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Abstract
We study the Cahn-Hilliard equation with non-degenerate concentration-dependent mobility
and logarithmic potential in two dimensions. We show that any weak solution is unique,
exhibits propagation of uniform-in-time regularity, and stabilizes towards an equilibrium
state of the Ginzburg-Landau free energy for large times. These results improve the state of
the art dating back to a work by Barrett and Blowey. Our analysis relies on the combination
of enhanced energy estimates, elliptic regularity theory and tools in critical Sobolev spaces.

Mathematics Subject Classification 35K55 · 35A02 · 35B65 · 35B40 · 35Q82

1 Introduction andmain results

We consider the Cahn-Hilliard equation

∂tϕ = div (b(ϕ)∇μ) in � × (0,∞), (1.1a)

μ = −�ϕ + � ′(ϕ) in � × (0,∞), (1.1b)

equipped with the following boundary and initial conditions

∂nϕ = b(ϕ)∂nμ = 0 on ∂� × (0,∞), ϕ|t=0 = ϕ0 in �. (1.2)
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Here, � is a bounded domain in R
d , d ≤ 3, and n is the outward normal vector on ∂�.

The state variable ϕ represents the difference of phase concentrations in a binary mixture,
and takes values in the interval [−1, 1], with ϕ = ±1 being the pure phases. The function
b : [−1, 1] → R is the so-called Onsager mobility, which measures the strength of the
diffusion. The mobility can assume one the following forms

b(·) ≡ m0 ∈ R+ (constant case), (1.3)

b ∈ C([−1, 1]) : 0 < bm ≤ b(s) ≤ bM , s ∈ [−1, 1] (non-degenerate case), (1.4)

b(s) = m0(1 − s2), s ∈ [−1, 1], m0 ∈ R+ (degenerate case). (1.5)

The double-well function � is the Flory-Huggins potential (also called Boltzmann-Gibbs
entropy)

�(s) = F(s) − �0

2
s2 = �

2

[
(1 + s) ln(1 + s) + (1 − s) ln(1 − s)

]
− �0

2
s2, s ∈ [−1, 1], (1.6)

where the positive parameters � and �0 satisfy the condition �0 − � > 0. The function μ

is the so-called chemical potential, that is the variational derivative of the Ginzburg-Landau
free energy

E(ϕ) =
∫

�

1

2
|∇ϕ|2 + �(ϕ) dx .

The Cahn-Hilliard equation was originally proposed as a simple model for the process of
phase separation in binary alloys at fixed temperature [8, 9]. More recently, the Cahn-Hilliard
model has become a paradigm for liquid-liquid phase separation arising in polymer/solvent
mixtures and in living tissues, such as tumor cells [42]. Themacroscopicmotion of particles is
driven by the minimization of the free energy E(ϕ) through a gradient flow structure, where
the chosen metric may depend on the concentration-dependent mobility, namely different
strengths of the mobility function tune the minimization of the energy.

In the context of themathematical analysis of the Cahn-Hilliard equation, a robust theoret-
ical framework has been largely developed in the constant mobility case (1.3). Specifically,
the global well-posedness of weak solutions and the propagation of regularity have been
extensively studied in [1, 4, 15, 20, 27, 33]. The analysis of the so-called separation property
has been developed in [21, 24, 26, 32, 37], and the characterization of the longtime behavior
has been addressed in [4, 37].

In contrast, much less is known when the mobility function depends on the concentration
ϕ. This is due to the highly nonlinear character of the equation (1.1a) when b is non-constant.
On the other hand, a theory for weak solutions is still expected by the presence of the (formal)
energy balance:

E(ϕ(t)) +
∫ t

0

∫

�

b(ϕ)|∇μ|2 dx ds = E(ϕ0), ∀ t ≥ 0. (1.7)

In the degenerate mobility case (1.5), the only available result concerns with the global
existence of weak solutions. This was shown in the seminal work [19], see also [44] for
the one-dimensional case, and [14] for the case with regular potentials. More recently, a
gradient flow approach has been successfully explored in [10] and [34]. We also mention the
work [41] analyzing a different class of degenerate mobility and singular potential functions.
In the non-degenerate case (1.4), the global existence of weak solutions was established in
[5], following the approach developed in [19]. Besides, the authors of [5] proved the local
existence and uniqueness of strong solutions in three dimensions. Furthermore, in the two
dimensional case, the existence of strong solutions was claimed to hold globally in time.
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However, a mistake in the proof undermines the validity of this result, as we will discuss
below.Concerning the longtime behavior, the existence of a global attractorwas demonstrated
in [40] for generalized semiflows lacking the uniqueness of solutions. Lastly, wemention that
the existence of weak solutions for mobility functions depending on the chemical potential,
as proposed in [31], was proven in [30].

In this work, we will focus on the Cahn-Hilliard equation with non-degenerate
concentration-dependent mobility. For the reader’s convenience, we detail the results proven
by Barrett and Blowey in [5], which represent the state of the art about the well-posedness
theory. We refer to Section 2 for the notation.

Theorem 1.1 (Barrett & Blowey, 1999) Assume that � ⊂ R
d , with d = 2, 3, is a convex

polyhedron or ∂� ∈ C1,1, and the mobility b satisfies (1.4). Then, the following holds:

(1) Let ϕ0 ∈ H1(�) ∩ L∞(�) be such that ‖ϕ0‖L∞(�) ≤ 1 and ϕ0 = 1
|�|

∫
�

ϕ0(x) dx ∈
(−1, 1). Then, there exists a global weak solution (ϕ, μ) to problem (1.1a)-(1.1b) and
(1.2) satisfying

ϕ ∈ L∞(0, T ; H1(�)) ∩ L2(0, T ; H2(�)), ∂tϕ ∈ L2(0, T ; H−1
(0) (�)),

μ ∈ L2(0, T ; H1(�)), � ′(ϕ) ∈ L2(0, T ; L2(�)),
(1.8)

for all T ≥ 0, such that

〈∂tϕ, v〉 + (b(ϕ)∇μ,∇v) = 0, ∀ v ∈ H1(�), (1.9)

(μ, v) = (∇ϕ,∇v) + (� ′(ϕ), v), ∀ v ∈ H1(�), (1.10)

for almost every t ∈ (0,∞).
(2) Suppose, in addition, that b ∈ C1([−1, 1]) and

∂tϕ ∈ L
8

8−d (0, T ; L2(�)), ϕ ∈ L2d (0, T ; H2(�)),

μ ∈ L
8

6−d (0, T ; H1(�)).
(1.11)

Then, the solution (ϕ, μ) to (1.9)-(1.10) is unique on [0, T ].
(3) Let ϕ0 ∈ H3(�) be such that ‖ϕ0‖L∞(�) < 1, and ∂nϕ0 = 0 on ∂�. Assume that

b ∈ C1([−1, 1]). Then, the weak solution (ϕ, μ) to (1.9)-(1.10) satisfies

ϕ ∈ L∞(0, T∗; H2(�)) ∩ H1(0, T∗; H1(�)), ∂tϕ ∈ L∞(0, T∗; H−1
(0) (�)),

μ ∈ L∞(0, T∗; H1(�)) ∩ L2(0, T∗; H2(�)),
(1.12)

where T∗ = T for all T > 0 if d = 2, and T∗ > 0 depends on the norms of the initial
datum if d = 3.

The results presented in Theorem 1.1 exhibit some shortcomings. Firstly, the condition
in (1.11) on the time derivative ∂tϕ is never reached by weak solutions (cf. (1.8)). Thus, no
uniqueness result regarding the weak solutions is known, leaving this issue an open question
in the Cahn-Hilliard theory. Secondly, concerning the global existence of strong solutions in
the two dimensional case (cf. Theorem 1.1 - (3)), we point out that the proof of [5, Corollary
2.1] contains a slight but crucial error. Precisely, in the so-called second energy estimates
involving

�(t) =
∥∥∥
√
b(ϕ(t))∇μ(t)

∥∥∥
2

L2(�)
,

the authors obtained the following differential inequality

d

dt
�(t) ≤ C

(
1 + �2(1+ρ)(t)

)
, ∀ ρ ∈

(
0,

1

2

)
, (1.13)
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where the positive constant C is independent of ρ (cf. [5, Eqn. (2.51)]). Relying on the
arbitrary smallness of ρ, the authors inferred a global control on �(t). However, as we will
show below, a thorough inspection of their proof reveals that the correct constant should be
of the form C

ρ
(cf. (4.16) below). This negatively affects the conclusion of the ODE argument

used in [5] (cf. (4.20)-(4.21)).
The goal of this contribution is to address the gaps left open byTheorem1.1 concerning the

well-posedness theory of weak solutions to the Cahn-Hilliard equation with non-degenerate
mobility in two dimensions. First, we will prove the uniqueness of weak solutions. Then,
we will show that the weak solutions exhibit a global smoothness effect at positive times
(propagation of regularity). As a consequence,wewill prove that anyweak solution converges
towards a single steady state as t → ∞.

In order to rigorously state our achievements, we direct the reader to Section 2 for
the necessary notation, in particular concerning the Bochner spaces BC([0,∞); X) and
L p
uloc([0,∞); X) of functions that are respectively bounded and continuous in time, and

locally uniformly p-integrable in time, with values in a Banach space X .
Our main result is as follows:

Theorem 1.2 Let � ⊂ R
2 be a bounded domain with ∂� of class C3. Assume that the

mobility b satisfies (1.4). Then, the following results hold:

(A) Existence of weak solutions Let ϕ0 ∈ H1(�) ∩ L∞(�) be such that ‖ϕ0‖L∞(�) ≤ 1
and ϕ0 = m ∈ (−1, 1). Then, there exists a weak solution ϕ : [0,∞) × � → R to
(1.1a)-(1.1b) and (1.2) such that

ϕ ∈ BC([0,∞); H1
(m)(�)), (1.14)

ϕ ∈ L4
uloc([0,∞); H2(�)) ∩ L2

uloc([0,∞);W 2,p(�)), (1.15)

ϕ ∈ L∞(� × (0,∞)) : |ϕ(x, t)| < 1 a.e. in � × (0,∞), (1.16)

∂tϕ ∈ L2(0,∞; H−1
(0) (�)), F ′(ϕ) ∈ L2

uloc([0,∞); L p(�)), (1.17)

μ ∈ L2
uloc([0,∞); H1(�)), (1.18)

for any 2 ≤ p < ∞, and

〈∂tϕ, v〉 + (b(ϕ)∇μ,∇v) = 0, ∀ v ∈ H1(�), for a.e. t ∈ (0,∞), (1.19a)

μ = −�ϕ + � ′(ϕ), a.e. in � × (0,∞), (1.19b)

as well as ∂nϕ = 0 on ∂� almost everywhere on (0,∞), and ϕ|t=0 = ϕ0. Moreover, the
following energy equality holds

E(ϕ(t)) +
∫ t

0

∫

�

b(ϕ)|∇μ|2 dx ds = E(ϕ0), ∀ t ≥ 0. (1.20)

(B) Uniqueness of weak solutions Suppose that b ∈ C2([−1, 1]). Let ϕ1, ϕ2 be two weak

solutions originating from the initial conditions ϕ0
1 , ϕ

0
2 , respectively, such that ϕ

0
1 = ϕ0

2 .
Then, for any T > 0, there exists a positive constant C such that

‖ϕ1(t) − ϕ2(t)‖H−1
(0) (�)

≤ C
∥∥ϕ0

1 − ϕ0
2

∥∥
H−1

(0) (�)
, ∀ t ∈ [0, T ]. (1.21)

The constant C depends only on the parameters of the system, the final time T , and the
initial free energies E(ϕ0

1) and E(ϕ0
2). In particular, the weak solution is unique.
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(C) Propagation of regularity Assume that b ∈ C2([−1, 1]). For any τ ∈ (0, 1), there holds

ϕ ∈ L∞(τ,∞;W 2,p(�)), (1.22)

∂tϕ ∈ L∞(τ,∞; H1
(0)(�)) ∩ L2

uloc([τ,∞); H1(�)), (1.23)

μ ∈ L∞(τ,∞; H1(�)) ∩ L2
uloc([τ,∞); H3(�)), (1.24)

F ′(ϕ) ∈ L∞(τ,∞; L p(�)), (1.25)

for any 2 ≤ p < ∞. The equations (1.1a)-(1.1b) are satisfied almost everywhere in
� × (τ,∞) and the boundary condition ∂nμ = 0 on ∂� holds almost everywhere on
(τ,∞). In addition, there exists δ > 0 depending on τ and the norms of the initial datum
such that

|ϕ(x, t)| ≤ 1 − δ, ∀ (x, t) ∈ � × [τ,∞). (1.26)

(D) Convergence to a stationary state If b ∈ C2([−1, 1]), the solution ϕ(t) converges to ϕ∞
in W 2−ε,p(�) as t → ∞, for any ε > 0 and any 2 ≤ p < ∞, where ϕ∞ ∈ W 2,p(�) is
a solution to the stationary Cahn-Hilliard equation

−�ϕ∞ + � ′(ϕ∞) = � ′(ϕ∞) in �, (1.27a)

∂nϕ∞ = 0 on ∂�, (1.27b)

such that
1

|�|
∫

�

ϕ∞(x) dx = ϕ0.

