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Varieties of groups and the problem on
conciseness of words

Cristina Acciarri and Pavel Shumyatsky

ABSTRACT. A group-word w is concise in a class of groups X if
and only if the verbal subgroup w(G) is finite whenever w takes
only finitely many values in a group G € X. It is a long-standing
open problem whether every word is concise in residually finite
groups. In this paper we observe that the conciseness of a word
w in residually finite groups is equivalent to that in the class of
virtually pro-p groups.

This is used to show that if g, n are positive integers and w is a
multilinear commutator word, then the words w? and [w?,,, y] are
concise in residually finite groups. Earlier this was known only in
the case where ¢ is a prime power.

In the course of the proof we establish that certain classes of
groups satisfying the law w9 = 1, or [§], , y] = 1, are varieties.

1. Introduction

Let w = w(xy,...,z) be a group-word. Given a group G, we
denote by w(G) the verbal subgroup corresponding to the word w,
that is, the subgroup generated by the set of all values w(gy, ..., gk),
where g1, ..., g are elements of G. The word w is concise if w(G) is
finite whenever the set of w-values in G is finite. More generally, the

word w is called concise in a class of groups X if w(G) is finite whenever
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the set of w-values in G is finite for a group G € X. In the sixties Hall
raised the problem whether all words are concise, but in 1989 Ivanov
[14] (see also [19, p. 439]) solved the problem in the negative. On the
other hand, the problem for residually finite groups remains open. In
recent, years several new positive results with respect to this problem
were obtained (see [, 10, 6, 5 [7]).

Recall that multilinear commutator words, also known under the
name of outer commutator words, are precisely the words that can be
written in the form of multilinear Lie monomials. Important examples
of multilinear commutator words are provided by the lower central
words v, on k variables defined inductively by the formulae

Y1 = 21, Ve = ['}/kfl(xh . ,xkq),xk] = [551, e 7xk]7 for k> 2.

The corresponding verbal subgroups v, (G) are the terms of the lower
central series of GG. Another distinguished series of multilinear com-
mutator words are the derived words 6, on 2 variables defined by the
formulae

do=x1, Op = [Op—1(x1,. .., or—1),0p—1(Tor-141,...,2r)] for k> 1.

The corresponding verbal subgroups 6;(G) are the terms G*) of the
derived series of G.

The word [z, , y] is defined inductively by [z,0y] = = and [z,, y] =
[z, n-1y],y] for n > 1.

Recall that a group has a property virtually if it has a subgroup
of finite index with that property. In the present paper we observe
that conciseness of a word w in residually finite groups is equivalent to
that in the class of virtually pro-p groups (see Proposition [6.5)). This
enables us to establish the following theorems.

THEOREM 1.1. Suppose that w is a multilinear commutator word.
For any integer ¢ > 1 the word w? is concise in residually finite groups.

THEOREM 1.2. Suppose that w = w(xy,...,zx) is a multilinear
commutator word. For any integers ¢ > 1 and n > 0 the word [w?, , y|
is concise in residually finite groups.

The particular cases of the above theorems in which ¢ is a prime
power were previously established in [I] and [7], respectively. The
proofs given in this paper are based on new results on varieties of
groups.

A variety is a class of groups defined by equations. More precisely,
if W is a set of words, the class of all groups satisfying the laws W =1
is called the variety determined by W. By a well-known theorem of
Birkhoff [21], 2.3.5], varieties are precisely classes of groups closed with
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respect to taking subgroups, quotients and Cartesian products of their
members. Some interesting varieties of groups have been discovered in
the context of the restricted Burnside problem, solved in the affirmative
by Zelmanov [31), B2]. In particular, we now know that the class of
locally finite groups satisfying the law ¢ = 1 is a variety.

Recall that a group is said to locally have some property if all its
finitely generated subgroups have that property. A number of varieties
of (locally nilpotent)-by-soluble groups were presented in [25], 26, 28].
Here we will prove the following results.

THEOREM 1.3. For positive integers j,q and a multilinear commu-
tator word w, let X = X(j, q,w) be the class of all groups G such that
(1) G satisfies the law w? = 1;
(2) The verbal subgroup w(G) is locally finite;
(3) Locally soluble subgroups of w(G) have Fitting height at most j.

Then X is a variety.

THEOREM 1.4. For any integers j,q > 1 and k,n > 0, let Y =
D(j, k,n,q) be the class of all groups G such that
(1) G satisfies the law [0F,,y] = 1;
(2) The commutator subgroup G is (locally nilpotent )-by-(locally
finite);
(3) Locally soluble subgroups of G*¥) have Fitting height at most j.

Then %) s a variety.

It is unclear whether the word J; in the above theorem can be
replaced by an arbitrary multilinear commutator word. Another inter-
esting question is whether the classes of groups obtained by omitting
the assumption (3) in Theorems and are varieties, too.

The notation used in this paper is mostly standard. As usual, the
group generated by a set M will be denoted by (M), the commutator
subgroup of a group G by the symbol G’ and the Frattini subgroup
of G by ®(G). We say that a quantity is (a,b, ...)-bounded if it is
bounded by a number depending only on the parameters a,b, . ...

2. Preliminaries

In this section we collect some results that will be useful in the next
sections to establish the main theorems.

A proof of the following well-known result can be found in [8]
Lemma 4.5]

LEMMA 2.1. Let N be a normal subgroup of a finite group G. Then
there exists a subgroup H of G such that G = HN and HONN < ®(H).
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We will also require the following lemmas from [24].

LEMMA 2.2. [24, Lemma 4.1] Let G be a group and w a multilinear
commutator word on k wvariables. Then every Op-value in G is a w-
value.

LEMMA 2.3. |24, Lemma 4.2] Let w be a multilinear commutator
word and G a soluble group in which all w-values have finite order.
Then the verbal subgroup w(G) is locally finite.

An element g of a group G is called a (left) Engel element if for
any © € G there exists n = n(g,z) > 1 such that [z,,¢9] = 1. If n
can be chosen independently of z, then g is a (left) n-Engel element.
In a similar way an element g € G is said to be a right Engel element
if for each x € G there exists a positive integer n = n(g, z) such that
lg,nx] = 1. If n does not depend on x, then g is a right n-Engel
element. The next observation is due to Heineken (see [21], 12.3.1]).

LEMMA 2.4. Let g be a right n-Engel element in a group G. Then
g~ is a left (n+ 1)-Engel element.

