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A B S T R A C T

Energy management within microgrids under the presence of large number of renewables such as photovoltaics
is complicated due to uncertainties involved. Randomness in energy production and consumption make both
the prediction and optimality of exchanges challenging. In this paper, we evaluate the impact of uncertainties
on optimality of different robust energy exchange strategies. To address the problem, we present AIROBE,
a data-driven system that uses machine-learning-based predictions of energy supply and demand as input
to calculate robust energy exchange schedules using a multiband robust optimization approach to protect
from deviations. AIROBE allows the decision maker to tradeoff robustness with stability of the system and
energy costs. Our evaluation shows, how AIROBE can deal effectively with asymmetric deviations and how
better prediction methods can reduce both the operational cost while at the same time may lead to increased
operational stability of the system.
1. Introduction

1.1. Background

Microgrids (MGs) [1,2] are small-scale power systems, consisting
of interconnected loads and distributed energy resources (DERs). They
have emerged as a promising solution to address the challenges of
climate change and the rising electricity demand and offer several
advantages. They provide localized energy generation, enhance grid
resilience, promote renewable energy integration, and enable efficient
energy management [3,4]. Energy management systems (EMSs) opti-
mization and energy planning play vital roles in the effective operation
of MGs [5]. By employing advanced modelling techniques and opti-
mization algorithms, EMSs optimize the allocation and utilization of
available energy resources within the microgrid. Energy planning en-
sures that energy generation, storage, and consumption are coordinated
to maximize efficiency, minimize costs, and maintain grid stability [6].

However, renewable energy generation [7] and MGs loads are
subject to inherent uncertainties. For example, fluctuations in weather
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conditions, such as varying solar radiation due to changes in clouds,
precipitation, and wind speed, introduce volatility in renewable energy
generation. Customer energy consumption behaviours vary on different
timescales due to unpredictable personal behaviour or more long-term
household size variations, weather conditions fluctuations that impact
the heating and thus energy consumption or the addition of new
electrical appliances and devices such as electric vehicles [8]. Such
uncertainties make it difficult to predict renewable energy generation
and consumption patterns precisely and may lead to large prediction
errors.

Furthermore, these uncertainties can severely impact microgrid op-
erations’ resilience and cost-effectiveness, leading to supply–demand
unbalance, compromising customer comfort, and imposing technical
limitations on the system [9,10]. In this context, it is crucial to develop
robust scheduling models that effectively address forecast uncertainty
and better reflect the actual variation and different characteristics
of the load and generation variations, including the asymmetry and
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List of Symbols

Variables

𝑏𝑐ℎ𝑗,𝑡 ≥ 0, ∀𝑡 ∈ 𝑇 amount of charge of a user 𝑗’s battery in
period 𝑡, kW

𝑏𝑑𝑖𝑠𝑗,𝑡 ≥ 0, ∀𝑡 ∈ 𝑇 amount of discharge of a user 𝑗’s battery in
period 𝑡, kW

𝑝𝑒𝑥𝑝𝑡 ≥ 0, ∀𝑡 ∈ 𝑇 amount of power exported in each period 𝑡,
kW

𝑝𝑖𝑚𝑝𝑡 ≥ 0, ∀𝑡 ∈ 𝑇 amount of power imported in each period
𝑡, kW

𝑝𝑃𝐶𝑗,𝑡 load of a user 𝑗’ in period 𝑡, kW
𝑝𝑃𝑉𝑗,𝑡 generated renewable power of a user 𝑗’ in

period 𝑡, kW
𝑆𝑜𝐸𝑗,𝑡 ≥ 0, ∀𝑡 ∈ 𝑇 state of energy of user 𝑗’s battery in period

𝑡, kWh
𝑥𝑐ℎ𝑗,𝑡 ∈ {0, 1}, ∀𝑗 ∈ 𝐽 , 𝑡 ∈ 𝑇 equal to 1 if the battery of user 𝑗 is

charged in period 𝑡 and 0 otherwise
𝑥𝑑𝑖𝑠𝑗,𝑡 ∈ {0, 1}, ∀𝑗 ∈ 𝐽 , 𝑡 ∈ 𝑇 equal to 1 if the battery of user 𝑗 is

discharged in period 𝑡 and 0 otherwise
𝑦𝑒𝑥𝑡 ∈ {0, 1}, ∀𝑡 ∈ 𝑇 equal to 1 if power is exported by the MG

in period 𝑡 and 0 otherwise
𝑦𝑖𝑚𝑡 ∈ {0, 1}, ∀𝑡 ∈ 𝑇 equal to 1 if power is imported by the MG

in period 𝑡 and 0 otherwise

Parameters

𝑝̄𝑃𝐶𝑗,𝑡 nominal (predicted) load of a user 𝑗’ in
period 𝑡, kW

𝑝̄𝑃𝑉𝑗,𝑡 nominal (predicted) generated renewable
power of a user 𝑗’ in period 𝑡, kW

𝛥𝑡 duration of a time period 𝑡, hours
𝛿𝑃𝐶+
𝑗,𝑡 maximum load deviation of user 𝑗 in period

𝑡, kW
𝛿𝑃𝐶−
𝑗,𝑡 minimum load deviation of user 𝑗 in period

𝑡, kW
𝛿𝑃𝑉 +
𝑗,𝑡 maximum PV power deviation of user 𝑗 in

period 𝑡, kW
𝛿𝑃𝑉 −
𝑗,𝑡 minimum PV power deviation of user 𝑗 in

period 𝑡, kW
𝛤 𝑃𝐶
𝑡 budget of uncertainty for negative devia-

tions of the MG load in period 𝑡
𝛤 𝑃𝑉
𝑡 budget of uncertainty for negative devi-

ations of the MG PV power in period
𝑡

𝜋𝑒𝑥
𝑡 revenue for export to the main grid at 𝑡

𝜋𝑖𝑚
𝑡 cost for import from the main grid at 𝑡

𝛩𝑃𝐶
𝑡 budget of uncertainty for favourable devia-

tions of the MG load in period 𝑡
𝛩𝑃𝑉
𝑡 budget of uncertainty for favourable de-

viations of the MG PV power in period
𝑡

𝐸𝑥𝑝𝑡 maximum exported power at 𝑡, kW
𝐼𝑚𝑝𝑡 maximum imported power at 𝑡, kW
𝐽 maximum level of protection
𝑘𝑐ℎ𝑗 maximum charging power of user 𝑗 at 𝑡, kW
𝑘𝑑𝑖𝑠𝑗 maximum discharging power of user 𝑗 at 𝑡,

kW

variability nature of prediction errors. By adequately addressing these
uncertainties, MGs operators can make informed decisions and imple-
ment effective sustainable and reliable energy supply strategies.
2

𝑆𝑜𝐸𝑚𝑎𝑥
𝑗 upper bound of 𝑆𝑜𝐸𝑗,𝑡, kWh

𝑆𝑜𝐸𝑚𝑖𝑛
𝑗 lower bound of 𝑆𝑜𝐸𝑗,𝑡, kWh

Indices and Sets

𝑗 ∈ 𝐶 Index of a user and set the users in a MG
𝑡 ∈ 𝑇 Index and set of time steps (hours)

1.2. Literature review

Optimal control is extensively used to determine the MGs oper-
ations. In this context, several studies have explored deterministic
approaches to optimize the EMS in MGs. In [11], the authors propose
MILP solution approach that optimizes the MG operation with respect
to on/off connection status of main grid, fuel cell, and energy storage
system (ESS). In [12], the authors proposed a techno-economic MILP
based optimization model to compute the load scheduling in MG EMS.
More studies proposed deterministic approaches to schedule the EMS
operations [13–16] while assuming perfect knowledge about the future
without protecting against any forecast errors. Extensive literature
review on more optimal control strategies can be found in [17]. In
contrast to optimal control based approaches, our work AIROBE is
robust as it protects from forecast errors.

The growing prevalence of renewable energy and random behaviour
of the customers has brought about significant uncertainty in MGs. The
current literature frequently employs various methods to address this
uncertainty, including stochastic optimization (SO), chance-constrained
optimization (CCO), meta-heuristic approaches, data-driven deep rein-
forcement learning (DRL), and robust optimization (RO).

Stochastic frameworks, which require knowledge about the proba-
bility distributions to describe the uncertainty are traditionally used for
uncertainty modelling [26–28]. In [29], the authors present an energy
scheduling strategy of the MG operation based on the probabilistic
forecasts of both the wind power and the user’s demand. The authors
in [30] propose a stochastic optimization framework for smart home
energy management while considering the uncertainty associated with
the DERs generation and the plug-in electric vehicle’s plug-state. A
genetic algorithm (GA) based EMS was introduced in [31] to achieve
optimal generation and reserve scheduling for a grid-connected MG.
The approach considers uncertainties associated with wind power and
load demand through scenario generation and reduction techniques.
In scenario-based SO, a set of potential future scenarios is generated
by considering the known characteristics of uncertain variables. These
scenarios are then reduced to a more manageable size, and a robust
optimization process under the worst-case scenario is conducted.

In [32], the authors formulate a chance-constrained optimization
(CCO) problem for the optimal scheduling of a MG with islanding
capability, which is then solved by a MILP. The formulation takes
into account the probability distributions of forecast errors of wind,
PV and load. In [33], the authors propose two EMS models for peak
shaving and system protection, and frequency regulation, respectively,
in a centralized manner. The authors handle the uncertainty using
probabilistic constraints.

Meta-heuristic based approaches are often used to speed the solving
process and improve the scalability. In [34], the authors use Particle
swarm optimization (PSO) to handle the MG operation, emission and
costs. Beta and Weibull probability density functions are used in point
estimate method to model the uncertainties of solar power and wind
power, respectively. Similarly, the authors in [34] develop an opti-
mal EMS for a grid-connected MG under uncertainties of RERs, load
demand, and electricity price. The uncertainties are modelled using
point estimate method. The efficiency of PSO in finding best solution is
shown to be better in comparison with GA, combinatorial PSO, fuzzy
self-adaptive PSO, and adaptive modified PSO.
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Table 1
MG control strategies from literature in comparison with AIROBE.

