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ARTICLE INFO ABSTRACT

Keywords: A novel class of transversely-isotropic metamaterials with the potential to exhibit a wide range of Poisson’s
Chiral honeycombs ratios and stiffnesses is proposed in this work. These metamaterials, which also have the potential to exhibit
Auxetic metamaterials auxetic behaviour, are formed through the chiralisation of 2D monohedral Euclidean pentagonal tessellations.

Monohedral pentagonal tessellations
Mechanical properties
Poisson’s ratio

Through Finite Element simulations and experimental testing on additively manufactured prototypes, we show
that these systems can exhibit Poisson’s ratios which encompass the entire range of transverse isotropicity, i.e.
+1 to -1, and that the mechanical properties of these structures can be tailored considerably through variation
of the geometric parameters without a loss of global symmetry and isotropy. The level of versatility observed in
these new metamaterials exceeds by far that which is commonly found in traditional and well-known isotropic
auxetic systems such as hexachiral honeycombs. In addition, analytical expressions pertaining to the geometric
limits which define the realisability of this new class of auxetic metamaterials have also been derived and
presented. The findings of this work demonstrate that pentagonal tessellations have considerable potential for
the development of novel metamaterials and that the geometric constraints associated with transverse isotropy
need not necessarily be an insurmountable barrier for the design of metamaterials with tailorable and versatile
mechanical properties.

1. Introduction These systems are characterised by the presence of chirality, i.e. they
have no axis of symmetry and the structure cannot be super-imposed

Mechanical metamaterials have the ability to exhibit a myriad of on its corresponding mirror-image by rotations or translations alone
anomalous and extraordinary characteristics due to the relationship in a 2D plane [41]. The first example of an auxetic chiral honey-
between their structural framework and mechanical properties [1]. comb found in literature is the hexachiral honeycomb. This auxetic

These unusual characteristics include ‘negative’ properties which are
not commonly found in nature such as negative stiffness [2], compress-
ibility [3], thermal expansion [4] and Poisson’s ratio [5-7] (also known
as auxeticity), which give rise to advanced functionalities making
these materials/systems suitable for a variety of specialised appli-
cations. The latter type of systems, auxetic systems, are the most
well-known class of mechanical metamaterials and various geometries
which impart auxeticity have been established. These include re-entrant

system, first suggested in concept by Wojciechowski [42] and later
implemented and realised in physical form by Prall and Lakes [18],
is made up of circular nodes arranged at the vertices of an equilateral
triangular tiling pattern, connected to each other through tangentially-
attached slender ligaments (see Fig. 1a). Once subjected to uniax-
ial compressive or tensile loads, the system deforms predominantly
through rotation of the circular nodes and flexure of ligaments exhibit-

structures [8-111, rotating rigid unit systems [12-16], chiral honey- ing a Poisson’s ratio of ca. —1. Aside from the hexachiral honeycomb
combs [17-36], origami/folding patterns [37,38], dilational [39] and [25,31,34,43-45], other chiral honeycombs have since been proposed
helical systems [40], which have been reproduced and/or observed in based on quadrilateral and hexagonal tilings, namely the tetrachiral
sizes ranging from the macro- to the nanoscale. [31,34,43,44,46-48] and trichiral [31,34,49,50] honeycombs, respec-

Chiral honeycombs are a class of auxetic metamaterials which con- tively. These metamaterial structures have been shown to exhibit zero
sist of chiral nodes that are attached to each other through ligaments. and negative Poisson’s ratios, respectively. Furthermore, in addition
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Fig. 1. (a) A regular hexachiral system based on a monohedral equilateral triangle
tiling pattern. The chiral systems shown in (b) and (c), on the other hand, are
based on a rhombi-trihexagonal and a deltoid-trihexagonal tessellation respectively.
The former is an Archimedean tessellation consisting of equilateral triangles, squares
and regular hexagons, while the latter is its corresponding dual structure. Similarly, to
the hexachiral honeycomb, both these systems possess in-plane rotational symmetry of
order 6 and, hence, exhibit transverse isotropy.

to these ‘purely’ chiral honeycombs, other variants have also been
proposed which are made up of the same sub-units which are inter-
connected in a different arrangement to give rise to structures which
possess an axis of symmetry. These systems, known as anti-chirals, also
have the ability to exhibit a negative Poisson’s ratio, with the most
well-known forms being the anti-tetrachiral [51-57] and anti-trichiral
[58,59] honeycombs. These forms have also inspired the design of fur-
ther chiral and related metamaterials, including mixed or meta-chiral
honeycombs [60,61], multi-polygonal motif-based systems [62-64],
hierarchical chirals [28,32,65,66] and 3D-chiral honeycombs [67-70].

Auxetic metamaterials have been shown to exhibit a wide spectrum
of Poisson’s ratios, ranging from values close to zero down to giant
negative values. Naturally, the latter property can only be obtained
in specific loading directions from highly anisotropic systems, since
the laws of structural continuum mechanics impose a strict limit on
the absolute values of the Poisson’s ratio which an isotropic material
may possess, namely from +0.5 to —1. In the case of systems which
exhibit only in-plane isotropy, or ‘transverse isotropy’ as it is more
commonly known, this threshold is somewhat more negotiable and
extends from +1 to —1 [71,72]. Systems exhibiting transverse isotropy
are typically characterised by in-plane hexagonal symmetry and a
number of metamaterial geometries exhibiting this property are known,
with the prime example being the regular hexachiral honeycomb ge-
ometry (see Fig. 1a). As mentioned previously, the system possesses no
line of axial symmetry and possesses hexagonal rotational symmetry.!
Recently, other chiral metamaterials [62,63] have also been proposed,
some of which also possess the same symmetry characteristics (and,
hence, transverse isotropy) as well as the ability to exhibit auxetic
behaviour, two examples of which are shown in Fig. 1b and c. These
chiral systems were designed by the transformation (or ‘chiralisation’)
of Euclidean polygonal tessellations and/or their dual counterparts into
chiral metamaterials through the introduction of circular nodes at the
vertices of the tilings connected together through tangentially-attached
ligaments.