The following theorem is a well-known result of Baer [2] (see also
[13, Satz I11.6.15)).

THEOREM 2.5. An Engel element of a finite group belongs to the
Fitting subgroup.

A proof of the following result can be found in [5, Lemma 9.

LEMMA 2.6. Let G = U(t) be a group that is a product of a normal
subgroup U and a cyclic subgroup (t). Assume that U is nilpotent of
class ¢ and there exists a generating set Y of U such that [y, ,t] = 1
for every y € Y. Then G is nilpotent of (c,n)-bounded class.

As usual, if «a is an automorphism of a group G, we write [G, ¢
for the subgroup generated by all elements of the form ¢—'¢®, where
g € G. By induction we define [G, o] = [[G,,—1¢],a]. The following
lemma is due to Casolo.

LEMMA 2.7. [3| Lemma 6] Let A be an abelian group, and let x be
an automorphism of A such that [A, , x] =1 for some n > 1. If x has
1

finite order q, then [AT" " z] = 1.
3. On the Fitting height of a group

For a group G let F(G) denote the Hirsch-Plotkin radical of G,
which is the largest locally nilpotent normal subgroup of G. We define
Fo(G) = 1 and let Fi;1(G) be the full inverse image of F(G/F;(QG))
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for2 =0,1,.... The group G is said to be of finite Fitting height j if
G = Fj(G) for some integer j and j is the least such integer. In this
case we write h(G) = j. Observe that if G is a finite group, then the
Hirsch—Plotkin radical F/(G) is just the Fitting subgroup of G.

The coprime commutators J; were introduced in [27]. For the
reader’s convenience we recall here the definition. Let G' be a finite
group. Every element of G is a dj-commutator. For k£ > 1 let Y be the
set of all elements of G that are powers of §;_;-commutators. The ele-
ment g is a §;-commutator if there exist a,b € Y such that g = [a, b] and
(lal,|b]) = 1. The subgroup of G generated by all §;-commutators will
be denoted by d;(G). One can easily see that if N is a normal subgroup
of G and x is a J;-commutator, then N is a §;-commutator in G/N.
Moreover if y is an element whose image in G/N is a d;-commutator,
then there exists a J;-commutator z in G such that y € zN. It is also
clear from the definition that if = is a d;-commutator, then there are
Z1,...,%ox € G and a word w obtained from J, adding some powers to
sub-commutators such that x = w(xy, ..., o).

It was shown in [27] that §;(G) = 1 if and only if the Fitting height
of G is at most k. It follows that for every k > 1 the subgroup §;(G)
is precisely the last term of the lower central series of d;_,(G), that is,
0i(G) = Y (05 _1(G)). Observe that the definition of d;-commutators
naturally extends to locally finite groups.

In this section we establish some results on the Fitting height and
other related length parameters that will be useful throughout the pa-
per.

LEMMA 3.1. Let j be a positive integer and G a locally finite group
such that h(K) < j whenever K is a finite soluble subgroup of G. Then
h(H) < j for every locally soluble subgroup H of G.

Proor. Without less of generality we can assume that G is locally
soluble. It suffices to show that G has a normal series of length at most
j such that each factor of the series is a locally nilpotent group.

We argue by induction of 5. If 7 = 1, then G is locally nilpotent
and there is nothing to prove. Assume that j > 2. For i =1,2... let
X[ be the set of ¢;-commutator in G. Observe that X7 = 1. Indeed,
for any y € X7, there are elements by, ...,by € G and a word w such
that y = w(by,...,by). Set K = (by,...,by). Note that y is a §;-
commutator in a finite soluble subgroup K < G. Since h(K) < j, we
know that ¢7(K) = 1 and so y is trivial. This implies that X7 =1, as
desired.

Let F' = F(QG) the Hirsch-Plotkin radical of G. In order to prove
that h(G) < j, it would be sufficient to show that X7 ; C F. In turn,
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this will be deduced from the fact that every element in X7 ; is Engel
in G.

Let x € X7 ;. Similarly to what was done above, there exist ele-
ments xy, ..., Ty-1 € G and a word wy such that x = wy(z1,. .., xe5-1).
Let g € G and set M = (g,x1,...,T95-1). Since h(M) < j, any
d7-commutator in M is trivial and so, in particular, 6;_;(M) is con-
tained in the Fitting subgroup of M. Thus x € F(M) and there exists
n = n(g,x) such that [g,,x] = 1, that is, = is an Engel element in
G. Tt follows from Theorem that 2 € F and so X7 | C F, as de-
sired. Set G = G/6;_,(G). By the inductive hypothesis we know that
h(G) < j — 1, and so we conclude that h(G) < j. This concludes the
proof. O

Recall that the generalized Fitting subgroup F*(G) of a finite group
G is the product of the Fitting subgroup F(G) and all subnormal qua-
sisimple subgroups; here a group is quasisimple if it is perfect and its
quotient by the centre is a non-abelian simple group. The generalized
Fitting series of G is defined by Fj(G) = 1 and, by induction, F ,(G)
being the inverse image of F*(G/F;(G)). The least number A such
that F*(G) = G is the generalized Fitting height h*(G) of G. Clearly,
if G is soluble, then h*(G) = h(G) is the ordinary Fitting height of G.

LEMMA 3.2. Let j be a positive integer and G a finite group such
that h(K) < j whenever K is a soluble subgroup of G. Then

(i) The hypothesis is inherited by homomorphic images of G;
(ii) h*(G) is j-bounded.

PRrROOF. To prove (i) let N be a normal subgroup of G. For any
soluble subgroup K'N/N of G/N we have to show that h(KN/N) < j.
Indeed, by Lemma [2.1] we can choose L < KN such that KN = LN
and LN N < ®(L). Note that L is soluble because L/®(L) is, being
isomorphic to a homomorphic image of K N/N. Therefore h(L) is at
most j. Since KN/N is a homomorphic image of L, we conclude that
WKN/N) < .

Claim (ii) is immediate from [4, Theorem 1.3]. O

Remark that it is an open question (see [4, Problem 1.4]) whether
h*(@G) is at most j whenever G is as in the above lemma.

