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Abstract

We study the Cahn-Hilliard equation with non-degenerate concentration-dependent mobility
and logarithmic potential in two dimensions. We show that any weak solution is unique,
exhibits propagation of uniform-in-time regularity, and stabilizes towards an equilibrium
state of the Ginzburg-Landau free energy for large times. These results improve the state of
the art dating back to a work by Barrett and Blowey. Our analysis relies on the combination
of enhanced energy estimates, elliptic regularity theory and tools in critical Sobolev spaces.
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1 Introduction and main results

We consider the Cahn-Hilliard equation

drp = div (b(p)V) in Q x (0, 00), (1.1a)
w=—Ag+ ¥ (p) in Q x (0, 00), (1.1b)

equipped with the following boundary and initial conditions

On® = b(@)opp =0 on 92 x (0,00), ¢l=0 =¢o in Q. (1.2)
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Here, € is a bounded domain in RY, d < 3, and n is the outward normal vector on 9.
The state variable ¢ represents the difference of phase concentrations in a binary mixture,
and takes values in the interval [—1, 1], with ¢ = =1 being the pure phases. The function
b : [—1,1] — R is the so-called Onsager mobility, which measures the strength of the
diffusion. The mobility can assume one the following forms

b(-)=my e Ry (constant case), (1.3)
beC(-1,1D:0< b, <b(s) <bmy, s €[—1,1] (non-degenerate case), (1.4)
b(s) =mp(1 — sz), se[—1,1], mg € Ry (degenerate case). (1.5)

The double-well function W is the Flory-Huggins potential (also called Boltzmann-Gibbs
entropy)

W(s) = F(s) — %Osz - g[(l +5)In( +5) + (1 —s)In(l —s)i| - %"sz, sel=1,11, (1.6)
where the positive parameters ® and © satisfy the condition ®) — ® > 0. The function p
is the so-called chemical potential, that is the variational derivative of the Ginzburg-Landau
free energy

1
E(p) = / 5|V<p|2 + W(p)dx.
Q

The Cahn-Hilliard equation was originally proposed as a simple model for the process of
phase separation in binary alloys at fixed temperature [8, 9]. More recently, the Cahn-Hilliard
model has become a paradigm for liquid-liquid phase separation arising in polymer/solvent
mixtures and in living tissues, such as tumor cells [42]. The macroscopic motion of particles is
driven by the minimization of the free energy E (¢) through a gradient flow structure, where
the chosen metric may depend on the concentration-dependent mobility, namely different
strengths of the mobility function tune the minimization of the energy.

In the context of the mathematical analysis of the Cahn-Hilliard equation, a robust theoret-
ical framework has been largely developed in the constant mobility case (1.3). Specifically,
the global well-posedness of weak solutions and the propagation of regularity have been
extensively studied in [1, 4, 15, 20, 27, 33]. The analysis of the so-called separation property
has been developed in [21, 24, 26, 32, 37], and the characterization of the longtime behavior
has been addressed in [4, 37].

In contrast, much less is known when the mobility function depends on the concentration
¢. This is due to the highly nonlinear character of the equation (1.1a) when b is non-constant.
On the other hand, a theory for weak solutions is still expected by the presence of the (formal)
energy balance:

t
E(p() + / / b(@)|Vul? dx ds = E(g), V1> 0, (1.7)
0 Q

In the degenerate mobility case (1.5), the only available result concerns with the global
existence of weak solutions. This was shown in the seminal work [19], see also [44] for
the one-dimensional case, and [14] for the case with regular potentials. More recently, a
gradient flow approach has been successfully explored in [10] and [34]. We also mention the
work [41] analyzing a different class of degenerate mobility and singular potential functions.
In the non-degenerate case (1.4), the global existence of weak solutions was established in
[5], following the approach developed in [19]. Besides, the authors of [5] proved the local
existence and uniqueness of strong solutions in three dimensions. Furthermore, in the two
dimensional case, the existence of strong solutions was claimed to hold globally in time.
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However, a mistake in the proof undermines the validity of this result, as we will discuss
below. Concerning the longtime behavior, the existence of a global attractor was demonstrated
in [40] for generalized semiflows lacking the uniqueness of solutions. Lastly, we mention that
the existence of weak solutions for mobility functions depending on the chemical potential,
as proposed in [31], was proven in [30].

In this work, we will focus on the Cahn-Hilliard equation with non-degenerate
concentration-dependent mobility. For the reader’s convenience, we detail the results proven
by Barrett and Blowey in [5], which represent the state of the art about the well-posedness
theory. We refer to Section 2 for the notation.

Theorem 1.1 (Barrett & Blowey, 1999) Assume that Q C RY, with d = 2,3, is a convex
polyhedron or 3 € C1, and the mobility b satisfies (1.4). Then, the following holds:

(1) Let ¢y € HY(Q) N L®(Q) be such that leoll Loy < 1 and @o = ﬁfﬂ po(x)dx €
(—1, 1). Then, there exists a global weak solution (¢, 1) to problem (1.1a)-(1.1b) and
(1.2) satisfying

¢ € L®0, T; H'(Q) N L*0, T: HX(RQ)), 9 € L*0, T; Hg) (),

pe L0, T: H(R), V(p) e L*0.T: L (Q)), (9
forall T > 0, such that
(0r, v) + (b(p)Vir, Vv) =0, VYve H(Q), (1.9)
(1, v) = (Vo, Vo) + (V' (@), v), Yove HI(Q), (1.10)
for almost every t € (0, 00).
(2) Suppose, in addition, that b € C'([—1, 1]) and
dp € L¥7(0,T: LX), ¢ € L¥ (0. T; H2(Q)), i

e L0, T; H(Q)).

Then, the solution (¢, ) to (1.9)-(1.10) is unique on [0, T].
(3) Let 9o € H3(Q) be such that leoll ooy < 1, and dupo = 0 on IS2. Assume that
b € C'([—1, 1]). Then, the weak solution (¢, ) to (1.9)-(1.10) satisfies

9 € L=, T H*( Q)N H'0, T, H'(Q)), 99 € L®(0, Ty; Hyy (R))

p e L0, Ty; H'(R2)) N L0, Ty; H*()), (1.12)

where T, = T forall T > 0ifd = 2, and T, > 0 depends on the norms of the initial
datum if d = 3.

The results presented in Theorem 1.1 exhibit some shortcomings. Firstly, the condition
in (1.11) on the time derivative d;¢ is never reached by weak solutions (cf. (1.8)). Thus, no
uniqueness result regarding the weak solutions is known, leaving this issue an open question
in the Cahn-Hilliard theory. Secondly, concerning the global existence of strong solutions in
the two dimensional case (cf. Theorem 1.1 - (3)), we point out that the proof of [5, Corollary
2.1] contains a slight but crucial error. Precisely, in the so-called second energy estimates

involving
AW = |Vbe) V)|

the authors obtained the following differential inequality

2
2’

d 1
SAm=C (1 + A2<1+p>(t)>, Vpe (0, 5), (1.13)
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where the positive constant C is independent of p (cf. [5, Eqn. (2.51)]). Relying on the
arbitrary smallness of p, the authors inferred a global control on A(¢). However, as we will
show below, a thorough inspection of their proof reveals that the correct constant should be
of the form € (cf. (4.16) below). This negatively affects the conclusion of the ODE argument
used in [5] (cf. (4.20)-(4.21)).

The goal of this contribution is to address the gaps left open by Theorem 1.1 concerning the
well-posedness theory of weak solutions to the Cahn-Hilliard equation with non-degenerate
mobility in two dimensions. First, we will prove the uniqueness of weak solutions. Then,
we will show that the weak solutions exhibit a global smoothness effect at positive times
(propagation of regularity). As a consequence, we will prove that any weak solution converges
towards a single steady state as t — o0.

In order to rigorously state our achievements, we direct the reader to Section 2 for
the necessary notation, in particular concerning the Bochner spaces BC ([0, c0); X) and
Lfloc([O, 00); X) of functions that are respectively bounded and continuous in time, and
locally uniformly p-integrable in time, with values in a Banach space X.