All of the structures shown in Fig. 1 and presented in previous works
on chiral metamaterials exhibiting transverse isotropy, have one com-
mon factor — they are based on periodic tilings made from regular or
highly symmetrical polygonal tessellations. This shared characteristic
arises mainly from the fact that the mathematical laws which govern
the design framework of tessellatable 2D geometries are very restrictive
and permit a very limited range of monohedral (i.e. single polygon)
tessellations with a global hexagonal symmetry based on asymmetric
polygons. This has resulted in a situation where the symmetry of
the system globally has never been investigated independently of the
symmetry of the type of polygon constituting the tessellation itself,

1 A figure, in particular a tiling, in the Euclidean plane has a rotational
symmetry of order n if it is invariant under a 2z/n rotation centred in suitable
points, the so-called rotation centres of order n. It is well-known that the only
possible orders of n are 2, 3, 4 and 6.
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i.e. an asymmetric monohedral polygon-based tessellation which pos-
sesses hexagonal global rotational symmetry has not been considered
previously with respect to its mechanical properties. According to the
laws of structural mechanics, which consider only the global symmetry
of the system, such a structure should exhibit transverse isotropy in
spite of the irregularity of the constituent polygon shape — a factor
which is highly unusual in the field of metamaterials, where irregularity
is widely associated with anisotropy.

In this work we have designed a novel class of chiral metama-
terials which possess this extremely unusual symmetry characteristic
using pentagonal tilings. Grunbaum and Shephard [73] demonstrate in
their book on tessellations a wide and distinct range of monohedral
pentagonal tilings and establish the geometric conditions necessary to
design said periodic tilings, including a class which exhibits a global
rotational symmetry of order 6. This latter class of pentagonal tessel-
lations forms the basis of this study and we show how, through the
geometric variation of pentagonal design and extent of chiralisation,
these new chiral metamaterial systems may be adapted to exhibit a
wide range of mechanical properties whilst retaining their isotropic
nature throughout — a characteristic which is unique to this particular
topology.

2. Concept and design

In this section, we show how the monohedral pentagonal tessel-
lation framework with hexagonal symmetry on which these chiral
metamaterials are based may be constructed. In particular, the ge-
ometric conditions necessary for the formation of these systems are
established as well as the limits which define whether the resultant
tessellation is made up of concave or convex pentagons. This is then
followed by a quantitative description of the chiralisation process used
to transform these basic tessellations into chiral metamaterials.

2.1. Pentagonal tiling tessellations

Monohedral pentagonal tilings are a peculiar class of Euclidean
polygonal tessellations. While it is commonly known that unlike tri-
angles, squares and hexagons, it is impossible to create a space-filling
tessellation made up solely from the regular variant of this polygon,
pentagons show a high level of versatility and afford larger geometric
variation when it comes to the design of monohedral tilings [73,74].
Indeed, for generic, irregular triangles and quadrilaterals one possible
arrangement with a repeating unit possessing a rotational symmetry of
order 2 exists which allows for the generation of space-filling mono-
hedral structures, while in the case of convex hexagons only 3 forms
are allowed. On the other hand, 13 distinct forms are permitted for
pentagonal systems (listed in Grunbaum and Shephard’s book [73]). In
this study, we are interested in the one and only form in this list which
gives a monohedral pentagonal tiling with a rotational symmetry of
order 6 (classified as “Type 5 Pentagons” in [73]), an example of which
is shown in Fig. 2a(i).

Although a wide range of pentagons can be used to generate this
type of tessellation (i.e. with hexagonal rotational symmetry), they
must conform to a strict set of geometric conditions in order to result in
a periodic space-filling system. As indicated in Fig. 2a(ii), angles BAE
and BCD must be equal to 60° and 120° respectively, while two pairs
of sides: AE & AB and BC & CD must be equally sized. This means that
the pentagonal units may be defined by three independent variables
which define the three side lengths, hereby denoted by: i, j and k. The
variable i defines the lengths of the sides AE & AB, j, the lengths of BC
& CD and finally, k, the length of ED.

As shown in Fig. 2a(ii), the pentagons with vertices ABCDE con-
sidered in this study may be defined in terms of three triangles: ABE,
BDE and BCD, where triangle BDE within the same Euclidean plane
gives rise to the final pentagon of this family by simply building
an external equilateral triangle ABE on the side BE and an external
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Conditions:
AB = AE BAE = 60° 0.3 =
BC = CD BCD = 120° :

Pentagon
(y > 150°)

o > 0° o > 0°

B < 120°

y < 150°

c) i) ii)

B> 120°

a < 0°

B>120° y< 150°

y < 150°

iii)

Fig. 2. (a) (i) An example of a monohedral pentagonal tessellation with hexagonal rotational symmetry made from irregular pentagons and (ii) a sketch indicating the geometric
dimensions and conditions of the pentagon which must be satisfied in order to design this tessellatable space-filling system. (b) Plot showing how pentagon shape varies with
changes to j/i and k/i ratios. The limits are plotted based on the equations presented in Appendix A. (c) Diagrams showing the geometric parameters used to define the pentagonal
units and geometric conditions required to obtain (i) convex and (ii), (iii) concave pentagon-based monohedral tessellations with hexagonal rotational symmetry. The actual range
of realisable structures with y > 150° is very small, as shown in (b), and therefore a representative figure is not shown.

isosceles triangle BCD, with base BD, such that BCD = 120°. In other
words, there is a one-to-one correspondence between the whole set of
triangles in the Euclidean plane and the set of this particular type of
pentagons. The length BD is always defined as j\/S and thus the sides
of triangle BDE are of sizes: i, k and j \/3. Therefore, the range of values
for i, j and k which may be used to create pentagons pertaining to
this family must satisfy the existence conditions for the triangle BDE,
namely:

i+jV3>k
JV3+k>i @
i+k>j \/5
These conditions may also be expressed as a single equation (Eq. (2)).

For any combination of values chosen for i, j and k, the following
geometric condition must be adhered to:

i2 4+ 352 — k?

