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SHARP ADAMS-TYPE INEQUALITIES IN R"

BERNHARD RUF AND FEDERICA SANI

ABSTRACT. Adams’ inequality for bounded domains © C R* states that the
supremum of |, 327u? 4y over all functions u € WOZ’ 2(Q) with ||Aullz < 1is
bounded by a constant depending on €2 only. This bound becomes infinite for
unbounded domains and in particular for R%.

We prove that if ||Aul|2 is replaced by a suitable norm, namely ||u| :=
|| = Au + ul|2, then the supremum of fQ(e32"2“2 — 1) dz over all functions
u € W02’2(Q) with |lu]] < 1 is bounded by a constant independent of the
domain . .

Furthermore, we generalize this result to any W(:n’ ™ (Q) with Q C R™ and

m an even integer less than n.

1. INTRODUCTION

Let © C R™, n > 2, be a bounded domain. The Sobolev embedding theorem

asserts that
np

Wer@ e Ine),  1<q<

If we look at the limiting Sobolev case p = n, then
Wy (@) C LUQ)  Vg=>1,

but it is well known that
Wy (Q) € L(9).
To fill in this gap, it is natural to look for the maximal growth function g : R — R™
such that
sup / g(u) dr < +oo,
u€Wy " (Q), [ Vul, <1 /€

where ||Vu||t = [, |Vu|"dz denotes the Dirichlet norm of u. S. I. Pohozaev [18] and
N. S. Trudinger [23] proved independently that the maximal growth is of exponential

type and more precisely that there exist constants a,, > 0 and C,, > 0 depending
only on n such that

n_
-1
sup /e'“'“‘n dr < C,|9Q.
uEWy ™ (Q), [[Vulln<1 /2

Later J. Moser in [16] found the best constant «,, and proved the following sharp
result.
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Theorem 1.1 ([I6], Theorem 1). There exists a constant Cp, > 0 such that

(1.1) sup / el 4y < €10,
weW; ™ (Q), [ Vull,<1 /€
where o, := nwi/_(?fl) and wyp_1 is the surface measure of the unit sphere ST~ C

R"™. Furthermore (L)) is sharp, i.e. if a > o, then the supremum in () is
infinite.

In the literature (L)) is known under the name Trudinger-Moser inequality. In
what follows we will refer to the sharpness of an inequality in the sense expressed
in the second part of Theorem [I.11

The supremum in (II]) becomes infinite for domains Q with || = +oc0. However,

in the case n = 2 (i.e., for W, ?(Q) with Q@ C R?), B. Ruf [19] showed that if the
Dirichlet norm is replaced by the standard Sobolev norm, namely

1
[ullwrn o= (IVully +{lulz)™
then this supremum is uniformly bounded independently of the domain :

Theorem 1.2 ([19], Theorem 1.1). There exists a constant C > 0 such that for
any domain Q C R?

sup /(64”“2 —1)dz < C,
weWy 2(Q), [lully1,2<1 /€

and this inequality is sharp.

In [12], Y. Li and B. Ruf extended Theorem [[.2] to arbitrary dimensions n > 2,
i.e., to W, " (Q) with Q@ C R™ not necessarily bounded and n > 2. Adimurthi and
Y. Yang [2] proved an analogous inequality in R" involving critical Trudinger-Moser
nonlinearities with singular Hardy coefficients.

In 1988 D. R. Adams [I] obtained a generalized version of (L)) for Sobolev spaces
with higher order derivatives. For these spaces the Sobolev embedding theorem says
that if Q@ Cc R™, then ’

Wg"P(Q) € L7 (),
and hence the limiting case is p = =. In the particular case that m is an even
integer and Q C R"™ with m < n, Adams’ result can be stated as follows: for
u € W™ P(Q) with 1 < p < 400, we will denote by VJu, j € {1,2 ..., m}, the jth
order gradient of u, namely

. Aby j even,
V]u = i—1 .
VA= u jodd.
Theorem 1.3 ([1], Theorem 3). Let m be an even integer, and let & C R™ with
m < n. There exists a constant Cp, n > 0 such that
(1.2) sup / ePolul™™ g < Cm, 9,
wewy" W (), [Vmul g <1 7€

where

%2mr m n—m
ﬂO:BO(ma n) = wnl |:7T (n—m)Q):| )

Furthermore inequality (L2) s sharp.
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As before, one notes that the bound in (IZ) becomes infinite for domains Q with
|| = +o00. In the case that m is even, namely m = 2k, we will show that replacing
the norm ||[V™ul|~ with the norm

el n = (=2 + 1) F u

s = l(-A+ 1t

Fo)
where I denotes the identity operator, the supremum in (2] is bounded by a

constant independent of €.
Let

<
S
|

)

<

=

I

mﬁ

|
7
> %

I
o
.

<.

<.

where
jn ::mln{jéN’jZ—}Z—.
m m m
Our main result is the following;:
Theorem 1.4. Let m be an even integer less than n. There exists a constant
Chn.n > 0 such that for any domain @ C R"

(1.3) sup / 0] (ﬁo|u|ﬁ) dz < Cpy ns
Q
1

weWy " ™ (Q), lullm, n <

and this inequality is sharp.

In [I1, Theorem 1.2], Kozono et al. explicitly exhibit a constant 3, ,, < Bo, with
* = Bo(m, 2m), such that if 8 < 5% ., then

m,2m m,n’

(1.4) sup / 10) (ﬂ|u

n

u€W™ m (R™), [[ullm, n<1

) dr < C(B, m, n),

where C'(8, m, n) > 0 is a constant depending on 3, m and n, while if 5 > ; the
supremum is infinite. To do this, they reduce the inequality to some equivalent
form by means of Bessel potentials, then they apply techniques of symmetric de-
creasing rearrangements and, following a procedure similar to Adams’, they make
use of O’Neil’s result [I7] on the rearrangement of convolution functions. But with
these arguments they did not answer the question of whether or not the uniform
boundedness in (4] also holds for the limiting case 5 = (.