Our main result is as follows:

Theorem 1.2 Ler Q@ C R? be a bounded domain with 32 of class C3. Assume that the
mobility b satisfies (1.4). Then, the following results hold:

(A) Existence of weak solutions Let o € H'(2) N L®(Q) be such that leoll Loy <1
and o9 = m € (—1, 1). Then, there exists a weak solution ¢ : [0,00) x Q2 — R to
(1.1a)-(1.1b) and (1.2) such that

¢ € BC([0, 00); H}y, (Q)), (1.14)
9 € Lijoe(10, 00); H*(2)) N Lo (10, 00); WP (), (1.15)
@ e L®(Q x (0,00)): |ox,1)] <1 ae in Q x (0,00), (1.16)
dip € L*(0,00; Hy (), F'(9) € Lgjoe([0, 00); LP(Q)), (1.17)
1 € Lo (10, 00); H' (Q)), (1.18)

forany?2 < p < oo, and

(0r, v) + (b(p)Vu, Vv) =0, Yv e HI(Q), fora.e.t € (0,00), (1.19a)
w=—Ag+ ¥ (p), a.e. in 2 x (0, 00), (1.19b)

as well as 3, = 0 on 02 almost everywhere on (0, 00), and ¢|;—0 = @o. Moreover, the
following energy equality holds

t
E(p() + / / b(@) Vi dxds = E(go), Vi > 0. (120)
0 Q

(B) Uniqueness of weak solutions Suppose that b € C%([—1, 1]). Let ¢y, @2 be two weak

solutions originating from the initial conditions (p?, (pg, respectively, such that (p? = gag .
Then, for any T > 0, there exists a positive constant C such that

D=2l y-1,00 < C e =@ -1, 00, Ve[0T 1.21
lo1®) = 920l @) = C et = 22l @ [0, 71 (1.21)

The constant C depends only on the parameters of the system, the final time T, and the
initial free energies E ((p?) and E ((pg). In particular, the weak solution is unique.
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(C) Propagation of regularity Assume that b € C*([—1, 1]). Forany t € (0, 1), there holds

@ € L (1, 00; WP (Q)), (1.22)
g € L™(t, 00; Hy) () N Ly ([7, 00): H' (), (1.23)
we L®(t, 00; HY(R)) N L2, ([r, 00); H} (), (1.24)
F'(¢) € L% (1, 00; LP(Q)), (1.25)

for any 2 < p < oo. The equations (1.1a)-(1.1b) are satisfied almost everywhere in
Q x (t,00) and the boundary condition oy = 0 on 2 holds almost everywhere on
(7, 00). In addition, there exists § > 0 depending on t and the norms of the initial datum
such that

lox, )| <1 -8, Y(x,t)€Qx[r,00). (1.26)

(D) Convergence to a stationary state If b € C 2([—1, 11), the solution ¢(t) converges to ¢
in W2=6P(Q) as t — 00, forany e > 0 and any 2 < p < 00, where ¢oo € WZP(Q) is
a solution to the stationary Cahn-Hilliard equation

Ao + V' (90) = ¥ (90) inQ, (1.27a)
oo = 0 on 9%, (1.27b)

such that 1
— | $co(x)dx = go.
|sz|/g >

Remark 1.3 Some remarks are in order:

e Our analysis can be straightforwardly generalized for singular potentials W of the form
)
W(s) = F(s) — 70s2, Vs e [—1,1], (1.28)

where F € C([—1, 11)NC2(—1, 1) such that F(0) = F'(0) = 0,limy_ 41 F'(s) = o0,
and F"(s) > ® > 0, for all s in (—1, 1). Furthermore, growth assumptions on F’ or F”
are required for the separation property (1.26) as in [21] and [24].

e We observe that the validity of the energy equality (1.20) for weak solutions was already
shown in [40, Lemma 2.4].

e Ifthe initial datum ¢y € HZ2(S) is such that — Ao+ (@) € H'(R), %0 € (-1, 1) and
dnwo = 0 on 92, then the corresponding weak solution ¢ is a strong solution, namely ¢
satisfies (1.22)-(1.25) and (1.26) with T = 0 (cf. Proposition 4.1).

e Theorem 1.2 focuses on uniqueness, regularity and longtime behavior of weak solutions.
Thus, we require the mobility function b € C 2([— 1, 1]), which is needed in the unique-
ness part. On the other hand, the existence and uniqueness of strong solutions hold under
the more general assumption b € CY([=1,1]) asin Proposition 4.1.

Let us now comment on the main novelties about the proof of Theorem 1.2. Concerning
the uniqueness part, the classical proxy to measure the distance between two weak solutions
(say ¢1 and ¢ ) for the Cahn-Hilliard equation with logarithmic potential is the norm in H(E)]
(cf. definition in (2.4)). As already observed in [5], in the case of concentration-dependent
mobility, the appropriate choice is

H\/ITWV%] (¢1 — <ﬂ2)’

(1.29)

2@’
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where the operator G, is defined in (2.9). In order to derive a suitable differential inequality
for this quantity, we will address two crucial steps. Firstly, we need to rigorously justify
the integration by parts formula (3.16) involving the time derivative of (1.29). Secondly,
we will provide a novel control of the non-linear terms in (3.18)-(3.20). Both steps rely
on the combination of two analytical tools: an elliptic regularity theory for a Neumann
problem in divergence form with concentration-dependent coefficient (cf. (2.8)), and the
regularity Lﬁloc([O, o0); H 2(Q)) for weak solutions, firstly discovered in [27]. Regarding
the propagation of regularity, we will first revise the approach in [5]. By carefully examining
the dependence of the constants appearing in the proof, our analysis shows that the correct
differential inequality for A reads as follows:

d C 1
—AM) < — (A + A0 vpel0, ),
dt 0 4

for some positive constant C independent of p, which differs from (1.13). Due to the factor
%, the argument in [5] do not lead to a global bound for arbitrarily large initial datum.
To overcome this issue, we will exploit a recent Grownall-type argument devised in [35,
Lemma 2.1] (see Lemma 4.2 below). However, a direct application of this result leads to
a global bound which grows double exponentially in time (4.25). Then, we propose a new
approach to estimate the nonlinear term in (4.8). Once again, it relies on a careful use of the
elliptic regularity theory for (2.8). Thanks to the regularity ¢ € Lﬁloc([O, 00); H*(Q2)), the
final differential inequality (4.27) fits into the classical framework of the uniform Gronwall
lemma, thus implying the desired global estimate independent of time. Finally, the proof of
the convergence of the weak solution towards a steady state of the Cahn-Hilliard equation
is performed by following the well established method in the constant mobility case (e.g.,
[4]). This hinges upon the regularity of the weak solutions, the presence of a strict Lyapunov
function, as well as the Lojasiewicz-Simon inequality.

Beyond the novelty of our results, we point out that the methods herein for the uniqueness
and the propagation of regularity of weak solutions are robust. Specifically, Theorem 1.2 can
be proven in presence of of polynomial potentials, such as Wo(s) = (1—s2)Z, which is widely
used in the literature (see [36] and the references therein). Furthermore, our analysis can be
applied to address other formulations of the Cahn-Hilliard equation with non-degenerate
mobility, including viscous regularizations [12, 37], multi-component cases [23], and on
evolving surfaces [6, 7]. Additionally, we expect the application of our arguments to more
complex diffuse interface models, such as Navier-Stokes-Cahn-Hilliard systems [2, 3, 22,
28, 29], Hele-Shaw/Darcy-Cahn-Hilliard models [25, 27], Brinkman-Cahn-Hilliard systems
[13, 16], and non-isothermal models [17, 18].

2 Mathematical setting
2.1 Notation and function spaces

Let X be a Banach space. We denote by X’ its dual space and by (-, -)xs x the duality
product. Given 1 < p < oo and an interval I C [0, c0), we denote with LP(I; X) the
space of all Bochner p—integrable functions defined from 7 into X. We also define the
space WP (I; X) as the set of functions f € LP(I; X) with distributional derivative 3, f €
LP(I; X). In particular HY(I; X) = WL2(I; X). Moreover, L”, ([0, 00), X) denotes the

uloc
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space of functions f € L?(0, T; X) for any T > 0 such that there exists C > 0 such that

ILfllgr

uloc

t+1
(0,000 %) ‘= sup/ £ ()N ds < oc.
t>0 Jt

For any a > 0, the set BC([a, 00); X) is the Banach space of all bounded and continuous
functions f : [a, 00) — X equipped with the supremum norm, and BU C ([a, 00); X) is the
subspace of all bounded and uniformly continuous functions.

Let  be a bounded smooth domain in R?. For any positive real k and 1 < p < oo,
we denote by Wk-P(Q) the Sobolev space of functions in L?(€2) such that the distributional
derivative of order up to & is an element of L” (£2). We use the notation H k() for the Hilbert
space Wk2(Q) with norm |- k(- In particular, for k = 1, we denote the duality product
between H' ()" and H'(Q) by (-, ). We recall that H'(Q) is continuously embedded in
L"(R2) for all r > 1, and the following critical Gagliardo-Nirenberg-Sobolev interpolation
inequality holds true (see [38, Proposition and Remark 1]): there exists a universal constant
C > O such that, forall2 < r < o0,

2 =2
1 lr@) < OVl 1 gy Y € H' (). @.1)

As a consequence, there exists C > 0 such that

-
I fllar@y = C\’ﬁ Ifllry, YfeLl (), r>1 (2.2)

Remark 2.1 Notice that the term , / - was neglected in [5], and in all the inequalities depend-
ing on (2.1).

Given the definition of total mass

1

T =jal

/Q f)dx if f e L),
we recall the Poincaré-Wirtinger inequality
1fll2e < Cp (IV £l 2 + IF1), ¥ feH (), 23)
where Cp only depends on 2. For any m € R, we introduce the function space
H (@) ={f e H'(Q): f=m}.