— (<1 2)
2ijv/3

As shown in Fig. 2c, it is possible to design a considerable spectrum of
tessellatable structures from pentagons which satisfy these geometric
requirements. This range incorporates systems which are based on both
convex and concave pentagons. In order to obtain a convex pentagon
(Fig. 2c(i)), the angles g, y and 6 must satisfy the following conditions:
p < 120°, y < 150° and 6 < 90°, while a concave pentagon is designed
if one of these conditions is not fulfilled (Fig. 2c(ii) and (iii)). The con-
vexity condition relating to the internal angle 6 may also be expressed
in terms of the external angle « (see Fig. 2a(ii)) as follows: « > 0°. The
angles a, f, y and § may be calculated as a function of i, j and k (and
by extension, of the quotients J; and If) as follows:

=Z-5 3

a=3 3)
K+ i - 37

= _— 4

p arccos[ K 4)
2_ 2 )

y = arccos w 5)

2jk\/3
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b)

Fig. 3. (a) A schematic showing how chiral nodes are generated at the vertices of
the original pentagonal tessellation and (b) a figure showing the geometric parameters
used to define the chiralisation of these systems.

(6)

2 2 2
— k= +3
6 = arccos [1 J ]

2ijv/3
This means that the entire range of permissible pentagon relative di-
mensions which are realisable and whether they are convex or concave
can be expressed as functions of the ratios f and ’Tf, the results of which
are plotted in Fig. 2b. The full equations pertaining to the existence and
convexity conditions used to derive these plots are presented in more
detail in Appendix A.

2.2. Chiralisation of pentagonal tilings

Following the establishment of the geometric conditions governing
the design of the pentagonal tilings, the next step involves the trans-
formation of these systems into chiral honeycombs. This was carried
out through the generation of circular chiral nodes at the vertices of
the tilings, which are connected together through tangentially-attached
ligaments. Besides the original geometric parameters used to design the
base tessellations, two new independent dimensions are introduced as
a result of chiralisation [62]: the chiral node radius, r, and the ligament
thickness, t (see Fig. 3). The ligament length, [, is defined as a function
of these new parameters and the distance between vertices, R, which is
equal to i, j or k depending on the pair of vertices involved, as follows:

A

The transformation of pentagonal tessellations into the correspond-
ing chiral structures also entails the consideration of additional geomet-
ric conditions for the realisation of these systems. The first criterion
is that the distance between the centre of the chiral nodes, R, must
be greater than the sum of the radii of the two chiral nodes being
connected (2r in this case) in order for the system to have a ligament
length which is greater than zero and avoid overlap of the chiral nodes.
This condition is necessary for the realisation of any chiral system,
regardless of the type of base tessellation used. A second condition is
also required in the case of pentagonal concave systems where a < 0°
(i.e. 6 > 90°) in order to avoid the design of systems with ligaments
intersecting chiral nodes. This condition depends on the direction of
chiralisation (clockwise or anti-clockwise), which is presented in more
detail in the Discussion section later on. In this work, we employed
clockwise chiralisation, which is subject to the following condition:

cos [a.rccos (Zrk— ! ) + [}] < —% ®
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Table 1
List of geometric parameters used.

Geometric parameters

24 mm

0.2()...1.5(i) in steps of 0.1(i)
0.2()...1.5(i) in steps of 0.1(i)
1,2, 3,4, 5 mm

0.3 mm

-, N o=

3. Methodology

In order to explore the mechanical properties of these novel pen-
tagonal tiling-based chiral metamaterials, we used the Finite Element
Method (FEM) to conduct a parametric study and simulate the on-axis
loading behaviour of a range of geometries. Following the parametric
study, a more in-depth follow-up experimental and numerical analysis
was conducted on three systems which are representative of a pentag-
onal chiral metamaterial exhibiting a highly positive, highly negative
and zero Poisson’s ratio separately. In the following sections, a detailed
description of the methodology used is provided.

3.1. Parametric finite element analysis

As stated previously, initially, the Finite Element Method (FEM)
was utilised to conduct a parametric study and simulate the on-axis
loading behaviour of a range of geometries. For the design of the base
tessellations, i was set to 24 mm, with the values of j and k varying
from 0.2(i) to 1.5(i) in steps of 0.1(i) for each i value. In the case
of the chiralisation geometric variables, for the initial parametric run,
the chiral node radius, r, was varied from 1 mm to 5 mm in steps
of 1 mm, while the parameter t was kept constant at 0.3 mm. The
complete set of values used are specified in Table 1. Naturally, not
all these combinations of parameters satisfy the conditions indicated in
Appendix A necessary to yield realisable structures, and, therefore, the
total number of simulations conducted was lower than the full factorial
set. Following this wide-ranging analysis, additional simulations were
also conducted using a more specific set of geometric parameters with
variations at smaller intervals in order to investigate closely certain
interesting characteristics observed following the preliminary screening
of results, of which more details are provided in the Results and
Discussion section.

The numerical simulations were conducted using the ANSYS16
Multiphysics software. In order to maximise computational efficacy,
the systems were simulated as single representative unit cells (RUCs)
subjected to periodic boundary conditions (PBCs). The geometries were
meshed using the PLANE183 element (a higher-order 8-noded element
with quadratic displacement behaviour and two degrees of freedom at
each node) [75] using a minimum mesh size of t/4, which was cho-
sen following mesh-size convergence testing. The constitutive material
properties used were an isotropic Poisson’s ratio of 0.3 and a Young’s
modulus of 200 GPa. PBCs were implemented through the use of
constraint equations which are used to bind the displacements of paired
nodes on the edges of the RUC. The system was fixed from a single point
in space and the unit cell was constrained to remain globally aligned
with the y-axis at all times throughout deformation. This simulation
technique, which is described in detail in [76], has been validated
and used in previous works to study systems possessing no axis of
mirror symmetry. The structures were subjected to uniaxial loading in
the x- and y-directions separately through the application of a unitary
tensile force on the respective boundaries of the systems and solved
linearly in order to obtain the Poisson’s ratio and Young’s modulus.
Finally, in order to confirm the presence of transverse isotropy in these
systems, we also conducted additional simulations on a representative
set of structures where the shear modulus was measured and com-
pared with the expected value which was obtained from the Poisson’s
ratio and Young’s modulus; the results of which are presented in the
Supplementary Information.
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% Fixed displacement in y-direction

g> Fixed displacement in z-direction

\/ Applied displacement in y-direction

Fig. 4. (a—e) Images of Structure I from different angles and magnifications with measurements. (f) Diagram showing the loads applied on the finite planar system corresponding
to Structure 1 (3 X 5 RUCs). The system was fixed in the y-direction from all the nodes on the bottom edge and in the x-direction from the one node only. Compressive strain
was imposed through the application of a displacement on the topmost nodes in the y-direction. The Poisson’s ratio was measured from the edges of the central RUC (marked in
blue), similarly to the DIC analysis of the experimental prototypes. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version

of this article.)
3.2. Experimental tests and non-linear finite element simulations

