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Abstract

The increasing prevalence of Physical Human-Robot Interaction (pHRI) and col-

laborative robots (cobots) presents new opportunities in high-specialization fields,

particularly in clinical and medical settings. However, enabling non-expert users,

such as therapists and surgeons, to effectively leverage these technologies requires

systems that are intuitive to program, safe to interact with, and highly specialized

for the given task. Several methods can be considered in order to facilitate users

who are not familiar with cobots. In particular, this thesis proposes to consider

a comprehensive framework for advanced VF, based on an admittance control

logic, that allows to face the above mentioned challenges.

The framework’s foundation addresses intuitive robot programming. Begin-

ning with a Learning by Demonstration (LbD) approach based on Kinesthetic

Teaching (KT), this thesis introduces a novel solution to the fundamental problem

of trajectory misalignment. The developed Spatial Sampling Algorithm (SSA) de-

couples a trajectory’s geometry from its temporal execution. By producing an

arc-length-based representation, the SSA generates a regular curve that inher-

ently prevents the ”stagnation” phenomenon—a common failure mode in time-

dependent methods—thereby ensuring a fluid and robust time-agnostic interac-

tion.

The theoretical core of this thesis lies in the rigorous analysis and design of

specialized VFs, a topic also explored in-depth in a dedicated survey. A funda-

mental contribution is the formal stability analysis for constrained admittance

controllers, a critical aspect of safe pHRI. This analysis incorporates real-world

non-idealities often overlooked, such as joint elasticity, system delays, and actua-

tor saturation. Using Nyquist analysis and the describing function method, it is

demonstrated how these effects combine to create limit cycles and undesired os-

cillations. Furthermore, this discussion directly informs a novel parameter adap-

tation strategy, designed to maximize user transparency by minimizing perceived

effort, while guaranteeing system stability under all operating conditions.

This robust theoretical and methodological framework is then validated in

two complex clinical applications. For Rehabilitative Robotics, a complete sys-

tem for upper-limb therapy was developed. This includes a novel optimization

1



Abstract 2

method for cobot placement based on a payload index to maximize therapeutic

efficacy. The system implements a virtual channel with non-linear elastic forces,

uniquely combining soft guidance within the channel with hard, boundary-based

constraints. Experimental validation, including user-perception analysis (NASA

Task Load Index (NASA-TLX)), confirmed a reduction in interaction forces and

perceived workload compared to standard methods.

For Surgical Robotics, an anisotropic VF was designed specifically for deli-

cate Resection and Dissection (R&D) procedures. This specialized VF preserves

freedom of movement along the task-relevant line while constraining orthogonal

directions to enhance safety. To overcome the rigidity of traditional VF, a dy-

namic adaptation mechanism was introduced. By inferring operator intent—such

as the need to reposition—from Electromyography (EMG) signals, the surgeon

can dynamically modulate or disengage the constraint via muscle co-contraction,

significantly improving flexibility and safety.

In summary, this thesis delivers a holistic and experimentally validated solu-

tion that addresses the entire development chain for advanced pHRI: from the

intuitive definition of tasks (LbD + SSA) and the theoretical analysis of safety

(Stability and Transparency), to the implementation of specialized (Rehabilita-

tion VF) and adaptive (Surgical VF + EMG) systems. The result is a comprehen-

sive framework that makes collaborative robotics a safe, intuitive, and effective

tool for specialists in the clinical domain.



Chapter 1

Introduction

1.1 The Rise of Collaborative Robotics in Com-

plex Domains

The traditional paradigm of robotics, defined by powerful manipulators operat-

ing in isolated and caged environments, is undergoing a fundamental transfor-

mation. We are entering an era defined by physical, cognitive, and collaborative

interaction between humans and machines. This shift, broadly termed Physi-

cal Human-Robot Interaction, has been catalyzed by the advent of a new class

of manipulators: the collaborative robots. Unlike their industrial predecessors,

cobots are designed with inherent safety mechanisms, lightweight structures, and

advanced sensing, enabling them to share a workspace and physically cooperate

with human users.

This evolution is not merely an industrial trend; it unlocks revolutionary

potential in complex, high-stakes domains where human expertise is irreplaceable,

but human physical capabilities are a limiting factor. The most prominent of

these domains is medicine.

In rehabilitative robotics, cobots offer a solution to the growing demand for

intensive, repetitive, and personalised therapy. They can be employed as end-

effector devices to guide a patient’s limb, replicating Activities of Daily Living

(ADL) or providing consistent, data-driven exercises for upper-limb recovery af-

ter neurological injuries. The ability to precisely modulate forces and adapt to

patient progress makes them powerful tools for therapists.

In robot-assisted surgery, particularly in Minimally Invasive Surgery (MIS),

this collaborative paradigm enhances the surgeon’s capabilities. Rather than

replacing the surgeon, the robot acts as an intelligent, steady hand. It can pro-

vide enhanced dexterity, scale motion, filter tremors, and guide instruments with

superhuman precision, especially in delicate procedures like Resection and Dis-

3
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section (R&D) that operate near sensitive anatomical structures.

The integration of cobots promises to augment human capabilities across all

these domains. However, this potential brings significant new challenges that are

universal to all pHRI applications. For any interaction to be effective, the robot

cannot simply be a passive, safe tool; the physical collaboration itself must be

intelligently structured, guided, and controlled.

1.2 The Research Problem

The bridge from a passive, safe cobot to an effective collaborative partner is built

on software-defined guidance. This necessity drives the core problem addressed by

this thesis: the need for advanced guidance systems, known as Virtual Fixtures,

that are not merely effective, but are also provably safe, intuitive for non-expert

users, transparent in their operation, and adaptive to both the operator and the

dynamic clinical context.

This dissertation argues that existing solutions fail to adequately address these

four interconnected challenges simultaneously:

1. The Intuition Problem: How can a non-expert, such as a surgeon or ther-

apist, efficiently and intuitively program a complex robotic task? Learning

by Demonstration via Kinesthetic Teaching is a promising solution, but it is

fundamentally flawed. When a user demonstrates a task, they impart both

geometry and timing. If the user pauses or hesitates randomly during the

demonstration, standard time-dependent algorithms encode these pauses

as part of the skill. This leads to the ”stagnation phenomenon”: when the

user later interacts with the robot to repeat the task, the controller fails

to properly map the applied forces to motion, causing the robot to arbi-

trarily stall or become unresponsive in those specific locations. Solving this

requires fully decoupling the spatial path from the execution time.

2. The Safety and Transparency Problem: How can we guarantee that

the robot’s guidance is stable and feels natural? Admittance control is the

dominant paradigm for creating soft, compliant VFs. However, a ”stable”

controller on paper can become dangerously unstable in practice. Real-

world non-idealities—such as actuator saturation, system delays, and joint

elasticity—are typically ignored in formal analyses. This gap between the-

ory and reality means that controllers are often tuned conservatively, sac-
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rificing performance and transparency (i.e., feeling ”heavy” or ”sluggish”)

to avoid undesired oscillations, undermining the very purpose of the cobot.

3. The Adaptation Problem: How can a robot adapt when the context

changes? A pre-programmed VF, even one that is stable and intuitive, is

rigid. In a surgical procedure, tissue may move; in rehabilitation, a patient

may fatigue. An operator may need to deviate from the path to handle an

unexpected event. A rigid VF that cannot adapt to the user’s real-time

intent ceases to be an assistant and becomes an obstacle.

4. The Clinical Translation Problem: How can generalized control the-

ories be effectively translated into specialized medical applications? Many

theoretical frameworks lack validation in realistic scenarios. Bridging the

gap between abstract mathematical stability and practical, task-specific im-

plementation—such as handling the unique kinematics of upper-limb reha-

bilitation or the delicate, discontinuous nature of surgical dissection—remains

a critical hurdle for the adoption of collaborative robotics in healthcare.

These gaps reveal the need for a holistic framework that integrates a ro-

bust programming-by-demonstration method, a rigorous stability analysis that

accounts for real-world dynamics, and an intuitive adaptation mechanism based

on user intent, fully validated in realistic clinical scenarios.

1.3 Objective of the Thesis

The primary objective of this thesis is to develop and validate a complete frame-

work for the design and control of advanced VFs for pHRI, enabling non-expert

users in the medical field to employ collaborative robots safely, intuitively, and

effectively.

To overcome the aforementioned challenges, this research pursues four specific

goals:

1. Robust Task Encoding: To develop a time-agnostic alignment method-

ology (SSA) capable of extracting pure geometric constraints from noisy

human demonstrations, thereby eliminating temporal artifacts like the stag-

nation phenomenon.

2. Stability Under Constraints: To formally analyze the stability bound-

aries of admittance-controlled VFs, explicitly incorporating hardware non-

idealities to safely maximize transparency.
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3. Intent-Based Adaptation: To design adaptive architectures that contin-

uously modulate the virtual constraints in real-time by inferring the oper-

ator’s intent from physiological signals.

4. Clinical Validation: To instantiate and validate the developed framework

within two highly complex domains: upper-limb rehabilitation and soft-

tissue robotic surgery.

1.4 Main Contributions

This dissertation presents several novel contributions to the field of pHRI and

robotic control, which are supported by peer-reviewed publications. The main

contributions are:

1. A Comprehensive Survey of Virtual Fixtures. A systematic review

and novel taxonomy of VF research from the last decade, categorized by

acquisition, formulation, and implementation methods.

2. Novel Application of Spatial Alignment for LbD. The introduction

of the SSA as a robust re-parameterization tool for Kinesthetic Teaching.

This directly resolves interaction failures caused by human temporal incon-

sistencies during task demonstration.

3. A Formal Stability Analysis of Admittance-Controlled VFs. A

rigorous Describing Function analysis that, for the first time, models the

combined effects of joint elasticity, system delays, and actuator saturation,

directly informing a safe parameter adaptation strategy.

4. An Optimized Framework for Upper-Limb Rehabilitation. An end-

to-end system featuring a novel workspace optimization method (based on

a vertical payload index) and a Hybrid Impedance VF that seamlessly tran-

sitions between active and passive therapy modes.

5. An Adaptive Anisotropic VF Based on User Intent. A surgical

framework featuring an EMG-driven interface (Virtual Clutch). This allows

the surgeon to dynamically modulate the constraint geometry via muscle

contraction, significantly reducing cognitive workload during complex Re-

section and Dissection procedures.
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1.5 Structure of the Thesis

This dissertation is structured as a unified monograph that logically progresses

from the analysis of the state of the art to the methodological foundations, fol-

lowed by the theoretical control framework, and finally culminating in the exper-

imental validation across two distinct clinical domains.

Chapter 2 provides a comprehensive review of the state of the art in Virtual

Fixtures. Based on a systematic survey of the literature, it establishes a rigorous

taxonomy for classifying constraints based on their acquisition, formulation, and

implementation, highlighting the open challenges that this thesis aims to address.

Chapter 3 details the methodological foundations for intuitive task defini-

tion. It introduces the core concepts of Learning by Demonstration (LbD) and

presents the Spatial Sampling Algorithm (SSA) as a novel solution for robust tra-

jectory alignment. This chapter demonstrates how decoupling the geometric path

from the temporal execution is the necessary prerequisite for stable admittance

control.

Chapter 4 addresses the theoretical core of safe interaction. It presents

the unified control framework developed in this work, providing formal proofs

of passivity and asymptotic stability for the interconnected human-robot system

using Lyapunov theory and the framework of dissipative systems.

Chapter 5 bridges the gap between theoretical validity and real-world im-

plementation. It extends the stability analysis to non-ideal operating conditions,

investigating the impact of parasitic effects such as time delays, discretization,

and actuator saturation. Through sensitivity analysis, it identifies the stability

boundaries for variable admittance control.

Chapter 6 presents the first major application of the proposed framework:

upper-limb rehabilitation. It details the system’s design, introducing a novel

workspace optimization method based on a payload index. Furthermore, it vali-

dates the Hybrid Impedance Control (HIC) architecture, demonstrating its ability

to seamlessly transition between passive and active interaction modes.

Chapter 7 presents the second application: robot-assisted surgery. It focuses

on adaptive control based on user intent for Resection and Dissection tasks.

Specifically, it details the design of an anisotropic VF and introduces a novel

EMG-based interface (Virtual Clutch) that allows the surgeon to dynamically

modulate the constraint geometry in real-time.

Chapter 8 concludes the thesis by summarizing the main contributions, dis-

cussing the limitations of the current work, and outlining promising directions
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for future research in collaborative robotics for healthcare.



Chapter 2

Virtual Fixtures in

Human-Robot Interaction

The objective of this chapter is to provide a comprehensive overview of the domain

of this thesis: the Virtual Fixture. Starting from the fundamental concepts of

physical interaction, it presents a detailed taxonomy of VFs based on recent

literature, with a particular focus on the developments occurred between 2015

and 2025 [1]. This chapter analyzes the types of fixtures, the methods for their

definition, and the frameworks for their implementation.

2.1 Virtual Fixture Types

A VF is a software-generated constraint or guidance field applied through a

robot’s control system to assist a human operator [2]. Since their inception, Vir-

tual Fixtures have been investigated to enhance safety, precision, and efficiency

in robotic applications [3]. From the perspective of their functional impact on the

user, they can be broadly classified into two main categories: Guidance Virtual

Fixtures and Forbidden Region Virtual Fixtures [4].

2.1.1 Guidance Virtual Fixture (GVF)

Guidance Virtual Fixtures, also referred to as ”assistive virtual fixtures” or ”guid-

ance constraints”, are designed to actively attract or guide an operator’s motion

along a desired geometric entity. The primary goal of a GVF is to enhance task

accuracy, precision, and efficiency by facilitating the tracking of a specific path

or the maintenance of a correct orientation [5].

These fixtures act by ”pushing”, ”pulling”, or simply ”guiding” the user to-

ward a reference geometry, which can be a point, a curve, or a surface. Prominent

examples in literature include:

9
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• Rehabilitation: A GVF can be implemented as a ”virtual channel” de-

fined by a parametric curve φ(s). The system guides the patient’s limb

along this path, ensuring the exercise is performed correctly while allowing

for tracking errors to stimulate motor learning [6], [7].

• Surgery: A GVF can define the precise line for a dissection or suturing

task, providing selective freedom of movement along the task-relevant di-

rection while constraining undesired motions to protect surrounding tissues

[8], [9].

• Industry: A GVF can assist in complex assembly tasks, such as ”peg-in-

hole” operations, by guiding the robot’s tool toward the mounting location

or maintaining alignment during collaborative transport [10], [11].

Functionally, the assistance provided by a GVF can be rendered in two main

ways. It can act actively, generating a haptic feedback force that ”drags” the

user toward the correct position. Conversely, it can act passively ; in this case, the

constraint leaves the user free to perform the task but provides opposing haptic

feedback only when a deviation from the reference occurs, effectively acting as a

guide rail.

2.1.2 Forbidden Region Virtual Fixture (FRVF)

In contrast to the assistive nature of GVFs, Forbidden Region Virtual Fix-

ture—also known as ”restrictive virtual fixtures” or ”regional constraints”—are

designed to limit motion. Their primary purpose is not to guide a user along a

path, but to enhance safety by actively preventing the user from entering prede-

fined unsafe or undesired regions [12].

Functionally, an FRVF acts as a ”virtual wall”. While GVFs often constrain

motion to a lower-dimensional manifold (e.g., a curve), FRVFs constrain motion

outside of a defined geometric entity. Consequently, the constraint itself is typi-

cally a volume in 3D space, and the robot is permitted to move anywhere within

the workspace except inside this restricted volume.