Iftm =0, H(lo)(Q) is a Hilbert space endowed with inner product ( f, g)H(l())(Q) =(Vf, Vg

and corresponding norm || f| Hy @ = IV fllL2(q)- Extending the definition of total mass
as

_ 1 )

f= @u, 1) if fe HY(Q),
we define the Hilbert space

Hg (@) = {f e H'(®)': T =0}, 2.4)
ith di defined - = .

with corresponding norm defined as ||f||H(0)1(Q) (WA
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2.2 Elliptic problems

We now consider the homogeneous Neumann boundary problem for the Laplace operator

{—Au:f in Q

(2.5)
Opu =0 on 082.

The solution operator G : H 0) (Q) — H! ©) (2) is defined as follows: forevery f € H(E)] (),
Gf e H(O)(Q) is the unique function satisfying

(VGf.Vv) = (f.v), Yve H(Q). (2.6)

Forany f € Hig) (), VG fll 2(q) is anorm on H) (S2), that is equivalent to | £ | 1l @)

Besides,
Ko = IVG iz VUl . V€ Ho) (), Vv e H(o)(Q) 2.7

Next, assuming (1.4) and given a measurable function g : & — [—1, 1], we introduce the
following elliptic problem

{—div (b(@Vu) = f inQ 2.8)

b(q)opu =0 on 02.

Similarly to the definition of G in (2.6), we define the solution operator G, : (0) (Q) —
H(lo)(Q) as follows: forevery f € H(B)I(Q), G,f € H(IO)(Q) is the unique function satisfying

(B(@VGy f.VV) = (f,v). Yve Hy (). (2.9)

For the readers’ convenience, we report some results on the operator G, obtained in [5] (see
also [25, 40]). From the definition of G and G, for all f € H(B)l (2), we have

IVGf 2y = (fOF) = 6@V £, VG f) = Vb |VE@VG, f| |, o, IV9 7120,

and
. 1 i
[Vo@ Y0, 1] ) = 1780 ) = (V61,540 = <= 196l 20y [VB@ VG f] 1
Combining the last two inequalities yields
Vou |Vo@)v6, f Ly SV e < f”ﬂﬁvgq o @10

for all f € Hg)
VG fliL2(q)- Also, we observe that

(f+9q8) = 0(@VGq [, VGg8) = (VGq [, b(q)VG48) = (8. G4 f), .11

forall f, g € Hy) ().
Besides, we have

17120 =/ (VG4 £V £) < 196, Fl2rg) IV F sy Y € (@) 212)

f H 12Q) i a norm on H(B)l (£2) that is equivalent to
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We now derive some elliptic estimates related to problem (2.8). Let f € L (2) N H(E)] (),
p > 1. Assuming that b € C'([—1, 1]) and ¢ € H?(2), we choose v =
w e H(O)(Q) (note that v € (0)(52)) in (2.9) obtaining

/ngf-vde=/ (b (q)VCI' f—i—L)wdx =: (g, w). (2.13)
Q o \b(q) b(q)

Therefore, by the classical regularity theory for problem (2.5), if VG, f - Vg € L?(Q), we
have

Bl@) ~ Blg) Lor any

G fllw2r) < C (||Vq VG fl e+ ||f||m<m), Vli<p<oo, (214

where the positive constant C depends on p and b. If f € L*(R2) such that f = 0, by [25,
Theorem 2.1]1 G, f € H2(Q). Taking p = 2 in (2.14), and by using (2.1) with r = 4, we find

164 My < € (1V4 - VG £ 2y + 1 £ 260

< ¢ (IVallis@ 990 f | gy + 1/ 2

1 1 1 1
Then, it follows from the Young inequality that

1Gg fll2@y < € (1Vall 2@ lal a2 1V Gg fll 120y + 11 122(5)) - (2.15)

The above inequality is a particular case of the following one, which is proven in [5] (we
report its proof in Appendix A for completeness)

C2S2 s=2
”gqf”HZ(Q) = <S2> ||V61||L2(Q) qule(Q) vaqf” L2(Q) + ”f”LZ(Q) (216)

forall s € (27, o0), where the positive constant C is independent of s. Furthermore, if f €
L*(Q) with f = 0, g in (2.13) belongs to L*(Q) since G, f € H*(Q) and Vg € H'(Q).
Choosing p = 4 in (2.14), and exploiting (2.1) with r = 8§, we obtain

194 f w2 < € (nwnmm ||vgqf||Lg<Q) 1 s
1 3
<C ||Vq||L2(Q) ||q||H2(Q) 1¥Ga £l 12 190 12

+ Cll fll 4@y (2.17)

Finally, if f € H(lo)(Q) and b € C?([—1, 1]), the elliptic regularity theory entails that
G, f e H 3(). In particular, there exists C > 0 such that

b'(q)
b(q)

Vq-VG, f

16y Fllsey < C (‘

) (2.18)
H(Q)

3 Proof of Theorem 1.2 - (A) - (B): existence and uniqueness of weak
solutions

HI(Q) Hb(CI)

This section is devoted to show Theorem 1.2 - (A) - (B). The proof is divided in two parts.
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Properties of weak solutions Let ¢ be a global weak solution given by Theorem 1.1 - (1).
First of all, since ¢ € LZ(O, T; Hz(Q)) forany T > 0, it easily follows that 9,¢ = 0 almost
everywhere on 9Q x (0, 00), and u = —Ag + ¥/(p) almost everywhere in Q x (0, 00).
Since & = W/(¢) from (1.19b), we can rewrite (1.19a) as

m=—G0y0¢p+ VY (p), ae. inQ x (0,00). 3.1
Moreover, taking v = 1 in (1.19a), we derive the conservation of mass, namely
g()=go=m, Vi=0. (3.2)

Let us now define the functional Ey : L2(Q) — R given by

1
Eo0) = 3199l 0y + [ Ford, (33)

where F is the convex part of W as in (1.6). The functional Ey is proper, convex and lower-
semicontinuous. Owing to [39, Lemma 4.1], we deduce that t — Eg(¢(¢)) is absolutely
continuous on [0, co) and

d
an(w) = (09, =A@ + F'(9)) = (810, 1 + Opg),

almost everywhere on (0, 00). As a consequence, for any 7' > 0, due to the boundedness of
Fandg € C([0, T1; L3(R)), the Lebesgue theorem entails that fQ F(p(-)dx € C([0, T)),
which in turn gives ¢ € C([0, T']; HY(Q)). Now, taklng v = p in (1.19a) and exploiting the
standard chain rule in L2(0, T; H(Q)) N H'(0, T: H'(Q)"), we obtain

d
A +f b(@)|Vil* dx =0, (3.4)
1 Q

which implies the energy equality (1.20). Then, we deduce from (2.3) and (3.2) that

sup [l g1 () = C, (3.5)
>0 (m)
and
* 2
/0 IVIL()I72 (g ds = C, (3.6)

for some constant C depending on E (¢o) and m. The latter implies V. € L2(0, 0o; L2(2)).
By (2.10) and (3.1), we have

IVGdhol2@ = ClIVil2@)- (3.7
Then, (3.6) yields

o0
| 1ol g s < c. 68
which gives d;¢ € L?(0, oo; H(B)l (2)).

Next, multiplying (1.19b) by —Ag, integrating over 2 and exploiting the boundary con-
dition on ¢, we find

1172, + / F'(9) (~Ap) dx = / Vi -Veda + 00|Vl g (3:9)
Q Q
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It is well known that the second term on the left-hand side is non-negative by the convexity
of F (see, e.g., [13, Appendix A]). Then, by (3.5), it follows that

1801172 ) < € (1+ 1Vl 2(e)- (3.10)
Thus, by the standard elliptic regularity theory, we have
41 )
Sup/ ”gD(S)HHZ(Q) dS S C; (311)
t

>0

which proves that ¢ € Ly, ([0, 00); H*(£2)). We proceed with the control of the total mass
of u. We report the standard tool from [37]: there exists a positive constant C, depending

only on m = @, such that

+C, (3.12)

f|F’<<p>|dxch F'(@) (@ — 9)dx
Q Q

where C — +00 as [gg] — 1. Multiplying 1 by ¢ — @ and integrating over €2, we easily
deduce that

V6 + [ F@@-par= [ w-mear+on [ oip-pax
By (2.3) and (3.5), we get

'/ F'(¢) (¢ — @) dx| < C||[ Vil 12 + C,
Q

where the positive constant C depends on E (¢g) and m. Since [ix| = W/ (¢), (3.12) and the
above inequality imply that

1l < € (1+ 1Vill2g)- (3.13)

In light of (3.6), we conclude that u € L2 ([0, 00); HY (). Finally, noticing that

uloc

—Ap + F'(p) =p* inQ
e =0 on 02,

almost everywhere in time on (0, 00), where u* = u + Opp € Lﬁloc([O, 00); H(Q)), an
application of [13, Lemma A.4] yields

lellw2r@) + IF' @lLe@ < C(p) (1+ Inllgig), Ypel2,00),  (3.14)

which provides that ¢ € Lﬁloc([O, 00); W2P()) and F'(¢) € Lﬁ]oc([O, 00); LP(R2)), for
any p € [2, 00).