In addition to the large set of linear simulations, non-linear simula-
tions and experimental tests were conducted on three additively man-
ufactured prototypes representative of these pentagonal tessellation-
based chiral honeycombs (Structures I, IT and III). The relative param-
eters of these three systems were chosen on the basis of the results
obtained from the linear simulations, while the absolute values were
dictated by the resolution and platform-size limits of the 3D printer,
and presented in Table 2. Each of the three structures was designed as a
planar 3 x 5 RUC system (i.e. containing 3 RUCs in the horizontal direc-
tion and 5 RUCs in the vertical) with an extruded depth of 20 mm using
ANSYS16 Multiphysics and converted to STL files. This out-of-plane
width is over 66 times the size of the in-plane ligament thickness and

Table 2
Dimensions of the three additively manufactured prototypes. The parameter d
represents the out-of-plane thickness or depth of the structures.

Structure  r/mm  t/mm d/mm i/mm j/mm k/mm /i k/i

I 1.0 0.3 20 8.0 6.4 11.2 0.80 1.40
II 1.0 0.3 20 8.0 5.0 4.0 0.63  0.50
111 1.0 0.3 20 8.0 2.4 11.2 0.30 1.40

is sufficient to ensure that no out-of-plane deformation occurs during
loading. One specimen of each of these structures was then additively
manufactured using a Formlabs3® stereolithography 3D printer using
the Formlabs® Tough 2000 Resin material [77] (see Fig. 4).

These three structures were subjected to quasi-static small-strain
compressive loading tests using a Testometric Tensile loading machine
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-1.0
-0.5
0.0
0.5
1.0

Unrealizable
Geometry

| BCE

r/i=5/24

0.6

1.0 1.4

/i

Fig. 5. Contour plots showing the range of Poisson’s ratios which may be obtained for chiralised pentagonal tessellations with hexagonal symmetry with varying node radius, r,
and pentagon side lengths, k/i and j/i. The parameter i for these systems was set at a constant value of 24 mm while the ligament thickness, t, was fixed at 0.3 mm. The full set
of results, including Young’s modulus data are presented in the Supplementary Information.

with a 50 Kgf loadcell (Serial No. 70197) at a speed of 5 mm/min. The
Poisson’s ratio of the central RUC of each system was measured through
Digital Image Correlation (DIC) using a Messphysik videoextensiometry
system. This was done by marking the corners of the central RUC and
tracking the displacement of the marked points in order to calculate
the strains of the overall RUC from which the Poisson’s ratio may be
calculated.

In addition to the experimental tests, non-linear geometric simula-
tions were also run on corresponding finite systems equivalent to the
three tested prototypes, i.e. under non-periodic simulation conditions.
The simulations were conducted on plane models under plane-strain
conditions and the system was loaded in a method analogous to the
experiments as shown in Fig. 4f. The bottom surface was fixed in the
y-direction and in the x-direction from one corner only, while the
upper surface was fixed from one node only in the x-direction (in
order to retain the alignment of the structure) and subjected to small
compressive strains (of up to 5% globally) in the y-direction in small
incremental steps. This results in a loading mode which is identical
to that experienced by the experimental prototypes upon compressive
loading. The Poisson’s ratio was measured from the four corners of the
central unit cell as in the experimental tests. Since the chiral structures
were subjected primarily to strains which are well within the elongation
limit of the base resin used, linear isotropic material properties were
used for the simulations, with the Young’s modulus being set to 1.68
GPa and the Poisson ratio to 0.45 [34].

4. Results and discussion

In this section the results obtained from the parametric Finite Ele-
ment analysis and the experimental tests on the 3D-printed prototypes
are presented and discussed separately. This is followed by a general
discussion of all the findings obtained in this study which considers
both sets of results together and draws the general conclusions of this
work.

4.1. Linear finite element simulations

The results obtained for the Poisson’s ratios of a representative set
of the simulated systems are presented in Fig. 5. This set of results
comprises systems with a fixed i value of 24 mm and t value of 0.3 mm,
while the geometric parameters j, k and r are varied. The full set of
results for the entire simulation run is presented in the Supplementary
Information. As one can observe for Fig. 5, these chiralised pentagonal
tessellations have the ability to exhibit a very wide range of Poisson’s
ratios which cover the full spectrum of 2D isotropy (+1 to —1). In
numerical terms, the highest Poisson’s ratio obtained was +0.986, while
the lowest value was —0.983 (see Supplementary Information). This
large versatility is present despite the geometric bounds described in
the previous section which limit the range of realisable geometries.
These geometric constraints are particularly pronounced in the case
of highly chiralised systems (i.e. systems with large node radius to
ligament length ratios); as illustrated in Fig. 5, where a wider range of
geometries are allowed for systems with » = 1| mm than for structures
with » = 5 mm. Moreover, it is evident that systems with small
chiral node radii tend to exhibit predominantly high, positive Poisson’s
ratios, while systems with larger nodes typically possess lower values,
including negative and zero Poisson’s ratio values.

The contour plots indicate that certain pentagonal configurations
have a high propensity to yield negative Poisson’s ratios upon chiral-
isation. Specifically, pentagons with a combination of low j/i and k/i
ratios have a particular affinity to exhibit auxetic behaviour, while the
same applies to systems with a combination of low j/i and very high
k/i ratios. The former cases, illustrated in the bottom left corner of
Fig. 6a (an example of which is Structure A), comprise of systems which
are made up of convex pentagons with two relatively long sides (both
of length i) and three short sides (of length k and j). These systems
deform predominantly through the rotation of the chiral nodes at the
centre point axis of the six-fold rotational symmetry of the system and
flexure of the ligaments with length i. A similar effect is also observed
for the systems comprising of pentagons with low j/i and very high
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Fig. 6. (a) A pictorial representation of the range of chiralised monohedral pentagonal tessellations with hexagonal symmetry which may be obtained by varying the polygon
side-length ratios. (b) Diagrams showing the deformed and undeformed states of two pentagonal tessellation-based chiral honeycombs (B) and (D) when subjected to uniaxial
tensile loading in the vertical direction. (i) The first system, which has the following geometric parameters: i = 24 mm, j/i = 0.3, k/i = 1.4, r =3 mm and ¢ = 0.3 mm; possesses a
Poisson’s ratio of —0.9, while (ii) the second system: i =24 mm, j/i = 0.8, k/i = 1.2, r =3 mm and 7 = 0.3 mm; has a Poisson’s ratio of +0.8. The images of the deformed structures
were generated by magnified displacement scaling of the results obtained from the linear solution in order to allow for better observation of the deformation mechanisms.