In the proof of Theorem [[.4] we will follow a different approach. The idea is
to adapt the arguments in [I9], but in order to do this, one encounters difficulties
in the use of symmetrization techniques to reduce the general problem to the ra-
dial case. Indeed, this cannot be done directly as in [19], since one would have to
establish inequalities between ||[V™ul[ » and ||[V™u*[| », where u* denotes the sym-
metrized function of u, and such estimates are unknown in general for higher order
derivatives. To get around this problem, the idea is to apply a suitable comparison
principle. For example, in [4] and [B], the authors used the well-known Talenti
comparison principle (see [20]). Under suitable assumptions, this comparison prin-
ciple leads to compare a function u, not necessarily radial, with a radial function
v in such a way that |V™ul, = [|[V™0|, and |Jull, < ||v]|, for any p € [1, +00).
Therefore, the Talenti comparison principle is a suitable tool if one works with the
LP-norm of the m-th order gradient. In our case, since we want to obtain an esti-
mate independent of the domain, we need to replace the Dirichlet norm ||V u|| »
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by a larger norm, and a natural choice is the norm
ullin, n == (=2 + 1) F ul| 2.

It is easy to check that the norm ||u||,,» is equivalent to the Sobolev norm

m m
n . n\ 5
e (L + LIV )

n

and in particular, if u € W' ™ (Q) (or w € W™ w (R™)), then

(1.5) [l yym, 2 < [ellm,n-

m

But the Talenti comparison principle cannot be applied to the norm |||, » since
it increases the || - ||, n-norm; however, the norm |||, is well suited to apply (an
iterated version of) a comparison principle due to G. Trombetti and J. L. Vdzquez,
which appears in [22], see also [6].

Having reduced the problem to the radial case, in order to prove Theorem [[.4],
we will show that the supremum of

/ 10) (,80|u|ﬁ) dx
Br

over all radial functions with homogeneous Navier boundary conditions belonging
to the unit ball of

(WN T (Br) = W (Br) N WIS (Br), |-y, 7)

is bounded by a constant independent of R > 0. Here and below, Br := {z €
R™ | |x| < R} is the ball of radius R > 0, and

Wi (Br) = {ue W™ (Br) | Alulog, =0
in the sense of traces for 0 < j < %}

W™ (Bp) = {ueW™%(Bg)|u(z)=u(z]) ae inBg)

are respectively the space of W™ w ( Bg)-functions with homogeneous Navier bound-
ary conditions and the space of radial W™ w (Bg)-functions. This result is ex-
pressed in the following.

Proposition 1.1. Let m be an even integer less than n. There exists a constant
Cm,n > 0 such that

(1.6) sup /B (ﬂo\u

“eWN r(:'dL (Br)s llullyyrm, nym <1

mew ) de < Cp

independently of R > 0, and this inequality is sharp.

This ends an outline of the proof of Theorem [T.4l
We point out that, as Wy ™ (Q) € Wy~ ™ (), we have

/¢ Bolu|—m )
wew, m) [l n <

< /¢ Bolu ™) da

weWy ”"(Q ) [wllm, n<
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and actually we will also prove the following stronger version of the Adams-type
inequality (L3)).

Proposition 1.2. Let m be an even integer less than n. There exists a constant
Chn.n > 0 such that for any bounded domain @ C R"

(1.7) sup / 1) (ﬁo|u|ﬁ) dx < Cpy ns
Q

wE€W " (), lfullm, n <1
and this inequality is sharp.

Comparing this last result with Theorem [[L4] in the case of bounded domains,
it is remarkable that the sharp exponent By does not depend on all the traces
but only on the zero Navier boundary conditions. This is not obvious, as shown by
A. Cianchi in [7] in the case of first order derivatives: with zero Neumann boundary
conditions (i.e., in W' () instead of W, "(£2)) the sharp exponent a, in Theorem
[l strictly decreases.

This paper is organized as follows. In Section 2 we recall the comparison principle
of G. Trombetti and J. L. Vazquez, and we introduce an iterated version of it. In
the following sections (Sections 3 and 4), we first prove that the supremum of

/n 1) (60|u\7£—m) dx

over all radial functions belonging to the unit ball of (W™ = (R™), ||
bounded:

Ny ) 8

Theorem 1.5. Let m be an even integer less than n. There exists a constant
Cm,n > 0 such that

(1.8) sup /n 1) (60|u\nfm) dx < Cpy,ns

weW," ™ @), |lu] <1
rad ’ m>

wm,n/

where
w R(R”) = {ue W™ w([R") |u(z) =u(lz]) ae in R"}.
Furthermore this inequality is sharp.

Second we will see that the proof of Theorem can be easily adapted to prove
Proposition [Tl To make transparent the main ideas of the proof, in Section 3 we
prove Theorem and Proposition [[LT] in the simplest case m = 2, n = 4, and
we give a general proof for m > 2 even and n > m in Section 4. In Section 5 we
prove the main theorem (Theorem [[]), and we end the section with the proof of
Proposition [[Z2I The proof of the sharpness of (I3)), (LA), (L7), and (L) is given
in Section 6.

2. AN ITERATED COMPARISON PRINCIPLE

A crucial tool for the proof of Theorem [[L4] in the case m = 2 is the following
comparison principle of G. Trombetti and J. L. Vazquez which we state only for
balls B C R", n > 2, in order to simplify the notation and as this is the case of
our main interest. We will denote by |Bpg| the Lebesgue measure of Bg, namely
|Br| := 0, R", where o,, is the volume of the unit ball in R".



650 BERNHARD RUF AND FEDERICA SANI

Let w : B — R be a measurable function. The distribution funtion of wu is
defined by

1) = l{o € B | |u(@)| > 1} Ve 0.
The decreasing rearrangement of w is defined by
w*(s) :=1inf{t > 0| pu(t) < s} Vs € [0, |Brl],
and the spherically symmetric decreasing rearrangement of u by
uf (z) == u*(on|z|™) Vx € Bpg.

The function uf is the unique nonnegative integrable function which is radially
symmetric, nonincreasing, and has the same distribution function as |u|.
Let u be a weak solution of

—Au+wu=f in Bg,
(2.1) :
u € WO (BR)a

where f € Ln%L?(BR).

Proposition 2.1 ([22], Inequality (2.20)). If u is a nonnegative weak solution of

@10, then

* 1 5 S
(2.2) —d;; 5) < S sn 2 / (ff —u")dr Vs € (0, |Brl).
0

nZoy

We now consider the problem

{—Av+v = f* in Bp,

(2:3) v e Wy 2(Bg).