This approach is critical in safety-critical applications:

• Surgical Robotics: An FRVF can be defined from pre-operative anatomi-

cal models (e.g., CT or MRI scans) to create a ”no-go zone” around sensitive

structures like major arteries or nerves. The robot resists any attempt by

the surgeon to move the tool into this protected region [13], [14].
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• Industrial Co-manipulation: FRVFs are employed to prevent the robot

from colliding with the human operator or sensitive equipment in a shared

workspace [15].

2.2 Interaction Modes and Control Architectures

As introduced in Chapter 1, Physical Human-Robot Interaction describes systems

in which a human and a robot interact physically, exchanging forces in a shared

workspace [16]. This interaction is generally classified into two main modes, as

illustrated in Figure 2.1.

The first mode is Teleoperation. In this paradigm, the operator (master)

and the robot (slave) are physically separated. The operator imposes a motion

on an input device, which is replicated by the robot in a remote environment.

Physical interaction occurs through haptic feedback: forces encountered by the

robot are transmitted and rendered to the operator, creating a sense of remote

”presence” [17], [18].

The second mode is Co-manipulation. This represents the limiting case of

pHRI where the distance between the operator and the robot is zero. The user

is in direct physical contact with the robot, typically by grasping its end-effector

to perform a task jointly [19]. In this scenario, the external forces fext acting on

the robot directly include the force fh exerted by the human.
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Figure 2.1: Use of VFs in the three main application fields: (a) Teleoperation,
(b) Co-manipulation (pHRI), and (c) Autonomous operations.

2.3 Constraint Acquisition and Dimension

The establishment of a VF from its inception can be systematically divided into

three different phases, as illustrated in Figure 2.2. This procedure follows a

logical progression—moving from left to right—starting from the acquisition of

raw geometrical data, moving to the mathematical definition (formulation), and

concluding with the physical implementation resulting in the haptic feedback

generation.

Before a virtual fixture can be formulated and implemented, its geometric

properties must be defined. This process involves two fundamental choices: the

acquisition method (i.e., how the constraint data is obtained) and the dimension

of the constraint.

2.3.1 Constraint Acquisition

Constraint acquisition refers to the method used to obtain the raw data defining

the fixture’s geometry. The literature categorizes these methods into three main

families [1], [3].

Analytic This approach defines constraints through explicit mathematical ex-

pressions. It is computationally efficient and predictable, making it ideal for tasks

with clearly defined geometries, such as following a straight line or avoiding spher-
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Figure 2.2: The three phases of the virtual fixture establishment: Acquisition,
Formulation, and Implementation (adapted from [1]).

ical obstacles [20]. However, its primary disadvantage is limited flexibility, as it is

ill-suited for representing complex, irregular shapes or adapting to unstructured

environments.

Synthetic This method defines fixtures using pre-computed datasets, such as

3D scans, CAD models, or point clouds. The key advantage is the ability to

represent arbitrarily complex geometries, such as organ surfaces or patient-specific

anatomy [21]. This is valuable for creating accurate forbidden regions in surgery

[13]. The trade-off lies in higher memory consumption and the computational

cost required to process discrete data in real-time [22].

Demonstration Also known as Learning by Demonstration, this category in-

volves an expert user ”teaching” the constraint to the robot [23]. This human-

centric approach is central to this thesis due to its intuitiveness. Depending on

the interaction interface, this approach can be subdivided into:

• Kinesthetic Teaching (KT): The operator directly grasps and physi-

cally guides the robot’s end-effector or structure to demonstrate the desired

motion. The robot, typically under gravity compensation, records its own

poses to learn the path. This method allows the user to intuitively feel the

robot’s actual physical workspace and kinematic limits, making it widely

used in rehabilitation and industrial co-manipulation [24], [25].

• Vision: A non-contact method where cameras or depth sensors track a

target to define geometry. It enables real-time acquisition in dynamic envi-

ronments [26], [27].

• Teleoperation: While conceptually analogous to KT as a form of human

demonstration, the foundational literature on Learning by Demonstration
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[28] formally differentiates teleoperation due to its master-slave architecture.

The expert performs the task via a physically decoupled master input device

(e.g., a haptic console), and the constraint is recorded from the remote slave

robot’s motion [29], [30]. Unlike KT, this physical decoupling allows for

motion scaling and completely hides the inertia of the slave robot from the

user, making it the standard approach for acquiring demonstrations in MIS

where direct manipulation of the robotic arms is unfeasible.

2.3.2 Constraint Dimension

Position Constraints The most common constraints apply to the robot’s 3D

position:

• 0D (Point): Used as an attractive GVF to guide the user to a specific

target [31].

• 1D (Curve): A curve φ(s), extensively used in path-following tasks for

rehabilitation and dissection [32].

• 2D (Surface): Used to guide a tool across a surface without penetrating

it [33].

• 3D (Volume): The default for FRVFs, or as a ”virtual channel” GVF [8].

Orientation Constraints In addition to position, VFs can also constrain the

rotational degrees of freedom (DoF). In some basic MIS applications, orientation

constraints are partially implicit due to the Remote Center of Motion (RCM),

which limits the tool shaft’s rotation around the insertion point [34], [35]. How-

ever, modern robot-assisted laparoscopy heavily relies on wristed instruments,

which introduce additional intra-corporeal rotational DoFs that are entirely in-

dependent of the RCM. Furthermore, specific surgical tasks—such as bone surface

abrasion using orthopedic robots (e.g., the Stryker MAKO system)—require the

end-effector (the milling machine) to maintain a precise orientation relative to the

target anatomy to ensure safe and effective cutting. In these advanced scenarios,

the RCM is insufficient, and explicit orientation VFs become strictly necessary.

When orientation constraints are explicitly implemented, the central challenge

becomes the mathematical representation of the orientation misalignment eo ∈
R

3. The literature highlights diverse approaches to define this error:
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However, when orientation constraints are explicitly implemented, the central

challenge becomes the mathematical representation of the orientation misalign-

ment eo ∈ R
3. The literature highlights diverse approaches to define this error:

• Unit Quaternions: This method is widely adopted for its robustness

against singularities. The misalignment eo is typically obtained by extract-

ing the vector part from the quaternion product:

eo = vec(∆q), where ∆q = qd ⊗ q, (2.1)

where qd and q represent the desired and actual orientations [36], [37].

• Rotation Matrices: The misalignment is initially represented by the ma-

trix error EO = RT
dR. To obtain the vector eo, two main strategies are

used:

1. The Matrix Logarithm, where Eow = log(RT
dR) is mapped to R

3 via

the ‘vee‘ operator (eo = vee(Eow)) [38].

2. A Linear Approximation for small displacements, defined as the skew-

symmetric part ẼOw
= 1

2
(RT

dR−RTRd) [24].

• Axis/Angle: The error is derived from the equivalent rotation angle θ

about a unit axis û, resulting in the Euler vector eo = θû [39], [40].

• Vector Product: Often used for aligning a tool axis ẑ with a target axis

ẑ0, the error is derived from the misalignment angle ζ = arccos(ẑT · ẑ0),

enforcing conditions such as ζ < ζmax [41].

• Euler Angles: The error is expressed as the difference in a 3-element vec-

tor (e.g., Roll-Pitch-Yaw or XYZ conventions). While this representation

famously suffers from gimbal lock singularities [42], [43], it remains present

in the literature due to its unparalleled physical intuitiveness. Specifically,

Euler angles allow for the trivial decoupling of individual rotational DoFs.

For instance, in surgical drilling or screwing tasks, it is often necessary to

strictly constrain the pitch and yaw of the tool while leaving the roll axis

completely free. This independent, axis-specific modulation is straightfor-

ward to implement using Euler angles, whereas it requires complex mathe-

matical decoupling when using unit quaternions or rotation matrices. Con-

sequently, Euler angles are still employed in specific applications where the

workspace is bounded and guaranteed to remain far from singular configu-

rations.
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2.4 Constraint Formulation

The term constraint formulation refers to the manner in which the reference

geometry is defined, thereby specifying the spatial regions in which the robot

is allowed or forbidden to move. The formulation can be broadly categorized

into Direct (parametric or non-parametric) and Indirect (based on induction

mechanisms like potential fields).

2.4.1 Indirect Formulation

In an indirect formulation, the constraint geometry is implicitly defined by a field

or a set of dynamics.

Potential Field (PF) Originating from the seminal work of Khatib [44], this

method defines the constraint geometry implicitly through a scalar potential func-

tion ϕ(x) defined over the robot’s workspace, or in a suitable subspace of it [45],

[46]. In this context, the state vector x denotes the configuration in the considered

task space, which typically refers to the Cartesian position but may effectively

include orientation coordinates depending on the task requirements.

As illustrated in Figure 2.3, the environment is mapped such that obstacles

are modeled as high-potential ”hills” (repulsive regions), while targets or desired

paths are modeled as low-potential ”valleys” (attractive regions) [47]. Depending

on the chosen control implementation strategy (impedance or admittance), two

main formulations can be distinguished:

fV F = ±∇ϕ(x), (2.2a)

xV F = argmin
x

(ϕ(x)). (2.2b)

The formulation in (2.2a) is adopted whenever an impedance implementation

is used. Here, ∇ is the gradient of the potential field, and the sign ± determines

whether the generated force fV F acts as a repulsive (minus) or attractive (plus)

field to constrain the user’s motion. Conversely, the formulation in (2.2b) is

adopted for admittance implementations. In this case, the desired reference path

xV F is generated by navigating through the regions of the workspace associated

with the minima of the potential field ϕ(x).
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Figure 2.3: Example of potential field ϕ(x) (a) and the corresponding level curves
(b) for a two-dimensional task.

Dynamical System (DS) In this framework, the constraint guiding the user

is encoded through non-linear dynamics [48], [49], typically formulated as:

ζ̇V F = fds

(
ζV F , u

)
, (2.3)

where the definition of the state vector ζV F depends on the system order: it

corresponds to the position xV F in a first-order system, or to the full state vector

[xT
V F

, ẋT
V F

]T in a second-order system. The input signal u allows incorporating

external factors, most notably the force applied by the user during the interaction.

A prominent class within this category is represented by Dynamic Movement

Primitives [50], [51]. DMPs model the task as a stable linear attractor (e.g., a

mass-spring-damper system) augmented with a non-linear forcing term learned

from demonstration. This approach guarantees smooth, convergent trajectories

and has been widely extended to virtual fixture frameworks in various domains,

including rehabilitation [6], [52], human–robot handovers [53], [54], and manufac-

turing tasks [55].

Probabilistic and Learning Approaches These methods infer the constraint

geometry directly from data, exploiting multiple demonstrations to build a prob-

ability distribution p(x) defined over the robot’s task space or a suitable subspace

[56], [57]. This allows capturing both the task structure and its inherent variabil-

ity.

In close analogy to the potential field formulations presented in (2.2), proba-

bilistic virtual fixtures can be expressed through dual formulations depending on
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the control causality:

fV F = ±∇p(x), xV F = argmax
x

(p(x)). (2.4)

The left-hand formulation corresponds to the probabilistic analogue of the impedance-

based potential field, where the gradient of the distribution induces a virtual force

field. Here, the sign determines the interaction nature: a positive gradient gener-

ates an attractive field guiding the user toward high-probability regions, whereas

a negative gradient creates a repulsive effect. The right-hand formulation mirrors

the admittance-based approach, where the desired reference xV F is obtained by

extracting the most probable path, i.e., navigating through the maxima of the

distribution p(x) [58], [59].

While the most widespread probabilistic implementations rely on Gaussian

Mixture Model (GMM)s, this category conceptually extends to Learning ap-

proaches, such as Reinforcement Learning (RL). In RL contexts, the probability

distribution function p(·) is replaced by a reward function r(·) to shape the robot’s
compliance and guidance behavior.

2.4.2 Direct Formulation

In a direct formulation, the constraint geometry is explicitly defined by a mathe-

matical relationship involving the robot’s configuration. Based on the presence of

auxiliary variables, this category is divided into parametric and non-parametric

approaches.

To illustrate, consider a planar task where the end-effector is constrained to

a circular path of radius R centered at (xc, zc) in the xz-plane. In a parametric

formulation, the constraint introduces an auxiliary angle s to define the allowed

coordinates:

hp(q, s) =

[

x− (xc +R cos s)

z − (zc +R sin s)

]

= 0. (2.5)

This approach is particularly powerful for defining complex curves. In this thesis,

Parametric B-Splines are adopted due to their compactness and C2 continuity

[60]. Crucially, this formulation allows for arc-length parameterization, which is

essential to ensure smoothness in admittance control and to handle task singu-

larities [32].

Non-Parametric Formulation Conversely, a constraint is direct-non para-

metric if it is defined by a function hnp(q) = 0 that relies exclusively on the
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configuration variables, without any external parameter [61]:

hnp(q) = 0. (2.6)

Applying this to the previous example of the circular path, the geometry is defined

implicitly:

hnp(q) = (x− xc)
2 + (y − yc)

2 − r2 = 0. (2.7)

While analytically elegant for simple geometric primitives, in complex unstruc-

tured environments this formulation typically relies on discrete data such as point

clouds or meshes. Although flexible for representing arbitrary shapes [13], real-

time interaction in this domain is often computationally demanding, requiring

expensive algorithms to compute the distance to the nearest constraint point

[22].

2.5 Constraint Compliance

This aspect determines the ”feel” of the fixture. As shown in Figure 2.4, differ-

ent combinations of constraint dimensions and stiffness levels may yield similar

behaviors.

Hard Constraints These define an impenetrable boundary. They are essen-

tial for FRVFs in safety-critical tasks [4], preventing tool penetration into sen-

sitive volumes (Fig. 2.4(c)) or strictly confining motion to a ”hard” channel

(Fig. 2.4(a)). It is important to clearly distinguish the implementation of hard

VFs from the related field of collision detection and haptic rendering, which is

extensively studied in telepresence and virtual reality environments. While ad-

vanced haptic rendering focuses on efficiently computing exact contact points and

simulating realistic reaction forces between highly complex, high-resolution 3D

polygonal meshes (e.g., a robotic tool interacting with arbitrary environmental

obstacles), VFs generally rely on mathematically concise analytical or parametric

boundaries. Their primary objective is not the high-fidelity physical simulation

of environmental contacts, but rather the proactive and robust shaping of the

user’s control input to enforce safe, ergonomic, and stable task execution.

Soft Constraints Soft constraints (Fig. 2.4(b)) allow deviations from the ref-

erence, applying a restoring force proportional to the error (e.g., a virtual spring).
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Figure 2.4: Examples of positional constraints. (a) Hard type constraint geometry
of dimension curve, (b) Soft type constraint geometry of dimension curve, (c)
Hard type constraint geometry of dimension volume.

This is typical for guidance, enabling assist-as-needed (AAN) paradigms where

the user is gently guided but not rigidly locked to a path [62].
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2.6 Constraint Implementation

The implementation defines the control law that renders the formulated con-

straint. As illustrated in Figure 2.5, two main paradigms exist with opposite

causalities.

2.6.1 Impedance-based Implementations

Following the causality motion commands force, the VF generates a force fV F

based on kinematic error [17]. This Cartesian restoring force is then mapped

into the joint space via the Jacobian transpose (JT (q)) to compute the reference

joint torques, which are subsequently tracked by the robot’s low-level Torque

Controller.

• Viscous Coupling: Generates a damping force fV F = f v(ẋ) to resist

motion in restricted directions.

• Elastic Coupling: Uses a virtual spring-damper fV F = f el(x̃)+f v( ˙̃x). It

is the most common method for creating both soft guidance and repulsive

fields [63].