Remark 1.3 Some remarks are in order:

• Our analysis can be straightforwardly generalized for singular potentials � of the form

�(s) = F(s) − �0

2
s2, ∀s ∈ [−1, 1], (1.28)

where F ∈ C([−1, 1])∩C2(−1, 1) such that F(0) = F ′(0) = 0, lims→±1 F ′(s) = ±∞,
and F ′′(s) ≥ � > 0, for all s in (−1, 1). Furthermore, growth assumptions on F ′ or F ′′
are required for the separation property (1.26) as in [21] and [24].

• We observe that the validity of the energy equality (1.20) for weak solutions was already
shown in [40, Lemma 2.4].

• If the initial datum ϕ0 ∈ H2(�) is such that−�ϕ0+� ′(ϕ0) ∈ H1(�), ϕ0 ∈ (−1, 1) and
∂nϕ0 = 0 on ∂�, then the corresponding weak solution ϕ is a strong solution, namely ϕ

satisfies (1.22)-(1.25) and (1.26) with τ = 0 (cf. Proposition 4.1).
• Theorem 1.2 focuses on uniqueness, regularity and longtime behavior of weak solutions.

Thus, we require the mobility function b ∈ C2([−1, 1]), which is needed in the unique-
ness part. On the other hand, the existence and uniqueness of strong solutions hold under
the more general assumption b ∈ C1([−1, 1]) as in Proposition 4.1.

Let us now comment on the main novelties about the proof of Theorem 1.2. Concerning
the uniqueness part, the classical proxy to measure the distance between two weak solutions
(say ϕ1 and ϕ2) for the Cahn-Hilliard equation with logarithmic potential is the norm in H−1

(0)
(cf. definition in (2.4)). As already observed in [5], in the case of concentration-dependent
mobility, the appropriate choice is

∥∥∥
√
b(ϕ1)∇Gϕ1(ϕ1 − ϕ2)

∥∥∥
L2(�)

, (1.29)
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where the operator Gϕ1 is defined in (2.9). In order to derive a suitable differential inequality
for this quantity, we will address two crucial steps. Firstly, we need to rigorously justify
the integration by parts formula (3.16) involving the time derivative of (1.29). Secondly,
we will provide a novel control of the non-linear terms in (3.18)-(3.20). Both steps rely
on the combination of two analytical tools: an elliptic regularity theory for a Neumann
problem in divergence form with concentration-dependent coefficient (cf. (2.8)), and the
regularity L4

uloc([0,∞); H2(�)) for weak solutions, firstly discovered in [27]. Regarding
the propagation of regularity, we will first revise the approach in [5]. By carefully examining
the dependence of the constants appearing in the proof, our analysis shows that the correct
differential inequality for � reads as follows:

d

dt
�(t) ≤ C

ρ
(1 + �(t))2(1+ρ) , ∀ ρ ∈

(
0,

1

4

)
,

for some positive constant C independent of ρ, which differs from (1.13). Due to the factor
1
ρ
, the argument in [5] do not lead to a global bound for arbitrarily large initial datum.

To overcome this issue, we will exploit a recent Grownall-type argument devised in [35,
Lemma 2.1] (see Lemma 4.2 below). However, a direct application of this result leads to
a global bound which grows double exponentially in time (4.25). Then, we propose a new
approach to estimate the nonlinear term in (4.8). Once again, it relies on a careful use of the
elliptic regularity theory for (2.8). Thanks to the regularity ϕ ∈ L4

uloc([0,∞); H2(�)), the
final differential inequality (4.27) fits into the classical framework of the uniform Gronwall
lemma, thus implying the desired global estimate independent of time. Finally, the proof of
the convergence of the weak solution towards a steady state of the Cahn-Hilliard equation
is performed by following the well established method in the constant mobility case (e.g.,
[4]). This hinges upon the regularity of the weak solutions, the presence of a strict Lyapunov
function, as well as the Łojasiewicz-Simon inequality.

Beyond the novelty of our results, we point out that the methods herein for the uniqueness
and the propagation of regularity of weak solutions are robust. Specifically, Theorem 1.2 can
be proven in presence of of polynomial potentials, such as�0(s) = (1−s2)2, which is widely
used in the literature (see [36] and the references therein). Furthermore, our analysis can be
applied to address other formulations of the Cahn-Hilliard equation with non-degenerate
mobility, including viscous regularizations [12, 37], multi-component cases [23], and on
evolving surfaces [6, 7]. Additionally, we expect the application of our arguments to more
complex diffuse interface models, such as Navier-Stokes-Cahn-Hilliard systems [2, 3, 22,
28, 29], Hele-Shaw/Darcy-Cahn-Hilliard models [25, 27], Brinkman-Cahn-Hilliard systems
[13, 16], and non-isothermal models [17, 18].

2 Mathematical setting

2.1 Notation and function spaces

Let X be a Banach space. We denote by X ′ its dual space and by 〈·, ·〉X ′,X the duality
product. Given 1 ≤ p ≤ ∞ and an interval I ⊆ [0,∞), we denote with L p(I ; X) the
space of all Bochner p−integrable functions defined from I into X . We also define the
space W 1,p(I ; X) as the set of functions f ∈ L p(I ; X) with distributional derivative ∂t f ∈
L p(I ; X). In particular H1(I ; X) = W 1,2(I ; X). Moreover, L p

uloc([0,∞), X) denotes the

123
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space of functions f ∈ L p(0, T ; X) for any T > 0 such that there exists C > 0 such that

‖ f ‖L p
uloc([0,∞),X) := sup

t≥0

∫ t+1

t
‖ f (s)‖p

X ds < ∞.

For any a > 0, the set BC([a,∞); X) is the Banach space of all bounded and continuous
functions f : [a,∞) → X equipped with the supremum norm, and BUC([a,∞); X) is the
subspace of all bounded and uniformly continuous functions.

Let � be a bounded smooth domain in R
2. For any positive real k and 1 ≤ p ≤ ∞,

we denote by Wk,p(�) the Sobolev space of functions in L p(�) such that the distributional
derivative of order up to k is an element of L p(�). We use the notation Hk(�) for the Hilbert
space Wk,2(�) with norm ‖·‖Hk (�). In particular, for k = 1, we denote the duality product
between H1(�)′ and H1(�) by 〈·, ·〉. We recall that H1(�) is continuously embedded in
Lr (�) for all r ≥ 1, and the following critical Gagliardo-Nirenberg-Sobolev interpolation
inequality holds true (see [38, Proposition and Remark 1]): there exists a universal constant
C > 0 such that, for all 2 ≤ r < ∞,

‖ f ‖Lr (�) ≤ C
√
r‖ f ‖

2
r
L2(�)

‖ f ‖
r−2
r

H1(�)
, ∀ f ∈ H1(�). (2.1)

As a consequence, there exists C > 0 such that

‖ f ‖H1(�)′ ≤ C

√
r

r − 1
‖ f ‖Lr (�), ∀ f ∈ Lr (�), r > 1. (2.2)

Remark 2.1 Notice that the term
√

r
r−1 was neglected in [5], and in all the inequalities depend-

ing on (2.1).

Given the definition of total mass

f = 1

|�|
∫

�

f (x) dx if f ∈ L1(�),

we recall the Poincaré-Wirtinger inequality

‖ f ‖L2(�) ≤ CP
(‖∇ f ‖L2(�) + | f |), ∀ f ∈ H1(�), (2.3)

where CP only depends on �. For any m ∈ R, we introduce the function space

H1
(m)(�) = {

f ∈ H1(�) : f = m
}
.

If m = 0, H1
(0)(�) is a Hilbert space endowed with inner product ( f , g)H1

(0)(�) = (∇ f ,∇g)

and corresponding norm ‖ f ‖H1
(0)(�) = ‖∇ f ‖L2(�). Extending the definition of total mass

as

f = 1

|�| 〈 f , 1〉 if f ∈ H1(�)′,

we define the Hilbert space

H−1
(0) (�) = {

f ∈ H1(�)′ : f = 0
}
, (2.4)

with corresponding norm defined as ‖ f ‖H−1
(0) (�)

:= ‖ f ‖H1(�)′ .

123
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2.2 Elliptic problems

We now consider the homogeneous Neumann boundary problem for the Laplace operator
{

−�u = f in �

∂nu = 0 on ∂�.
(2.5)

The solution operator G : H−1
(0) (�) → H1

(0)(�) is defined as follows: for every f ∈ H−1
(0) (�),

G f ∈ H1
(0)(�) is the unique function satisfying

(∇G f ,∇v) = 〈 f , v〉, ∀ v ∈ H1
(0)(�). (2.6)

For any f ∈ H−1
(0) (�), ‖∇G f ‖L2(�) is a norm on H−1

(0) (�), that is equivalent to ‖ f ‖H−1
(0) (�)

.

Besides,

|〈 f , v〉| ≤ ‖∇G f ‖L2(�) ‖∇v‖L2(�) , ∀ f ∈ H−1
(0) (�), ∀ v ∈ H1

(0)(�). (2.7)

Next, assuming (1.4) and given a measurable function q : � → [−1, 1], we introduce the
following elliptic problem

{
−div (b(q)∇u) = f in �

b(q)∂nu = 0 on ∂�.
(2.8)

Similarly to the definition of G in (2.6), we define the solution operator Gq : H−1
(0) (�) →

H1
(0)(�) as follows: for every f ∈ H−1

(0) (�), Gq f ∈ H1
(0)(�) is the unique function satisfying

(b(q)∇Gq f ,∇v) = 〈 f , v〉, ∀ v ∈ H1
(0)(�). (2.9)

For the readers’ convenience, we report some results on the operator Gq obtained in [5] (see
also [25, 40]). From the definition of G and Gq , for all f ∈ H−1

(0) (�), we have

‖∇G f ‖2L2(�)
= 〈 f ,G f 〉 = (b(q)∇Gq f ,∇G f ) ≤ √

bM
∥∥∥
√
b(q)∇Gq f

∥∥∥
L2(�)

‖∇G f ‖L2(�),

and
∥∥∥
√
b(q)∇Gq f

∥∥∥2
L2(�)

= 〈 f ,Gq f 〉 = (∇G f , ∇Gqv) ≤ 1√
bm

‖∇G f ‖L2(�)

∥∥∥
√
b(q)∇Gq f

∥∥∥
L2(�)

.

Combining the last two inequalities yields
√
bm

∥∥∥
√
b(q)∇Gq f

∥∥∥
L2(�)

≤ ‖∇G f ‖L2(�) ≤ √
bM

∥∥∥
√
b(q)∇Gq f

∥∥∥
L2(�)

, (2.10)

for all f ∈ H−1
(0) (�). Thus,

∥∥∇Gq f
∥∥
L2(�)

is a norm on H−1
(0) (�) that is equivalent to

‖∇G f ‖L2(�). Also, we observe that

〈 f ,Gqg〉 = (b(q)∇Gq f ,∇Gqg) = (∇Gq f , b(q)∇Gqg) = 〈g,Gq f 〉, (2.11)

for all f , g ∈ H−1
(0) (�).

Besides, we have

‖ f ‖L2(�) =
√(∇Gq f ,∇ f

) ≤ ‖∇Gq f ‖
1
2
L2(�)

‖∇ f ‖
1
2
L2(�)

, ∀ f ∈ H1
(0)(�). (2.12)
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We now derive some elliptic estimates related to problem (2.8). Let f ∈ L p(�) ∩ H−1
(0) (�),

p > 1. Assuming that b ∈ C1([−1, 1]) and q ∈ H2(�), we choose v = w
b(q)

− w
b(q)

for any

w ∈ H1
(0)(�) (note that v ∈ H1

(0)(�)) in (2.9) obtaining

∫

�

∇Gq f · ∇w dx =
∫

�

(
b′(q)

b(q)
∇q · ∇Gq f + f

b(q)

)
w dx =: (g, w). (2.13)

Therefore, by the classical regularity theory for problem (2.5), if ∇Gq f · ∇q ∈ L p(�), we
have

‖Gq f ‖W 2,p(�) ≤ C
(∥∥∇q · ∇Gq f

∥∥
L p(�)

+ ‖ f ‖L p(�)

)
, ∀ 1 < p < ∞, (2.14)

where the positive constant C depends on p and b. If f ∈ L2(�) such that f = 0, by [25,
Theorem 2.1] Gq f ∈ H2(�). Taking p = 2 in (2.14), and by using (2.1) with r = 4, we find

‖Gq f ‖H2(�) ≤ C
(∥∥∇q · ∇Gq f

∥∥
L2(�)

+ ‖ f ‖L2(�)

)

≤ C
(
‖∇q‖L4(�)

∥∥∇Gq f
∥∥
L4(�)

+ ‖ f ‖L2(�)

)

≤ C

(
‖∇q‖

1
2
L2(�)

‖q‖
1
2
H2(�)

∥∥∇Gq f
∥∥ 1

2
L2(�)

∥∥Gq f
∥∥ 1

2
H2(�)

+ ‖ f ‖L2(�)

)
.