Due to the radial symmetry of the equation, the unique solution v of ([23) is radially
symmetric, and it is easy to see that

(2.4) O /Os(f*—ﬁ)dT Vs € (0, |Brl),

n2op

where (o, |z|") :==v(z) Vz € Bg.
The maximum principle, together with inequalities ([2.2]) and ([24), leads as
proved in [22] to the following comparison of integrals in balls:

Proposition 2.2 ([22], Theorem 1). Let u, v be weak solutions of 21 and (23),
respectively. For every r € (0, R) we have

/uﬁdxg/ vdx.
B, B,

We are now interested in obtaining a comparison principle for the polyharmonic
operator, which will allow us to reduce the proof of Theorem [[.4] to the radial case.
To this aim let m = 2k with k a positive integer, and let u € W™ 2(Bg) be a weak
solution of

25) {(—A +D)*u=f in Bg,

u € Wx*(Bg),
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where f € Lit2 (Bg). If we consider the problem

{(—A +D)Fv=f' in Bp,

2.6
(26) v e Wn*(Bg),

then the following comparison of integrals in balls holds.

Proposition 2.3. Let u, v be weak solutions of the polyharmonic problems (2.3)
and ([286), respectively. For every r € (0, R), we have

/uﬁdmg/ vdz.
B B

T T

Proof. Since equations in (21 and ([26]) are considered with homogeneous Navier
boundary conditions, they may be rewritten as second order systems:

—Au; +u; = f in Bpg, —Au; +u; =u;_1 in Bp,
(P1) 1,2 (P) 1,2
uy € Wy *(Br), u; € Wy “(Br),

P ) —Avy +v; = fﬁ in Bg, (?) —Av; +v; =v;_1 in Bg,
U1€W01’2(BR), ’ UiEWOl’Q(BR),

for i € {2, 3, ..., k}, where uy, = u and v, = v. Thus we have to prove that for
every r € (0, R),

(2.7) /uidwﬁ/ vg dz.
B, B,

r T

When k = 1, inequality (Z7) is the inequality in Proposition When £k > 2, we
proceed by finite induction, proving that

(2.8) /ufdxg/ v; dz
B, B.

holds for every i € {1,2,..., k}. By Proposition it follows that if i = 1,
then (Z8) holds. Now, assuming that inequality (28] has been proved for some
i€{1,2,..., k—1}, we show that

(2.9) / ug_ﬂ d:cg/ Vit d.
B

Without loss of generality we may assume that w;41 > 0. In fact, let w; 11 be a
weak solution of
—AUjp1 + U1 = [ui|  in Bp,
Ui+1 € WOLZ(BR).
Then by the maximum principle w; 1 > 0 and w; 41 > w41 in Bg.
Since w; 41 is a nonnegative weak solution of (P;41) then (Z2) holds, and since
v;41 18 a weak solution of (P;41) also an analogue of (2:4]) holds, namely

_du;jrl < 1

S
2_9 * *

s s u; — Uz, 1) d Vs € (0, |Bgr|),
0 <ot [ —uiar (0, 1Bl
dv; 1 2 5 R

S = st [ e O, |Ba)
S n20-n 0
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Therefore for any s € (0, |Bg|),

d@i 1 duj 1 2 _ s R % 1 2 _ s PN
L (5)- S (9) =g 58 [ (i) dr < — st [ui-a)ar
§ § 0 0

n2o7 n2on

But as a consequence of the fact that inequality (Z8) holds for ¢, we have that

/ (uj —0;)dr <0 Vse (0, |Brl),
0

and we get
d’i}z+1 duf+1 ]_ 272 /S R
— _ n ir1— U, )dr <0 V 0, |Br|)-
B ) Tt = — ot [ = ui)dr <0 Vs € 0 1Ba)

We can now proceed as in [22], setting

o) = [ (i1 —ulp) Vs € (0, |Bal)

so that
y'— —5y <0 in(0,|Bgl),

n2o,?
y(0) = y'(IBrl) =0,
and the maximum principle leads us to conclude that y > 0 which is equivalent to

@9). 0

Actually, in the proof of Theorem [[.4] we will not directly use the comparison of
integrals in balls, Proposition 2.3] to reduce the problem to the radial case; in fact
we will apply a corollary of it. As stated in [22], a well-known direct consequence
of Proposition 23] is the following comparison principle:

Proposition 2.4 ([22], Corollary 1). Let u, v be weak solutions of [2H) and (21,
respectively. For every convex nondecreasing function ¢ : [0, +00) — [0, +00), we
have

o(|uf) dz < o(v) du.
Br

Br

Remark 2.1. It is easy to adapt the previous arguments to obtain a result for
general bounded domains. Let Q C R™, n > 2 be a bounded domain. We consider
the problems:

(A +Dfu=f inQ, (—A+DFv=ft in QF
u e WRH(Q), ve WRH(Q),

where [ € an_fZ(Q) and QF is the ball in R”™ centered at 0 € R™ with the same
measure as ). Then for every convex nondecreasing function ¢ : [0, +00) —

[0, +00), we have
/Q o(lul) de < /Q 90 da

Remark 2.2. We can now explain how this last proposition may be used in the
proof of Theorem [[L4l Let m = 2k < n with k a positive integer. Let u € C5°(Bg)
with Bp C R™, and define f := (—A +I)*u in Bg. By construction u is the unique
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solution of (ZX]). Let v be the unique radial solution of ([Z6]), then by Proposition
24 it follows that

[ o) dr< [ (@) a
Br

Br

Since f € L (Bg), we have that f# € L (Bg) and thus v € W]:,n,’ri(BR). Fur-
thermore,

[Vllm,n = I(=A + I)*v

2=l =If

This means that, starting with a function v € C§°(Bg), we can always consider a

s = [(-A+Dku

2 = [ullm, n-
prey m,n

radial function v € W;l’rzi(B r) which increases the integral we are interested in

and which has the same || - ||, n-norm as u.

3. AN ADAMS-TYPE INEQUALITY FOR RADIAL FUNCTIONS IN W2 2(IR%)

In this section we will prove the first part of Theorem in the case m = 2 and
n = 4, namely we will prove the existence of a constant C' > 0 such that

(3.1) sup / (632”2“2 —1)dx < C.
R4

wEWZE(RY), [lull 2, 2 <1

To do this, we follow the techniques adopted in [19] for the proof of Theorem 2]
and the key to adapt these arguments to the case of second order derivatives is the
following stronger version of Adams’ inequality:

Theorem 3.1 ([21]). Let @ C R* be a bounded domain. Then there exists a
constant C' > 0 such that

2, 2
sup / 32 dy < C|Q),
wEW2 2(Q)NW, 2 (), [[Aul2<1 /O

and this inequality is sharp.