• Force Projection/Filtering: Calculates the exact force required to cancel

user input violating a constraint. This is often formalized using Lagrange

multipliers λ and µ associated with bilateral and unilateral constraints [43]:

fV F = A(q)⊤λ+C(q)⊤µ, (2.8)

where A(q) and C(q) describe the geometric constraints. This force can

be applied directly (hard constraint) or incorporated into an admittance

model dynamics.

2.6.2 Admittance-based Implementations

Following the causality force commands motion, the VF modifies the motion refer-

ence based on input forces. The resulting Cartesian reference variables (typically

position xVF and velocity ẋVF) are subsequently mapped into the joint space us-

ing Inverse Kinematics (IK) algorithms, providing the reference setpoints (qd, q̇d)

for the robot’s low-level Position/Velocity Controller.
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Figure 2.5: Block-diagram representation of virtual fixtures with opposite causal-
ities: impedance type (a) and admittance type (b).

Constrained Optimization The kinematic reference ζVF is obtained by solv-

ing an optimization problem to find the admissible motion closest to the user’s

intent (reference ζref) while respecting constraints:

ζVF = argmin
ζ

H(ζref , ζ) s.t. ζ ∈ Sζ. (2.9)

Here, H(·, ·) represents a cost function penalizing the deviation from the user’s

intended motion, and Sζ denotes the feasible set of all admissible kinematic states

defined by the VF geometry (e.g., the collision-free space for a forbidden region,

or the bounded corridor for a guidance channel). This approach is powerful for

enforcing complex constraints (e.g., from anatomical meshes) [21].

Force Projection / Filtering The reference velocity ẋV F is obtained from

the external force fext through a direction-dependent mapping. A widely used

linear relationship is [64]:

ẋV F = c ([D] +W ⟨D⟩)fext, (2.10)

where [D] projects onto preferred directions (tangential), ⟨D⟩ projects onto for-

bidden directions (orthogonal), and W is a weighting matrix that scales down the
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response in restricted directions. It is crucial to note that this direct projection

method is highly efficient for geometric primitives or analytically defined para-

metric curves, where the tangent and normal vectors required to populate the

projection matrices can be explicitly computed in real-time. However, applying

this exact formulation to arbitrary, highly complex geometries (such as high-

resolution anatomical meshes) is not trivial. In such unstructured environments,

the continuous evaluation of the local contact normal ⟨D⟩ requires the integration
of sophisticated collision detection and haptic rendering algorithms—such as dis-

tance fields queries or God-Object heuristics developed for advanced telepresence

[65], [66]—to computationally bridge the gap between arbitrary polygonal meshes

and the directional admittance mapping.

Dynamic Proxy The external force drives a virtual ”proxy” mass constrained

to the geometry. This can be combined with the filtering approach to define the

proxy’s dynamics:

MẍV F +BẋV F = C ([D] +W ⟨D⟩)fext. (2.11)

This formulation allows for fine control of the robot’s dynamic behavior, which is

particularly effective in HRI for shaping user actions [37]. Crucially, this dynamic

proxy paradigm constitutes the foundational control core of the present thesis.

As will be detailed in the subsequent chapters (specifically from Chapter 4 on-

wards), the control architectures developed in this work employ an admittance-

based virtual mass constrained to an arc-length parameterized path. This specific

choice allows the system to seamlessly decouple the geometric guidance from the

temporal execution speed, ensuring stable and intuitive co-manipulation in both

rehabilitative and surgical scenarios.

2.7 Case Studies: Virtual Fixtures in Rehabili-

tation and Surgery

The theoretical framework presented in this chapter finds concrete application in

the two domains addressed by this thesis: upper-limb rehabilitation and robot-

assisted surgery. This focus is not arbitrary but reflects the dominant trends in

recent research. As illustrated in Figure 2.6, approximately 50% of the contribu-

tions in the field of virtual fixtures over the last decade are concentrated in the

medical domain, encompassing surgery, rehabilitation, and training [1].
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Figure 2.6: Percentage distribution of VFs applications (adapted from [1]). The
medical field represents the majority of research efforts, particularly within Tele-
operation and Co-manipulation domains.

Furthermore, the breakdown by interaction mode (Figure 2.6, bottom) reveals

that medical applications are the primary driver for advancements in both Tele-

operation and Co-manipulation. Figure 2.7 further contextualizes this by summa-

rizing the technical trends: while Teleoperation often relies on soft, impedance-

based methods for guidance, Co-manipulation increasingly favors admittance-

based transparency to promote safe and ergonomic collaboration. This prefer-

ence for admittance control in physical co-manipulation stems from its ability to

mask the actual mechanical dynamics of the manipulator. In a pure impedance

scheme, the human operator physically interacts with the robot’s inherent mass

and joint friction, which can be fatiguing, especially with industrial-grade col-

laborative robots. Conversely, an admittance scheme senses the user’s force fext
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Figure 2.7: Summary of research trends in robotic VFs (2014–2025) categorized
by acquisition, formulation, and implementation methods. Dark blue histograms
represent impedance-implemented VFs, while light blue histograms represent
admittance-implemented VFs (adapted from [1]).

and feeds it into a virtual dynamic model (e.g., the dynamic proxy). The robot

is then position-controlled to track this ideal model. By setting low virtual mass

and damping parameters in the software, the controller actively assists the mo-

tion, making even a heavy robot feel completely ”transparent” and weightless to

the user.

The case studies developed in this thesis are strategically positioned at the

intersection of these highly relevant domains, introducing an innovative hybrid

approach that bridges the gap between rigid guidance and adaptive human-robot

interaction.

2.7.1 Rehabilitative Robotics

In the context of upper-limb rehabilitation (detailed in Chapter 6), the primary

clinical goal is to provide assist-as-needed (AAN) therapy [67]. To achieve this,

the proposed system diverges from standard uniform controllers by employing a

novel Hybrid Impedance-Admittance Control architecture. This specific choice is

motivated by the need to spatially decouple the task progression from the spatial

confinement:

• Type: GVF designed as an anisotropic ”virtual channel”.

• Acquisition: KT is used to capture expert therapist motions. These

demonstrations are subsequently re-parameterized via arc-length (SSA) to
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completely decouple the geometric path from the original temporal vari-

ability [32].

• Implementation: A spatially decoupled Hybrid Control is adopted. The

task progression (motion along the reference path) is governed by an Ad-

mittance model: the user’s applied tangential forces dictate the execu-

tion speed, allowing the patient to organically set the pace of the exercise.

Conversely, the spatial confinement (deviations orthogonal to the path) is

managed by an Impedance controller featuring a non-linear compliance.

This hybrid design leaves a ”soft” center—allowing small tracking errors es-

sential to stimulate patient motor learning—while providing rigid, reactive

haptic feedback at the channel boundaries to strictly enforce safety.

2.7.2 Surgical Robotics

In the surgical domain (Chapter 7), the focus is on precision during R&D tasks.

This reflects the teleoperation trend where haptic feedback is critical for accuracy:

• Type: GVF constraining motion to a specific line or plane relevant to the

procedure.

• Implementation: Adaptive Impedance with Dynamic Proxy. The con-

straint stiffness is anisotropic [8] and, crucially, adaptive based on the sur-

geon’s EMG signals [68]. This addresses the static rigidity limitation com-

mon in literature, allowing seamless transitions between stiff guidance for

precision and free motion for gross positioning.



Chapter 3

Methodological Foundations for

Intuitive Task Definition

This chapter details the methodological foundations for intuitive task definition

adopted in this thesis. It introduces the core concepts of Learning by Demon-

stration (LbD) and presents the Spatial Sampling Algorithm (SSA) as a novel

solution for robust trajectory alignment.

Since all the control architectures and experimental applications presented in

the subsequent chapters rely on a specific geometric encoding of the task, this

chapter provides the rigorous derivation of the spatial parameterization. Specif-

ically, it demonstrates how the SSA outperforms traditional temporal alignment

methods (such as Dynamic Time Warping (DTW)) and how it serves as the nec-

essary prerequisite for defining stable virtual constraints in admittance control.

3.1 The Alignment Problem in Learning by Demon-

stration

Learning by Demonstration aims to transfer skills to robots by leveraging multiple

demonstrations of the same task [69]. A fundamental step in LbD is extracting

a consistent ”skill” (often a mean trajectory and a stiffness profile) from a set of

noisy human demonstrations [58], [70].

However, human demonstrations are inherently inconsistent in the tempo-

ral domain. Even when performing the exact same geometric path, a user will

introduce local speed variations and pauses.

• Temporal Distortion: Simply averaging trajectories based on time times-

tamps (t) leads to geometric distortion, as points that are temporally coin-

cident may be spatially distant [71].

27
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• Traditional Solution (DTW): The standard approach in literature is

Dynamic Time Warping (DTW), which warps the time axis to minimize

the distance between signals [72], [73]. While effective for signal classifica-

tion, DTW has limitations in robotics: it requires selecting a ”reference”

trajectory (which biases the result) and does not fully decouple the geomet-

ric path from the temporal evolution [74], [75].

3.2 The Spatial Sampling Algorithm (SSA)

To address these limitations, this thesis proposes the Spatial Sampling Algorithm

(SSA). This algorithm is not merely a filtering technique but a re-parameterization

method that transforms time-dependent trajectories y(t) into regular, arc-length

parameterized curves ŷ(s). This encoding forms the basis for all virtual con-

straints defined in this work [32], [71].

3.2.1 Algorithm Derivation

The SSA operates by resampling the trajectory based on Euclidean distance

rather than time intervals. The procedure is mathematically defined as follows:

1. Continuous Interpolation: Given a discrete sequence of recorded points

yT,i = y(iT ), we first construct a linearly interpolating continuous function

yL(t).

2. Spatial Constraint: We generate a new sequence of points ŷk such that

the Euclidean distance between consecutive samples is strictly constant and

equal to a 3design parameter δ:

||ŷk − ŷk−1|| = δ, ∀k = 1, . . . ,m (3.1)

3. Arc-Length Mapping: This process implicitly defines a mapping from

time to arc-length. The spatial samples correspond to specific time instants

tk such that ŷk = yL(tk). The arc-length parameter is then defined dis-

cretely as sk = kδ [71].

3.2.2 Geometric Properties

The crucial property derived from this algorithm is the regularization of the

curve’s tangent. Once the SSA has filtered and resampled the raw data to gen-
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erate the discrete, arc-length parameterized sequence ŷk, an analytic continuous

representation is required for the control implementation. Specifically, by in-

terpolating these spatially equidistant points via smoothing B-Splines over the

parameter s, we obtain a continuous, twice-differentiable (C2) curve φ(s). Thanks
to the spatial regularization provided by the SSA pre-processing, the derivative

of this analytic function with respect to s is approximately unitary [32]:

dφ(s)

ds

∣
∣
∣
∣
s=sk

≈ ||ŷk+1 − ŷk||
||sk+1 − sk||

=
δ

δ
= 1 (3.2)

This property, ∥φ′(s)∥ ≈ 1, is the cornerstone of the control stability in the

proposed framework, as it ensures the virtual constraint is well-defined regardless

of the demonstration speed.

3.3 Comparative Validation of Trajectory Align-

ment

To validate the SSA as a superior encoding method for skill extraction, we com-

pared it against standard state-of-the-art approaches. The objective was to com-

pute the barycenter (the ”skill”) from a dataset of multiple noisy demonstrations.

3.3.1 Comparison Setup

Three alignment and encoding pipelines were tested on the same dataset of

human-demonstrated trajectories [71]:

1. TIME/GMR: Raw trajectories aligned by time indices, fed directly into

Gaussian Mixture Regression (GMR) [58].

2. DTW/GMR: Trajectories aligned using Dynamic Time Warping before

GMR processing (State of the Art) [75], [76].

3. SSA/GMR (Proposed): Trajectories spatially sampled via SSA before

GMR processing.

3.3.2 Results and Discussion

The quality of the extracted skill was evaluated using the Hausdorff distance (dH)

and DTW distance (dDTW ) as metrics of geometric consistency.
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Figure 3.1: Comparison of barycenter computation using Time/GMR,
DTW/GMR, and SSA/GMR.

• Variance Reduction: As shown in the experimental analysis (refer to Fig.

3.1), Time/GMR results in high variance due to temporal misalignments.

The proposed SSA/GMR approach significantly reduces this variance, pro-

ducing a tighter ”tube” around the desired path compared to both Time

and DTW methods.

• Reference Independence: A major flaw of DTW is its dependence on a

reference trajectory for alignment, which can distort the resulting barycen-

ter shape [74]. The SSA, being an intrinsic re-parameterization, does not

require a reference, yielding a more natural and faithful representation of

the demonstrated geometry.

• Quantitative Performance: The SSA/GMR method outperformed the

others in both metrics. Specifically, it achieved the lowest approximation

error (e.g., dDTW ≈ 0.8± 0.12 for SSA vs 2.4± 0.22 for DTW), confirming

its ability to filter out temporal noise while preserving the geometric intent

[71].

• Limitations and Design Trade-offs: Despite its geometric superiority,

the proposed pipeline introduces specific trade-offs, particularly regarding

the choice of B-Splines for continuous approximation. While smoothing

B-Splines excel at guaranteeing C2 continuity (crucial for control stabil-

ity), they inherently struggle with high-frequency spatial features, such as

sharp corners or abrupt directional changes. If the smoothing parameter

(λ) or the error tolerance is not carefully tuned, the algorithm may over-

smooth these critical geometric details, treating intentional sharp turns as

human tremor. Consequently, while this representation is highly effective

for the fluid motions typical of upper-limb rehabilitation and macroscopic
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surgical paths, alternative regression techniques might be required for tasks

demanding pixel-perfect retention of sharp geometrical discontinuities.

3.4 Foundation for Virtual Constraint Defini-

tion

The primary reason for adopting the SSA in this thesis is not merely for data

analysis, but to enable a robust human-in-the-loop control architecture. All sub-

sequent experimental chapters utilize the SSA-encoded trajectory φ(s) to define

the virtual constraints.

3.4.1 Solving the Stagnation Phenomenon

In kinesthetic teaching, users often pause or hesitate. If the virtual constraint

is parameterized by a time-based variable p(t), these pauses create ”dead zones”

where the derivative dφ
dp
→ 0. This leads to the ”Stagnation Phenomenon”, where

the robot becomes unresponsive to user forces because the mapping from force

to motion vanishes [77].

By using the SSA, we decouple the execution flow from the demonstration

time. Since φ′(s) ≈ 1 (Eq. 3.2), the tangent vector is always non-zero. This

guarantees that the system never stagnates, even if the original demonstration

contained stops [71].

3.4.2 Dynamic Proxy Formulation

The SSA encoding allows us to define the dynamics of the interaction using a

virtual proxy governed by Lagrange’s equations on the arc-length coordinate s.

The fundamental control law used throughout this thesis is [78]:

ms̈+ bṡ = f|| (3.3)

where:

• m and b are the virtual mass and damping of the proxy.

• f|| = φ′(s)T · f̂h is the projection of the user’s applied force measured at the

end effector f̂h onto the path tangent.

This formulation implies that the user’s force directly controls the progression

along the task (s), while the robot’s controller ensures the precision of the path
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φ(s). This architecture, enabled strictly by the properties of the SSA, allows for

intuitive guidance where the user decides the speed and the robot guarantees the

geometry [77], [78].