Ref Control
strategy

Uncertain
RE

Uncertain
load

Uncertain
prices

Uncertainty
range

Symmetry of
the
uncertainty
range

Conservatism Positive
deviation

[18] RO Yes No Yes Fixed +/−10% RE, +/−5% Pr Symm Worst case No
[19] Scenario-based RO Yes Yes No interval prediction method Symm Worst case No
[20] Two-stage RO Yes Yes No depends on previous slot Symm Worst case No
[21] Min–max Budgeted RO Yes Yes No Monte Carlo based samples Symm Budgeted worst case No
[22] Minimax Multi-obj RO Yes Yes No Polyhedral set Symm Point based minmax No
[23] Two-stage RO Yes No No Fixed +/−10% WT, +/−5%

PV
Symm Worst case No

[24] Budgeted RO Yes No Yes Fixed +/−25% RE, +/−20%
Pr

Symm Budgeted worst case No

[25] Quad. min–max RO Yes Yes No Fixed +/−10% Symm Budgeted worst case No
AIROBE Mod. Budgeted RO Yes Yes No Time-Varying based on forcast Asymm Flexible Yes
Data-driven deep reinforcement learning (DRL) has recently been
xplored in the context of EMS as it helps to optimize the EMS in a
istributed, secure manner while not relying on a specific probability
istribution model of the environment to handle uncertainty [35]. For
xample, the authors in [36] use the DQN algorithm under uncertain-
ies to solve wind farm management with energy storage. In [37],
he authors propose a DRL-based DDPG algorithm to realize EMS
ynamic energy dispatch, while in [37], DDPG is used to find the
ptimal control strategy of the battery in a MG. The authors in [38]
uggested a decentralized framework based on hierarchical multi-agent
einforcement learning under uncertainty to solve the resilience-driven
ispatch problem of Mobile power sources MPSs and repair crews (RCs)
n MGs. However, research in this field is still in the early stages, where
he effectiveness of learning relies on the selection of hyperparameters.
he generalization to new environments is still an ongoing research
hallenge, and further studies are needed.

Robust optimization (RO) has been extensively used, as an alter-
ative to scenario-based approaches as it has better computational
erformance and simpler uncertainty modelling [39]. RO methods
hat consider the worst-case scenario is utilized frequently in this
ontext [18–20,23]. In worst-case scenario-based approach, the uncer-
ain parameters are assumed to take on their worst possible values.
owever, both the positive and negative errors exist in the uncertainty
s shown in Section 2. In this study, we focus on developing an
pportunistic RO based method that reflects better the characteristics
f the uncertainty ranges. We summarize the relevant literature and
ompare them to AIROBE, the proposed model in Table 1.

The authors in [24] investigate the energy management in MGs in
elation with the uncertainty derived from the energy price signals,
hich deviate within a fixed symmetrical uncertainty range equal

o ±20 for all time periods. Similar assumptions about the uncer-
ainty ranges (fixed and symmetrical) were adopted in the following
tudies [18,23,25], which differs from our work that focuses on the
ncertainty on the PV generation and the load side, given a budget
f uncertainty under asymmetrical deviations. In recent work of [25],
he authors presented a quadratic min–max robust solution under the
ardinality-constrained uncertainty set based on the classical Gamma
obustness theory [39] for energy management of a residential MG
nder uncertainties on demand and renewable power generation. The
roposed solution protects against the worst-case scenario, based on
ymmetric deviation ranges with fixed uncertainty. Similarly, in [40]
he authors propose robust energy scheduling solution for a smart
uilding under PV generation uncertainty. The authors also use the
udget of uncertainty based model and consider PV output forecasting
s an input, and they assume that the upper and lower bounds deviate
0% from the forecasted values. In contrast, our work introduces
avourable deviations and incorporates time-varying and asymmetrical
ncertainty ranges.
3

1.3. Contributions

In order to address the issue of reliable and cost efficient scheduling,
we propose in this paper AIROBE, which is a data-driven optimization
model that protects against time-varying asymmetric deviations of pre-
dicted load and PV power generation. The goal from this work is to use
machine-learning (ML)-based predictions as input to a less conservative
robust optimization approach that accounts for both asymmetrical good
(positive errors) and bad (negative errors) deviations instead of the
absolute worst case, in opposition to the classical RO approaches. The
specific contributions of this paper are as follows:

1. We propose a tractable and comprehensive robust model to
solve the optimal energy scheduling problem of a grid-connected
mixed MG (residential and non residential users). The robust
model accounts for the dynamicity of the energy prices and
the uncertainties yielded from the PV generation and users’
consumption profiles.

2. We use variable uncertainty ranges for both the load and the
PV generation that are computed with ML based forecast, for
each time slot. The forecasting is based on pre-clustering method
that clusters the data into sunny, rainy, overcast, and partial
overcast days. The deviation ranges are strongly affected by this
clustering, and impacts the energy scheduling and optimization.

3. We propose a refined robust optimization approach for MGs
scheduling under asymmetric load and PV generation uncertain-
ties. In contrast to classical robustness model, the proposed ro-
bust model allows to take into account bad and good deviations
over asymmetrical intervals, allowing to obtain less conservative
solution without sacrificing protection against uncertainty.

4. The proposed solution is validated via simulations using real-
world data set and evaluated using the price of robustness and
the probability of the constraint violation in order to decide the
trade-off between the cost and the energy balance violation. We
demonstrate that our approach reduces the conservatism of the
MG operation and decreases the MGs cost without impacting the
constraint violation probability in comparison with the original
budget-of-uncertainty model [39].

The remainder of this paper is organized as follows. Section 2
motivates our work and the proposed robust formulation. Section 3
presents our robust mathematical formulation. In Section 4, we describe
our ML-based forecasting models that predict uncertainty ranges as
input for the model. In Section 5, we perform several case studies where
we compare our approach with RO baselines. In Section 6, we discuss
how the proposed solution can help the decision makers take better
decisions, and we delve into the model limitations and future work.

We conclude the article in 7.
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Fig. 1. Distribution of over- and under-prediction in terms of MAPE for one prosumer for PV power generation ((a) and (c)) and energy consumption ((b) and (d))during 24 h
(for a partly overcast and a sunny day).
2. Motivation

In this section, we characterize forecast errors for MG load and
RE generation predictions. Such predictions are needed for optimizing
the energy scheduling in smart MGs. We illustrate different types of
prediction errors that may occur. Finally, we describe research chal-
lenges when developing robust but opportunistic MG power scheduling
methods under the presence of such forecast errors.

2.1. Uncertainties in MG load and generation forecasts

The optimization of energy exchanges in smart MGs is impacted by
different uncertainties that arise when predicting power production of
renewables and energy consumption of the prosumer in the system. In
order to illustrate typical forecast errors, we trained different ML-based
forecast models to predict PV production and energy consumption. Our
models use clustering techniques and consider the weather character-
istics in order to increase model accuracy as explained in Section 4.
Fig. 1 illustrates different distributions of the forecasting Mean Absolute
Percentage Error (MAPE) when predicting the PV power generation
(Fig. 1(a,c)) and energy consumption (Fig. 1(b,d)). We plot the results
for two clusters, i.e, sunny and partly overcast. The blue sections of the
histogram represent under-prediction, where the forecasted values are
lower than the actual measured ones. The orange sections show over-
prediction, where the predicted value is larger than the actual value.
Fig. 2 illustrates the variability of the deviation for the production and
consumption prediction over time with a confidence interval (CI) of
80%.

We summarize our main findings as follows:

• Different weather conditions result in different error charac-
teristics: the deviations of observed values from predicted ones
in terms of under- and over predictions behave differently for
each of the weather conditions (see Fig. 1). For example, when
observing the prediction error for PV production and consump-
tion for the partly overcast days, we notice a trend for larger
negative deviation of the observed values from the predicted
values leading to higher under prediction. However, for sunny
days, there is a trend towards over prediction of both energy
supply and demand.
4

• Asymmetrical deviation: the deviation, i.e., the difference be-
tween predicted value and observed value of the PV production
and the prosumer consumption is asymmetrical, i.e, the lower and
the upper bounds of the deviations are not equal as shown in
Fig. 1.

• Uncertainty varies over different prediction horizons: Fig. 2
plots deviations of predicted values from observed values for both
PV production and energy consumption of a single prosumer over
a whole day. As can be seen, the deviation range and asymmetry
varies over different time-slots.

2.2. Research challenges

Based on these observations, we conclude that the MGs opera-
tion may be severely impacted by asymmetric time-varying deviations
caused by the uncertainties involved when forecasting both the PV
power generation and the prosumers consumption. Given these un-
certainties, the MGs scheduling problem can be categorized as an
optimization problem with resource uncertainty, where the predicted
consumption and production have uncertain upper and lower bounds
for each time slot. Due to these deviations, the worst-case scenario
happens when the realized PV power generation is lower than expected,
or alternatively, when the consumption is higher than predicted. These
deviations can be described as bad deviations for our system.

As illustrated in Fig. 1, both positive and negative forecast errors
contribute to the uncertainty. In fact, the true available PV power may
be much higher than the predicted value (i.e., under under-prediction
of the generated power) and the consumption can be lower than
expected (i.e., under over-prediction of the energy consumption). In
this case, using a worst-case scenario-based scheduling using predicted
values results in a schedule where the total available power may never
be entirely utilized by the MGs. Consequently, the planned decisions are
overly conservative and may also entail high costs. These deviations can
be described as good deviations in our system, as such situation results
in energy surplus which our model aims to exploit. It is important
to note that because RO conservatism, the optimization results of
uncertainty variables representing prediction errors tend to be in the
same direction, i.e, the negative direction.
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Fig. 2. Deviations for one prosumer PV power generation (a) and energy consumption (b) during 24 h.
In fact, if the MGs scheduling is planned solely based on predicted
values, even small prediction errors and uncertainties associated with
the demand and the available power can make the planned power
dispatch infeasible, potentially lead to high operational costs (e.g., due
to unplanned high demand or low supply), and may lead to security and
reliability issues in the power system when using the predicted values
for the MGs operation in real-time.