Then, it follows from the Young inequality that

‖Gq f ‖H2(�) ≤ C
(‖∇q‖L2(�)‖q‖H2(�)‖∇Gq f ‖L2(�) + ‖ f ‖L2(�)

)
. (2.15)

The above inequality is a particular case of the following one, which is proven in [5] (we
report its proof in Appendix A for completeness)

∥∥Gq f
∥∥
H2(�)

≤
(
C2s2

s − 2

) s
4

‖∇q‖
s−2
2

L2(�)
‖q‖H2(�)

∥∥∇Gq f
∥∥
L2(�)

+ sC

2
‖ f ‖L2(�) , (2.16)

for all s ∈ (2,∞), where the positive constant C is independent of s. Furthermore, if f ∈
L4(�) with f = 0, g in (2.13) belongs to L4(�) since Gq f ∈ H2(�) and ∇q ∈ H1(�).
Choosing p = 4 in (2.14), and exploiting (2.1) with r = 8, we obtain

‖Gq f ‖W 2,4(�) ≤ C
(
‖∇q‖L8(�)

∥∥∇Gq f
∥∥
L8(�)

+ ‖ f ‖L4(�)

)

≤ C ‖∇q‖
1
4
L2(�)

‖q‖
3
4
H2(�)

∥∥∇Gq f
∥∥ 1

4
L2(�)

∥∥Gq f
∥∥ 3

4
H2(�)

+ C‖ f ‖L4(�). (2.17)

Finally, if f ∈ H1
(0)(�) and b ∈ C2([−1, 1]), the elliptic regularity theory entails that

Gq f ∈ H3(�). In particular, there exists C > 0 such that

‖Gq f ‖H3(�) ≤ C

(∥∥∥∥
b′(q)

b(q)
∇q · ∇Gq f

∥∥∥∥
H1(�)

+
∥∥∥∥

f

b(q)

∥∥∥∥
H1(�)

)
. (2.18)

3 Proof of Theorem 1.2 - (A) - (B): existence and uniqueness of weak
solutions

This section is devoted to show Theorem 1.2 - (A) - (B). The proof is divided in two parts.
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Properties of weak solutions Let ϕ be a global weak solution given by Theorem 1.1 - (1).
First of all, since ϕ ∈ L2(0, T ; H2(�)) for any T > 0, it easily follows that ∂nϕ = 0 almost
everywhere on ∂� × (0,∞), and μ = −�ϕ + � ′(ϕ) almost everywhere in � × (0,∞).
Since μ = � ′(ϕ) from (1.19b), we can rewrite (1.19a) as

μ = −Gϕ∂tϕ + � ′(ϕ), a.e. in � × (0,∞). (3.1)

Moreover, taking v = 1 in (1.19a), we derive the conservation of mass, namely

ϕ(t) = ϕ0 = m, ∀ t ≥ 0. (3.2)

Let us now define the functional E0 : L2(�) → R given by

E0(ϕ) = 1

2
‖∇ϕ‖2L2(�)

+
∫

�

F(ϕ) dx, (3.3)

where F is the convex part of � as in (1.6). The functional E0 is proper, convex and lower-
semicontinuous. Owing to [39, Lemma 4.1], we deduce that t �→ E0(ϕ(t)) is absolutely
continuous on [0,∞) and

d

dt
E0(ϕ) = 〈∂tϕ,−�ϕ + F ′(ϕ)〉 = 〈∂tϕ,μ + �0ϕ〉,

almost everywhere on (0,∞). As a consequence, for any T > 0, due to the boundedness of
F and ϕ ∈ C([0, T ]; L2(�)), the Lebesgue theorem entails that

∫
�
F(ϕ(·)) dx ∈ C([0, T ]),

which in turn gives ϕ ∈ C([0, T ]; H1(�)). Now, taking v = μ in (1.19a) and exploiting the
standard chain rule in L2(0, T ; H1(�)) ∩ H1(0, T ; H1(�)′), we obtain

d

dt
E(ϕ) +

∫

�

b(ϕ)|∇μ|2 dx = 0, (3.4)

which implies the energy equality (1.20). Then, we deduce from (2.3) and (3.2) that

sup
t≥0

‖ϕ(t)‖H1
(m)

(�) ≤ C, (3.5)

and
∫ ∞

0
‖∇μ(s)‖2L2(�)

ds ≤ C, (3.6)

for some constant C depending on E(ϕ0) andm. The latter implies ∇μ ∈ L2(0,∞; L2(�)).
By (2.10) and (3.1), we have

‖∇G∂tϕ‖L2(�) ≤ C‖∇μ‖L2(�). (3.7)

Then, (3.6) yields
∫ ∞

0
‖∂tϕ(s)‖2

H−1
(0) (�)

ds ≤ C, (3.8)

which gives ∂tϕ ∈ L2(0,∞; H−1
(0) (�)).

Next, multiplying (1.19b) by −�ϕ, integrating over � and exploiting the boundary con-
dition on ϕ, we find

‖�ϕ‖2L2(�)
+

∫

�

F ′(ϕ) (−�ϕ) dx =
∫

�

∇μ · ∇ϕ dx + �0‖∇ϕ‖2L2(�)
. (3.9)
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It is well known that the second term on the left-hand side is non-negative by the convexity
of F (see, e.g., [13, Appendix A]). Then, by (3.5), it follows that

‖�ϕ‖2L2(�)
≤ C

(
1 + ‖∇μ‖L2(�)

)
. (3.10)

Thus, by the standard elliptic regularity theory, we have

sup
t≥0

∫ t+1

t
‖ϕ(s)‖4H2(�)

ds ≤ C, (3.11)

which proves that ϕ ∈ L4
uloc([0,∞); H2(�)). We proceed with the control of the total mass

of μ. We report the standard tool from [37]: there exists a positive constant C , depending
only on m = ϕ0, such that

∫

�

|F ′(ϕ)| dx ≤ C

∣∣∣∣
∫

�

F ′(ϕ)(ϕ − ϕ) dx

∣∣∣∣ + C, (3.12)

where C → +∞ as |ϕ0| → 1. Multiplying μ by ϕ − ϕ and integrating over �, we easily
deduce that

‖∇ϕ‖2L2(�)
+

∫

�

F ′(ϕ) (ϕ − ϕ) dx =
∫

�

(μ − μ) ϕ dx + �0

∫

�

ϕ(ϕ − ϕ) dx .

By (2.3) and (3.5), we get
∣∣∣∣
∫

�

F ′(ϕ) (ϕ − ϕ) dx

∣∣∣∣ ≤ C‖∇μ‖L2(�) + C,

where the positive constant C depends on E(ϕ0) and m. Since |μ| = � ′(ϕ), (3.12) and the
above inequality imply that

|μ| ≤ C
(
1 + ‖∇μ‖L2(�)

)
. (3.13)

In light of (3.6), we conclude that μ ∈ L2
uloc([0,∞); H1(�)). Finally, noticing that

{
−�ϕ + F ′(ϕ) = μ∗ in �

∂nϕ = 0 on ∂�,

almost everywhere in time on (0,∞), where μ∗ = μ + �0ϕ ∈ L2
uloc([0,∞); H1(�)), an

application of [13, Lemma A.4] yields

‖ϕ‖W 2,p(�) + ‖F ′(ϕ)‖L p(�) ≤ C(p)
(
1 + ‖μ‖H1(�)

)
, ∀ p ∈ [2,∞), (3.14)

which provides that ϕ ∈ L2
uloc([0,∞);W 2,p(�)) and F ′(ϕ) ∈ L2

uloc([0,∞); L p(�)), for
any p ∈ [2,∞).

Uniqueness of weak solutions Let ϕ1 and ϕ2 be two weak solutions to problem (1.1a)-
(1.2) with non-degenerate mobility (1.4) as in Theorem 1.2 - part (A), associated with two

initial data ϕ0
1 and ϕ0

2 such that ϕ0
1 = ϕ0

2 . We observe that (1.19a) and (1.19b) entail that

μi = −Gϕi ∂tϕi + � ′(ϕi ), in �, a.e. in (0,∞), i = 1, 2, (3.15)

where μ1 and μ2 are the chemical potentials corresponding to ϕ1 and ϕ2, respectively. We
define 
 = ϕ1 − ϕ2, which solves

−�
 + � ′(ϕ1) − � ′(ϕ2) = μ1 − μ2, in �, a.e. in (0,∞).
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We preliminary notice that 
 ≡ 0 by the conservation of mass. Multiplying the above
equation by 
 and integrating over �, we find

‖∇
‖2L2(�)
+

∫

�

(
F ′(ϕ1) − F ′(ϕ2)

)

 dx −

∫

�

(μ1 − μ2) 
 dx = �0 ‖
‖2L2(�)
.

Thanks to (3.15), we rewrite the above as

‖∇
‖2L2(�)
+

∫

�

(
F ′(ϕ1) − F ′(ϕ2)

)

 dx +

∫

�

(Gϕ1∂tϕ1 − Gϕ2∂tϕ2
)

 dx = �0 ‖
‖2L2(�)

.

We notice that∫

�

(Gϕ1∂tϕ1 − Gϕ2∂tϕ2
)

 dx =

∫

�

Gϕ1∂t

 dx +
∫

�

(Gϕ1 − Gϕ2)∂tϕ2 
 dx .

Next, we claim that
∫

�

Gϕ1∂t

 dx = d

dt

1

2
(Gϕ1
,
) + 1

2

∫

�

∇G∂tϕ1 · b′′(ϕ1)∇ϕ1
∣∣∇Gϕ1


∣∣2 dx

+
∫

�

∇G∂tϕ1 · b′(ϕ1)
(
D2Gϕ1
∇Gϕ1


)
dx,

(3.16)

almost everywhere in (0,∞). Here, D2 f is the Hessian of f . We recall that

(Gϕ1
,
)
1
2 =

∥∥∥
√
b(ϕ1)∇Gϕ1


∥∥∥
L2(�)

is a norm on H−1
(0) (�), that is equivalent to ‖∇G
‖L2(�). Then, since (F ′(ϕ1)−F ′(ϕ2), ϕ1−

ϕ2) ≥ 0, we infer that

d

dt

1

2

∥∥∥
√
b(ϕ1)∇Gϕ1


∥∥∥
2

L2(�)
+ ‖∇
‖2L2(�)

≤ �0 ‖
‖2L2(�)
+ I1 + I2 + I3, (3.17)

where

I1 = −1

2

∫

�

∇G∂tϕ1 · b′′(ϕ1)∇ϕ1
∣∣∇Gϕ1


∣∣2 dx, (3.18)

I2 = −
∫

�

∇G∂tϕ1 · b′(ϕ1)
(
D2Gϕ1
∇Gϕ1


)
dx, (3.19)

and

I3 = −
∫

�

(Gϕ1 − Gϕ2)∂tϕ2 
 dx . (3.20)

The rest of the proof consists of two parts: the justification of (3.16) and the control of I1, I2
and I3.

