1} and the parameter
L; in fact, all these quantities provide a full description of the communication channel
h £ [h[k,7]] (see (6.7)). To achieve this goal, we consider the transmission of a single
OTFS frame consisting of a single OTFS pilot symbol (conveying a single pilot channel
symbol and (M N —1) null symbols) followed by (D—1) OTFS symbols carrying information
symbols only; consequently, the pilot symbol rate is equal to 1/D. In the following, the
OTFS pilot symbol is denoted Cy, whereas the remaining OTFS symbols {Cy = [cﬁ,if?n]; d=
1,2, ..., D—1}; moreover, the received signal matrix r associated with the dth OTFS symbol
is denoted ry.

In addition, we assume that:

1) all the elements of the matrix rq (6.6) are affected by AWGN with variance ¢ for any
d.

2) The position of the single pilot channel symbol, denoted zg, is identified by its coordi-
nates (po, go), which fall in the unsuppressed region of C (the remaining elements of the
OTFS pilot symbol are equal to zero and form the guardband of z);

3) The channel changes between consecutive OTFS symbols can be deemed negligible.

4) Thanks to the last assumption, CSI can be estimated on the basis of Cy and, then, be
exploited for channel equalization over the other (D — 1) OTFS symbol intervals of the
same frame.

Under these assumptions, the element (k, 71) of To £ T(Cg) (6.9) can be expressed as (see
(4.123))

exp(—jQﬂ' (po % —qo %)) (6.10)

Zo
vMN

From the last equation, it is inferred that an estimate he £ [h¢[k, 7] of h can be evaluated
on the basis of rg as (see (6.6))

Tolk,n] =

h. = Ko © ro, (6.11)

where Ko £ [Ky[k,7]] is an M x N matrix with Ko[k, 7] £ 1/Ty[k, 7] for any k and 7.
Note that, according to (6.7), the matrix h, (6.11) can be seen as the noisy superposition
of L 2D complex exponentials, whose parameters (namely, their complex amplitude and
normalized frequencies) fully describe the inner structure communication channel. The
procedure we propose for the channel estimation consists of the three steps described
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below (the ith step is denoted Si); such steps are sequentially executed and involve the
OTFS pilot symbol only (i.e., Cyp).

S1) Extraction of the full CSI— In this step, h, is evaluated according to (6.11).

S2) Channel parameter estimation — The matrix h is processed by an algorithm for MHRS,
that produces the estimates {(A;, F,, F,,);l = 0,1,...,L — 1} and L of {(4;, F;,, Fy,);l =
0,1,...,L — 1} and L, respectively.

S3) Channel reconstruction — An estimate h £ [h[k, 7] of the channel matrix h is evaluated
using (6.7) for k =0,1,....M —1and n =0,1,....N =1 (F,, = F, F,, = F,;, A = A,
and L = L are assumed in this case).

The estimate fl, made available at the end of S3, can be employed for channel equalization
in the following (D — 1) OTFS symbols (i.e., {Cy4;d = 1,2, ..., D — 1}); this task requires
sequentially accomplishing the two steps described below (the ith step is denoted Ei).

E1) Evaluation of the equalizer gain — The MMSE gain G pmgse = [Gmmse[l%, n]] is evaluated,;
here,

G k. 7] = i, 7] (AL, A, 2]+ 67) (6.12)

with £ =0,1,...,M —1and 2 =0,1,..., N — 1, and 62 represents an estimate of the noise

variance 2.

E2) Channel equalization — The estimate (see (6.6))
Td =rq0© Gmmsea (613)

of T(C) (6.9) is computed for d = 1,2,...,D — 1. The matrix T, undergoes an order
(M, N) DSFT; this produces

Ay =DSFTy y[Ty 2 28T, EN, (6.14)

with d = 1,2,...,D — 1. Finally, all the elements of the matrix Ay associated with the
suppressed channel symbols are discarded, whereas the remaining elements undergo data
detection. This produces the estimate é,(ff,)n of c,(ff?n for any useful value of (m,n) and for

d=1,2,...,D —1.

The channel estimation & equalization procedure described above deserves the following
comments:

1) The computational costs for both channel estimation and equalization are linear in both
M and N. Channel estimation, performed solely for the OTFS pilot symbol, requires
O(N¢e) flops, where Ne = Ng1 + Ns2 + Nss; here, Ngg = M N, Ng2 and Ng3 = M N are
the costs required to perform steps S1, S2, and S3, respectively. The cost Ngo represents
the most relevant term and depends on the adopted MHR algorithm; the expression of
this term is provided in Table 6.1 for the three MHR, algorithms considered in Section 6.5.

5Since step S2 has a significant impact on the effectiveness of the subsequent steps, we have opted for
the CSFDEC algorithm described in Chapter 1; in fact, this algorithm has been shown to be accurate and
reliable, even in the presence of closely spaced tones.

156



Chapter 6. Use of a Double Cyclic Prefix in OTFS for Communication and Sensing 157
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FIGURE 6.2: High level model of the proposed proof-of-concept.

Finally, the computational cost of equalization is approximately of order O(M N) for each
OTFS symbol.

2) The matrix h (6.11) computed in S1 can be used in place of h in the equalization
process (see (6.12)). If this choice is made, steps S2 and S3 are not executed; this case is
referred to as simplified channel estimation (SCE) in the following. Note, however, that
this choice results in noisier channel estimates and, consequently, in worse equalization
performance at low SNR values, as evidenced by the obtained numerical results.

3) The pilot-aided estimates of the parameters (i.e., of the complex amplitude and nor-
malized frequencies) describing the structure of the communication channel computed in
S2 can be employed not only for channel estimation at the RX side, but also for target
detection and estimation at the TX side in a wireless system accomplishing JCAS.

The overall method for channel estimation & equalization described above is dubbed joint
channel estimation & equalization (JCEE) in the following.

6.4 Implementation of a real communication system with
USRPs

In this section, we briefly analyze the implementation of the communication system on
USRP SDRs, featuring a single transmitter and receiver. A high-level overview is shown
in Fig. 6.2. The system operates as follows: at the TX side, a binary data sequence
is processed by the coding block, that performs scrambling, (optional) channel coding
and Gray coding. The resulting encoded binary sequence feeds the baseband part of
the transmitter; this generates the OTFS-DCP samples to be sent to the RF portion of
the transmitter; this performs frequency up-conversion and radiates the modulated signal.
The RX chain consists of a radio receiver, that accomplishes frequency downconversion and
sampling, and whose output samples feed the OTFS-DCP baseband RX chain. Finally,
the data emerging from this block are decoded; the processing tasks accomplished by this
part follow a reverse order with respect to that of the encoding stages. Some relevant
technical details about the OTFS baseband TX and RX blocks are provided below; in
both cases, we refer to Fig. 6.1.