Furthermore, Fig. 2 illustrates, that the deviation of a day-ahead
prediction is variable over time and is not constant or symmetrical
as developed in the literature. Hence, our proposed approach must be
able to optimize the MGs energy scheduling under time-varying and
asymmetric deviations.

2.3. Solution approach

As a consequence, we need to formulate our model so that it
protects against the bad deviations and reduces unnecessary protection
by taking advantage of the good deviations in an opportunistic less con-
servative manner. Our approach proposes a more accurate uncertainty
quantification method using ML, and then integrate the output into a
reformulation of RO based method that reflects better the uncertainty
characteristics including: asymmetry of uncertainty ranges, variability
of uncertainty ranges over time, and different amounts of positive and
negative forecast errors.

3. Modelling the MG energy exchange optimization problem

We consider a MG made up of a cluster of prosumers and consumers
that are geographically close. Each prosumer is equipped with a bat-
tery, a PV cell, and is associated with a power load. Each consumer is
associated with a power load. It is not equipped with a PV cell but
may possess a battery (e.g., for electric vehicles or load coverage).
The prosumers and consumers can exchange power (import/export,
i.e., buy/sell) among each other, and the MG can exchange power with
the main grid to cover its demand or to sell its surplus. The prices of
power imports and exports are dynamic (i.e., they may vary over the
time periods constituting the planning horizon that we consider).

Given a time horizon decomposed into a set of time periods 𝑇 and
given an MG including a set 𝐶 of users (prosumers or consumers), the
optimal MG exchange problem that we consider is that of choosing
the charge/discharge actions of each user and import/export actions
of the MG in each time period, satisfying the total MG load constraint
while taking into account the PV generation and the state-of-the-energy
constraints, with the aim of minimizing the total cost of the MG over the
horizon. In this work, we assume that battery degradation and leakage
effects are negligible.

3.1. Deterministic optimization model

We start by defining the deterministic model, which does not take
into account the uncertainty of users’ loads and PV generation. The
5

different parameters and decision variables are summarized in the list
of symbols.

These decision variables are employed in a number of constraints.
First, we must express the link between the charge (discharge) binary
and continuous variables, imposing that the continuous charge (dis-
charge) variables of a user 𝑗 ∈ 𝐶 in period 𝑡 ∈ 𝑇 cannot exceed an
upper bound 𝑘𝑐ℎ𝑗 (𝑘𝑑𝑖𝑠𝑗 ) when a charge (discharge) occurs in a period:

𝑏𝑐ℎ𝑗,𝑡 ≤ 𝑘𝑐ℎ𝑗 ⋅ 𝑥𝑐ℎ𝑗,𝑡 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 , (1)

𝑏𝑑𝑖𝑠𝑗,𝑡 ≤ 𝑘𝑑𝑖𝑠𝑗 ⋅ 𝑥𝑑𝑖𝑠𝑗,𝑡 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 . (2)

Furthermore, we must express that a user 𝑗 can either charge or
discharge its battery in each period 𝑡, i.e.:

𝑥𝑐ℎ𝑗,𝑡 + 𝑥𝑑𝑖𝑠𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 . (3)

Similarly, we must express the variable upper bound 𝐼𝑚𝑝𝑡 (𝐸𝑥𝑝𝑡) on
the power that may be imported (exported) in each time period 𝑡 ∈ 𝑇
and the condition of either importing or exporting in each period, i.e.:

𝑝𝑖𝑚𝑡 ≤ Imp𝑡 ⋅ 𝑦
𝑖𝑚𝑝
𝑡 ∀𝑡 ∈ 𝑇 , (4)

𝑦𝑖𝑚𝑡 ≤ 𝐸𝑥𝑝𝑡 ⋅ 𝑦
𝑒𝑥𝑝
𝑡 ∀𝑡 ∈ 𝑇 , (5)

𝑦𝑖𝑚𝑡 + 𝑦𝑒𝑥𝑡 ≤ 1 ∀𝑡 ∈ 𝑇 . (6)

We also include constraints on the State of Energy (SoE), linking
the value of SoE variables to the energy variation occurring between
consecutive time periods (here 𝛥𝑡 is the duration of a time period)
and imposing bounds 𝑆𝑜𝐸𝑚𝑖𝑛

𝑗 , 𝑆𝑜𝐸𝑚𝑎𝑥
𝑗 on the minimum and maximum

values that an SoE variable may assume:

𝑆𝑜𝐸𝑗,𝑡 = 𝑆𝑜𝐸𝑗,𝑡−1 + (𝑏𝑐ℎ𝑗,𝑡−1 − 𝑏𝑑𝑖𝑠𝑗,𝑡−1) ⋅ 𝛥𝑡 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 , (7)

𝑆𝑜𝐸𝑚𝑖𝑛
𝑗 ≤ 𝑆𝑜𝐸𝑗,𝑡 ≤ 𝑆𝑜𝐸𝑚𝑎𝑥

𝑗 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 . (8)

Eventually, we define the load constraints imposing that, for each
period 𝑡 ∈ 𝑇 , the sum of the power 𝑝𝑃𝑉𝑗,𝑡 produced through PV by each
user 𝑗 ∈ 𝐽 plus the sum of the charge/discharge variation of batteries
of all users and the import/export variation with the main grid must
be greater or equal than the sum of the load 𝑝𝑃𝐶𝑗,𝑡 of the users, i.e.:
∑

𝑗∈𝐶

[

𝑝𝑃𝑉𝑗,𝑡 +
(

𝑏𝑑𝑖𝑠𝑗,𝑡 − 𝑏𝑐ℎ𝑗,𝑡
)]

+
(

𝑝𝑖𝑚𝑝𝑡 − 𝑝𝑒𝑥𝑝𝑡

)

≥
∑

𝑗∈𝐶
𝑝𝑃𝐶𝑗,𝑡 ∀𝑡 ∈ 𝑇 . (9)

The objective is to minimize the total cost of power import/export over
the entire time horizon, obtained by summing the difference between
the cost of importing (with price 𝜋𝑖𝑚

𝑡 ) and the revenue of exporting
(with price 𝜋𝑒𝑥

𝑡 ):

min
∑

𝑡∈𝑇
(𝜋𝑖𝑚

𝑡 ⋅ 𝑝𝑖𝑚𝑡 − 𝜋𝑒𝑥
𝑡 ⋅ 𝑝𝑒𝑥𝑡 ). (10)

3.2. Robust optimization model

The previous model is deterministic and neglects the fact that both
𝑃𝐶 𝑃𝑉
the load coefficients 𝑝𝑗,𝑡 and PV power generation coefficients 𝑝𝑗,𝑡
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of constraints (9) are subject to uncertainty and their exact value is
not known in advance. In order to tackle such data uncertainty, which
may lead to infeasibility and severe suboptimality of solutions when
neglected and not properly taken into account in the model (see [41]
for an exhaustive discussion), we propose to adopt a Robust Opti-
mization (RO) approach. RO is a methodology that takes into account
data uncertainty under the form of hard constraints that are added
to the model for considering only robust solutions, namely solutions
whose feasibility is preserved even when data deviations specified by
an uncertainty set occur.

We start by considering a classical RO model, so called 𝛤 -Robustness
[39], then we propose an improved RO model that allows to more
accurately represent data deviations. In a more formal way, in an RO
approach: (1) the actual value of an uncertain coefficient is supposed
to equal the summation of a reference value nominal value set by
he decision maker and an unknown deviation; (2) an uncertainty set
s defined for specifying all possible deviations for which protection
s required; (3) it is defined a robust counterpart, namely a modified
ersion of the original deterministic optimization problem that includes
nly robust solutions. Granting robustness comes at the so-called price
f robustness, which is a degradation in the optimal value caused
y excluding non-robust solutions from the feasible set. In general,
ncreasing robustness and thus adding protection against uncertainty
eads to a higher price of robustness.

In the optimization model presented in Section 3.1, the uncertainty
ffects the load–supply constraints (9): following the 𝛤 -Robustness
pproach, we assume that the actual value of each uncertain load
oefficient 𝑝𝑃𝐶𝑗,𝑡 and of each PV power generation coefficient 𝑝𝑃𝑉𝑗,𝑡 falls
n the symmetric intervals:
𝑃𝑉
𝑗,𝑡 ∈ [𝑝̄𝑃𝑉𝑗,𝑡 − 𝛿𝑃𝑉𝑗,𝑡 , 𝑝̄𝑃𝑉𝑗,𝑡 + 𝛿𝑃𝑉𝑗,𝑡 ]
𝑃𝐶
𝑗,𝑡 ∈ [𝑝̄𝑃𝐶𝑗,𝑡 − 𝛿𝑃𝐶𝑗,𝑡 , 𝑝̄

𝑃𝐶
𝑗,𝑡 + 𝛿𝑃𝐶𝑗,𝑡 ] (11)

here 𝑝̄𝑃𝑉𝑗,𝑡 , 𝑝̄𝑃𝐶𝑗,𝑡 are the nominal values and 𝛿𝑃𝑉𝑗,𝑡 , 𝛿𝑃𝐶𝑗,𝑡 the corresponding
aximum deviation. Furthermore, the approach provides for introduc-

ng parameters 𝛤 𝑃𝑉
𝑡 ∈ {0, |𝐽 |}, 𝛤 𝑃𝐶

𝑡 ∈ {0, |𝐽 |} denoting the number of
oad and PV generation coefficient deviations for which protection is
equested in each period 𝑡 ∈ 𝑇 . These parameters represent a budget
f uncertainty and allow to control the level of protection against
ncertainty and the corresponding price of robustness: when 𝛤𝑡 = 0 no
rotection is imposed and the price of robustness is null; by increasing
he value of 𝛤𝑡, the protection and the price of robustness increase, until
eaching full protection for 𝛤𝑡 = |𝐽 |, which also entails the highest price
f robustness.