Remark 3.1. We point out that Adams’ inequality, in its original form, deals
with functions in Wy *(Q) (see Theorem [[3) which is the closure of the space
of smooth compactly supported functions. Note that VVO2 ’ 2(Q) is strictly contained
in W22(Q) N W, %(Q) and

2, 2 2, 2
sup / 32T dy < sup / e32m U dg,
wEWS 2(Q), [ Aul2<1 /O weEW22(Q)NWE 2(Q), |Aul2<1 /9

therefore Theorem B Ilimproves Adams’ inequality showing that the sharp exponent
3272 does not depend on all the traces.

In [2I] C. Tarsi obtained more general embeddings in Zygmund spaces, and
Theorem Blis a particular case of these results. For the convenience of the reader,
we give here an alternative proof (see also C. S. Lin and J. Wei [I3]). To do this,
we will follow an argument introduced by H. Brezis and F. Merle (see the proof of
Theorem 1 in [3]), who construct an auxiliary function written in Riesz potential
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form, and we will apply to this auxiliary function the following theorem due to
D. R. Adams:

Theorem 3.2 ([I], Theorem 2). For 1 < p < +o00, there is a constant ¢y = co(p)
such that for all f € LP(R™) with support contained in Q, || < +o0,

n Io*f(x)
e“n—1 1fllp
Q

where % + 1% =1, wy,_1 is the surface measure of the unit sphere S"~* C R

’
p

dx < €o;

" and

T fla) = [ o=l () dy
is the Riesz potential of order a := %.

Proof of Theorem Bl Let
Cy(Q):= {u € C>® () NCQ) | ulgn = O} .
By density arguments, it suffices to prove that
sup / 3270 g < 9.
ueC® (Q), || Aull2<1 JQ

Let u € CF(Q) be such that ||Aull2 < 1, and set f := Aw in £, so that u is a
solution of the Dirichlet boundary value problem

Au=f in,
u=0 on €.
We extend f to be zero outside 2
-5 flz) €9,
"~ ]o r e RM\Q,

and we define

_ 4 3 = . 4
ui=——= | Lx|f| in R

W3327T2

so that —A7 = [f| in R*. By construction @ > 0 in R* and from the maximum
principle, it follows that @ > |u| in Q. Furthermore

L2
4 (1
327272 < — ( 2 f') in R?.
ws \ [If]l2
N 4 (I2=FI@))?
/6327r2u2 dx§/6327r2u2 dxg/ejs( 2\\7\\2 ) d{,C,
Q Q2 @

and the last integral is bounded by a constant which depends on € only as a
consequence of Theorem with n =4 and p = 2. O

Therefore

We can now begin the proof of (B1). Let u € Wfa’f (R*) be such that [|ul|y22 <
1. Fix rg > 0 and set

Il = / (6327r2u2 . 1) dl’, IQ ::/ (6327r2u2 _ 1)d$
B R4\ By,

0
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so that
/ (327 _1)dy = I, + L.
R4

During the proof, we will show that it is possible to choose a suitable ry > 0
independent of u such that Iy and I are bounded by a constant which depends on
ro only, and so we can conclude that (3.1]) holds.

First, we write Iy using the power series expansion of the exponential function

—+o00 2\ k

327

IQ = E ( %l ) IZ,ka I2,k ::/ \u|2k dx.
k=1 : R4\ B

We estimate the single terms /5 ; applying the following radial lemma.

Lemma 3.1 ([9], Lemma 1.1, Chapter 6). Ifu € VV1 2(R‘L) then

1
‘.’[|3/2 ”uHVV1 2

u(z)] <

3

for a.e. x € RY, where wg = 212 is the surface measure of the unit sphere S® C R*.

Hence for k > 2, we obtain

I < —”u”%l’z w3 /+Oo i p3d ”u”Wl . rot 7 HUH‘Q/{% 2 rot=3k
o k (ws)F~1 3k —4 (ws)F 1

This implies that

) 3272|205\
I < 32n2||ul|? 4 wsrd Z T\ o < ¢(ro),

where the constant ¢(rg) > 0 depends only on ry since by assumption ||ullz < 1 and
lw||prr2 < 1.

To estimate I, the idea is to use Theorem [B.I] and in order to do this we have
to associate to u € W2 2(B,,) an auxiliary function w € W22(B,,) N W, *(B,,)
such that [|[Aw|2 < 1. Recalling that u € W2 2(R4), we define a radial function
v=uv(|z|) as

v(|z]) =: u(|z]) — u(re) for 0 < |z| < ro,
and we can notice that v € W*2(B,,) N Wy *(B,,). Again applying the radial
lemma, we get for 0 < |z| < rg

w2 (J2]) = v¥(Ja]) + 20(J)uro) + u2(ro) < v¥(Jal) + o2 ([al)u(ro) + 1] + (o)
<|ac|>+v<|ac|>[1 sl |+ 14 ol

ol [1 + gez sl } +d(ro).

Now we define

1 1
w(|z|) = v(|x)\/1 + 2——||u\|W1 5 forall 0<|z|<rg
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so that w € W22(B,,) N Wy *(B,,) and
(3.2) u?(|z]) < w?(|z]) + d(ro) for all 0 < |z] < 7p.

By construction

(/ <Avﬁdx:1/ (D) dz < [Aul < 1— [[ullr .o,
B

o By,

/B (Aw)2dx:/B

ro

and hence
2

1 1
{A (U\/l + 2—7T2m—3||u\|%4/1,2 )] dx
1 1 9 9

0

11
< <1 + 2—7T2m—3||u||‘2/vlz> (1= Jlullfy.2)
11 2

<1 (1= g s ) Bl <1

provided that r¢® > 51z. From B2 it follows that

0

2 2, 2
I < e327r d(ro)/ e327r w dx,

By

and if ro > ¢ #, then the right-hand side of this last inequality is bounded by a
constant which depends on 7 only, as a consequence of Theorem [l This ends the
proof of the first part of Theorem in the case m = 2 and n = 4; for sharpness
see Section 6.

Remark 3.2. In the estimate of I; we might expect to apply Adams’ inequality
(T2). But to do this, one would need to construct an auxiliary function w which
is in W' ?(B,,), and this is not an easy task. However in view of Theorem 3]
it is sufficient that w € W22(B,,) N Wy *(B,,), |Aw|lz2 < 1 to conclude that

2 2
fBTO (6327r w

We can easily adapt the arguments above to obtain a proof of Proposition [L1]
in the case m =2 and n = 4.

