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Abstract
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Doctor of Philosophy

by Luca Bertocchi

This formulation is based on the Reynolds equation, appropriately recasted in terms of
pressure and void fraction. The correct detection of the cavitation and the location of
the boundaries between cavitated and active areas is guaranteed by the complementary
nature of the two chosen variables. Therefore, it is possible to describe the hydrodynamic
problem all over the domain using a single equation, which is valid both in the active
and in the cavitated zone. This approach naturally guarantees the mass conservation. A
detailed analysis of the proposed complementary formulation of the Reynolds equation
is presented, both for one dimensional and two dimensional cases. In addition, various
rheological models are considered in order to simulate accurately the lubricant behaviour
and properties. The Hertz contact theory has been introduced for the consideration of
the elastic deflection of the contact bodies. As an alternative, it is possible to handle
the elasticity of the solids by importing the compliance matrix generated by a external
structural Finite Element model. This second method is suitable for the EHL analysis
of various common mechanical components, such connecting rods big end and small end
bearings, that cannot be satisfactorily modelled with the Hertz contact theory. A nu-
merical method, based on the Finite Element framework, has been employed to solve the
complementarity formulation of the Reynolds equation. The developed implementation
is versatile and robust and does not require particular conditions on the dimensions of
the elements of the mesh. The numerical development focused on the maximization
of the computational speed. The proposed formulation is capable to solve efficiently a
wide range of problems and to consider various rheological and elastic models. Partic-
ular advantages, with respect to standard finite difference approaches, have been found
in the cases of isoviscous and rigid lubrication regimes and in the presence of steep film

thickness gradients.
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Chapter 1

Introduction

“O studianti, studiate le matematiche, e non edificate sanza fondamenti”
Leonardo da Vinci

Reynolds equation is commonly used to describe lubrication problems as an alternative to
the more complex full Navier-Stokes equation. The assumptions the Reynolds equation
is based on are fully satisfied in the analysis of the majority of the lubricated bearing
commonly found in practical applications. These assumptions are, namely, that both

the ratio of the film thickness to the contact length and the Reynolds number are small.

Cavitation may occur due to the development of low pressures within the fluid film. Var-
ious formulations have been proposed in order to correctly simulate this phenomenon. In
the cavitated regions the mechanical properties of the fluid vary significantly. Jakobsson
and Floberg [2] proposed a mass conserving algorithm capable to analyse lubricant films
in the presence of cavitation. The algorithm described in [2] uses ad-hoc equations to
locate the cavitation boundaries, setting a fixed pressure value in the non-active regions
while solving the Reynolds equation within the active counterparts. Elrod and Adams
[3] first developed a cavitation algorithm that uses a single equation within the whole
domain and does not require the explicit location of the cavitation boundaries. They
introduced a switch function, g(p), that equals one where the pressure is greater than
the cavitation pressure (active zone) and it is null ( g(p) = 0) otherwise (non active
zone). In this way the Poiseuille term of the Reynolds equation can be artificially sup-
pressed in the cavitated regiond. Starting from the pioneering works of Elrod [3, 4],
further algorithms have been developed that took into account the compressibility of

the lubricant, e.g. Vijayaraghavan and Keith [5] and Sahlin et al. [6].

Attempts have been made in the past to solve the problem of determining the active

and cavitated film regions using the concept of complementarity [7-9]. However, these

1
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classical methods based on a complementarity formulation do not ensure the conserva-
tion of mass. This undesired characteristic is due to the fact that such algorithms solve
the Reynolds equation within the whole domain assuming a constant lubricant density.
While this assumption can be reasonably accepted within the active regions, in the non-
active regions density varies in both space and time. Giacopini et al. [10] explained
how assuming constant fluid density within the whole domain leads to an incomplete
identification of film rupture and, thus, to an incorrect detection of film reformation.
Therefore, ensuring the mass continuity is mandatory to correctly predict the film rup-
ture and reformation, especially where cavitation and reformation occur several times
(e.g. studies of rough contacts [11], textured surfaces [1, 12, 13] and dynamically loaded
journal bearings [14]). The algorithm proposed in [10] ensures the conservation of mass
within the whole domain, employing a complementarity formulation of the lubrication
problem in the presence of cavitation based on a newly defined set of complementarity

variables.

The work presented in [10] deals with incompressible and isoviscous fluids, thus provid-
ing good results only for low contact pressures, where the density and viscosity variations
in the active regions are negligible. However, the increasing quest for enhanced perfor-
mance, the severity of operating conditions to which bearings can be subjected, and a
constant need for more accurate predictions, has been responsible for the development
of new formulations that take into account several lubricant behaviours not compatible
with the classical Reynolds equation. In particular, at high pressures the compressibility
of the fluid, the piezoviscosity and non-Newtonian behaviour can no longer be neglected.
Therefore, new formulations have been proposed, that overcome the limitations that the
hypothesis of incompressibility and isoviscosity introduced in the classical formulations.
Although various authors in recent years studied the lubricant film behaviour employ-
ing the full Navier-Stokes equations in CFD solvers [15, 16], Reynolds-based approaches
maintain great importance and practical utility due to their simpler formulations, that
lead to usually faster and less CPU-time consuming implementations and provide equal
accuracy for all the (many) scenarios in which the change in fluid properties through

film-thickness are negligible.

In the present work, the formulation of the Reynolds equation in terms of complemen-
tarity is first extended to handle compressible, piezoviscous and shear-thinning fluids.
Then, the non-linear fluid modelling is coupled with the elastic deflection to provide a

complete formulation to tackle EHL problems.

Finally, the integration of the proposed formulation with other linear complementarity
approach that tackle the lubrication problems of the tangential velocity slip and the

mixed lubrication.
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The numerical implementation of the proposed formulation in the Finite Element frame-

work is derived and discussed both in one and in two dimension.

The aim of this work is to

e establish a linear complementarity approach to the Reynolds equation for com-

pressible, piezoviscous and non-Newtonian fluids
e couple the fluid formulation with the elastic deflection
e provide a fast and robust numerical implementation of the proposed formulation

e apply the formulation to case of practical interest, such as journal bearings

1.1 Thesis Layout

In Chapter 2 a linear complementarity formulation of the Reynolds equation for com-
pressible, piezoviscous and non-Newtonian fluids is derived, along with a brief intro-
duction of some rheological models commonly found in lubrication analysis. The de-
velopment of the numerical implementation in the Finite Element framework of the
complementarity formulation ends Chapter 2. In Chapter 3 the coupling of fluid mod-
elling and elastic deflection is described along with the numerical implementation of the
EHL formulation. Chapter 4 contains various test cases carried out to validate the pro-
posed formulation. This Chapter ends with the detailed analysis of the journal bearing
of a high performance motorsport engine. Chapter 5 shows how to combine the proposed
formulation with two other linear complementarity formulation that tackle the problems
of tangential velocity slip and mixed lubrication. Chapter 6 summarise this work and

conclusions are drawn up.






Chapter 2

Complementarity Formulation

“Truth and clarity are complementary”

Niels Bohr

2.1 Governing Equations

2.1.1 Reynolds Equation

There are two approach available to model hydrodynamic and elastohydrodynamic lu-
brication problems. The first one is based on the solution of the Navier-Stokes equations
and allows an accurate analysis of the fluid behaviour, at the expense of higher com-
putational cost and complexity. The other method is based on the Reynolds equation,
which is an integrated version of Navier-Stokes equation across the film thickness. This
second approach has been widely employed in lubrication studies because it combines

good accuracy of the solution and low computational cost.
The Reynolds equation is derived from the Navier-Stokes equations under the following
assumptions:

m Inertial and body forces are negligible

m Pressure and viscosity are constant through the lubricant film

m The lubricant flow is laminar (low Reynolds number)

m No slip at the boundary surfaces
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m Viscous forces are dominant, while the inertial and surface tension forces are neg-

ligible
m Shear stress and velocity gradients are only significant across the lubricant film
m The lubricant is Newtonian

m The lubricant boundary surfaces are parallel or at a small angle with respect to

each other

This assumptions are usually found in common lubrication problems and, therefore, the

Reynolds equation can be employed to obtain an accurate solution.

The Navier-Stokes equations allow to investigate the property of the fluid along the
direction of the film thickness, whereas the Reynolds equations threat the fluid properties

constant along the thickness direction.

The Reynolds equation in two dimensions is:

9 o op] 0 [ph*0p
Oz | 6p Ox Oz | 6p Ox

2 oh(on + )] + 25 (k) (2.1

| = 5 ot + )] +

where p is the fluid density, z and y are the spatial coordinates, p is the fluid viscosity,
h is the film thickness, p is the pressure, t is time and w1, us, v1 and v9 are the boundary

surface speeds in x and y directions.

This equation deals with an isoviscous, incompressible and Newtonian fluid but it can be
suitably modified in order to consider more realistic behaviours, including the variation
of the viscosity as a function of pressure (piezoviscosity) and of the shear rate (non-

Newtonian behaviour) and the dependency of density on pressure (compressibility).

2.1.2 Compressibility

Some well know compressibility formulations proposed in the literature to study hydro-
dynamic (HL) and elasto-hydrodynamic lubrication (EHL) problems are briefly sum-

marised below.

Constant bulk modulus Probably the simplest model is based on the constant bulk

modulus formulation, whereby the the following expression:

8=p (2.2)
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links the fluid bulk modulus, 8, e to the pressure, p, and the density, p, of the lubricant.

In this formulation, (3 is constant. Therefore, integrating once Eqn.(2.2) one obtains:

b= pofln <P) o pﬁ _ p2)/B), (2.3)

where p, is the cavitation pressure and p. is the density at the cavitation pressure. This
expression has been used by Vijayaraghavan and Keith [5] to analyse the behaviour
of compressible fluids in finite journal bearings. However, in real lubricants, 5 is not
constant but depends on the density of the fluid and, therefore, Eqn. (2.2) is valid only

in a limited range of pressures [6].

Dowson and Higginson model A more complete formulation is the one proposed

by Dowson and Higginson: [17]:

Pec 01 + (p - pc)

where C'; and Cy are constant coefficients, which depend on the lubricant under consid-
eration. This compressibility formulation has been widely employed because of its good
agreement with experimental results for pressure values up to 400 MPa [18]. Typical
values for C; and Cy are proposed in [17] where C; = 0.59 - 10? and C = 1.34.

Sahlin et al. [6] employed different values to best fit experimental data for mineral oil
[19], namely C; = 2.22 - 10° and Cy = 1.66.

Jacobson and Vinet model Probably the most accurate expression for compress-

ibility is the one proposed by Jacobson and Vinet [20]:

b= 3B, <P>_§ 1_(;;)_ e{"l<1<’i)§)] (2.5)

This relationship shows the best results even for very high pressure values. By and
1’ are constant parameters depending on the particular lubricant under investigation.
Common values for mineral oil are By = 1.7 - 10° and ¥ = 10 . Eqn.(2.5) is not
analytically invertible and so a simple formula relating directly p and p does not exist.
However, for a given pressure, a value for p/p. can be numerically obtained employing

an iterative method, such as the Newton-Raphson method [21].
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This brief introduction to pressure-density relationships has shown that, at least for
the considered formulations, it is possible to define a functional connection, p/p. =
f (p). Therefore, by introducing this functional connection in the complementarity solver
described in the previous section, any of the above formulations can be easily considered

to describe the compressible behaviour of the fluid.