3.4.3 Extension to Orientational Trajectories and Con-

straints in SE(3)

While the derivation of the SSA and the proxy dynamics presented above focuses

on translational paths in R
3, realistic physical human-robot interaction often re-

quires full 6-DoF guidance in SE(3). The proposed methodological framework

natively supports the extension to orientational virtual fixtures without losing

the benefits of the spatial re-parameterization. During the LbD phase, along-

side the Cartesian positions yi, the user’s demonstrations provide a sequence

of end-effector orientations. To avoid representation singularities (e.g., gimbal

lock), these are encoded as unit quaternions qi = {ηi, ϵi}. Crucially, the arc-

length parameter s extracted from the translational path via the SSA acts as

the master phase variable for the entire task. The desired orientation profile is

thus parameterized as a function of this spatial coordinate, yielding qd(s). The

continuous rotational trajectory is generated by applying Spherical Linear In-

terpolation (Slerp) between the spatially sampled key-poses. At runtime, the

dynamic proxy formulation (5.1) computes the progression s(t) based on the

user’s translational forces. This s(t) simultaneously defines the reference posi-

tion φ(s(t)) and the reference orientation qd(s(t)). To enforce the orientational

constraint, an impedance-based restoring torque τve is computed. Let q = {η, ϵ}
be the actual end-effector orientation. The orientation error is calculated via the

quaternion product qerr = q−1
d (s) ⊗ q = {ηerr, ϵerr}. The virtual fixture then

applies a restoring torque proportional to the vector part of this error, ϵerr:

τve = −Koϵerr −Doωerr (3.4)

where Ko and Do are symmetric positive-definite matrices representing the rota-

tional stiffness and damping, and ωerr is the angular velocity error. This mathe-

matically rigorous extension ensures that the system can guide the user through

complex rotational maneuvers while preserving the stagnation-free and geomet-

rically consistent properties of the SSA framework.
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Control Framework for Safe

Human-Robot Interaction

This chapter details the unified control framework developed to ensure safe and

effective Physical Human-Robot Interaction (pHRI) across the different domains

addressed in this thesis. As introduced in the case studies of Chapter 2.7, the

experimental applications in upper-limb rehabilitation [67] and robot-assisted

surgery [79] share a common requirement: the need for a control architecture

that allows the user to dictate the task progression while the robot ensures geo-

metric precision and safety.

The primary contribution of this chapter is to provide the rigorous theoretical

validation of this framework. Relying on the theory of dissipative systems, we

provide a formal proof of the system’s passivity and asymptotic stability, demon-

strating that the coupled human-robot system remains stable regarding both task

space and internal null-space dynamics.

4.1 Theoretical Framework of Dissipativity and

Passivity

The stability analysis presented in this thesis is grounded in the theory of dissi-

pative systems, as detailed in [80].

A state-space system Σ is defined as dissipative with respect to a given supply

rate s(u, y) if there exists a storage function S : X → R+, such that for all

initial conditions x(t0) = x0 and all admissible input functions u(·), the following
dissipation inequality is satisfied for t1 ≥ t0:

S(x(t1)) ≤ S(x(t0)) +

∫ t1

t0

s(u(t), y(t)) dt (4.1)

33
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This inequality expresses the physical concept that the stored energy S(x(t1)) in

a system at a future time t1 is at most equal to the stored energy at the present

time t0, plus the total energy externally supplied during the time interval [t0, t1].

No ”internal creation of energy” is possible; only internal dissipation of energy is

allowed.

4.1.1 Necessary Conditions for the Storage Function

To define a suitable storage function S for studying passivity, the following main

conditions are necessary:

• Non-Negativity (Stored Energy Condition): The storage function

S(x) must be non-negative: S : X → R+, where R+ = [0,∞).

• Exception: If S is not necessarily non-negative (S : X → R), the system

is called cyclo-dissipative.

4.1.2 Passivity as a Specific Case of Dissipativity

Passivity is a specific case of dissipativity, defined with respect to a particular

supply rate:

• Supply Rate for Passivity: s(u, y) = uTy.

In this context, uTy typically represents the instantaneous externally supplied

power. A system is passive if it is dissipative with respect to this supply rate,

meaning the storage function S ≥ 0 satisfies the integral inequality:

∫ t1

t0

u(t)Ty(t) dt ≥ S(x(t1))− S(x(t0)) (4.2)

In differential form, assuming that the storage function S is continuously differ-

entiable (C1), this translates into the inequality:

d

dt
S ≤ uTy (4.3)

4.2 Hybrid Interaction Control Architecture

Building on these theoretical foundations, the proposed architecture decouples the

management of task progression from task accuracy. The overall system dynamics

is modeled as the interconnection of three subsystems: the human operator, the

virtual proxy dynamics, and the controlled robot.
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4.2.1 Admittance-Based Task Progression

The generation of the reference motion relies on the Dynamic Proxy approach.

As derived in the previous chapter using the SSA, the evolution of the virtual

mass along the path is governed by:

ms̈+ bṡ = f|| (4.4)

where f|| is the projection of the user’s force along the path tangent. The scalar

variables s, ṡ, s̈ are used to compute the full kinematic state of the reference frame

in the Cartesian space via the chain rule:

xd(t) = φ(s(t)) (4.5)

ẋd(t) = φ′(s)ṡ(t) (4.6)

ẍd(t) = φ′′(s)ṡ2(t) + φ′(s)s̈(t) (4.7)

4.2.2 Impedance-Based Accuracy Enforcement

The selection of an impedance-based control strategy for the inner loop is moti-

vated by the fundamental requirements of physical safety and interaction stability.

As established in the seminal work by Hogan [17], the physical interaction

between a manipulator and a dynamic environment (in this case, the human

operator) cannot be safely managed by regulating position or force in isolation.

Instead, the controller must regulate the dynamic relationship between the two,

known as mechanical impedance. Unlike traditional high-gain position control,

which renders the robot stiff and potentially dangerous in case of unexpected

collisions, impedance control allows the robot to behave as a mass-spring-damper

system. This compliant behavior ensures that contact forces remain bounded even

in the presence of trajectory tracking errors caused by the user’s intervention or

involuntary movements [81].

This approach has become the standard for safe pHRI in torque-controlled

manipulators [82], as it guarantees that the robot yields to external forces rather

than fighting them. Specifically, this layer ensures that the robot complies with

the geometric constraints defined by the VF while maintaining a compliant be-

havior.

The closed-loop dynamics of the robot is described by:

MA(q)¨̃x+KD
˙̃x+ fel = fh (4.8)
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where x̃ = x − xd is the error, MA is the inertia matrix, KD is the damping,

and fel is the elastic force derived from a potential Uel(x̃).

4.3 Passivity and Stability Analysis

Safety is the paramount requirement for pHRI in medical contexts. To rigorously

guarantee that the system remains stable when coupled with a human operator,

we apply the framework of dissipative systems introduced in Section 4.1. The

analysis proceeds by defining a storage function for the controlled system and

proving its passivity with respect to the interaction port defined by the input

force fh and the output velocity v.

4.3.1 Energy Storage Function

We define a candidate storage function Sr(ξ) representing the total ”virtual en-

ergy” of the system. The state vector is defined as ξ = [ṡ, x̃, ˙̃x]T . The function

is composed of the kinetic energy of the proxy (Eq. 4.4), the kinetic energy of

the error weighted by the robot’s inertia, and the potential energy of the virtual

constraints:

Sr(ξ) =
1

2
mṡ2

︸ ︷︷ ︸

Kinetic (Proxy)

+
1

2
˙̃xTMA(q) ˙̃x

︸ ︷︷ ︸

Inertia Weighted Error

+ Uel(x̃)
︸ ︷︷ ︸

Potential (Elastic)

(4.9)

Assuming m > 0, MA(q) positive definite, and Uel(x̃) ≥ 0, this function is

strictly non-negative (Sr ≥ 0).

4.3.2 Proof of Robot Passivity

To prove the passivity of the system, we analyze the time derivative of the storage

function defined in Eq. 4.9. The total derivative is the sum of the derivatives of

its three components:

Ṡr = Ṡproxy + Ṡelastic + Ṡinertia (4.10)

We compute each term explicitly to demonstrate how the interaction forces and

dissipative terms combine.
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1. Derivative of Proxy Kinetic Energy Differentiating the first term and

substituting the proxy dynamics from Eq. 4.4 (ms̈ = f|| − bṡ):

Ṡproxy =
d

dt

(
1

2
mṡ2

)

= mṡs̈ = ṡ(f|| − bṡ) = ṡf|| − bṡ2 (4.11)

Recalling that f|| is the projection of the user force fh onto the path tangent

(φ′(s)), and that the reference velocity is ẋd = φ′(s)ṡ, we can rewrite the power

input term as:

ṡf|| = ṡ(φ′(s)Tfh) = (ṡφ′(s))Tfh = ẋT
d fh (4.12)

Thus, the derivative of the proxy energy becomes:

Ṡproxy = ẋT
d fh − bṡ2 (4.13)

2. Derivative of Elastic Potential Energy The time derivative of the po-

tential energy depends on the gradient of the potential function Uel:

Ṡelastic =
d

dt
Uel(x̃) =

(
∂Uel

∂x̃

)

˙̃x (4.14)

By definition, the elastic force is derived from this potential as fel(x̃) = ∇Uel(x̃)
T .

Therefore:

Ṡelastic = fel(x̃)
T ˙̃x = ˙̃xTfel(x̃) (4.15)

3. Derivative of Inertia-Weighted Error Energy Differentiating the quadratic

term involving the state-dependent inertia matrix MA(q) requires the use of the

product rule:

Ṡinertia =
d

dt

(
1

2
˙̃xTMA

˙̃x

)

= ˙̃xTMA
¨̃x+

1

2
˙̃xTṀA

˙̃x (4.16)

From the closed-loop robot dynamics (Eq. 4.8), we isolate the inertial term

MA
¨̃x. Note that we explicitly consider the Coriolis/Centrifugal term CA

˙̃x which

is inherent to the operational space dynamics:

MA
¨̃x = fh −KD

˙̃x− fel(x̃)−CA
˙̃x
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Substituting this into the derivative:

Ṡinertia = ˙̃xT
(
fh −KD

˙̃x− fel −CA
˙̃x
)
+

1

2
˙̃xTṀA

˙̃x (4.17)

= ˙̃xTfh − ˙̃xTKD
˙̃x− ˙̃xTfel +

1

2
˙̃xT (ṀA − 2CA) ˙̃x

︸ ︷︷ ︸

=0

(4.18)

The last term vanishes due to the fundamental skew-symmetric property of

robotic systems, i.e., xT (ṀA − 2CA)x = 0. Thus:

Ṡinertia = ˙̃xTfh − ˙̃xTKD
˙̃x− ˙̃xTfel (4.19)

Total Power Balance Summing the three contributions from Eqs. 4.13, 4.15,

and 4.19:

Ṡr = (ẋT
d fh − bṡ2) + ( ˙̃xTfel) + ( ˙̃xTfh − ˙̃xTKD

˙̃x− ˙̃xTfel) (4.20)

The terms involving the elastic force fel cancel out exactly. Grouping the remain-

ing terms by the input force fh:

Ṡr = (ẋd + ˙̃x)Tfh − bṡ2 − ˙̃xTKD
˙̃x (4.21)

Recalling that the actual robot velocity is ẋ = ẋd+ ˙̃x, we arrive at the final power

balance equation:

Ṡr = ẋTfh−bṡ2 − ˙̃xTKD
˙̃x

︸ ︷︷ ︸

≤0

(4.22)

Since the damping parameters b and KD are positive definite, the term in the

brackets represents strictly non-positive dissipated power. Consequently, the in-

equality Ṡr ≤ ẋTfh holds. This formally proves that the controlled robot is a

passive system: it does not generate internal energy but only dissipates the energy

injected by the user fh.

4.4 Passivity and Stability of the Interconnected

Human-Robot System

We now analyze the passivity and stability of the overall system formed by the

physical interconnection of the human operator Σh and the controlled robot sys-

tem Σr. The analysis relies on the principle that the interconnection of passive
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systems is itself passive, as detailed in [80].

4.4.1 Framework for Interconnection of Dissipative Sys-

tems

According to the theory of dissipative systems (Chapter 3, Section 3.3 of [80]), we

can analyze the passivity of a large-scale system by considering its components.

Let us consider k systems Σi, each being dissipative with respect to a supply

rate si(ui, yi) and having a storage function Si(xi). If these systems are inter-

connected via an interconnection structure I (which may include external ports

⟨ue, ye⟩), a fundamental result (Proposition 3.3.1 in [80]) states:

If the interconnection is such that the sum of the internal supply rates is less

than or equal to the power supplied through the external ports, i.e.,

k∑

i=1

si(ui, yi) ≤ se(ue, ye) (4.23)

then the interconnected system ΣI is dissipative with respect to the external sup-

ply rate se. Furthermore, the total storage function for the interconnected system

is the sum of the individual storage functions: S(x1, . . . ,xk) =
∑k

i=1 Si(xi)

A crucial case for stability analysis (Eq. 3.54 in [80]) occurs when there are no

external ports (se = 0) and the interconnection is power-conserving, meaning

the sum of internal supply rates is zero or negative:

k∑

i=1

si(ui, yi) ≤ 0 (4.24)

In this case, the interconnected system is passive with respect to the zero supply

rate, and its total stored energy S is non-increasing (Ṡ ≤ 0), which forms the

basis for Lyapunov stability analysis.

4.4.2 Passivity of the Interconnected System

We apply this framework to the human-robot system.

1. Subsystem 1: Human (Σh). We assume the human operator behaves

passively at the interaction port. Let xh be the internal state of the human.

The interaction port involves the velocity ẋ and the force applied by the

robot on the human, which is−fh. We assume there exists a storage function
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Sh(xh) ≥ 0 such that:

Ṡh ≤ ẋT (−fh) (4.25)

This represents passivity with respect to the port ⟨ẋ,−fh⟩.

2. Subsystem 2: Controlled Robot (Σr). As proven in Section 4.3, this

system is passive with respect to the port ⟨ẋ,fh⟩, with storage function

Sr(ξ) ≥ 0 satisfying Ṡr ≤ ẋTfh.

3. Interconnection. The physical interaction imposes ẋh = ẋr = ẋ and

Fon H+Fon R = (−fh)+fh = 0. This is a power-conserving interconnection

where the sum of supply rates at the interaction port is zero: sh + sr =

ẋT (−fh) + ẋTfh = 0.

4. Conclusion. Since the interconnection is power-conserving (sh + sr = 0 ≤
0) and has no external ports, the interconnected system is passive with

respect to the zero supply rate. The total storage function is the sum of

the individual storage functions:

Stotal(xh, ξ) = Sh(xh) + Sr(ξ) ≥ 0 (4.26)

The derivative of the total storage function satisfies:

Ṡtotal = Ṡh + Ṡr ≤ [ẋT (−fh)] + [ẋTfh − bṡ2 − ˙̃xTKD
˙̃x] (4.27)

Ṡtotal ≤ −bṡ2 − ˙̃xTKD
˙̃x ≤ 0 (4.28)

This confirms the passivity of the overall interconnected system.

4.4.3 Stability via Direct Lyapunov Method

We now use V = Stotal as a candidate Lyapunov function to prove stability.

• Condition 1: Positive Definiteness. We analyze V (xtotal) = Sh(xh) +

Sr(ξ) near the equilibrium x∗
total = (x∗

h, ξ
∗).

– Sr(ξ) has a strict local minimum at ξ∗ = (0, 0, 0), as Sr is the sum

of non-negative kinetic and potential terms which are zero only at ξ∗

(assuming m > 0,MA > 0, Uel positive definite).

– Sh(xh) is assumed to have a strict local minimum at x∗
h.
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– Since V = Stotal is the sum of two functions that are non-negative and

both have strict local minima at their respective components of x∗
total,

V itself has a strict local minimum at x∗
total.

– Therefore, V (xtotal) is locally positive definite around x∗
total.

• Condition 2: Negative Semidefinite Derivative.

– From (4.27), we have V̇ = Ṡtotal ≤ 0.