— 1) dz is bounded by a constant which depends on r only.

Proof of Proposition [T in the case m =2 and n = 4. Fix R > 0, and let
2,2
u € Wy La(Br)
be radial and such that |Ju|y=22 < 1. First of all we recall that
Wy ?(Br) = W»2(Bg) N W, *(Bg),

and so u € Wfa’(f(BR) N WOL 2(BR). To prove Proposition [Tl we have to show that

there exists a constant C' > 0 independent of R and u such that

(3.3) / (2% _1)dx < C.
Br
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‘We have two alternatives:

(I) R < {/5%. As in particular ||Aul|3 < 1, we can apply Theorem B.I] ob-
taining that

327242
—1)dz < C|Bp| < C‘B ‘
/BR(e )dz < C'|Bg| < Vo
(II) R > {/5x=. In this case we set
I = / (270 1) d. I ::/ (1) da,
B, Br\Br,
where {/ # <719 < R, so that

/ (32 _1)dw = I, + L.
Br

To estimate I; and I with a constant independent of R and w, we can use
the same arguments as in the proof of Theorem[[5l Tt suffices to notice that
the radial lemma (Lemma BI) holds for any radial function in W1 2(R*)
and, as u € WOLZ(BR), we can extend u to be zero outside the ball Bg
obtaining that u € W 2(R*), furthermore,

”uHWl«?(R“) = ||u||W1=2(BR)

4. AN ADAMS-TYPE INEQUALITY FOR RADIAL FUNCTIONS IN W™ m (R")

In this section we will prove the first part of Theorem in the case m = 2k
with k a positive integer and m < n. To this aim a crucial tool is the following
extension of Adams’ inequality to functions with homogeneous Navier boundary
conditions.

Theorem 4.1 ([21]). Let m = 2k with k a positive integer, and let @ C R"™, with
m < n, be a bounded domain. There exists a constant Cy, , > 0 such that

sup / Pl < |9,
n.
weWy (), [V rulln <1 70

and this inequality is sharp.

We give an alternative proof, following the idea of the proof of Theorem 3.1}

Proof of Theorem L1l By density arguments, it suffices to prove that

—n__
sup / Pl g < C |,
ez (@), |Vl a <1 Jo

where

CR(Q) = {u e C®(Q)NC™ @) | ulon = Aujon =0, 1< j < k}.
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Let u € CF(Q) be such that [|[V™ul|» = [[AFul|= <1, and set f:= AFu in Q, so
that u is a solution of the Navier boundary value problem
AFy = f in Q,
u=Au=0 ondQ Vje{l,2, ...,k—1}.
We extend f by zero outside £,
T flx) €9,
~ o r € R™"\Q,

and we define

n—m

ﬂ:_( n )n L, * | f] in R™,

anlﬁo
so that (—1)*AFz = | f| in R™. By construction @ > 0 in R” and

n

n 1 fIy "
Bola| =7 < —— (—m* |f> in R".

wa—1 \[Ifll2

To end the proof, it suffices to show that @ > |u| in . Indeed, if @ > |u| in Q,

then n
N n (172*\7\) e
/650|u\ﬁm dxg/egowfnfm d:rg/e w1 \ i de
Q Q Q

and the last integral is bounded by a constant depending on €2 only, as a consequence
of Theorem with p = 1+ > 1.
To see that @ > |u|, consider the systems,

b

Aup = f in €, Au; = u;—1 in Q, e {2 .. k)
uy =0 on 0, u; =0 on 0,
AT = (-1)F|f] inQ At; =u;—q in
At = (DR in 6, A=t iy,
= ARy on 092, u; = A" '"w on 01,
where obviously uy = u and u, = u in Q. Since for i € {1, 2, ..., k — 1} we have
> i
(—1ykak-ig =0 Teven g
<0 17 odd,

by finite induction, and with the aid of the maximum principle we can conclude
that @ > |u| in 2 and this ends the proof. O

Now we begin the proof of the first part of Theorem Let u € W;:d%(R")
be such that ||ul|m, = < 1. Fix 79 > 0, and set

n

I 1:/3 ¢(ﬂ0\u|ﬁ) dz, E ::/]R ¢(60|u|"7m)dx’

T0 * \BTO

so that
/ ¢ (Bolu|™7) dz = I + I.
Rn

We can notice that the starting point is the same as in the proof of the case
m = 2, n = 4 and, as before, we will show that it is possible to choose a suitable
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ro > 0 independent of u such that I; and I, are bounded by a constant which
depends on 7y only.

In the estimate of I5 there are no substantial differences to the case m = 2 and
n = 4, we first need a suitable radial lemma, namely an adaptation of [9], Lemma
1.1, Chapter 6:

Lemma 4.1. Ifu € Wa’d'" (R™), then

1\~ 1
lu(z)| < ( ) — ||l
mao, |x\ E wh m

for a.e. x € R", where o, is the volume of the unit ball in R™.

Applying this radial lemma and using the power series expansion of the expo-
nential function, we get

j%—l
L < ﬂo—,/ )77 27
(]ﬁ - 1)' R™ \Bro
( _1 +oo 1 ﬁOHu n—m 1m"
n—m On 0 Z m n—lm
j=in (moyp)m=mry™™

c AT s s
n = 1)' R’Vl \B

To estimate the first term on the right-hand side of this last inequality, we need the

continuity of the embedding of W™ (R") in suitable L?-spaces:

Lemma 4.2 ([I4], Théoreme I1.1). The embedding Wrad"‘ (R™) c LY(R") is con-
tinuous for - < q < +o0.

p (j% — 1) > to conclude that Iy <é(m,n, o).
To estimate I, we apply, as in the case m = 2 and n = 4, Theorem [£.I] to an
auxiliary radial function w € Wy ™ (Br,) with [[V™w|[» <1 which increases the
integral we are interested in. But the construction of this auxiliary function is rather
difficult with respect to the case m = 2 and n = 4. In fact, in the case of second
order derivatives, we only need to construct an auxiliary radial function which is
zero on the boundary of B,,, while when dealing with mth order derivatives, with
m > 2, the auxiliary radial function has to be zero on the boundary of B, together
with its jth order Laplacian for any j € {1, 2, ..., k — 1}.
If m = 2k > 2, then for each i € {1, 2, ..., k — 1} we define

gilz]) =la|™™* ¥z € By,
so that g; € W::é%(BTO) and

{Cg |20+ for j e {1, ..., k—i},
0

g(|$|) forjE{k—i+17---ak}a

Vx € By,
where

ﬁ n+m—2h+i]m-2G0+h-1)] Vje{l,2 ..., k—i}.
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These functions will be helpful in the construction of the auxiliary radial function
w. A similar device was used in [§] to prove an embedding result for higher order
Sobolev spaces, but with another aim, namely to show that a radial function defined
in a ball may be extended to the whole space without increasing the Dirichlet norm
while increasing the LP-norm.