Uniqueness of weak solutions Let ¢; and ¢y be two weak solutions to problem (1.1a)-
(1.2) with non-degenerate mobiljy (1.4) as in Theorem 1.2 - part (A), associated with two

initial data ¢? and ¢ such that ¢? = ¢9. We observe that (1.19a) and (1.19b) entail that

wi = =Gy, 0r0; + V' (¢;), in, ae.in(0,00), i =1,2, (3.15)

where ©1 and p, are the chemical potentials corresponding to ¢; and ¢;, respectively. We
define ® = ¢; — ¢;, which solves

—AD + V' (p) — V' (p2) = u1 —p2, inQ, ae.in (0, 00).
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We preliminary notice that @ = 0 by the conservation of mass. Multiplying the above
equation by @ and integrating over 2, we find

IVl + [ (Fo) = Fn) @dr = [ a1 =) 0 = 00 101
Thanks to (3.15), we rewrite the above as
||V<I>||iz(9) + /Q (F'(g1) — F'(¢2)) ®dx + /Q (G 0191 — Gy 0r2) @ dx = Og ||<I>||iz(m.
‘We notice that

/Q (Gpy 0191 — Gy 0rp2) P dx = /ng 3 ®dddx + /Q(g(/,l — Gy, 0 @ dx.
Next, we claim that

d1 1
/ Gy ® @ dx = — (G, D, D) + */ VGaigr - b (p)Ver VG, 0" dx
o dr 2 2 Jq
(3.16)
+f VGd1 - b (p1) (ng«n(bvgfﬂl q>) dx,
Q

almost everywhere in (0, o). Here, D? f is the Hessian of f. We recall that

G ®, ®) = | /bl VG,, @

LX(Q)

is anorm on H(B)l (), that is equivalent to [ VG®||;2(q). Then, since (F'(¢1) — F'(¢2), ¢1 —
¢2) > 0, we infer that

%% VoV, | ;(m + VR[22, < O0 191220, + 11 + 1+ 150 (B17)
where
I = _% /Q VGd1 - b" (1) Ve |Vg<mcb|2 dx, (3.18)
= /Q VGaigr - (p1) (D*Gy, ®YGy, ) dx, (3.19)
and
I=— /Q (Gpr — Gyy) 32 ® dx. (3.20)

The rest of the proof consists of two parts: the justification of (3.16) and the control of Iy, I
and /3.

Proof of (3.16). For any ¢ € (0, 1), we consider the elliptic problem

:—mwf +¢f =g inQ G21)

gl =0 on 9%,

almost everywhere in (0, 00). Recalling that ¢; € L*°(0, T H'(Q) N L*0, T; H3(Q))
with 8,9 € L*(0, T; H(B)l (2)), forany T > 0, it follows by the elliptic regularity theory that

¢f € LZO, T: H (@), d¢f € L*(0. T; H (), (3.22)
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and 9,97 = 0 on 92 almost everywhere in (0, T'), for any ¢ € (0,1) and any 7 > 0. In
addition, recalling that ¢; € L (2 x (0, T)) with |¢1| < 1 almost everywhere in Q2 x (0, T),
we also have

0] €L®(Q2x (0, 7)) :lpjl <1 ae.inQx(0,7). (3.23)

Besides, it is easy to check that

T T
4
/0 lof ) |2 + 1797 ()72, ds < /0 o1 172y + V1) 172gy ds, (3.24)

T T
f 1VG3: 4§ ()72 ds < / 1VG3:@1 (1172 g ds, (3.25)
0 0

and

07 oo 0.7 11 (22)) = 1911l Lo 0. 7: 11 (22))- (3.26)

Owing to the regularity of ¢f, we compute the gradient of (3.21) and test it by —V Agy.
Exploiting the Neumann boundary condition on ¢{ and ¢, we find

IVAP] 17200y + 1867 1720, = (Ao, AgD),

which gives

T T
/ 1AGT () 1172gy ds < / 1A@1 ()12 ds- (3.27)
0 0

Hence, by the above estimates, we derive that, up to a subsequence, ¢j—¢; weakly in
L*(0, T; H*(R)) and weak-star in L>(Q x (0, T)), as well as d;¢f—3,¢; weakly in
L0, T; H(B)I(Q)). In order to recover the strong convergence, we report the following
result which is based on the Clarkson inequality:

Lemma 3.1 Let X be a Banach space and let p € [2,00). Assume that u,—u weakly in
LP(0,T; X) and limsup,_, o, lluxllLro,7;x) < lullLro,1:x). Then, u, — u strongly in
LP(0,T; X).

In light of (3.25) and (3.27), Lemma 3.1 implies that

@i — ¢ strongly in L*(0, T; H*(Q)),

o, . (3.28)
d:¢] — 01 strongly in L=(0, T'; H ) (2)).

In particular, up to a subsequence, we have
o] = @1, Vo] > Vg ae.in Q2 x (0, 7). (3.29)

Thanks to (3.23), we now define the sequence g‘#f ® e L0, T; H'(Q)). It easily follows
from (3.26) that

D H <c, 3.30
H Yo Lo(0,T; Hly () ~ (3:30)
where C is independent of ¢. In light of (3.26) and (3.30), an application of (2.15) entails that

|90 2| ey = € U195 ).
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for some constant C independent of €. Thus, we infer from (3.26) and (3.27) that

/”g% (S)”HZ(Q) s=C, (3.31)

namely Gye ® is uniformly bounded in L*(0, T'; H*(<)). Furthermore, by (2.17), we also
learn that

3
3.32
Hz(m) (3.32)

Hg“’f H W = © (1 + ot || HA®) ngl

Hence, integrating over (0, 7'), we obtain

ds < C,

T T
4
[ 16060yt = €T +C [ It + [
(3.33)

for some C independent of e. The latter implies that G,e® is uniformly bounded in

L3(0, T: W24(Q)).
Now, we study the convergence properties of the operator Gy: as ¢ — 0. Let f €
L%, T; H(B)l (£2)). By definition (2.9), we know that

(b(@1)VGy, f. Vv) = (b((p‘f)Vg(/,]sf, Vv), Vu e Hy (),
which gives

b))V (Gor f = Gye ) - Vo) = ((b(e]) — b(91)) Vyi f. V), Yv € Hy ().
( ( 1 ) ) ( 1 )

Therefore, we have

T 2 1 T . 2
fo 9 (607 =Gt 1)y 95 = 5 fo [t~ bton) v, 1],
1 [T . 2
<5 | b6 b g |9 1] s g 0

We aim to use the Lebesgue convergence theorem on the right-hand side. We observe from
(2.10) that

66D = b0 ey | Vi £

M
LZ(Q) T ”ng”Lz(Q) s

where | VG f||? € L'(0, T). On the other hand,

L2(Q)
2 2
Hb(‘/’f) - b(‘pl)HLOO(Q) =C ”‘/71 %1 HLOO(Q) ¢ H — ¢ ”H2(Q)

almost everywhere in (0, T'). In light of (3.28), up to a subsequence, we obtain that

Il oy = €01 = 0113420 VG 2(0) = O
almost everywhere in (0, 7). Thus, up to a subsequence, we conclude that

VGy: f — VG, f strongly in L*(0, T; L*(R)).
In particular, for f = 9;® and f = &, we have

VGy: 0, ® — VG, 8, strongly in L*(0, T L*(R)), (3.34)
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and
VG ® — VG, @ strongly in L*(0, T L*(R2)), (3.35)

respectively. The latter means that Q(p ¢ ® — Gy, P strongly in L%(0,T; H 0)(52)) Moreover,
by the above uniform estimates (3. 31) and (3.33), we conclude that

Gy @Gy, @ weakly in L*(0, T3 H*(Q)), (3.36)

and
Gy ®—=Gp ® weakly in L5 (0, T: W>4(). (3.37)
Next, thanks to (3.22), it is immediate to see that (cf. [5, Eqn. (2.22)]), forany n € D(0, T),

T 1 rT
/(gwfaﬁb,@)nds:—*/ (Gg: @, ®) 0 ds

0 2 Jo
(3.38)

1 T
+ E.[o <8t<pf, b/@f)vgw@ . nglsCD) nds.

We aim to pass to the limit as ¢ — 0 in (3.38). First, we easily conclude from (3.34) and
(3.35) that

T T
lim / (G 0, P, D) nds = / (Gp, 0P, ®) nds (3.39)
e—0Jo 1 0
and
1 (7 1 (7
lim —f/ (Q'(/,s d, d)onds = —f/ (gwl d, d)d;nds. (3.40)
e—0 2 0 1 2 0

In order to handle the last term on the right-hand side of (3.38), we first show that
v (b’((pf)|vg¢,;q>|2> is uniformly bounded in L2(0, T; L3(Q)) wrt.e.  (3.41)