LEMMA 3.3. Let j be a positive integer and G a (locally nilpotent)-
by-(locally finite) group. Assume that G is locally soluble and for any
finitely generated subgroup H < G we have h(H) < j. Then h(G) < j.
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PROOF. Let F' = F(G) the Hirsch-Plotkin radical of G. For i =
0,1,2,... set

G ={z € G; zF is a 6;-commutator in G/F}.

To prove that h(G) < j, it is sufficient to show that G, = F. This
will be deduced from Theorem [2.5 and the fact that every element in
G5, is Engel in G. In what follows we write G for G/F.

Let z € G;_;. There are elements 1, ...,Z9-1 € G and a word w,
obtained from the word d,_; adding some powers to subcommutators,
such that

T = w(fl, e ,ngj—1).

Let y € G and H = (y,x1,...,x9-1). By hypothesis, h(H) < j. Let
h(H) = k and consider the series

H=H >Hy > -->Hp>1,

where Hy, = F(H) and H;/H; 1 = 6/(H/H;yq) for i = 1,...k — 1.
Note that Hj has finite index in H, because H is finitely generated
(locally nilpotent)-by-(locally finite) and so H/Hj is finite, being a
finitely generated locally finite group. Thus h(H/Hy) =k —1<j—1
and we deduce that 07 ,(H/Hy) = 1. In particular, it follows that
x € F(H). Since y € H, there exists a positive integer n such that
[y,nx] = 1 and so z is an Engel element in G, as desired. Since z is
arbitrary in G}_;, we have G;_; = F'. Hence, the quotient G is locally
finite and 67_,(G) = 1. This implies that h(G) < j—1 and so h(G) < j,
as desired. U

PROPOSITION 3.4. Let j > 1 and G be a (locally nilpotent)-by-
(locally finite) group such that h(K) < j for any locally soluble subgroup

K < G. Then the hypothesis is inherited by homomorphic images of
G.

PRrROOF. Let N be a normal subgroup of G. Without loss of gen-
erality we may assume that G/N is locally soluble. We need to show
that h(G/N) < j.

Assume by contradiction that this is false. In view of Lemma
there is a finitely generated soluble subgroup of G/N with Fit-
ting height at least j7 + 1, so we can simply assume that G itself is
finitely generated. In particular G/N is soluble. Since G is (locally
nilpotent)-by-(locally finite), it is also virtually nilpotent. Let T be
a normal nilpotent subgroup of finite index in G. Set G = G/T. In
view of Lemma , there exists a soluble subgroup S < G such that
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G = NS. Let S be the inverse image of S. It is clear that S is solu-
ble and G = NS. Note that G/N is isomorphic to S/(S N N) and so
h(G/N) < h(S) < j, as desired. This concludes the proof. O

4. Bounding the order of a finite group

The purpose of this section is to establish the following lemma which
plays a key role in our subsequent arguments. We say that a subset X
of a group G is normal if it is invariant under the inner automorphisms
of G. The set is commutator-closed if [x,y] € X for any =,y € X.

LEMMA 4.1. Let q, s be positive integers and G a finite group gen-
erated by a normal commutator-closed set X such that ¢ = 1 and
lg,21,...,25] € X for any g € G and x,x1,...,x, € X. Suppose that
G satisfies a law u =1 and h*(G) = h. If G is m-generator, then the
order of G is (h,m, q, s,u)-bounded.

In the sequel the above result will be used in the case where X
is the set of dp-values of a group G, for some fixed £ > 1. We will
implicitly use the following observation.

REMARK 4.2. Let k > 1 and denote by X the set of d-values in a
group G. Then [g,x1,...,x5] € X, for any g € G and xy,...,z, € X.

The proof of Lemma [4.1] uses Lie-theoretical tools in the spirit of
the solution of the restricted Burnside problem [31], 32].

Let L be a Lie algebra over the field. If X C L is a subset of L,
by a commutator in elements of X we mean any element of L that can
be obtained as a Lie product of elements of X with some system of
brackets.

A deep result of Zelmanov (announced in [33, I11(0.4)], a detailed
proof was published in [34]), which has numerous important applica-
tions to group theory, says that if a Lie algebra L is PI and is generated
by finitely many elements all commutators in which are ad-nilpotent,
then L is nilpotent. The following result was deduced in [16, Corollary
of Theorem 4] from Zelmanov’s theorem.

THEOREM 4.3. Let L be a Lie algebra over IF,, generated by m ele-
ments ay, ..., ay,. Assume that L satisfies the identity f = 0 and that
each monomial in the generators aq, ..., a,, is ad-nilpotent of index at
most n. Then L is nilpotent of {f, m,n}-bounded class.

Let p be a prime. Given a group G, write L,(G) for the Lie algebra
associated with the p-dimension series of G (see [23] for details). If
x € G, the corresponding homogeneous element of L,(G) is denoted
by .



VARIETIES AND THE PROBLEM ON CONCISENESS OF WORDS 9

LEMMA 4.4. [17, p. 131] For any x € G we have (adZ)? = ad(z?).
Consequently, if x7° = 1 then T is ad-nilpotent of index at most p®.

If a group-law w = 1 holds in G, then L,(G) satisfies a polynomial
identity whose form is determined by p and w.
The next proposition follows from the proof of [30, Theorem 1].

PROPOSITION 4.5. [25, Lemma 2.3] Let G be a group in which a law
w = 1 holds. Then there exists a non-zero multilinear Lie polynomial

f over the field with p elements, whose form depends only on p and w,
such that L,(G) satisfies the identity f = 0.

Nilpotency of the algebra L,(G) usually enables one to draw strong
conclusions about the group G. A proof of the next lemma can be
found in [23], Proposition 2.11].

LEMMA 4.6. Let a group G be generated by elements aq,...,ap,.
Assume that L,(G) is nilpotent of class ¢ and let py,. .., ps be the list
of all possible commutators in aq, ..., a, on at most ¢ variables. Then

the group G can be written as a product G = {(p1){p2) - {ps) of the
cyclic subgroups generated by p;.

We are now ready to prove Lemma [4.1

PrRoOOF OF LEMMA [4.7] Let j be the minimal number such that G
has a normal series

G:G1>"'>Gj:1,

all of whose factors are either nilpotent or direct products of non-
abelian simple groups. Obviously, 7 < 2h so we can use induction
on j. Let N = G;_; be the last nontrivial term of the above series. By
induction the order of the quotient group G/N is (h,m, ¢, s, u)-bounded
and so N has bounded index as well. Therefore N can be generated
by a bounded number of elements. Say N is mg-generator, where my
is (h,m, q, s,u)-bounded.