– The derivative V̇ is negative semidefinite (or non-positive).

• Conclusion (Lyapunov Stability): Both conditions of the Lyapunov

Stability Theorem are met. Proposition 4.3.1(iii) in [80] specifically ap-

plies this logic to interconnected passive systems, stating that if the storage

functions have strict local minima at the equilibrium, the equilibrium is

stable.

Therefore, the equilibrium x∗
total of the interconnected human-robot system

is stable in the sense of Lyapunov.

4.4.4 Equilibrium Set and Boundedness of s Analysis

The stability analysis in Section 4.4.3 uses the storage function Stotal = Sh(xh)+

Sr(ξ), whit the state ξ previously defined. A critical observation is that this

storage function is not positive definite with respect to the full state of the system,

as it lacks dependency on the path coordinate s.

The system is not designed to converge to a single, unique equilibrium point

(e.g., s = 0), but rather to a continuum of equilibria.

The Equilibrium Set

For the autonomous (unforced) system where fh = 0, the system dynamics be-

come:

MA(q)¨̃x+KD
˙̃x+ fel(x̃) = 0 (4.29)

ms̈+ bṡ = 0 (4.30)

The set of all equilibrium points is found by setting all velocities and accelerations

to zero. This yields:

• From the s dynamics: ṡ = 0, s̈ = 0.
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• From the x̃ dynamics: ˙̃x = 0, ¨̃x = 0 =⇒ fel(x̃) = 0.

Since fel(x̃) is derived from a positive definite potential Uel(x̃), fel(x̃) = 0 if and

only if x̃ = 0.

Therefore, the equilibrium set E is defined as:

E = {(s, ξ) | ξ = 0, s ∈ [0, Lpath]} (4.31)

Geometrically, this set E is an equilibrium manifold. This manifold corresponds

to the geometric task-space path φ(s) itself, embedded within the system’s full

state space. It represents any configuration where the robot is at rest (ṡ =

0, ˙̃x = 0) and perfectly on the path (x̃ = 0), regardless of the position s along

the path. Geometrically, this set E is an equilibrium manifold. This manifold

corresponds to the geometric task-space path φ(s) itself, embedded within the

system’s full state space. It represents any configuration where the robot is at

rest (ṡ = 0, ˙̃x = 0) and perfectly on the path (x̃ = 0), regardless of the position

s along the path. This perfectly encapsulates the fundamental requirement for

passive guidance in general pHRI applications: the collaborative robot must act

as a stable, stationary guide that remains safely at rest along the prescribed path

the moment the human operator ceases to apply intentional interaction forces.

Boundedness of s

A concern arising from Ṡtotal ≤ 0 (negative semidefinite) is that the state s might

”drift” or ”move on and on” towards infinity. We now formally prove that the

displacement of s is finite.

Consider the autonomous dynamics for s with f|| = 0:

ms̈+ bṡ = 0 (4.32)

This is a first-order linear differential equation for the velocity vs = ṡ. As shown

by Laplace transform analysis, the solution for an initial velocity vs(0) = ṡ(0) is

a simple exponential decay:

ṡ(t) = ṡ(0)e−
b
m
t = ṡ(0)e−t/τ (4.33)

where τ = m/b is the time constant of the virtual mass dynamics.

While it is true that ṡ(t) only asymptotically reaches zero in infinite time, the
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total displacement ∆s is the integral of this velocity, which is finite:

∆s =

∫ ∞

0

ṡ(t) dt =

∫ ∞

0

ṡ(0)e−t/τ dt (4.34)

Solving the definite integral:

∆s = ṡ(0)
[
−τe−t/τ

]∞

0
= ṡ(0)

(
0− (−τe0)

)
= ṡ(0)τ (4.35)

Substituting τ = m/b:

∆s =
mṡ(0)

b
(4.36)

This proves that the total displacement of the virtual mass is finite and bounded.

The state s asymptotically converges to a finite value sfinal = s(0) +∆s. Conse-

quently, the desired Cartesian pose xd(s) = φ(s), being a continuous function of

s, also converges to a finite, stable pose.

4.5 Redundancy and Null Space Stability

The stability analysis in Section 4.4.3 proves the convergence of the task-space

state ξ. However, this analysis alone is insufficient to guarantee the stability of the

entire system state. Since the robot is kinematically redundant (n = 7 > m = 6),

the task-space velocity convergence (ẋ = J(q)q̇ → 0) does not imply that the

joint velocities converge (q̇ → 0). Energy could potentially “build up” in the

null space, leading to internal robot motions even while the end-effector remains

stable. It is therefore necessary to formally demonstrate the stability of the

internal, or null space, dynamics to ensure the full system state converges to a

stable equilibrium.

To formally prove the stability of the full system, including the internal null

space dynamics, we adopt the hierarchical framework of Successive Conver-

gence, as presented in [82].

We define a two-level task hierarchy:

• Level 1 (Primary Task): The Cartesian impedance control.

• Level 2 (Secondary Task): A joint-space controller to prevent joint limit

violations.
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Hierarchical Control Law

We augment the control law to include a secondary, projected torque command.

The total control torque τtot is defined as:

τtot = τ1 + τ2 + g(q) (4.37)

where g(q) compensates for gravity, τ1 is the primary task torque, and τ2 is the

secondary null space torque.

1. Primary Task Torque τ1: This is the torque required to implement the

Cartesian impedance, which we can write as τ1 = J(q)Tfimp, where fimp

is the commanded Cartesian impedance force.

2. Secondary Task Torque τ2: This torque must only act in the null space

of the primary task. To ensure dynamic decoupling [82], we first define the

(6× 6) operational space inertia matrix Λ(q):

Λ(q) =
(
J(q)M(q)−1JT (q)

)−1
(4.38)

Using this, the (7 × 6) dynamically consistent pseudoinverse J̄(q) is

defined as:

J̄(q) = M (q)−1J(q)TΛ(q) (4.39)

The (7× 7) dynamically consistent null space projector is then:

N(q) = I − J(q)T J̄(q)T (4.40)

The secondary torque τ2 is defined by projecting the null space command

τnull using N(q)T :

τ2 = N(q)τnull where τnull = (−∇V2(q)−D2q̇) (4.41)

The components of τnull are defined as:

• V2(q) is an artificial potential function (e.g., V2(q) =
k
2

∑

i(qi−qmid,i)
2)

that penalizes proximity to joint limits.

• D2 is a positive definite damping matrix (D2 > 0) that dissipates

energy in the null space.

This formulation ensures that τ2 generates joint accelerations that are orthogonal

to the primary task space, guaranteeing dynamic decoupling [82].
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Proof of Stability via Successive Convergence

We apply the Conditional Stability theorem by analyzing the storage functions

for each level sequentially, under the autonomous condition (fh = 0).

Step 1: Stability of the Primary Task (Level 1) We use the storage

function S1 = Sr(ξ) defined in Eq. (4.9). As proven in Eq. (4.22), its time

derivative (with fh = 0) is:

Ṡ1 = −bṡ2 − ˙̃xTKD
˙̃x ≤ 0 (4.42)

By LaSalle’s Invariance Principle, all system trajectories converge to the largest

invariant set A1 where Ṡ1 = 0.

A1 = {(q, q̇) | ṡ = 0, x̃ = 0, ˙̃x = 0} (4.43)

This set A1 is the equilibrium set for the primary task. It implies that the

Cartesian error converges to zero (x̃→ 0) and the end-effector velocity converges

to zero. However, A1 only implies J(q)q̇ = 0. Due to redundancy, this does not

guarantee q̇ = 0.

Step 2: Stability of the Secondary Task (Conditioned on A1) We now

analyze the internal dynamics restricted to the invariant set A1. We define a

storage function S2 for the secondary task, representing the total internal energy

of the robot plus the artificial potential for joint limits:

S2(q, q̇) =
1

2
q̇TM(q)q̇ + V2(q) (4.44)

We compute the time derivative of S2 along the system trajectories, conditioned

on being in A1. The power balance of the manipulator is:

Ṡ2 =
d

dt

(
1

2
q̇TM(q)q̇

)

+
d

dt
(V2(q)) = q̇T (M(q)q̈ +Cq̇) + (∇V2)

T q̇ (4.45)

From the robot dynamics, we substitute M(q)q̈ +Cq̇ = τtot − g(q):

Ṡ2 = q̇T (τtot − g(q)) + (∇V2)
T q̇ (4.46)
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Now, substitute the control law τtot = τ1 + τ2 + g(q) from Eq. (4.37):

Ṡ2 = q̇T (τ1 + τ2 + g(q)− g(q)) + (∇V2)
T q̇ (4.47)

Ṡ2 = q̇Tτ1 + q̇Tτ2 + q̇T∇V2 (4.48)

We now evaluate this expression conditioned on A1:

• Task 1: In A1, we have J(q)q̇ = 0. The work of the primary task τ1 =

J(q)Tfcart is zero:

q̇Tτ1 = q̇TJTfcart = (J q̇)Tfcart = (0)Tfcart = 0

• Task 2 (Work): In A1, the joint velocity lies entirely in the null space

(Jq̇ = 0). We analyze the work done by the projected torque τ2 =

N(q)τnull. Using the property of the dynamically consistent projector

where the transpose N(q)T = (I − J̄J) acts as a projector for velocities:

q̇Tτ2 = q̇T (N(q)τnull)

= (N(q)T q̇)Tτnull

=
(
(I − J̄J)q̇

)T
τnull

= (q̇ − J̄( Jq̇
︸︷︷︸

=0

))Tτnull

= q̇Tτnull

Since we are conditioned on A1 (Jq̇ = 0), the projection does not alter the

work done by the secondary task on the internal motion.

The derivative Ṡ2 restricted to A1 simplifies to:

Ṡ2|A1
= q̇Tτnull + q̇T∇V2 (4.49)

Substitute the definition of τnull = −∇V2 −D2q̇:

Ṡ2|A1
= q̇T (−∇V2 −D2q̇) + q̇T∇V2 (4.50)

The conservative potential terms cancel out:

Ṡ2|A1
= (−q̇T∇V2 + q̇T∇V2)

︸ ︷︷ ︸

=0

−q̇TD2q̇ (4.51)
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This leaves only the dissipative term:

Ṡ2|A1
= −q̇TD2q̇ ≤ 0 (4.52)

4.6 Conclusion and Theoretical Implications

In this chapter, presented the theoretical derivation and validation of the control

framework supporting the applications of this thesis. By decoupling the task

progression (Admittance) from the accuracy enforcement (Impedance), and by

handling redundancy through null-space projection, we have defined a flexible

architecture suitable for both rehabilitation and surgery.

The primary contribution of this chapter lies in the rigorous proof of stability

for the interconnected human-robot system. Through the application of Lya-

punov theory and the framework of dissipative systems, we have demonstrated

that:

1. The robot behaves as a strictly passive system, dissipating energy injected

by the user.

2. The coupled system is asymptotically stable, converging to the desired equi-

librium manifold even in the presence of redundancy.

3. The internal null-space motions are strictly bounded and dissipative, pre-

venting any hazardous energy build-up.

It is important to remark that this theoretical analysis considers ideal oper-

ating conditions. It assumes continuous-time dynamics, perfect knowledge of the

dynamic model parameters (e.g., M (q), g(q)), and the absence of discretization

effects or communication delays. While real-world implementations inevitably

introduce uncertainties and non-idealities, establishing stability in the nominal

case is the fundamental prerequisite for safety.

This theoretical guarantee provides the certification that the control law is

structurally sound. It ensures that the interaction mechanics are intrinsically sta-

ble: the system cannot generate energy to destabilize the interaction, but can

only react passively to the human intent. This mathematical assurance effec-

tively ”unlocks” the possibility of performing physical Human-Robot Interaction,

providing the necessary safety layer upon which the experimental applications

described in the following chapters are built.



Chapter 5

Analysis of Stability, Sensitivity,

and Transparency in Variable

Admittance Control for pHRI

5.1 Introduction

The analysis presented in the previous chapter established a rigorous theoretical

foundation for safe human-robot interaction, proving the asymptotic stability

and passivity of the coupled system under ideal operating conditions. However,

as anticipated in the conclusions of Chapter 4.6, the transition from theoretical

derivation to real-world implementation inevitably exposes the control loop to

physical limitations and parasitic effects—such as the phase lag introduced by the

digital controller’s sampling rate, communication bus latencies, joint elasticity,

and actuator saturation—that were neglected in the nominal Lyapunov analysis.

While the theoretical guarantees of the ideal model provide the necessary certi-

fication of structural soundness, ensuring robust performance in experimental sce-

narios requires a deeper investigation into these non-idealities. In this context, the

increasing focus on Physical Human-Robot Interaction (pHRI) and collaborative

robotics has significantly expanded the range of potential applications, enabling

assisted industrial manipulation, collaborative assembly, rehabilitation, and med-

ical interventions. To achieve reliable interaction and ensure human safety under

these realistic constraints, control strategies capable of ensuring robot compliance

have been extensively developed [17]. Among these, admittance control [83] has

proven particularly appealing in numerous practical scenarios due to its ability

to shape the robot’s dynamic behavior.

48
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Figure 5.1: Schematic representation of the proxy-based pHRI framework en-
hanced by virtual fixtures [87].

5.1.1 Proxy-based Virtual Fixtures in pHRI

In this chapter, we specifically consider the hybrid impedance control for pHRI

enhanced by Virtual Fixture (VF) [2]. These fixtures constrain the user’s motion

along a specific path [24], thereby reducing both cognitive and physical efforts

during task execution. Specifically, a proxy-based virtual fixture definition is

adopted.

In this framework, the human operator interacts with the proxy dynamics,

which typically follows that of a mass-damper system constrained along a de-

sired curve φ(·). The motion of the proxy is generated by simulating its forward

dynamics : the interaction forces applied by the user dictate the proxy’s acceler-

ation, which is integrated to obtain the desired reference velocity and position.

These kinematic reference signals are subsequently fed to the robot’s low-level

controller, which physically tracks them by computing the required joint torques

via a Cartesian inverse dynamics control law [84]. This paradigm is widely ex-

ploited to guide users in activities ranging from rehabilitation to precision tool

operation [53], [67], [85], [86]. A schematic representation of this control frame-

work is provided in Fig. 5.1.

5.1.2 Stability Challenges and Literature Gaps

Despite its advantages and rigorous theoretical stability proofs, the implemen-

tation of admittance control presents critical challenges regarding system sta-

bility [88]. In real-world applications, instability phenomena often manifest as

deviations from the proxy position and high-frequency vibrations of the robot

end-effector, compromising both safety and performance [89]. These issues are

typically caused by improper tuning of the admittance parameters (m and b) and

system delays due to control discretization and human reaction times [90].

An analysis of the state of the art reveals significant gaps in how these stability
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issues are addressed:

• Neglected Non-idealities: Stability analyses generally rely on linear con-

trol theory [91], [92] or passivity concepts that consider ideal models. Para-

sitic effects such as joint elasticity, system delays, and—crucially—actuator

saturation are rarely considered together, despite being intrinsic to physical

robotic systems [93].

• Lack of Consensus on Parameter Adaptation: To prevent instability,

various adaptation strategies have been proposed, focusing on adapting the

mass only [91], the damping only [94], [95], or both simultaneously [96],

[97]. However, there is no unified consensus in the literature on which of

these approaches is most effective for ensuring stability in pHRI.

• Virtual Fixtures Context: While extensive research exists for uncon-

strained co-manipulation, the specific stability implications of pHRI en-

hanced by virtual fixtures have not been thoroughly explored.