Let

(|1‘| "/El Zazgz ‘-/El — Qg Vo € BT07

where

Ak lu(70) Zi‘,—la‘Ak Z-9'(70)
j=1"7 J .
a; = : s Vie{l,2,...,k—1},
Akﬂgi(%) { }

k—1
ap = u(ro)—Zaigi(ro).
i=1

We point out that if m = 2k = 2, namely when we deal with second order deriva-
tives, then v reduces to

v(|z|) :=u(|z]) — u(ry) Vo € By,.

By construction v € Wy~ %(BTO) N W;:é%(BTO) and A*v = AFy in B,, or
equivalently V"v = V™« in B,. Furthermore

Lemma 4.3. For 0 < |z| <19 we have

n
n—m j -
[ulle)| ™" < Jollah| T <1+Cng g | L
i=1To
Cm,n o e
+ n,_l Hu ;;/1, :"L) + d(m7 n, T0)7
0

where ¢y n > 0 depends only on m and n and d(m, m, ro) > 0 depends only on
m, n and rg.

Proof. To simplify the notation, let

|$| Zalgl |£L" + ag Vo € BTo

so that v(|z|) = u(|z|) — g(Jz|) for all z € B,,. Fix 0 < |z| < 19, and set r := |z| so
0<r<r.

Step 1. We want to dominate |u(r)|7= with |v(r)|7= up to multiplicative and
additive constants depending only on m, n, 1o and g(r), and more precisely we will

prove that
_n__ n _m n _n_
n—m (1 + ( )|m> + 27n—m <1 + p— 'rL'm.) .

(4.1)
To this aim we recall that the binomial estimate

()= < Jo
(a+b)7 < a?+q27 (a7 b 4 b9)

2 T

—|g(r)
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is valid for ¢ > 1 and a, b > 0. Using the definition of v and applying this binomial
estimate we get

42)  Ju(r)[77 < Jo(r)|Fm +

——— 27 ([o(r) |7 |g(r)] + g(r)| 7).

As Young’s inequality says that

n—m

ab < T(ab)% +
n n

provided that ab > 0, we can estimate
n—m

n
m ,
n

m

" g (r)] < %v(r)lﬁlg(r)

(4.3) v(r)

and this together with inequality (2] gives (@I).
Step 2. We have to obtain a suitable estimate for |g(r)|* and in particular we are
interested in the cases a = ;- and o = so we will assume that a > 1. By

convexity arguments

n
n—m’

k—1
lg(r)|® < 28@TDFEN " a; g (rg) + 2% Hu(ro)|*.

(3

We will prove in Step 3 below that

(44) ol <& > et AR Turo)|t Vie{l, 2, .. k-1,

=1

where the constants ¢; > 0 depend on m and n only. As a consequence of ([&4]) we
get

lg(r)|*

IN

k—1 1
2k(oz—1)+1 Z Zai"ﬂg(mizj) ’Ak_ju(ro)’a n 2@—1‘u(,r0)‘a

i=1 j=1

k—1 k—1
Qk(a71)+1 Z <r(t)x(m—2j) |Ak7ju(7‘0)’a ZEZ) + 20‘71‘u(7‘0)‘a
J=1 i=j

k-1
= 2RO DL G a2 ARy (176)| " 4 297 Huu(rg )
j=1

with
k—1
Gi=Y 7 Vie{l,2 ..., k-1}
i=j

Now the radial lemma, Lemma [£1] leads to

n—1

1 we a(m—2j—"—m i
e s B ST R e PO

1,
maoy, wh m

Jj=1

_ 1 e 1
+207 (ma ) [ HUH;/I e
n n

"o

(4.5)
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Step 3. We have to show that ([@4]) holds. We proceed by finite induction on i.
When ¢ = 1, by the definition of a; and g; we have
AFly(rg) |* 1
ATgilro)| (D)
which is nothing but (@) provided that ¢, := (¢¥~1)~®. We now assume that (@)
holds for any j € {1, 2, ..., i} with ¢ € {1, 2, ..., k — 2}, and we show that

i1

a = 2a(i+1—j —; o
jaisa|” <y gt AR Tu(r)|

j=1

Using the definition of a;41 and g;+1, we get

laa|* =

- ’Ak_lu(ro) ’a ,

a 2a71 —i— o 2i(a71) ' [ —i— @
lait1]® < Thoiclhg |Ak 1U(7"0)| + Th—icl\a Z |@j| |Ak 1gj(7‘0)| .
( ’L+1 ) ( ’L+1 ) j=1

By finite induction assumption and by definition of g; with j € {1, 2, ..., ¢}, we
can estimate

[ [ 7
e R)
doag (A gi(n)" < ZZ g AR ()|
j=1 J=1 h=1
i
- S ol (o)
h=1
i
= Zéméagﬂ*h)|Ak7hu(ro)|a
h=1
with .
K3
Cp = ZEj(cf_i_l)o‘.
j=h
In conclusion
N ga—1 AR—in1 o 9i(a—1) i . 2a(it1oh) Akt N
|aisa|* < W' u(ro)] +WZCW0 | A" u(ro)|
i+1 i+1 h=1
it+1 _
< T Z Tga(wkh) |Ak7hu(ro)‘a .
h=1

Step 4. Combining (A1) and inequality (L) with « =

u(r) w2 (L ae g ) + dlm, . o)

as [|A" Jul| 12 < 1forje{l,...,k—1} and [jul| 1, = < 1. Now, a further
application of inequality (5] with a = - leads to

=< Jo(r) |7 <1+cm nz 2j —=— ||
which easily implies the inequality expressed by the lemma. (]

n—m

n
n—m < "U

2 e

Ju(r)[™

Cm,n ||

wra T ot

+ d(m, n, ro),
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Now we define

k—1
1 c
w(|z]) == (le)<1+cm n Y I <= lA*” ﬂu||m a T’;j ’;||u||m m) Vo € By,
j=1 To 0