2.1.3 Piezoviscosity

Fluid viscosity strongly affects the performance of lubricated contacts. Experimental
tests show that viscosity varies with pressure (piezoviscous effect), with temperature
(thermoviscous effect) and with the shear rate (non-Newtonian behaviour). The piezo-
viscous effect refers to the variation of viscosity as a function of pressure. In particular
as pressure increases, viscosity increases as well. In the following section, three of the

most commonly employed models in HL. and EHL simulations are reported.

Barus model The pressure-viscosity relationship proposed by Barus is:

HBarus = MO e (26)

where pg is the viscosity at atmospheric pressure and «y, is the pressure-viscosity coeffi-
cient of the lubricant. The coefficient «y, depends on the liquid considered and does not
depend on pressure. For common lubricants a; ranges between 10® and 2 - 108 Pa~!.
Although Eqn.(2.6) is widely employed, it only provides a good estimate of the vis-
cosity for a moderate pressure range. For high pressures this exponential relationship

unacceptably overestimates the viscosity value.

Roelands model Following the work by Barus, a number of empirical equations have
been derived. Roelands [22] proposed the following formula based on experiment on the

effect of pressure on the viscosity of lubricants under isothermal conditions:

HRoelands = MOe(a;p) (27)

where

{(1n(uo)+9.67) {<1+£>Z*1” (2.8)

Koy —
ap=ce

Although the Roelands equation is a widely used piezoviscous model in lubricated con-
tact problems, it again fails to model the experimentally observed piezoviscous behaviour

at high pressures.
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Doolittle’s free-volume An alternative approach is the free volume model, which
is based on the assumption that the resistance to flow in a liquid depends upon the
relative volume of molecules present per unit free volume. This model combines the

Tait equation of state:

v p
—=1- In |1+ — (14 K| 2.9
Vo K(l) +1 n [ + K ( + 0):| ( )
and the Doolittle equation [23]
Viee 1 1
PN T Vo 7 Ve
K Doolittle = H0€ Vo Vo Vo > (210)

where (3 is the Bulk modulus at p = 0, K is the pressure rate of change of bulk modulus
at p = 0, K{) is the dimensionless coefficients for Poiseuille flow, V.. and Vj are the

occupied volume and volume at ambient pressure respectively.

Rodermund The last formulation reported is the Rodermund equation. It has been

used for the journal bearing analysis discussed in Section 4.2.

It is similar to the barus equation (Eqn.(2.6)) and it links the viscosity to the pressure

using the following relationship:

Krodermund = TUQ (1 +a— Tp)bT (211)

2.1.4 Non-Newtonian Fluids

In lubricated contacts, piezoviscosity helps the fluid to sustain the external load, and
can stabilise the motion of the components supported by the formation of the fluid film
(see the piezoviscosity effects on journal bearings [24]). On the other hand, considering
the numerical iterative procedure conventionally adopted to solve lubrication problems,
introducing the variation of viscosity as a function of pressure could lead to a drawback:
the numerical model could become unstable and, as a consequence, the solution could
diverge. In fact, as a general rule, for a given film profile, the higher is the viscosity
value, the higher is the pressure. Considering that the viscosity is a function of pressure
in a way that an increase of pressure causes an increase of the viscosity, it can be easily
understood that at high pressures this chain reaction quickly brings the pressure to grow
up to infinite values, until a numerical error is returned. To overcome this undesired

effect it is necessary to contain the viscosity growth rate.
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One way to achieve this is to consider the shear thinning behaviour of the lubricant. Since
the shear rate is affected by both the sliding speed and the pressure gradient within the
fluid (see Eqn.(2.27)), this second relation has the capability to limit the pressure rise

due to piezoviscosity and to stabilise the numerical solution to finite values.

Ree-Eyring  According to Grieve and Spikes [25], the sinh-law equation for shear-
thinning fluid proposed by Eyring is the most widely accepted:

70

MU Eyring = %Sinhil <W> (2.12)

where « is the shear rate, 7 is the shear stress, po is the viscosity at ambient pressure

and 7y represents the Newtonian limit of the lubricant, also known as Eyring stress.

Since this equation is widely accepted and employed in HL, and EHD analysis, the authors
decided for the usage of Eqn.(2.12) in the formulation developed, being understood that
the implementation of a different shear-thinning model in the algorithm would require

little additional effort.

Polynomial Shear Thinning Law  The second model for shear thinning lubricant

is the one adopted for the journal bearing analysis of Section 4.2.

K + pooy

. 2.13
K+ poy (213)

1= Ho
where pg is the viscosity at ¥ = 0 and uo is the asintotycal viscosity value for high

shear rate ( 4 — o0 ). K is a coefficient that rules the transition from g to fieo.

2.2 Complementarity Formulation of the Reynolds Equa-

tion for Non-Linear Fluids

In this section, a complementarity formulation of a compressible, piezoviscous and shear-
thinning fluid is presented. In the definition of a complementarity algorithm, two aspects
must be considered: (i) the identification of the complementary variables and (ii) the
definition of the functional connection that relates them. The complementarity variables
adopted here are the same as those proposed in [10], namely the pressure, p, and the

void ratio (or void fraction), r, which is defined as:

r=1-2, (2.14)

Pp
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where p is the density of the mixture of oil and gases and p, the density of the lubricant

at the given pressure.

The complementarity formulation will be derived for a one dimensional domain for sim-
plicity, since the same discussion can be easily extended for a two dimensional domain.

The two dimensional formulation will be showed in Section 2.3.

The Reynolds equation in one dimension for unsteady and compressible flows is:

9 [ph3 dp 0 0 _
5o [ o] =25 ol = U o = (215)

where h is the film thickness, U the sliding speed, and p the fluid viscosity.

This equation is valid both in the full film region (active region) and in the cavitated
(non-active) region. In the active region the lubricant is fully composed of liquid, so p
is equal to p,, while in the non-active region the fluid cavitates, becoming a mixture
of liquid and vapour characterized by a density, p = p(z,t,p), which is always lower
than or equal to p,. It follows that (p, —p) > 0 in the whole domain. On the other
hand, the pressure, p, is greater than zero in the active region and it is considered
equal to the cavitation pressure in the cavitated counterpart. The pressure at which
the liquid cavitates, p., may be taken to be zero. By this way, a sign restriction on the
value of pressure p arises since p > 0 in the whole domain (note: if p. # 0 the sign

restriction applies to the difference between the fluid pressure p and the vapour pressure

Pe: P —pe > 0).

Let us define the variable ¢ as:
o= (pp—p)- (2.16)

Such variable is zero in the active region and varies in the range 0 < ¢ < p, in the
non-active zone. Normalising ¢ using pp, the definition of r, Eqn.(2.14), arises. Since
pp is strictly positive, the same considerations made for ¢ are also valid for r. From
the above discussion it is evident that in the active region the pressure p is greater than
zero and 7 is null, while in the non-active region p equals zero and r is strictly positive.

Consequently, the product p-r = 0 in the whole domain.

Therefore, the two variables p and r are complementary:

r>0 (2.17)
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For a compressible fluid, density is a function of pressure and it can be explicitly ex-

pressed by the general formula:
pp = pef (P), (2.18)

where p. is the density at cavitation pressure and f(p) is the functional connection

between p, and p.

By substitution of Eqn.(2.16) into Eqn.(2.18), it is possible to define p as a function of
pe, @ and f(p) and to substitute it into Eqn.(2.15):

0 h3 Op 0
5o 0 =0 6 2| =20 (et ) = ) o
0
~Ug lpef(p) = ¢) 1] = 0.
Rearranging Eqn.(2.19) as follows:
(i) 5204 b - 7)1
B [pcf(p) <1 pcf(p)> ouor| o pef(p) (1 @) h 020,
o ad % \al- '
Uz [0 (1= 5755 ) 1] =0
and noticing that the complementarity variable r can be rewritten as:
9
" el ) (2.21)
Eqn.(2.20) becomes:
0 h3 0 0 0
g |10 A=) & ] 20 176) - - U ) (1= =0, (2:2)
Expanding Eqn.(2.22) one obtains:
0 h3 9p 0 h3 Op 0
o [f(p)(iuax] T on [f(P) 6/“937} —2& [f(p)h] (2.23)
0 0 0 '
o FO)rh - U

With few simple manipulations, Eqn.(2.23) can be further simplified. In particular,

considering the term:

0

p [f (p)

h 81’] , (2.24)

re—

6u Ox
the derivative of pressure dp/0x equals zero in the cavitated region because the pressure
is considered constant and equal to the cavitation pressure, whereas, in the active region,

r, it is equal to zero. Therefore, in the whole domain, the product (9p/dz)-r = 0 and the
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term of Eqn.(2.24) can be omitted (the particular behaviour of the product (9p/0z) - r
at the boundaries between active and cavitated regions has been already discussed in

[10], which should be consulted by the interested reader).

Moreover, the terms containing the product between f (p) and r can be simplified by
substituting f (p) = 1. In fact where » > 0 (the non-active regions) f (p) = 1 while
where f (p) #1, r=0.

Therefore, (2.23) becomes:

f(p)h] + U2 [rh] =0 (2.25)

ox

9 W opl 0 9 9
ot ot

— — 2— hl|+2—|[rh]| —U—
o [f005 o8|~ 25 [l + 25 bl — U
and, consequently, the complementarity formulation related to the problem of cavitation

in lubricant films for compressible fluids can be defined as follows: find p and r such

that:

2 | F0V ] — 25 (Foh] + 28 [rh] - UL [F0)h] + UL [rh] = 0
p=>0
r>0

p-r=0.

(2.26)

This formulation allows the variation of the density of the lubricant film due to the
pressure variation to be considered. It is important to emphasise that, up to this point,
no assumption has been made about f (p). Hence, the algorithm presented in this work

allows employing any of the compressibility models available in the pertinent literature.

The implementation of piezoviscosity and shear thinning is briefly considered hereinafter.
These two effects only modify the viscosity and, therefore, the formulation of Eqn.(2.25)
can be employed without significant modifications as long as the term (2.26) is corrected
to account for the changes in viscosity. In particular, p is no longer assumed to be

constant, but it is evaluated as a function of the pressure, p, and of the shear rate, :

—h U
= - 2.2
=5, Vot (2.27)

The implementation of piezoviscosity and shear thinning is performed by modifying the
viscosity that characterises the fluid at low pressures and shear rates, pg, introducing the
dependence on the pressure in the model first, 1, = p (p), followed by the shear thinning
correction, which introduces the functional dependence on the shear rate, p, = p ().