Using the theoretical results of 𝛤 -Robustness presented in [39], we
an write the following robust counterpart of the constraints (9):

∑

∈𝐶

[

𝑝̄𝑃𝑉𝑗,𝑡 +
(

𝑏𝑑𝑖𝑠𝑗,𝑡 − 𝑏𝑐ℎ𝑗,𝑡
)]

−

(

𝛤 𝑃𝑉
𝑡 ⋅ 𝑣𝑃𝑉𝑡 +

∑

𝑗∈𝐶
𝑤𝑃𝑉

𝑗,𝑡

)

+
(

𝑝𝑖𝑚𝑝𝑡 − 𝑝𝑒𝑥𝑝𝑡

)

≥
∑

𝑗∈𝐶
𝑝̄𝑃𝐶𝑗,𝑡 +

(

𝛤 𝑃𝐶
𝑡 ⋅ 𝑣𝑃𝐶𝑡 +

∑

𝑗∈𝐶
𝑤𝑃𝐶

𝑗,𝑡

)

∀𝑡 ∈ 𝑇 , (12)

𝑣𝑃𝑉𝑡 +𝑤𝑃𝑉
𝑗,𝑡 ≥ 𝛿𝑃𝑉𝑗,𝑡 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 , (13)

𝑣𝑃𝐶𝑡 +𝑤𝑃𝐶
𝑗,𝑡 ≥ 𝛿𝑃𝐶𝑗,𝑡 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 , (14)

𝑣𝑃𝑉𝑡 , 𝑣𝑃𝐶𝑡 ≥ 0 ∀𝑡 ∈ 𝑇 , (15)

𝑤𝑃𝑉
𝑗,𝑡 , 𝑤

𝑃𝐶
𝑗,𝑡 ≥ 0 ∀𝑗 ∈ 𝐶, 𝑡 ∈ 𝑇 . (16)

which is made up of: (i) the robust constraint (12), which is a modified
version of (9) that refers to the nominal coefficient values 𝑝̄𝑃𝑉𝑗,𝑡 , 𝑝̄𝑃𝐶𝑗,𝑡 and
includes additional terms modelling the deviations of coefficients and
the 𝛤 parameters controlling robustness; (ii) auxiliary constraints (13),
(14) and auxiliary variables (15), (16) introduced by the procedure
6

of [39] exploiting duality theory of Linear Programming. D
3.3. A refined robust model considering asymmetrical and ‘‘good’’ devia-
tions

While 𝛤 -Robustness constitutes the most successful method for
Robust Optimization and still represents a major reference that is
widely used in a vast number of real-world uncertain optimization
problems (see e.g, [41]), it offers opportunities for improvements. Here,
we attempt at obtaining a more refined representation of uncertainty,
reducing the price of robustness without sacrificing protection, by
considering an asymmetrical range of deviation of the coefficients and
taking into account ‘‘good’’ deviations in the value of coefficients. By
‘‘good’’ deviations, we intend favourable deviations in the value of
coefficients, like an increase in the PV power production 𝑝𝑃𝑉𝑗,𝑡 or a
reduction in the load 𝑝𝑃𝐶𝑗,𝑡 , which strengthen feasibility instead of lead-
ing towards infeasibility: these deviations are indeed likely in reality,
but are completely neglected by 𝛤 -Robustness, which considers only
worst-case ‘‘bad’’ deviations leading towards infeasibility.

As first step, we define the following modified deviation ranges:

𝑝𝑃𝑉𝑗,𝑡 ∈ [𝑝̄𝑃𝑉𝑗,𝑡 − 𝛿𝑃𝑉 −
𝑗,𝑡 , 𝑝̄𝑃𝑉𝑗,𝑡 + 𝛿𝑃𝑉 +

𝑗,𝑡 ]

𝑝𝑃𝐶𝑗,𝑡 ∈ [𝑝̄𝑃𝐶𝑗,𝑡 − 𝛿𝑃𝐶−
𝑗,𝑡 , 𝑝̄𝑃𝐶𝑗,𝑡 + 𝛿𝑃𝐶+

𝑗,𝑡 ] (17)

n which the range is asymmetrical and the value of the largest neg-
tive deviations 𝛿𝑃𝑉 −

𝑗,𝑡 , 𝛿𝑃𝐶−
𝑗,𝑡 and positive deviations 𝛿𝑃𝑉 +

𝑗,𝑡 𝛿𝑃𝐶+
𝑗,𝑡 do

ot have to coincide, as common in real-world optimization under
ncertainty [42].

The classical 𝛤 -robust model is able to take into account only
he ‘‘bad’’ deviations 𝛿𝑃𝑉 −

𝑗,𝑡 (decrease in the PV generation) and 𝛿𝑃𝐶+
𝑗,𝑡

increase in the load) and leads towards the infeasibility of the load
onstraint (9). If we want to take into account the ‘‘good’’ deviations
𝑃𝑉 +
𝑗,𝑡 (increase in the PV production) and 𝛿𝑃𝐶−

𝑗,𝑡 (decrease in the load), it
s necessary to extend the 𝛤 -robust model, in particular introducing an
dditional parameter 𝛩𝑡 specifying the minimum number of deviations
hat must be ‘‘good’’ and suitable associated constraints.

When considering the ‘‘good’’ deviations together with the ‘‘bad’’
eviations, we can prove the following results:

roposition 1. For each time period 𝑡 ∈ 𝑇 , the robust counterpart of
onstraint (9) when protection for 𝛤 𝑃𝑉

𝑡 ‘‘bad’’ deviations and 𝛩𝑃𝑉
𝑡 ‘‘good’’

eviations of PV generation coefficients and 𝛤 𝑃𝐶
𝑡 ‘‘bad’’ deviations and 𝛩𝑃𝐶

𝑡
‘good’’ deviations of load coefficients are allowed in period 𝑡 writes as:

∑

∈𝐶

[

𝑝̄𝑃𝑉𝑗,𝑡 +
(

𝑏𝑑𝑖𝑠𝑗,𝑡 − 𝑏𝑐ℎ𝑗,𝑡
)]

−

(

𝛤 𝑃𝑉
𝑡 ⋅ 𝑣𝑃𝑉 −

𝑡 − 𝛩𝑃𝑉
𝑡 ⋅ 𝑣𝑃𝑉 +

𝑡 +
∑

𝑗∈𝐶
𝑤𝑃𝑉

𝑗,𝑡

)

(

𝑝𝑖𝑚𝑝𝑡 − 𝑝𝑒𝑥𝑝𝑡

)

≥
∑

𝑗∈𝐶
𝑝̄𝑃𝐶𝑗,𝑡 +

(

𝛤 𝑃𝐶
𝑡 ⋅ 𝑣𝑃𝐶+

𝑡 − 𝛩𝑃𝐶
𝑡 ⋅ 𝑣𝑃𝐶−

𝑡 +
∑

𝑗∈𝐶
𝑤𝑃𝐶

𝑗,𝑡

)

(18)

𝑃𝑉 −
𝑡 +𝑤𝑃𝑉

𝑗,𝑡 ≥ 𝛿𝑃𝑉 −
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (19)

− 𝑣𝑃𝑉 +
𝑡 +𝑤𝑃𝑉

𝑗,𝑡 ≥ −𝛿𝑃𝑉 +
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (20)

𝑃𝐶+
𝑡 +𝑤𝑃𝐶

𝑗,𝑡 ≥ 𝛿𝑃𝐶+
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (21)

− 𝑣𝑃𝐶−
𝑡 +𝑤𝑃𝐶

𝑗,𝑡 ≥ −𝛿𝑃𝐶−
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (22)

𝑃𝑉 +
𝑡 , 𝑣𝑃𝑉 −

𝑡 ≥ 0 (23)
𝑃𝑉
𝑗,𝑡 ≥ 0 ∀𝑗 ∈ 𝐶 (24)
𝑃𝐶+
𝑡 , 𝑣𝑃𝐶−

𝑡 ≥ 0 (25)
𝑃𝐶
𝑗,𝑡 ≥ 0 ∀𝑗 ∈ 𝐶 (26)

roof. For the proof, we refer the reader to Appendix. □

. Prediction of PV energy supply and demand

AIROBE requires as input the prediction of PV Energy Supply and

emand as well as its deviation ranges for each forecast interval. We
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use data-driven approaches for obtaining model input as described
below.
Data pre-processing. AIROBE integrates data cleaning techniques
to improve data quality for making predictions of high quality. To
detect outliers and missing data we are using interquartile range (IQR)
method. Data points, which are not within a percentile of the mean are
detected as outliers and replaced by the average of previous/future val-
ues. For the solar PV production, we also remove the night times, since
they are not relevant for the prediction of solar energy production [43].
Weather type clustering. Previous work in this field has shown, that
four clusters for the weather types (sunny, partly overcast, overcast and
rainy) perform the best [44]. We cluster the data using the weather
features available in the dataset (solar irradiation, temperature and
humidity for the whole year) using K-means clustering in combina-
tion with dynamic time warping (DTW) to create the clusters. DTW
has shown superior performance when applied to time-series datasets,
because it is able to detect similar patterns even if they do not occur in
the same time period [45].
Forecasting Models. We enrich the clustered datasets with the histor-
ical information about the PV power production and energy consump-
tion of the prosumer in the system. For each of the four clusters we then
generate an individual machine learning forecast model. As a predictor
we use LightGBM, which is a gradient boosting decision tree (GBDT)
algorithm [46]. LightGBM is constructed differently than conventional
GBDT algorithms, as it grows leaf-wise to find a leaf with the largest
split gain instead of iterating over all previous leaves. To addition-
ally speed up the training of the model it uses advanced networking
communication called parallel voting decision tree algorithm, which
enables parallel computation during the training process [47,48]. Since
the LightGBM regressor only supports single-step forecasting, we addi-
tionally wrapped an auto-regressive direct multi-step forecaster [49],
which generates the multi-step forecast in a sliding window manner.
This means, that the model predicts the next time slot and uses that
prediction as an additional input for the next step in an iterative
manner.
Prediction Interval. Since the prediction of time-series data is prob-
abilistic, it is necessary to determine the possible deviation of the
forecast. AIROBE needs for each prediction interval the range of the
deviation as input in order to optimize the exchange of energy in
the system for the next period. We use quantile regression (QR) to
elaborate the prediction deviation [50]. QR can be described as follows:
𝑄𝑦

(

𝑞 ∣ 𝑋𝑡
)

= 𝑋𝑡𝛽𝑞 . 𝑄𝑦(𝑞| ∗) is the conditional 𝑞t quantile of the
roduction or consumption distribution (𝑦𝑡). 𝑋𝑡 are the regressors for

each quantile, while 𝛽𝑞 represents the vector of parameters for the
quantile 𝑞. Each of the two predictors for the quantiles use the pinball
loss function or quantile score (QS), present in (27).