5.1.3 Chapter Contributions

To address these gaps, this chapter extends the analysis of pHRI, specifically

focusing on the use of proxy-based VFs. Based on the work presented in [87], a

detailed analysis is conducted that explicitly includes system non-idealities, such

as joint elasticity, time delays, and actuator saturation [98], [99]. The nonlinearity

associated with actuator saturation is found to play a crucial role in explaining

the undesired oscillatory behavior (limit cycles) observed in experimental tests.

Consequently, the contributions of this chapter are threefold:

1. A rigorous stability analysis using the Describing Function method and

Nyquist plots to handle static nonlinearities and delays.

2. A sensitivity analysis to identify how different admittance parameters

affect the stability of the overall system, resolving the ambiguity found in

the literature regarding the most effective adaptation variable.

3. A novel adaptation technique for the proxy parameters, designed to max-

imize transparency [67], [86] while moving along the desired path, validated

through both simulations and experimental results.
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Figure 5.2: Experimental robotic setup (a) and reference path used in the exper-
imental tests (b).

5.2 Modeling of the pHRI System with Virtual

Fixtures

The robotic setup considered in this work is based on the 7-DoF Franka Emika

Panda collaborative robot equipped with an Axia80-M20 force-torque sensor on

its terminal flange, as shown in Fig. 5.2(a). The user’s limb is connected to the

end-effector through a simple handle; however, different types of constraints can

be designed depending on the application.

The user’s motion is restricted along a generic path φ(l), where l is the arc

length, as shown in Fig. 5.2(b). This is achieved using a virtual mass called the

proxy moving along the curve under the influence of the tangential component f∥

of the user force.

5.2.1 Proxy and Human Dynamics

The interaction is mediated by the proxy, whose dynamics is defined as a mass-

damper system:

mv̇ + bv = f∥ (5.1)

where v = l̇ is the velocity along the curve, m and b are the virtual mass and

damping respectively, and f∥ =
dφ(l)
dl

T
fh is the tangential component of the force

applied by the human [83]. It is worth noting that the dynamics in (5.1) are

deliberately expressed in terms of the velocity v rather than the path parameter.

This choice avoids any potential ambiguity, as the symbol s—commonly used to
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denote the arc-length parameter in differential geometry—is strictly reserved in

the following analysis to represent the complex variable in the Laplace domain.

The transfer function of the proxy is therefore:

Gp(s) =
V (s)

F∥(s)
=

1

ms+ b
(5.2)

The human operator is modeled as a spring-damper system, assuming the

inertial component of the arm is negligible compared to the robot dynamics in

the context of stability. In a linearized analysis around an operating point, the

human dynamics can be expressed as:

Gh(s) =
Fh(s)

Ẋ(s)
=

bhs+Kh

s
(5.3)

where bh and Kh represent the damping and stiffness of the human arm, respec-

tively [92], [100].

5.2.2 Controlled Robot Model

To define the reference for the robot controller, the virtual fixture shape is mod-

eled through the relation between the proxy velocity along the curve and the

velocity required to the robot:

ẋd(t) =
dφ(l)

dl
v(t). (5.4)

The position φ(l(t)) along the guiding virtual fixture is used as the reference

position for the robot, under a Cartesian inverse dynamics control law:

τ = M (q)y +C(q, q̇)q̇ + g(q) (5.5)

with the auxiliary input:

y = J−1(q)
(

ẍd − J̇(q)q̇ +K ′
D
˙̃x+K ′

P x̃
)

(5.6)

where x̃ = x−xd represents the Cartesian error with respect to the desired pose

xd(t) = φ(l(t)). The elastic force fel = K ′
P x̃ is generally defined by considering

different expressions along the longitudinal and orthogonal directions to the curve

to ensure precise tracking of the virtual mass position while allowing flexibility

in deviations [53], [86].
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(a)

(b)

Figure 5.3: (a) Linearized block scheme of the proxy-based pHRI framework
enhanced by virtual fixture of Fig. 5.1. (b) Simplified scalar representation used
for stability analysis.

Since the focus of this work concerns stability under perturbed conditions (e.g.,

non-idealities), a linear analysis based on the Nyquist plot has been adopted. To

this end, a linearized model of the controlled robot and the virtual fixture is

derived. The resulting scheme is depicted in Fig. 5.3(a).

With the objective of studying the influence of the proxy parameters on the

loop stability, the overall model is further reduced to the scalar case shown in

Fig. 5.3(b). Here, Gr(s) and Gh(s) denote the dynamics of the robot and the

human projected onto the path constraint. A saturation function is inserted into

the loop to highlight the velocity limits of the actuation system (see Fig. 5.4).

The transfer function Gr(s) is obtained by considering a one-DOF robot with

an elastic joint, endowed with an inverse dynamics position controller. According

to [98], the transfer function between the input torque τm and position xm of the
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link actuator is:

Gm(s) =
Xm(s)

Tm(s)
=

Jlrs
2 +Dels+Kel

s[a1s3 + a2s2 + a3s+ d]
, (5.7)

where a1 = JlrJm, a2 = JlrDm + JtDel, a3 = JtKel + DmDel and a4 = DmKel.

Jt = Jlr + Jm is the total inertia, Jlr is the link inertia reduced by n2, and Jm

is the motor inertia. Parameters Dm and Del are the damping coefficients of

the motor and the elastic transmission, respectively, and Kel is the transmission

stiffness.

Assuming the position sensor to be located on the actuator, as typically done

in industrial robots, the inverse dynamics control [84] τm = J t(ẍd+KD
˙̃x+KP x̃),

where x̃ = xd−xm, can be applied to model (5.7), leading to the following transfer

function Gc(s) between the actuator speed ẋm and the reference speed ẋd:

Gc(s) =
Ẋm(s)

Ẋd(s)
=

b′1s
4 + b′2s

3 + b′3s
2 + b′4s+ b′5

a′1s
4 + a′2s

3 + a′3s
2 + a′4s+ a′5

, (5.8)

where the coefficients of Gc(s) are defined in the appendix. The actuator and

robot velocities, ẋm and ẋ, are related by:

Gmr(s) =
Ẋ(s)

Ẋm(s)
=

Dels+Kel

n(Jlrs2 +Dels+Kel)
. (5.9)

Finally, from (5.8) and (5.9), the transfer function Gr(s) of the controlled robot

can be derived:

Gr(s) =
Ẋ(s)

Ẋd(s)
= Gc(s)Gmr(s). (5.10)

5.3 Stability Analysis of the pHRI Framework

Using (5.2), (5.3), (5.8) and (5.9), the loop gain functionGl(s) = Gh(s)Gp(s)Gr(s)

of the scheme of Fig. 5.3(b) can be found:

Gl(s)=
β1s

6+β2s
5+β3s

4+β4s
3+β5s

2+β6s+β7

s(α1s7+α2s6+α3s5+α4s4+α5s3+α6s2+α7s+α8)
,

where the coefficients of Gl(s) are defined in the appendix.

The qualitative Nyquist diagram of function Gl(s) is reported in Fig. 5.5(a),

showing that the system is always asymptotically stable by using the Nyquist

criterion, as no intersection with the negative real semiaxis occurs. However,
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Figure 5.4: Representation of the saturation nonlinearity (a) and of the corre-
sponding describing function (b).

a more realistic representation of the loop gain function includes two critical

nonidealities:

1. The system delays (t0), such as the discretization delay and the delay

due to the finite bandwidth of the position control [90].

2. The velocity saturation of the actuators shown in the loop of Fig. 5.3(b)

[99].

Letting t0 represent the overall delay affecting the system, the resulting loop

gain function Gl0(s) is given by:

Gl0(s) = Gl(s) e
−t0 s. (5.11)

Because of the delay t0, the qualitative Nyquist plot of the loop gain function

Gl(s) shown in Fig. 5.5(a) deforms as shown in Fig. 5.5(b).

5.3.1 Describing Function Method

To analyze the effect of saturation (nonlinearity) in the presence of delay, the

Describing Function method is used. The characteristic of the saturation non-

linearity y(x) is shown in Fig. 5.4(a). When the saturation is subject to a sinu-

soidal excitation x = X sin (ωt), its response is given by its describing function

F (X) = Y1(X)
X

ejφ1(X) [99] (shown in Fig. 5.4(b)), where Y1(X) and φ1(X) are the

amplitude and the phase shift of the approximated sinusoidal signal.

According to extended Nyquist stability theory, a persistent oscillation (limit
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Figure 5.5: Qualitative Nyquist plot of the loop gain function Gl(s), which in-
cludes the human, the proxy and the controlled robot, without considering the
delay t0 affecting the system (a) and considering it (b).

cycle) occurs if there is a solution to the self-sustaining equation:

F (X)Gl0(s) = −1 ⇒ Gl0(s) = −
1

F (X)
(5.12)

Graphically, this corresponds to the intersection between the Nyquist plot of

Gl0(s) and the locus of points −1/F (X) (which lies on the negative real axis)

[99].

Fig. 5.5(b) shows that the combined effect of the delay t0 and a sufficiently

large modulus of the loop gain function Gl0(s) likely causes the existence of a

limit cycle in the pHRI framework. The intersection of the Nyquist plot of Gl0(s)

with the negative real semi-axis occurs at point 1/Ma, indicated by the star in

Fig. 5.5(b), where Ma is the gain margin of the system expressed in a linear scale.

Therefore, the following distance d can be defined, quantifying the distance from

the critical point −1 in Fig. 5.5(b):

d =
1

Ma

,

{

d> 1 → limit cycle,

d< 1 → no limit cycle.
(5.13)

From (5.13), it follows that a persistent oscillation occurs if d > 1, namely if

there is an intersection between the inverse −1/F (X) of the describing function

F (X) and the Nyquist plot of Gl0(s). This theoretically explains the vibrations

observed experimentally when admittance parameters (m, b) are too low.
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Figure 5.6: Spectral analysis of the tangential human force f∥. The peak value
Pk = max(FFT(f∥)) of the high frequency components of FFT(f∥) is shown as a
function of the proxy parameters m and b.

5.3.2 Experimental Verification

The existence of a persistent oscillation whenm and b are sufficiently low has been

verified experimentally through the proposed setup described in Sec. 5.2. The

trajectory of Fig. 5.2(b) has been executed for m ∈ [0.3, 0.9] kg and b ∈ [0.5, 1.5]

Ns/m. For each execution, the tangential component f∥ of the human force has

been acquired. This component is analyzed because of its influence in the proxy

dynamics (5.1), directly affecting the evolution of the robot position.

Considering that the human arm bandwidth in voluntary motions is typically

below 2 Hz [91], a Fast-Fourier Transform (FFT) has been applied to all acquisi-

tions of f∥ beyond that frequency treshold. The peak value of the high frequency

(i.e. > 2 Hz) spectral components of f∥ is reported in Fig. 5.6, showing that the

oscillations intensity decreases as m and, mainly, b increase.

Furthermore, Fig. 5.7 shows the amplitude spectra and time behavior of f∥

in two distinct cases. In the case with low parameters (m = 0.3, b = 0.5), the

presence of a limit cycle f∥(t) = Xcl sin (2πfclt) is clearly visible, at a frequency

fcl ≃ 30 Hz. The proposed analysis using the describing function method allows

to provide a clear justification on why the proxy-based pHRI framework is affected

by oscillatory behaviors.
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Figure 5.7: Amplitude spectrum (left) and time-plot (right) of the tangential
human force f∥. Top row: m = 0.9 and b = 1.5 (no oscillation). Bottom row:
m = 0.3 and b = 0.5 (oscillation occurring). (e): Zoom-in of subplot (d).

5.4 Sensitivity Analysis to Admittance Param-

eters Variation

Consider the Nyquist diagram of the loop gain function Gl0(s) in (5.11) shown

in Fig. 5.8. This represents the boundary condition for the presence of a limit

cycle. It is widely known [91] that larger values of the human stiffness Kh and/or

smaller values of the admittance parameters m, b cause instability of the pHRI

framework. This is consistent with the structure of Gl0(s), suggesting that larger

values of Kh increase the modulus of the loop gain, while larger values of m and

b reduce it. While we have no direct control on Kh, the admittance parameters

m and b can be adapted to prevent undesired oscillatory phenomena.

However, the literature review shows no unified consensus on the best adap-

tation approach. Therefore, we propose a sensitivity analysis to determine which

of the three most commonly used approaches (adapting m, adapting b, or both)

has the strongest impact on stability.

The sensitivity functions Sd
b , S

d
m, S

d
r of the distance d with respect to variations

of the admittance parameters m, b, and of the distance r =
√
m2 + b2 (constant
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Figure 5.8: Loop gain function: qualitative Nyquist plot as a function of the
admittance parameters and human stiffness.

Table 5.1: Sensitivity analysis: robotic system parameters.

Jl=0.66 km m2, Kel=100 Nm/rad, Del=0.01 Nm s/rad, n=50,
Jm=0.10 km m2,Dm=0.11 Nm s/rad,Kh=150 N/m, bh=0.68 N s/m

ratio m/b) are defined as follows [101]:

Sd
b =

∆d/d0
∆b/b0

, Sd
m =

∆d/d0
∆m/m0

, Sd
r =

∆d/d0
∆r/r0

, (5.14)

where ∆d is the variation from the nominal value d0. The three sensitivity func-

tions are shown in Fig. 5.9. As expected, positive parameter variations lead to

a stable behavior. Interestingly, the maximum variation of ∆d occurs when b is

modified.

From an experimental point of view, the existence of a limit cycle can be

detected through the peak value Pk of the high frequency spectral components

of FFT(f∥). The experimental sensitivity functions SPk

b , SPk
m , SPk

r are defined

analogously:

SPk

b =
∆Pk/Pk0

∆b/b0
, SPk

m =
∆Pk/Pk0

∆m/m0

, SPk
r =

∆Pk/Pk0

∆r/r0
. (5.15)

Assuming typical parameters from Table 5.1 and nominal admittance values

m0 = 0.6 kg and b0 = 1 Ns/m, the results are compared.

Fig. 5.10(a) shows that SPk

b is the highest sensitivity, in agreement with the
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Remark: The sensitivity analysis of the distance d in (5.13) with respect to the
admittance parameters indicates the effectiveness of these parameters in prevent-
ing the system from exhibiting a limit cycle.
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Figure 5.9: Sensitivity analysis as described in Remark: sensitivity functions Sd
b

(a), Sd
m (b) and Sd

r (c) in (5.14).
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Figure 5.10: Experimental sensitivity analysis: sensitivity functions SPk

b (a), SPk
m

(b) and SPk
r (c) in (5.15).

theoretical sensitivity Sd
b in Fig. 5.9(a). This confirms that the damping param-

eter b is the one mainly influencing the pHRI stability. Conversely, m is the

least influencing parameter (Fig. 5.10(b)). Finally, increasing both parameters

simultaneously provides intermediate performance.

5.5 Parameter Adaptation for Transparency

Based on the sensitivity analysis presented in the previous section, an adaptation

strategy for the admittance parameters is proposed. The goal is to maximize

transparency in pHRI while ensuring stability under all conditions. In human-

robot collaborative tasks, the user effort is strongly influenced by the admittance

parameters [102], which effectively shape the perceived interaction dynamics.
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Figure 5.11: Adaptation strategy for the admittance parameters to maximize
transparency within the stability region. The red area indicates the instability
region, while the blue arrow shows the proposed parameter variation logic.

5.5.1 Transparency vs. Stability Trade-off

Transparency in pHRI refers to the system’s ability to minimize the user’s percep-

tion of resistive forces during movement, caused, e.g., by real or virtual inertia and

friction. In physical control applications, such as robotic rehabilitation, teleoper-

ation, or robot-assisted surgery, a transparent robot allows the user to perform

smooth and natural movements without perceiving artificial constraints other

than the virtual fixture. In the surgical domain, achieving high transparency

is particularly critical for two reasons: first, to significantly reduce the physi-

cal effort and fatigue of the surgeon during prolonged procedures; and second,

to maintain the natural haptic perception of the tool-tissue interaction, ensuring

that the robot’s inherent bulkiness does not mask delicate physiological feedback.