Suppose that N = S5; x --- x S; is a direct product of non-abelian
simple groups S;. By a result of Jones [15] there are only finitely many
simple groups satisfying the law u = 1 and we deduce that there is a u-
bounded constant C' such that |.S;| < C forany ¢ = 1,...,¢. Taking into
account that N is mg-generator, observe that the number of subgroups
of N of index at most C' is (mg, C')-bounded (see [11, Theorem 7.2.9])
and therefore ¢ is (h, m, ¢, s, u)-bounded. It follows that the order of N
is (h,m,q, s,u)-bounded and we are done.

We therefore assume that N is nilpotent.
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Let M be the subgroup generated by all elements [g,x1,..., 24,
where ¢ € N and zy,...,2x, € X. Note that M is normal in G and
N/M is contained in Zs(G/M), the sth term of the upper central se-
ries of G/M. An application of the Baer theorem [22] Corollary 2, p.
113] yields that vs11(G/M) has bounded order. It follows that the quo-
tient group (G /M) /7vs+1(G /M) is of bounded order, being m-generator,
nilpotent of class at most s, and generated by elements of order divid-
ing ¢. Thus, we deduce that the index [G : M] is bounded as well.
Therefore M can be generated by boundedly many, say m;, elements.
It is sufficient to show that the order of M is (h,m, ¢, s, u)-bounded.

Since M is nilpotent and generated by M N X, it is clear that any
prime divisor of |M| is a divisor of ¢. Hence, it is sufficient to bound
the order of the Sylow p-subgroup of M for any prime p dividing q.
Write M = P x Oy(M), where P is the Sylow p-subgroup of M. Let
ai,as, ... be all the elements of X contained in M, and for any i we
write a; = b;y;, where b; € P and y; € Oy(M). Then P = (by,bs,...).
Since P is an mj-generator finite p-group, the Burnside Basis Theorem
[21] 5.3.2] shows that P is generated by some m; elements in the list
bi,bs,.... Without any loss of generality we will assume that P =
(b1,ba, ..., by, ). Let pg be the maximal power of p dividing ¢. Clearly,
the order of any b; divides py. Moreover, since [b;, b;] is again in the
list by, bo, ..., it follows that any commutator in by, bs, ... has order
dividing pg.

Let L = L,(P). We know that the the identity u = 1 holds in P so
it follows from Lemma that there exists a non-zero Lie polynomial
f over the field with p elements, whose form depends only on u and
q (recall that p is a prime divisor of ¢), such that the algebra L,(P)
satisfies the identity f = 0. o )

Consider an arbitrary Lie monomial o in the generators by, bs, ..., by,
of L,(P) and let p be the group commutator in by, bs, ..., by, having
the same system of brackets as o. The definition of L,(P) yields that
either 0 = 0 or 0 = p. We know that any commutator in by, bs, ...
has order dividing pg, so p? = 1. Thus Lemma [4.4] implies that o is
ad-nilpotent of index at most py. Theorem now says that L,(P)
is nilpotent of class depending only on m;,u and py. Combining this
with Lemma we conclude that there exists a number [, bounded
in terms of my, u, pg only, such that P can be written as a product of
at most [ cyclic subgroups each of order at most py. Therefore P is of
order at most po’. Since py is a divisor of ¢, the result follows. O
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5. Results on varieties

In this section we will establish the main results on varieties, that

is, Theorems [I.3] and [T.4]

5.1. The variety X(j, ¢, w). For positive integers j, ¢ and a word
w, denote by X = X(7J, ¢, w) the class of all groups G with the following
properties:

(1) G satisfies the law w? = 1;
(2) The verbal subgroup w(G) is locally finite;
(3) h(K) < j for any locally soluble subgroup K < w(G).
The main goal of this subsection is to prove that the class X is a variety

for any multilinear commutator w.
The following result will be useful.

PROPOSITION 5.1. Let j be a positive integer and w a word. Assume
{Gx, X € A} is a family of groups such that, for each A € A, all locally
soluble subgroups K of w(G)) satisfy h(K) < j. Let G be the Cartesian
product of the groups {G,} and assume that w(G) is locally finite. Then
h(H) < j for any locally soluble subgroup H < w(G).

PROOF. Since w(G) is locally finite, 2(K) < j if and only if 07 (K) =
1 whenever K is a locally soluble subgroup of w(G). By Lemma
it suffices to show that h(H) < j for any finite soluble subgroup H of
w(G). Let us prove that 05(H) = 1. Denote by H) the projection of
H on the Cartesian factor G». Choose z € §7(H) and observe that the
projection x of x in H) is trivial because h(H)) < j. Hence x is trivial
and the result follows. O

Next we consider the particular case of Theorem where w = 6,
is the derived word for some & > 0.

PROPOSITION 5.2. The class X = X(j, q, o) is a variety.

PRroOOF. The class X is obviously closed with respect to taking sub-
groups of its members.

Let us show that X is closed under taking quotients. Let G € X,
and let NV be a normal subgroup of G. It is clear that the quotient G/N
satisfies the law §] = 1 and moreover the kth term of the derived series
of G/N is locally finite since it is a homomorphic image of G®). We
need to check the property that every locally soluble subgroup K N/N
of (G/N)®) satisfies the condition h(KN/N) < j. In view of Lemma
it is enough to check the property h(K N/N) < j for finite soluble
subgroups of (G/N)®). Observe that finite subgroups of G*) satisfy
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the hypothesis of Lemma , so an application of Lemma (1) yields
the desired result.

It remains to show that if D = [[G; is a Cartesian product of
groups G; € X, then D € X. The identity 0] = 1 is obviously satisfied
in D. In view of Proposition it is enough to show that D®*) is locally
finite. Let T be any finite set of elements in D®). There exist finitely
many O-values ay, ..., a, € D such that T C (a,...,a,). Hence it is
sufficient to prove that H = (ay,...,a,,) is finite.