Transmitter — In the following, a list of tasks accomplished by the baseband part of the
transmitter is provided, and various details about each task are illustrated.

Generation of the sequence of OTFS symbols — As described in the previous section, a
stream of coded data bits is mapped into symbols from an M ary constellation. These
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symbols are grouped into ordered sets of M N, elements each (the [th set is denoted S;
in Fig. 6.1). Each set S; is then mapped to an M x N matrix C; with M(N — N,) null
elements added by the SC insertion block.

Frame generation — Each element of the matrix sequence {C;} undergoes IDSFT process-
ing, followed by DCP insertion. The resulting matrix sequence is partitioned into blocks,
each consisting of (D — 1) elements; note that each element is a M x N matrix. Then,
each block is enriched with an OTFS pilot symbol (an M x N matrix), which is added
at its beginning. Note that each pilot symbol conveys a single non-zero channel symbol
known to the receiver and the pilot rate is 1/D. Finally, the elements of each block are
concatenated to generate the M x (N D) matrix” X and the (fixed) M-dimensional pream-
ble U, exploited at the RX side for frame synchronization, is concatenated with the last
matrix to generate the M x (ND + 1) matrix X, £ [U, X]. The generation of the vector
U involves the following two steps: 1) the order M DFT of a Barker code sequence of
length Lp is computed; 2) the DFT output is cyclically extended, thus producing a vector
of size M. The second step is accomplished by adding a CP and a CPO to the output of
the first one; the rules employed for generating the cyclic extension are the same as those
adopted for OTFS symbols in the FD.

Generation of the transmitted signal — The vector Xp undergoes factor N, TD upsampling;
this is performed on each row of Xp, thus generating the M x (ND + 1)N, dimensional
éU) £ [:EI()U) [k,{]]. This matrix is applied to a digital filter bank, which consists
of M filters running in parallel and produces a sequence of equally spaced samples of the
complex envelope of the modulated signal. Sample generation is based on a discrete time

version of (6.2)-(6.3). Therefore, the nth sample is computed as (see (6.2)-(6.4))

matrix X

M/2+NEP) 1
s[n] = > 7 V[k,n] * gx[n] (6.15)

k=—(M/2+N3"))

for n =0,1,..., N(® —1; here, N(®) £ (N D + N, + 1) N, is the overall number of samples
after filtering, )
or[n] = p(i/Ne) exp(j2mkn/Nc), (6.16)

for i = —|Np/2| Ney ooy —=1,0,1, .oy [Ny /2] Ne — 1 (¢ [7i] = 0 anywhere else) and N,, rep-
resents the duration (in symbol intervals) of the truncated version of p(t). Finally, the
sequence {s[n]} is sent® to the TX radio block, which performs frequency up-conversion,
signal amplification and radio transmission.

Receiver — Similarly to the transmitter, in the following we list the tasks executed by the
baseband part of the receiver and provide various technical details about each of them.
In the description, we focus on the processing accomplished on a single snapshot of the
received signal; such a snapshot is long enough to capture at least a single frame.

"The time index is omitted hereafter in order to ease notation.

8 Appropriate data quantization must be applied to the sequence {s[n]} to ensure compatibility with
the data format required by the SDR [113]. Typically, float64 data types should be converted to the int16
format.
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Receive filtering — The down-converted baseband samples available at the output of the
RX radio block are first processed by a filter bank, consisting of M distinct matched
filters. Here, the filter bank input is the sample sequence {r[n];n = 0,1,..., N(™) — 1},
with N0%) > N The samples available at the filter bank output are collected in the
M x (N®™) 4 N_N,) matrix Y £ Y[k, 7]]; here,

Yk, 7] = r[A] * ¢z [A] (6.17)

represents the nth sample’ (with 7 =0,1,...,N () 4 N¢N, — 1) available at the output of
the kth filter (see (6.16)).

Frame synchronization and sample selection — The identification of the start of each frame
and the selection of the associated samples is achieved by:

1) Computing the V-dimensional cross-correlation vector q = [¢[0], ¢[1], ..., ¢[V — 1]]T be-
tween the (MN(¥)-dimensional vector y and U; here, V. & MNO 4+ M — 1, y &
[y[0],y[1], ..., y[M N —1]]T results from the ordered concatenation of the columns of the
matrix Y, U 2 [u[0], u[1],...,u[M — 1]]T is an M-dimensional vector obtained from U by
discarding its first NC(ZI: D) elements and its last NéZIjOD) elements. Moreover, g[v] £ y[v]*u*[v]
(withv=0,1,...,V —1).

2) Evaluating 0 = arg max, |q(v)|.

3) Retaining the M(ND + 1)N, consecutive elements of y, whose index starts from 0.
Such elements are re-organized in an M x (ND + 1)N, dimensional matrix Y.

Downsampling, partitioning and TD CP removal — First of all, the matrix Y undergoes
downsampling along its columns by a factor N.. Then, the first column of the resulting
down-sampled matrix is removed in order to eliminate the samples associated with the
transmitted preamble U and the resulting matrix is partitioned into D matrices {Ry;l =
0,1,..., D—1}, each having size M x N. Finally, the contribution of the TD CP is removed
by dropping the first NC(;,FD) columns; this produces set {Ry;1 =0, 1, ..., D—1}, that collects
D matrices, all having size M x N. Each of the matrices {R;} is processed to detect a

single OTFS symbol.

Channel estimation and equalization — The JCEE algorithm is executed over the detected
frame. For this reason, the matrix Ry, being associated with the OTFS pilot symbol
(which has been inserted at the beginning of the considered frame), is processed to estimate
the CSI over the detected frame. The estimated channel is exploited for accomplishing
MMSE equalization over the remaining (D — 1) OTFS symbols; this generates the set
{’i‘l;l =1,2,...,D — 1}, that collects (D — 1) matrices, all having a size M x N.

5) Fourier processing and SC removal — Each of the matrices {’i‘l} undergoes an order
(M, N) DSFT, followed by SC removal and minimum Euclidean distance data detection.
Finally, the detected data are sent to the decoding block.

It is important to underline that, in the proposed system, no specific algorithm for the
estimation of the residual CFO and TO is employed. However, the JCEE algorithm
compensates for these effects by utilizing the estimated CSI in its equalization step.