𝜑
(

𝑦𝑡, 𝑦𝑡,𝑞 , 𝑞
)

=

{
(

1 − 𝑞
100

)

(

𝑦𝑡,𝑞 − 𝑦𝑡
)

𝑦𝑡 < 𝑦𝑡,𝑞
𝑞

100

(

𝑦𝑡 − 𝑦𝑡,𝑞
)

𝑦𝑡 ≥ 𝑦𝑡,𝑞
(27)

𝑦𝑡,𝑞 is the 𝑞t quantile of the predicted load and consumption and 𝑦𝑡 is
the target value for each prediction. The QS is the mean of the pinball
losses across all target quantiles [51].
Error Metric. We used the Mean Absolute Percentage Error (MAPE)
to evaluate the prediction quality of the machine learning models:

𝑀𝐴𝑃𝐸 = 1
𝑛

𝑛
∑

𝑡=1

|

|

|

|

𝐴𝑡 − 𝐹𝑡
𝐴𝑡

|

|

|

|

∗ 100 (28)

here 𝐴𝑡 represents the vector of the actual values, 𝐹𝑡 the forecasted
nes and 𝑛 is the number of predictions.

. Evaluation

In this section, we answer the following questions:
7

1. Prediction Interval: How accurate our clustering-based ML-models
in predicting the PV power generation and the energy consump-
tion are as well as what the resulting deviation over time for
different clusters is?

2. Robustness: How do different parameters of AIROBE impact the
robustness of the solution, the cost and the state of energy?

3. Price of Robustness: How can AIROBE reduce the Price of Ro-
bustness (PoR) and what the impact of the opportunistic model
on constraint violation probability is?

.1. Baselines

We use the following baseline for analysis and comparison with the
roposed AIROBE model: as baseline, we use the partial knowledge
ased model (Section 3.2) which considers uncertainty in both the load
nd the PV production sides. We call this conventional robust approach
hich considers the absolute worst-case of PV production and prosumer

onsumption under a budget of uncertainty. This type of RO based
odels, was extensively used in the literature as shown in Table 1.

.2. Experimental setup

The following section illustrates the overall modelling and exper-
mental setups conducted in this work. Fig. 3 presents the workflow
f the conducted experiments and modelling and the following sub-
ections explain each part in detail.

.2.1. Data set
In this study, we validate the effectiveness of the forecasting and

cheduling models on the city learn framework data set,1 representing a
ingle-node MG. The MG contains 𝑛 = 9 residential and non-residential

users subscribing in the EMS as shown in Fig. 4. The load represents the
heating and the appliances demand. The data set contains the hourly
consumption and PV power generation for the different users and the
weather information during one year. This step is represented in the
first part of Fig. 3, data collection.

5.2.2. PV power generation and energy consumption prediction
The development of the predictors as well as the distribution of the

prediction deviation is divided into three main steps: (1.) clustering
of the datasets with weather information, (2.) development of the
predictors and (3.) estimation of the prediction deviation.

As a first step, we conducted the weather type clustering as de-
scribed in Section 4 with the available weather features: solar irradia-
tion, temperature and humidity for the whole year of data. With this we
retrieved four sub-datasets for each weather condition (sunny, partly
overcast, overcast and rainy). Additionally to the weather features,
we enrich these datasets with the historical information about the PV
power production and energy consumption of the prosumer in the
system. The sub-datasets for the four different clusters were divided
into a training (80%), validation (10%) and test (10%) dataset. A
LightGBM model was trained for the energy consumption and PV power
production of each prosumer and weather cluster, individually. The
predictor takes 48 h as input to forecast the next 24 h. Additionally,
we used grid-search to select the best hyperparameters for each model.
To estimate the deviations of the prediction we used the QR and QS as
described in Section 4 using 0.90 for the upper boundary and 0.10 for
the lower one to build a 80% confidence interval.

5.2.3. Optimization
In our case study, we schedule day-ahead energy exchange where

each time slot is equal to 1 hour; with time horizon of 𝑁 = 24 hours,
i.e, the decision is made by solving the optimization problem for the

1 https://github.com/intelligent-environments-lab/CityLearn

https://github.com/intelligent-environments-lab/CityLearn
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Fig. 3. Flowchart of the modelling and experimental setup.

Fig. 4. Microgrid Setup.
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Table 2
Production summary for prosumer nine.

Cluster Average deviation Overall maximum
deviation

Overall minimum
deviation

MAPE

Over
prediction

Under
prediction

Rainy 12.97% 21.97% 23.35% 1.15% 5.63%
Partly overcast 15.87% 11.46% 40.31% 1.24% 3.22%
Sunny 30.21% 4.16% 40.42% 1.32% 2.06%
Overcast 54.74% 0.17% 83.09% 0.53% 5.69%
Table 3
Consumption summary for prosumer nine.

Cluster Average deviation Overall maximum
deviation

Overall minimum
deviation

MAPE

Over
prediction

Under
prediction

Rainy 18.72% 16.67% 39.28% 4.03% 6.60%
Partly overcast 17.54% 26.68% 21.28% 4.19% 8.56%
Sunny 9.48% 3.93% 29.91% 1.61% 4.32%
Overcast 30.05% 18.79% 46.55% 3.15% 5.83%
Fig. 5. Consumption prediction and deviation of prosumer nine for each weather cluster.
next 𝑁 = 24ℎ with a time window from 0: 00 to 23: 59. Hourly import
and export prices were obtained from Nord Pool market data.2 We use
the ML predictions for the PV production, the consumption and their
deviations as the input to our optimization models, i.e, the reference
values. The model is implemented in Python (RSOME library3) and
solved by Gurobi.4

5.3. Prediction quality and uncertainty quantification

Table 2 shows the prediction quality of the produced PV energy for
prosumer nine. The table shows the average deviation for the under and
over prediction, overall maximum and minimum deviation in percent-
age and MAPE over the period of 90 days for the weather type clusters.
It is visible that the clusters behave differently. For example, the sunny
cluster has a stronger deviation towards the over prediction with an
average deviation of 30.21% while the average under prediction is
4.16%. This behaviour of good deviations is also visible in the overcast
weather cluster. The other weather clusters average deviation for the
under and over prediction express a mostly even magnitude towards
either bound. In terms of the prediction quality, the sunny cluster has
the lowest MAPE of 2.06%. The overcast cluster presents the highest
overall maximum deviation of 54.74%. The high maximum deviation
occurs when there is a sudden change in the power production. This
means, that the day is for example clustered as an overcast day, but
the production of the PV panel is higher than predicted due to sudden
weather changes (see Figs. 5 and 6).

2 https://www.nordpoolgroup.com
3 https://xiongpengnus.github.io/rsome/
4 https://www.gurobi.com
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Table 3 summarizes the prediction quality for the energy consump-
tion. In contrast to the prediction of the PV generation, the MAPE is
higher in every weather cluster. However, this is not visible in terms
of deviations. The sunny cluster for example, still shows a stronger
magnitude in deviation towards the over prediction with 9.48% but
it is lower than the 30.21% in Table 2 for the production.

5.4. Robustness

In order to study the impact of the proposed model AIROBE on
the objective value, i.e, the MG operational cost, we evaluate the
cost under the different types of budget of uncertainty namely: 𝛤 𝑃𝑉

𝑡 ,
𝛩𝑃𝑉
𝑡 , 𝛤 𝑃𝐶

𝑡 , 𝛩𝑃𝐶
𝑡 . We plot the MG aggregated cost in Fig. 7. First, we

optimize using the baseline worst-case model under the PV production
and consumption uncertainties described in 3.2 and we plot the results
in Fig. 7(c). We observe that the cost value increases with the increase
of the uncertainty budgets 𝛤 𝑃𝑉

𝑡 and 𝛤 𝑃𝐶
𝑡 . The values (𝛤 𝑃𝑉

𝑡 , 𝛤 𝑃𝐶
𝑡 ) =

(0, 0) corresponds to the deterministic baseline described in 3.1 where
we do not have any protection. In this deterministic case, we have
the lowest cost 2399.89€, however, the future deviations will cause
the MG to import on the spot in order to cover the demand which
will cause an instability of the MG and yields higher expected cost
in the future. The values (𝛤 𝑃𝑉

𝑡 , 𝛤 𝑃𝐶
𝑡 ) = (9, 9) correspond to the most-

conservative case where we protect from all possible deviation to their
lower bounds which yields the highest possible cost 5007.48€. The high
cost is explained by the fact that when we protect from the worst case
scenario, we expect to produce less, alternatively consume more, which
leads the users to import more power and charge their batteries to cover
the future demand.

