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A B S T R A C T

This study investigates the nonlinear dynamics of a bi-metallic beam composed of aluminum alloy and copper 
layers joined through an explosive welding technique, with emphasis on the effect of temperature on its stability 
and vibrational characteristics. Although thermal buckling and vibration of the beams have been extensively 
investigated through analytical and numerical methods, experimental studies capturing the combined effects of 
thermal loading, material heterogeneity, geometric nonlinearity, and damping evolution across buckling are still 
scarce. To address this gap, various experimental tests—impact, random control, and stepped-sine—are con
ducted to investigate the dynamics of the system. Experimental vibration tests were performed within a climate 
chamber, where the bi-metallic beam was excited at its base using a shaking table to evaluate large-amplitude 
vibrations across a temperature range from 5◦C to 70◦C. The results reveal a pronounced non-monotonic evo
lution of the fundamental frequency, decreasing by nearly 32% as the temperature approaches the critical 
buckling temperature at about 30◦C, followed by a significant recovery in the post-buckling regime. The damping 
ratio exhibits an inverse trend, peaking at approximately 3.5% at 35◦C. The uniform aluminum beam tested 
under different thermal conditions conducted to delve into the dynamics of the bi-metallic beam. At the buckling 
threshold, the dynamic frequency–response curves display a softening-to-hardening transition. The results 
contribute new insights into the thermal dependence of nonlinear vibrations in layered metallic structures, of
fering valuable guidelines for the design, reliability, and performance optimization of thermally loaded 
components.

1. Introduction

Advances in modern engineering have increasingly relied on multi- 
material and layered components to achieve enhanced structural per
formance, enabling more efficient and tailored design solutions such as 
weight reduction and improved functionality [1,2]. Bi-metallic sys
tems—combining materials with distinct mechanical and thermal 
properties—offer significant functional advantages but also introduce 
complex behaviors that must be thoroughly understood to ensure reli
ability, especially under varying environmental conditions. In partic
ular, predicting the dynamic response of such structures requires careful 
consideration of both their static and dynamic characteristics.

Research on the vibrational behavior of beams has a long and 

established history [3]. In 1973, Rehelfield [4] studied nonlinear free 
vibration of beams applying a perturbation technique. Bennouna et al. 
[5] investigated the variation of the fundamental mode due to nonlin
earity of a clamped–clamped uniform beam through a numerical model. 
Benamar et al. [6] proposed a general model for large vibration ampli
tudes of thin straight beams. Pellicano et al. [7] investigated the 
nonlinear vibration of a simply supported beam resting on a nonlinear 
cubic spring bed. The dynamics of an axially moving beam was inves
tigated by Pellicano [7–9] using a multi-modal approach and a Galerkin 
procedure. The multi-layered beams are also used in the fluid-conveying 
spatial-pipe systems presented for example in Ref. [10]. The proposed 
nonlinear mechanical model for single and double clamp assemblies 
effectively captured softening effect and energy dissipation in the 
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clamps. The influence of nonlinear effects of materials, clamps and fluid 
parameters on the natural characteristics have been there demonstrated.

Functionally graded structures like beams, shells, and plates find 
application in different fields like Aerospace, Naval, Biomedical, Nu
clear, Energy, Civil engineering. The influence of material variation on 
the buckling load induced by thermal fields in an Euler–Bernoulli beam 
composed of two-directional functionally graded materials was studied 
in [11–13]. Tahir et al. [14] examined how moisture and temperature 
influence wave propagation in porous functionally graded (FG) sand
wich plates, as well as the material expansion. Arshid et al. [15]
analyzed the dynamics of a three-layer sandwich microplate supported 
by a Pasternak foundation, the microplate was composed of a porous FG 
core and piezoelectric nanocomposite face sheets, the system was 
excited by an electric field. Malekzadeh et al. [16] used a first-order 
shear deformation theory for investigating the dynamics of an FG 
beam subjected to a two-dimensional thermal field.

The relationship between the degradation of natural frequencies and 
the approach to a critical buckling condition has been extensively 
studied and forms the theoretical basis of the Vibration Correlation 
Technique (VCT), a non-destructive method for estimating buckling 
loads in slender and thin-walled structures. Early formulations of VCT 
demonstrated that, for ideal beams and columns, the square of the 
natural frequency decreases approximately linearly with increasing 
compressive load, vanishing at the critical buckling point [17]. Building 
on this concept, VCT has been successfully applied to a wide range of 
thin-walled structures, particularly cylindrical shells and panels, with 
numerous experimental and numerical studies reported in the aerospace 
field [18,19]. Extensive investigations conducted by DLR (German 
Aerospace Center), and collaborating institutions have demonstrated the 
capability of VCT to predict buckling loads without reaching structural 
collapse, even in the presence of geometric imperfections and complex 
boundary conditions [20–22]. Nevertheless, it has also been shown that 
the classical VCT framework is primarily intended for critical load 
identification in the pre-buckling regime and is typically formulated 
within a linear or weakly nonlinear vibration context. For imperfection- 
sensitive structures, deviations from the ideal linear frequency–load 
relationship are frequently observed as the buckling load is approached, 
requiring modified or empirical correlation schemes [19,20,22]. More
over, VCT-based studies are primarily aimed at correlating the mono
tonic degradation of natural frequencies in the pre-buckling regime with 
the critical buckling load and are not intended to investigate the dy
namic response beyond instability. For imperfection-sensitive struc
tures, it has been shown that deviations from the ideal linear 
frequency–load relationship occur as the buckling load is approached, 
requiring modified or empirical VCT formulations.