Note that ¢[n] = ¢ [~ for any 7.
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6.5 Numerical Results

Computer simulations have been run to assess the performance of the JCEE method
and to compare it with the algorithms devised by Raviteja et. al [83] and by Gaudio et
al. [88]; these are referred to as Alg-R and Alg-G, respectively, in the following. The JCEE
algorithm, Alg-R, and Alg-G operate in a similar fashion for channel estimation (see steps
S1-S3) and equalization (see steps E1-E2), the only difference being represented by the
MHR procedure employed in step S2; this ensures a fair comparison.

TABLE 6.1: Complexity orders of the considered MHR techniques.

Technique Ns2

Alg-R LMo Ny log, (Mo No)

CSFDEC  13MyNo log, (Mo No) + 13L% Nig Nyet I In
Alg-G LMo Nolog,(MoNo) + LNy Nz Ny M? N>

Therefore, the computational complexity of the considered techniques differs for that of
step S2 only; the complexity of this step is provided in Table 6.1 for each of the considered
options. The complexity orders listed in that table deserve the following comments: 1)
My & Ny M and Ny & N, N, where Ny, and N, are the oversampling factors in the 2D
spectrum evaluation by Alg-R, and by the initialization steps of the CSFDEC algorithm
and Alg-G, respectively; 2) Nj; represents the number of iterations carried out in each
refinement step of the CSFDEC algorithm and Alg-G; 3) I, and I, are the interpolation
orders for the 2D interpolation'® procedure accomplished by the CSFDEC algorithm; 4)
Nyt is the number of re-estimations carried out by the CSFDEC algorithm; 5) Nz and N
are the overall number of trial values for the 2D grid deployed by Alg-G for the refinement
of delay and Doppler, respectively.

RMSE, [Hz]

- ‘10 0 1‘0 '2‘0 3‘0 7‘10 (‘] 1‘0 2‘0 3‘0 —10 0 1‘0 'Z‘U 3‘0
SNR [dB] SNR [dB] SNR (dB)
a) b) c)

—o—Alg-R ——JCEE ———Alg-G —SCE - --Perfect CSI — CRLB

FIGURE 6.3: Root mean square error performance achieved by Alg-R, the JCEE algorithm

and Alg-G in a) delay and b) Doppler shift estimation; the CRLBs are also shown. c)

Bit error rate performance achieved by the considered methods; the equalization only and
perfect CSI are also shown.

In the simulations, we generated an OTFS frame with D = 10 OTFS symbols. The
channel model was derived using GQR [104] to approximate a doubly selective channel
with a truncated exponential power delay profile (maximum delay 7. = 2 ps) and Jake’s

10The MatblabR2023b spline interpolation has been adopted.
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power spectrum for the Doppler effect (maximum Doppler shift v = 2.9 kHz). This
has resulted in a channel model characterized by L = 6 channel paths, whose complex
amplitudes are represented as the superposition of six complex exponentials.

The following parameters have been selected for the OTFS-DCP modulation format: 1)
M = 64 and N = 32 for the generation of the data matrix C; 2) frequency spacing
Aj = 250 kHz; 3) TD CP size Ny °) = N/4; 4) FD CP and CPO sizes N3 *) = N2 =
M/16; 5) carrier frequency f. = 24 GHz; 6) roll-off factor for the RRC pulse a = 0.25; 7)
cardinality of the PSK modulation M, = 4 (Gray coding is used in symbol mapping).

The performances of the considered methods have been compared in terms of: 1) the
RMSE achieved for delay (RMSE;) and Doppler shift (RMSE,)) estimation (see Fig. 6.3-
a) and Fig. 6.3-b)) by Alg-R, Alg-G and the JCEE algorithm;

2) the BER achieved by the OTFS-DCP based communication system (see Fig. 6.3-c)).
In generating the numerical results, the following choices have been made for all the
considered algorithms: 1) the oversampling factors Ny, = N, = 4 (consequently My =
Ny = 2048) have been adopted for all the algorithms; 2) the overall number of paths (L)
and the noise variance (02) have been assumed to be known at the RX side; 3) in the
CSFDEC algorithm, Nj; = 10, I, = I, = 7 and Nyf = 2 have been selected; 4) in Alg-G,
N> = Ny = 21 and N;j; = 3 have been selected.

Some results about RMSE; and RMSE,, are shown in Fig. 6.3-a) and Fig. 6.3-b), respec-
tively, for an SNR € [—10, 30] dB; the CRLB is also provided as a reference. The BER
performance achievable in the same SNR range through the use of all the considered meth-
ods is shown in Fig. 6.3-c); moreover, the BER curves referring to the SCE case and to
the case in which the CSI is completely known at the RX side (perfect CSI) are also shown
for comparison.

The results in Fig. 6.3 a)-c) lead to the following conclusions:

1) A SNR threshold can be easily identified in all the RMSE curves; this threshold is
approximately equal to 5 dB for the JCEE algorithm, and 10 dB for both Alg-R and
Alg-G.

2) Both Alg-R and Alg-G exhibit a RMSE floor at high SNRs. On the one hand, Alg-R
restricts the peak search to the 2D spectrum of h, (6.11) without including a refinement
step. On the other hand, although Alg-G employs a refinement step based on an on-grid
approximate ML technique, its accuracy is limited by the grid size. Increasing the grid
size can improve estimation accuracy at the price of a significant increase in computational
complexity (see Table 6.1).

3) The JCEE algorithm achieves superior estimation accuracy (close to the CRLB) in
terms of both RMSE,; and RMSE, while maintaining manageable complexity; this is
mainly due to the fact that the CSFDEC algorithm employed in step S2 operates in an
off-grid fashion.

4) Alg-R and the JCEE algorithm provide the worst and the best BER performance,
respectively. However, Alg-R achieves better performance than that referring to the SCE
case up to a SNR ~ 17 dB. This is due to the fact that, as already mentioned in the
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Raspberry Pl

FIGURE 6.4: Experimental setup adopted in our measurement campaign. Both trans-
mitter and receiver are composed of: 1) a RPI5 device, 2) a NI-2901 SDR; 3) a single
antenna element.

previous section, Alg-R provides a more accurate CSI (thanks to steps S2 and S3) than
that evaluated through step S1 only if low SNRs are considered.

6.6 Experimental results

A measurement campaign has been carried out on the terrace of the MO-26 building at
the Department of Engineering “Enzo Ferrari” (University of Modena and Reggio Emilia,
Italy) in order to assess the performance of the OTFS-DCP based communication system
under various propagation conditions.

The experimental setup, shown in Fig. 6.4, included two USRP NI-2901 devices, one for
transmission, the other one for reception, each equipped with a single antenna. Both
devices have been connected via Universal Serial Bus (USB) 3.0 to dedicated Raspberry
Pi 5 (RPI5) computers. A separate PC, linked to each RPI5, was used to initiate data
communication. Two options were available for signal processing at the RX side: the
received signal samples could be processed directly by a RPI5, or could be stored on it (in
the latter case, they have been processed by a PC in our laboratory); a flexible baseband
processing framework, compatible with both Matlab and Python, has been developed for
this purpose.