In Fig. 7(a),(b) we optimize using the proposed model AIROBE
described in 3.3. In Fig. 7(a) we study the impact of the budgets related

to the PV generation uncertainty. We observe that the cost has the

https://www.nordpoolgroup.com
https://xiongpengnus.github.io/rsome/
https://www.gurobi.com
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Fig. 6. Production prediction and deviation of prosumer nine for each weather cluster.
Fig. 7. The MG cost distribution under different types of uncertainty.
highest values when 𝛩𝑃𝑉
𝑡 = 0 which represents the same values as

in Fig. 7(c) for 𝛤 𝑃𝐶
𝑡 = 0 and corresponds to the baseline value where

we do not consider the favourable (positive) deviations. In Fig. 7(a),
the cost increases as we increase the budget 𝛤 𝑃𝑉

𝑡 for a fixed 𝛩𝑃𝑉
𝑡 . We

notice that the cost value decreases as we increase the budget 𝛩𝑃𝑉
𝑡 and

hits the minimum value 2527.71€ for (𝛩𝑃𝑉
𝑡 , 𝛤 𝑃𝑉

𝑡 ) = (9, 0). In fact, by
introducing the budget 𝛩𝑃𝑉

𝑡 which reflects the favourable deviations,
the users tend to be more opportunistic and import less compared to
the worst-case scenario where they import more than their demand and
charge their batteries in order to protect from future worst deviations.
However, in a sunny day for example, the PV generated power is likely
to deviate to its upper bound as shown in 2. Taking those scenarios
into account, makes the scheduling less conservative and reduces the
extensive import from the main grid that appears in the worst-case
scenario based scheduling.

Similarly, in Fig. 7(b) we plot the aggregated MG cost under the
10

impact of the budgets related to the users consumption uncertainty.
The negative values of the cost corresponds to a profit where the MG
is expected to make a profit. This scenario might appear when the MG
has power generation excess in comparison to the consumption, and
the model takes into account these favourable good deviations (the
users produce more than expected or consume less than expected). We
observe that the two budgets of uncertainty have similar affect on the
cost as in Fig. 7(a) where the cost decreases as we increase the budget
𝛩𝑃𝐶
𝑡 . This is explained by the fact that the users consumption might

deviate to its lower bound, i.e, the user consume less energy than the
predicted value and taking that into account encourages them to import
less or charge their batteries less. We can conclude that integrating
the favourable deviations into the scheduling, yields lower cost which
implies lower power import from the main grid in general.

Fig. 8 presents the aggregated state of the energy (SoE) of seven
users, and its variation under different budgets of uncertainty. In
Fig. 8(a) we fix 𝛩𝑃𝑉

𝑡 = 0 and optimize for three different budgets
𝑃𝑉
of uncertainty related to the PV power generation 𝛤𝑡 . We pick one
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Fig. 8. The impact of the different budgets of uncertainty on the overall State of Energy (kWh) of the prosumers batteries.
sunny day in order to showcase the effectiveness of the budget of
uncertainty related to the favourable deviations. We observe that the
users batteries tend to have a higher SoE when we increase the value
of 𝛤 𝑃𝑉

𝑡 in Fig. 8(a). In fact, in order to protect from the worst-case
scenario, i.e, the bad deviations, the users tend to charge their batteries
to replace the expected deficit. In Fig. 8(b) we want to assess the impact
of the favourable deviations on the battery behaviour. We fix 𝛩𝑃𝑉

𝑡 = 2,
i.e, the model will take into account that two uncertain parameters will
deviate to their upper bound. We observe that the SoE has increased
in general. This is due to the fact that higher expected generated PV
power were taken into account in the optimization scheduling and the
users charge their batteries with that excess or provide it to the MG
utilization which means other users with deficit will tend to charge
their batteries as well.

5.5. Price of robustness

To show the impact of data uncertainty on the objective value, i.e,
the MG operational cost, and to demonstrate the effectiveness of the
proposed approach against it, we simulate 10 000 scenarios of random
yields for users production and then we compare the robust solutions
generated by varying the level of the uncertainty budgets 𝛤 𝑃𝑉

𝑡 and
𝛩𝑃𝑉
𝑡 . For simplification and without loss of generality, we fix 𝛤 𝑃𝐶 and

𝛩𝑃𝐶
𝑡 to zero. We evaluate the constraint violation probability and the

Price of Robustness. We define the PoR rate as the relative difference
between the costs realized by the robust solution and the nominal
solution where we do not protect against the uncertainty. The PoR is
used to quantify the extra MG cost required to cover for the robust
solution. We calculate the PoR as follow:

𝑃𝑜𝑅 = 100
|𝐶𝑜𝑠𝑡𝛤=0 − 𝐶𝑜𝑠𝑡𝛤>0|

|𝐶𝑜𝑠𝑡𝛤=0|
(29)

Fig. 9(a) shows the PoR rate variation as we increase the worst-case
scenario budget of uncertainty 𝛤 𝑃𝑉

𝑡 for different fixed values of 𝛩𝑃𝑉
𝑡 .

The case where 𝛩𝑃𝑉
𝑡 = 0, which corresponds to the baseline model,

yields the highest value of PoR, alternatively the highest cost. The value
of PoR increases as we increase the budget 𝛤 𝑃𝑉

𝑡 since we are protecting
more against the worst-case scenario, where the higher 𝛤 𝑃𝑉

𝑡 the more
uncertain variables deviate to their lower bound corresponding to less
PV power production. In Fig. 9(a) we compute the PoR for different
values of 𝛩𝑃𝑉

𝑡 which indicates that some uncertain variables will
deviate to their upper bound, i.e, the PVs will generate more power
than expected, which mostly corresponds to sunny days. The PoR is
reduced as we introduce the good deviations in our scheduling. The
objective value is reduced by 0.82% atmost for 𝛩𝑃𝑉

𝑡 = 4 compared to
1.92% PoR for the classical worst-case model, i.e, 𝛩𝑃𝑉

𝑡 = 0. Fig. 9(b)
illustrates the probability of constraint violation for different levels of
protection 𝛤 𝑃𝑉 . The probability of constraint violation decreases when
11

𝑡

Table 4
Summary of the results under different types of protection.

(𝛤 𝑃𝑉
𝑡 , 𝛩𝑃𝑉

𝑡 , 𝛤 𝑃𝐶
𝑡 , 𝛩𝑃𝐶

𝑡 ) Cost (e) PoR (%) Constraint Violation Prob

(0, 0, 0, 0) 2399.89 0 1
(9, 0, 9, 0) 5007.48 – –
(0, 9, 0, 0) 2527.71 – 1
(0, 0, 0, 9) −1623.33 – –
(9, 0, 0, 0) 4607.78 1.92 0
(6, 0, 0, 0) 4511.79 1.88 0.04
(6, 1, 0, 0) 3839.82 1.6 0.04
(6, 3, 0, 0) 3071.5 1.28 0.04
(4, 0, 0, 0) 3863.82 1.61 0.56
(4, 1, 0, 0) 3095.85 1.29 0.56
(4, 3, 0, 0) 2927.86 1.22 0.56
(2, 0, 0, 0) 2423.88 1.01 0.91

Table 5
Solving time summary.

Solving time (s) Min Max Average

0.2344 27.438 5.982

we increase the level of protection until it reaches the value 0. This is
explained by the fact that the more we protect against the uncertainty,
the more probable it is that we achieve energy balance and meet
our demand. We note that we compute the probability of constraint
violation for the different values of 𝛩𝑃𝑉

𝑡 , which remains unchangeable.
We conclude that the proposed model reduces the PoR and exhibit
lower MG costs while conserving the same level of protection. We
summarize some of the findings in Table 4 for different values of the
uncertainty budgets. We showcase the extreme situations such as zero
protection, or conservative solution. The missing values in Table 4
are due the fact that we only assume uncertainty in the production
when assessing the PoR and the constraint violation probability. Table 5
presents a summary of the computational time spent we the solving
process. For a fixed value of the quadruple of (𝛤 𝑃𝑉

𝑡 , 𝛩𝑃𝑉
𝑡 , 𝛤 𝑃𝐶

𝑡 , 𝛩𝑃𝐶 ),
the solver needs between 0.2344 and 27.438 s to solve the optimization
problem. Due to space constraints, we only include a summary of the
solving time (min, max, average).

5.6. Case study of a rainy day

In this section, we investigate the robustness of the proposed solu-
tion in difficult weather situations, such as rainy days. We choose one
day from the rainy cluster where the negative deviation is significant.
Table 6 shows the uncertainty quantification of prosumer four,i.e,
the lower bound predicted percentage (negative deviation), and the
production forecast. We also include the actual production and the
actual deviation of the forecast from the actual production. We can
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Fig. 9. Evaluation of the AIROBE robustness performance in terms of the good and bad deviations.
Table 6
Example of Uncertainty Quantification for prosumer four during a rainy day.

Time (h) 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Production (kW) 0 0 0 0 0 0 0 0.77 2.63 4.01 4.7 4.26 4.4 3.73 2.64 1.31 0 0 0 0 0 0 0 0

Prediction (kW) 0 0 0 0 0 0 0 1.12 3.19 5.02 5.85 6 5.73 5.47 2.99 1.95 0 0 0 0 0 0 0 0

Lower_bound(%) 0 0 0 0 0 0 0 −50 −47.65 −61.16 −65.98 −61.5 −60.03 −59.41 −51.51 −69.23 0 0 0 0 0 0 0 0

Actual_deviation (%) 0 0 0 0 0 0 0 −45.45 −21.29 −25.18 −24.46 −40.84 −30.22 −46.64 −13.25 −48.85 0 0 0 0 0 0 0 0
Table 7
Supply–demand balance assessment for rainy day: comparison between AIROBE and uncertainty fixed range 10%, under worse case scenarios.

MG energy transactions (kW) Actual supply Actual demand Actual balance Unplanned Imp (10%) Unplanned Imp (AIROBE)

347.08 2671 (-) 2480.35 (-) 308.83 (-) 77.05

Operational cost (e) – – – 70.41 17.56
notice that the prediction is higher than the actual production, which
means the forcasting model is over-predicting the PV energy. The
lower bound of the uncertainty is significant. In these situations, it
is extremely important to protect against the bad deviations. In order
to investigate the protection performance of the proposed model, we
optimize the MG operations during the rainy day from Table 6, under
the worse case scenario. First, we optimize using the predicted uncer-
tainty ranges. Then, we optimize using a worse case scenario model
with fixed symmetrical uncertainty range equal to 10% for all time
slots [18,23,25]. We simplify the analysis by considering uncertainty
only uncertain production, while assuming that consumption values
remain fixed and known. Table 7 shows the balance and corresponding
cost for each model. The actual supply and demand correspond to
the true measured values from the city learn data. The actual balance
−2480.35 kW, is the difference between the total supply and demand,
which is in this situation negative and corresponds to the total deficit
of the MG during the day, and needs to be covered. After optimization
under the worse case scenario, the model with fixed uncertainty yields
an unplanned import equal to 308.83 kW while our model that uses the
predicted uncertainty yields lower unplanned import equal to 77.05 kW.
Capturing the negative deviation instead of fixed range is more realistic
and help reduce the unplanned energy transactions with the main grid,
under rainy days. We use the import prices to calculate the cost of the
unplanned import in Table 7, however, it is important to note that some
systems would charge penalties in these situations which will increase
the cost.