Classical thermal stress models for bi-material beams provide a well- 
established theoretical framework for estimating thermally induced 
curvature, axial force, and static buckling conditions in layered beams 
subjected to uniform temperature variations [23,24]. These models 
successfully capture the role of differential thermal expansion, elastic 
mismatch, and geometric constraints in determining the critical buck
ling temperature and the associated equilibrium configuration under 
idealized assumptions. However, they are primarily formulated within a 
quasi-static framework, rather than on the evolution of the dynamic 
response [25,26]. From a dynamical systems perspective, the thermal 
buckling of an ideal, perfectly symmetric beam is expected to occur 
through a pitchfork bifurcation, characterized by the vanishing of the 
fundamental natural frequency at the critical temperature and the 
emergence of two symmetric post-buckled equilibria. In practical bi- 
metallic beams, however, symmetry is broken by material heterogene
ity, through-thickness stiffness asymmetry, differential thermal expan
sion, and different layer thickness. Under these conditions, bifurcation 
theory predicts that the ideal pitchfork is generically unfolded into an 
imperfect bifurcation characterized by saddle-node (fold) points rather 
than symmetric branching. As a consequence, the natural frequency 
does not necessarily vanish at the critical temperature but instead 

reaches a rounded minimum and subsequently recovers in the post- 
buckled regime, often accompanied by hysteresis and jump phenom
ena under parameter variation [26]. This imperfect-bifurcation scenario 
provides a consistent physical interpretation for the experimentally 
observed non-monotonic frequency evolution, and post-buckling fre
quency recovery, in thermally loaded bi-metallic beams, thereby 
extending classical thermal stress models beyond their idealized 
assumptions.

Beams consisting of two layers of different materials and thicknesses 
are special cases of composite structures. Bi-material Euler–Bernoulli 
beams with longitudinal and inverted cracks were studied by an 
analytical method based on frequency measurements in [27]. Most 
research on the thermomechanical behavior of the bi-material beams is 
devoted to static applications [28–30]. One of the earliest studies on the 
bending of bi-material beams can be found in Ref. [31]. Other studies 
such as Refs. [32–35] investigated the thermal and mechanical behavior 
of bi-metallic beams. In Ref. [36] the combination of thermal and 
oscillating magnetic fields applied on a beam was analyzed using the 
Hamilton principle and the Euler–Bernoulli theory. The effect of 
elevated temperature on the coupled vibrations of bi-material beams 
subjected to mechanical and thermal loads was studied numerically in 
[37]. To develop the theoretical model, the geometrically nonlinear 
version of the Timoshenko beam theory was applied. The governing 
equations of the bi-material beam were derived by applying the 
geometrical, constitutive, and equilibrium equations of each layer. 
Later, this model was extended and based on 3-mode reduction, modal 
interactions, and instability zones were evaluated [38]. The reduced 
model was compared with results based on modal experimental analysis 
and the finite element method, and a very good agreement was found. 
Doneva et al. [39] examine the nonlinear dynamic behavior of a bilayer 
(two-layered) composite beam made of materials of different thick
nesses under combined mechanical and thermal loading. They consider 
two types of thermal loading: (i) uniform temperature across the whole 
beam, and (ii) a linear temperature gradient through the thickness. The 
authors build reduced-order dynamic models using the first three 
normal modes of the beam, and also derive a one-mode reduction model 
which is then solved via the Harmonic Balance Method. Recent studies 
have devoted significant attention to the nonlinear vibration, buckling, 
and post-buckling behavior of beam structures. Eltaher et al. [40] in 
2019, analyzed the nonlinear vibration and post-buckling behavior of 
imperfect beams resting on nonlinear elastic foundations. Their study 
highlighted how different imperfection modes, both periodic and non
periodic, significantly affect critical buckling loads, post-buckling re
sponses, and vibration frequencies. Dong et al. [41] developed an 
analytical formulation to investigate the buckling, post-buckling, and 
vibration behavior of micro-scale laminated composite beams under 
hygrothermal environments. By incorporating temperature- and 
moisture-dependent material properties into a modified couple stress 
theory, the study captured both size effects and nonlinear responses. The 
results revealed that variations in temperature and hygroscopic con
centration significantly reduce the critical buckling load and alter the 
post-buckling configuration and vibration frequencies. Emam et al. [42]
investigated the post-buckling and free vibration behavior of geomet
rically imperfect, multilayer nanobeams subjected to pre-stress load, 
using the Eringen nonlocal elasticity model combined with nonlinear 
Euler-Bernoulli beam theory. They examined how three parameters — 
imperfection amplitude, small-size (nonlocal) parameter, and lamina
tion layout — affect the buckling load, post-buckled deflections, and the 
natural frequencies for the first several vibration modes, both in pre- 
buckling and post-buckling regimes. In 2022, Daneshkhah et al. [43], 
used a refined structural and nonlinear theory to investigate the free 
vibration and post-buckling response of thin-walled beams and flexible 
plate structures. Pagani et al. [44] investigate how the vibration modes 
of compact and thin-walled metallic beams change when the beams 
undergo large deflections and post-buckling deformations. They use 
refined beam models within the Carrera Unified Formulation (CUF) 
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framework to capture geometrical nonlinearity and cross-section de
formations, and they examine how mode shapes and natural frequencies 
evolve beyond the linear regime. Their results show that certain modes 
shift or “jump” as deflection grows, and that warping and cross-sectional 
effects become more important when the beam is thin-walled or under 
large displacements.