In the experiments, the following parameters have been selected for the OTFS-DCP mod-
ulation: 1) M = 64 and N = 64 for each OTFS symbol; 2) TD CP size Na©) = 25; 3)
FD CP & CPO sizes NC(ED) = N(SEOD) = 2; 4) roll-off factor a = 0.25, length N, = 17 and
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FIGURE 6.5: Power spectral density of the complex envelope of the considered OTFS-
DCP modulation.

oversampling factor N. = M = 68 for the TX pulse p(t); 5) M. = 4 for the constella-
tion size (a QPSK constellation was used); 6) carrier frequency f. = 2.4 GHz; 7) symbol
interval Ts = 68 ps; 8) Barker code sequence length Ly = 13.

The choice of these parameters entails that: 1) the overall number of useful channel symbols
conveyed by each OFDM signal is N, = 48; 2) the bandwidth of the radiated signal
is B = 1 MHz; 3) the normalized resolutions for the delay and Doppler frequency are
F, =1/N =0.016 and F, = 1/M = 0.016, respectively; 4) the maximum absolute value
of the normalized Doppler shift not entailing a data loss is |F},| = 2 (thanks to the insertion
of the FD CP & CPO). Note also that: a) the normalized TX and RX gains have been
set to 0.78 and 0.66, respectively; b) in all the experiments the same image has been
transmitted (converted into a binary sequence before undergoing scrambling and Gray
coding in the coding block of Fig. 6.2); ¢) no channel coding has been used.

The PSD, Ss(f), of the complex envelope of the considered OTFS-DCP modulation is
illustrated in Fig. 6.5. The PSD shape is in agreement, up to a scale factor, with the
theoretical one (see Fig. 5.4) and with the value of bandwidth given above (1 MHz). Note
also that 6% of the spectrum is occupied by the contributions of the FD CP & CPO.

In our measurement campaign, we considered two scenarios. In the first scenario (denoted
SC1), the following choices have been made: 1) The distance between TX and RX anten-
nas, drr, has been set to 5, 15, 25, 35, 45, and 55 m; 2) the frame length D has been set
to 4; 3) a single-tap channel with fixed Doppler has been simulated at the transmitter to
mimic a relative radial velocity v between TX and RX. The last result was achieved by
introducing an extra phase rotation exp(j2nF,n/N.) in the RHS of (6.16). In particular,
the values 0, 150, 300 and 600 km/h have been assigned to v (the corresponding values of
normalized Doppler frequency F, are 0, 0.05, 0.09 and 0.18, respectively; see (6.8)).

In the second scenario (denoted SC2), a Doppler shift has been introduced in the same
way as in SC1, but a constant velocity v = 250 km/h (F, = 0.075) and a fixed distance
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FIGURE 6.6: Bit error rate performance versus the distance drgr in SC1; four different
velocities are considered.

drr = 15 m have been selected. However, measurements were taken for different sizes of
the OTFS-DCP frame, specifically for D € {3,5,7,9,12,15}.

The choice of the two experimental scenarios is motivated as follows. SC1 has allowed
us to analyze the dependence of error performance on SNR and velocity, while SC2 has
unveiled the impact of frame length on error performance and, in particular, has shown the
effect of using the same CSI estimate, based on the single pilot available at the beginning
of each frame, for channel equalization over all the data symbols within the frame itself.
Some numerical results referring to SC1 are illustrated in Fig. 6.6, where the dependence
of the BER!"! on the distance drg is represented for v = 0, 150, 300 and 600 km/h. These
results deserve the following comments:

1) In this scenario, the velocity does not have a significant impact on BER performance.
This confirms that the proposed OTFS-DCP based system is able to reliably operate at
high speeds.

2) As the distance between the TX and RX antennas decreases, the BER curves referring
to different velocities tend to converge, since the SNR gets larger.

3) The effects of residual (i.e., fractional) TO and CFO'? are mitigated by the JCEE
algorithm.

Some results referring to SC2 are illustrated in Fig. 6.7 and in Fig. 6.8, and are listed in
Table 6.2. Specifically, Fig. 6.7 shows how BER!? varies with frame length D. Note that

1BER values have been computed based on data estimates obtained in the transmission of 40 - 10° bits
for each combination of distance and velocity.

12 According to the NI2901 reference manual [113], the frequency accuracy relative to the carrier frequency
fe is 2.5 parts per million (ppm). This implies that the maximum normalized CFO, at f. = 2.4 GHz, is
0.006.

13The BER estimates obtained in SC2 are based on the data acquired in the transmission of 500 frames
for each D value considered.
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FIGURE 6.7: Bit error rate performance versus the frame length D in SC2 (v = 250
km/h and drg = 15 m).
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FIGURE 6.8: Bit error rate performance versus the data symbol index d in SC2 (v = 250
km/h and drg = 15 m).
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TABLE 6.2: Maximum number of consecutive bit errors detected in the first OTFS symbol
and in the last one of the same frame in SC2; six different values of D are considered.

D 3 5 7 9 12 15

N (1) 000 0 0 0
N™ND-1) 1 2 7 15 24 33

BER worsens as D increases. This is due to the fact that no CSI tracking is accomplished
over each OTFS frame and, consequently, the average quality of channel equalization
becomes poorer for longer data frames. This consideration is also supported by Fig. 6.8,
that shows the BER dependence on OTFS symbol index d for D = 15 (so d ranges from 2
to 14, since d = 0 corresponds to the pilot symbol and no errors were detected for d = 1).
These results reveal that, at high speed, error rate is dominated by the contribution due
to OTFS symbols farther from the pilot symbol; for this reason, long frames should be
avoided without reliable CSI tracking. Table 6.2 further explores this issue by listing the
maximum number of consecutive bit errors, Ng(d), for d =1 and d = D — 1 (i.e., for the
first information symbol and the last one, respectively). The results show the presence of
a steady increase in consecutive errors as D grows, with the longest error events usually
occurring in the last symbol of the frame. Therefore, if long frames are employed and
no channel tracking is adopted, a powerful error correction code is required to guarantee
reliable communications in the presence of strong Doppler.

6.7 Conclusions

In this chapter, a novel algorithm, dubbed JCEE, has been devised for channel estimation
and equalization in OTFS-DCP systems. The obtained numerical results demonstrate that
the JCEE algorithm offers superior accuracy in channel parameter estimation compared
to alternative methods, while maintaining manageable complexity, making it a promising
solution for OTFS-based JCAS systems requiring channel estimation for sensing at their
TX side and for equalization at their RX side.