The new viscosity value obtained, j, -, is then substituted in Eqn.(2.25).
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2.2.1 Functional connection between the complementarity variables
Let us consider, merely to simplify the discussion, the one dimensional steady state
Reynolds equation for compressible and non isoviscous fluids in pure sliding:

d R dp
— | (p)
dx 6updr dx

} U% [ (p) B + U% h] = 0. (2.28)

Integrating Eqn.(2.28) twice with respect to x gives:

* r 1 Y 1
D= _GMPU/O Wdy + GMMU/O ﬁdy + 6pp A1 /0 de + Ay, (2.29)

If we now consider the following boundary conditions:

p(0) = po; p(a) = pa, (2.30)

where a is the lubricated contact length and pg and p, represent the inlet and the outlet
pressure, respectively, we can easily determine the value of the constants of integration,
A1 and Agi

al a T
(Pa — po) — 6ppU fo ﬁdy + 6, U fg Wdy

A=

NP fO f h3 Z-/ (2'31)

Ag =

Substituting these constants back into Eqn.(2.29) gives:

xl x r
=6u,U | —dy—6u,U | ———dz
b= /oh2 ot /of<p>h2
al a r
— ( Po — pa + 6 U/ —dy — 6p U/ dy) 2.32
(0 o B2 " Jo Tpa) 22 (2:32)

L | 1
dy) a =+ Do
</0 fp)h? fo Wdy

Eqn.(2.28) can be rewritten in the following compact functional form:

p=1Lr+Q, (2.33)

where L represents the operator relating the complementarity variables p and r, and @)
is the term that carries the information about the boundary conditions of the problem

and the shape of the lubricant film thickness.
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The linear complementarity problem of Eqn. (2.33) can be solved numerically using the
Galerkin method in the Finite Element framework [26]. In this work, a similar approach
to the one described in [10] has been used along with a specific formulation for the
derivation of f (p) and py . In particular, a semi-implicit algorithm has been adopted

to derive the values of density and viscosity.

2.3 Numerical Implementation

“Numbers exist only in our minds. There is no physical entity that is number 1. If there
were, 1 would be in a place of honor in some great museum of science, and past it would

file a steady stream of mathematicians gazing at 1 in wonder and awe.”
Fraleigh /Beauregard, Linear Algebra

In this section, the Finite Element implementation of the formulation presented in the

section 2.2 is derived for a two dimensional domain.

0 h3 Op] O h3 Op 0 0
5 |05 | 1 2]~ 28 rnl + 25 -
0 0 0 0 '
U ]+ U o] = U (7] + U5 (] =0
Eqn.(2.34), can be solved numerically using the Galerkin method:
0 h3 Op 0 h3 8p) 0
7 N opy 9 PN 9% (k)
Lw o (F0g—a) + 5 (fwg— o) 25 () -
0 0 0 0 0 .
$20 () = Ui (FR) = Uy g (FR)+ U gl )+ Uy (o) a2 =

where W is the test function.

Separation of the individual terms of Eqn.(2.35) gives:

/Qwai <f( )Jiﬁi)d +/W8y (f( )Gumay>dﬂ /W2 Yh)do

+ /Q W2a (rh)dQ — /Q WUx%(f(p)h)dQ— /Q WUya—y(f(p)h)dQ

B, B
+ /Q WU, 5 (rh)dQ+ /Q WUy, (rh)dQ = 0.

(2.36)



Chapter 2. Complementarity Formulation 16

When evaluating the diffusion terms, an integration by parts is generally introduced:

0 ph? Op h3 Op h3 OW Op
/QW&U <f( )GMp78$>dQ v (f(p)fsﬂpry 695> Qo _/ Tw) a2t

61, Oz Ox
/ wl (f( ) 2 ap)da W(f() i a”)
o Oy Gpip,y Oy Gpip,y Oy

(2.37)
These integrations by parts lead to a weak form of Eqn.(2.35) The two first right hand

3
_/ h® oW 8de
6,up7 8y oy
(2.38)

side terms of Eqn.(2.37) and Eqn.(2.38) should be evaluated on the domain boundaries.
However, these terms can be neglected because a pressure value is usually prescribed

along these boundaries [27]. Eqn.(2.36) becomes:

T OW 0p e [ F0)I°OW Op ey /W28(f(p)h)d9

a 6ip~ Oz Ox o 6up~ Oy Oy
il _ - 2.39
+/QW2875 (rh)d$2 /QWU‘T(? h)dQ— /W y@y p)h)dQ (2.39)
0
+ ; WU:C% (rh)dQ+ /Q WUya—y (rh)dQ = 0.

Then, the lubrication domain can be divided into a finite number of elements and

Eqn.(2.39) can be discretized and solved over each element domain €.

Using proper shape functions N;, a general variable ¢ can be interpolated inside each

element as

Nn, ~
~ Z N;b; (2.40)
=1

where N, is the number of nodes per element, /V; is the shape function and gzgl is the value
of the variable ¢ at node i. For a two-dimensional problem, bilinear shape functions can

be used:

Ni=(1-&(1-n)

No=(1+¢(1—-

3
S~—
[ B N R N B N

(2.41)
Ny=(1+&(1+mn)

Ny=(1-& 1 +n)

where £ and n are the element local coordinates.
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As a consequence, the derivative of an interpolated function ¢ is given in terms of its

nodal values as:

. (2.42)

Employing the Gaussian quadrature rule for the numerical integration, the discretized

form of Eqn.(2.39) on the general j-th node of the element €2, becomes:

Ngp [ Np,
1 ONpmk Wi ONpmg OWinsi
F(Q) =— 3 m mj m mj AQ
j (£2) le ;(SMmhmf(p)m( R VR WA )pk W AQ,,
Ngp [ Ny,
aNmk
DD W <axmhk> (U + Uy) | winAQ,,
m=1 Lk=1
ng r a
- Wini 5 (f @) hm) Uz + Uy)] Wi AQm,

1L

) Ngp [ Ny
T Ait Z [Z Winj Nk (r () hi, (t) — 7 (8 = AL) hy, (t — At)) | win AQ,

m=1 Lk=1

qu
- A% > Wi f (0 (8)y (i (£) = B (t = A1) win AQy = 0.

m=1

(2.43)

where the m-index defines a general Gauss point, wy, is the corresponding weight, AQ,,
is the determinant of the coordinate transformation from the global coordinate system to
the local element coordinate system, the k-index defines a general element node and N,

and NV, represent the number of Gauss points and nodes for each element, respectively.

Writing Eqn.(2.43) for each node of the domain, a system of non-linear algebraic equa-

tions is obtained in the following form:

[Alp+ [B]r+C =0, (2.44)
where:
Ne NQP Nn
Ajp = — —— 3 i—1)m = 2 = : mAQm
=30 S S e st (B s e
(2.45)

Nn

1
+2Kt ; ijNmkhk(t)

wmAQm}
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Ne Ngp

Cj=— Z Z [Umejaax (f(Pi—1)mhm) + Umejaay (f(pi—l)mhm)]

n=1 | m=1

N,
B (t) — B (£ — AL) 2 u
+ | 2Wonj f(pi1)m ®) At( )—{—AthjZ[Nmkrk (t — At) hy (t — At)] wmAQm}.
k=1
(2.47)

Consider the matrix [A], which derives from the discretization of the Poiseuille term
within the Reynolds equation, Eqn. (2.25). After imposing the boundary conditions in

terms of pressure and by inverting matrix [A], one obtains:
p=—[A" [Blr-[A]'C = p=I[Lr+Q, (2.48)

where

L) = —[A] ' [B] and Q = — [4] ' C. (2.49)

The system of algebraic equations (2.48) can now be solved using a suitable pivoting
algorithm for complementarity problems. The value of pressure used to evaluate the
compressibility function f (p) and the viscosity (i, ~ is the one obtained from the solution
of the previous iteration. Therefore, the derived formulation results in a semi-implicit

method that can be solved using an iterative Newton-Raphson method.

Particular care has to be devoted in the selection of appropriate test functions for the
terms of Eqn.(2.46). In fact, undesired oscillations may arise in the solution for r,
because of the hyperbolic character of the equation to be solved in the cavitated region.
A commonly employed method is to choose as test functions appropriate decentred

polynomial functions[26]:

dN;
W;=N;+« T sign(U) (2.50)

with « that ranges from 0 (standard Galerkin approximation) to 1 (full upwind discrete
equation) and sign(U) gives the velocity direction for terms of Eqn.(2.46) containing U,
and U,.

Other existing methods consist in properly modifying the integration points used for
the numerical evaluation of the integrals of the terms containing the variable r [28].
In the numerical algorithm developed the author preferred the second method because
considers it more elegant and because it reduces the number of numerical operation to
assembly the matrix of Eqn.(2.46). In particular the shape functions NNV; are employed
as test functions W;. Then, all the terms of Eqn.(2.46) are integrated using integration

points (&ine, Nint) different than the standard gauss points ({gauss, Ngauss)-
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The formulation for a one dimensional domain can be derived from the one discussed
above by setting to zero all the terms that depends on the y coordinate: Uy, 0h/0y,
ON/0y and 0W/0y. For this case the shape functions can be taken as linear:

Ni=(1-93
; (2.51)
Ny = (1+¢) 5

The integration point and its corresponding weight to be employed for the numerical

integration of the terms of Eqn.(2.46) are:
m=Eipt, wW=2 (2.52)

where &;,; ranges from 0 to 1.

Fig.2.1 compares the solutions in term of p and r for different values of o and &;,,;. Best
results are obtained considering &, = 1 and o = 1. No numerical difference in the

solution between the two approach appears.
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FIGURE 2.1: a) Comparison of the solutions of the problem in 4.1.1 in terms of p and
r using different integration points &;,; and different upwind parameter o for the terms
of Eqn.(2.46) and b) detail of the different solutions for r in the cavitated region



Chapter 3

Elastic Deflection

3.1 Governing Equations

In the case of rigid surfaces, the geometry of the two mating bodies entirely defines the
film thickness, h, to be used in the Reynolds equation, Eqn.(2.26). This consideration
is no longer valid in the case of the solid bodies being elastic. In fact, in this case the

total film thickness is the sum of the geometric thickness plus the elastic deflection.

Fig.3.1 depicts the film thickness and the main symbols employed. h, is the geometric
thickness, that is the film thickness in the case of rigid bodies, and h, is the deflection

of the solid surfaces due to the fluid pressure. The deflection h. is assumed to be elastic.

ANNR NN N NN SN SN SN RN RN N

FIGURE 3.1: The two contribution to the total film thickness

21



Chapter 3. Elastic Deflection 22

The total film thickness, h, is given by the sum of the undeformed geometry, hy, and
the elastic deflection, h.:
h = hg + he, (3.1)

3.1.1 Elastic Deflection

The interaction between the fluid and the solid domains in EHL formulations can be
expressed in term of normal stress and shear stress. The effects of the shear stress on the
deformed shape of the journal are considered negligible. Therefore, the only contribution

to the elastic deflection is given by the normal stresses.

The deformation in an elastohydrodynamic contact can be calculated (i) using the
Hertzian theory of elastic contact or (ii) using ad-hoc Finite Element models of the
problem under investigation. The Hertzian theory of contact, (i), provides a more gen-
eral approach to contact problems that can be applied for a wide range of geometries.
On the other hand, the Finite Element modelling, (ii), allows to simulate a specific prob-
lem more accurately. In order to do so, an external software to create the discretized

model of the solid bodies and to extract the compliance matrix is required.