Understanding how the thermal load influences the stability and 
vibration behavior of composite structures has become an increasingly 
important topic in modern structural dynamics, as temperature- 
dependent stiffness and geometric nonlinearity can profoundly alter 
system behavior. Recent investigations by Chakraborty et al. [45] have 
highlighted the influence of thermal gradients on the stability and dy
namic response of composite and multi-material structures. Chakraborty 
et al. [45] demonstrated that bi-directional functionally graded com
posite plates subjected to non-uniform temperature gradients experience 
significant alterations in both thermal post-buckling behavior and vi
bration characteristics, emphasizing the sensitivity of dynamic perfor
mance to spatial variations in thermal loading. Under localized heating, 
composite plates reinforced with randomly distributed CNTs were 
shown to undergo earlier thermal post-buckling and pronounced fre
quency shifts, as quantified in their nonlinear plate analyses [46]. In 
2019, Chakraborty et al. [47] analyzed laminated cylindrical shell 
panels incorporating CNT-reinforced functionally graded layers and 
found that material heterogeneity and geometric curvature strongly 
enhance both buckling thresholds and natural frequencies. Extending 
these insights to beam-like structures, Chakraborty et al. [48] reported 
that CNT-reinforced composite beams under combined thermo- 
mechanical loading exhibit substantial shifts in buckling loads and 
nonlinear equilibrium paths when temperature-dependent material 
properties and reinforcement agglomeration are considered. Dash et al. 
[49] investigated CNT-reinforced composite beams under coupled 
thermo-mechanical loading and found that the support conditions can 
significantly affect the vibrational beam characteristics. Besides, Dash 
and Dey [50] developed a semi-analytical framework for variable- 
stiffness laminated composite beams, revealing that both spatial stiff
ness variation and thermal effects critically affect post-buckling vibra
tion behavior.

In the present investigation, the thermo-mechanical dynamic 
behavior of a bi-metallic beam composed of aluminum and copper layers 
is investigated. While thermal buckling and vibration of beams have 
been widely studied using analytical and numerical approaches, 
experimental evidence capturing the coupled effects of thermal loading, 
material heterogeneity, geometric nonlinearity, and damping evolution 
across buckling remains limited. To address this gap, a series of impact, 
random, and stepped-sine excitation tests are performed under 
controlled thermal conditions inside a climate chamber, with the beam 
subjected to base excitation over a temperature range from 5◦C to 70◦C. 
It is worthwhile to notice that within the investigated range, the varia
tions in elastic modulus and thermal expansion coefficient are negli
gible, indeed, both the elastic modulus, the Poisson ratio and the 
thermal expansion coefficient vary 1–2% in the temperature interval 5- 
70◦C [51,52]. Note that, the investigated temperature range was 
selected, without targeting specific application, to ensure controlled 
experimental conditions, material stability, and repeatable measure
ments while enabling clear observation of thermo-mechanically induced 
nonlinear dynamic phenomena. To conduct this study, the term “ther
mal-dependent” is used to denote the influence of thermally induced 
stresses on the nonlinear dynamic behavior, which are also affected by 
indirect geometric effects arising from constrained thermal expansion, 
rather than by temperature-dependent degradation of material proper
ties. The study aims to explore how operational temperature variations 
affect the fundamental vibration characteristics and stability of such 
multi-material systems, where the interaction between thermal loading, 
and geometric nonlinearity plays a decisive role. Indeed, comprehensive 
experiments are carried out under precisely controlled thermal condi
tions within a climate chamber. The bi-metallic beam is mounted on an 

electrodynamic shaker and subjected to base excitation to characterize 
its dynamic response across a wide temperature range. Moreover, to 
have better sight, the dynamics of the bi-metallic beam is compared with 
the dynamic response of uniform Aluminum beam. The main objective is 
to establish a detailed understanding of the thermal-dependent dynamic 
response of bi-metallic structures, offering a foundation for their opti
mized design and reliable operation in thermally variable environments.

2. Experimental setup

The considered bi-metallic beam is made of two layers of metals: 
aluminum alloy Al 1050 (material 1 — bottom layer) and copper C 
12,500 (material 2 — upper layer). Fig. 1 shows the geometry of the bi- 
metallic beam, the dimensions as well as the material parameters of the 
layers. The aluminum–copper beam investigated in this study was 
manufactured by explosion welding, using a detonation velocity of 
2000 m/s and an impact velocity of 265 m/s. Following the welding 
process, residual stresses were relieved by heat treating the finished bi- 
metallic beam at 300◦C for 30 min, followed by air cooling. This treat
ment corresponds to annealing for aluminum and semi-annealing for 
copper and is known to significantly reduce residual stresses introduced 
during explosive welding. The interface microstructure was subse
quently examined to verify the absence of intermetallic compound for
mation. In addition, tensile testing of the bi-metallic strip confirmed that 
interfacial delamination does not occur, even at failure, indicating a 
robust metallurgical bond between the layers [53–55].

In this analysis, the beam is clamped at both ends, as they represent a 
practical configuration from an experimental standpoint and allow for a 
clear assessment of the effects of thermal loads; this means that both 
axial and transversal displacement, as well as rotations, are locked at the 
boundaries. To implement these conditions, the beam is mounted on an 
aluminum Vibration Table Adapter (VAT), which serves as the interface 
between the beam and the shaker. The ends of the beam are secured 
using two steel plates and fastened with M12 bolts, ensuring a rigid 
connection. All bolts are tightened uniformly to a torque of 40 Nm in 
order to guarantee consistency and repeatability of the boundary con
ditions. The overall setup, including the VAT and fastening system, is 
shown in Fig. 2. In Fig. 3, the detail of the physical realization of the 
clamping is shown, two steel blocks present a groove having the width of 
the beam and a total depth (summation of the two grooves) 0.2 mm less 
than the beam thickness; this guarantee that: i) when the two blocks are 
mounted on the fixture, the bolts exert a force which completely locks 
the beam end; ii) the bolts cannot deform the beam end more than 0.2 
mm, so the plastic deformation is limited and the probability of fatigue 
cracks at the boundaries during the vibration tests is limited; iii) 
moreover, a chamfer is applied on the block to avoid edge effects and 
further reduce the probability of failure.