For any 7 let H; be the projection of H on G;. Observe that H;
is finite, since it is finitely generated and contained in ng). It follows
that H is residually finite. Moreover it follows from Lemma [3.2{ii) that
h*(H;) is j-bounded, since any locally soluble subgroup K of ng) sat-
isfies h(K) < j. Thus by Lemma [4.1| each H; has finite order bounded
in terms of j,k,m,q only. For any ¢ let K; be the normal subgroup
(the kernel of the homomorphism) of H such that H/K; is isomorphic
to H;. Note that the intersection of all K is trivial. Since H; has finite
order bounded in terms of j, k, m, ¢, the index of any K; is bounded in
terms of the same parameters. Recall that a finitely generated group
has only finitely many normal subgroups of any given finite index (see
[11], Theorem 7.2.9]). Since N;K; = 1, we conclude that H is finite, as
desired. The proof is complete. O

We are now ready to prove Theorem [I.3} For positive integers j, ¢
and any multilinear commutator word w, the class X = X(j,q,w) is a
variety.

ProoF oF THEOREM [L.3l Arguing as in the proof of Proposition
it is easy to see that the class X(j, ¢, w) is closed with respect to
taking subgroups and quotients of its members.

Thus, we only need to show that if D is a Cartesian product of
groups from X, then D itself belongs to X. The group D obviously
satisfies the identity w? = 1. In view of Proposition |5.1|it is sufficient to
show that w(D) is locally finite. By Lemma [2.2| there exists a number
t such that the identity 6y = 1 holds in any group that belongs to
X(j,q,w). Moreover if G € X(j,q,w), then G® < w(G) and so any
locally soluble subgroup K of G® satisfies the property h(K) < j. It
follows from Proposition that D € X(j,q,0;). Hence D® is locally
finite and by applying Lemmato the quotient D/D® we obtain that
w(D/DW) is locally finite. Hence, w(D) is locally finite as well. O

5.2. The variety 9)(j, k,n,q). For any integers j,q > 1 and k,n >
0, let 5 be the derived word and recall that 9 = (j, k,n, q) denotes
the class of all groups G such that:



VARIETIES AND THE PROBLEM ON CONCISENESS OF WORDS 13

(1) G satisfies the law [6], , y] = 1;
(2) The commutator subgroup G*) is (locally nilpotent)-by-(locally
finite);
(3) h(K) < j for any locally soluble subgroup K < G*).
Our goal in this subsection is to show that ) is a variety. The next
results will be useful later on.

THEOREM 5.3. [29, Theorem B] Let n be a positive integer and v
an arbitrary word. Then the class of all groups G in which the v-values
are right n-Engel and v(G) is locally nilpotent is a variety.

LEMMA 5.4. Let m,n > 1 be positive integers. Let G be a nilpotent
group generated by m elements that are right n-Engel. Suppose that G
satisfies an identity v = 1. Then the nilpotency class of G is (m,n,v)-

bounded.

PROOF. Suppose that the result is false. Then there exists an infi-
nite sequence {G;,7 > 1} of nilpotent groups satisfying the hypotheses
of the lemma such that the nilpotency class of G; tends to infinity as
1 does. Each G; is generated by m elements, say, x;1, ..., Zin, which
are right n-Engel. Let C' be the Cartesian product of the groups G;.
For any ¢ > 1 and 1 < j < m, let y; be the element of C' whose ith
component is equal to z;;. Put H = (y1,...,ym). It is well known that
a finitely generated nilpotent group is residually finite (see [21] Section
5.4]). Since H is residually nilpotent and finitely generated, we observe
that H is residually finite and satisfies the identity v = 1. Moreover, H
is generated by m elements which are right n-Engel. By |29, Theorem
A] the group H is nilpotent, say of class ¢, and so each G; is nilpotent
of class at most ¢, a contradiction. This completes the proof. O

We will require the following result taken from [28].

PROPOSITION 5.5. [28| Proposition 3.5] Let G be a group with an

ascending normal series whose quotients are either locally soluble or
locally finite. Then the Engel elements of G lie in F(G).

We remark that the above proposition applies to both left and right
Engel elements.

In what follows we will show that the class Q) = 9 (j, k, n, ¢) is closed
under taking Cartesian products of its members. In the remaining part
of this subsection the word ¢, will be denoted by the symbol .

LEMMA 5.6. If G € %), then u(G) is locally nilpotent.

PROOF. If G € ), then G® is (locally nilpotent)-by-(locally finite)
and the u?-values in GG are right n-Engel elements. By Proposition
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the u?-values in G are in the Hirsch-Plotkin radical, and so u?(G) is
locally nilpotent, as desired. U

LEMMA 5.7. Let G € ) and K = (a1, . .., as), where a; are u-values
in G. Let L be the subgroup generated by all u?-values of G' contained
in K. Then L is nilpotent of (u,q,n,s,j)-bounded class.

PROOF. By Lemma [5.6/u?(G) is locally nilpotent. Note that G*)
is (locally nilpotent)-by-(locally finite), since G' € ). It follows that K
is nilpotent-by-finite.

Observe that L is normal in K. Recall that a finitely generated
nilpotent group is residually finite. Therefore K/L is residually finite.
Let X be the set of all u-values of G contained in K. Observe that
K = (X) and X is a commutator-closed set. In view of Lemma [.1]
finite images of K/L have order bounded in terms of u,q,s,n and j.
Since K /L has only boundedly many normal subgroups of any fixed
finite index, we conclude that L has bounded index in K and so L
is m-generated, for some bounded number m. Thus L is nilpotent,
being contained in u?(G). Since K is residually finite, observe that
the nilpotency class of L is bounded if and only if so is the nilpotency
class of the image L of L in a finite quotient K of K. Therefore it is
sufficient to bound the nilpotency class of the Sylow p-subgroup of L
for a prime divisor p of the order of L.

We can pass to the quotient K /O, (K) and assume that L is a
p-group. Recall that L is m-generator and a generating set consists
of u?-values of G contained in K. Combining this with the Burnside
Basis Theorem [21], 5.3.2] we deduce that L is generated by the images
of at most m w?-values. Since u?-values in G are right n-Engel, in
view of Lemma , the nilpotency class of L is bounded. The result
follows. O

LEMMA 5.8. Let G, K, and L be as in Lemmal[5.7. Choose b € K.
Then L(b) is nilpotent of bounded class.

ProoF. By Lemma we know that L has bounded nilpotency
class. In view of Hall’s criterion for nilpotency [12] it is sufficient to
bound the nilpotency class of L(b)/L'. Consider the natural action
of b on L/L'. Since G satisfies the law [u?,,y| = 1, it follows that
[L/L',,b] = 1. This completes the proof. O

LEMMA 5.9. Let G € ) and K = (a, . .., as), where a; are u-values
inG. Let H< K andletb € F(H). Thenb is ng-Engel in H for some
bounded number ng.