In fact, by (2.1), we have

[V @DV o) o g, < [P @Dt IvGg R Gt ¥V o o
< C[9¢!lsca [V ‘I’Hm) ve|pGge] o [V96 2] g,
SN LT LR A LV
veforagel o [vaneltg V9ol g
Thanks to (3.26) and (3.30), it follows that
19 (601564 07)] 3 gy = € 156111 |9 ngH.(m+CHDZ%f¢HL4(m 196419110
< 1%ty € |90 o+ €[P550] g

for some constant C independent of ¢. Recalling that Gye ® is uniformly bounded in
L40, T; H2(Q)) N L5 (0, T; W24(2)), and ¢t is uniformly bounded in L*(0, T; H*(R)),
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we deduce the desired claim (3.41). Hence, by (3.28) and (3.41), we infer that
T

Jim (3;(/)8 b (95)VGye ® - VG sq>) nds
e—02 0 r 1 i 1
Cim L [ (vga v (b’( £)|VG. s<1>|2)> ds
=.ms A tP1, (2 o} n
1 (T )
: £ / £
tlim o [ (V6 @ — ) ¥ (5 6DIVG0P) ) mds
1T
= tim > | (vga,m,b”(wf)wﬂvgﬁmz+2b’(¢f)D2g¢fq>vgw]ecp) nds. (3.42)

By the above computations, we know that b” (¢§) Ve§ [VG,e ®|* and 2b' (¢F) D>G e PV Gye @
are uniformly bounded in LZ(O, T; Lz(Q)) with respect to €. Then, up to a subsequence, we
have

b”((pf)V(pﬂVg(pfdﬂZ—\gl weakly in L2(0, T; L*(2)), (3.43)
and
Zb/((pf)ng(ﬂfCDngffb—\gz weakly in L(0, T; L*(R2)). (3.44)
We are left to identify the weak limits g1 and g,. By interpolation, we observe that
V¢ — Vg, strongly in L30, T; LY(Q)).

Besides, V%TCD — VG, @ strongly in L%(0, T; L%(Q)) as in (3.35). Also, it follows from
(3.36) that
VG ®—VG,, & weakly in L*(0, T; L°(Q)).

Finally, since 0" € C([—1, 1]), we learn from (3.29) that b”(¢]) — b"(¢1) strongly in
L8(0, T; L'?(R)). Thus, we infer that

b (@) VTV Gy ®1P =" (91) V1 [VGy, @ weakly in L'(0, T; L'(R),

which entails that
g1 =b"(91)V1|VGy, @

In a similar matter, owing to (3.35), (3.37), and observing that 5’ (¢{) — b'(¢) strongly in
L8(0, T; L*(2)), we obtain

26 () DGy @V Gy ®—2b' (1) DGy VG, @ weakly in L' (0, T L' (Q)).
This allows us to conclude that
g2 = 2/ (91) D*Gy, ®VG,, .
Therefore, by exploiting (3.43) and (3.44) in (3.42), we deduce that

T 1 T
/ Gy, 0: P, P)nds = —5/ (G @, @) 9rnds
0 0

1

T
+§/ (/ Vga,(pl.b//(gal)Vg01|Vg¢1¢‘|2dx) nds (3.45)
0 Q

T
+ / ( / VGap1 - b (1) (D*Gyy VG, @) dx) nds
0 Q
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for any n € D(0, T'). The latter implies the desired conclusion (3.16).
Estimates of the nonlinear terms. In the rest of the proof, we denote by C a generic positive
constant which depends on the parameters of the system, the total mass m and the initial free

energy E (¢).
Concerning /1, we have

L1 = Cloll 1) 670D V01 VG0 @ 2.

Exploiting (2.15) with ¢ = ¢ and f = P, and owing to (2.12), the following inequality
holds

IGp1 @ g2y = CI1VO1l 20 191112 () ||Vg<ﬂ| @[ ;2q)
(3.46)

1
+C[ VG 0|7

e ive?

L2(@)’

By (2.1), (3.5) and (3.46), we infer that
(11 = C il o1 ) 1991 o) [ V90 @l o)

4
= Clagil o1 g 1V0) HLZ(Q) ey HHZ(Q) (N <I>||L2(Q) 1901 @172

< Clloglly ot g I ||H2(Q) (N <I>HL2(Q)

Al

1
X (”‘/’1 2 V901 @l 120 + V901 ‘I’”fz(m ||V<I>”L2(Q)>

2
= Cllrerl 1 g o 1220 19901 @[22

2
+CI gt gy 19112 gy 1750 <1>|}L2 @ ||V<I>|\L2(Q)

3
2 2
<z ||V<I>|L2(Q)+C(|atw1n S@ ||(/’]”H2(Q)+||3z<ﬂ1||H(6)1(Q) ||W1|H2(Q)> [VG01 @[ 720

2
IIV¢|\L2(Q) (Iaﬂpl IIQ( + llg1 |H2(9)> [VGy, ¢||L2(Q)- (3.47)
We will now deal with ;. By (2.1) and (3.46), we first observe that

1 1
vaWI d>H L4(Q) =C vaqol CDHI%Z(Q) ”gqﬂl CDH 12.12(9)

<c (nwl 2 1 ||H2(9) VG0 @ 12(0) + Vg1 <I>||Lz(g) IIV‘P“Lz(g))
Since g1 € L>(0, oo; H'(S2)), we obtain

1
||VQ¢,CI>||L4(Q) =< Cllgili; H2(Q) 1V Gy, CD”LZ(Q) (3.48)

+C V6,0 g VOIS

(%)) LX(Q)"
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On the other hand, combining (2.17) with g = ¢ and f = ®, together with (2.1) and (2.12),
we have

1
|91 @l w2 =€ (“W’l ”LZ(Q) s ”H2<Q> [VGor @l 12 1901 ®||H2(Q) + ”q>||L2(Q) ”V¢‘|L2<9)>

3 1 3
= C HV(Pl HLZ(Q) ”(/71 ”;12(9) va‘ﬂ] (I)H 22(9) ”g‘ﬂl q)H?.IZ(Q)

+ ClIVGy, <I>|| HV<I>||

L2(Q) L2(Q)°

Exploiting once again (3.46) and the regularity ¢; € L*°(0, 00; H 1(Q)), we deduce from
the above estimate that

” g(p] P ” w2 4(9) C ”(Pl ||H2(Q) vawl q)”LZ(Q) + C ”‘pl ” (Q) ||Vg¢l CDHLZ(Q) ”VCI)”LZ(Q)

+C ||V9¢n<1>|| 5 K (3.49)

() LX)

Hence, observing that
bl =C ”31‘/’1”11(5)‘(9) Hb/(¢1)||L°°(Q) ”ngw CDH L4(Q) vawlq)“y*(@)’
we infer from (3.48) and (3.49) that
|L| < Ki+-- 4+ Kg,
where

Ki=Cllaigily-1q ||<o1||i,2(9) [VG0 @72

K2 = Clloill 10 ||¢1||H2(m vawcanz(Q) ||V<I>||L2(Q),

K3 = Clloill 10 ”‘/’1”}32@) vawcbnfz(m ||v<1>||§2(9),

Ki = C iyt g ||<a1||§,2(m 1960, % g ||vcl>||§2(m,
= C 31l -1 o) 10102 gy [ VG0 @] o 1901 -

K¢ = C 1091 ”H(_O)I(Q) va(pl q)”LZ(Q) ”Vq)”LZ(Q)'
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By the Young inequality, we have

2
Ki<C (natm Vit F 01 ||Hz(9)) VG @20
12
= 2
K> < ||vc1>||L2(m +C ||a,<p1||7 < 101 e Y902l 2
4 2
< 40 ||V<1>||L2(Q) +C (namn Lo Tl ||H2(Q)) IVGp @}2 )
3 3 2
K ”vq)”LZ(Q) + C ”at(pl ” —I(Q) ||§0] ||H2(Q) H Vg(p] (b”LZ(Q)
2
<25 ||vq>||§2(m +C (natw ||§,,)1<Q) + llgr ||‘;,2(Q)) IVGp @2

K4

I A

11
— ||V<1>||L2(m +Clarel g ||<o1| Mo 19902220

< ||V<1>|| +c (119 ||2 +llgrll VG, @

= LZ(Q) 1P1 H(E)I(Q) @1 HZ(Q) »1 LZ(Q)v
8
z 2
8

- 40

2
< IVl +C <||a,<p1 ||§,(5)1 @ Tller ||‘;,2(Q)> [VG )220

2
Ke < @ IVOIL2q) + C 130111 0 V90 @ 120

0@
Therefore, we conclude that
2 4 2
Ll < ¢ ||Vd>|| 1 +C <||afgo1 ot * 1 ||Hz(9)> VG @[ o) (3:50)

Concerning /3, we observe from (1.19a) and (2.11) that

I3 = =(3:92, (Gp; — Gp)P)