A Dongling ET-40-370 electrodynamic shaker is used to apply a 
seismic base motion to the structure, which induces an inertial excita
tion. The shaker can deliver a peak force of 40 kN, with a maximum 
acceleration of 100 g, it can carry a static payload having a mass of 500 
kg, the operational frequency band ranges from 1 to 2800 Hz. In the 
experimental setup, the shaker provides the base motion that indirectly 
excites the system through the beam rigid body inertia of the beam itself, 
enabling an investigation of its dynamic response. The electrodynamic 
shaker is closed loop controlled by a Siemens LMS SCADAS MOBILE 
with TestLab software. To evaluate the influence of environmental 
conditions, the shaker is integrated with a climatic chamber that allows 
tests to be conducted under controlled thermo-hygrometric environ
ments. Importantly, the climatic chamber frame is designed to remain 
structurally independent from the shaker frame, thus avoiding any un
wanted mechanical coupling effects. The response of the beam under 
excitation is measured using a Polytec OFV-505 laser vibrometer, 
featuring a displacement resolution of 0.1 pm, a velocity range up to ±
25 m/s, and a frequency bandwidth of 0–24 MHz. This non-contact 
measurement technology is particularly advantageous as it eliminates 
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the influence perturbations, such as added masses, ensuring that the 
intrinsic behavior of the specimen is preserved. The vibrometer is 
considered to measure the lateral velocity of the beam at a reference 

location positioned 200 mm from one of the edges. Moreover, because of 
the high operating temperatures during the experimental test, it is not 
possible to place the vibrometer head inside the chamber. To overcome 

Fig. 1. Geometry of the beam.

Fig. 2. Implementing the clamped condition.

Fig. 3. Mechanical detail of the clamping.
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this issue, a mirror system (periscope) is implemented to redirect the 
laser beam onto the lateral surface of the beam, as illustrated in Fig. 4. 
For non-contact displacement measurements, a Micro-Epsilon 
optoNCDT 2300 laser triangulation sensor is used. The sensor covers 
measuring ranges of 100 mm. In order to control the displacement of the 
shaker base, a mono-axial accelerometer with 192 mv/s sensitivity is 
placed on one of the supports. The axial forcing load of the vibrating 
base is applied with an open-loop control strategy; this has been made 
on purpose to avoid interference with nonlinear phenomena that could 
appear during the tests; a real-time closed-loop control has been used on 
the generated voltage signal sent to the shaker amplifier.

3. Experimental results

The experimental campaign consists of two sections: i) a traditional 
modal testing having the purpose of identifying the linear properties of 
the beam, namely, natural frequencies, damping ratios and modal 
shapes; ii) nonlinear dynamic analysis, harmonic excitation, to investi
gate large amplitude of vibration in resonance conditions. For the test i) 
a Random control method is considered, i.e. a low energy broad band- 
controlled excitation; for the test ii) a Stepped Sine control is used, 
indeed, in this case we are interested in the periodic or non-periodic 
responses to a harmonic forcing. Both tests i) and ii) are carried out at 
different temperatures, in order to evaluate the thermal sensitivity of the 
system at low and large amplitude of vibration. For analyzing the 
nonlinear dynamic scenario, the Stepped Sine technique is considered to 
examine the dynamic response of the system in a controlled manner, 
enabling precise evaluation of resonances and dynamics of the bi- 
material beam.

3.1. Modal testing, impact analysis

Impact modal analysis was performed to identify the mode shapes of 
the beam at 21◦C. A micro-hammer with a vinyl tip and a laser were used 
to excite the structure and measure the response, respectively. Specif
ically, a grid of 22 points was defined on the beam, and a roving hammer 
method was employed to obtain the first three mode shapes and their 
corresponding natural frequencies. The measured results are presented 
in Table 1 and relative mode shapes in Fig. 5.

3.2. Modal testing, base random excitation

The random vibration control is imposed on the base with the aim of 
exciting the first three modes of vibration of the beam. The test is con
ducted in a broadband random excitation with a root-mean-square 
(RMS) level of 0.5  g over a frequency range of 25  Hz to 800  Hz, 
with a resolution of 1  Hz. The reference profile in the form of Power 
Spectral Density (PSD) for the random control test is defined in Fig. 6. 
The reference PSD curve was a constant flat line: 0.000322581 g2/Hz, 
with upper/lower alarm band of 3 dB (alarm thresholds are shown in 
orange in Fig. 6) and upper/lower abort band of 6 dB (abort thresholds 
are shown in red in Fig. 6). This type of excitation allowed us to identify 
all modes within the frequency range of interest. The beam was placed 
inside a climate chamber to systematically vary the temperature from 
5◦C to 70◦C, this allows to determine how the thermal conditions affect 
the natural frequencies and the damping ratios. A standard FRF-based 
approach was used in experimental tests. The experimental FRFs are 
obtained from time histories using H2 estimator based on power and 
cross-spectral densities. The FRFs are then post-processed using the 
“curve fitting” algorithm available in the Siemens-TestLab, the Polymax 
algorithm, which allows identifying the natural frequencies and the 
damping ratios as well as modal shapes if a suitable number of points are 
measured on the structure.

A preliminary analysis of the experimental setup is needed to check if 
the fixture is stiff enough to avoid interactions with the specimen (the 
beam), indeed, such interactions can affect the specimen response and 
introduce spurious dynamics. The modal analysis of the VTA reveals that 
its first natural frequency is located at 735  Hz, which lies within the 
frequency range of interest, highlighting the need for careful response 
monitoring in this region to avoid undesirable modal coupling between 
the VTA and the test specimen.

Figs. 7 and 8 represent the FRF of the beam at different temperatures. 

Fig. 4. Detailed schematic of the setup test with the equipment.