PRroOOF. Let L be the subgroup generated by all u?-values of G
contained in K. Precisely as in the proof of Lemma we are in a
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position to apply Lemma and so L has bounded index in K. Given
y € H, we have [y,b] € F(H). Observe that the image of F(H) in
the quotient K /L is contained in the Fitting subgroup of K/L, and
so it has bounded nilpotency class (Obviously the nilpotency class of
F(K/L) is less than the |K/L|). Combining this observation with the
fact that L(b) has bounded nilpotency class because of Lemma [5.8]
we deduce that b is ng-Engel in H for some bounded number ng, as
desired. U

Recall that a group is locally graded if every nontrivial finitely
generated subgroup has a proper subgroup of finite index. The class
of locally graded groups is quite large and in particular it contains all
residually finite groups. The main result in [18] states that if G is a
locally graded group and N is a locally nilpotent normal subgroup of
G, then G/N is locally graded as well.

Finally we are ready to embark on the proof of Theorem for
any integers j,q > 1 and k,n > 0, the class of groups 9 = 9(j, k,n, q)
is a variety.

PROOF OoF THEOREM [L.4l. Obviously, the class 9 = (4, k,n, q)
is closed with respect to taking subgroups of its members. Let us show
that 9) is closed with respect to taking quotients. Choose G € %) and
let H be an epimorphic image of G. The law [u?,, y] = 1 holds in G,
and the same is obviously true for H. Since G € 2), the subgroup G* is
(locally nilpotent)-by-(locally finite) and H*) has the same structure.
We also know that every locally soluble subgroup of G*) has Fitting
height at most j. In view of Proposition [3.4] we conclude that whenever
K is a locally soluble subgroup of H* we have h(K) < j.

It remains to prove that 2) is closed under taking Cartesian prod-
ucts. Let D = [[ G, where G; € ). Obviously the law [u?,,y] =1 is
satisfied in D. Note that if G € %), then the u?-values in G are right
n-Engel and, by Lemmal5.6] u¢(G) is locally nilpotent. Thus, it follows
from Theorem that u?(D) is locally nilpotent too. In order to show
that D® is (locally nilpotent)-by-(locally finite) we will establish that
DW® /49(D) is locally finite.

Take a finite set S of elements in D) and observe that there exist
finitely many u-values, say aq, ..., a, such that S is contained in K =
{ay,...,a,). We need to show that the image of K in D® /u?(D) is
finite. Note that the projection of K on every factor of D is nilpotent-
by-finite, because it is finitely generated and contained in ng) that is
(locally nilpotent)-by-(locally finite). It follows that K is residually
(virtually nilpotent) and hence residually finite as well. Thus, any
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quotient of K by a locally nilpotent normal subgroup is locally graded
because of the result in [18]. Now let L be the subgroup generated by
all u9-values contained in K. In particular the quotient group 7' = K/L
is locally graded.

Choose any normal subgroup N of finite index in 7. In view of
Lemma the quotient group T'/N is finite of bounded order. Let
Ny be the intersection of all the normal subgroups of finite index in 7.
Suppose that Ny # 1. On the one hand, since T is finitely generated, it
has only finitely many subgroup of any given index. On the other hand,
the previous argument shows that the index of any normal subgroup
of finite index in 7" is bounded. Combining these two facts we see that
Ny has finite index in 7', too. This implies that N is finitely generated
and therefore contains a proper subgroup M of finite index since T is
locally graded. Denote by My the (normal) core of M in T. It follows
that M, is a normal subgroup of finite index in T" properly contained in
Ny. This is in contradiction with the definition of Ny, and so M must
be trivial. Thus 7T is finite and we conclude that D®*) /u?(D) is locally
finite, as claimed.

Next we need to show that if H is a locally soluble subgroup of D),
then we have h(H) < j. In view of Lemma (3.3 we can assume that H
is finitely generated. Choose a subgroup U generated by finitely many
u-values such that H < U.

Observe that the image of U in the quotient D™ /u?(D) is finite,
since U is finitely generated and D™ /u?(D) is locally finite. In what
follows we argue as in the proof of Lemma[3.3] Let us denote by F' the
Hirsch-Plotkin radical of H and for ¢ > 0 set

H ={x € H; zF is a §;-commutator in H/F'},

that is, H; is the set of elements that are §;-commutators modulo F'.
To show that h(H) < j, it is sufficient to establish that HY ; C F.
Choose b € H; ;. Let U; and H; be the projections of the subgroups
U and H on G;. For any ¢ > 1 denote the projection of b in H; by
b;. Since the subgroup H; is locally soluble and contained in ng), we
have h(H;) < j and so h(H;/F(H;)) < j — 1. Note that the quotient
H;/F(H;) is locally finite because H; < ng) and u?(H;) < F(H;).
Similarly to the above, in each H; we consider subsets (H;); for all
t > 0. Since any 07 ;-commutator in H;/F(H;) is trivial, we have
(H;);_y € F(H;). Observing that each H; is a homomorphic image of
H and that the image of a 0;_;-commutator is again a d;_;-commutator,
we see that b;F'(H;) is a §;_;-commutator. Therefore each b; belongs

to (H;);_, and so b; € F(H;). It follows from Lemma [5.9] that, for any
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1, the element b; is ng-Engel in H; for some number ng, which does not
depend on ¢. Hence b is ng-Engel in H as well, and so b € F', as desired.
This implies the result. U

6. On conciseness of words in residually finite groups

In this section we prove the main results on conciseness of words,

that is, Theorems and

6.1. Generalities. In what follows we collect some preliminary
observations on conciseness of words, which will be needed for the
proofs of the main results.

LEMMA 6.1. [1, Lemma 3.1] Let v be any word and G a group such
that the set of v-values in G is finite. Then v(G) is finite if and only
if it is periodic.

LEMMA 6.2. [5, Lemma 4] Let v be a word and G a group such that

the set of v-values in G is finite with at most m elements. Then the
order of v(G)' is m-bounded.

LEMMA 6.3. [1] Corollary 2.7] Let G be a soluble-by-finite group, w
a multilinear commutator word, and q > 1 an integer. Suppose that G
has only finitely many w?-values. Then w(G) has finite exponent.