ASUEW;L%( )ﬁVV]raLd ( »), we have thathW;\?’:”( )ﬂWrad ( o)
and from Lemma [3]it follows that

Ju(la)|

n
n—m

+d(m, n, r9) Y0 < |z] < ro.

n ]
m

n 5
Wl m

< ‘w |z])

Since

3

(V™o

n
m
n ||u
T m

k—1
5 =1l < (1- Z1arulf,
j=1

and the inequality
(1-A)¥<1-q¢A
holds for 0 < A <1 and for 0 < ¢ < 1, we have that

k—1
ol < (1 S Y PN . M 3
'n ]:1 m n

3
3
N—

Therefore
e S . )
IV w|e = |vmv||n(1+cmnz 77 ———~ Ju||m 4 Cmn ”w%)
j=1 To To
m ol . m .
< (1——Z||A’“-Ju|m— u —)
n whm  n wh
j=1
k—1 1 . N
i=1"0o
and in conclusion
(4.6)
Mlre m Cm
m m,n_ " k—j. ||
97l < 1+ Y (e = S IAR Il (2= ) bl <1,

j=1 \Tg

provided that r¢ > 0 is sufficiently large: this is our choice of 7y > 0. In conclusion

I < eﬁod(m,",To)/ 650|w\"f’" dz,

By

and the right-hand side of this inequality is bounded by a constant depending on

ro only as a consequence of Theorem .11
We end this section with the

Proof of Proposition [T We want to adapt the above arguments to obtain a proof
of Proposition [Tl The idea is to proceed exactly as in the case m = 2 and n = 4,
but for this we have to specify
e how the radial lemma (Lemma [A]) can be used to obtain pointwise esti-
mates for v and AJu with j € {1, 2, ..., k —1}; and
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e how to modify the argument (Lemma [£2)) used in the estimate of I to
obtain an upper bound for the integral

(4.7) / ™7 1) g
Br\Br,

independent of v and R.
Let u € W;Z’rii(BR) with Bg C R". Since

n

o Lo
Wy " (Br) C W' ™ (Br),
we may extend u by zero outside Bg, and obtain u € erz;d% (R™) with

Hunwl m(R") Hunwl m (Br)"
Thus we can apply Lemma 1] to u.
Similarly, for fixed j € {1, 2, ..., k — 1}, we have
m—2j, = 1,z
Wy " (Br) € Wy ™ (Br),
and since Afu € W;\?;fd] %(BR), we have in particular AJu € Wol’ %(BR). We
extend AJu to be zero outside B

P AJy  in Bp,
770 in R™\Bg.

As Alu € Wol’ %(BR) is radial, we have that f; € er,’dﬁ (R™) and f; satisfies the
assumption of Lemma [£1]l Therefore, for a.e. € Bg, we have

1£5(2)] < ( ! )
maon |J)

m

1\~ 1 -
J n
(man) || =™ 1872l 2 (5
It remains only to specify how to obtain an upper bound independent of u and
R for the integral (7). Let u € W]:,rt’rfd(BR) be such that [[ull,,m» = < 1. As

m

u € W;’dﬁ (R™), from Lemma (1] it follows that there exists 1 = ri(m, n) > 0
independent of u and R such that

lu(z)| < 1 for a.e. x € R"\B,,.
Therefore for R > r1, we can choose 0 < r; < rg < R so that
lu(z)| < 1 for a.e. x € R"\B,,,

) 1
|ATu(z)| 1, ||fj||W1)%(Rn)

and since
n . n
(jﬁ — 1) 2 —
n—m o™ m
we obtain that
/ |u#(jﬁfl> dxg/ |u#(jﬁfl> dxg/ lu|m dx < 1.
Bpr\Br, R™\ By, R™\ By,

To conclude, we can argue as in the proof of Proposition [[LI]in the case m = 2
and n = 4, but now the two alternatives that we have to distinguish are R < R
and R > R with R > r; and such that (4.6]) holds. O
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5. PROOF OF THE MAIN THEOREM (THEOREM [[.7))

Let m = 2k with k a positive integer, let m < n and let Q C R™ be a domain.

Since any function u € Wy" ™ (©) can be extended to be zero outside €2 obtaining
a function in (W™ w (R™), || - [lm,n), we have that

sup ¢(ﬂ0\u|ﬁ) dx
L

N
weW," ™ (Q), [ullm,

< sup [0 (Golul =) d.

w€W™ m (R™), [[ullm, n<1

and the proof of the first part of Theorem [[.4] reduces to the inequality

60 [ ol

for some constant C,, , > 0.

Let u € W™ m (R") be such that ||/, » = 1. Then there exists {u;};>1 C
C&°(R™) such that u; — w in (W™ m (R™), || - |lm,n) and |[u;llm,» = 1 Vj > 1.
Therefore u; — u a.e. in R™, up to subsequences, and by Fatou’s lemma

) de < G Yu € WR R, [lufn,n =1

n

[ 6 ol de < it [ 6 (o =)

But, for each fixed j > 1, there exists R; > 0 such that supp u; C BR]_7 SO
[ 6 (oulw5) de = [ o (ol 7).
R™ BR],

It is clear that if we can bound the integral on the right-hand side of this last
equality with a constant independent of j, then the proof of (51]) is completed and
hence Theorem [[.4lis thus proved. So it suffices to show that there exists a constant
Cpm,n > 0 independent of j such that

(5.2) | oGl ™) do <o Wiz
BRj

To this aim, for fixed j > 1, we define
fi = (A + Dy,

and consider the problem

= ff in )
(5.3) {(_A + 1)y = i Bg;,

v € WIK;L’Z(BRJ.).