It is important to point out that there is no difference in the following EHL formulation,

whatever is the technique chosen for the evaluation of the elastic deflection.

3.1.1.1 Hertzian theory

From the Hertzian theory, [29], the elastic deflection, w, is given by:

wle,y) = 5 //\/ (@1, yl) dzydyy (3.2)

21)” + (y — )

where p is the fluid pressure at coordinates (z1,y1) that acts on an area dzidy;. E, is

the reduced Young’s Modulus:

1 1/1—142 1— 12
:< 5 ”2) (3.3)

Ey Eo
where E 9 are the Young’s moduli and v o are the Poisson’s ratios of the two bodies.

The assumptions underlying the Hertzian contact theory are:

e The radii of curvature of the contacting bodies are large compared with the radius

or width of the contact area.
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e The dimensions of each body are large compared to the radius of the circle of

contact.
e The contact is frictionless.
e The surfaces in contact are continuous and nonconforming.

e The materials are elastic and isotropic.

For a one dimensional domain, considering the pressure constant over each element, the
relation between the deflection at the node i caused by the pressure on a surface element

j is provided in [30] and it is:

he,ij = % [4¢;In(20) + (dij — ¢j) In(dij — ¢;)* — (dij + ¢j) In(dij + ¢;)7] (3.4)
T

where ¢; is the half-width of the element and d;; is the distance between the node 4

and the centre of the element j. In [30] it is possible also to find the equation for two

dimensional problems. A complete discussion of the Hertzian contact theory is out of the

scope of this thesis and can be found in [29], to which the interested reader is referred.

3.1.1.2 Finite Element contact model

If we consider a constrained body, that is a body with no rigid body motions, it is
possible to extract the compliance matrix of the contact nodes via static reduction of
the complete stiffness matrix !. The equation governing the static problem (& = = 0)
reduces to:

K]z = [F) (3.5)

Figure 3.2 sketches the FE models of two bodies in contact: A and B. For each body
there is a subset of nodes, by and bp, which are the boundary nodes and are marked in

red. The interior nodes, i4 and ip, are depicted in blue.

Consider the stiffness matrix K 4 of the contact body A. It is possible to partition the

stiffness matrix as follows:

Fy
F;

Tp

3.6
K Ki (36)

T

Ky Ky
KA:[bb b]

where the subscript b refers to the boundary nodes and the subscript ¢ to the itnerior

nodes.

! The stiffness matrix has to be calculated with an external procedure for structural Finite Element
analysis.
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FIGURE 3.2: Schematic of two contact bodies. The red nodes are contact (boundary)
nodes while the blue ones are interior nodes

If the bodies are at rest and the only load applied to the system is the contact force, it

follows that the external force on the inner nodes is:

F,=0. (3.7)

Moreover, only zy, is desired. Writing out the set of equations from Eqn.(3.6):

Kppxy + Kpiry = Fp

(3.8)
Kipzy + Kijz; = 0.
The second equation can be rearranged as:
— K;;' Ky = ;. (3.9)
Substituting Eqn.(3.9) into Eqn.(3.8)
Ky — Ky K, Ky = Fy. (3.10)
In matrix form:
{Kred,A] Ty = Fb (311)
where:
Krean = Ky, — Kyl Ky (3.12)

Note the matrix inversion. This requires a non-singular stiffness sub-matrix.
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The matrix K,.q 4 has to be inverted to obtain the compliance matrix C'y that links the

forces to the deformations between the contact nodes.

Ca=K g4 (3.13)

The compliance matrices of the two touching bodies are summed element-wise to obtain

the total compliance:

C=Cy+Chp. (3.14)

3.2 Numerical Implementation

In a discretized domain, it is possible to evaluate the elastic deflection at every points
of the domain by interpolation of the nodal values with proper shape functions. The

shape functions can be taken as shown in Eqn.(2.40).

The values of the nodal displacement is obtained by multiplication of the compliance

matrix of the domain, C, with the pressure field, p:

he =[C]-p (3.15)

The sum of the elastic deflection h, with the geometric thickness h, gives the total film
thickness h (Eqn.3.1).

The EHL complementarity formulation of the Reynolds equation in the case of cavitation
for compressible, piezoviscous and non-Newtonian lubricant becomes: find p and r such

that

3 3
52 |10 2| o 100 28] — 2 rnl + 25 [
~U 5 @ + U ] = U L + U5 ] =0
h=hg+{p (3.16)
p=>0
r>0
p-r=0.

where / is the linear integral operator that gives the elastic deflection of the solid surfaces
due to the pressure (in a discretized geometry ¢ is represented by the compliance matrix,

).
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The non-linear nature of the coupling of the Reynolds and the elastic equations re-
quires the implementation of a iterative procedure. At each iteration, the film thickness
is evaluated with Eqn.(3.1) and Eqn.(3.15) using the previous pressure solution, then
the Reynolds equation in terms of p and r is solved. This procedure loops until the

satisfaction of suitable convergence criteria.

This simple explicit method is not appropriate for the highly non-linear behaviour of
the system of equation that describe - the EHL problem. Convergence issues arise
and proper under-relaxation factors are required. The introduction of under-relaxation
increases the computational cost and the time require to obtain the numerical solution.

Moreover, the convergence is not guaranteed.

A suitable flavour of the Newton method, that will be discussed in the following, has

been introduced to tackle this problem.

3.2.1 Newton method for EHL problems

“Anyone who cannot cope with mathematics is not fully human. At best he is a tolerable

sub-human who has learned to wear shoes, bathe, and not make messes in the house.”
Robert Heinlein, Time Enough For Love

To unfold the mathematical theory of the Newton method applied to the EHL problem,
we will start again with the Reynolds equation in one dimension for incompressible and
isoviscous fluids. These restrictions are made for brevity, but the same outline can be
followed with the Reynolds equation for a compressible, piezoviscous and shear thinning

lubricant.
This equation is coupled with the elastic deflection equation. This set of equations is:

o [h30p oh orh oh orh
| = —2 42t U, — =
Ox [Gu ﬁm] ot o v " v Ox ! (3.17)

Following the Rohde’s formulation [31], the system of equation can be written as non-
linear integrodifferential operator equation for p
F(p)=0. (3.18)

An iterative procedure has to be set to solve Eqn.(3.18). At each step h is evaluated

with the pressure distribution ps of the previous step. The solution of the first equation
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of Eqn.(3.17) gives the new pressure distribution psyi. This iterative procedure does

not guarantee the convergence of the pressure solution.

It is possible, instead, to use Newton’s method to obtain at each step a better distribution

Ps+1-
F(ps) + F/<ps>€s =0. (319)

F’ is the functional derivative of F' and € is the error € = psy1 — ps. The functional
derivative is defined by

F(p)e = %F(p +9| (3.20)

where F’ is the functional derivative, or Frchet derivative. The derivation of the func-

tional derivative follows.
The combination of the two equations of the set of Eqn.(3.17) yields:

2[R O] g 0+ 2y ) U D

0
oz 6p  Ox ot ot Tv(hg +0p) + Uy o~[r(hg +€p)].

oz
(3.21)

Now the functional derivative of the EHL Reynolds equation can be expressed substi-

tuting Eqn.(3.21) in Eqn. (3.20).

/ o d |0 (hg+£(ps+56))3 8(ps +5€))
Fips)e = ds [395 [ 61 Ox ]
—zgt(hg + Ups + 0€)) + 2;[7@9 + U(ps + 5€))] (3.22)
—Um(%(hg + U(ps + 8€)) + Uzaax[r(hg +O(ps + 56))]]
6=0
Deriving with respect to é:
1 d d de
G [3e () (£(p) +hg+ ¢ (56))2% (p+d€) + (£ (p) + hy + ¢ (56))3] o0
d d d d
U [t()r] =U—[t(e]+ 22 [£(e)r] =22 [£(e)]
and putting § = 0, given that £(0) = 0:
1 d d de
e O €0 + 1o L )+ )+ 1) o

U100 r] U (0] + 25 [0 (0)r] — 2.5 [0 (0]
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The substitution of Eqn.(3.24) into Eqn.(3.19) yields:

19 3 0 1 0 9 Ops
+6u 5 [(ﬁ(ps) +hg)” o (ps + e)] + 6 02 [3 (£(ps) + hg)* £(p + €) 2

o [ € + 102 | U+ ] - U e+ 0+

22 (tps + ) + By — 22

5 o [6(ps + €) + hg] = 0.

(3.25)

The following substitution are made: ps + € = psi1, €(ps) + 9 = hs and £(ps) = he,s.
Eqn.(3.25) defines a linear integrodifferential equation for the new pressure distribution
ps+1 and void fraction rgy; as a function of the undeformed film thickness hy, the
total thickness and the elastic deflection evaluated at the previous step, hs and he s

respectively:

0 9 Ops 1 0 20Ds
o [3h5£(ps+1)8$] @8? |:3he,shs &T]

1 0 |, 30psi1 1
6 Ox [hs Oz ] * 6

s, 9] 9, 0
+U o= [(Ups+1) + hg)r] = U= [Ups+1) + hgl + 2 [(€(ps+1) + hg)r] — 2

oz Dz ot e [{Ps1) £ fog] = 0.

(3.26)

This approach was first derived by Rhode in [31] and its difference with more conven-
tional methods is that it incorporates both the hydrodynamic and the elastic equation
in a single expression. In this way, the iterative stability problems that arise treating
separately the two equation are overcome. A clear and more detailed discussion on the

advantages of this approach is presented in [32].

Eqn.(3.26) allows to evaluate a better approximation for ps;1 with respect to standard
explicit methods. However, when convergence is reached, p and r are still solution to
the Reynolds equation, because when € = 0, psy+1 = ps and Eqn.(3.26) degenerate in the
Reynolds equation. It is interesting to note that this occurs also for rigid solid surfaces
(£ =0).

It is important to highlight that Eqn.(3.26) is no more linear on the two complementary
variables ps11 and r because of the products ¢(psy1) - . To preserve the advantages of
the linear complementarity approach it is possible to consider £(psy1) equals to £(ps) in
the terms of Eqn.(3.26) that contain r. This modification, obviously, does not affect the
final solution of the numerical procedure. At the same time, the number of iteration
needed does not increase because of the linear dependency of the solution on the variable

T.
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3.2.2 Finite Element discretization of the EHL Reynolds equation

“As a matter of fact, once the problem has been well defined it is inevitable that the

solution, approximated or exact, will be found.”
Carlo Maria Cipolla

In this section the discretization in the Finite Element framework of the Reynolds equa-

tion for EHL problems is discussed. The same outline of section 2.3 is followed.

The multiplication of Eqn.(3.26) by a test function W yields:

/W [ L9 {hﬁap”l] Lo [3h2€(p5+1)8p8] ~ Lo [Sh h28p‘3]
Q

61 O O 6p Ox ox 64 Ox 5 O
0 )
HU = [(Upstr) + hg)r] = Uz [lpssa) + D) (3.27)
9 )
+25; [(L(ps+1) + hg)r] — 2o [(pss1) + hg]] dQ = 0.