k/i ratios (Structure B shown in Fig. 6b(i)), although in this case there
is also flexure of ligaments with length k. These systems consist of
concave pentagons possessing a negative « angle (as shown in Fig. 2)
and have an inherent propensity to exhibit auxetic behaviour. Due to
the concavity of the monohedral base pentagon shape, there are strict
geometric limits to the extent to which these systems may be chiralised.
In fact, as shown in Fig. 5, concave systems which have a large node
radius (i.e. r/i = 5/24) are not geometrically realisable and thus, only
pentagonal tessellations with low k/i and j/i ratios can be used to design
isotropic auxetic structures.

On the other hand, systems with high j/i and k/i ratios (such as
the one shown in Fig. 6a: Structures C and D) tend to exhibit positive
Poisson’s ratios even in cases where the chiral node radius is relatively
large. This indicates that even upon the introduction of chiral geometric
characteristics in these pentagonal tessellations, rotation of chiral nodes
and symmetric S-shaped flexure of ligaments throughout the system
(the hallmarks of the ‘rotating chiral mechanism’) are still not the main
deformation modes. In fact, as shown in Fig. 6b(i), the deformation is
characterised by a two-fold rotational symmetry rather than hexagonal
rotation symmetry and may be described in terms of localised flexure of
ligaments with minimal or no rotation whatsoever of chiral nodes. This
deformation mode typically results in a positive Poisson’s ratio and has
been observed in other chiral systems which also do not exhibit auxetic
behaviour [63].

In terms of the effective Young’s modulus of these structures, E*,
there is also a great deal of variation in the values obtained. This
value, which is calculated by taking the metamaterial Young’s mod-
ulus and dividing it with that of the base material (in this case 200
GPa), gives a Young’s modulus value which is characteristic of the

geometric configuration only. As shown in Fig. 7, these structures have
relatively low effective Young’s moduli in comparison to that of the
original material, with the highest values being at least four orders of
magnitude lower. The spectrum of effective Young’s moduli obtained
ranges from 10~% to 10~ which is quite wide, but the relatively low
values mean that these chiral metamaterials are primarily well-suited
for the design of soft deformable systems such as flexible electronic
circuits [78], robotic joints [79] and skin grafts [23] rather than
load-resistant structures. Similarly to other chiralised 2D Euclidean
tessellations [62,63], the Young’s modulus of these systems generally
decreases as the node radius increases, with the chiral honeycombs with
r = 5 mm showing significantly lower values in comparison to those
with r = 1 mm. Furthermore, it is evident that the systems possessing
a negative Poisson’s ratio are typically characterised by a relatively
higher level of stiffness in comparison to those exhibiting a positive
value for systems with the same node radii and ligament thicknesses.
In particular, a trend is visible from Fig. 7 and the data listed in the
Supplementary Information, showing that systems with a high k/i and
low j/i ratios (concave systems with « < 0°) and a low k/i and low j/i
ratios exhibit the highest relative stiffness values for both barely and
highly chiralised systems (i.e. low and high r/i ratio).

It is evident from the results obtained that the shape of the pen-
tagons making up the monohedral tessellations is one of the main
factors which determines the mechanical properties of these systems,
including which structures have the ability to exhibit a negative or
positive Poisson’s ratio. However, as shown in Fig. 5, the extent of
chiralisation also plays a very important role. It is clear that while cer-
tain pentagonal configurations have an inherent propensity to exhibit
auxetic behaviour while others do not, overall, the Poisson’s ratios of
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Max E* = 7.53x104
a)  Min E* = 7.00x10° b)

Max E* = 1.92x10
Min E* = 6.00x10° c)
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r/i =3/24

__ rfi=5/24

Max E* = 1.18x10*
Min E* = 6.00%10

Fig. 7. 3D plots showing the changes in effective Young’s modulus, E*, for systems with i =24 and 7 = 0.3, with three values of chiral node radii, » = 1, 3 and 5. The effective

Young’s modulus, E¥, is calculated as a ratio of the metamaterial Young’s modulus and the base material Young’s modulus (E,,,

= 200,000 MPa). The maximum and minimum E*

values obtained for each set of structures is also indicated. The raw data for these graphs may be found in tabular form in the Supplementary Information.
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Fig. 8. Plots showing the variation in Poisson’s ratio and Young’s modulus for four systems upon changing the chiral geometric parameters (a) i, (b) t and (c) r separately. The
missing values for Systems A and B in (a) and (c) are due to unrealisable geometries. For the graphs in (a), t and r were fixed at 0.3 and 3.0 mm respectively, while i was varied
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i were fixed at 0.3 and 24 mm respectively while r was varied from 0.5 to 5 mm in steps of 0.25 mm.

the entire range of pentagonal systems generally decreases as the extent
of chiralisation increases. The extent of chiralisation can be quantified
in terms of three geometric parameters: the ligament lengths, the node
radii and the ligament thickness. Of these three parameters, two are
listed as the independent variables r and t, while the ligament lengths,
which are dependent on the dimensions of the pentagons can be
calculated from Eq. (7). In order to quantitatively analyse the effect of
these parameters on the mechanical properties of these chiral systems,
a further set of structures was analysed where the parameters j/i and
k/i were kept constant while the parameters i, t and r were varied
individually. Four pentagonal shapes were chosen, represented by the
four figures indicated in Fig. 6a, possessing the following parameters
(shown in Table 3):

The results of these additional simulations are presented in Fig. 8,
where the parameters i, t and r are varied separately whilst keeping
all other parameters constant. It is evident from the plots that these
parameters influence the mechanical properties of pentagonal chiral

Table 3
Relative geometric parameters of the four pentagonal tessellations chosen for further

studies (shown in Fig. 9).