Additionally, the implementation of an OTFS-DCP based communication system on USRP
SDRs has been illustrated. The description has focused on the overall system architecture
and on some specific technical details that have been deemed useful to any reader inter-
ested in developing a similar project. The experimental results have shown that: 1) the
system is able to operate reliably in the presence of strong Doppler effects if the JCEE
algorithm is employed for channel estimation and equalization; 2) the error rate tends
to appreciably increase with the distance from pilot symbols if no channel tracking is
used. The use of channel coding schemes and the development of new synchronization and
channel estimation techniques represent important topics for future research activities.
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Conclusions

This dissertation has explored multi-carrier modulation schemes, specifically OFDM and
OTFS, within the context of JCAS systems. These modulation formats have been ex-
amined from two distinct perspectives. While numerous studies in the literature have
focused on OFDM from a communication standpoint, this thesis has concentrated on uti-
lizing OFDM as a waveform for sensing purposes. Conversely, OTFS, being a more recent
modulation format, has primarily been investigated for communication applications. The
relationship between the two modulation formats is that OFDM served as a foundational
guide to understand the principles necessary for developing OTFS. This understanding
has enabled the creation of an OTFS modulation format that is robust against doubly
selective channels, incorporating a double cyclic prefix; one in the time domain and the
other in the frequency domain.

The dissertation has also explored key technical aspects of JCAS systems. First, we de-
rived, analyzed, and compared radar parameter estimation techniques based on maximum
likelihood principles, examining the trade-off between computational complexity and es-
timation accuracy. These analyses were conducted for both SISO and MIMO systems
employing OFDM and operating at millimeter-wave frequencies, addressing the additional
challenges and limitations that arise in these scenarios.

A detailed analysis of channel estimation for both modulation schemes was conducted.
For OFDM, this analysis has focused on colocated radar systems, where data payloads are
known to the receiver. In contrast, for OTFS, the analysis encompassed the placement
of pilot symbols, the development and complexity analysis of estimation algorithms, and
the evaluation of performance losses due to the inclusion of guard symbols. Regarding
OTFS, the deployment of the novel modulation format, which includes a double cyclic
prefix, has been proposed and successfully implemented in SDR devices. This achievement
not only bridges the gap between theoretical concepts and practical applications but also
offers valuable guidelines for future implementations. By demonstrating the feasibility and
effectiveness of OTFS-DCP in real-world scenarios, this work significantly contributes to
the advancement of communication systems and sets a solid foundation for further research
and development in this field.

While this dissertation has laid a solid foundation for understanding and developing JCAS
systems based on multi-carrier modulation formats, several avenues for future research
remain open.

Future research could explore novel algorithms that jointly optimize radar sensing and
communication tasks in increasingly complex scenarios, such as multi-user environments
or dense vehicular networks. In this context, an important extension involves distributed
radar systems, where multiple interconnected radar nodes collaborate to achieve enhanced
environmental sensing. The target parameter estimation algorithms developed in this dis-
sertation could serve as a foundation for such systems, enabling improved accuracy and
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efficiency. Key research challenges in this area include synchronization across distributed
nodes, efficient resource allocation, and the development of robust communication strate-
gies to maximize both sensing and communication performance.

The proposed OTFS modulation with a double cyclic prefix has shown promising results.
However, its extension to MIMO has not been investigated yet. This could be helpful
in investigating the scalability of OTFS-based JCAS systems to massive MIMO architec-
tures, including hybrid beamforming techniques and their impact on both sensing and
communication performance in high mobility environments.

As JCAS systems are likely to play a central role in next-generation communication net-
works, their integration with emerging 6G technologies, such as terahertz communication
and Al-driven network management, represents an interesting direction for future research.

Nevertheless, to further enhance spectral efficiency in JCAS applications, future work could
consider non-orthogonal multi-carrier modulations. These schemes, such as Spectrally
Efficient Frequency Division Multiplexing (SEFDM) or Generalized Frequency Division
Multiplexing (GFDM), relax orthogonality constraints, thereby increasing the utilization
of available spectrum. Investigating their application in JCAS systems, along with their
impact on radar sensing capabilities and computational complexity, represents a valuable
research opportunity.

In conclusion, this dissertation has provided a comprehensive analysis and set of method-
ologies for leveraging OFDM and OTFS in JCAS systems, highlighting their potential to
revolutionize radar and communication technologies. The findings and insights presented
herein offer a robust foundation for further innovation in this rapidly evolving field.
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Appendix

A.1 Appendices of Chapter 1

A.1.1 Spectral Cancellation of a Two-Dimensional Complex Tone

In this paragraph, the derivation of the expression of the vector (730,0(-, -,+) appearing in
the RHS of (1.58) is sketched. This vector is evaluated to cancel the contribution of the
sequence
S (oo By A) = Al (A1)
to the vector Yo (1.26) (the adopted cancellation procedure is expressed by (1.57) and
(1.58)); here, w, £ exp(j27F,) and w, £ exp(—j27F},). Since Yo is the order (My, No)
DSFT of the zero-padded version IA{((LZP) 1.27 of the matrix Hog = [Hy.n], it is easy to
show that
Coo (4, F,, Fr) = AW,, (A.2)

where Wy denotes the order (My, No) DSFT of the My x Ny matrix

woé[ ¥ O ] (A.3)
Ontg—m, N Opgg—M,Ny—N

w2 [Winn] is an M x N matrix such that wy, p £ @m, with m = 0,1,..,M — 1 and
n=0,1,..,N —1, and @w £ w, w,. Then, the (m,n)th element of the matrix Wy is given
by

(Gr ), (A.4)

where §,[m] £ exp(j2n(F, — m/My)) and §.[m] £ exp(—j2n(F, —n/Np)). Finally, it is
useful to note that the identity
N-1 qN _1
Y= (A5)
n=0 E

holding for any ¢ € C, can be exploited for an efficient computation of the two sums
appearing in the RHS of (A.4).
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A.1.2 Cancellation of Two-Dimensional Spectral Leakage

In this paragraph, the expression of the quantity Yy, x, (-, ) appearing in the RHS
of (1.60) and (1.62) is derived. This quantity is computed by the CSFDEC algorithm to
cancel the contribution of the sequence {8, 5 (Fy, , Fr., Ax)} (see (A.1)) to Yk(l)k,2 (p,&l)?p,(f))
(1.61) for ky,ke = 0,1,2,3. It is not difficult to show that

Vi (F(l F(z’.;Al(jfl)’p(ifl)’ﬁ(iflo :A( )ngfl)€2 (A(i)‘ £ . F(l 1) F(' )>7

v,ci 0 T,C Vi Tk V,C; 0Ty
(A.6)
where
- (k s AN Ay e 1 M—1 e A m
Wi, (B EQ: BV BV = TR (@ (B BSY))
m=0

]\170201 *(a (B EG))" . @an)

n—

with g, (S, ES) 2 expien(BSY — BD)), g (B, BSY 2 exp(—jor (B —
700

Fr2)); here F,,(k Y and F,n(k U are the fine estimates of the normalized Doppler frequency
and normalized delay, respectively, computed at the (i — 1)th iteration for the kth target.