Table 1 
Damping and natural frequencies of the beam obtained from impact test 21◦C.

Mode Natural frequency [Hz] Damping [%]

1 – Fig. 5.a 56.9 0.17
2 – Fig. 5.b 163 0.16
3 – Fig. 5.c 339.8 0.18
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Both figures show the FRFs, and the reason they are separated is to show 
the “turning point” that occurred around 30◦C, i.e. the temperature for 
which the trend of the fundamental damping and frequency is inverted 
due to the onset of static buckling. From the presented results, it is 
obvious that by increasing the temperature, the first natural frequency 
of the system is reduced, see Fig. 7, until a critical temperature, from that 
temperature on, increasing the temperature the fundamental frequency 
increases, see Fig. 8. Such behavior depends by the axial stress generated 
in the beam. We set up the tests at room temperature (27◦C); for lower 
temperature the thermal expansion of the beam is negative (shortening 
of the specimen) inducing tension and increasing the stiffness; for higher 

temperature the expansion induces axial compression, and, due to the 
extreme slenderness of the beam, it immediately buckles.

The beam experiences two distinct states: the pre-buckling and post- 
buckling states. This behavior is confirmed by examining the results 
presented in Fig. 9 and Table 2. An additional element to consider is the 
bi-metallic nature of the beam; when a bilayer beam made of Aluminum 
and Copper is clamped at both ends and is subjected to a uniform tem
perature variation, its vibrational behavior is strongly influenced by 
thermal effects. As the temperature rises, the difference in thermal 
expansion between the two materials induces internal stresses and slight 
bending, while the clamped ends prevent free expansion. This leads to a 
tensile/compressive axial load along the beam, which effect is to in
crease/reduce its stiffness. Consequently, the first natural frequency 
gradually decreases as the temperature approaches the critical point 
(buckling), reflecting a softening of the structure. Near the critical 
temperature, the beam undergoes buckling; however, in this problem 
the fundamental frequency does not approach zero at the buckling point, 
because of the dissymmetry due to the different thermal expansions of 
the two layers, which transforms the pitchfork bifurcation of a perfect 
uniform beam into a saddle node bifurcation (see Refs. [56–59]). This 
explains why in Fig. 9 the first natural frequency does not drop exactly to 
zero, but it reaches a minimum in correspondence with the buckling. 
Indeed, this minimum frequency would collapse to zero only in the case 
of a perfectly symmetric and homogeneous beam [26], whereas in the 
present bi-metallic configuration material asymmetry prevents a zero- 
frequency condition at buckling. After buckling, the beam adopts a 
new equilibrium configuration with a curved shape. The geometric 
curvature introduces additional stiffness, causing the first natural fre
quency to increase again as the temperature continues to rise. The first 
natural frequency exhibits non-monotonic behavior: it decreases before 

Fig. 5. Measured mode shapes obtained from impact test on bi-metallic beam.

Fig. 6. Reference profile used to conduct the random control test.

Fig. 7. FRF diagram regarding temperature from 5◦C to 30◦C (bi-metallic beam).
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buckling due to thermal softening caused by the reduction of tension and 
the following compression, it reaches a minimum near the critical 
temperature, and then increases after buckling as a result of the geo
metric stiffening in the post-buckled configuration. This behavior is 
particularly pronounced in bilayer beams due to the combined effects of 
material mismatch, thermal expansion differences, and nonlinear post- 
buckling deformation. Moreover, in Fig. 9, the tolerance range has 
been indicated for the blue curve at the points corresponding to the 
natural frequency values measured at different temperatures. The cli
matic chamber features a temperature control tolerance of ±1◦C, which 
results in varying tolerance margins for the natural frequency values at 

each temperature, as reported in Table 2.
The same analysis is carried out on the uniform aluminum beam. 

Fig. 10 shows the temperature dependence of the first natural frequency 
fn and the modal damping ratio ξ for a clamped–clamped uniform 
aluminum beam. The frequency exhibits a reduction from 95 Hz at 
− 10◦C to a minimum of 71 Hz at 5◦C, and subsequently an increment to 
104 Hz at 25◦C Table 3. This behavior arises from the competition be
tween the temperature dependence of the elastic modulus—which tends 
to reduce fn as temperature increases—and the thermally induced axial 
force generated by the restrained thermal strain at the clamped ends. At 
the assembly temperature, the beam is stress-free, below such temper
ature the beam is subjected to axial tension, which stiffens the structure 
and increases fn; above the assembly temperature the beam experiences 
axial compression, which softens the response and reduces the natural 
frequencies. The observed minimum of the fundamental frequency near 
5◦C is consistent with the transition between tensile and compressive 
axial states and a balance between modulus softening and axial-load 
effects. The damping ratio reaches a maximum of 1.3% in the vicinity 
of this transition, whereas ξ is lower (0.7–0.9%) at both colder and 
warmer temperatures, where the axial state is well away from the 
crossover.

Fig. 11 compares the thermal-dependent evolution of the normalized 
natural frequency for the uniform aluminum and bi-metallic (Al–Cu) 
beams. Both configurations exhibit a characteristic U-shaped trend, with 
a minimum near the critical temperature of 5◦C for the uniform Al beam 
and 30◦C for the bi-metallic beam, corresponding to the transition from 
tensile to compressive thermal stress. In the pre-buckling region (high
lighted in yellow, Fig. 11-a), the frequency decreases almost linearly 
with temperature, with slopes of approximately –0.6 for the aluminum 
and –0.7 for the bi-metallic beam, indicating a gradual stiffness 

Fig. 8. FRF diagram regarding temperature from 30◦C to 70◦C (bi-metallic beam).

Fig. 9. First natural frequency and damping ratio of the bi-metallic beam under 
different temperatures.