System j/i k/i
A 0.5 0.4
B 0.3 1.4
C 1.2 1.4
D 0.8 1.2

tessellations in different ways. For instance, an increase in the parame-
ter i, which determines the size of the skeleton pentagonal tessellation
with respect to the chiral node radius and ligament thickness, is shown
to generally result in an increase in the Poisson’s ratio. As demonstrated
in Fig. 8a, this is the case for Systems A, B and D, but not for C,
where the Poisson’s ratio remains more or less unchanged and shows
only a slight drop in magnitude upon increasing the value of i. In
the cases of Systems A, B and D, the effect of this parameter is more
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pronounced, particularly in the case of System A, where the Poisson’s
ratio varies from —0.9 for the system with i = 12 mm all the way
to +0.2 for the system with i = 36 mm. For Systems B and D, the
increase in Poisson’s ratio is smaller in magnitude but still significant.
These trends are in accordance with those observed in previous studies
on chiralised 2D tessellations, where a decrease in the node radius to
ligament length ratio, and hence a decrease in chiralisation, results in
an increase in the Poisson’s ratio. The results for the effective Young’s
modulus upon changing i are more uniform in terms of trends; the
stiffness decreases upon increasing the magnitude of i. This tendency is
congruent with expectations derived from standard beam theory since
increasing ligament length whilst retaining a constant cross-sectional
thickness is known to result in a lowering of the flexural stiffness. The
fact that Systems A and B possess the highest level of stiffness at low
i values and show the greatest variation of effective Young’s modulus
upon changing i can also be explained by the fact that these systems
possess extremely short ligaments in geometries with low i values
(i.e. possessing ligament length to thickness ratios lower than 10) and
thus the effects of mixed shear/flexure deformation modes result in
these systems being relatively stiff in comparison to corresponding
Systems C and D.

In terms of ligament thickness, ¢, the plots in Fig. 8b, indicate that
this parameter has minimal effect on the Poisson ratio of these systems.
In fact, only a small increase is observed in the Poisson’s ratio of all
four systems upon increasing the thickness of the ligaments. On the
other hand, it is evident that ligament thickness has an extremely
large influence on the stiffness, especially in the case of the auxetic
systems (Systems A and B), where an exponential increase in effective
Young’s modulus is observed upon increasing the ligament thickness.
This observation can also be attributed to beam theory since it is com-
mon knowledge that the stiffness of ligament-based structures increases
upon increasing the cross-sectional thickness of the beam [80] and
the systems presented here deform primarily through flexure/bending.
This outcome is extremely useful since it indicates that it is possible to
optimise and control the stiffness of these systems without considerably
altering the Poisson’s ratio of these metamaterials merely through an
adjustment of the parameter t.

Finally, the results for varying the chiral node radius, r, presented
in Fig. 8c, give rise to a number of points of interest. It is immediately
clear that, unlike the previous two sets of results, there is no general
trend which may be observed for the four systems. Furthermore, one
can easily notice that variations of this parameter have a very pro-
nounced effect on the Poisson’s ratio of these systems which eclipses
that observed for changing the parameters i or t. For Systems A and
B, for instance, the Poisson’s ratio varies from +0.98 for the geometry
with r = 0.5 mm, all the way to —0.96 for structures with larger r values.
This encompasses the entire range of the limits for 2D isotropy in terms
of Poisson’s ratio and shows how an increase in chiralisation, brought
about by an increase in r, may be used to convert tessellations with
high positive Poisson’s ratios into auxetic metamaterials without any
variation in rotational symmetry. In the case of System D, an increase
in r is not sufficient to bring about a change in the sign of the Poisson’s
ratio, however, the Poisson’s ratio still drops considerably from +0.99
to ca. +0.5 upon changing the value of r from 0.5 to 5 mm. On the other
hand, in the case of System C, the opposite trend is observed; i.e. the
Poisson’s ratio marginally increases from +0.2 to +0.4 upon increasing
the value of r by the same extent. This small change is not however,
mirrored in the plots for the effective Young’s modulus. Indeed, it is
evident that System C is the most highly affected in terms of changes
in stiffness with respect to variations in node radius out of the four
pentagonal tessellations, where, as shown in Fig. 8c, the Young’s modu-
lus plummets exponentially upon increasing the value of r. Conversely,
System D exhibits almost no changes in the effective Young’s modulus
upon increasing the node radius, with only a very minor increase in
stiffness observed. Finally, even the two systems with a propensity to
exhibit auxetic behaviour, Systems A and B, show contrasting trends.
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Whilst for System A, the effective Young’s modulus generally increases
upon increasing the node radius, the opposite is observed for System
B, where the stiffness decreases. These findings highlight the diverse
ways in which chiralisation influences the mechanical properties of
these pentagonal tessellation-based metamaterials, with the variations
in tendencies and extent of changes underlining the versatility of this
method for designing isotropic systems with tailorable mechanical
properties.

4.2. Experimental and finite non-linear simulations

In order to validate the FEM simulations and verify the findings
presented in the previous section, experimental testing was conducted
on three representative pentagonal-tessellation-based chiral systems
produced through additive manufacturing. These three structures were
chosen on the basis of the FEM simulations with the aim of demon-
strating the full range of Poisson’s ratios of this class of metamaterials.
Hence, the constructed systems, shown in Fig. 9a and denoted as Struc-
tures I, I and III, are capable of exhibiting positive, zero and negative
Poisson’s ratios respectively. In addition to the experimental compres-
sive tests on these systems, equivalent simulations were conducted on
corresponding finite systems (shown in Fig. 9c) and infinite, periodic
systems under non-linear geometric high-strain loading conditions as
described in the methodology section.