/Qb(goZ)V,uZ Y% ((g(pl - g(pz)q)) dx

/Q Vitz - (b(p2) — b(g1)) VG, @ dx + /Q Vita - b(g1)VG,, @ dx
—/;ZV,LL2~b(<p2)VQ¢ZCI>dx

__ /Q Ytz - (b(g1) — b(@2)) VGy, ® dax.
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Then, exploiting (2.1), (2.12) and (3.48) once again, we have

131 < IVl 2 0G0 = b(@2) 4@ [ VG @ Lo
< ClVuallrz@) 1@l 4@ vaq)lq)”“(g)

3

1 3
< ClIVI2l2@ Vo0 @ 2 1V N2 g

1 3 1

1 5 3
< ClIVi2ll 20 1911l g VG0 @[ o) 1V PN 2 g
+ CIVuzllrzg) va(pl CDHLZ(Q) IVOlz2q

1 8 4 5
1 2
< 2 IV g+ € (IVR21F 2 gy + 10110y ) | V90 @72 - (351)

Also, by (2.12), we notice that

1 2
2 2

We are now in the position to derive the desired continuous dependence estimate (1.21).
Recalling that va«n (I>||L2 Q) and ||«/b(g01)Vg(/71 <I>||L2(Q) are equivalent norms, combining
the differential inequality (3.17) with the estimates (3.47), (3.50), (3.51) and (3.52), we end
up with

< [vr@nve, o

(3.53)

2 2
2 /
e’ IV@lz2g) = h) H beVG, @ L2(Q)

where
h() = c(1 +IVa2lFa g, + 1301 ”2@1(9) + llor ||‘},z(m) eL'0,7), VT >o0.
Therefore, a standard application of the Gronwall lemma entails that

2oy = VROV (o) —48)

2

. eoh®ds - (3.54)

|Vown VG @10 - o200 HZLzm)

forall t > 0.
Hence, if (p? = (pg , the above inequality gives the uniqueness of weak solutions.

4 Proof of Theorem 1.2 - (C) : propagation of regularity

In this section, we show that any weak solution is more regular for positive times accordingly
with Theorem 1.2 - part (C). To this aim, we first prove the following result.

Proposition 4.1 Assume that b € C'([—1, 1]) satisfies (1.4). Let ¢o € H2(2) be such that
—Ago+ W (py) € HY(Q), o5 = m € (—1,1) and 9,00 = 0 on 3K2. Then, there exists a
unique strong solution ¢ to (1.1a)-(1.1b) and (1.2) such that, in addition to (1.14)-(1.18),
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satisfies

@ € L0, 00; W2P(Q)), 8¢ € L2,.(0,00; H'(Q)),

@ € L®(Q x (0,00)) suchthat |p(x,1)] < 1ae. (x,t) € Q x (0, 00), 4.1
1€ L0, 00; H'(2)) N L. (10, 00); HX(R2)), F'(p) € L0, 00; LP (),

forany?2 < p < oo. The strong solution fulfills the problem (1.1a)-(1.1b) almost everywhere
in Q2 x (0, 00). Furthermore, we have the following estimates

”a’(p”LE]QC([O,OO):Hl(Q)) + ”a[(p”LOO(O’OO;H(?))I(Q)) <C, 4.2)

||M||L310C([0!00);H2(Q)) + ||M||L°°(O,OO:H1(Q)) =C, (4.3)
/

”(p”LOO(O,OO;WZv/’(Q)) + HF (‘P) ”LOO(O,OO;LI’(Q)) < C(p)v (44)

and
= <1- 4.
Itllgaé( ||<P(t)||c(g) = 3, (4.5)

where the constants C, C(p) and 8 only depend on the parameters of the system, the mobility
b, the initial energy E (¢o), 9o and || — Apo + F'(90) || 1 (@)- In addition, ifb € C2([-1, 1)),
1€ Ly (10, 00); H* ().

uloc

Proof First of all, owing to [5, Theorem 2.2] (cf. the three dimensional case), there exists
a unique strong solution ¢ to problem (1.1a)-(1.1b) and (1.2) on a maximal time interval
[0, T,). In particular, the solution ¢ is the limit of an approximating sequence {¢, }, where ¢,
is the solution to a suitable approximation problem associated with a regularized potential F
suitably converging to F as € — 0. Our aim is to show that 7, = +o00. More precisely, we
will show that ¢ satisfies (4.1). To this end, we will perform global-in-time estimates leading
to (4.2)-(4.4) by directly working on the solution ¢. However, a rigorous proof should be
carried out by making the computations below at the approximation level ¢,, where also the
initial datum is properly regularized (see the proof of [28, Theorem 4.1]), and by passing
ultimately to the limit. Since this procedure is nowadays well established in the literature,
we will leave this step to the interested reader.

Differentiating (1.19b) with respect to time and taking the duality with d,¢, we obtain

1Var0l3q) + /Q F"(@)|0,¢]* dx — ©0 19172y = (112, drp).- (4.6)
Using (1.19a), we notice that
1d 2 1 / 2
(O, 09) = —5— | (@) [Vul” dx + 5 | b (@)de|Vul”dx, 4.7
2dt Jo 2 Jo
almost everywhere on (0, 7). Collecting (4.6) and (4.7) yields
1d 2 2 " 2
2 Jo PO ITRE &4 IVl g, + /Q F"(9) |9]? dx

4.8)
1
= 00 I9 120 + 5 [Q W (@)l dr,

almost everywhere on (0, 7,). The way to handle the first term on the right-hand side in (4.8)

is well known (see (4.14) below). Instead, we need to find a suitable control for the second
term in the right-hand side. In order to do so we present two different approaches.
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First approach We will follow line by line the proof of [5, Corollary 2.1] to point out the
gap in the argument. Subsequently, we will propose a way to correct it.

We preliminary recall that u = —G,0,¢ + W/(¢) almost everywhere in 2 x (0, 00),
which we will repeatedly use in the rest of the proof. Exploiting first (2.7), and then (2.2)
withr =1+ t for t € (0, 1), we have

1 ’ 2
3 b (9)drp|V|”dx
Q

1 -
- ‘E/Qaﬂp (6" @IVil = (@I VuPl) dx

1 -
< - |Va Hv [b’ Vul2 = () |V 2]’
< 5 1V0la [VO 50 VP @) VP ||,

<cC

—
1+
< C\/; IVor@ll 20 ||VM||i2(l+r)(Q)’

where C is a positive constant independent of t. Therefore, exploiting Young’s inequality
we learn that

Vil
(@) [Vul Lt

C
‘/ b (‘p)8t¢|vﬂ| dx == ”Valq)”LZ(Q) ? ”VI’LHKI{Z(H»I)(Q) ) A4 € (07 1)7 (49)

where the constant C is independent of 7. We highlight that the correct dependence on t in
the second term of (4.9) is the main difference with [5, Eqn. (2.48)]. Throughout the rest of
the proof, C will denote a generic positive constant independent of T whose value may even
change in the same line. In particular, C will depend on the parameters of the system, the
initial energy E(¢o) and total mass m.

Next, we proceed with the control of V|l 2040 gy = vawat‘p HL2(1+T>(Q)' To this end,

it follows from (2.16) with g = ¢, f = d;p ands =2+ = = 2, for T € (0, £], that

2C 2(0-1)
||g<p3t<ﬂ||H2(Q) = m HV<P||L2(Q) ||<P||H2(Q) va(pat(/)”LZ(Q) + ”81‘/7”112(9)

Since t € (0, %], there exists a positive constant C such that

5
1\8 =
||g¢;3t<ﬁ|| H2(Q) <C <;) ||V(0H1£2(IQ) ”(P”HZ(Q) vaqoar(p“LZ(Q) +C ||3I(P||L2(Q)- (4.10)

Then, recalling that (a + b)? < a? 4+ b? fora, b € Ry and p < 1, by exploiting (2.1) with
r =2(1 + 7) and (4.10), we find

||VM||L2(1+1)(Q) =< C(l + T) ”V/’L”ll;zgz) ”g(patw”;;—zr(g)

St 2
2 (1) i T 4

O+ DA VAI g Il g,

St 2
2 1\ 2040 4T 1+r 4

2 1

@ Springer



New results for the Cahn-Hilliard equation... Page230f32 87

In light of 7 € (0, %], and observing that the function s — s~* is bounded on the interval
(O, %], there exists a positive constant C independent of 7 such that

472

1+r
”V/“‘/“LZ(lJrr)(Q) (”VQDHLZ(Q) ||¢||H2(Q) ”V“/”LZ(Q) +7 ||at(ﬂ||L2(Q) + ”V/J'”LZ(Q))

It follows from (3.5) and (3.9) (cf. (3.10)) that

el a2 < C(1+ 1Vll2)) 4.11)

for some positive constant C depending on E (¢p). Then, by using (3.5) and (4.11), we deduce
that

41{ 4+ 4t
IVl 210y = € (nwnmm IR G+ IVl 5T + t||at¢||Lz(Q)) L(4.12)
Collecting (4.8), (4.9), and (4.12) all together, we arrive at