Proof of (3.16). For any ε ∈ (0, 1), we consider the elliptic problem
{

−ε�ϕε
1 + ϕε

1 = ϕ1 in �

∂nϕ
ε
1 = 0 on ∂�,

(3.21)

almost everywhere in (0,∞). Recalling that ϕ1 ∈ L∞(0, T ; H1(�)) ∩ L4(0, T ; H2(�))

with ∂tϕ ∈ L2(0, T ; H−1
(0) (�)), for any T > 0, it follows by the elliptic regularity theory that

ϕε
1 ∈ L∞(0, T ; H3(�)), ∂tϕ

ε
1 ∈ L2(0, T ; H1

(0)(�)), (3.22)
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and ∂nϕ
ε
1 = 0 on ∂� almost everywhere in (0, T ), for any ε ∈ (0, 1) and any T > 0. In

addition, recalling that ϕ1 ∈ L∞(�×(0, T ))with |ϕ1| < 1 almost everywhere in�×(0, T ),
we also have

ϕε
1 ∈ L∞(� × (0, T )) : |ϕε

1 | < 1 a.e. in � × (0, T ). (3.23)

Besides, it is easy to check that
∫ T

0

∥∥ϕε
1(s)

∥∥4
L2(�)

+ ‖∇ϕε
1(s)‖4L2(�)

ds ≤
∫ T

0
‖ϕ1(s)‖4L2(�)

+ ‖∇ϕ1(s)‖4L2(�)
ds, (3.24)

∫ T

0
‖∇G∂tϕ

ε
1(s)‖2L2(�)

ds ≤
∫ T

0
‖∇G∂tϕ1(s)‖2L2(�)

ds, (3.25)

and

‖ϕε
1‖L∞(0,T ;H1(�)) ≤ ‖ϕ1‖L∞(0,T ;H1(�)). (3.26)

Owing to the regularity of ϕε
1, we compute the gradient of (3.21) and test it by −∇�ϕε

1.
Exploiting the Neumann boundary condition on ϕε

1 and ϕ1, we find

ε‖∇�ϕε
1‖2L2(�)

+ ‖�ϕε
1‖2L2(�)

= (�ϕ1,�ϕε
1),

which gives
∫ T

0
‖�ϕε

1(s)‖4L2(�)
ds ≤

∫ T

0
‖�ϕ1(s)‖4L2(�)

ds. (3.27)

Hence, by the above estimates, we derive that, up to a subsequence, ϕε
1⇀ϕ1 weakly in

L4(0, T ; H2(�)) and weak-star in L∞(� × (0, T )), as well as ∂tϕ
ε
1⇀∂tϕ1 weakly in

L2(0, T ; H−1
(0) (�)). In order to recover the strong convergence, we report the following

result which is based on the Clarkson inequality:

Lemma 3.1 Let X be a Banach space and let p ∈ [2,∞). Assume that un⇀u weakly in
L p(0, T ; X) and lim supn→∞ ‖un‖L p(0,T ;X) ≤ ‖u‖L p(0,T ;X). Then, un → u strongly in
L p(0, T ; X).

In light of (3.25) and (3.27), Lemma 3.1 implies that

ϕε
1 → ϕ1 strongly in L4(0, T ; H2(�)),

∂tϕ
ε
1 → ∂tϕ1 strongly in L2(0, T ; H−1

(0) (�)).
(3.28)

In particular, up to a subsequence, we have

ϕε
1 → ϕ1, ∇ϕε

1 → ∇ϕ1 a.e. in � × (0, T ). (3.29)

Thanks to (3.23), we now define the sequence Gϕε
1

 ∈ L∞(0, T ; H1(�)). It easily follows

from (3.26) that
∥∥∥Gϕε

1



∥∥∥
L∞(0,T ;H1

(0)(�))
≤ C, (3.30)

whereC is independent of ε. In light of (3.26) and (3.30), an application of (2.15) entails that
∥∥∥Gϕε

1



∥∥∥
H2(�)

≤ C
(
1 + ‖ϕε

1‖H2(�)

)
,
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for some constant C independent of ε. Thus, we infer from (3.26) and (3.27) that
∫ T

0

∥∥∥Gϕε
1

(s)

∥∥∥
4

H2(�)
ds ≤ C, (3.31)

namely Gϕε
1

 is uniformly bounded in L4(0, T ; H2(�)). Furthermore, by (2.17), we also

learn that
∥∥∥Gϕε

1



∥∥∥
W 2,4(�)

≤ C

(
1 + ∥∥ϕε

1

∥∥ 3
4
H2(�)

∥∥∥Gϕε
1



∥∥∥
3
4

H2(�)

)
. (3.32)

Hence, integrating over (0, T ), we obtain
∫ T

0
‖Gϕε

1

(s)‖

8
3
W 2,4(�)

ds ≤ CT + C
∫ T

0

∥∥ϕε
1(s)

∥∥4
H2(�)

+
∥∥∥Gϕε

1

(s)

∥∥∥
4

H2(�)
ds ≤ C,

(3.33)

for some C independent of ε. The latter implies that Gϕε
1

 is uniformly bounded in

L
8
3 (0, T ;W 2,4(�)).
Now, we study the convergence properties of the operator Gϕε

1
as ε → 0. Let f ∈

L2(0, T ; H−1
(0) (�)). By definition (2.9), we know that

(
b(ϕ1)∇Gϕ1 f ,∇v

) =
(
b(ϕε

1)∇Gϕε
1
f ,∇v

)
, ∀ v ∈ H1

(0)(�),

which gives
(
b(ϕ1)∇

(
Gϕ1 f − Gϕε

1
f
)

,∇v
)

=
((
b(ϕε

1) − b(ϕ1)
) ∇Gϕε

1
f ,∇v

)
, ∀ v ∈ H1

(0)(�).

Therefore, we have
∫ T

0

∥∥∥∇
(
Gϕ1 f − Gϕε

1
f
)∥∥∥

2

L2(�)
ds ≤ 1

bm

∫ T

0

∥∥∥(
b(ϕε

1) − b(ϕ1)
) ∇Gϕε

1
f
∥∥∥
2

L2(�)
ds

≤ 1

bm

∫ T

0

∥∥b(ϕε
1) − b(ϕ1)

∥∥2
L∞(�)

∥∥∥∇Gϕε
1
f
∥∥∥
2

L2(�)
ds.

We aim to use the Lebesgue convergence theorem on the right-hand side. We observe from
(2.10) that ∥∥b(ϕε

1) − b(ϕ1)
∥∥2
L∞(�)

∥∥∥∇Gϕε
1
f
∥∥∥
2

L2(�)
≤ 4bM

bm
‖∇G f ‖2L2(�)

,

where ‖∇G f ‖2
L2(�)

∈ L1(0, T ). On the other hand,

∥∥b(ϕε
1) − b(ϕ1)

∥∥2
L∞(�)

≤ C
∥∥ϕε

1 − ϕ1
∥∥2
L∞(�)

≤ C
∥∥ϕε

1 − ϕ1
∥∥2
H2(�)

almost everywhere in (0, T ). In light of (3.28), up to a subsequence, we obtain that

∥∥b(ϕε
1) − b(ϕ1)

∥∥2
L∞(�)

∥∥∥∇Gϕε
1
f
∥∥∥
2

L2(�)
≤ C‖ϕε

1 − ϕ1‖2H2(�)
‖∇G f ‖2L2(�)

→ 0

almost everywhere in (0, T ). Thus, up to a subsequence, we conclude that

∇Gϕε
1
f → ∇Gϕ1 f strongly in L2(0, T ; L2(�)).

In particular, for f = ∂t
 and f = 
, we have

∇Gϕε
1
∂t
 → ∇Gϕ1∂t
 strongly in L2(0, T ; L2(�)), (3.34)
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and
∇Gϕε

1

 → ∇Gϕ1
 strongly in L2(0, T ; L2(�)), (3.35)

respectively. The latter means that Gϕε
1

 → Gϕ1
 strongly in L2(0, T ; H1

(0)(�)). Moreover,
by the above uniform estimates (3.31) and (3.33), we conclude that

Gϕε
1

⇀Gϕ1
 weakly in L4(0, T ; H2(�)), (3.36)

and

Gϕε
1

⇀Gϕ1
 weakly in L

8
3 (0, T ;W 2,4(�)). (3.37)

Next, thanks to (3.22), it is immediate to see that (cf. [5, Eqn. (2.22)]), for any η ∈ D(0, T ),

∫ T

0
(Gϕε

1
∂t
,
) η ds = −1

2

∫ T

0
(Gϕε

1

,
) ∂tη ds

+ 1

2

∫ T

0

(
∂tϕ

ε
1, b

′(ϕε
1)∇Gϕε

1

 · ∇Gϕε

1



)
η ds.

(3.38)

We aim to pass to the limit as ε → 0 in (3.38). First, we easily conclude from (3.34) and
(3.35) that

lim
ε→0

∫ T

0
(Gϕε

1
∂t
,
) η ds =

∫ T

0
(Gϕ1∂t
,
) η ds (3.39)

and

lim
ε→0

−1

2

∫ T

0
(Gϕε

1

,
) ∂tη ds = −1

2

∫ T

0
(Gϕ1
,
) ∂tη ds. (3.40)

In order to handle the last term on the right-hand side of (3.38), we first show that

∇
(
b′(ϕε

1)|∇Gϕε
1

|2

)
is uniformly bounded in L2(0, T ; L2(�)) w.r.t. ε. (3.41)

In fact, by (2.1), we have
∥∥∥∇

(
b′(ϕε

1)|∇Gϕε
1

|2

)∥∥∥
L2(�)

≤
∥∥∥b′′(ϕε

1)∇ϕε
1 |∇Gϕε

1

|2

∥∥∥
L2(�)

+ 2
∥∥∥b′(ϕε

1)D2Gϕε
1

∇Gϕε

1



∥∥∥
L2(�)

≤ C
∥∥∇ϕε

1

∥∥
L6(�)

∥∥∥∇Gϕε
1



∥∥∥2
L6(�)

+ C
∥∥∥D2Gϕε

1



∥∥∥
L4(�)

∥∥∥∇Gϕε
1



∥∥∥
L4(�)

≤ C
∥∥∇ϕε

1

∥∥ 1
3
L2(�)

∥∥∇ϕε
1

∥∥ 2
3
H1(�)

∥∥∥∇Gϕε
1



∥∥∥
2
3

L2(�)

∥∥∥∇Gϕε
1



∥∥∥
4
3

H1(�)

+ C
∥∥∥D2Gϕε

1



∥∥∥
L4(�)

∥∥∥∇Gϕε
1



∥∥∥
1
2

L2(�)

∥∥∥∇Gϕε
1



∥∥∥
1
2

H1(�)
.

Thanks to (3.26) and (3.30), it follows that

∥∥∥∇
(
b′(ϕε

1)|∇Gϕε
1

|2

)∥∥∥
L2(�)

≤ C
∥∥∇ϕε

1

∥∥ 2
3
H1(�)

∥∥∥∇Gϕε
1



∥∥∥
4
3

H1(�)
+ C

∥∥∥D2Gϕε
1



∥∥∥
L4(�)

∥∥∥∇Gϕε
1



∥∥∥
1
2

H1(�)

≤ C
∥∥∇ϕε

1

∥∥2
H1(�)

+ C
∥∥∥∇Gϕε

1



∥∥∥2
H1(�)

+ C
∥∥∥D2Gϕε

1



∥∥∥
4
3

L4(�)
,

for some constant C independent of ε. Recalling that Gϕε
1

 is uniformly bounded in

L4(0, T ; H2(�)) ∩ L
8
3 (0, T ;W 2,4(�)), and ϕε

1 is uniformly bounded in L4(0, T ; H2(�)),
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we deduce the desired claim (3.41). Hence, by (3.28) and (3.41), we infer that

lim
ε→0

1

2

∫ T

0

(
∂tϕ

ε
1, b

′(ϕε
1)∇Gϕε

1

 · ∇Gϕε

1



)
η ds

= lim
ε→0

1

2

∫ T

0

(
∇G∂tϕ1,∇

(
b′(ϕε

1)|∇Gϕε
1

|2

))
η ds

+ lim
ε→0

1

2

∫ T

0

(
∇G (

∂tϕ
ε
1 − ∂tϕ1

)
,∇

(
b′(ϕε

1)|∇Gϕε
1

|2

))
η ds

= lim
ε→0

1

2

∫ T

0

(
∇G∂tϕ1, b

′′(ϕε
1)∇ϕε

1 |∇Gϕε
1

|2 + 2b′(ϕε

1)D
2Gϕε

1

∇Gϕε

1



)
η ds. (3.42)

By the above computations, we know that b′′(ϕε
1)∇ϕε

1 |∇Gϕε
1

|2 and 2b′(ϕε

1)D
2Gϕε

1

∇Gϕε

1



are uniformly bounded in L2(0, T ; L2(�)) with respect to ε. Then, up to a subsequence, we
have

b′′(ϕε
1)∇ϕε

1 |∇Gϕε
1

|2⇀g1 weakly in L2(0, T ; L2(�)), (3.43)

and

2b′(ϕε
1)D

2Gϕε
1

∇Gϕε

1

⇀g2 weakly in L2(0, T ; L2(�)). (3.44)

We are left to identify the weak limits g1 and g2. By interpolation, we observe that

∇ϕε
1 → ∇ϕ1 strongly in L8(0, T ; L4(�)).

Besides, ∇Gϕε
1

 → ∇Gϕ1
 strongly in L2(0, T ; L2(�)) as in (3.35). Also, it follows from

(3.36) that
∇Gϕε

1

⇀∇Gϕ1
 weakly in L4(0, T ; L6(�)).