6. Discussion

6.1. Budgets of uncertainty

In the proposed formulation, the MG optimal scheduling schemes
can be made robust by adjusting the two types of uncertainty budgets
12
𝛤𝑡 and 𝛩𝑡. The decision-maker faces a trade-off between protecting the
constraint (demand–supply balance) and the degree of solution conser-
vatism. The uncertainty budgets, 𝛤𝑡 and 𝛩𝑡, are input to the robust
formulation and allow the decision-maker to adjust it based on their
risk aversion. A larger 𝛤𝑡 implies a more conservative approach which
can be beneficial in extreme weather situation, emergencies or high
prices where the decision maker strategy is to be conservative rather
than opportunistic. However, protecting against the absolute worst-case
is not always beneficial for the system, and may yield in unplanned
surplus. The decision maker, in these situations, can decide to include
positive deviations (𝛩𝑡) in the system. Consequently, decision-makers
or operators can choose an appropriate 𝛤𝑡 and 𝛩𝑡 in two ways: (1) using
a probabilistic bound for constraint violation or (2) exhaustively testing
different 𝛤𝑡 and 𝛩𝑡 values to find the best fit for their specific interests.
While the second approach is more attractive in balancing the budgets
with other decisions, it may not be recommended for problems that
require significantly long solving times.

6.2. Limitations and next steps

AIROBE took an initial step in formulating a robust MGs energy
scheduling model, that accounts for time-varying prediction uncer-
tainties. Unlike classical 𝛤 -robustness models and previous work, we
consider asymmetric uncertainty ranges under bad and good devia-
tions, which allows us to calculate more opportunistic solutions. In
this section, we describe limitations of the current model and possible
future directions. AIROBE assumes that the battery capacity is constant
and neglects the degradation of the battery life over time because we
evaluate our scheduling over a short period of time. In real life, the bat-
tery is impacted by the charging and discharging cycles and degrades
over time which can impact both the cost and the solver decisions.
Adding such battery constraints, a battery-related cost to the objective
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function and evaluating over a long period of time is a possible next
step in this work. While our current model assumes that the different
uncertain parameters are independent, the PV power generation and
less so the load profiles maybe subject to geographical and temporal
correlation. AIROBE can be extended to consider the correlation of
the uncertain parameters and study its impact on the robustness and
the budget of uncertainty, in a multi-microgrids settings. Additionally,
while the proposed solution accounts for the overall benefit of the
community, in a cooperation manner, and helps the decision makers
to make better decisions for the microgrid under uncertainties, the
customers could have incentives to engage in arbitrage. Arbitrage is
the practice of exploiting price differences in different markets to gain
profits. In this context, households might adjust their energy consump-
tion patterns based on the prices they observe, taking advantage of low
prices and reducing consumption during high-price periods. Finally, an
area of further research is to extend AIROBE for other DERs such as
wind power and consider the curtailment cost.

7. Conclusion

In this paper we presented AIROBE, a MGs energy management
robust optimization model that schedules the MGs operations under PV
power generation and consumption uncertainties, in an effective and
opportunistic manner. We use time-series prediction technique using
clustering in order to forecast PV power generation and energy demand
that are needed for the model input. We discussed the limitations
of the classical worst-case robust optimization based approach and
motivated the need to integrate more accurate uncertainty ranges, i,e,
asymmetric and time-varying deviation ranges. We proposed a less
conservative robust approach that accounts for the good deviations in
a MG and demonstrated that AIROBE reduces the Price of Robustness
while maintaining the same level of protection.
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Appendix. Proofs

We provide here the proof of Proposition 1.

Proposition. For each time period 𝑡 ∈ 𝑇 , the robust counterpart
of constraint (9) when protection for 𝛤 𝑃𝑉

𝑡 ‘‘bad’’ deviations and 𝛩𝑃𝑉
𝑡

‘‘good’’ deviations of PV generation coefficients and 𝛤 𝑃𝐶
𝑡 ‘‘bad’’ devi-

ations and 𝛩𝑃𝐶
𝑡 ‘‘good’’ deviations of load coefficients are allowed in

period 𝑡 writes as:

∑

[

𝑝̄𝑃𝑉𝑗,𝑡 +
(

𝑏𝑑𝑖𝑠𝑗,𝑡 − 𝑏𝑐ℎ𝑗,𝑡
)]

−

(

𝛤 𝑃𝑉
𝑡 ⋅ 𝑣𝑃𝑉 −

𝑡 − 𝛩𝑃𝑉
𝑡 ⋅ 𝑣𝑃𝑉 +

𝑡 +
∑

𝑤𝑃𝑉
𝑗,𝑡

)
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𝑗∈𝐶 𝑗∈𝐶
+
(

𝑝𝑖𝑚𝑝𝑡 − 𝑝𝑒𝑥𝑝𝑡

)

≥
∑

𝑗∈𝐶
𝑝̄𝑃𝐶𝑗,𝑡 +

(

𝛤 𝑃𝐶
𝑡 ⋅ 𝑣𝑃𝐶+

𝑡 − 𝛩𝑃𝐶
𝑡 ⋅ 𝑣𝑃𝐶−

𝑡 +
∑

𝑗∈𝐶
𝑤𝑃𝐶

𝑗,𝑡

)

(A.1)

𝑣𝑃𝑉 −
𝑡 +𝑤𝑃𝑉

𝑗,𝑡 ≥ 𝛿𝑃𝑉 −
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (A.2)

− 𝑣𝑃𝑉 +
𝑡 +𝑤𝑃𝑉

𝑗,𝑡 ≥ −𝛿𝑃𝑉 +
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (A.3)

𝑃𝐶+
𝑡 +𝑤𝑃𝐶

𝑗,𝑡 ≥ 𝛿𝑃𝐶+
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (A.4)

− 𝑣𝑃𝐶−
𝑡 +𝑤𝑃𝐶

𝑗,𝑡 ≥ −𝛿𝑃𝐶−
𝑗,𝑡 ∀𝑗 ∈ 𝐶 (A.5)

𝑃𝑉 +
𝑡 , 𝑣𝑃𝑉 −

𝑡 ≥ 0 (A.6)
𝑃𝑉
𝑗,𝑡 ≥ 0 ∀𝑗 ∈ 𝐶 (A.7)
𝑃𝐶+
𝑡 , 𝑣𝑃𝐶−

𝑡 ≥ 0 (A.8)
𝑃𝐶
𝑗,𝑡 ≥ 0 ∀𝑗 ∈ 𝐶 (A.9)

roof. In order to prove this result, we first focus attention on a
ime period 𝑡 ∈ 𝑇 and define a robust version of the constraint load

satisfaction constraint (9) in which we include terms:

• −𝐷𝐸𝑉 (𝛤 𝑃𝑉
𝑡 , 𝛩𝑃𝑉

𝑡 ) to represent the worst decrease that the left-
hand-side of the constraint may experience for 𝛤 𝑃𝑉

𝑡 bad devia-
tions and 𝛩𝑃𝑉

𝑡 good deviations of the PV coefficients;
• +𝐷𝐸𝑉 (𝛤 𝑃𝐶

𝑡 , 𝛩𝑃𝐶
𝑡 ) to represent the worst increase that the right-

hand-side of the constraint may experience for 𝛤 𝑃𝐶
𝑡 bad devia-

tions and 𝛩𝑃𝐶
𝑡 good deviations of the load coefficients.

This constraint writes as:
∑

𝑗∈𝐶

[

𝑝̄𝑃𝑉𝑗,𝑡 +
(

𝑏𝑑𝑖𝑠𝑗,𝑡 − 𝑏𝑐ℎ𝑗,𝑡
)]

−𝐷𝐸𝑉 (𝛤 𝑃𝑉
𝑡 , 𝛩𝑃𝑉

𝑡 ) +
(

𝑝𝑖𝑚𝑝𝑡 − 𝑝𝑒𝑥𝑝𝑡

)

≥
∑

𝑗∈𝐶
𝑝̄𝑃𝐶𝑗,𝑡

(A.10)

The value 𝐷𝐸𝑉 (𝛤 𝑃𝑉
𝑡 , 𝛩𝑃𝑉

𝑡 ) corresponds to the optimal value of the
following combinatorial optimization problem:

𝐷𝐸𝑉 (𝛩𝑃𝑉
𝑡 , 𝛤 𝑃𝑉

𝑡 ) = max
∑

𝑗∈𝐶

(

𝛿𝑃𝑉 −
𝑗,𝑡 ⋅ 𝑧−𝑗,𝑡 − 𝛿𝑃𝑉 +

𝑗,𝑡 ⋅ 𝑧+𝑗,𝑡
)

(A.11)

∑

𝑗∈𝐶
𝑧𝑃𝑉 −
𝑗,𝑡 ≤ 𝛤 𝑃𝑉

𝑡 (A.12)

∑

𝑗∈𝐶
𝑧𝑃𝑉 +
𝑗,𝑡 ≥ 𝛩𝑃𝑉

𝑡 (A.13)

𝑧𝑃𝑉 −
𝑗,𝑡 + 𝑧𝑃𝑉 +

𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.14)

𝑧𝑃𝑉 −
𝑗,𝑡 ∈ {0, 1} ∀𝑗 ∈ 𝐶 (A.15)

𝑧𝑃𝑉 +
𝑗,𝑡 ∈ {0, 1} ∀𝑗 ∈ 𝐶 (A.16)

in which:

• a binary variable 𝑧𝑃𝑉 −
𝑗,𝑡 (A.15) is equal to 1 if coefficient 𝑝̄𝑃𝑉𝑗,𝑡

experiences the largest bad deviation (decrease of PV generation)
𝛿𝑃𝑉 −
𝑗,𝑡 and to 0 otherwise;

• a binary variable 𝑧𝑃𝑉 +
𝑗,𝑡 (A.16) is equal to 1 if coefficient 𝑝̄𝑃𝑉𝑗,𝑡

experiences the largest good deviation (increase of PV generation)
𝛿𝑃𝑉 +
𝑗,𝑡 and to 0 otherwise;

• the constraint (A.12) imposes that at most 𝛤 𝑃𝑉
𝑡 bad deviations

may occur;
• the constraint (A.13) imposes that at least 𝛩𝑃𝑉

𝑡 good deviations
must occur;

• the constraints (A.14) impose that each coefficient may experi-
ence at most one kind of deviation (either bad or good);

• the objective function (A.11) pursues the maximization of the
worst reduction in value of the left-hand-side of constraint due
to the summation of bad and good deviations;

Let us now consider the linear relaxation of the previous combinatorial
optimization problem, i.e. the following problem in which the integral-

ity requirement (A.15), (A.16) on the binary variables is removed and
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𝐷

they can assume any value between 0 and 1:

𝐷𝐸𝑉 (𝛩𝑃𝑉
𝑡 , 𝛤 𝑃𝑉

𝑡 ) = max
∑

𝑗∈𝐶

(

𝛿𝑃𝑉 −
𝑗,𝑡 ⋅ 𝑧−𝑗,𝑡 − 𝛿𝑃𝑉 +

𝑗,𝑡 ⋅ 𝑧+𝑗,𝑡
)

(A.17)

∑

𝑗∈𝐶
𝑧𝑃𝑉 −
𝑗,𝑡 ≤ 𝛤 𝑃𝑉

𝑡 (A.18)

∑

𝑗∈𝐶
𝑧𝑃𝑉 +
𝑗,𝑡 ≥ 𝛩𝑃𝑉

𝑡 (A.19)

𝑧𝑃𝑉 −
𝑗,𝑡 + 𝑧𝑃𝑉 +

𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.20)

0 ≤ 𝑧𝑃𝑉 −
𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.21)

0 ≤ 𝑧𝑃𝑉 +
𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.22)

t can be noted that its bínary coefficient matrix is totally unimodu-
ar [42]. Consequently, the optimal solution of the linear relaxation
roblem is integral and provides an optimal solution also for the
ombinatorial optimization problem.

We can then define the dual problem of the linear relaxation:

𝐸𝑉 (𝛩𝑃𝑉
𝑡 , 𝛤 𝑃𝑉

𝑡 ) = min 𝛤 𝑃𝑉
𝑡 ⋅ 𝑣𝑃𝑉 −

𝑡 − 𝛩𝑃𝑉
𝑡 ⋅ 𝑣𝑃𝑉 +

𝑡 +
∑

𝑗∈𝐶
𝑤𝑃𝑉

𝑗,𝑡 (A.23)

𝑣𝑃𝑉 −
𝑡 +𝑤𝑃𝑉

𝑗,𝑡 ≥ 𝛿𝑃𝑉 −
𝑗,𝑡 ∀𝑗 ∈ 𝐶

(A.24)
− 𝑣𝑃𝑉 +

𝑡 +𝑤𝑃𝑉
𝑗,𝑡 ≥ −𝛿𝑃𝑉 +

𝑗,𝑡 ∀𝑗 ∈ 𝐶

(A.25)

𝑣𝑃𝑉 +
𝑡 , 𝑣𝑃𝑉 −

𝑡 ≥ 0 (A.26)
𝑤𝑃𝑉

𝑗,𝑡 ≥ 0 ∀𝑗 ∈ 𝐶

(A.27)
By duality theory, since the linear relaxation (A.17)–(A.22) is finite and
optimal, also its dual problem (A.23)–(A.27) is finite and optimal and
the optimal values of the two problems coincide. Consequently, we can
use the dual problem to substitute the term 𝐷𝐸𝑉 (𝛤 𝑃𝑉

𝑡 , 𝛩𝑃𝑉
𝑡 ) in the

robust constraint (A.10), as specified in [42].
We can proceed in the same way for dealing with the deviation term

+𝐷𝐸𝑉 (𝛤 𝑃𝐶
𝑡 , 𝛩𝑃𝐶

𝑡 ) appearing in the right-hand-side of the constraint
(9). Specifically, the value 𝐷𝐸𝑉 (𝛤 𝑃𝐶

𝑡 , 𝛩𝑃𝐶
𝑡 ) corresponds to the optimal

value of the following combinatorial optimization problem:

𝐷𝐸𝑉 (𝛩𝑃𝐶
𝑡 , 𝛤 𝑃𝐶

𝑡 ) = max
∑

𝑗∈𝐶

(

𝛿𝑃𝐶+
𝑗,𝑡 ⋅ 𝑧+𝑗,𝑡 − 𝛿𝑃𝐶−

𝑗,𝑡 ⋅ 𝑧−𝑗,𝑡
)

(A.28)

∑

𝑗∈𝐶
𝑧𝑃𝐶+
𝑗,𝑡 ≤ 𝛤 𝑃𝐶

𝑡 (A.29)

∑

𝑗∈𝐶
𝑧𝑃𝐶−
𝑗,𝑡 ≥ 𝛩𝑃𝐶

𝑡 (A.30)

𝑧𝑃𝐶−
𝑗,𝑡 + 𝑧𝑃𝐶+

𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.31)

𝑧𝑃𝐶−
𝑗,𝑡 ∈ {0, 1} ∀𝑗 ∈ 𝐶 (A.32)

𝑧𝑃𝐶+
𝑗,𝑡 ∈ {0, 1} ∀𝑗 ∈ 𝐶 (A.33)

in which:

• a binary variable 𝑧𝑃𝐶−
𝑗,𝑡 (A.32) is equal to 1 if coefficient 𝑝̄𝑃𝐶𝑗,𝑡

experiences the largest good deviation (decrease of load) 𝛿𝑃𝐶−
𝑗,𝑡

and to 0 otherwise;
• a binary variable 𝑧𝑃𝐶+

𝑗,𝑡 (A.33) is equal to 1 if coefficient 𝑝̄𝑃𝐶𝑗,𝑡
experiences the largest bad deviation (increase of load) 𝛿𝑃𝑉 +

𝑗,𝑡 and
to 0 otherwise;

• the constraint (A.29) imposes that at most 𝛤 𝑃𝐶
𝑡 bad deviations

may occur;
• the constraint (A.30) imposes that at least 𝛩𝑃𝐶

𝑡 good deviations
must occur;

• the constraints (A.31) impose that each coefficient may experi-
ence at most one kind of deviation (either bad or good);

• the objective function (A.28) pursues the maximization of the
worst increase in value of the right-hand-side of constraint due
14

to the summation of bad and good deviations;
lso for the previous combinatorial optimization problem, we can
efine its linear relaxation, removing the integrality requirement on the
inary variables:

𝐸𝑉 (𝛩𝑃𝐶
𝑡 , 𝛤 𝑃𝐶

𝑡 ) = max
∑

𝑗∈𝐶

(

𝛿𝑃𝑉 +
𝑗,𝑡 ⋅ 𝑧+𝑗,𝑡 − 𝛿𝑃𝑉 −

𝑗,𝑡 ⋅ 𝑧−𝑗,𝑡
)

(A.34)

∑

𝑗∈𝐶
𝑧𝑃𝑉 +
𝑗,𝑡 ≤ 𝛤 𝑃𝐶

𝑡 (A.35)

∑

𝑗∈𝐶
𝑧𝑃𝐶−
𝑗,𝑡 ≥ 𝛩𝑃𝐶

𝑡 (A.36)

𝑧𝑃𝐶−
𝑗,𝑡 + 𝑧𝑃𝐶+

𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.37)

0 ≤ 𝑧𝑃𝐶−
𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.38)

0 ≤ 𝑧𝑃𝐶+
𝑗,𝑡 ≤ 1 ∀𝑗 ∈ 𝐶 (A.39)

n this case, the binary coefficient matrix is also totally unimodular [42]
nd thus the optimal solution of the linear relaxation problem is
ntegral and provides an optimal solution also for the combinatorial
ptimization problem.

Therefore, we can define the dual problem of the linear relaxation:

𝐸𝑉 (𝛩𝑃𝐶
𝑡 , 𝛤 𝑃𝐶

𝑡 ) = min 𝛤 𝑃𝐶
𝑡 ⋅ 𝑣𝑃𝐶+

𝑡 − 𝛩𝑃𝐶
𝑡 ⋅ 𝑣𝑃𝐶−

𝑡 +
∑

𝑗∈𝐶
𝑤𝑃𝐶

𝑗,𝑡 (A.40)

𝑣𝑃𝐶+
𝑡 +𝑤𝑃𝐶

𝑗,𝑡 ≥ 𝛿𝑃𝐶+
𝑗,𝑡 ∀𝑗 ∈ 𝐶

(A.41)
− 𝑣𝑃𝐶−

𝑡 +𝑤𝑃𝐶
𝑗,𝑡 ≥ −𝛿𝑃𝐶−

𝑗,𝑡 ∀𝑗 ∈ 𝐶

(A.42)

𝑣𝑃𝐶+
𝑡 , 𝑣𝑃𝐶−

𝑡 ≥ 0 (A.43)
𝑤𝑃𝐶

𝑗,𝑡 ≥ 0 ∀𝑗 ∈ 𝐶

(A.44)

Finally, we can use the dual problems (A.23)–(A.27) and (A.40)–
(A.44) to substitute the terms 𝐷𝐸𝑉 (𝛤 𝑃𝑉

𝑡 , 𝛩𝑃𝑉
𝑡 ) and 𝐷𝐸𝑉 (𝛤 𝑃𝐶

𝑡 , 𝛩𝑃𝐶
𝑡 ) in,

thus obtaining the robust optimization model (A.1)–(A.9) and complet-
ing the proof. □
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