Transparency can be quantitatively evaluated by measuring the average force

exerted by the user while performing a task:

f̄∥ = avg(|f∥|), (5.16)

where a lower applied force f̄∥ indicates greater system transparency (i.e., minimal

resistance imposed by the robot).

Generally, maintaining low values for the parameters m and b reduces the

required user effort. However, as shown in Sec. 5.4, this condition is highly
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detrimental to system stability. Conversely, increasing these parameters improves

stability but degrades transparency, increasing the physical effort required from

the user.

5.5.2 Proposed Adaptation Strategy

To resolve this conflict, a variable adaptation law is proposed as a function of

the proxy velocity v. Letting v0 be the nominal velocity for the task (e.g., the

maximum expected velocity), the admittance parameters are varied according to

the following logic, visualized in Fig. 5.11:

m(v)=mmin + (mmax −mmin)
sat(|v|)

v0
,

b(v)= bmax + (bmin − bmax)
sat(|v|)

v0
,

(5.17)

where sat(·) is a saturation function limiting the output to the range [0, v0].

This mechanism linearly changes the physical parameters from (mmin, bmax) to

(mmax, bmin) as the velocity |v| increases.
The rationale behind this strategy is based on physical considerations regard-

ing the proxy dynamics (5.1):

• At low velocities (acceleration phase): The inertial term mv̇ domi-

nates. Therefore, m is kept at its minimum value mmin to reduce the effort

required to accelerate the proxy. Simultaneously, b is kept at its maximum

bmax to ensure static stability [17].

• At high velocities (cruising phase): The acceleration is negligible, and

the user effort is dominated by the viscous friction term bv. Therefore, b is

reduced to bmin to favor fluid movement. Simultaneously, m is increased to

mmax to maintain a sufficient stability margin against oscillations [103].

This approach allows for a lower level of human force while guaranteeing stability

without requiring complex feedback actions based on oscillation detection.

5.5.3 Optimization and Experimental Validation

To guarantee strong stability properties, the central operating point around which

the parameters vary must be selected within the stable region (blue area in

Fig. 5.11), moving away from the nominal limit point p0 = (m0, b0). However,



Chapter 5. Analysis of Stability, Sensitivity, and Transparency in Variable

Admittance Control for pHRI 63

this shift typically increases user effort. To ensure that the proposed adapta-

tion strategy restores the transparency levels of the nominal case, the following

optimization problem is defined:

Optimization Problem 1. Let f̄∥v be the user effort when the admittance

parameters are varied as in Fig. 5.11 around a generic point p. The objective

is to find the optimal value p∗ of point p = (m, b), around which the admittance

parameters can be varied using (5.17), such that:

min
p

J(p), where J(p) = |f̄∥v − f̄ 0
∥ |

subject to the constraints:

mmin = 0.5m, mmax = 1.5m, bmin = 0.5 b, bmax = 1.5 b.

Based on this optimization logic, the central operating point p∗ = (m∗, b∗) has

been selected to be more conservative than the nominal limit point p0. Specifi-

cally, we chose p∗ = 1.5 p0. The ranges are then defined as:

mmin = 0.5m∗, mmax = 1.5m∗, bmin = 0.5 b∗, bmax = 1.5 b∗.

The effectiveness of this strategy was evaluated by comparing the user effort

required in three cases:

1. Nominal Case (p0): Parameters fixed at the edge of instability (m0 =

0.6 kg, b0 = 1 Ns/m). This represents the theoretical minimum effort f̄ 0
∥

achievable with fixed parameters before instability.

2. Conservative Case (p∗): Parameters fixed at a safe operating point (p∗ =

1.5p0).

3. Adaptive Case (p∗v): Parameters varying according to (5.17) around the

safe point p∗.

The simulation results reported in Table 5.2 show that f̄ ∗
∥v
≃ f̄ 0

∥ . This means

the adaptive strategy allows the user to experience the same low effort as the

”edge-of-instability” case (p0), but operating within a fully safe region (centered

at p∗). Conversely, keeping the parameters fixed at the safe point p∗ would result

in a significantly higher effort (0.53 N vs 0.35 N).
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Table 5.2: Simulative results of the admittance parameters optimization for max-
imizing transparency.

Nominal (p0) Conservative (p∗) Adaptive (p∗v)

(m0, b0) 1.5 p0 (fixed) 1.5 p0 (varying)

f̄∥ [N] 0.35 0.53 0.34

Table 5.3: Experimental results of the transparency optimization applied to the
real setup.

Nominal (p0) Conservative (p∗) Adaptive (p∗v)

(m0, b0) 1.5 p0 (fixed) 1.5 p0 (varying)

f̄∥ [N] 0.28 0.38 0.28

These findings were validated experimentally using the setup described in

Sec. 5.2. The results, summarized in Table 5.3, confirm the simulation trend.

In the experimental case, fixing the parameters at the safe point p∗ increased

the user effort by approximately 26% compared to the nominal case. However,

by activating the proposed adaptive logic (5.17), the user effort returned to the

nominal level (f̄ ∗
∥v

= 0.28 N), demonstrating that it is possible to combine the

safety of conservative parameters with the transparency of aggressive tuning.

5.6 Discussion

This chapter has addressed the stability, sensitivity, and transparency analyses in

pHRI using variable admittance control. A distinguishing feature of this study,

compared to the majority of related works focusing on free co-manipulation, is

the specific consideration of pHRI enhanced by Virtual Fixture (VF).

The conducted stability analysis explicitly included nonlinear effects, such as

system delays and actuator saturation. This approach provided a deep under-

standing of the nature of undesired oscillations, highlighting that the coupling

between delay and saturation is the primary cause of the unstable behaviors ob-

served in experimental settings.

While the proposed scalar analysis provides a clear understanding of the fun-

damental instability mechanisms, it is important to acknowledge the limitations
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introduced by reducing the 7-DoF redundant robot to a simplified 1-DoF scalar

model. In a multi-DoF redundant manipulator, Cartesian motions are inherently

subject to configuration-dependent inertia and cross-axis dynamic coupling. The

1-DoF assumption considers the dynamics projected strictly along the tangential

path, neglecting the off-diagonal terms of the Cartesian inertia matrix. In reality,

interaction forces can induce coupled accelerations in orthogonal directions. Fur-

thermore, the robot’s kinematic redundancy allows for internal null-space motions

that dynamically alter the effective inertia perceived at the end-effector. These

configuration-dependent variations and inertial couplings could introduce unmod-

eled high-frequency dynamics or dynamically shift the stability margins identified

in the scalar Nyquist analysis, potentially requiring more conservative tuning of

the admittance parameters in specific regions of the workspace.

Furthermore, addressing the lack of consensus in the literature regarding the

most effective parameter adaptation technique, a sensitivity analysis was per-

formed. This analysis allowed for the discrimination of the admittance param-

eter with the greatest influence on pHRI stability, with simulative results fully

confirmed by experimental validation.

Finally, to optimize the trade-off between stability and transparency, an opti-

mization problem equipped with a novel admittance parameter adaptation tech-

nique was proposed. The objective was to maximize transparency—minimizing

user effort—while maintaining stability. The effectiveness of this approach was

verified through both simulation and experimental results, demonstrating a sig-

nificant improvement in the interaction experience.



Chapter 6

Optimizing Design and Control

Methods for Upper-Limb

Rehabilitation using

Collaborative Robots

6.1 Introduction

In recent years, the integration of robotic devices into post-operative rehabilita-

tion protocols has gained significant traction, driven by the need to provide high-

intensity, repetitive training while alleviating the physical burden on therapists

[104]. These robotic systems are generally categorized into two main families:

exoskeletons and end-effector devices.

Exoskeletons, such as ARMIN [105], Rupert [106], and NESM [107], are

grounded on the user’s anthropometric structure. They offer the advantage of

controlling each joint of the limb independently, ensuring high repeatability of

the movement. However, their widespread adoption is often hindered by their

mechanical complexity, the difficulty in aligning the robot’s joints with the hu-

man’s physiological axes, and limited adaptability to different patient sizes or

exercise routines.

Conversely, end-effector devices—exemplified by systems like MIT-MANUS

[108], GENTLE/S [109], REHAROB [110], and others [111], [112]—interact with

the patient only at the distal part of the limb (e.g., the hand or wrist). While they

offer less direct control over proximal joints, they provide significant advantages

in terms of simplicity, cost-effectiveness, and flexibility. In occupational therapy

contexts, these manipulators can guide the patient’s limb along predetermined

paths, effectively replicating Activities of Daily Living (ADL) [113], [114]. Fur-

66
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thermore, they allow for the definition of free-space exercises and the adjustment

of the effort level required, enabling the therapy to adapt to the patient’s recovery

progress [115].

6.1.1 The Role of Collaborative Robots

This chapter focuses on a specific subset of end-effector solutions based on com-

mercial cobot. The use of general-purpose cobot, such as the Franka Emika

Panda used in this work, offers a streamlined path to clinical implementation

compared to custom-built hardware. cobot are inherently designed for safe pHRI

and are optimized from an engineering perspective [116]. However, integrating

commercial collaborative robots (cobots) into rehabilitation poses specific chal-

lenges. Their kinematic architecture is designed for industrial or service tasks

rather than biomechanical compatibility, and their payload capacity is often lim-

ited compared to the forces exerted during spastic movements or weight-bearing

exercises. Consequently, a systematic design methodology is required to optimize

the robot’s pose relative to the rehabilitation task to maximize performance [117].

6.1.2 Control Challenges: Guidance and Adaptability

Beyond the mechanical setup, the core challenge lies in the control architec-

ture. The interaction must be safe, intuitive, and capable of modulating assis-

tance—ranging from passive motion (robot does all the work) to active participa-

tion (patient drives the motion). Standard industrial control modes are ill-suited

for this dynamic responsiveness. To address this, impedance and admittance con-

trol strategies have become the standard for shaping the dynamic behavior of the

robot [17], [83], [118].

A key concept in this domain is the VF [3], [4]. A Virtual Fixture (VF)

constrains the user’s motion along a desired path (Guidance Virtual Fixture

(GVF)) or prevents entry into forbidden regions (Forbidden Region Virtual Fix-

ture (FRVF)). In rehabilitation, GVFs are particularly valuable as they allow the

patient to move along a therapeutic trajectory without enforcing a strict timing

law, unlike traditional trajectory tracking [119]. This approach resolves the limi-

tations of time-dependent trajectory planning, which forces the patient to follow

a specific speed profile regardless of their functional ability [51].

Implementing GVFs often involves finding the closest point on the path to

the end-effector position [24], [120], [121], a process that can be computationally

expensive and prone to singularities [122]. An alternative, which is adopted in



Chapter 6. Optimizing Design and Control Methods for Upper-Limb

Rehabilitation using Collaborative Robots 68

this work, relies on a proxy-based approach [123], where a virtual mass interacts

with the user and pulls the robot along the path.

6.1.3 Task Definition via Learning by Demonstration

To make the system accessible to therapists without programming skills, the def-

inition of the rehabilitation task must be intuitive. This is achieved through

Learning by Demonstration (LbD) [6], [124]. The therapist physically guides the

robot to perform the exercise, and the system records and encodes the trajectory.

While Dynamic Movement Primitives (DMPs) are a popular choice for encoding

such motions [50], this work employs constrained smoothing B-splines [68], [125],

which offer a balance between approximation accuracy and trajectory smooth-

ness suitable for geometric path following. Specifically, the B-spline optimization

is constrained by a strict tolerance parameter that upper-bounds the maximum

geometric deviation from the filtered demonstration. As evaluated in the earlier

methodological analysis reported in Chapter 3, this approach guarantees an ap-

proximation accuracy in the sub-millimeter to low-millimeter range (e.g., RMSE

< 1 mm), strictly preserving the user’s geometric intent while ensuring the C2
continuity mathematically required for stable haptic interaction, a fundamental

prerequisite for high-precision extensions, such as robot-assisted surgery.

6.1.4 Contributions of this Chapter

Building upon the preliminary concepts introduced in [78], [117], this chapter

presents a comprehensive framework for cobot-assisted upper-limb rehabilitation.

The specific contributions are:

1. Optimization-Based Design Methodology: A procedure to identify

the optimal relative pose between the robot and the rehabilitation trajec-

tory. Unlike standard manipulability indices [126], this method utilizes a

specific payload index (Pz) to maximize the robot’s capacity to support

vertical loads (e.g., the weight of the patient’s arm) [127].

2. Novel Control Architecture: An Hybrid Impedance Control (HIC)

scheme that spatially decouples the interaction dynamics to combine the

benefits of both admittance and impedance paradigms:

• Tangential Admittance: The task progression along the path is gov-

erned by the dynamics of a virtual proxy constrained to the curve.
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This admittance-based interaction allows the user to dictate the ex-

ecution speed via force application, effectively decoupling geometric

constraints from the temporal law [70].

• Orthogonal Impedance: The confinement within the safe region is

achieved via an impedance-based approach. A non-linear elastic force

field is superimposed onto the robot’s natural dynamics to generate

haptic feedback that penalizes deviations from the path, providing

tunable ”soft” or ”hard” constraints [112], [128].

• Singularity-Free Guidance: The resulting proxy-based mechanism en-

sures computationally efficient and singularity-free guidance, as the

reference is generated by the physical evolution of the virtual mass

rather than geometric projection.

3. Adaptive Interaction Modes: The system can seamlessly switch be-

tween:

• Passive Mode: The robot supports the limb and guides the motion.

• Active Mode: The robot provides resistance or transparency [7], [129].

• Assist-as-needed (AAN): Virtual forces can be injected to help the

patient only when necessary [130], [131].

Crucially, rigorous stability proofs for the coupled human-robot system are

provided, addressing a gap often present in related literature where stability is

assumed but not formally demonstrated. The following sections will detail the

workspace optimization algorithm, the derivation of the control laws, and the

experimental validation of the system in both technical benchmarks and simulated

ADL tasks.

6.2 Related Works and Paper Contributions

The design of the proposed control architecture has been guided by an in-depth

analysis of the literature, aiming to identify the functional and technical features

that contribute to an effective and flexible rehabilitation system.

From a functional perspective, rehabilitation tools are categorized according

to the level of assistance they provide [114], ranging from passive to active devices.

This classification depends on whether the devices only offer resistive forces or

can actively apply forces to the patient. It is important to note that, in general,
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the terms “active” and “passive” refer to the behavior of the patient. Robotic

devices enable the adjustment of the resistance experienced by the user during re-

habilitation exercises and can incorporate an assist-as-needed (AAN) mechanism

to help the patient complete the exercises [7], [112].

In the context of rehabilitative robots, passive therapy can be easily imple-

mented because there is no need for feedback by the patient, whose limb is simply

moved along predefined trajectories without the patient having to exert any ef-

fort. Accordingly, from a control perspective, this application involves simple

trajectory tracking of a time-dependent trajectory, possibly with different stiff-

ness gains along the free and constrained directions [119].

On the contrary, active therapy requires the robot end-effector to constrain

the motion of the user’s limb along specific directions while leaving movement free

in other directions. In any case, it is the patient, possibly aided by the system,

who must apply the force necessary to move the limb. In this scenario, the control

must implement a so-called GVF, which does not depend on time but only on

the geometric characteristics of the constraints [3], [4].