Note that the identities (A.5),

N-—1
(@=1°> ng"=(N-1)¢"" =NV +q, (A8)
n=0
N-1
(q_1)3Zn2qn:(N_1)2qN+2+N2qN_q2_Q_(2N2_2N_1) qN+1 (Ag)
n=0
and
N-—1
(=1 > nPq"=q+4¢" + ¢ — N*" + (3N® - 3N? — 3N — 1) ¢!
n=0

+ (=3N? + 6N? —4N) ¢V T2 + (N - 1)3¢" 3 (A.10)
holding for any g € C, can be exploited for an efficient computation of all the factors

appearing in the RHS of (1.60) and (1.61) (with k1, ke = 0,1,2,3).

A.1.3 Computational Complexity of the CSFDE Algorithm

In this Appendix, the derivation of the approximation (1.64) of Ccsppg is sketched. The
evaluation of Ccgppg requires that of the computational costs Co(CSFDE) and C;(CSFDE)
appearing in the RHS of (1.64). The cost Co(CSFDE) can be easily estimated as

Co(CSFDE) = Ci,ﬁ -+ CYkl,kg + CQ + CA? (A.ll)
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where:

1) the cost C; 5 is the cost of evaluating (1.50) and thus is equal to 5MoNo + 2;

2) the cost! Cy,, ,, is the contribution due to the computation of the matrices (Y 1o}
(1.39) and is equal to 16 My Nglogy (Mo No) (13MoNglogy(MoNp)) if 16 (13) DSFT of
order (My, Ny) are evaluated, i.e., if (1.41)((1.46)) is employed in the evaluation of 2 and
A;

3) both C¢ and Cj are negligible, being equal to 134 (102) FLOPs if (1.41) ((1.46)) is

employed in the evaluation of  and A. Substituting these results in the RHS of (A.11)
and keeping the dominant terms only leads to the conclusion that

Co(CSFDE) ~ 16 Mo Ny logy (MoN). (A.12)
Similarly, the cost C;(CSFDE) can be easily estimated as
Ci(CSFDE) = Cy +Cp, +C5,. +C; + Cyi, n, TCa +Ca- (A.13)
Here,

1) the cost Cy refers to the evaluation of (1.23). This cost is in the order of 25M N if
the evaluation of Y (F),, F}.) is based on the exact computation through (1.23). Conversely,
this cost becomes I, I, if it is based on the interpolation of multiple elements of the matrix

Y, (1.34). In this last case, I, and I, represent the interpolation orders adopted in the
Doppler and range domains for the evaluation of (1.23);

2) the cost Cy,, 4, 18 equal to 15Cy (12Cy) if (1.41) ((1.46)) is adopted in the evaluation
of O and A;

3) the costs C 4, Co and C4 refer to the evaluation of A (1.33), Q and A (1.42), respectively,
and can be safely neglected. The last results lead easily to the conclusion that

C; (CSFDE) ~ 16 1,1, (A.14)

if (1.41) is employed and 2D interpolation is employed in the evaluation of Yy, , (;3,(}71), ,67(«1'71))

(1.61). Finally, substituting the RHSs of (A.12) and (A.14) in that of (1.63) yields (1.64).

A.1.4 Cramer-Rao Lower Bounds for 2D Frequency Estimators

CRLBs for OFDM-based radar systems have already been derived in [8, Sec V-A, eq.
(46)-(47)] and [114, Sec IV-B, eq. (18)-(19)], but refer to Doppler and range only. In this
dissertation, CRLBs have been derived for the ML estimation problem (1.16) investigated
in Chapter 1. The procedure we followed is conceptually the same as that adopted in [54].

!Note that this cost includes the computation of the spectrum Yoo (see (1.26)).
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For this reason, the inverse of the Fisher Information Matrix (FIM)

oL (ﬂo,o |9> oL (ﬂo,o |0)
a9 a9 ’

E (A.15)

has been evaluated; here, § = [F,, F,,a,¢]’ is the vector collecting the parameters to
be estimated (a = |A| and ¢ denote the magnitude and the phase, respectively, of the
complex amplitude A of the 2D-tone (see (1.15)), Hop is the M x N matrix defined by
(1.28) (its element H,y, , is expressed by (1.15)), L(-|-) is the log-likelihood function

M—-1N-1

S 1 _ ~
L(Hoolf) = K = MNInofy = - > 3" e <F,,, Fr,dexp(j(b)), (A.16)
W m=0 n=0

here, 6 £ [E,, F,,a, QB]T, K is a constant, o3, is the variance of the noise samples {W,,(n)}
(see (1.12)) and €mn (-, -, -) is defined by (1.18); note that the last quantity depends on the
measurements { Hy, n }.

The CRLBs derived for the estimation of F,, F., a and ¢ are thus
3

CRLBp, (M, N,SNR) = e G DN (A.17)
3
CRLBF, (M, N,SNR) = oo ) (A.18)
2 012/V
CRLB, (M, N,aiy) = SN (A.19)
and TMN +M +N—5
CRLB, (M, N,SNR) = Rkl (A.20)

2SNRM (M +1) N (N +1)
respectively, where SNR £ a? /0%, is the SNR referring to the signal model (1.15).

Finally, it is worth pointing out that: 1) the bounds (A.17), (A.18) and (A.20) are inversely
proportional to the SNR, whereas the bound (A.19) is directly proportional to the noise
variance o3, but independent of the amplitude a; 2) the bounds (A.17) and (A.18) are
identical to those provided in [8, Sec V-A] and [114, Sec IV-B], even if the expressions
illustrated in the first reference refer to w, = 2xF,, and w, = 27 F,., whereas those provided
in the second one refer to target speed and range (see [8, Sec. V-A; eqs. (46)-(47)]
and [114, Sec. IV-B; egs. (18)-(19)], respectively).
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A.2 Appendices of Chapter 3

A.2.1 Cramer-Rao Lower Bounds for 4D Frequency Estimation

Cramer-Rao lower bounds for OFDM-based radar systems have been already derived in [23]
and [8], but refer to the estimation of Doppler and range only. In this Appendix, the
procedure we followed in the evaluation of the CRLBs for Doppler, range, azimuth and
elevation is sketched.