Finally, since b′′ ∈ C([−1, 1]), we learn from (3.29) that b′′(ϕε
1) → b′′(ϕ1) strongly in

L8(0, T ; L12(�)). Thus, we infer that

b′′(ϕε
1)∇ϕε

1 |∇Gϕε
1

|2⇀b′′(ϕ1)∇ϕ1|∇Gϕ1
|2 weakly in L1(0, T ; L1(�)),

which entails that
g1 = b′′(ϕ1)∇ϕ1|∇Gϕ1
|2.

In a similar matter, owing to (3.35), (3.37), and observing that b′(ϕε
1) → b′(ϕ1) strongly in

L8(0, T ; L4(�)), we obtain

2b′(ϕε
1)D

2Gϕε
1

∇Gϕε

1

⇀2b′(ϕ1)D

2Gϕ1
∇Gϕ1
 weakly in L1(0, T ; L1(�)).

This allows us to conclude that

g2 = 2b′(ϕ1)D
2Gϕ1
∇Gϕ1
.

Therefore, by exploiting (3.43) and (3.44) in (3.42), we deduce that
∫ T

0
(Gϕ1∂t
,
) η ds = −1

2

∫ T

0
(Gϕ1
,
) ∂tη ds

+ 1

2

∫ T

0

(∫

�

∇G∂tϕ1 · b′′(ϕ1)∇ϕ1|∇Gϕ1
|2 dx
)

η ds

+
∫ T

0

(∫

�

∇G∂tϕ1 · b′(ϕ1)
(
D2Gϕ1
∇Gϕ1


)
dx

)
η ds

(3.45)
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for any η ∈ D(0, T ). The latter implies the desired conclusion (3.16).
Estimates of the nonlinear terms. In the rest of the proof, we denote by C a generic positive
constant which depends on the parameters of the system, the total massm and the initial free
energy E(ϕ0).

Concerning I1, we have

|I1| ≤ C ‖∂tϕ1‖H−1
(0) (�)

∥∥b′′(ϕ1)∇ϕ1|∇Gϕ1
|2∥∥L2(�)
.

Exploiting (2.15) with q = ϕ1 and f = 
, and owing to (2.12), the following inequality
holds

∥∥Gϕ1

∥∥
H2(�)

≤ C ‖∇ϕ1‖L2(�)
‖ϕ1‖H2(�)

∥∥∇Gϕ1

∥∥
L2(�)

+ C
∥∥∇Gϕ1


∥∥ 1
2
L2(�)

‖∇
‖
1
2
L2(�)

.

(3.46)

By (2.1), (3.5) and (3.46), we infer that

|I1| ≤ C ‖∂tϕ1‖H−1
(0) (�)

‖∇ϕ1‖L6(�)

∥∥∇Gϕ1

∥∥2
L6(�)

≤ C ‖∂tϕ1‖H−1
(0) (�)

‖∇ϕ1‖
1
3
L2(�)

‖ϕ1‖
2
3
H2(�)

∥∥∇Gϕ1

∥∥ 2
3
L2(�)

∥∥Gϕ1

∥∥ 4
3
H2(�)

≤ C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖
2
3
H2(�)

∥∥∇Gϕ1

∥∥ 2
3
L2(�)

×
(

‖ϕ1‖H2(�)

∥∥∇Gϕ1

∥∥
L2(�)

+ ∥∥∇Gϕ1

∥∥ 1
2
L2(�)

‖∇
‖
1
2
L2(�)

) 4
3

≤ C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖2H2(�)

∥∥∇Gϕ1

∥∥2
L2(�)

+ C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖
2
3
H2(�)

∥∥∇Gϕ1

∥∥ 4
3
L2(�)

‖∇
‖
2
3
L2(�)

≤ 1

8
‖∇
‖2

L2(�)
+ C

(
‖∂tϕ1‖H−1

(0) (�)
‖ϕ1‖2H2(�)

+ ‖∂tϕ1‖
3
2

H−1
(0) (�)

‖ϕ1‖H2(�)

)∥∥∇Gϕ1

∥∥2
L2(�)

≤ 1

8
‖∇
‖2

L2(�)
+ C

(
‖∂tϕ1‖2H−1

(0) (�)
+ ‖ϕ1‖4H2(�)

)∥∥∇Gϕ1

∥∥2
L2(�)

. (3.47)

We will now deal with I2. By (2.1) and (3.46), we first observe that

∥∥∇Gϕ1

∥∥
L4(�)

≤ C
∥∥∇Gϕ1


∥∥ 1
2
L2(�)

∥∥Gϕ1

∥∥ 1
2
H2(�)

≤ C

(
‖∇ϕ1‖

1
2
L2(�)

‖ϕ1‖
1
2
H2(�)

∥∥∇Gϕ1

∥∥
L2(�)

+ ∥∥∇Gϕ1

∥∥ 3
4
L2(�)

‖∇
‖
1
4
L2(�)

)
.

Since ϕ1 ∈ L∞(0,∞; H1(�)), we obtain

∥∥∇Gϕ1

∥∥
L4(�)

≤ C‖ϕ1‖
1
2
H2(�)

∥∥∇Gϕ1

∥∥
L2(�)

+ C
∥∥∇Gϕ1


∥∥ 3
4
L2(�)

‖∇
‖
1
4
L2(�)

.

(3.48)
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On the other hand, combining (2.17) with q = ϕ1 and f = 
, together with (2.1) and (2.12),
we have

∥∥Gϕ1

∥∥
W2,4(�)

≤ C

(
‖∇ϕ1‖

1
4
L2(�)

‖ϕ1‖
3
4
H2(�)

∥∥∇Gϕ1

∥∥ 1
4
L2(�)

∥∥Gϕ1

∥∥ 3
4
H2(�)

+ ‖
‖
1
2
L2(�)

‖∇
‖
1
2
L2(�)

)

≤ C ‖∇ϕ1‖
1
4
L2(�)

‖ϕ1‖
3
4
H2(�)

∥∥∇Gϕ1

∥∥ 1
4
L2(�)

∥∥Gϕ1

∥∥ 3
4
H2(�)

+ C‖∇Gϕ1
‖
1
4
L2(�)

‖∇
‖
3
4
L2(�)

.

Exploiting once again (3.46) and the regularity ϕ1 ∈ L∞(0,∞; H1(�)), we deduce from
the above estimate that

∥∥Gϕ1

∥∥
W 2,4(�)

≤ C ‖ϕ1‖
3
2
H2(�)

∥∥∇Gϕ1

∥∥
L2(�)

+ C ‖ϕ1‖
3
4
H2(�)

∥∥∇Gϕ1

∥∥ 5

8
L2(�)

‖∇
‖
3
8
L2(�)

+ C
∥∥∇Gϕ1


∥∥ 1
4
L2(�)

‖∇
‖
3
4
L2(�)

. (3.49)

Hence, observing that

|I2| ≤ C ‖∂tϕ1‖H−1
(0) (�)

∥∥b′(ϕ1)
∥∥
L∞(�)

∥∥D2Gϕ1

∥∥
L4(�)

∥∥∇Gϕ1

∥∥
L4(�)

,

we infer from (3.48) and (3.49) that

|I2| ≤ K1 + · · · + K6,

where

K1 = C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖2H2(�)

∥∥∇Gϕ1

∥∥2
L2(�)

,

K2 = C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖
3
2
H2(�)

∥∥∇Gϕ1

∥∥ 7

4
L2(�)

‖∇
‖
1
4
L2(�)

,

K3 = C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖
5
4
H2(�)

∥∥∇Gϕ1

∥∥ 13

8
L2(�)

‖∇
‖
3
8
L2(�)

,

K4 = C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖
3
4
H2(�)

∥∥∇Gϕ1

∥∥ 11

8
L2(�)

‖∇
‖
5
8
L2(�)

,

K5 = C ‖∂tϕ1‖H−1
(0) (�)

‖ϕ1‖
1
2
H2(�)

∥∥∇Gϕ1

∥∥ 5

4
L2(�)

‖∇
‖
3
4
L2(�)

,

K6 = C ‖∂tϕ1‖H−1
(0) (�)

∥∥∇Gϕ1

∥∥
L2(�)

‖∇
‖L2(�).

123



New results for the Cahn-Hilliard equation… Page 19 of 32    87 

By the Young inequality, we have

K1 ≤ C

(
‖∂tϕ1‖2H−1

(0) (�)
+ ‖ϕ1‖4H2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

,

K2 ≤ 1

40
‖∇
‖2L2(�)

+ C ‖∂tϕ1‖
8
7

H−1
(0) (�)

‖ϕ1‖
12
7
H2(�)

∥∥∇Gϕ1

∥∥2
L2(�)

≤ 1

40
‖∇
‖2L2(�)

+ C

(
‖∂tϕ1‖2H−1

(0) (�)
+ ‖ϕ1‖4H2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

,

K3 ≤ 1

40
‖∇
‖2L2(�)

+ C ‖∂tϕ1‖
16
13

H−1
(0) (�)

‖ϕ1‖
20
13
H2(�)

∥∥∇Gϕ1

∥∥2
L2(�)

≤ 1

40
‖∇
‖2L2(�)

+ C

(
‖∂tϕ1‖2H−1

(0) (�)
+ ‖ϕ1‖4H2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

,

K4 ≤ 1

40
‖∇
‖2L2(�)

+ C ‖∂tϕ1‖
16
11

H−1
(0) (�)

‖ϕ1‖
12
11
H2(�)

∥∥∇Gϕ1

∥∥2
L2(�)

≤ 1

40
‖∇
‖2L2(�)

+ C

(
‖∂tϕ1‖2H−1

(0) (�)
+ ‖ϕ1‖4H2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

,

K5 ≤ 1

40
‖∇
‖2L2(�)

+ C ‖∂tϕ1‖
8
5

H−1
(0) (�)

‖ϕ1‖
4
5
H2(�)

∥∥∇Gϕ1

∥∥2
L2(�)

≤ 1

40
‖∇
‖2L2(�)

+ C

(
‖∂tϕ1‖2H−1

(0) (�)
+ ‖ϕ1‖4H2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

,

K6 ≤ 1

40
‖∇
‖2L2(�)

+ C ‖∂tϕ1‖2H−1
(0) (�)

∥∥∇Gϕ1

∥∥2
L2(�)

.

Therefore, we conclude that

|I2| ≤ 1

8
‖∇
‖2L2(�)

+ C

(
‖∂tϕ1‖2H−1

(0) (�)
+ ‖ϕ1‖4H2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

. (3.50)

Concerning I3, we observe from (1.19a) and (2.11) that

I3 = −〈∂tϕ2, (Gϕ1 − Gϕ2)
〉
=

∫

�

b(ϕ2)∇μ2 · ∇ (
(Gϕ1 − Gϕ2)


)
dx

=
∫

�

∇μ2 · (b(ϕ2) − b(ϕ1))∇Gϕ1
 dx +
∫

�

∇μ2 · b(ϕ1)∇Gϕ1
 dx

−
∫

�

∇μ2 · b(ϕ2)∇Gϕ2
 dx

= −
∫

�

∇μ2 · (b(ϕ1) − b(ϕ2)) ∇Gϕ1
 dx .
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Then, exploiting (2.1), (2.12) and (3.48) once again, we have

|I3| ≤ ‖∇μ2‖L2(�) ‖b(ϕ1) − b(ϕ2)‖L4(�)

∥∥∇Gϕ1

∥∥
L4(�)

≤ C ‖∇μ2‖L2(�) ‖
‖L4(�)

∥∥∇Gϕ1

∥∥
L4(�)

≤ C ‖∇μ2‖L2(�)

∥∥∇Gϕ1

∥∥ 1

4
L2(�)

‖∇
‖
3
4
L2(�)

×
(

‖ϕ1‖
1
2
H2(�)

∥∥∇Gϕ1

∥∥
L2(�)

+ ∥∥∇Gϕ1

∥∥ 3

4
L2(�)

‖∇
‖
1
4
L2(�)

)

≤ C ‖∇μ2‖L2(�) ‖ϕ1‖
1
2
H2(�)

∥∥∇Gϕ1

∥∥ 5

4
L2(�)

‖∇
‖
3
4
L2(�)

+ C ‖∇μ2‖L2(�)

∥∥∇Gϕ1

∥∥
L2(�)

‖∇
‖L2(�)

≤ 1

8
‖∇
‖2L2(�)

+ C

(
‖∇μ2‖

8
5
L2(�)

‖ϕ1‖
4
5
H2(�)

+ ‖∇μ2‖2L2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

≤ 1

8
‖∇
‖2L2(�)

+ C
(
‖∇μ2‖2L2(�)

+ ‖ϕ1‖4H2(�)

) ∥∥∇Gϕ1

∥∥2
L2(�)

. (3.51)

Also, by (2.12), we notice that

�0 ‖
‖2L2(�)
≤ 1

8
‖∇
‖2L2(�)

+ C
∥∥∇Gϕ1


∥∥2
L2(�)

. (3.52)

We are now in the position to derive the desired continuous dependence estimate (1.21).
Recalling that

∥∥∇Gϕ1

∥∥
L2(�)

and
∥∥√

b(ϕ1)∇Gϕ1

∥∥
L2(�)

are equivalent norms, combining
the differential inequality (3.17) with the estimates (3.47), (3.50), (3.51) and (3.52), we end
up with

d

dt

∥∥∥
√
b(ϕ1)∇Gϕ1


∥∥∥
2

L2(�)
+ ‖∇
‖2L2(�)

≤ h(t)
∥∥∥
√
b(ϕ1)∇Gϕ1


∥∥∥
2

L2(�)
(3.53)

where

h(·) = C
(
1 + ‖∇μ2‖2L2(�)

+ ‖∂tϕ1‖2H−1
(0) (�)

+ ‖ϕ1‖4H2(�)

)
∈ L1(0, T ), ∀ T > 0.