Table 2 
The variation of the beam damping ratio and natural frequencies corresponding to the first mode (bi-metallic beam).

Temperature 
[◦C]

5 
[±1◦C]

10 
[±1◦C]

15 
[±1◦C]

20 
[±1◦C]

25 
[±1◦C]

30 
[±1◦C]

32.5 
[±1◦C]

35 
[±1◦C]

37.5 
[±1◦C]

Lowest tol. range 73.8 65.71 61.02 55.93 51.69 51.33 50.88 51.05 57.81
fn[Hz] 76 67 62 57 52 51.5 51 53 62
Highest tol. range 78.2 68.29 62.98 58.07 52.31 51.67 51.12 54.95 66.19
ξ[%] 1.12 1.26 1.64 1.45 1.88 1.89 2.25 3.51 2.67

Temperature 
[◦C]

40 
[±1◦C]

42.5 
[±1◦C]

45 
[±1◦C]

47.5 
[±1◦C]

50 
[±1◦C]

52.5 
[±1◦C]

55 
[±1◦C]

60 
[±1◦C]

70 
[±1◦C]

Lowest tol. range 68.92 74.69 85.59 89.49 94.15 98.42 102.4 110.36 127.23
fn[Hz] 72 78 88 91 96 100 104 112 129
Highest tol. range 75.08 81.31 90.41 92.51 97.85 101.58 105.6 113.64 130.77
ξ[%] 2.25 1.71 1.23 0.86 1.25 0.85 1.05 0.61 0.52
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reduction due to thermal softening and the buildup of compressive 
stress. The bi-metallic beam shows a slightly steeper decline, reflecting 
its higher sensitivity to thermal expansion mismatch between the 

aluminum and copper layers. Beyond the critical temperature (green 
region, Fig. 11-b), both specimens exhibit a recovery in frequency 
associated with geometric stiffening in the post-buckled configuration. 
The slope of the frequency increase, however, is significantly larger for 
the bi-metallic beam (≈ 1.7) compared with the uniform aluminum one 
(≈ 0.9), demonstrating that the interaction between material hetero
geneity and residual thermal curvature enhances the post-buckling 
stiffness. Consequently, while the uniform beam responds primarily to 
uniform thermal stress and elastic-modulus variation, the bi-metallic 
system displays a more pronounced nonlinear behavior, governed by 
thermally induced bending.

3.3. Nonlinear vibrations in pre- and post-buckling

The third experimental campaign is performed using the Stepped 
Sine approach, in which the system is excited with a pure sine wave at 
discrete frequencies, holding each frequency for a sufficient number of 
cycles before advancing to the next. The excitation frequency range was 
selected to ensure that the fundamental resonance was included, namely 
between 20 Hz and 90 Hz, note that in this range of frequencies no 
interaction with the fixture is expected. To allow comparison across 
tests, the results were normalized with respect to the first natural fre
quency of the beam at each temperature. The experiments were 

Fig. 10. First natural frequency and damping ratio of the uniform Al beam 
under different temperatures.

Table 3 
The variation of the beam damping ratio and natural frequencies corresponding to the first mode (uniform Al beam beam).

Temperature 
[◦C]

− 10 
[±1◦C]

− 5 
[±1◦C]

0 
[±1◦C]

5 
[±1◦C]

10 
[±1◦C]

15 
[±1◦C]

20 
[±1◦C]

25 
[±1◦C]

Lowest tol. range 93.40 86.87 81.31 70.51 71.49 77.28 86.58 100.50
fn[Hz] 95 88 83 71 72 79 89 104
Highest tol. range 96.60 89.13 84.69 71.49 72.51 80.72 91.42 107.50
ξ[%] 0.91 0.74 0.79 1.30 1.28 0.86 0.81 0.69

Fig. 11. Natural frequency comparision between Bi-metallic and uniform Aluminum beams.
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conducted in both forward and backward frequency sweeps to capture 
possible nonlinear responses, as shown in Fig. 12. In this context, for
ward test sweep from low to high excitation frequency, while backward 
test sweep from high to low frequency. This test procedure can better 
reveal the softening/hardening dynamic behaviors of the specimen 
under test and can be applied both for experimental or numerical 
analysis. Fig. 12(a) shows the displacement measured by the laser 
telemeter for a case in the post-buckling state at 37.5◦C, where the 
excitation step size was 0.1 Hz, with 100 cycles per step, 20 cycles for the 
transition between two excitation frequency steps, and an excitation 
level of 0.2 g; while, Fig. 12(b) presents the displacement for a case in 
the pre-buckling state at 5◦C, where the excitation step size was 2 Hz, 
with 1000 cycles per step.

As shown in Fig. 13, the first test was conducted at 5◦C (green curve), 
where the beam remained in its pre-buckling state, in this case the beam 
is subjected to axial tension as the temperature is lower than the refer
ence. In this condition, the structure exhibited a hardening-type 
nonlinearity, characterized by an increase in effective stiffness with 
amplitude, which shifts the resonance peak upward, see Table 4. As the 
temperature increased to 30◦C (blue curve), the nonlinear behavior 
became more pronounced, with stronger curvature in the amplitude- 
frequency response. At approximately 35◦C (gray curve), the system 
reached a critical transition point, marking the onset of buckling. 
Beyond this temperature, the beam enters in the post-buckling regime. 
This is evident at 37.5◦C (pink curve), where the response reverts to a 
softening behavior. With a further temperature increase, the response 
became increasingly nonlinear, as shown in the brown curve with a 
temperature of 48◦C, reflecting the complex interplay between geo
metric nonlinearity and thermal effects in the post-buckling state. It is 
worth to mention that at the pre-buckling regime, where the dynamic 
response changes smoothly with frequency, a larger frequency step, i.e. 
2 Hz, is sufficient to characterize the system without losing significant 
information. As the temperature increases and the beam enters the post- 
buckling regime, smaller step, i.e. 0.1 Hz, is required to capture the 
nonlinear variations in the response.