D) IV dx 4 3 Vil + / F'(9) i dx
Q

2dr Jg
L dr s (4.13)
< C a 2 e \v/ 4 v 1+'{ \V/ +
almost everywhere in (0, 7,). By (2.12), we have
2 1 2 2

We observe that

< (v S s R CIv <Sl+v i

= (I1VRI 2 ) + IVl g + IV 2" ) + €IVl g = = (14 1Vl 2g)) T

for some positive constant C independent of t. By (1.4) and F”(-) > 0, we end up with

2+7
Ld b(p) [Vul* dx + ! IVa@ll72q < ¢ 1+/ ()| Vil d , (4.15)
- X — — X
2 dr o % w 4 1% LZ(Q) =7 o @ 1

for any 7 € (0, %], almost everywhere in (0, 7, ). Setting
B() =1+ / b(p(t) V()
Q
and p = 4 , we infer the differential inequality

d K 1
—B(r>+ 5 IVl < sz“ﬂ’)(t) Vpe<o,1), (4.16)

almost everywhere in (0, 7,). Here, K is a constant independent of p. Notice that the above
corresponds to [5, Eqn. (2.53)], up to the crucial factor %. By (1.20), we observe that

T
/ B(s)ds<T+C, VT >0. (4.17)
0
Under the assumptions on ¢g in Proposition 4.1, it holds

BO) = C(1+1VOg)) = € (14 =200 + F@0) [} q)) <00 (418)
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Since (B~2) = —2pB~ (420 B’ for any p € (0, 1), it follows from (4.16) that

1d
—Ia T S KB(t). (4.19)

We point out that the factor p cancels out in (4.19), on the contrary of [5, Eqn. (2.56)].
Integrating the above inequality, we derive that

t 20
B(@t) < [1 —2KBZ"(O)/ B(s)ds] ! B(0), Vtel[0,T,], (4.20)
0
provided T is such that

T
ZKBQP(O)/. B(s)ds < 1. (4.21)
0

It is apparent that (4.20) only provides a local bound in time on B, where 7, depends on the
norm of the initial data. To overcome this issue, we propose an alternative argument leading
to a global bound in time on B. We report the following Gronwall type result proved in [35,
Lemma 2.1]:

Lemma4.2 Let f : [0, To] — R be an absolutely continuous positive function such that
d M 140
af(t) S 7g(t)f (t)7 fora‘e‘ t e [05 TO]? VU € (07 5)7 (4'22)
o

where M is a positive constant and g € L'(0, Ty) is a non-negative function. Then, there
holds
22+16M /010 g(s)ds

f0) < 1O (20 + £ ) L 0=1=T. (4.23)

Therefore, going back to (4.16), we are in the position to apply Lemma 4.2 setting f = B,
g = B, and choosing M =2K,0 =2p,§ = % and Tp = T, leading to

232K S Beas

sup B(t) < B(0) (4 + B(0)) 4.24)
0<t<T,
Thanks to (4.24) and (4.18), a classical continuation argument entails that 7, = oo. In
addition, in light of (4.17) and (4.18), we conclude that
5 2 L2 exp(C(147)
sup [ (VP dx == (C (14 -ag0 + F'o0)[}10,)) . @29)
0<t<T JQ m

forall T > 0.

Hence, the above argument provides a bound of ||V i (#) || 2 () Which grows with a double
exponential rate in time.

Second approach The argument presented here below will simplify the previous proof
and will provide a new bound of ||V ()|l 12(q), Which is independent of time. To this end,
we now control the nonlinear term as follows

’ fg b (@)l Vil dx| < Clldgl 20 Vil 24 - (4.26)
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Recalling (2.12), (2.15) and (3.1), we observe that
<C (||V<P||L2(Q) ”(p”HZ(Q)||Vg<pat‘p”L2(Q) + ||3t§0||L2(Q))
<c (nwnm(m Vil 20 + ||w||L2(Q)||va,<p||L2(Q)>

Here, we have also used (3.5) and (3.7). Thus, by (2.1), (2.12) and (3.7), we infer that

‘/Q b/(<ﬂ)3t¢|vﬂ\2 dx| < C ||BZ¢HL2(Q) “vﬂ“LZ(Q) Il _H“HZ(Q)

=¥e ||vga,<p||L2<Q> uva,wuLz(Q) IIV/LHLz(Q)

(”‘P”HZ(Q) ||VIL||L2(Q) + HV'U’”LZ(Q) ”vat‘Plle(Q))

5
2
<cC ||Va,w||L2(Q) ||¢\|H2(Q) IVil 22 ) + CIVOGl 200 VAT g

10

vl 3

1
Vol S

4 L2(Q)

| /\

+C“(p”H2(Q) +C“VM”L2(Q)

| /\

1 2
2 Va2, g + (||<p||H2(Q)||w||L2(Q) + uwuLz(m) N,

\ /\

1
7 IVl ) +C (10l ) + IVl 2 ) 1VRIT2 -
Inserting the above inequality in (4.8), and recalling that
Ol )220, = ||va,<p||L2(Q) +CIVlyg).

we conclude that

d
- ( [ by vur dx) + IVl g,
< C (14 10l g, + 1012 ) [ b1V s 427)

Exploiting (3.6), (3.11) and (4.18), an application of the classical Gronwall lemma entails

C
swp [ 1VROF s < = (14 |-a0+ F @) (428)
Q m

0=<t<1

In order to derive a global control independent of time, we report the uniform Gronwall
lemma (see [43, Chapter III, Lemma 1.1])

Lemma4.3 Let f : [tg, 00) — R be an absolutely continuous positive function and g, h two
positive locally summable functions on [ty, 00), which satisfy

%f(t) =g f@®) +h(), foraet =1, (4.29)

and

t+r t+r t+r
/ f(s)ds < ay, / g(s)ds < a, / h(s)ds <a3, VYi=>1o,
t t t
for some r, aj positive. Then, there holds

f =< (ar—l +a3) e, Vt>ty+r. (4.30)
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Since

t+1 ’ t+1 4 2
SUP/ / b() |[Vul® dxds < Co, SUP/ C(1+lel + Vel ds < Cy,
>0/t Q r>0J ( HX(Q) L2<sz>)
where Cp and C are two positive constant depending on E (¢o), m and the parameters of the
system, an application of Lemma 4.3 with fo = 0, » = 1 and 4 = 0 implies that

C
sup/ V()2 dx < b—oexp(Cl). 4.31)
Q m

t>1

Conclusions Let us denote by Ca generic constant depending on the parameters of the
system, the initial energy E(¢p), the total mass m, as well as | — Agp + F/(goo)llHl(Q).
Thanks to (2.3) and (3.13), it immediately follows from (4.28) and (4.31) that

el o0 0,001 () < C- (4.32)

As a consequence, we learn from (3.7) that

190011 o0 0,00: 15! 20 = € (4.33)

Now, we integrate (4.27) on the time interval [, t 4+ 1] with # > 0. Thanks to (3.6), (3.11)
and (4.32), we infer that

t+1 -
sup / V3@ ($)I72qy ds < C. 4.34)
t

t>0

2
uloc

which gives d;¢p € L
that

([0, 00); H(lo) (£2)) by the conservation of mass. By (3.14), we learn

||(P||Lw(0,oo;w2-p(9)) + ”F/((P)”LOO(O,OO;LP(Q)) = 5(1’), Vpel2 00). (4.35)

Next, we prove the separation property (4.5) following [13] and [32]. By [13, Lemma A.6],
we find that

IF" @)L 0.00:20 (@) < C (p), Y p €2, 00). (4.36)
By [32, Lemma 3.2], we derive that
||F/(§0)||L0°(0,oo;wl.3(g)) = C. 4.37)

As a consequence, we obtain that || F' (¢) || Lo (0,00 L2 (Q)) < C. Then, we immediately deduce
from limg_, 41 | F'(s)| = oo that there exists § > 0 such that (4.5) holds.
Finally, we derive higher order regularity on the chemical potential. Recalling that

Il =l g2y < € (VO 2@ 191l m2@) IV G391l 120 + 1801 12(0)) s
thanks to (4.32) and (4.35), we obtain

=1l < C(1+ 1901l 22())-

Since L2, (10, 00); Hy) (R)) N L¥(0, 00; H | (R)) <> L, (10, 00); L*(R)), we infer
that
t+1 . N
t>0 Jt
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Then, in light of (3.13), the latter entails that u € Lﬁloc([O, 00): H2(2)). Thus, we have
proved (4.2)-(4.5).