We will also need the following observation.
LEMMA 6.4. Let G be a profinite group. Then m(®(G)) C n(G/P(G)).

PROOF. Assume that the result is false and let p € 7(®(G)) while
p ¢ m(G/®(G)). Passing to the quotient G/O,(P(G)) we can also
assume that ®(G) is a pro-p group while G/®(G) is a pro-p’ group.
By the profinite analog of the Schur-Zassenhaus Theorem (see [20,
Theorem 2.3.15]) we have G = ®(G) K, for some closed subgroup K of
G such that K N ®(G) =1 and this yields a contradiction. O

Note that Lemma admits a profinite version: If N is a normal
subgroup of a profinite group G, then there exists a subgroup H such
that G = HN and HNN < ®(H) (see |20, Lemma 2.8.15]). This will
play an important role in the proof of the next proposition.

Given a word w, it is easy to see that the problem on conciseness of
w in the class of residually finite groups is equivalent to that in profinite
groups. Indeed, suppose that G is a residually finite group in which w
takes only finitely many values and note that G naturally embeds into
the profinite completion G. Observe that w takes only finitely many
values in G and moreover w (@) is finite if and only if w(G) is so. Thus,
we may work with G rather than G.
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We will require the following more precise observation.

PROPOSITION 6.5. A word w is concise in residually finite groups
if and only if w is concise in groups that are virtually pro-p.

PROOF. Since any profinite group can be regarded as an abstract
residually finite group, one implication is obvious. So assume that
the word w is concise in virtually pro-p groups. In view of the above
it is sufficient to show that w is concise in profinite groups. Let G
be a profinite group in which w takes only finitely many values, say
{z1,..., 2} We want to show that w(G) is finite. Choose an open
normal subgroup N such that w takes exactly m values in G/N. This
is possible since it is enough to choose N in such a way that it trivially
intersects the finite set {x;la:j;l < i < j < m}. By the profinite
version of Lemma there exists a subgroup H < G such that G =
NH and HNN < ®(H). It is clear that w takes exactly m values in
G/N and therefore also in H. Hence, w(H) = w(G). Since H N N <
®(H), it follows that H is virtually pronilpotent. Moreover w(H/®(H))
is finite and so, by Lemma [6.4] 7(®(H)) is finite as well.

Now we argue by induction on ¢t = |7(®(H))|. If ¢ = 1, then H is
virtually pro-p, for some prime p. Thus by hypothesis w(H) is finite,
and we are done. Assume that ¢ > 2. If p € 7(®(H)), observe that
®(H) = P x Q, where P is the Sylow p-subgroup of ®(H) and @ the
Hall p’-subgroup. By induction both w(H/P) and w(H/Q) are finite.
We conclude that w(H) is finite since it is isomorphic to a subgroup of
the direct product of w(H/P) and w(H/Q). The result follows. O

6.2. The word w?. In this subsection we will show that, for any
integer ¢ > 1, the word w? is concise in residually finite groups, when-
ever w is a multilinear commutator word.

ProoF OoF THEOREM [L.1l In view of Proposition [6.5] it is suffi-
cient to show that if G is a virtually pro-p group in which v = w?
takes only finitely many values, then v(G) is finite. Taking into ac-
count Lemma we pass to the quotient G/v(G) and assume that
v(G) is abelian. We can also assume, without loss of generality, that
v(G) is torsion-free since we can pass to the quotient over the finite
normal subgroup generated by the elements of finite order in v(G).
Since G is virtually pro-p, there is 7 > 1 bounding the Fitting height
of the prosoluble subgroups of GG. Indeed, since G has a normal pro-p
subgroup of finite index, say j, any prosoluble subgroup K of G also
has a normal pro-p subgroup, say P, of finite index j. Then obviously
the Fitting height of the finite group K/P is smaller than j and so
h(K) < j, as claimed.
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Write X = X(j, ¢, w) for the variety handled in Theorem [1.3] Let
H be an open normal subgroup of G' containing no nontrivial v-values
of G. Taking into account Lemma (1) one observes that continuous
finite images of H belong to X. It follows that H is a pro-X group. So
H embeds into a Cartesian product of finite X-groups. Since X is a
variety, we conclude that, viewed as an abstract group, H € X.

From now on we treat G as an abstract group. Observe that the
verbal subgroup w(H ) is locally finite (because H € X) and so periodic.
Pass to the quotient G/w(H). By Lemma the image of H in the
quotient G/w(H) is soluble. Thus G/w(H) is virtually soluble and
Lemma [6.3] tells us that w(G/w(H)) has finite exponent. Since any v-
value in G is an element of w(G), we conclude that v(G) is periodic. On
the other hand, v(G) is torsion-free. Hence, v(G) = 1. This concludes
the proof. O

6.3. The word [w?,, y]. The goal of this subsection is to establish
that the word [w?,, y| is concise in residually finite groups, whenever
w is a multilinear commutator word.

The next result is immediate from [7), Proposition 5.4].

PROPOSITION 6.6. Let n,q > 1 and suppose that w = w(xy,. .., xx)
is a multilinear commutator word and v = [w4,, y]. Let G be a virtually
soluble group in which v takes only finitely many values. Then v(G) is
finite.

The following lemmas are taken from [7].

LEMMA 6.7. [7, Lemma 2.12] Let n,d,q be positive integers. Sup-
pose that w = w(xy,...,x,) is a multilinear commutator word and
v = [wl,,y]. Let G be a residually finite group such that v(G) is
abelian. Let gy, ..., gq be wi-values which are right (n+1)-Engel. Then
for every t € G the subgroup (g1, ..., 4ga,t) is nilpotent of (d,n,w,q)-
bounded class.

LEMMA 6.8. [7, Corollary 2.15] Let m,n,c be positive integers and
G a nilpotent group of class at most c. Let g € G and denote by Y the
set of conjugates of elements of the form [g,, x|, where x € G. Assume
that Y s finite with at most m elements. Then each element in'Y has
finite (¢, m)-bounded order.

We are now ready to prove Theorem [I.2} Let w = w(a1,...,zy) be
a multilinear commutator word. For any integers ¢ > 1 and n > 0 the
word v = [w?, , y| is concise in residually finite groups.