The dynamic nonlinear behaviour of the beam—particularly in the 
post-buckling states—is presented in Fig. 13 by considering the tem
perature tolerance of the climate chamber. Although the theoretical 
backbone approaches one, the experimental tests conducted in the 
climate chamber (with a tolerance of ±1◦C) bring measurement toler
ances in the measured natural frequency. As a result, the trend of the 
backbone curve that is obtained from the tests nearly reach one 
remaining close within the tolerances, depending on the sensitivity of 
the system to temperature variations. Besides, the flexibility of the 

boundary conditions, which alters the effective stiffness and energy 
dissipation of the structure, produces small discrepancies between the
ory and experiment, as reported in Refs. [60,61]. The same analysis is 
conducted for the uniform aluminium beam as shown in Fig. 14. The test 
is carried out at two different temperatures of − 10◦C and +25◦C; 
indeed, at low temperature the system is hardening and at higher tem
perature is softening. Therefore, to consider just the higher branch of 
amplitude-frequency diagram, a forward test is carried out at − 10◦C and 
a backward test is carried out at 25◦C.

To have a better analysis, time history response and FFT spectra are 
presented in Fig. 15 and Fig. 16, for two different cases: one in pre- 
buckling and one post-buckling states during both forward and back
ward test.

Fig. 17 illustrates the influence of excitation strategy and excitation 
energy on the nonlinear dynamic response of the bi-metallic beam at two 
representative thermal conditions, corresponding to pre-buckling (10◦C) 
and post-buckling (48◦C) states. The purpose of this figure is not to 
directly compare the two thermal states, but rather to highlight how 
different excitation approaches and their level of excitation affect the 
measured dynamics depending on the underlying thermo-mechanical 
regime of the system.

In the pre-buckling condition, two excitation strategies are consid
ered: constant acceleration levels: 1.5 g and 0.1 g (Fig. 17-a-II: brown 
and blue colors respectively), and constant voltage inputs: 0.01 V, 0.05 

Fig. 12. Amplitude-frequency diagram of the bi-metallic beam regarding temperature for 37.5◦C (a) and 5◦C (b), Backward test: red color; Forward test: 
●black color.

Fig. 13. Amplitude-frequency diagram regarding temperature from 5◦C to 
48◦C (bi-metallic beam), Backward test: point symbol; Forward test: 
square symbol.
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V, and 0.1 V (Fig. 17-a-I: orange, green, and purple colors respectively). 
The resulting amplitude–frequency responses show comparable trends 
for both excitation approaches, with increasing excitation energy lead
ing to larger vibration amplitudes. This similarity indicates that the 
choice of excitation strategy does not significantly alter the qualitative 
dynamic behavior of the system. Based on this observation, only the 
constant-acceleration excitation strategy is adopted in the post-buckling 
condition at 48◦C. In the post-buckling condition at 48◦C, the system 
displays strong sensitivity to excitation level and stability limits. 
Increasing the excitation level from 0.2 g to 0.4 g, Fig. 17-b: blue and 
brown colors respectively, does not result in a monotonic increase of the 
steady-state vibration amplitude; instead, the higher excitation drives 
the system into an unstable regime in which the buckled beam inter
mittently switches between coexisting equilibrium configurations.

To investigate more in-depth the behavior of the bi-metallic beam, a 
further test is conducted, where the beam is re-setup in the climate 
chamber on the shaker table. An FRF analysis is conducted to determine 
the accurate critical temperature, where there is a shift from hardening 
to softening. The FRF analysis bring us to 30◦C as the critical tempera
ture. Fig. 18 illustrates the amplitude–frequency response of the bi- 
metallic beam measured at the thermal condition of 30◦C, correspond
ing to the onset of thermal buckling. The presented results were ob
tained by performing forward and backward frequency-sweep tests, 
plotted respectively as red (forward) and black (backward) markers. The 
two curves form a pronounced hysteretic loop, revealing the strongly 
nonlinear nature of the system in the vicinity of the buckling transition.

During the backward test, as the excitation frequency reduced from 
60 Hz, the vibration amplitude rises gradually and then sharply at 46.2 
Hz, where a sudden jump to a high-amplitude branch occurs. This jump 
represents a dynamic instability produced by the coexistence of multiple 
steady-state solutions. In this region, i.e., [46.2–60 Hz], the resonance 
peak bends toward lower frequencies, a signature of softening nonlin
earity. The softening behavior arises because, above the buckling point, 

the beam is subjected to compressive thermal stresses that effectively 
reduce its bending stiffness. As the oscillation amplitude grows, these 
compressive stresses dominate the restoring force, causing the effective 
stiffness to decrease and the resonance frequency to shift leftward on the 
frequency axis. This phenomenon indicates that the beam is vibrating 
around a nearly straight post-buckled configuration weakened by ther
mal compression. Beyond this softening regime, as the excitation fre
quency continues to reduce beyond 46.2 Hz, the response progressively 
changes character, until the excitation frequency reaches 44.9 Hz, where 
we see a jump down. The amplitude of vibration no longer rises with 
frequency but begins to level off, and the slope of the curve reverses 
direction, bending toward higher frequencies. This marks the emergence 
of a hardening regime. The hardening regime becomes completed by 
conducting the forward sweep test, where the response of the system 
experienced a jump up at 46.7 Hz. The hardening behavior is observed 
till the excitation frequency reaches 69.9 Hz.