We now apply Proposition 2.4] which leads to a comparison between the integral
in (5.2) and an analogous one involving v;, as pointed out in Remark In this
way we obtain the estimate

/ ¢ (Bolus| =) dazg/ ¢ (Bolv;| ™) da.
BRJ,

BRj

This estimate reduces the proof of (5.2 to the inequality

(54) L (rb (ﬂOhﬁ‘ﬁ) dx < Cvm7 n
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for some constant Cy, ,, > 0 independent of j. But, as already noticed in Remark
22 v; € Wy .7 (Br) and by (L5)
v llyym. 2 < Nvjllm,n = l[tjllm,n = 1.

m

Thus (E4) is a consequence of Proposition [[] O
We end the section with the proof of Proposition

Proof of Proposition [[L2l As in the proof of Theorem 1] by density arguments it
suffices to prove that (7)) holds for functions in

CR(Q) = {ue (@ NC™" @) | ulon = Muloa =0, 1<j <k:= T}
Let u € CX(2) be such that ||ul|,,, » < 1. We define
f = (_A + I)kua
and we consider the problem

{(—A+I)kv =t in QF,

5.5
(5:5) ve W2,

where QF is the ball in R™ centered at 0 € R” with the same measure as 2. Thus, as
Q) is a bounded domain, we can apply the iterated version of the Trombetti-Vazquez
comparison principle (see Remark 21]) obtaining that

/¢(/30|u = dxg/ 6 (Bolv
Q Ot

and the last integral is bounded by a constant C,,, ,, > 0 independent of the domain
Q as a consequence of Proposition [Tl O

o
e ) dz,

6. SHARPNESS

We have already mentioned in the Introduction that Kozono et al. ([11], Corol-
lary 1.3) proved that the supremum

sup /ﬂ¢(ﬂ|u|nf_n) dx

m, 2 n
weW™ m (R™), [|ullm, n <1

is infinite for 8 > By. To do this, they argue by contradiction using Bessel potentials
and the sharpness of Adams’ inequality (L2)), while here we will exhibit a sequence
of test functions for which the integral in (L3 can be made arbitrarily large, if the
exponent fy is replaced by a number 8 > fy.

In the case m = 2 and n = 4, we will consider a sequence of test functions that
was used in [I5] to prove a generalized version of Adams’ inequality for bounded
domains in R*. The following proposition gives the sharpness of inequality (3 in
the case m = 2 and n = 4.

Proposition 6.1. Assume that 8 > 32x2. Then for any domain Q C R?

sup /(eﬁu2 ~ 1) dz = +oo.
wEWS (), |lullz, 4<1/Q
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Proof. Without loss of generality we assume that the unit ball B; C Q. For ¢ > 0,

we define
L ol _ Iz 1 <4
32m? 1Og € \/87r2810g% + \/87r2 10g% |$‘ - \/a
V<l <1,

1 1 1
— 1 oot
\/2n2log L 8 ||

Ne |x| > 1,

(6.1) ue(x) :=
where . € C§°(Q2) is such that n:|a, = n:|log =0, %bgl = ﬁ, %iﬂag =
0 and 7., |Vn.|, An. are all O (1/ log %) If 0 < € < 1, then we have that

Ues € W02 '2(€2), and easy computations give

1 1 1
2 2 = 2
||u8||220(10g%), ||VU,E||2:0(IOg%)) ||Au£||2:1+0(10g%)

1/2
and ||uel|2,4 = (||Au€||§ +2||Vue |3 + ||u€||§) — 1 ase — 0%. Now we normalize
Ue, setting

e = —— e W2X(Q)
l|uell2, 4
for € > 0 sufficiently small. Since
1 1 1
g > ——+4/—=1log— on B
7 Tuclloa V32e2 282 M PYE
we have
sup /(eﬁu2 —1)dx > lim (eﬁﬂ? —1)dx
ueWy 2(Q), lull2,4<1/Q -0+t By

4
. 8 N 47 Ve
> lim 272 (e Tuel? 5272 1985 _ 1) {T—]

T e—0t

= +o00.

The test functions u. with & > 0 defined in (6.1]) of the above proof also give the
sharpness of inequalities (L6l), (I7), and (L8) in the case m = 2 and n = 4.

We now consider the general case m = 2k < n with k a positive integer. In this
case the sequence of test functions which gives the sharpness of Adams’ inequality in
bounded domains in [I] also gives the sharpness of Adams’ inequality in unbounded
domains.

Proposition 6.2. Assume that 8 > SB,,. Then, for any domain Q C R"

) dz = +oo.
sup 1/9(;5(5|u| ) T = +00

(), lullm, n <

m,

ueW,

Proof. Without loss of generality we assume that the unit ball B; C Q. Let ¢ €
C*([0, 1]) be such that

6(0) = ¢(0)=---=¢""(0)=0,
o(1) = ¢J)=1, ¢"(1)=--=6""V(1)=0.
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For0<€<%weset

ep (L) 0<t<e,
t e<t<l—e,
H®:=9 1 g2y 1 cci<t
€¢(s) e<t=l,
1 1<t,

and the choice of 0 < € < % will be made during the proof. We introduce Adams’
test functions
log ﬁ

r

o (ol) = 1 1o

By construction, for r > 0 sufficiently small, v, € Wgnﬁ(Q), Y(jz]) = 1 for
x € B, \ {0}, and Adams in [I] proved that

n

n n 1 Tom
IV, 2 < wp—1a(m, n)m™ (log ) A,

r

where
L BO_T _ L / —1 ﬁ
a(mu n) T mo AT - A’F(m7 n) =1 + 2e ||¢ ||OO + O((lOgl/'F) ) :
non

Easy computations also give that for r» > 0 sufficiently small

53

I lE = o (tog 1)),

n—m

; n 1, —n=m
J m — - m - _
Vi, = 0((logT) ) vie{l2 ... m-1}

Now we define

n—m

uel) = (log7) T wellal) Ve e R"\{0}.

n—m

We can notice that for > 0 sufficiently small u, € Wén’% (), ur(Jz|) = (10g 1
for x € B, \ {0} and

n

o+ Cm,n(”u'r

33
N

"
[urllm,n < (IV™ull

3a

m—1
B4y [V
j=1
< wporam (m, n) (4, + o(1)),

so in particular

Po (4, +o(1)) 75

_n__ _m__ .
sl < w7 ™ (m, n)(Ar + (1)) T = =2
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Therefore, for > 0 sufficiently small, we have

sup /qu(ﬁlmﬁ)dw > lm [ qs(ﬁ(“—”)"""‘)dx

o r—0* llwr|lm, n
weWy " ™ (Q), [Jullm, n<1
1
> hrn+ On ( p —log = |r™
0 - r
- l[wr |, 7
logr(nﬂn)
> lim ope lwrlm "/
r—0+

If we choose 0 < € < % so that

Bo < Bo(1 +2¢]|¢'

lim <n—%)§”<1_ . = ><0
— [ Bo(1 + 2¢]|¢/[|s5) ==

m,n

n

&)< B,

then

and

logr (n— #ﬂ)
. o m—m
hm ope llwrllm, n — +OO

r—0t

O

The same proof also gives the sharpness of inequalities (L6]), (I7), and (L) in
the general case m = 2k < n with k a positive integer.
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