The plots in Fig. 9d show that the results obtained from the ex-
perimental tests are extremely close to those extracted from both sets
of FEM simulations. The similarity in deformation modes can also be
visually observed from Fig. 9b and c (videos are also presented in
the Supplementary Information), where the deformed state of each
structure at ca. 2.5% compressive strain is shown. As predicted by
the initial linear simulations, Structure I exhibits a highly positive
Poisson’s ratio of +0.82, which is retained over the entirety of the
applied strain range while, conversely, Structure III shows a highly
negative Poisson’s ratio of —0.74 which also remains constant. Structure
I, on the other hand, shows an initial low positive Poisson’s ratio of
ca. +0.1, which gradually decreases upon increasing the strain until
it reaches almost —0.1 at 2.5% compressive strain. This indicates that
it has a Poisson’s ratio which is close to zero at these small strains,
which, however, is not retained at higher strains, at which the system
starts to gradually exhibit small auxetic behaviour. The plots also show
that there is significant congruency between the experimental and
simulations, which is particularly evident in the case of Structure I,
where the plots of the FEM results and experimental data are almost
superimposed on top of each other. For Structure II, the numerical
simulations both predict an initial Poisson’s ratio of quasi zero, which
gradually evolves to small negative values at higher strains similar to
the experimental results. This result indicates that the zero Poisson’s
ratio of these systems is not expected to be retained for high strains.
In the case of Structure III, the differences between simulations and
experimental results are slightly more pronounced, with the Poisson’s
ratio of the experimental prototype (—0.74) being less negative than the
FEM predictions (—0.82 and —0.86 for the finite and infinite systems
respectively). This difference is most probably due to the presence of
defects in the prototype related to the printing of very small ligaments,
which are not present in Structures I and II. However, despite this small
difference in magnitude, the trends observed are identical. At this point,
it is also important to highlight that the congruency between the finite
simulations and experimental results with the periodic simulations for
each of the three structures indicates that, despite the relatively small
number of RUCs in the former two systems, the influence of edge effects
appears to be minimal and that the deformation mechanisms of the
central unit cell of these metamaterials are not greatly affected by
boundary factors.
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Fig. 9. Images showing the (a) undeformed and (b) deformed experimental prototypes (Structures I, II and III) subjected to ca. 2.5% compressive engineering strain of the central
unit cell in the y-direction (e,,). The white spots indicate the markers at the corner of the RUC from which the Poisson’s ratio of the central cell was measured using DIC.
Image set (c) shows the corresponding FEM simulations on finite equivalents of the 3D-printed prototypes and the elastic von Mises stress distribution obtained, while the plots in
(d) show a comparison of the engineering Poisson’s ratios measured from the experimental, finite FEM and periodic FEM geometric nonlinear simulations, plotted with respect to
engineering strain applied on the central RUC (¢, ). Videos showing the full deformation of the experimental and FEM simulations are provided in the Supplementary Information.
The raw data pertaining to the strain measurements of the experimental systems are also presented in the Supplementary Information.

4.3. Discussion and outlook

The findings of this study clearly demonstrate that chiral honey-
combs based on monohedral pentagonal tessellations are a promising
new class of mechanical metamaterials and have the potential to exhibit
a wide range of geometrically-tailorable mechanical properties whilst
retaining their transverse isotropy. The latter property arises from the
fact that these systems retain their hexagonal rotational symmetry
even when the geometric parameters which govern their deforma-
tion behaviour and mechanical properties are altered. The Poisson’s
ratio of these systems encompasses the entire range permissible by
two-dimensional isotropy and is determined primarily by tessellation
shape and extent of chiralisation. An analysis of the trends observed
from Fig. 5 indicates that in order to produce auxetic chiral pentago-
nal systems, one should generally stick to the following main design
specifications:

I. Increasing the extent of chiralisation (i.e. increase in node ra-
dius, r, relative to ligament thickness, t, and ligament length, )
generally results in a lower, more negative Poisson’s ratio.

II. Designing the chiral systems on the basis of pentagonal tessella-
tions with a low j/i ratio AND a very low k/i ratio OR a very high
k/i ratio typically yields systems with highly negative Poisson’s
ratios

10

On the other hand, in order to produce systems with a highly positive
Poisson’s ratio, then one should do the opposite by decreasing the
extent of chiralisation and choosing a base pentagonal tessellation
which has a large or intermediate k/i ratio and an intermediate j/i ratio.

The effective elastic modulus of these systems also shows significant
versatility and can also be tailored according to geometry. This extent
of permissible variation in mechanical properties is not widely present
in currently known isotropic metamaterials, where the number of
changeable variables is typically extremely limited due to the imposed
symmetry constraints. In this regard, chiralised pentagonal tessellations
are decidedly superior to other well-known isotropic metamaterials
such as hexachiral and trichiral honeycombs, since they have a far
larger range of geometric parameters which may be altered according
to the desired design specifications. Furthermore, it should be noted
that these isotropic chiral metamaterials are generally characterised
by a higher effective Young’s modulus in comparison to anisotropic
chiral metamaterials based on quadratic symmetry such as tetrachiral
and anti-tetrachiral honeycombs which are typically extremely weak to
loading in non-orthogonal directions.

Another important aspect of these systems which merits mention
is the ‘““direction” of chiralisation of these systems and its effect on
mechanical properties. Chiral honeycombs are always characterised by
a specific direction in which the ligaments are oriented with respect
to nodes, which can be described as ‘clockwise’ or ‘anti-clockwise’ as
shown in Fig. 10. Generally, this factor is not considered important
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Anti-clockwise Chiralisation

--= Clockwise Chiralisation

Fig. 10. A schematic showing how clockwise and anti-clockwise chiralisation may be
defined. In this work, all systems were chiralised in a clockwise direction.

since it only determines the direction in which the chiral nodes rotate
upon the application of a load and has no influence on the mechanical
properties of the metamaterial. This statement holds true for chiral
systems based on regular monohedral tessellations such as hexachiral,
tetrachiral and trichiral honeycombs as well as many 2D Euclidean
polyhedral tessellation-based chiral systems due to the fact that the
original base tessellations of these chiral systems are characterised
by multiple axes of mirror symmetry. This means that, consequently,
once these tessellations are ‘converted’ into chiral metamaterials, the
resultant structures formed by clockwise and anti-clockwise chirali-
sation are mirror-images of each other and, thus, ‘identical’ from a
mechanical standpoint. However, the pentagonal tessellations which
form the basis of these novel chiral honeycombs presented in this work,
originally have no axes of mirror symmetry and are characterised by
rotational symmetry only. This means that, in terms of symmetry, these
tessellations are ‘left’ or ‘right’-handed before being chiralised and,
therefore, the resultant structures formed by chiralising in a clockwise
and anti-clockwise direction are not congruent, but unique. Thus, it
follows, that systems formed by clockwise and anti-clockwise chirali-
sation should have different mechanical properties. This indicates that
further to the geometric parameters considered in this work, another
additional parameter exists which could be used to further increase the
versatility of these systems; namely, the direction of chiralisation. In
this work, all of the systems studied were chiralised in a clockwise
direction and, although preliminary investigations indicate that, for
anti-clockwise chiralisation, the general trends for the design of auxetic
structures listed previously are still expected to hold, the magnitudes of
the Poisson’s ratios and Young’s moduli are predicted to be different.
Further studies are required in order to fully investigate the effect of
this factor on the mechanical properties of this novel class of chiral
honeycombs.