Physically, once the beam crosses the buckling threshold during vi
bration, it oscillates about a deflected post-buckled equilibrium shape. 
In this state, mid-plane stretching, residual tension in the outer layers, 
and geometric curvature effects generate additional restoring forces that 
counteract the earlier softening trend. The resulting geometric stiffening 
shifts the resonance peak toward higher frequencies, giving rise to the 
observed hardening branch. The coexistence of both softening and 
hardening regions within a single temperature condition demonstrates 
that the beam operates precisely at the boundary between pre- and post- 
buckling states. This mixed nonlinear response, seldom captured 
experimentally, provides direct evidence of the dynamic coupling be
tween thermal loading, and geometric nonlinearity in bi-metallic 
structures.

4. Conclusion

This work presents an experimental investigation of the thermo- 
mechanical dynamic behavior of a bi-metallic beam made of 
aluminum and copper layers joined by explosive welding. Residual 
stresses were relieved by post-weld heat treatment; also, microstructural 
inspection and tensile tests confirmed interface integrity without 
delamination. The study examines nonlinear vibration and thermal 
buckling under controlled conditions, focusing on the transition be
tween pre- and post-buckling regimes. Unlike mainly numerical or static 
studies, this work provides experimental evidence of thermal-dependent 
nonlinear dynamics in layered metallic structures. Random tests in a 
climatic chamber showed a non-monotonic change in the fundamental 
natural frequency. As temperature increased from 5◦C to about 30◦C, the 
first natural frequency decreased by nearly 32%, indicating thermal 
buckling onset. Above this temperature, the frequency increased due to 
geometric stiffening in the post-buckled state. The damping ratio 
showed the opposite trend, rising from 1.12% at 5◦C to 3.51% at 35◦C, 
demonstrating strong coupling between thermal loading, geometric 
nonlinearity, and energy dissipation.

A comparative study on a homogeneous aluminum beam under 
similar conditions clarified the role of nonlinear geometry. The uniform 
beam showed smoother thermal effects mainly governed by uniform 
axial stress, while the bi-metallic beam exhibited stronger nonlinear 

Table 4 
Identification of the jump phenomenon.

Forward test Backward test

Temperature 
[◦C]

Amplitude 
[mm]

Frequency 
[ω/ωn]

Temperature 
[◦C]

Amplitude 
[mm]

Frequency 
[ω/ωn]

5 0.806 1.103 5 0.056 1.034
30 0.812 1.347 30 0.041 1.143
35 0.209 0.96 35 0.521 0.92
37.5 0.191 0.861 37.5 0.436 0.716
48 0.197 0.909 48 0.454 0.717

Fig. 14. Amplitude-frequency diagram regarding temperature at − 10◦C and 
25◦C for the uniform Al beam, Backward test at 25◦C: red points; Forward 
test at − 10◦C: ● black points.
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behavior due to differential thermal expansion and residual curvature. 
For the aluminum beam, the first natural frequency gradually decreased 
with temperature, reached a minimum near the transition between 
tensile and compressive axial states, then increased, forming a U-shaped 
trend. Its damping ratio increased slightly near this transition and 
remained low elsewhere, indicating weak nonlinearity. In contrast, the 
bi-metallic beam showed a sharper frequency drop before buckling and 
a stronger recovery after the critical temperature, reflecting enhanced 
geometric stiffening from thermally induced bending and material 
mismatch. Damping amplification near instability was also stronger in 
the case of bimetallic beam, indicating greater energy dissipation from 
nonlinear deformation and interface effects. Overall, the uniform beam 
response was mainly controlled by uniform thermal stress and modulus 
variation, while the bi-metallic beam exhibited stronger nonlinear 

dynamics driven by coupled axial and bending effects from material 
heterogeneity.

Stepped-sine tests further examined thermal-dependent nonlinear 
behavior across pre-buckling, near-critical, and post-buckling regimes. 
Forward and backward sweeps revealed amplitude-dependent dy
namics. In the pre-buckling regime, axial tension produced hardening 
behavior, with resonance peaks shifting to higher frequencies as the 
excitation increased. Near the critical temperature, nonlinearity inten
sified and transitioned. In the post-buckling regime, the response shifted 
to softening with stronger nonlinear effects dominated by geometric 
nonlinearity and thermally induced bending.

A major contribution of this paper is the experimental identification 
of softening-to-hardening transitions near the critical temperature. 
Stepped-sine tests revealed coexisting softening and hardening 

Fig. 15. Time history responses and FFT spectra of case in post-buckling state (at 48◦C) at two: 90 Hz and 76 Hz, excitation frequencies (bi-metallic beam).
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nonlinearities at the buckling threshold, with clear hysteresis and jump 
phenomena. At 30◦C, forward and backward sweeps showed strong 
hysteresis. During the backward sweep, a jump to a high-amplitude 
branch occurred around 46.2 Hz with resonance bending toward 
lower frequencies, indicating softening due to thermally induced 
compressive stresses. As frequency decreased, the response shifted to 
hardening, with a jump-down near 44.9 Hz. The forward sweep 
completed the hardening branch, with a jump-up around 46.7 Hz and 
stiffening at higher frequencies. The coexistence of softening and 
hardening at one temperature shows operation at the boundary between 
pre- and post-buckling states, where oscillations occur around a weakly 
deflected equilibrium. This provides experimental evidence of strong 
coupling between thermal loading and geometric nonlinearity.

Even though this study is focused on a detailed experimental analysis 
of specific bi-metallic beam under controlled thermal conditions and 
does not systematically examine geometric parameters, material com
binations, it establishes a reliable experimental benchmark for thermo- 
mechanical nonlinear dynamics of bi-metallic structures in variable 
thermal environments. The temperature range of 5◦C to 70◦C was 

selected to ensure stable materials and repeatable measurements while 
clearly observing thermo-mechanically induced nonlinear phenomena. 
The results offer valuable physical insight and reference data for setting 
and validating numerical and theoretical models.
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