Eqn.(3.27) is expanded and the term containing the second derivative in p is integrated

by parts. The same considerations discussed for Eqn.(2.37) are made, thus Eqn.(3.27)

becomes:
f(p)hE OW Opsiq f (p)h2 OW Ops
O Ds 0
6p  Ox Ox d (Pot1) 5, dy Oy d
Sp OW Ops
/f6u 2 o p dQ /WU (U(pss1) + hg)r]dQ

(3.28)
- /Q WU% [e(ps+1)+hg]d9+ /Q Wza [(€(pst1) + hg)r]dQ

9
—/ W2l (U(pysr) + hyldQ2 = 0.
oo

where the other term that derives from the integration by parts is neglected because a

fixed pressure, or a fixed void fraction, is prescribed at the boundaries.

A discretized domain is introduced. The values of the lubricant and solid properties are
evaluated at the nodes of the numerical grid, whereas the values of the properties inside
each element of the domain is obtained by interpolation of the nodal values using the

shape functions of Eqn.(2.41). The variables derivative are calculated with Eqn.(2.42)
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The Gauss quadrature rule is employed for the numerical integration. The discretized

form of Eqn.(3.28) on the general j-th node of the element €, is:

Ngp [ N,
F] (Qe) - Z_ [Z 6im hm ( Oz O Ps+1,k Wi AQy,
Ngp Ng n
ONk OWini
- h; - =) Cl, iJm m A,
S5 S (Tt ) i
Ngp Ny " ON,.1
+U Z Z [Z Winj < ==Cj, ]mps+1,k) Wi AQyy,
m=1 1=1
Ngp Ng [ Nn
Z Z [Z Wm]Nka .77 ]mps+1 k wmAQ
m 14i=1
ONpk
e (.
9 Ngp [ Ny
a0 D Wy Nk (15 () i (8) = (¢ = A8) . (¢ = A1) | w0 A
m=1 Lk=1
Ngp N4 [ Np
1 2 a]V’rnk 8Vij ..
Z Z Z 6Mm3hm( ax ps,k 8m val]mps,z wmAQm
m=1 =1 Lk=1
NQP Nd n
aNmk
S lz o (k1) |0,
m=1 1=1
9 Ngp Ng [ Nn
m=1 i=1 Lk=1
2 NS]P
23 Wy (hnt) — ot~ A A = 0
m=1
(3.29)

where the m-index defines a general Gauss point, w, is the corresponding weight, A,
is the determinant of the coordinate transformation from the global coordinate system
to the local element coordinate system, the k-index defines a general element node and
Ngp, Ny and Ng represent the number of Gauss points, the number of nodes for each

element and the total number of nodes in the domain, respectively.

Writing Eqn.(3.29) for each node of the domain, a system of non-linear algebraic equa-

tions is obtained, the variables being psy1 and r. The system is in the form of Eqn.(2.44):

[Alp+ [B]r+C =0, (3.30)
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where:
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< 2= 1 ON, . Wi
Aj,kZ{ > [26 fn( (%k &CJ)

n=1 m=1 Lk

Wi AQ,

Ngp Ny

-3 [Z 3h2, (8](;;’“%5 8g;mj> Clj, ]m] Wy AQ,

m=1 i=1

+U§Qf§i[§jwﬂw <8Nmk 7, i]m )]wmAQm

m=1 i=1

Ngp Ng [ Np
m 14=1

Np,
> Wy <8Nm’“ ) W Ay,
k=1
(3.32)

(3.31)
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Chapter 4

Numerical Implementation

“Measure what is measurable, and make measurable what is not so.”

Galileo Galilei

4.1 Test Cases

The examples covered in this section aim to compare the results obtained using the
proposed formulation for compressible, piezoviscous and shear thinning fluids against

other formulations and results reported in the literature and full CFD simulations.

4.1.1 Parabolic Slider

The first example case has been chosen to test the capabilities of the proposed algorithm
versus other existing formulations of the Reynolds equation for compressible fluids [5, 6].
For this purpose, a test case similar to the one proposed by Sahlin et al. [6], which
deals with a parabolic slider, has been analysed. In particular, the minimum and the
maximum film thickness has been modified with respect to the original values adopted
in [6] in order to emphasize the effect of compressibility. The compressible formulation
employed is the Downson and Higginson equation with C; = 2.22 - 10° and Cy = 1.66.
Piezoviscosity and shear thinning effects are not considered and excluded from the solver.
Results are compared with those obtained with the algorithm proposed in [6], with
the constant bulk modulus formulation proposed in [5] and with the incompressible
case. The geometry of the slider is schematically described in Fig.4.1 . The parameters
governing the problem are: bearing length, a = 0.0762m ; Amin = 4 pm; Amaz = 8 pm;
U = 4.5Tm/s; p1 = 3.36414 - 10° Pa ; po = 0P,; 8 = 6.9 - 10" Pa; p = 0.039 Pas.

33
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FIGURE 4.1: Schematic of the problem along with the description of the main symbol
adopted
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FIGURE 4.2: Pressure distribution for the different formulations considered

F1GURE 4.3: Comparison of the solutions obtained with different formulation for a
single parabolic slider

A 300-elements discretization was employed. The system on which all the calculations
have been performed is a single-core Intel Centrino @ 2.20 GHz. The time required for

the numerical solution is approx 40 milliseconds.

Fig. 4.2 confirms the results obtained using the proposed algorithm are in good agree-
ment with those obtained with the formulation by Sahlin et al. [6]. A ~ 0.7% difference
in peak pressure between the proposed formulation and the one presented in [6] has been
detected and the boundaries separating the active and the cavitated regions coincide.
Fig. 4.2 also highlights the limitations of the constant bulk modulus compressibility
formulation in the case of high values of pressure. The curve that corresponds to the

formulation proposed in [5] differs noticeably from the others.

To asses the capability of the proposed algorithm to correctly predict the fluid film

reformation, another test case proposed by Sahlin et al. [6] is presented, which deals with
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FIGURE 4.4: Schematic of a twin parabolic slider
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FIGURE 4.5: Pressure solutions for the different formulations considered

F1GURE 4.6: Comparison of the solutions obtained with different formulation for a
single parabolic slider

a twin parabolic slider. A schematic representation of the problem under investigation
is reported in Fig. 4.4 and the main geometrical and physical parameters are the same
as those used for the previous example problem. The results obtained with the proposed
algorithm are compared with both a full CFD analysis based on the complete Navier-
Stokes equations performed using OpenFOAM and, again, with the methods developed
in [5] and [6]. The cavitation model used in the CFD package is the Isobaric Cavitation
Model (ICM), which has been implemented and tested in [33, 34]. The domain has
been discretized with 400 elements and the calculation time is slightly less than 100
milliseconds. Fig. 4.5 shows the comparison of the pressure distributions obtained with

the different formulation considered.

Again, a very good agreement has been found between the present formulation and

the one proposed by Sahlin et al. (peak pressure difference < 0.1% ) and with the
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OpenFoam CFD simulation (peak pressure difference < 0.7% !). Also the location of
rupture and reformation boundaries are similarly detected by the three formulations
mentioned above. On the other hand, the constant bulk modulus formulation again

underestimates the peak pressure and fails to locate the correct reformation boundary.

4.1.2 Journal bearing with piezoviscous lubricant

The problems analyzed in this section aim to validate the piezoviscosity method adopted.
In particular, two different test configurations are taken from the work of Gwynllyw et
at. [24], where the flow of an incompressible piezoviscous lubricant in a journal bearing

is considered.

The calculations performed refer to the configurations showed in Fig. 14 and Fig. 15
of [24]. The main parameters of the problem follow: the radii of the journal and of
the bearing are, namely, r; = 31.25mm and 1, = 31.29mm, the angular velocity is
w = 250rad/s and the viscosity at ambient pressure is py = 5.7mPas. The radial
clearance is ¢ = 1, — ; = 0.04mm, the distance between the center of the journal and
the bearing is labelled as e, while the ratio e/c is named eccentricity ratio. In particular,

two different configurations defined by e/c = 0.93 and e/c = 0.95 are investigated.

The Barus model for piezoviscosity is employed with a piezoviscous coefficient o =
1.12-1078 /Pa. The cavitation model used by [24] handles the cavitation by decreasing
the viscosity in the regions where the pressure gets values lower than the cavitation
pressure. This cavitation model does not provide a zero-gradient pressure at the on-
set of cavitation, which is, instead, correctly predicted by the formulation favoured in
this work, resulting in a slightly different upstream pressure. In order to assess the
accuracy of the piezoviscous model implemented in the proposed algorithm, the author
deemed essential to compare formulations that predict same solutions for isoviscous flu-
ids. Therefore, for these test cases only, the same cavitation model employed in [24] has
been implemented in place of the complementarity approach. This has been achieved by
setting the cavitation pressure in the algorithm low enough so cavitation does not occur
in the entire domain. Once the solution in terms of pressure is evaluated, the negative

values of pressure are set to zero.

For these two simulation a 600-elements discretization has been employed and the time
for the numerical solution is approx 0.2 seconds for the case of Fig. 4.7 and 1.5 seconds

for the case of Fig. 4.8.

! The discrepancy with the CFD results is probably due to the inability to reproduce the exact
boundary conditions at the inlet of the slider.
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FIGURE 4.7: Comparison of the pressure solutions for isoviscous (dashed lines) and
piezoviscous (solid lines) lubricants for a statically loaded journal for an eccentricity
ratio e/c = 0.93
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FIGURE 4.8: Comparison of the pressure solutions for isoviscous (dashed lines) and
piezoviscous (solid lines) lubricants for a statically loaded journal for an eccentricity
ratio e/c = 0.95

Fig. 4.7 and Fig. 4.8 show the pressure results for the two configuration analyzed. Both
the isoviscous and the piezoviscous solution evaluated with the formulation favoured in

this work match the ones reported in [24] with a peak pressure difference lower than
1.5%.
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FIGURE 4.9: Extension of the cavitated zone in a pure squeeze motion for the proposed
formulation and for the analytical solution.

4.1.3 Pure Squeeze

In the following, the extension to a two dimensional domain of the results reported in [10]
for a pure squeeze motion is presented. The proposed formulation for two dimensional
domains has been tested against an analytical model representing the extension of the

one dimensional analytical model developed by Optasanu et al. in [35].