This work also highlights the potential of 2D monohedral pen-
tagonal tessellations for the design of novel auxetic metamaterials.
Pentagon-based structures have traditionally been overlooked as can-
didates for the design of auxetic systems; a factor which may be
primarily attributed to the fact that regular pentagons cannot form
periodic lattices. However, as mentioned previously in the Concept
and Design section, irregular pentagons can form a variety of distinct
periodic tessellations with a diverse range of symmetry properties.
Although only the one investigated in this work shows hexagonal rota-
tional symmetry and, hence, only it is capable of exhibiting transverse
isotropy, the other systems are promising candidates for the design of
new anisotropic auxetic metamaterials through chiralisation. Indeed,
one of these additional systems has already been shown in a separate
study to have the potential to exhibit auxeticity as a ligament-based
tessellation [81] per se, without chiralisation, while other works have
also shown that pentagon-based tessellations may form the basis of
the theoretical “penta-graphene” [82,83] 2D crystal lattice structure.
Moreover, another important research aspect which should be explored
in the near future, concerns the high strain behaviour of these systems.
While this study was focused primarily on the linear behaviour of these
novel chiral tessellation, further research is necessary to determine the
extent to which these systems retain their mechanical properties under
high stress/strain conditions as well as the fatigue limits and fracture
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mechanics of these metamaterials. All this indicates that there are many
potential advances and avenues for further research in this promising
and relatively unexplored class of monohedral pentagonal Euclidean
tessellations.

5. Conclusion

In this work, a novel class of isotropic 2D mechanical metamaterials
is proposed and investigated. These metamaterials, which have the
ability to exhibit Poisson’s ratios which encompass the entire spectrum
of transverse-isotropicity, are designed through the chiralisation of a
special class of monohedral irregular pentagonal tessellations which
possess rotational symmetry of order 6. The influence of various geo-
metric parameters, including base tessellation dimensions, chiral node
radius and ligament thickness on the mechanical properties of these
systems were investigated using the FEM. Furthermore, experimental
tests on additively-manufactured prototypes were conducted to validate
the FEM results obtained, while analytical expressions which may be
used to determine which combination of geometric parameters yields
realisable chiral structures were also derived. The main findings of this
work may be summarised as follows:

The Poisson’s ratio and Young’s modulus can be tailored as a
function of the geometric parameters of these systems whilst
retaining isotropy.

These new chiral metamaterials have the ability to exhibit Pois-
son’s ratios ranging from —1 to +1.

The Young’s modulus of these systems is also highly tuneable and
shows considerable variation.

In some cases, the Young’s modulus can be altered without sig-
nificantly affecting the value of the Poisson’s ratio.

Experimental testing on stereolithography-printed prototypes
have confirmed the functionality of these systems

This work demonstrates that the retention of global symmetry and geo-
metric constraints of isotropy are not necessarily a barrier for the design
of geometrically-tailorable isotropic metamaterials and highlights the
vast potential of pentagonal structures as the basis for the design of
further new auxetic systems.

CRediT authorship contribution statement

Luke Mizzi: Writing - original draft, Software, Methodology, Inves-
tigation, Formal analysis, Conceptualization. Luigi Grasselli: Writing —
review & editing, Validation, Methodology, Investigation, Formal anal-
ysis, Conceptualization. Andrea Spaggiari: Writing — review & editing,
Validation, Methodology, Conceptualization. Ruben Gatt: Writing —
review & editing, Resources, Investigation. Pierre-Sandre Farrugia:
Writing — review & editing, Investigation. Joseph N. Grima: Writing
- review & editing, Resources.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability

The raw data is available in the Supplementary Information



L. Mizzi, L. Grasselli, A. Spaggiari et al.

Appendix A. Geometric conditions for the design of pentagonal
tessellations with hexagonal rotational symmetry

The conditions necessary for the design of pentagonal tessellation
with hexagonal rotational symmetry and for the realisation of convex
pentagons may be summarised by the equations presented below. The
existence and convexity conditions are expressed as functions of f and
% and are plotted in Fig. 2b. While the existence conditions (Egs. (A.1),
(A.2) and (A.3)) are inequalities directly derived from Eq. (1) in the
main text, the convexity conditions (Egs. (A.4), (A.5) and (A.6)) for
angles B, y and § which must be satisfied for the design of tessellations
made from convex pentagons are derived from Egs. (4), (5) and (6).

Existence Conditions

IVa-kiis0 (A1)

1 1

IVaek 150 (A.2)

1 1

Iva-k_1<0 (A.3)

1 1

Convexity Conditions
N2 )

o 1Y (kY (k)

B < 120 3<i> (,) (:) 1<0 (A.4)
o\ 2 2 .

y < 150° 3(’-,) +(’-‘) +3<{—f>—1>0 (A.5)
1 1 1
N

5 < 90° 3(’-,) —(7) +1>0 (A.6)
1 1

The existence region shown in Fig. 2b consists of the area between the
two parallel lines — (f) V3+ (’f)+1 =0and — (f) \/§+<’7‘) -1=0,

Vi (-1 =0

limited on the lower left corner by the line (i

The convexity region is defined by a suitable branch of the hyperbola
N2 2
—(’-.) + (’—‘) + (’f) +1 = 0 (f = 120°), a suitable branch of the

1 1

hyperbola 3 (%)2 -

('f )2 +1 =0 (6 =90°) and by the “positive” area
of the ellipse 3 (f)z +3 (”—f) + (’7‘)2 —1=0 (y = 150°).

Appendix B. Supplementary data

Supplementary material related to this article can be found online

at https://doi.org/10.1016/j.tws.2023.110739.
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