PROOF OF THEOREM [I.2l In view of Proposition [6.5] it is suffi-
cient to show that if G is a virtually pro-p group in which v takes only



20 CRISTINA ACCIARRI AND PAVEL SHUMYATSKY

finitely many values, then v(G) is finite. Taking into account Lemma
6.2| we pass to the quotient G/v(G)" and assume that v(G) is abelian.
We can also assume without loss of generality that v(G) is torsion-free
since we can pass to the quotient over the finite normal subgroup gen-
erated by the elements of finite order in v(G). As was shown in the
proof of Theorem since G is virtually pro-p, there is j > 1 such
that the prosoluble subgroups K < G have the property h(K) < j.

Since w is a multilinear commutator word on k variables, by Lemma
any Ox-value is a w-value. Let ) = )(j, k,n, ¢) be the variety as in
Theorem [1.4]

Let H be an open normal subgroup of G containing no nontrivial
v-values of G. In view of Lemma [3.2i) continuous finite images of H
belong to 2). Therefore H is a pro-) group. Thus H embeds into
a Cartesian product of finite )-groups and, since 2) is a variety, the
abstract commutator subgroup H®*) is (locally nilpotent)-by-(locally
finite). In view of Lemma [5.6{ §{(H) is locally nilpotent.

We claim that the quotient H®)/§7(H) is locally finite. Indeed,
choose finitely many dp-values in H and denote by K the abstract sub-
group generated by these elements. Note that K is virtually nilpotent
and so residually finite. Now let L be the abstract subgroup generated
by all 07-values of G contained in K. Note that L is locally nilpotent,
being contained in 0} (H). The quotient group 7' = K/L need not be
residually finite but, by the result in [18], is locally graded.

Similarly to what was done in the proof of Theorem [1.4] choose
any normal subgroup N of finite index in 7. In view of Lemma
the quotient group 7'/N is finite of bounded order. Let Ny be the
intersection of all normal subgroups of finite index in 7. On one hand
T has only finitely many subgroups of any given index. On the other
hand, the index of any normal subgroup of finite index in 7" is bounded.
Thus Ny has finite index in T'. It follows that Ny is finitely generated.
Suppose that Ny # 1. Then N, contains a proper subgroup M of finite
index. Denote by M, the (normal) core of M in T. Since M, is a
normal subgroup of finite index in T properly contained in Ny, we get
a contradiction. Hence M must be trivial and 7" is finite. This implies
that H*®) is locally finite modulo 6] (H), as claimed.

Since 0{(H) < wi(H), the image of H® in G/wi(H) is locally
finite. By Lemma the image of w(H) in G/H®wi(H) is locally
finite. Therefore w(H) is locally finite modulo w?(H).

Since H™® is (locally nilpotent)-by-(locally finite), the group H is
(locally nilpotent)-by-(locally finite)-by-soluble. Of course, H satisfies
the law v = 1, and so all w%values in H are right n-Engel elements.
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By Proposition the Engel elements of H form a locally nilpotent
subgroup. In particular all w9-values in H belong to the Hirsch-Plotkin
radical of H and so w9(H) is locally nilpotent. Thus w(H) is (locally
nilpotent)-by-(locally finite).

Note that H/w(H) is a soluble normal subgroup of finite index in
G/w(H). It follows from Proposition that v(G/w(H)) is finite.
Thus, v(G) N w(H) has finite index in v(G). The local finiteness of
w(H)/wl(H) combined with the fact that v(G) is finitely generated
implies that v(G) N w?(H) has finite index in v(G) N w(H). Hence,
v(G) Nw?(H) has finite index in v(G), and therefore v(G) N w?(H) is
finitely generated.

Choose t € G. It follows that the subgroup (w9(H),t) is locally
nilpotent. Indeed, as shown above wi(H) is locally nilpotent and if x
is a wi-value in H, then for any y € G we have [z,,y] = 1 because
H does not contain nontrivial v-values. Furthermore by [21], Exercise
12.3.6] the subgroup (z)® is generated by finitely many conjugates of
x. In order to prove that w9(H)(t) is locally nilpotent, choose a finite
subset X C w?(H)(t). We need to show that (X) is nilpotent. If
X Cwi(H), then (X) is nilpotent because w?(H) is locally nilpotent.
Assume now that X € w?(H). Then there is a finite subset Y C w?(H)
and a positive integer 7 such that (X) = (Y,¢'). So it is sufficient to
prove that (Y,t) is nilpotent. Note that Y is contained in a subgroup
generated by finitely many w?-values in H. Without loss of generality
we can assume that Y = (by,...,bs), where by,... by are w?-values
in H. The above observation on the subgroups (z)® implies that ¢
normalizes a subgroup, say Yy, containing Y which is generated by
finitely many w?-values in H. Since Y} is nilpotent, we are now in a
position to apply Lemma 2.6 and deduce that (Y, t) is nilpotent. Hence
(wi(H),t) is locally nilpotent, as required. Combining this with the
fact that v(G)Nw?(H) is finitely generated, we deduce that there exists
an integer s such that [v(G) Nw?(H),t] = 1.

Since v takes only finitely many values in G, the index of C(v(G))
in (G is finite and so the conjugation by ¢ induces an automorphism of
v(Q) of finite order, say r. By Lemmawe have [(v(G)Nw?(H))™ ", 1]
1. Asv(G)Nw?(H) is abelian, it follows that [v(G)Nw?(H), t] has finite
exponent dividing r*~'. Hence [v(G) Nw?(H),t] = 1, because v(G) is
torsion-free.

Combining the previous observation with the fact that the con-
jugation by ¢" induces the trivial automorphism on v(G), we get that
(v(G)Nw?(H))(t") is a central subgroup of finite index in v(G)(t). Then
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by Schur’s theorem the commutator subgroup of v(G)(t) is finite. Ob-
viously the quotient v(G)(t)/v(G) is abelian. Hence the commutator
subgroup of v(G)(t) is contained in v(G) and, taking into account that
v(@G) is torsion-free, we have [v(G),t] = 1. Since ¢t was chosen in G
arbitrarily, we now conclude that v(G) is central in G. In particular, if
we take any w-value g in G and t € G, then we have [¢9,,,1t] = 1.

In view of Lemma the subgroup (g9,t) is nilpotent and so by
Lemma we obtain that any element of the form [¢?,,, t] has finite
order. Since v(@G) is torsion-free and [¢?, ,, t] is an arbitrary v-value, we
deduce that v(G) = 1. This concludes the proof. O
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