The problem deals with a thin film of liquid contained between two circular plates
of finite radius. The two plates are moved apart and brought together following the
sinusoidal law:

h(t) = hmin + hq (1 — cos(wt)),

where the radius of the plates is r, = 5mm, the minimum film thickness is hpin =
9.14 pm, the half-amplitude of the axial displacement is h, = 320.8 um, the viscosity
is 4 = 0.005 Pas and the speed is w = 99.74rad/s. For the numerical solution, a
3537-nodes domain has been employed and the simulation time has been divided in 96
steps. The time required for the calculation is approx 24 minutes. Fig. 4.9 depicts the
variation in time of the extent of the cavitation zone for both the proposed complemen-
tarity formulation and for the analytical solution. The analytical solution for the two

dimensional case is derived from [35] and it is detailed in appendix A.1

An excellent agreement is found between numerical and analytical results.
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4.1.4 2D Pocket

The second two dimensional example deals with a micro-texture pocket considering a
compressible, piezoviscous and shear-thinning fluid. Two different test configurations
are analyzed: (i) the first test case is characterised by the following parameters (see
Fig. 4.10): bearing size, a = 20mm X b = 10mm; minimum and maximum film thick-
ness,namely, hpmin = 1 pm and e = 1.1 um; pocket depth hy, = 0.4 pm; pocket width
and length, w = 7mm and [ = 6 mm; distance of the pocket from the inlet, ¢ = 4mm;
viscosity at ambient pressure, p = 0.01 Pa s; cavitation pressure, p. = 0 Pa; pressure at
the boundaries, pamp = 10° Pa; sliding speed, U = 1m/s ; (ii) the second test case is
characterised by the same parameters of test case (i) apart from the domain and pocket
width, chosen to be thirty times wider (b = 300mm and w = 210mm). The constant
parameters C1 and Cy for the Dowson and Higginson equation are the same employed in
the first example of this section. Piezoviscosity is modelled using the Barus’s equation,
Eqn.(2.6), with a piezoviscosity coefficient o = 1.2 - 1078/Pa and the shear-thinning
model is the Eyring sin-law equation, Eqn.(2.12), with 79 = 5 M Pa. Both the simu-
lations of case (i) and case(ii) have been performed with a domain composed of 3528

elements.

Fig. 4.11 and Fig. 4.12 depict the pressure and the normalized density p/p. for the two

dimensional pocket of case (i).

Fig. 4.14 compares the pressure profiles in the mid-section 7 of the two dimensional
pocket of case (i) with the ones obtained with the JFO formulation by Ausas et. al.
[1] and the two dimensional pocket of case (ii) with the one dimensional formulation by

Giacopini et. al. [10].

This example shows how the two dimensional formulation derived in the present work
correctly matches the results of previously validated formulations ([1, 10]). In fact, the
difference in term of peak pressure between the favoured formulation and the corre-

sponding curve in both case (i) and case (ii) is lower than 1%.

The extension to a two dimensional domain allows to evaluate bearing performances

when more realistic, finite width, textures are considered.
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FIGURE 4.10: Schematic of a converging bearing containing a single micro-texture
pocket, positioned toward the inlet, along with the description of the main symbol
adopted (section 7 and isometric view)
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FI1GURE 4.13: Pressure and normalized density for the two dimensional micro-texture
pocket (i). The pocket width is w = 7mm.
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FIGURE 4.14: Comparison of the pressure profiles in the mid-section 7. The comple-

mentarity solution for the pocket 10 mm wide is compared with the JFO formulation

provided in [1], and the complementarity solution for the pocket 300 mm wide is com-
pared with the one dimensional solution.
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4.2 Journal Bearing

The example cases presented above are intended to prove the capabilities of the proposed
formulation to solve a number of different problems, giving results that match with other

formulations available in bibliography.

One application where EHL analysis have a great practical interest is the journal bearing
lubrication analysis. The test case discussed in section (4.1.2) is a rigid one dimensional
problem, where the film thickness is defined by the user. Lubrication analysis of real
journal bearings require a different approach. As a start, the elastic deflection is not
negligible as strongly affects the results in terms of pressure, void fraction and, especially,
journal path. Moreover, when the axial length of the bearing in small compared to its
radius, a two dimensional analysis is required and, finally, the approach where the film
thickness is defined by the user has to be discharged for a more flexible and realistic

implementation based on the equilibrium equation.

In fact, usually the loading history on the journal bearing is known and an important

output of the analysis is the journal path and the minimum film thickness found.

For these reason, a more sophisticated and flexible numerical algorithm has been imple-
mented, that solves at the same time the equilibrium and the EHL Reynolds equations.
For each time step, the pressure and void fraction fields that solves the Reynolds equa-
tion are evaluated in all the nodes of the domains and the correct position of the journal
centre is computed so that the resultant of pressure equals the external load in intensity

and orientation with opposite direction.

The description of this implementation, along with a numerical example, follows.
4.2.1 Governing Equations
Reynolds equation for elastohydrodynamic lubrication The two dimensional

Reynolds equation for compressible, piezoviscous and non-Newtonian fluids, recasted

in terms of the functional derivative of p, suitable for the solution of EHL problem,
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Eqn.(3.16), is here reported:

3 3
5o |05 2| 1) 2]~ 2 rnl + 25
~U G @M + U ] = U L7 + U5 ] =0
h = hg+{p (4.1)
p=>0
r>0
p-r=20.

Equilibrium equation It is possible to consider the bearing fixed and the loads
applied to the journal (the following discussion and equations are valid also in the case of
a fixed journal, where the loads are applied to the bearing). In this case, the equilibrium

equations in cylindrical coordinates are:

/ (0, 2) cos(0)dSL = F, (1)
Q (4.2)

/Q p(8, =) sin(6)d2 = F (¢)

The calculation of the forces acting on the journal bearing is based on the geometrical

properties, the mass properties and working conditions of the connecting rod assembly.

The schematic of Fig.4.15 shows the assembly along the most important dimension. For
the particular case considered, the external force has been evaluated with a complex
simulation of the engine dynamics, which discussion is out of the scope of the topic
of this thesis. The interest reader is referred to specialized sources on the dynamic of

system with high number of degree of freedom.

Oil supply hole The crankshaft pin presents a hole to supply lubricant to the journal
bearing. The oil supply tank is pressurized, and the pressure of the oil at the inlet hole
is given by the sum of the tank pressure and the centrifugal contribution, labelled by

the subscript w, due to the rotation of the crankshaft (see Fig.4.16).

Dinlet = Psupply + Puw (43)

where

DPhw = ‘776 + th|w. (4.4)
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mp

FIGURE 4.15: Schematic of the connecting rod assembly along with the most important
dimensions, angles, geometrical and mass property

Lubricant model The lubricant is compressible, following the Dowson and Higginson
equation (Eqn.(2.4)). The piezoviscosity is modelled with the Rodermund equation, see
Eqn.(2.11) and the shear thinning behaviour is evaluated with Eqn.(2.13).

The value of the various coefficients is given in Table 4.3.

The influence of the temperature on the lubricant properties is not considered because

the analysis is isothermal, the temperature of the lubricant being T' = 100C.

Elastic deflection The compliance matrix of the structure has been extracted from
a finite element model of the connecting rod and crank pin. The values of the Young’s

modulus and of the Poisson ratio are defined in Table 4.1.
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Fig.4.17 shows the mesh of the connecting rod. The mesh of the Finite Element struc-
tural model has been converted and reduced to match the EHL. domain employed for

the lubrication analysis. The discretization parameters are detailed in Table 4.4.

4.2.2 Numerical Algorithm

“Turing Test Extra Credit: Convince the examiner that he’s a computer.”
Randall Munroe, xkcd webcomic

The simultaneous solution of the set of equation of Eqn. (4.1) and Eqn.(4.2) gives the

journal position, €, at each time step of the simulation.

To achieve this, two nested iterative loops have been implemented: the inner loop solves
the EHL Reynolds equation in the pressure and void fraction variables given the journal
position, the outer loop finds the correct journal position to match the external load?.

This procedure is executed for every time step.

The pseudocode of this procedure if reported in Algorithm 1.

Initialization;

for t <ty to ty do

F, = F,(t);

Fy = Fy(t);

while W, # F, N\W, # F, do

- 4]

guess a new journal position;
e—e—(W—F)-[J Y

hg < update geometric thickness;

while convergence of p A1 A he do
update lubricant properties;

he = [C] - ps;
p, r < EHL Reynolds equation solution;
end

W = Jo (0, ) cos(0)d;
Wy« [ (0, z) sin(0)dS;
end

end
Algorithm 1: Pseudocode of the solving procedure.

The convergence of the solution of the inner loop is favourite (but not guaranteed) by

the Newton method procedure used to solve the EHL Reynolds equation.

2There are very few problems that can’t be solved with a well-placed goto instruction...
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FIGURE 4.16: Crankshaft section. The position of the oil supply hole is highlighted
and the meaning of the main symbols are depicted

MSC A Software

FIGURE 4.17: Mesh of the connecting rod
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The procedure employed for the outer loop is also a Newton method, that allows a
quick convergence and saves computational time. In fact, the benefits of the quadratic

convergence overcome the cost of the evaluation of the Jacobian 3.

In the case that the hydrodynamic effect is not sufficient to sustain the external load, dry
contact may occur between the journal and the bearing and the lubrication regime switch
from hydrodynamic to mixed. To handle this phenomenon, the linear complementarity
formulation for mixed lubrication, explained in Section 5.2, is coupled with the EHL

formulation proposed in this thesis.

The developed numerical procedure is stable and robust in the cases where the lubrica-

tion regime is hydrodynamic.

4.2.3 Results and Discussion

The main geometrical parameters of the journal bearing are presented in Table 4.1 while
the physical properties of the lubricant are listed in Table 4.3. The analysis of performed
considering the engine at full speed, 17500 rpm, and full power. The boundary conditions
of the simulation are presented in Table 4.2 and the most important numerical setting
are showed in Table 4.4. The connecting rod big end is not circular but, instead, presents
a lemon shape. The radial clearance in the direction of the axis of the connecting rod
is different than the one in the transversal direction. It presents also two dams in

correspondence of the connection between the connecting rod and the cap.

The loads acting on the journal, F, and Fj, are showed in Fig.4.18 and the relative
coordinate system is discussed in Fig.4.16. Fig.4.19 depicts the load diagram. The

3In one dimension the numerical calculation of the Jacobian requires two solution of the EHL Reynolds
equation, for a two dimensional domain it requires four solution

Journal Bearing data

Property Symbol  Value Unit
Journal radius r 20 mm
Bearing axial length b 18 mm
Radial clearance (axial direction) c 0.03 mm
Radial clearance (transversal direction) ct 0.07 mm
Dam depth d 0.02 mm
Supply hole angle 0 60 deg
Supply hole radius Ts 1.2 mm
Young’s Modulus E 110000 MPa
Poisson Ratio nu 0.3 -

TABLE 4.1: Journal data
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transversal force, Fy, is caused principally by the inertial force and, therefore, follows
a sinusoidal trend. The force directed as the connecting rod axis, F, is caused by the
inertial force and the gas pressure. It mainly follows a sinusoidal trend shifted a quarter
of cycle to the left with respect to Fj, the amplitude being higher. At time ¢ = 0 the
piston is at the top dead centre of the combustion stroke and the x component of the

force due to the gas pressure overcome the inertial force.