First of all, let us consider the signal model (3.40), that refers to K distinct targets; the
parameters of these targets are collected in the vectors?

T2 [y0,71, o vk-1] " (A.21)
Fy, = [Fu, Fops ooy o7, (A.22)
Fy,=[Fos Fpyy ey Fope 117, (A.23)
Fy = [Fiy, Fuysoons Fue T (A.24)
and
Fr = [Fuy, Fryy o Frge )7 (A.25)

We also define: 1) the trial vectors T, F,, f‘p, Fy and Fy in a similar way as I', F,
F,, Fy and Fpy, respectively (see (A.21)-(A.25)); 2) the vectors I, F,, f‘p, Fy and Fy,
structured like I', F,,, F,, Fy and Fpg, respectively, but collecting the ML estimates of all
the considered parameters.

The CRLBs we are interested in refer to the ML estimation problem
(]?‘,,,]?‘p, Fv.Fy, f‘) £  argmin ¢(a); (A.26)
F,F, Fy FpT
here,

s (x—%)(x—%)"

a) & A27
£(a) NN Ny Vg (A.27)
is a MSE referring to the (M N Nt Ng)-dimensional column vector
x2T7¥(F,, F,, Fy.Fy) +w (A.28)
and its useful component o
x=x(a) =TTw. (A.29)
In the last two formulas,
a2 7, BT F0, 5, 07)" (A.30)

2The kth element of the vector I' represents the complex amplitude of the kth target and coincides with
the parameter Ay defined in Section 3.6.
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is a (5K)-dimensional column vector collecting the trial values of the target parameters,
w is a (M N Nt Ng)-dimensional noise vector, v = \II(FV, Fp, Fy, FH) ,

U(F,, F,, Fy, Fy) =2 A(F,) *B(F,) x C(Fy) *D(Fpg) (A.31)

is a (M N Nt Ngr) x K steering matrix, and A(F,), B(F,), C(Fy) and D(Fg) are M x K,
N x K, Ng x K and Ny x K matrices, respectively; the kth column (with k = 0,1, ... K —1)
of the last four matrices is defined as

A(F,) = [ao(Fu,), a1(Fu)s-oos am(Fuy ), ...,aM,l(F,,k)}T, (A.32)
B(Fﬂk) 2 [CLO(_FPk)’ al(_FPk)7 ) an(_FPk)v ) aNfl(_Fpk)]Tv (A.33)
C(Fy,) = [ao(=Fi)s a1(=Fv)s ooos ag(=Fig)s ooy ang—1 (= Fip)] T, (A.34)
and
D(FHk) = [ao(_FHk)7 al(_FHk)7 E3) ap(_FHk)v x3) aNT_l(_FHk)]T7 (A'35)

respectively (a,(Fx) is defined by (3.32), with z =m, n, g or p, and X = v, p, V or H if
z =m, n, q or p, respectively).

If we assume that the elements of the noise vector w are Gaussian, mutually independent
and have zero mean and variance O‘IZ/V, the CRLBs of all the parameters of interest are
represented by the diagonal elements of the matrix

V =04 F !, (A.36)
where .
F 2 2R {g;: <g’;) } (A.37)
is the (K x 5K)-dimensional FIM computed for the vector X,
9% _1A,B,C,D,¥]". (A.38)
Oa

A 2[Ag,Ay,...,Ag_1],B = [Bg,By,...Bx1],C £[Cy,Cr, ..., Cx1], D £ [Dg, Dy, ..., D1],

Ay 2 =3 (Yur © A(F,)) » B(Ep,)  C(Fy,) » D(Fg,), (A.39)
Bi 2 51 A(F,,) x (Yn ©B(F,,)) x C(Fy,) x D(Fp,), (A.40)
Ci 2 91 A(F,,) * B(E,,) » (T n, ©® C(Fy,)) »D(Fg,), (A.41)
f)k £ Vi A(Fl/k) * B(Fpk) * C(ka) x (TNT © D(FHk))’ (A'42)
and
YTx 2[0,—52rm,...,—j2n(X — 1)]7. (A.43)

for any integer X.

In our work, all the above-mentioned CRLBs have been evaluated numerically on the
basis of (A.36)-(A.43); in particular, in the computation of Ay, By, Cj and Dy, the
following choices have been made for any k: 1) the complex gain 4 (corresponding to Ay
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in Section 3.6) has been set to unity in all the considered scenarios; 2) the noise variance
0¥, has been derived from (3.131), since the SNR and the amplitudes of the target echoes
are known in all the considered scenarios. Moreover, as far as the normalized frequencies

E,, F,, ka and F m, are concerned, the following rules have been followed:

a) F 'y, has been set to the expected value Fx, of the normalized frequency of the first
target (with X = v, p, V or H). This choice is motivated by the fact that, in all the
considered scenarios, the four normalized frequencies characterizing the first target are
uniformly distributed random variables; therefore, Fx, = (Fx,,.. — Fx,..)/2 (the values
of Fx,.. and Fx_. are provided in Section 3.6).

min

b) The other (K — 1) frequencies {F¥,;k = 1,2,..., K — 1} have been set to Fx, +
k Fx,, Fx,.. for any k; here, Fix,, = Xpin represents the normalized bin spacing between
adjacent targets adopted in the considered scenario and Fx, = 1/Q, where Q = M, N,
Ngr or Nt if X =v, p, V or H, respectively.
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A.3 Appendices of Chapter 4

A.3.1 Derivation of the Fourier coefficients of the transmitted OTFS
signal

In this appendix, the expression (4.69) of the coefficients S,(CTqD)(C) is derived. To begin,
we substitute the RHS (4.64) in that of (4.68); this produces

t
SIEED)(C Z T 1/ (t —ITs) exp(jQWkAf(t — 1Ty )) exp ( ]27qu> dt. (A.44)
l— [e'e)
The last formula can be rewritten as
N 1

400
S}w T Zxkn Z / (t — (n+ U'N)Ty) exp(j2rkAst) exp( j27rq;> dt,

lI'=—00
(A.45)
where | =n+I'N,n=0,1,..,N —1, and I’ is an arbitrary integer; moreover, Ty = 1/Ay.
Replacing the variable ¢ with ¢/ = ¢ — (n 4+ I’N)Ty in the RHS of the last formula yields,
after some straightforward manipulation,

SIE:ED)(C) \/>T k.q Z /

where X}, ; is expressed by (4.70). Since the sum over I’ in (A.46) involves the integration
interval only, that equation can be rewritten as

X oo . — kN
S,iTqD)(C) = \/Nqu“/_ p(t) exp(—]27r<q T )t) dt, (A.47)

if the variable ¢ is used in place of #'. The integral in the last formula represents the FCT
of p(t) (i.e., P(f); see (4.7)) evaluated at the frequency f = (¢—kN)/T. Therefore, (4.69)
can be easily inferred from (A.47).