Therefore, a standard application of the Gronwall lemma entails that

∥∥∥
√
b(ϕ1)∇Gϕ1 (ϕ1(t) − ϕ2(t))

∥∥∥2
L2(�)

≤
∥∥∥
√
b(ϕ1)∇Gϕ1

(
ϕ01 − ϕ02

)∥∥∥2
L2(�)

e
∫ t
0 h(s) ds , (3.54)

for all t ≥ 0.
Hence, if ϕ0

1 = ϕ0
2 , the above inequality gives the uniqueness of weak solutions.

4 Proof of Theorem 1.2 - (C) : propagation of regularity

In this section, we show that any weak solution is more regular for positive times accordingly
with Theorem 1.2 - part (C). To this aim, we first prove the following result.

Proposition 4.1 Assume that b ∈ C1([−1, 1]) satisfies (1.4). Let ϕ0 ∈ H2(�) be such that
−�ϕ0 + � ′(ϕ0) ∈ H1(�), ϕ0 = m ∈ (−1, 1) and ∂nϕ0 = 0 on ∂�. Then, there exists a
unique strong solution ϕ to (1.1a)-(1.1b) and (1.2) such that, in addition to (1.14)-(1.18),
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satisfies

ϕ ∈ L∞(0,∞;W 2,p(�)), ∂tϕ ∈ L2
uloc(0,∞; H1(�)),

ϕ ∈ L∞(� × (0,∞)) such that |ϕ(x, t)| < 1 a.e. (x, t) ∈ � × (0,∞),

μ ∈ L∞(0,∞; H1(�)) ∩ L4
uloc([0,∞); H2(�)), F ′(ϕ) ∈ L∞(0,∞; L p(�)),

(4.1)

for any 2 ≤ p < ∞. The strong solution fulfills the problem (1.1a)-(1.1b) almost everywhere
in � × (0,∞). Furthermore, we have the following estimates

‖∂tϕ‖L2
uloc([0,∞);H1(�)) + ‖∂tϕ‖L∞(0,∞;H−1

(0) (�))
≤ C, (4.2)

‖μ‖L4
uloc([0,∞);H2(�)) + ‖μ‖L∞(0,∞;H1(�)) ≤ C, (4.3)

‖ϕ‖L∞(0,∞;W 2,p(�)) + ∥∥F ′(ϕ)
∥∥
L∞(0,∞;L p(�))

≤ C(p), (4.4)

and

max
t≥0

‖ϕ(t)‖C(�) ≤ 1 − δ, (4.5)

where the constants C, C(p) and δ only depend on the parameters of the system, the mobility
b, the initial energy E(ϕ0), ϕ0 and ‖−�ϕ0 + F ′(ϕ0)‖H1(�). In addition, if b ∈ C2([−1, 1]),
μ ∈ L2

uloc([0,∞); H3(�)).

Proof First of all, owing to [5, Theorem 2.2] (cf. the three dimensional case), there exists
a unique strong solution ϕ to problem (1.1a)-(1.1b) and (1.2) on a maximal time interval
[0, T�). In particular, the solution ϕ is the limit of an approximating sequence {ϕε}, where ϕε

is the solution to a suitable approximation problem associated with a regularized potential Fε

suitably converging to F as ε → 0. Our aim is to show that T� = +∞. More precisely, we
will show that ϕ satisfies (4.1). To this end, we will perform global-in-time estimates leading
to (4.2)-(4.4) by directly working on the solution ϕ. However, a rigorous proof should be
carried out by making the computations below at the approximation level ϕε , where also the
initial datum is properly regularized (see the proof of [28, Theorem 4.1]), and by passing
ultimately to the limit. Since this procedure is nowadays well established in the literature,
we will leave this step to the interested reader.

Differentiating (1.19b) with respect to time and taking the duality with ∂tϕ, we obtain

‖∇∂tϕ‖2L2(�)
+

∫

�

F ′′(ϕ)|∂tϕ|2 dx − �0 ‖∂tϕ‖2L2(�)
= 〈∂tμ, ∂tϕ〉. (4.6)

Using (1.19a), we notice that

〈∂tμ, ∂tϕ〉 = −1

2

d

dt

∫

�

b(ϕ) |∇μ|2 dx + 1

2

∫

�

b′(ϕ)∂tϕ|∇μ|2 dx, (4.7)

almost everywhere on (0, T�). Collecting (4.6) and (4.7) yields

1

2

d

dt

∫

�

b(ϕ) |∇μ|2 dx + ‖∇∂tϕ‖2L2(�)
+

∫

�

F ′′(ϕ) |∂tϕ|2 dx

= �0 ‖∂tϕ‖2L2(�)
+ 1

2

∫

�

b′(ϕ)∂tϕ|∇μ|2 dx,
(4.8)

almost everywhere on (0, T�). The way to handle the first term on the right-hand side in (4.8)
is well known (see (4.14) below). Instead, we need to find a suitable control for the second
term in the right-hand side. In order to do so we present two different approaches.
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First approachWe will follow line by line the proof of [5, Corollary 2.1] to point out the
gap in the argument. Subsequently, we will propose a way to correct it.

We preliminary recall that μ = −Gϕ∂tϕ + � ′(ϕ) almost everywhere in � × (0,∞),
which we will repeatedly use in the rest of the proof. Exploiting first (2.7), and then (2.2)
with r = 1 + τ for τ ∈ (0, 1), we have
∣∣∣∣
1

2

∫

�

b′(ϕ)∂tϕ|∇μ|2 dx
∣∣∣∣ =

∣∣∣∣
1

2

∫

�

∂tϕ
(
b′(ϕ)|∇μ|2 − b′(ϕ)|∇μ|2|

)
dx

∣∣∣∣

≤ 1

2
‖∇∂tϕ‖L2(�)

∥∥∥∇G
[
b′(ϕ) |∇μ|2 − b′(ϕ) |∇μ|2

]∥∥∥
L2(�)

≤ C

√
1 + τ

τ
‖∇∂tϕ‖L2(�)

∥∥∥b′(ϕ) |∇μ|2 − b′(ϕ) |∇μ|2
∥∥∥
L1+τ (�)

≤ C

√
1 + τ

τ
‖∇∂tϕ‖L2(�) ‖∇μ‖2L2(1+τ)(�)

,

where C is a positive constant independent of τ . Therefore, exploiting Young’s inequality
we learn that

∣∣∣∣
∫

�

b′(ϕ)∂tϕ|∇μ|2 dx
∣∣∣∣ ≤ 1

2
‖∇∂tϕ‖2L2(�)

+ C

τ
‖∇μ‖4L2(1+τ)(�)

, ∀ τ ∈ (0, 1), (4.9)

where the constant C is independent of τ . We highlight that the correct dependence on τ in
the second term of (4.9) is the main difference with [5, Eqn. (2.48)]. Throughout the rest of
the proof, C will denote a generic positive constant independent of τ whose value may even
change in the same line. In particular, C will depend on the parameters of the system, the
initial energy E(ϕ0) and total mass m.

Next, we proceed with the control of ‖∇μ‖L2(1+τ)(�) = ∥∥∇Gϕ∂tϕ
∥∥
L2(1+τ)(�)

. To this end,

it follows from (2.16) with q = ϕ, f = ∂tϕ and s = 2 + 2τ
1−τ

= 2
1−τ

, for τ ∈ (0, 1
5 ], that

∥∥Gϕ∂tϕ
∥∥
H2(�)

≤
(

2C

τ(1 − τ)

) 1
2(1−τ ) ‖∇ϕ‖

τ
1−τ

L2(�)
‖ϕ‖H2(�)

∥∥∇Gϕ∂tϕ
∥∥
L2(�)

+ C

1 − τ
‖∂tϕ‖L2(�).

Since τ ∈ (0, 1
5 ], there exists a positive constant C such that

∥∥Gϕ∂tϕ
∥∥
H2(�)

≤ C

(
1

τ

) 5
8 ‖∇ϕ‖

τ
1−τ

L2(�)
‖ϕ‖H2(�)

∥∥∇Gϕ∂tϕ
∥∥
L2(�)

+ C ‖∂tϕ‖L2(�). (4.10)

Then, recalling that (a + b)p ≤ a p + bp for a, b ∈ R+ and p ≤ 1, by exploiting (2.1) with
r = 2(1 + τ) and (4.10), we find

‖∇μ‖4L2(1+τ)(�)
≤ C(1 + τ)2‖∇μ‖

4
1+τ

L2(�)

∥∥Gϕ∂tϕ
∥∥ 4τ

1+τ

H2(�)

≤ C(1 + τ)2
(
1

τ

) 5τ
2(1+τ) ‖∇ϕ‖

4τ2

1−τ2

L2(�)
‖ϕ‖

4τ
1+τ

H2(�)
‖∇μ‖4L2(�)

+ C(1 + τ)2‖∇μ‖
4

1+τ

L2(�)
‖∂tϕ‖

4τ
1+τ

L2(�)

≤ C(1 + τ)2
(
1

τ

) 5τ
2(1+τ) ‖∇ϕ‖

4τ2

1−τ2

L2(�)
‖ϕ‖

4τ
1+τ

H2(�)
‖∇μ‖4L2(�)

+ 2τ

1 + τ
‖∂tϕ‖2L2(�)

+
(
1 − τ

1 + τ

) [
C(1 + τ)2

] 1+τ
1−τ ‖∇μ‖

4
1−τ

L2(�)
.
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In light of τ ∈ (0, 1
5 ], and observing that the function s �→ s−s is bounded on the interval(

0, 1
5

]
, there exists a positive constant C independent of τ such that

‖∇μ‖4L2(1+τ)(�)
≤ C

(
‖∇ϕ‖

4τ2

1−τ2

L2(�)
‖ϕ‖

4τ
1+τ

H2(�)
‖∇μ‖4L2(�)

+ τ‖∂tϕ‖2L2(�)
+ ‖∇μ‖

4
1−τ

L2(�)

)
.