Boundary conditions

Property Symbol Value Unit
Ambient pressure Damb 0.09 MPa
Cavitation pressure Peav 0.0 MPa
Oil supply pressure Dsupply 1.0 MPa
Crank radius Te 21.5 mm

Engine angular speed w 1833 rad/s

TABLE 4.2: Boundary conditions at 17500 rpm

Lubricant physical data

Property Symbol Value Unit

Base viscosity o 0.011 Pas

Rodermund coeff ar 0.0028 Pa~!
by 2.8 -

Compressibility coeff. C1 0.59e+3 MPa
C2 1.34 -

Oil density p 820 kg/m3

TABLE 4.3: Lubricant data

Numerical Settings

Mesh size 97x14

Time step 361
Nodes per element 4
Simulation Time 0.020 s
Load capacity convergence test 1.0 N
Viscosity convergence test po-1072 Pas
Deflection convergence test 1077 mm
Pressure residual test Pamb - 1072 MPa
Pressure relaxation 1.0

Void fraction relaxation 1.0
Elastic deflection relaxation 1.0
Viscosity relaxation 0.25
Jacobian dx 107 5c—e| mm

TABLE 4.4: Numerical settings chosen to simulate four cycles
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FI1GURE 4.18: External load for the connecting-rod bearing

The lubricant is compressible, piezoviscous and shear thinning and the solid surfaces are

elastic. Two different cases have been analysed:

1. No oil supply hole

2. With oil supply hole, which parameters defined in Tables 4.1 and 4.2

Fig.4.20 shows the comparison of the orbit diagrams for the two cases analysed. It is
possible to note influence of the oil supply hole, that increase the load capacity in the
critical instant of the combustion. The maximum eccentricity of the journal centre is
78.6um and is found in the case without oil supply hole, while in the other two cases

the maximum eccentricity is 78.3pm.

Fig.4.21 compares the minimum film thickness versus the crank angle for the two con-
figuration analysed. The curves show qualitatively the same trend: the film thickness is
maximum in the transient during the combustion and is minimum (dry contact occurs)
at the top dead centre at the beginning of the intake stroke and during the compression
stroke. It is evident that the oil supply increases the film thickness and reduces the dry

contacts.

It is possible also to calculate the instantaneous flow rate and the total amount of oil.
Fig.4.22 show the instantaneous mass of oil in the bearing as a function of the crank

angle.
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FIGURE 4.19: Load diagram for a connecting-rod bearing

The mass of oil present in the lubricating film can be calculated by integration of the

density over the volume.

Mot — / pd€ (4.5)
\%

where V is the volume of lubricant. Substituting Eqn.(2.14) in Eqn.(4.5), and considering

that the Reynolds equation assumes the fluid properties constant along the thickness:

Mo = /A (1— r)pef (p)dL (4.6)

The instantaneous flow rate is evaluated by derivation of the mass with respect to time:

gt = o /A (1— r)pef (p)de (4.7)

Fig.4.22 compares the lubricant mass versus the crank angle for the two cases analysed.
It is evident that the presence of the oil supply hole increase the total amount of mass
and. The maximum amount of lubricant mass for both cases is found at the top dead
centre at the beginning of the intake stroke, whereas the lowest values are found during
the combustion stroke. The high squeeze in correspondence of the combustion cause a

sudden drop the oil mass.
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FicUrRe 4.20: Comparison of the orbit diagrams for the journal bearing with and
without the oil supply hole. Solid surfaces are elastic and the lubricant is compressible,
piezoviscous and shear thinning.

Fig.4.23 and Fig.4.24 depict the mass variation of oil and the oil flux across the bound-

aries.

The integral on the cycle of the oil flux across the boundary is zero because the bearing

is working at a steady state condition.

In the case of bearing without the oil supply hole the two curves coincide (the little
differences are ascribable to the discretization process and to the numerical calculation
of the flux, performed with a first order finite difference scheme). On the other hand,
in the presence of the oil supply inlet, the mean flux across the side boundary of the
bearing is lower than zero (outflow of the oil) while across the boundary of the oil inlet
the mean flow is positive (the oil enter in the bearing). The sum of the two values (side

and inlet) is obviously zero. The mass of oil that flows out the bearing each cycle is 6.59

g.

Fig.4.25 and Fig.4.26 show the mass flux across the side boundary as a function of the
position (x axis) and versus the crank angle. It is possible to note in both cases the

outflow in correspondence of the combustion and of the two side dams.



Chapter 4. Numerical Implementation 53

0.020 w w w
— No oil supply hole
— Oil supply hole
'€ 0.015}
E
®
4]
c
v
=)
$0.010
£
€
>
£
C
< 0.005
0.000, : acl ‘ ‘
’ 0 200 400 600 800 1000 1200 1400

Crank angle [deg]

FIGURE 4.21: Minimum film thickness for the three cases analysed.

In the following, various plot are presented for the EHL journal bearing analysis. Each

group of figures refers to different instants of the engine cycle:

Fig.4.31: crank angle = 0 degree

Fig.4.36: crank angle = 180 degree

Fig.4.41: crank angle = 360 degree

Fig.4.46: crank angle = 540 degree

Because of the symmetry of the problem with respect to the plane identified by the axis
of the connecting rod in its cyclic motion, only half of the bearing has been modelled

and symmetry boundary conditions have been imposed.

In Fig.4.31, which correspond to the combustion phase, the squeeze effect is prevalent
and the pressure distribution is approximately symmetric with respect to the middle
plane of the bearing. Moreover, this effect prevents dry contact between the journal and

the bearing.

Fig.4.36 and Fig.4.46 show similar pressure and void fraction distribution. In fact the

external load is similar in these two different instant.
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FIGURE 4.22: Instant total mass of oil present in the lubricant film with and without
the oil supply hole.

Fig.4.41 freeze the moment where the connecting rod is under a traction load. The

pressure peak is oriented in the direction of the connecting rod cap.

Fig.4.51 shows the film thickness all over the bearing in four different crank angle po-
sitions. The two plots which represent the thickness at the bottom dead centre show
similar values. The thickness distribution in Fig.4.47 derives from the great influence of
the squeeze effect during the combustion. In Fig.4.50 the thickness is minimum in the
middle of the cap, unlike the other three distributions where the minimum is found on

the opposite side.
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FIGURE 4.23: Oil mass variation and total flow rate across the side boundary for the
configuration without supply hole.
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FIGURE 4.24: Oil mass variation, oil flow rate across the boundaries for the configura-
tion with the oil supply hole.
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FIGURE 4.25: Mass flux across the side boundary length during a complete engine

cycle for the configuration without the oil supply hole.
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FIGURE 4.26: Mass flux across the side boundary length during a complete engine
cycle for the configuration with the oil supply hole
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FIGURE 4.31: Various plot regarding the EHL journal bearing analysis in the presence
of the oil supply hole at a crank angle # = 0, which corresponds to the Top Dead Centre
at the beginning of the power stroke. Note that no dry contact is detected.
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FIGURE 4.36: Various plot regarding the EHL journal bearing analysis in the presence

of the oil supply hole at a crank angle § = 180, which corresponds to the Bottom Dead
Centre at the end of the power stroke.
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FIGURE 4.41: Various plot regarding the EHL journal bearing analysis in the presence
of the oil supply hole at a crank angle § = 360, which corresponds to the Top Dead
Centre at the beginning of the intake stroke
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Chapter 5

Further Applications of the
Concept of Complementarity to

Lubrication

In this thesis, the concept of complementarity has been applied to the analysis of lubri-
cation problems in the presence of cavitation. Strozzi [36] proposed complementarity-
oriented approach to the solution of other problem related to lubrication: the slip at the

wall and the mixed lubrication.

The complementarity formulation of the Reynolds equation for EHL problem presented
in this thesis has been developed in the case of a no-slip boundary and for a fully lubri-
cated bearing (no dry contact is allowed), but it can be combined with the formulations
proposed in [36] to consider the effect of the slip at the wall and to allow dry contact in

case the hydrodynamic lubrication it is not sufficient to sustain the external load.

In the following, the slip at the wall (i) and the mixed lubrication (ii) problems will be

discussed and the related complementarity formulation will be unfolded.

5.1 Slip at The Wall

“Now don’t you forget this! Why I should stick my neck out for you is far beyond my

capacity!”

C-3PO, Star Wars

63
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7T>0

U+

_—

FIGURE 5.1: Meaning of symbols 7 and U™ and the the shear stress sign convention
for the tangential velocity slip problem

In this section, the problem of the slip at the wall is tackled. Recently, many works
[37-39] analysed the experimental evidence of the slippage of the fluid film with respect

to the wetted surface.

it is possible to evaluate the shear stress that acts between the fluid layer and the solid
surface, 7, that is due to the gradient of velocity in the thickness direction. See Fig.5.1

for sign convention. For Newtonian fluids:

dU

5.1.1 Complementarity Formulation for the Tangential Velocity Slip
Problem

In the following, the work in [36] is reported and its integration to the proposed comple-

mentarity formulation for lubrication problems in the presence of cavitation is discussed.

The maximum value of shear stress that the surface tension force can provide is tau™
and is called critical shear stress. When the value of tau is greater than the critical shear
stress, tau™, the fluid layer at direct contact with the solid surface slips at a relative

speed different than zero.

Now two variables are defined:
Ar=7—7F (5.2)

AU=U"-U (5.3)

where 77 is the critical shear stress, tau is the shear stress, U™ is the sliding velocity of

the solid surface and U the tangential velocity of the fluid layer.

With the simple model of slip presented, the two variables A7 and AU are complemen-

tarity. The demonstration is straightforward: when the shear stress is lower than the
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critical value, A7 > 0 and the fluid layer does not slip, so AU = 0. When the shear
stress reach the critical value, instead, 7 = 7+ and, thus, A7 = 0 because the stress is
limited and can not exceed the critical value. The fluid layer slip and there is relative

motion between fluid and solid, so U < UT and AU > 0.

It is also possible that U > U™: in this case a different definition of AU should be
employed. It is possible to handle simultaneously slippage where U > U™ in certain
zones of the domain and U < U™ in others. The formulation become more complex
and is outside the scope of this work. The detailed discussion of the problem of the

tangential velocity slip will be the topic of future contribution.

The Reynolds equation for one quasi-stationary, unidimensional, isothermal, isoviscous

and hydrodynamic problems is:

d (h3dp
— | ——— —6UhR A4
dz <,u dx U > (54)

At the boundaries the pressure is fixed:

p(0) = p; (5.5)

p(a) = pa.

By integrating twice Eqn.(5.4) and by imposing the boundary conditions of Eqn.(5.5),

the expression of the fluid pressure, p, as a function of U is derived:

GM/ dy+[ pi)_6ﬂ/0 d]fald + pi- (5.6)

The manipulation above aims at expressing the fluid shear stress, 7, at the fluid layer
contacting the sliding profile, as a function of the velocity, U, of the fluid layer in contact

with the sliding surface.

The shear stress within the fluid in contact with the sliding profile (for z=0) is:

hdp 1 (5.7)

Tl=o =15, U},

By substituting Eqn.(5.6) into Eqn.(5.7) one obtains:

’7'| -0 = 4ug — ﬂfoa %dy (pa pz)
= h2 foa hlgd 252 f[) h3
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This functional expression can be given a compact form:
T=LU+ Q. (5.9)

where L and @ are identified by comparing Eqn.(5.8) with Eqn.(5.9).