(n+('—1)N)T.

() exp(—jQw(#)t’) ', (A.46)

(n+U'N)T:

A.3.2 Derivation of the received OTFS signal model in the presence of
an ideal communication channel

In this appendix, the expression of the OTFS signal model r[l;:, n| (4.79) is derived. First
of all, we substitute the RHS of (4.76) in that of (4.78); this yields

k7 Nzl [ > Xig G kq] exp(ﬂﬂNn) (A.48)

q 0 Lk=—o0

In the last formula, the inner sum can be interpreted, for a given ¢, as the response, at the
kth instant, of a discrete-time linear filter, having impulse response {Gk }, to the periodic
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sequence {Xj .} (whose period is equal to M). Therefore, it can be expressed as (e.g.,
see [115, Sec. 7.6.2, eq. (7.28)])

M-1
~ 1 _ B . D -
> XigGpy,= NaTi > Xpalpa exp(—jQWMk>, (A.49)
p=0

k=—o00

where X, , and g, , are defined in (4.80) and (4.81), respectively. Substituting the RHS
of (A.49) in that of (A.48) yields (4.79).

A.3.3 Derivation of the OTFS signal model at the RX side in the pres-
ence of a doubly selective fading channel

In this appendix, the expression of the OTFS signal model r; [l;:, @] (4.105) is derived. To
begin, we reformulate (4.100) replacing the index ¢ with § £ ¢ — kN; this produces

s A 5
realk, 7] = b exp(— jznan) exp (jQWﬁFyl)

VN
= q q
. Z XeiGripal exp(—jQW—Fn> exp(j27r—ﬁ>, (A.50)
= a N N
where . N BN
Goit 2 ?P(HT:C )P*(q+T”l ) (A51)
S

Then, we replace the index ¢ with the couple of indices (¢, u) such that § = g + uN, with
q=0,1,...., N — 1 and v arbitrary integer; this yields

N-1

- A o 7 o A o 4 -
rrilk,n] = \/—IN exp(—jQWkF.rl) exp (j2mnky,) Z X g G/}_k,q(Fn» F,,) exp (]ZWN’R) )
q=0

(A.52)

where

. g+uN 1 q+ (u+x)N
s § o) 4 (22

U=—00 U=—00

(g + uN)
N

.P*<q + (u Fyl)N>

+
- exp(—j2m F,) (A53)
represents the counterpart of the quantity éx,q (4.77) defined for the case of an ideal
channel; note, however, that, unlike G4, Gu4(Fr, Fy,) depends not only on the pulse
spectrum P(f), but also on the normalized delay F, and the normalized Doppler frequency

F,.

Equation (A.52) describes the contribution given to the output of the kth RX filter by the
Ith path of the communication channel fed by the kth component of s(t; C) (4.63). The
contribution of all the components of the last signal can be accounted for by summing
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over the index k (see (4.63)); this produces

M/2—-14NED)

ri[k, 7] £ > rialk, 7], (A.54)

k=—(M/2+NED))

which can be rewritten as

rilk, 7] &Y rlk, i, (A.55)

thanks to the assumptions made on the cyclic structure of the transmitted signal. Then,
substituting the RHS of (A.52) in that of the last equation yields

rl[/;:,fz] = \J/qlﬁexp(—j%rl;:Fﬂ) exp(j27rﬁF,,l>
N-1 400
>3 [ 3 XigGipy(Frn ) exp(jQW%ﬁ). (A.56)
q=0 Lk=—00

The last expression contains the convolution

+o00
Z kaq G];,‘—k;7q(FTl7 Fl/l)’ (A.57)

k=—o00

that can be interpreted as the response, at the kth instant, of a discrete-time linear filter,
having impulse response {Gy_.(Fy,, F},)}, to the periodic sequence {Xj.} (whose period
is equal to M). Then, following the same line of reasoning as that illustrated for the
derivation of (A.49), (A.56) can be easily reformulated as (4.105).

A.3.4 Power spectral density of OTFS modulation

In this appendix, the derivation of (4.126)-(4.127) is sketched. Our mathematical develop-
ments rely on the model (4.63), that represents the complex envelope (4.62) of an OTFS
signal as the superposition of the signals of the set

S 2 (T (1) k= —M/24+NEP), —M /24 NEP 41, .., M/2-1+NEP)}, (A.58)

cpo

with (see (4.64))

N-1
SIE:TD) (t;C) 2 Z Ty p(t — ITs) exp(j2mkAp(t — UT5)) (A.59)
I=—N{ID)
(TD)

for any k. Note also that: a) s;” " (t; C) represents the frequency-shifted version of the
complex envelope of an OFDM signal (the frequency shift is given by KAy, that also
corresponds to the central frequency of that signal); b) the use of the TD CP implies that
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the overall bandwidth Ay is employed to transmit N + N(SpT D) symbols. In our derivations,
we assume that:

1) The useful elements® {¢;;, ,} of the channel symbol matrix C have the following prop-
erties: a) they belong to an M ary constellation; b) they are statistically independent
and identically distributed (in particular, they have zero mean and variance o2). The last
assumption implies that the channel symbols {x;} are also statistically independent and
identically distributed thanks to the orthogonality property of the DSFT transform (see
(4.91)).

2) The spectrum P(f) of the pulse p(t) appearing in the RHS of (A.59) is expressed by
(4.16).

Based on these assumptions, it can be proved that the cross-correlation function

Rim 2 B[s{"2)(t;0) (s (t; €))" (A.60)

is equal to zero for any m # 0, so that all the signals of the set S(TP) (A.58) are statistically
uncorrelated. Consequently, the PSD of s(t; C) (4.63) can be expressed as the superposition
of the PSD of all the signals of S(TP), ie., as in (4.126). Moreover, for any k # 0, the

PSD S, (f) of sl(CTD) (t; C) can be obtained from that of s(()TD) (t; C) by introducing a simple

frequency shift. Since S(()TD) (t; C) represents the complex envelope of an OFDM signal (see
(4.64)), its PSD is expressed by [81, Subsect. 3.7.3.3, eq. (3.295)]. These considerations
lead easily to (4.127).

g

3Do not forget that a portion of the elements of C is set to zero.
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