It follows from (3.5) and (3.9) (cf. (3.10)) that

‖ϕ‖H2(�) ≤ C
(
1 + ‖∇μ‖L2(�)

)
, (4.11)

for some positive constantC depending on E(ϕ0). Then, by using (3.5) and (4.11), we deduce
that

‖∇μ‖4L2(1+τ)(�)
≤ C

(
‖∇μ‖4L2(�)

+ ‖∇μ‖4+
4τ
1+τ

L2(�)
+ ‖∇μ‖4+

4τ
1−τ

L2(�)
+ τ‖∂tϕ‖2L2(�)

)
. (4.12)

Collecting (4.8), (4.9), and (4.12) all together, we arrive at

1

2

d

dt

∫

�

b(ϕ) |∇μ|2 dx + 1

2
‖∇∂tϕ‖2L2(�)

+
∫

�

F ′′(ϕ) |∂tϕ|2 dx

≤ C ‖∂tϕ‖2L2(�)
+ C

τ

(
‖∇μ‖4L2(�)

+ ‖∇μ‖4+
4τ
1+τ

L2(�)
+ ‖∇μ‖4+

4τ
1−τ

L2(�)

)
,

(4.13)

almost everywhere in (0, T�). By (2.12), we have

C‖∂tϕ‖2L2(�)
≤ 1

4
‖∇∂tϕ‖2L2(�)

+ C‖∇μ‖2L2(�)
. (4.14)

We observe that

C

τ

(
‖∇μ‖4

L2(�)
+ ‖∇μ‖4+

4τ
1+τ

L2(�)
+ ‖∇μ‖4+

4τ
1−τ

L2(�)

)
+ C‖∇μ‖2

L2(�)
≤ C

τ

(
1 + ‖∇μ‖2

L2(�)

)2+ 2τ
1−τ

,

for some positive constant C independent of τ . By (1.4) and F ′′(·) ≥ 0, we end up with

1

2

d

dt

∫

�

b(ϕ) |∇μ|2 dx + 1

4
‖∇∂tϕ‖2L2(�)

≤ C

τ

(
1 +

∫

�

b(ϕ)|∇μ|2 dx
)2+ 2τ

1−τ

, (4.15)

for any τ ∈ (0, 1
5 ], almost everywhere in (0, T�). Setting

B(t) := 1 +
∫

�

b(ϕ(t)) |∇μ(t)|2 dx,

and ρ = 5τ
4 , we infer the differential inequality

d

dt
B(t) + 1

2
‖∇∂tϕ(t)‖2L2(�)

≤ K

ρ
B2(1+ρ)(t), ∀ ρ ∈

(
0,

1

4

)
, (4.16)

almost everywhere in (0, T�). Here, K is a constant independent of ρ. Notice that the above
corresponds to [5, Eqn. (2.53)], up to the crucial factor 1

ρ
. By (1.20), we observe that

∫ T

0
B(s) ds ≤ T + C, ∀ T ≥ 0. (4.17)

Under the assumptions on ϕ0 in Proposition 4.1, it holds

B(0) ≤ C
(
1 + ‖∇μ(0)‖2L2(�)

)
≤ C

(
1 + ∥∥−�ϕ0 + F ′(ϕ0)

∥∥2
H1(�)

)
< ∞. (4.18)
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Since (B−2ρ)′ = −2ρB−(1+2ρ)B ′, for any ρ ∈ (
0, 1

4

)
, it follows from (4.16) that

− 1

2

d

dt

1

B2ρ(t)
≤ K B(t). (4.19)

We point out that the factor ρ cancels out in (4.19), on the contrary of [5, Eqn. (2.56)].
Integrating the above inequality, we derive that

B(t) ≤
[
1 − 2K B2ρ(0)

∫ t

0
B(s) ds

]− 1
2ρ

B(0), ∀ t ∈ [0, T∗], (4.20)

provided T∗ is such that

2K B2ρ(0)
∫ T∗

0
B(s) ds < 1. (4.21)

It is apparent that (4.20) only provides a local bound in time on B, where T� depends on the
norm of the initial data. To overcome this issue, we propose an alternative argument leading
to a global bound in time on B. We report the following Gronwall type result proved in [35,
Lemma 2.1]:

Lemma 4.2 Let f : [0, T0] → R be an absolutely continuous positive function such that

d

dt
f (t) ≤ M

σ
g(t) f 1+σ (t), for a.e. t ∈ [0, T0], ∀ σ ∈ (0, δ), (4.22)

where M is a positive constant and g ∈ L1(0, T0) is a non-negative function. Then, there
holds

f (t) ≤ f (0)
(
2

1
δ + f (0)

)22+16M
∫ T0
0 g(s) ds

, 0 ≤ t ≤ T0. (4.23)

Therefore, going back to (4.16), we are in the position to apply Lemma 4.2 setting f = B,
g = B, and choosing M = 2K , σ = 2ρ, δ = 1

2 and T0 = T� leading to

sup
0≤t≤T�

B(t) ≤ B(0) (4 + B(0))2
2+32K

∫ T�
0 B(s) ds

. (4.24)

Thanks to (4.24) and (4.18), a classical continuation argument entails that T� = ∞. In
addition, in light of (4.17) and (4.18), we conclude that

sup
0≤t≤T

∫

�

|∇μ(t)|2 dx ≤ 2

bm

(
C

(
1 + ∥∥−�ϕ0 + F ′(ϕ0)

∥∥2
H1(�)

))exp(C(1+T ))

, (4.25)

for all T ≥ 0.
Hence, the above argument provides a bound of ‖∇μ(t)‖L2(�) which grows with a double

exponential rate in time.
Second approach The argument presented here below will simplify the previous proof

and will provide a new bound of ‖∇μ(t)‖L2(�), which is independent of time. To this end,
we now control the nonlinear term as follows

∣∣∣∣
∫

�

b′(ϕ)∂tϕ|∇μ|2 dx
∣∣∣∣ ≤ C ‖∂tϕ‖L2(�) ‖∇μ‖2L4(�)

. (4.26)
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Recalling (2.12), (2.15) and (3.1), we observe that

‖μ − μ‖H2(�) = ∥∥Gϕ∂tϕ
∥∥
H2(�)

≤ C
(‖∇ϕ‖L2(�)‖ϕ‖H2(�)‖∇Gϕ∂tϕ‖L2(�) + ‖∂tϕ‖L2(�)

)

≤ C

(
‖ϕ‖H2(�)‖∇μ‖L2(�) + ‖∇μ‖

1
2
L2(�)

‖∇∂tϕ‖
1
2
L2(�)

)
.

Here, we have also used (3.5) and (3.7). Thus, by (2.1), (2.12) and (3.7), we infer that
∣∣∣∣
∫

�
b′(ϕ)∂tϕ|∇μ|2 dx

∣∣∣∣ ≤ C ‖∂tϕ‖L2(�)
‖∇μ‖L2(�)

‖μ − μ‖H2(�)

≤ C ‖∇G∂tϕ‖
1
2
L2(�)

‖∇∂tϕ‖
1
2
L2(�)

‖∇μ‖L2(�)

×
(

‖ϕ‖H2(�)‖∇μ‖L2(�) + ‖∇μ‖
1
2
L2(�)

‖∇∂tϕ‖
1
2
L2(�)

)

≤ C ‖∇∂tϕ‖
1
2
L2(�)

‖ϕ‖H2(�)
‖∇μ‖

5
2
L2(�)

+ C ‖∇∂tϕ‖L2(�)
‖∇μ‖2

L2(�)

≤ 1

4
‖∇∂tϕ‖2

L2(�)
+ C‖ϕ‖

4
3
H2(�)

‖∇μ‖
10
3
L2(�)

+ C‖∇μ‖4
L2(�)

≤ 1

4
‖∇∂tϕ‖2

L2(�)
+ C

(
‖ϕ‖

4
3
H2(�)

‖∇μ‖
4
3
L2(�)

+ ‖∇μ‖2
L2(�)

)
‖∇μ‖2

L2(�)

≤ 1

4
‖∇∂tϕ‖2

L2(�)
+ C

(
‖ϕ‖4

H2(�)
+ ‖∇μ‖2

L2(�)

)
‖∇μ‖2

L2(�)
.

Inserting the above inequality in (4.8), and recalling that

�0‖∂tϕ‖2L2(�)
≤ 1

4
‖∇∂tϕ‖2L2(�)

+ C‖∇μ‖2L2(�)
,

we conclude that

d

dt

(∫

�
b(ϕ) |∇μ|2 dx

)
+ ‖∇∂tϕ‖2

L2(�)

≤ C
(
1 + ‖ϕ‖4

H2(�)
+ ‖∇μ‖2

L2(�)

) ∫

�
b(ϕ) |∇μ|2 dx . (4.27)

Exploiting (3.6), (3.11) and (4.18), an application of the classical Gronwall lemma entails

sup
0≤t≤1

∫

�

|∇μ(t)|2 dx ≤ C

bm

(
1 + ∥∥−�ϕ0 + F ′(ϕ0)

∥∥2
H1(�)

)
. (4.28)

In order to derive a global control independent of time, we report the uniform Gronwall
lemma (see [43, Chapter III, Lemma 1.1])

Lemma 4.3 Let f : [t0,∞) → R be an absolutely continuous positive function and g, h two
positive locally summable functions on [t0,∞), which satisfy

d

dt
f (t) ≤ g(t) f (t) + h(t), for a.e. t ≥ t0, (4.29)

and ∫ t+r

t
f (s) ds ≤ a1,

∫ t+r

t
g(s) ds ≤ a2,

∫ t+r

t
h(s) ds ≤ a3, ∀ t ≥ t0,

for some r , a j positive. Then, there holds

f (t) ≤
(a1
r

+ a3
)
ea2 , ∀ t ≥ t0 + r . (4.30)
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Since

sup
t≥0

∫ t+1

t

∫

�
b(ϕ) |∇μ|2 dx ds ≤ C0, sup

t≥0

∫ t+1

t
C

(
1 + ‖ϕ‖4

H2(�)
+ ‖∇μ‖2

L2(�)

)
ds ≤ C1,

where C0 and C1 are two positive constant depending on E(ϕ0),m and the parameters of the
system, an application of Lemma 4.3 with t0 = 0, r = 1 and h = 0 implies that

sup
t≥1

∫

�

|∇μ(t)|2 dx ≤ C0

bm
exp(C1). (4.31)

Conclusions Let us denote by C̃ a generic constant depending on the parameters of the
system, the initial energy E(ϕ0), the total mass m, as well as ‖ − �ϕ0 + F ′(ϕ0)‖H1(�).
Thanks to (2.3) and (3.13), it immediately follows from (4.28) and (4.31) that

‖μ‖L∞(0,∞;H1(�)) ≤ C̃ . (4.32)

As a consequence, we learn from (3.7) that

‖∂tϕ‖L∞(0,∞;H−1
(0) (�))

≤ C̃ . (4.33)

Now, we integrate (4.27) on the time interval [t, t + 1] with t ≥ 0. Thanks to (3.6), (3.11)
and (4.32), we infer that

sup
t≥0

∫ t+1

t
‖∇∂tϕ(s)‖2L2(�)

ds ≤ C̃, (4.34)

which gives ∂tϕ ∈ L2
uloc([0,∞); H1

(0)(�)) by the conservation of mass. By (3.14), we learn
that

‖ϕ‖L∞(0,∞;W 2,p(�)) + ‖F ′(ϕ)‖L∞(0,∞;L p(�)) ≤ C̃(p), ∀ p ∈ [2,∞). (4.35)

Next, we prove the separation property (4.5) following [13] and [32]. By [13, Lemma A.6],
we find that

‖F ′′(ϕ)‖L∞(0,∞;L p(�)) ≤ C̃ (p), ∀ p ∈ [2,∞). (4.36)

By [32, Lemma 3.2], we derive that

‖F ′(ϕ)‖L∞(0,∞;W 1,3(�)) ≤ C̃ . (4.37)

As a consequence, we obtain that ‖F ′(ϕ)‖L∞(0,∞;L∞(�)) ≤ C̃ . Then,we immediately deduce
from lims→±1 |F ′(s)| = ∞ that there exists δ > 0 such that (4.5) holds.

Finally, we derive higher order regularity on the chemical potential. Recalling that

‖μ − μ‖H2(�) ≤ C
(‖∇ϕ‖L2(�)‖ϕ‖H2(�)‖∇Gϕ∂tϕ‖L2(�) + ‖∂tϕ‖L2(�)

)
,

thanks to (4.32) and (4.35), we obtain

‖μ − μ‖H2(�) ≤ C̃
(
1 + ‖∂tϕ‖L2(�)

)
.

Since L2
uloc([0,∞); H1

(0)(�)) ∩ L∞(0,∞; H−1
(0) (�)) ↪→ L4

uloc([0,∞); L2(�)), we infer
that

sup
t≥0

∫ t+1

t
‖μ − μ‖4H2(�)

ds ≤ C̃ . (4.38)
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Then, in light of (3.13), the latter entails that μ ∈ L4
uloc([0,∞); H2(�)). Thus, we have

proved (4.2)-(4.5).
In addition, applying (2.18), and exploiting the further assumption b ∈ C2([−1, 1]), we

have

‖μ − μ‖H3(�) ≤ C

(∥∥∥∥
b′(ϕ)

b(ϕ)
∇ϕ · ∇(μ − μ)

∥∥∥∥
H1(�)

+
∥∥∥∥

∂tϕ

b(ϕ)

∥∥∥∥
H1(�)

)
.

We estimate the right-hand side as follows. By standard computations, we find
∥∥∥∥
b′(ϕ)

b(ϕ)
∇ϕ · ∇(μ − μ)

∥∥∥∥
H1(�)

≤ C

∥∥∥∥
b′(ϕ)

b(ϕ)
∇ϕ · ∇(μ − μ)

∥∥∥∥
L2(�)

+ C

∥∥∥∥
b′′(ϕ)b(ϕ) − b′(ϕ)2

b(ϕ)2
∇ϕ (∇ϕ · ∇μ)

∥∥∥∥
L2(�)

+ C

∥∥∥∥
b′(ϕ)

b(ϕ)
D2ϕ∇μ

∥∥∥∥
L2(�)

+ C

∥∥∥∥
b′(ϕ)

b(ϕ)
D2μ∇ϕ

∥∥∥∥
L2(�)

≤ C‖∇ϕ‖L∞(�)‖∇μ‖L2(�) + C‖∇ϕ‖2L∞(�)‖∇μ‖L2(�)

+ C‖ϕ‖W 2,4(�)‖∇μ‖L4(�) + C‖∇ϕ‖L∞(�)‖μ − μ‖H2(�)

and ∥∥∥∥
∂tϕ

b(ϕ)

∥∥∥∥
H1(�)

≤
∥∥∥∥

∂tϕ

b(ϕ)

∥∥∥∥
L2(�)

+
∥∥∥∥
b′(ϕ)

b2(ϕ)
∇ϕ ∂tϕ

∥∥∥∥
L2(�)

+
∥∥∥∥
∇∂tϕ

b(ϕ)

∥∥∥∥
L2(�)

≤ C ‖∂tϕ‖L2(�) + C ‖∇ϕ‖L∞(�) ‖∂tϕ‖L2(�) + C‖∇∂tϕ‖L2(�).