By adding and subtracting 7% and U™ to both the side of Eqn.(5.9) it is possible to

recast the equation in terms of the two complementary variables.

Tt =LUT-U)+Q—-71"—-LU". (5.10)

In terms of A7 and AU:

Ar=LAU+Q -7t - LU". (5.11)

The linear complementarity formulation for lubrication problems where tangential slip-

page occurs can be stated as: find A7 and AU such that

AT=LAU+Q 71" —LUT
AT >0

AU >0

ATAU = 0.

(5.12)

The numerical implementation in trivial and is left as an exercise to the interested reader.

5.1.2 Complementarity Formulation For the Slip at the Wall Problem

in the Presence of Cavitation

It is possible to couple the linear complementarity system of Eqn.(2.26) with the formu-
lation for the tangential velocity slip problem discussed above.
The simultaneous solution of Eqn.(2.26) and Eqn.(5.11) can be achieved with two iter-
ative step:

1. Solution of the Reynolds equation in terms of p and r

2. Detection of slippage and evaluation of the velocity of the fluid layer

In particular Eqn.(2.26) solves for p and r the lubrication problem given the sliding

velocity, U. The pressure p is used in Eqn.(5.11) to detect if slip occurs and to evaluate
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the local velocity of the fluid layer, U. The new velocity distribution is then used to

solve again Eqn. (2.26) iteratively until convergence.

It is possible to write a linear complementarity formulation that solves simultaneously
the system of equations of Eqn. (2.26) and the system that describes the slip at the wall
of Eqn.(5.12).

A fully coupled method that solves simultaneously the EHL Reynolds equation and
Eqn.(5.11) can be developed. It will be the topic of future development.

5.2 Mixed Lubrication

Usually, the lubrication behaviour is classified in three different regimes:

e Fluid film lubrication
e Mixed lubrication
e Boundary lubrication
The fluid film lubrication regime occurs when two solid surfaces are in relative motion

relative to one another and the load is fully supported by the lubricant film within them.

The solid-solid contact is avoided and the solid races are fully wetted.

As the load capacity of the fluid film decreases, it is possible that contact between
the solid surfaces asperities occurs. In this case the load is sustained partly by the
hydrodynamic lubrication and partly by the asperities dry contact. This regime is called

mixed lubrication regime.

If the load capacity of the fluid is low enough to allow close contact of the bodies and the
dry contact assume a relevant part on the load bearing, the regime is called boundary

lubrication regime.

5.2.1 Complementarity Formulation for Dry Contact Problems

The complementarity formulation for dry contact is well established and links the contact

pressure to the gap between the surfaces as follow:

Cpa+ha=g (5.13)
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where C' is the compliance matrix reduced to the boundary nodes of the contact bodies,
pq is the dry contact pressure, hg is the distance of two corresponding points and g is

the initial gap.

The inversion of C gives the stiffness matrix, K. Eqn. (5.13) can be recasted in terms
of the pressure, p:
pa+ Khqg = Kg. (5.14)

Pressure pg and point distance hy are complementary variables. Where the distance hg
is greater than zero no contact occurs, thus p = 0. On the other hand, when the distance

hgq equals zero, then the contact pressure p > 0.

The linear complementary problem of the dry contact is then defined as follows. Find

pqg and hg such that:

pa+ Khqg=Kg
pd >0

hqg >0
pahq # 0.

(5.15)

A suitable solver for LCP problem can be employed to solve the problem in pg and hy.

5.2.2 EHL Formulation for Mixed Lubrication in the Presence of Cav-

itation

The formulation briefly unrolled above can be applied to the EHL complementarity for-

mulation in the presence of cavitation of Chapter 3 to solve mixed lubrication problems.

First, the equation to evaluate the total film thickness, Eqn. (3.1), is extended to
consider dry contact:
h=hg+ he + hy (5.16)

where hg is the amount of thickness due to the dry contact and the other symbols
maintain the meaning explained in Sec.3.1. The terms h. and hg both are evaluated
by multiplication of the compliance matrix C' with the corresponding pressure (namely,

lubricant pressure and dry contact pressure).

The correct detection of dry contact in an EHL lubricated bearing can be achieved in

two steps:

1. The complementarity EHL. Reynolds equation is solved
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2. The complementarity dry contact system is solved

The solution of the EHL Reynolds equation provides the initial gap that is used to
solve the dry contact. In fact, when the fluid film pressure is evaluated, it is possible
to calculate the total film thickness with Eqn.(3.1). h, in the case of very high load or
low sliding speed and viscosity, may become negative in some points of the domain. In
this case, the second step is performed: the total film thickness h is used as initial gap
(9 = h) and the system of linear equation of Eqn. is solved. The resulting pressure
vector, pg, will present non-null values where dry contact occurs. The corresponding

values of fluid pressure, p, are reset to zero.

The total film thickness, h, then becomes:

h=hg+Cp+ Cpqg (5.17)

The fluid and dry pressure vectors can be merged together because the compliance matrix
C this the same in both cases. The dry contact pressure, py, elements with values greater
than zero replace the corresponding fluid pressure, p, elements. The merged pressure

vector, pp,, can be adopted to lead back Eqn.(5.17) to Eqn. (3.1).

h = hg+ Cpp, (5.18)

This modification to the film thickness due to dry contact requires to iterate the proce-

dure to ensure the correctness of the solution.

A fully coupled method, that solves simultaneously the EHL Reynolds equation and
Eqn.(5.14) in every nodes of the domain can be developed. It is a work in progress and

will be the topic of future contribution.






Chapter 6

Conclusions and Future

Development

6.1 Conclusions

In this work, a EHL Reynolds based model was developed to deal with lubrication
problems in the presence of cavitation for compressible, piezoviscous and non Newtonian
fluids.

First, the one-dimensional mass-conserving complementarity formulation derived by Gi-
acopini et al. [10] has been extended to two-dimensional domains, and it has been

modified to include fluid compressibility, piezoviscosity and non-Newtonian behaviour.

Then, the elastic deflection has been taken into account and a suitable and fast formu-

lation to solve EHL problems inspired by the works in [31] and [32] has been derived.

The Finite Element algorithm developed to solve the resulting LCP has been tested and
successfully validated by comparison with existing alternative algorithms and full CFD
simulations. The test cases presented have demonstrated that the numerical approach
proposed is robust and versatile. The methodology developed allows the employment
of a wide range of different models for the formulation of compressibility, piezoviscosity,

shear-thinning of the lubricant and elastic deflection.

6.2 Future Development

This work lays the foundations for the analysis of a wide range of different application.
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One proposal is to apply the proposed formulation to the analysis of lubrication perfor-

mance of textured and rough surfaces, which is a field of actual interest.

Regarding the engine components analysis, this formulation has been applied to the
connecting rod big end lubrication analysis. Similar applications that can be analysed
with the algorithm developed are the crankshaft bearings and the connecting rod small
end. Moreover, the camshaft bearings and the cam-follower contact can be studied with

the implementation proposed.

Others interesting applications are the piston-skirt and the piston ring lubrication anal-
ysis. The need of reduce the fuel consumption and improve the efficiency of the internal
combustion engine led many research towards the optimization of such lubrication con-

tacts, and the formulation and algorithm proposed is indicated for this aim.

As Chapter 5 proposes, the coupling of the complementarity formulation for EHL lu-
brication problems in the presence of cavitation with the complementarity formulations
of the slip at the wall and of the mixed lubrication is a very interesting and innovative
development. In fact, there are very few existing research on this topic and the proposed

formulation showed high potentialities.



Appendix A

Analytical model for two

dimensional pure squeeze motion

A.1 Analytical model for two dimensional pure squeeze

motion

In this Appendix, the analytical model for a pure squeeze motion in a two dimensional
axisymmetric domain is presented. This has been employed to validate the capabilities
of the complementarity formulation proposed in this thesis. The following discussion
is based on the analytical solution provided in [35]. Consider the equation governing
the problem being the Reynolds equation recasted in polar coordinates that, for this

particular axisymmetric case, does not depend on the angular coordinate 6:

0 [ 40p oh

According to [35], three periods are considered during oscillations:

(i) Cawvitation not yet appearing. The pressure distribution is calculated using Eqn.(A.8).
Being 7, the radius of the plates, the boundary condition p(r,0) = pg and p(rq,t) = po
are employed and the pressure evolution at the center of the plates p(0,t) is evaluated
as a function of . When, during the plates separation, the calculated pressure at the
plate center becomes less or equal than the cavitation pressure, p.q,, cavitation occurs.

The time ts. when cavitation starts is stored.

(ii) Cawvitation area is evolving. During the expansion of the cavitation region the quan-
tity of liquid found at the cavitation boundary is deposed on the solid surfaces and

later it will participate to the reformation process. Numerically, the film thickness at
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the cavitation boundary is memorized, in order to determinate the liquid rate later. In

particular, the liquid rate in the cavitated area is defined as:

O(r,t) = (A.2)
and t,¢ is defined as the time when the cavitation occurs at the r position i.e., the time
when the pressure becomes equal to p.q, at the r location. For a rupture boundary, at
the interface between cavitated and active region, 7., the following boundary conditions

are considered:

P = Pcav
op
or

(A.3)
0 (Reynolds’s condition).

When the cavitation region stops its growth the reformation starts. The time ¢., when

cavitation growth ends is stored.

(iii) Cawvitation area is reducing. The full-film is reforming and the quantity of liquid left
on the surfaces in (ii) participates to this reformation. The mass conserving condition
at the reformation boundary is given by the flow balance equation. The flow rate in
the active zone near the boundary is given in the squeeze case by the Poiseuille velocity
profile across the film thickness:

h3 Op

Q(0F) = ~Tnor (A.4)

In the case of a reformation boundary, the balance of the flow on both sides of the

interface full film/ cavitation zone gives the velocity of the reformation boundary:

Q ()

h(1—6)’ (A.5)

o =

When cavitation region vanishes the full-film occupies the whole domain.

Following the above scheme, to define the evolution of the cavitated area, a differential
equation arises with the variable being the position of the cavitation boundary. Con-
sidering the motion law governing the relative position between the two circular plates

being a sinusoidal function of time only (i.e. the two plates are plane and parallel):

h(t) = hmin + ha (1 — cos(wt)) . (A.6)
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Eqn. (A.1) can be rewritten as:

30

h(t) o <rgf> — 12prv(t) =0, (A.7)

where v(t) is the squeeze speed, and it follows from derivation of Eqn. (A.6) with respect
to time. Integrating Eqn. (A.1) twice, we obtain the analytical formula of the pressure:
3u(t)pur?

p= W); + CL(r, t)In(r) + C2(r, t). (A.8)

For the cavitation growth, the differential equation defining the interface position is
obtained by a temporal derivation of the Reynolds’ condition of Eqn. (A.3) while, for
the case of cavitation collapse, the equation that gives the boundary velocity comes from

Eqn. (A.5), by evaluating dp/0r at the position r = re.

Both the two differential equation described above are solved employing a fourth-order

Runge-Kutta integration method.
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