In addition, applying (2.18), and exploiting the further assumption b € C>([—1, 1]), we
have

oA W el
Vo -V(u— + .
b(p) ¢V i@  16@me

We estimate the right-hand side as follows. By standard computations, we find

I —wllgs@ <€ (H

b'(p) _
‘ Vo -V(u—np)
b(yp) HU(Q)
b (@) _ b (©)b(p) — b’ ()*
sC’ Vo -V(p—n) +C 5 Vo (Vo - V)
b(p) L2(Q) b(p) L2(Q)
b b
+C ‘ @ p2ovu t+cC ‘ @ p2vg
b(p) L2 b(p) L)
< ClIVollLo@ I Vil 2 + ClIVOlIT oo Vil 120
+ Cllollw2a @ IVilia@) + CliVelliLe@ llne — Bl g2 @)
and
0, 0 b Vo
H % H - H X% ‘ 2((/)) Vo by N H R%
b(p) HI(Q) b(p) L2(Q) b*(p) L2(Q) b(p) L2(Q)

< Clopl2q + ClIVellLo@) 1@l L2 + ClIVO @l 120

Recalling the Sobolev embedding W23(2) < W1%°(Q), and exploiting (4.35), we arrive
at

I — Tl sy < € (1+ e = Bz + 1V@l 120))- (4.39)
Hence, by (4.34) and (4.38), we conclude that
1+1 ) N
t>0 Jt

In light of (3.13) and (4.32), the latter implies that € L2 ([0, c0); H(Q2)). Since the
uniqueness of the strong solutions follows from [5, Theorem 2.2] (cf. Theorem 1.1 - part (2)
and [40, Theorem 2.3]), the proof of Proposition 4.1 is complete. m}

We are now ready to demonstrate the propagation of regularity stated in Theorem 1.2 -

part (C).

Proof of Theorem 1.2 - part (C) Let ¢ be the global weak solutions originating from the initial
condition ¢q. Fix t > 0. Let I = {t € (0, 1] : 3,¢(¢t) = 0 on 9Q2}. We recall that / has full
Lebesgue measure . Since

—Ap+ W (@)% ds < C,
/m(g,r) |-A¢ (‘/’)HHI(Q) 5=

where C is a positive constant depending on the parameters of the system, E(¢p) and m,
there exists t* € I N (%, r) such that

2C
| =200 + ¥ (@) 1) < - and up() =0ondQ. (441
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Thanks to (4.41), we apply Proposition 4.1 with initial datum ¢(¢*). By the uniqueness of
weak solutions, it follows that the strong solution originating from ¢(¢*) coincides with ¢.
Thus, we deduce that

0@l 2, 11+ 00y 1 () T ||at‘P||Loc(x*,oo;H(5)‘ @) =G (4.42)
”M”Lﬁloc([t*’oo);Hz(Q)) el poo e oo 1 (2 < € (4.43)
||§0||L00(t*,oo;w2,p(g)) + HF ((P) HLOO([*YOO;L]J(Q)) E C(p)v (444)

and
max leOlce =1-34, (4.45)

where the constants C, C(p) and § only depend on the parameters of the system, the mobility
b, the initial energy E(¢o), o and 7. The estimates (4.42)-(4.45) simply entail (1.22)-(1.25)
and (1.26) concluding the proof of Theorem 1.2 - part (C). O

5 Proof of Theorem 1.2 - (D): convergence to equilibrium

The argument herein is based on the method devised in [4]. For any m € (—1, 1), we define
the phase space

Voo = | £ € Bl (@ 0 L@ < f e < 1),

endowed with the metric dy,, (f, g) = IV(f — &)ll2(q)- By (2.3), Vi is a complete met-
ric space. According to Theorem 1.2 - (A) and (B), the problem (1.1a)-(1.2) generates a
dynamical system on V,,, also called strongly continuous semigroup,

S#): Vi = Vi, >0,

acting by the formula
S)po = ¢(t), Vi=0,

where ¢(t) is the unique weak solution to (1.1a)-(1.1b) and (1.2). This is a one-parameter
family of maps S(¢) on V,, satisfying the properties:

o S0) =Idy,;

o St+1)=S8@)S(1r), foreveryt,t > 0;

¢ the function  — S(#)¢p is in C ([0, 00), V), for every g € Viy;
o S(t) e C(Vy, Vi), forall t > 0.

Let ¢ be the global weak solution departing from ¢g. Since ¢ € L®(1, oo; W7 ()) for
any2 < p < oo,and d;¢ € L*(1, oo; H(g)‘(sz)),itfouowsthaw € BUC([1, 00); W2™5P(Q))
forany ¢ > 0,2 < p < oco. Then, the w-limit set

o (go) = {ga’ € W2=5P(Q) - 31, — oo such that (1) — ¢ in Wz_”’(Q)],

is non-empty, compact and connected in W2~ (), forany & > 0 (cf. [11, Theorem 9.1.8]).
In addition, we observe that E(¢) is a strict Lyapunov function for the dynamical system
S(t). Thus, we learn from [11, Theorems 9.2.3 and 9.2.7] that

3o i= lim E(p(t) and E(¢) = Ewo, Y9 € 0(90), 5.1)

as well as
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w(go) C & = [<p’ € W2P(Q) NV, & ¢ solves (1.27a) — (1.27b)], (5.2)

namely £ is the set of equilibrium points associated with (1.1a)-(1.1b) and (1.2).

Our aim is proving the convergence of the trajectory ¢(¢) to one steady state, namely
(o) is a singleton. To this end, let us consider § such that |(p(x t)| < 1 —d forall (x,1) €
Q x [1, 00) (cf. (1.26)). We define ¥ : R — R such that ¥ € C3(R), \IJ| 1+%’17% =V

and IlI!(f)l are bounded for j = 1, 2, 3. We recall that W is analytic in (—1+ 5, 1— %). Now,
we set the functional E(¢) : H(lm) (2) - Rby

~ 1 ~
E(p) = / SIVol* + ¥(p)dx.
Q
It is easily seen that the Frechét derivative DE : H(lm)(Q) — H(]O)(Q)’ of E is given by
~ _ 5 1
(DE(gp), v)H(10>(Q)/,H<1O)(Q) = /QVgo Vo +Wi(pvdx, Yve Hg(Q). (5.3)

We report the Lojasiewicz-Simon inequality (see [4, Proposition 6.3])
Lemma5.1 Let ¢’ € E. Then, there exist 0 € (0, %], C > 0, B > 0 such that

E(@) — E@)'"™ < C[DE@)| 1 - (5:4)
forall p € (m)(Q) such that ||¢ — ¢ ||H(10)(Q) B.

Since w(gp) is compact in H(m)(Q), we cover w(¢p) by finitely many open balls {Bi}f\’:l
in H(lm)(Q) centered in ¢ € w(¢p) with radius B;, where g; is the constant from Lemma

5.1 corresponding to ¢]. Recalling that Elw((po) = Ex and set U := UlN:] B;, there exist
universal constants 6 € (0, %) and C > 0 such that

E(p) — Exol'™? < C | DE(9) »

L@ YeeU. (5.5)

Next, owing to dy,, (¢(f), w(¢p)) — 0 as t — oo, there exists #* such that ¢(¢) € U, for all
t > t*. Let us define the function H : [t*, c0) — R4 by

H(t) = (E@(0) - Ex)”.
Observing that E(¢(t)) = E(g)(¢) forall > 1, and by exploiting (1.20), we compute
d L a -1 d ~ =—0(E e
— G HO =~ (E@) ~ Ex) ™ T E(@®) =~ (E(p(1) ~ Exc)' ™ - Ep(0))
l” b(q)(t))vﬂ(t)”iz(ﬂ)
C[PE@)] 4y oy

By (1.19b) and (2.3), we deduce that

by IVROI7 g

v

V —Ap()v + U (p(t))vdx
Q

[PE@) 1y @ = sup

veH () (2).v£0 Vvl 2q)
‘ / (1 = @) vdx
Q
= sup = < CIVED 2
veHY ()00 Vvl L2
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Therefore, we arrive at

dH(t)> L bm V() in (*, 00)
—— — = , ae.in , 00).
dr ~c2¢C #El2e

Integrating from ¢* to oo, we derive from (5.1) that

o0 c2c
/ IVl g2 dr = TH(f*),
t* m

which gives that Vi e L!(t*, 00; L>()). In light of (3.7), we conclude that 3;¢ €
Li(t*, o0; H! (£2)). The latter entails that lim;_, o fi 10: 0 (T) ] -1 dt exists. Hence,
) ‘ He) ()

observing that
t

(1) = o) + / do()de, Vizt
[*

it follows that lim;_, o, ¢ (t) exists in H(B)l (2). Setting ¢ = lim;—, o ¢(2), this proves the
desired conclusion w (pp) = {@so}-

Appendix A. Proof of the inequality (2.16)

Consider » = 2 in (2.14). We find

ngfHHz(Q) <C <||f||L2(Q) + ||VQ||L%(Q) ”ngf| LWQ))’ Vs > 2;

where the constant C only depends on b. Exploiting (2.1), we have
s—2 2

2s =2 2 L2 5=2
19 120y = € {11200+ s IVl 5 132 ) V5 1994 £ 1112 g, ||gqf}Hz(m>.

An application of the Young inequality implies that

s—2 207 [ 252 \* 2
(1 - ) 190 fl 2@y = €Mz + = (s — 2) Va1, 3 g 141 20y 1994 £ 12

N

which gives

252

s
sC s 4 52
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