Recalling the Sobolev embedding W 2,3(�) ↪→ W 1,∞(�), and exploiting (4.35), we arrive
at

‖μ − μ‖H3(�) ≤ C̃
(
1 + ‖μ − μ‖H2(�) + ‖∇∂tϕ‖L2(�)

)
. (4.39)

Hence, by (4.34) and (4.38), we conclude that

sup
t≥0

∫ t+1

t
‖μ − μ‖2H3(�)

ds ≤ C̃ . (4.40)

In light of (3.13) and (4.32), the latter implies that μ ∈ L2
uloc([0,∞); H3(�)). Since the

uniqueness of the strong solutions follows from [5, Theorem 2.2] (cf. Theorem 1.1 - part (2)
and [40, Theorem 2.3]), the proof of Proposition 4.1 is complete. ��

We are now ready to demonstrate the propagation of regularity stated in Theorem 1.2 -
part (C).

Proof of Theorem 1.2 - part (C) Let ϕ be the global weak solutions originating from the initial
condition ϕ0. Fix τ > 0. Let I = {t ∈ (0, 1] : ∂nϕ(t) = 0 on ∂�}. We recall that I has full
Lebesgue measure . Since

∫

I∩( τ
2 ,τ)

∥∥−�ϕ + � ′(ϕ)
∥∥2
H1(�)

ds ≤ C,

where C is a positive constant depending on the parameters of the system, E(ϕ0) and m,
there exists t∗ ∈ I ∩ (

τ
2 , τ

)
such that

∥∥−�ϕ(t∗) + � ′(ϕ(t∗))
∥∥
H1(�)

≤ 2C

τ
and ∂nϕ(t∗) = 0 on ∂�. (4.41)
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Thanks to (4.41), we apply Proposition 4.1 with initial datum ϕ(t∗). By the uniqueness of
weak solutions, it follows that the strong solution originating from ϕ(t∗) coincides with ϕ.
Thus, we deduce that

‖∂tϕ‖L2
uloc([t∗,∞);H1(�)) + ‖∂tϕ‖L∞(t∗,∞;H−1

(0) (�))
≤ C, (4.42)

‖μ‖L4
uloc([t∗,∞);H2(�)) + ‖μ‖L∞(t∗,∞;H1(�)) ≤ C, (4.43)

‖ϕ‖L∞(t∗,∞;W 2,p(�)) + ∥∥F ′(ϕ)
∥∥
L∞(t∗,∞;L p(�))

≤ C(p), (4.44)

and

max
t≥t∗

‖ϕ(t)‖C(�) ≤ 1 − δ, (4.45)

where the constantsC ,C(p) and δ only depend on the parameters of the system, the mobility
b, the initial energy E(ϕ0), ϕ0 and τ . The estimates (4.42)-(4.45) simply entail (1.22)-(1.25)
and (1.26) concluding the proof of Theorem 1.2 - part (C). ��

5 Proof of Theorem 1.2 - (D): convergence to equilibrium

The argument herein is based on the method devised in [4]. For any m ∈ (−1, 1), we define
the phase space

Vm =
{
f ∈ H1

(m)(�) ∩ L∞(�) : ‖ f ‖L∞(�) ≤ 1
}
,

endowed with the metric dVm ( f , g) = ‖∇( f − g)‖L2(�). By (2.3), Vm is a complete met-
ric space. According to Theorem 1.2 - (A) and (B), the problem (1.1a)-(1.2) generates a
dynamical system on Vm , also called strongly continuous semigroup,

S(t) : Vm → Vm, t ≥ 0,

acting by the formula
S(t)ϕ0 = ϕ(t), ∀ t ≥ 0,

where ϕ(t) is the unique weak solution to (1.1a)-(1.1b) and (1.2). This is a one-parameter
family of maps S(t) on Vm satisfying the properties:

� S(0) = IdVm ;
� S(t + τ) = S(t)S(τ ), for every t, τ ≥ 0;
� the function t �→ S(t)ϕ0 is in C([0,∞), Vm), for every ϕ0 ∈ Vm ;
� S(t) ∈ C(Vm, Vm), for all t ≥ 0.

Let ϕ be the global weak solution departing from ϕ0. Since ϕ ∈ L∞(1,∞;W 2,p(�)) for
any2 ≤ p < ∞, and ∂tϕ ∈ L2(1,∞; H−1

(0) (�)), it follows thatϕ ∈ BUC([1,∞);W 2−ε,p(�))

for any ε > 0, 2 ≤ p < ∞. Then, the ω-limit set

ω(ϕ0) =
{
ϕ′ ∈ W 2−ε,p(�) : ∃ tn → ∞ such that ϕ(tn) → ϕ′ in W 2−ε,p(�)

}
,

is non-empty, compact and connected inW 2−ε,p(�), for any ε > 0 (cf. [11, Theorem 9.1.8]).
In addition, we observe that E(ϕ) is a strict Lyapunov function for the dynamical system
S(t). Thus, we learn from [11, Theorems 9.2.3 and 9.2.7] that

∃ E∞ := lim
t→∞ E(ϕ(t)) and E(ϕ′) = E∞, ∀ ϕ′ ∈ ω(ϕ0), (5.1)

as well as
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ω(ϕ0) ⊆ E =
{
ϕ′ ∈ W 2,p(�) ∩ Vm : ϕ′ solves (1.27a) − (1.27b)

}
, (5.2)

namely E is the set of equilibrium points associated with (1.1a)-(1.1b) and (1.2).
Our aim is proving the convergence of the trajectory ϕ(t) to one steady state, namely

ω(ϕ0) is a singleton. To this end, let us consider δ such that |ϕ(x, t)| ≤ 1− δ for all (x, t) ∈
� × [1,∞) (cf. (1.26)). We define �̃ : R → R such that �̃ ∈ C3(R), �̃|[−1+ δ

2 ,1− δ
2 ] = �

and |�̃( j)| are bounded for j = 1, 2, 3. We recall that � is analytic in (−1+ δ
2 , 1− δ

2 ). Now,
we set the functional Ẽ(ϕ) : H1

(m)(�) → R by

Ẽ(ϕ) =
∫

�

1

2
|∇ϕ|2 + �̃(ϕ) dx .

It is easily seen that the Frechét derivative DẼ : H1
(m)(�) → H1

(0)(�)′ of Ẽ is given by

〈DẼ(ϕ), v〉H1
(0)(�)′,H1

(0)(�) =
∫

�

∇ϕ · ∇v + �̃ ′(ϕ)v dx, ∀ v ∈ H1
(0)(�). (5.3)

We report the Łojasiewicz-Simon inequality (see [4, Proposition 6.3])

Lemma 5.1 Let ϕ′ ∈ E . Then, there exist θ ∈ (
0, 1

2

]
, C > 0, β > 0 such that

|Ẽ(ϕ) − Ẽ(ϕ′)|1−θ ≤ C
∥∥DẼ(ϕ)

∥∥
H1

(0)(�)′ , (5.4)

for all ϕ ∈ H1
(m)(�) such that ‖ϕ − ϕ′‖H1

(0)(�) ≤ β.

Since ω(ϕ0) is compact in H1
(m)(�), we cover ω(ϕ0) by finitely many open balls {Bi }Ni=1

in H1
(m)(�) centered in ϕ′

i ∈ ω(ϕ0) with radius βi , where βi is the constant from Lemma

5.1 corresponding to ϕ′
i . Recalling that Ẽ |ω(ϕ0) = E∞ and set U := ⋃N

i=1 Bi , there exist
universal constants θ̃ ∈ (

0, 1
2

)
and C̃ > 0 such that

|Ẽ(ϕ) − E∞|1−θ̃ ≤ C̃
∥∥DẼ(ϕ)

∥∥
H1

(0)(�)′ , ∀ ϕ ∈ U . (5.5)

Next, owing to dVm (ϕ(t), ω(ϕ0)) → 0 as t → ∞, there exists t� such that ϕ(t) ∈ U , for all
t ≥ t�. Let us define the function H : [t�,∞) → R+ by

H(t) := (
Ẽ(ϕ(t)) − E∞

)θ̃
.

Observing that Ẽ(ϕ(t)) = E(ϕ)(t) for all t ≥ 1, and by exploiting (1.20), we compute

− d

dt
H(t) = −θ̃

(
Ẽ(ϕ(t)) − E∞

)θ̃−1 d

dt
Ẽ(ϕ(t)) = −θ̃

(
Ẽ(ϕ(t)) − E∞

)θ̃−1 d

dt
E(ϕ(t))

≥ 1

C̃

∥∥√
b(ϕ(t))∇μ(t)

∥∥2
L2(�)∥∥DẼ(ϕ(t))

∥∥
H1

(0)(�)′
≥ bm

C̃

‖∇μ(t)‖2L2(�)∥∥DẼ(ϕ(t))
∥∥
H1

(0)(�)′
.

By (1.19b) and (2.3), we deduce that

∥∥DẼ(ϕ(t))
∥∥
H1

(0)(�)′ ≤ sup
v∈H1

(0)(�),v �=0

∣∣∣∣
∫

�

−�ϕ(t)v + �̃ ′(ϕ(t))v dx

∣∣∣∣
‖∇v‖L2(�)

= sup
v∈H1

(0)(�),v �=0

∣∣∣∣
∫

�

(
μ(t) − μ(t)

)
v dx

∣∣∣∣
‖∇v‖L2(�)

≤ C2
P‖∇μ(t)‖L2(�).
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Therefore, we arrive at

− d

dt
H(t) ≥ 1

C2
P

bm
C̃

‖∇μ(t)‖L2(�), a.e. in (t�,∞).

Integrating from t� to ∞, we derive from (5.1) that
∫ ∞

t�
‖∇μ(t)‖L2(�) dt ≤ C2

P C̃

bm
H(t�),

which gives that ∇μ ∈ L1(t�,∞; L2(�)). In light of (3.7), we conclude that ∂tϕ ∈
L1(t�,∞; H−1

(0) (�)). The latter entails that limt→∞
∫ t
t� ‖∂tϕ(τ)‖H−1

(0) (�))
dτ exists. Hence,

observing that

ϕ(t) = ϕ(t�) +
∫ t

t�
∂tϕ(τ) dτ, ∀ t ≥ t�,

it follows that limt→∞ ϕ(t) exists in H−1
(0) (�). Setting ϕ∞ = limt→∞ ϕ(t), this proves the

desired conclusion ω(ϕ0) = {ϕ∞}.

Appendix A. Proof of the inequality (2.16)

Consider r = 2 in (2.14). We find

∥∥Gq f
∥∥
H2(�)

≤ C

(
‖ f ‖L2(�) + ‖∇q‖

L
2s
s−2 (�)

∥∥∇Gq f
∥∥
Ls (�)

)
, ∀ s > 2,

where the constant C only depends on b. Exploiting (2.1), we have
∥∥Gq f

∥∥
H2(�)

≤ C

(
‖ f ‖L2(�) +

√
2s

s − 2
‖∇q‖

s−2
s

L2(�)
‖q‖

2
s
H2(�)

√
s
∥∥∇Gq f

∥∥ 2
s
L2(�)

∥∥Gq f
∥∥ s−2

s
H2(�)

)
.

An application of the Young inequality implies that
(
1 − s − 2

s

)∥∥Gq f
∥∥
H2(�)

≤ C ‖ f ‖L2(�) + 2C
s
2

s

(
2s2

s − 2

) s
4

‖∇q‖
s−2
2

L2(�)
‖q‖H2(�)

∥∥∇Gq f
∥∥
L2(�)

,

which gives
∥∥Gq f

∥∥
H2(�)

≤ sC

2
‖ f ‖L2(�) +C

s
2

(
2s2

s − 2

) s
4

‖∇q‖
s−2
2

L2(�)
‖q‖H2(�)

∥∥∇Gq f
∥∥
L2(�)

. (A.1)
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