6.2.1 Approaches to Virtual Fixtures Implementation

Basically, guiding VFs can be implemented in two complementary ways:

1. The user interacts with the robot, which is subject to a force/velocity field

that tends to maintain it on the desired path.

2. The user interacts with a virtual point, called proxy, that is constrained to

move on the desired path, and then the robot, possibly connected through

a virtual spring, tracks this point.

Both approaches have their pros and cons. Consider the scheme of Fig. 6.1,

where a generic guiding VF is defined by the parametric curve φ(s).

According to the former technique, described e.g. in [24], [120], [121], it is

necessary to compute at each time-stamp the value of parameter s that minimizes

the distance between the curve φ(s) and the end-effector position x(t):

s⋆ = arg min
s∈[0,l]

∥x(t)−φ(s)∥. (6.1)

The solution of (6.1) based on iterative methods can be computationally expen-

sive, thus limiting the maximum sampling rate of the digital control implementing

the VF, with repercussions on the stability of the system itself [18]. Furthermore,
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Figure 6.1: Guiding virtual fixture on a generic curve φ(s) parametrized by its
arc-length, defining a rehabilitation task.

the search for the nearest point on the path may yield more than one solution

[24]. For this reason, the approaches based on this type of solution are affected

by singularities in the motion representation, that may require the imposition of

geometric constraints on the reference curve, such as its curvature [122].

The latter method (proxy-based) is more efficient from a computational point

of view and is not subject to singularity conditions due to the specific parameter-

ization of the curve φ(s). However, it introduces into the system a new dynamics

that may cause instability and unwanted effects, such as additional elasticities.

6.2.2 Comparison with State of the Art

Table 6.1 classifies some notable research works focused on the control of end-

effector type rehabilitation robots according to key features identified in the lit-

erature analysis.

Many of the proposed control architectures possess most of the desirable char-

acteristics that such a system must have, but not all of them. The goal of the

proposed research is to integrate all these features into a single framework. The

resulting solution is a Hybrid Impedance Control, which is a sort of an extension

of a common Admittance Guidance Virtual Fixture, that transforms the system

into a passive mechanical tool, which can be easily programmed by therapists

through a Learning by Demonstration (LbD) approach. Additionally, our archi-
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Table 6.1: Main features of the control architectures for end-effector type reha-
bilitation robots.

Ref. Interaction Modes Curve Definition Constraint Definition Stability Singularity
Active Passive Analytic LbD Soft Hard Proved Free

[7] ✓ ✓ ✓ ✓ ✓

[132] ✓ ✓ ✓ ✓ ✓

[112] ✓ ✓ ✓

[122] ✓ ✓ ✓ ✓

[6] ✓ ✓ ✓ ✓

[131] ✓ ✓ ✓ ✓

[129] ✓ ✓ ✓ ✓ ✓

Our ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

tecture facilitates adaptive force application, enabling the robot to assist or resist

the patient as needed during the exercise.

Interestingly, due to the particular expression of the elastic function embedded

in the admittance model, it is possible to separately define the restoring force level

and the maximum deviation from the reference curve, effectively combining soft

and hard constraints.

6.3 Robot-Trajectory Relative Pose Optimiza-

tion

A systematic methodology for designing cobot-assisted rehabilitation solutions is

proposed. Based on the physiotherapist’s clinical recommendations, the layout of

rehabilitation exercises can be optimized by selecting the appropriate cobot and

end-effector, and subsequently optimizing the placement of motion trajectories

within the robot’s workspace.

Shifting the perspective from traditional design approaches, we aim to deter-

mine the robot pose that maximizes a specific design criterion for a given exercise

type. In our previous work [117], the optimization of the robot pose was based

on the classical manipulability index :

m(q) =
√

det
(
J(q)JT (q)

)
(6.2)

where J(q) denotes the Jacobian Matrix of the manipulator. Based on the index

m(q), the cobot workspace is divided into regions that guarantee a minimum

manipulability value, identifying zones where the robot can exert forces in all

Cartesian directions without inducing excessive joint torques.
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However, for rehabilitation applications using commercial cobots, the primary

limitation is often the payload capacity. In the early stages of rehabilitation,

patients may lack the strength to support their own arm, meaning the robot

must bear a significant portion of the weight. Consequently, the dominant force

component acting on the cobot’s end-effector is vertical (gravity). Therefore, a

payload-specific index is preferred over the general manipulability index.

6.3.1 The Payload Index (Pz)

The proposed index evaluates the maximum net force the robot can exert along

the vertical z-axis of the task space. Consider the Euler-Lagrange model of a

robot manipulator interacting with a human:

M(q)q̈ +C(q, q̇)q̇ + g(q) = τ + JT (q)fh (6.3)

where q ∈ R
n is the joint variable vector, M(q) is the inertia matrix, C(q, q̇)q̇

represents Coriolis and centrifugal torques, g(q) is the gravitational torque vector,

τ is the actuator torque vector, and τh = JT (q)fh are the joint torques resulting

from the external wrench fh applied by the patient.

In static conditions (q̈ = q̇ = 0), assuming the force generated by the interac-

tion is purely vertical (fh = [0, 0, −fz, 0, 0, 0]T ), the actuator torques required

for static balancing are:

τi = J3,i(q)fz + gi(q), i = 1, . . . , n (6.4)

where J3,i(q) is the element (3, i) of the Jacobian, and gi(q) is the i-th component

of the gravity vector. By imposing the actuation limits |τi| ≤ τlim,i, the maximum

sustainable vertical force fz is derived as:

fz,max = min
i

{
τlim,i − |gi(q)|
|J3,i(q)|

}

. (6.5)

The force Fz,max defines the scalar payload index Pz(x), which maps the robot’s

workspace capability. By discretizing the 3D workspace into points xi, and fixing

the end-effector orientation γ̄, we can generate a map of the maximum sustainable

vertical force:

Pz(xi) : pi =

[

xi

γ̄

]

−→ qi −→ fz,maxi.
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(a) (b) (c)

Figure 6.2: Workspace maps based on the index Pz(xi) with fixed orientations:
(a) Flange Down, (b) Flange Horizontal, and (c) Flange Up.

Figure 6.2 visualizes these payload maps for three different flange orientations:

Down (a), Horizontal (b), and Up (c). The color scale highlights the significant

variation in payload capability across the workspace, emphasizing the importance

of optimal positioning.

While the current analysis evaluates the workspace for a standard floor-

mounted configuration, it is worth noting that the index Pz is equally sensitive

to the robot’s base mounting orientation. As a theoretical extension, altering the

gravity vector relative to the robot’s base (e.g., via wall or tilted mounting) would

fundamentally shift the payload distribution. Specifically, if the base is oriented

such that the axes of the main pitch joints align with the gravity vector, the static

gravitational torques gi(q) acting on those specific joints are effectively nullified.

According to Equation (6.5), setting |gi(q)| = 0 leaves the entire actuation mar-

gin τlim,i available to counteract the external wrench, thereby maximizing the

sustainable vertical force fz,max. Exploring base-mounting optimizations based

on this kinematic property represents a highly promising direction for tailoring

custom rehabilitative robotic cells.

6.3.2 Optimization Procedure

The workspace optimization involves determining the optimal placement of the

rehabilitation trajectory relative to the cobot’s base frame. A trajectory is dis-

cretized into an ordered set of points φk (k = 1, . . . , n). For a given candidate

position j of the trajectory in the workspace, a score πj is assigned based on the

minimum payload capacity along the path:

πj = min
k

Pz(φk). (6.6)
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The algorithm iteratively explores various locations by translating the trajec-

tory in the xy-plane and rotating it around its geometric center. The optimal

configuration is identified as the one that maximizes the minimum guaranteed

payload:

πopt = max
j
{πj}. (6.7)

Once the optimal layout is defined and the cobot is installed, the system is

ready for clinical use. To ensure user-friendliness and customization, the specific

exercises are then refined or redefined by the therapist using the LbD methodology

described in the previous section, ensuring that the motion remains within the

optimized high-payload region of the workspace.

6.4 Control Architecture for Human-Robot In-

teraction

A novel control architecture that mixes admittance control and guidance virtual

fixtures is developed to constrain the motion of the cobot’s end-effector along

a 3D path specified by the therapist, without imposing a specific time law. In

this way, it is the patient connected to the robot’s end-effector who imposes the

movement along the curve by applying forces with the rehabilitated limb.

As mentioned in the introduction, the basic idea relies on a virtual proxy

[4], [123] affected by the force exchanged with the user. However, the proposed

implementation introduces several novelties to adapt this concept specifically for

rehabilitation, leveraging the methodological framework established in Chapter

3.

Let us assume that the reference path, denoted as xd, has been settled by the

therapist using a Learning by Demonstration (LbD) procedure, and is defined by

a parametric function:

xd = φ(u). (6.8)

Functionφ(·) represents any curve with a proper degree of continuity (at least C1).
In the experiments, we consider cubic B-spline functions obtained by interpolating

the points registered during the demonstration.

In standard kinesthetic teaching, the independent variable u is typically time

(u = t). However, as discussed in Sec. 3.1, this dependency introduces distortions

when the execution speed varies. Since the proposed rehabilitation application

aims to enforce a prescribed geometric path without specifying execution speed,
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an arc-length parameterization is adopted. This is achieved by processing the

demonstrated trajectory with the Spatial Sampling Algorithm (SSA) detailed

in Sec. 3.2, which ensures that the curve is parameterized by the curvilinear

coordinate s rather than time. Mathematically, this corresponds to composing

φ(u) with the function u(s), obtained by inverting the arc-length integral. With

a slight abuse of notation, we denote the resulting spatially-parameterized curve

as φ(s).

A crucial property derived from the SSA (see Eq. 3.2 in Chapter 3) is that

the tangent vector has unitary magnitude:

∥φ′(s)∥ =
∥
∥
∥
∥

dφ(s)

ds

∥
∥
∥
∥
= 1. (6.9)

This property is fundamental for the stability of the admittance control, as it

ensures that the mapping from user force to motion along the curve is consistent

and never vanishes (avoiding the stagnation phenomenon described in Sec. 3.4).

As shown in Fig. 6.3(a), a point-wise mass m is constrained to follow φ(s) and

moves subject to the force applied by the user. Simultaneously, the cobot tracks

the position of this mass. Fig. 6.3(b) depicts the overall block scheme. The

Guidance Virtual Fixture computes the forward dynamics of the virtual mass

based on the measured force f̂h, providing the instantaneous reference position:

xd(t) = φ(s(t)). (6.10)

Given xd(t), its derivatives can be analytically computed as:

ẋd(t) = φ′(s)ṡ(t) (6.11)

ẍd(t) = φ′′(s)ṡ2(t) +φ′(s)s̈(t) (6.12)

where φ′(s) and φ′′(s) are the first and second derivatives with respect to the arc

length.

6.4.1 Dynamic Equation of the Virtual Mass

The general architecture of the control framework was introduced in Chapter 4,

where its structural soundness and passivity were rigorously proven using Lya-

punov theory. However, while Chapter 4 outlined the theoretical basis for safety,

it treated the dynamics of the system in broad terms. In this section, we explicitly

detail the mathematical derivation of the scalar equation of motion, moving from
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the general concept to the specific implementation used for the rehabilitation

task.

The dynamic model of the point mass m is derived using Lagrange equations.

Assuming the mass is constrained to the path φ(s) and not affected by gravity,

the Lagrangian corresponds solely to the kinetic energy:

L = K =
1

2
mẋT

d ẋd =
1

2
mṡ2, (6.13)

where the simplification exploits the property ∥φ′(s)∥ = 1 of the arc-length pa-

rameterization derived via the SSA.

By applying the Euler-Lagrange operator to (6.13), we obtain the specific

scalar dynamics governing the task progression:

ms̈+ bṡ = f∥ (6.14)

where bṡ represents the viscous friction—a crucial term for the dissipativity prop-

erties demonstrated in Chapter 4—and f∥ is the tangential component of the user

force f̂h:

f∥ = φ′(s)T · f̂h. (6.15)

Other force components orthogonal to the path are compensated by the virtual

constraints. Note that if m ≈ 0, Eq. (6.14) reduces to the standard admittance

relationship v ∝ f .

6.4.2 Cartesian Impedance Control of the Robot

Consider the dynamic model of the robot manipulator interacting with a human,

described by the Euler-Lagrange formulation:

M(q)q̈ +C(q, q̇)q̇ + g(q) = τ + JT (q)fh (6.16)

where M(q) is the joint-space inertia matrix, C(q, q̇)q̇ represents Coriolis and

centrifugal effects, g(q) is the gravity vector, τ is the control torque, and JT (q)fh

is the torque generated by the external force fh applied by the user.

To shape the dynamic behavior of the robot, a Cartesian inverse dynamics

control law is adopted:

τ = M (q)y +C(q, q̇)q̇ + g(q) (6.17)
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where the auxiliary control input y is designed to linearize the system in the

operational space and impose the desired impedance behavior:

y = J−1(q)
(

ẍd − J̇(q)q̇ +K ′
D
˙̃x+ f ′

el(x̃)
)

. (6.18)

Here, x̃ = x − xd represents the Cartesian tracking error with respect to the

desired pose xd (provided by the proxy). Substituting (6.17) and (6.18) into

(6.16) leads to the closed-loop dynamics:

¨̃x+K ′
D
˙̃x+ f ′

el(x̃) = M−1
A (q)fh. (6.19)

To recover the physical interpretation of a mechanical impedance, the gain ma-

trices are scaled by the Cartesian inertia matrix MA(q) = J−T (q)M(q)J−1(q):

K ′
D = M−1

A (q)KD (6.20)

f ′
el(x̃) = M−1

A (q)fel(x̃) (6.21)

Consequently, the impedance model of the robot in the Cartesian space is derived

as:

MA(q)¨̃x+KD
˙̃x+ fel(x̃) = fh. (6.22)

In this equation, KD > 0 is the desired damping matrix, and fel(x̃) is a generic

elastic force. This force is obtained by differentiating a scalar potential function

Uel(x̃) ≥ 0, such that Uel(x̃) = 0 ⇐⇒ x̃ = 0:

fel(x̃) =

(
∂Uel(x̃)

∂x̃

)T

. (6.23)

As highlighted in [133], the dynamics in (6.22) represent a passive mapping

from the external force fh to the velocity error ˙̃x, ensuring the stability of the

system in feedback interconnection with a passive environment (the human op-

erator).

Finally, it is worth noting that the inclusion of the feedforward acceleration

term ẍd(t) in the auxiliary input (6.18) is crucial. It justifies the adoption of the

second-order dynamics for the proxy in (6.14); without this term, the required

acceleration s̈(t) could theoretically lead to infinite values for the control variable,

compromising the realizability of the virtual fixture.
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6.4.3 Stability Analysis

The safety of the proposed rehabilitation system relies on the rigorous theo-

retical validation established in Chapter 4. While that chapter provided the

formal proofs of asymptotic stability and passivity for the general control frame-

work—including the management of redundancy and null-space dynamics (Sec.

4.5)—this section focuses on verifying that the specific control laws instantiated

for the rehabilitation task adhere to those dissipative properties.

As illustrated in Fig. 6.3(b), the overall control scheme is composed of three

interconnected subsystems: the Patient, the Admittance Guidance VF, and the

Controlled Robot. The analysis rests on the fundamental assumption, discussed

in Sec. 4.4, that humans behave in a passive manner during voluntary interaction

or when holding a posture [134], [135]. Accordingly, the human operator defines

a passive mapping from velocity (ẋ) to force (−fh). Therefore, to ensure the

stability of the coupled system, we must verify that the map from the user’s

force fh to the robot’s velocity ẋ is passive for the specific dynamics derived in

equations (6.14) and (6.22).

To this end, we define the state vector ξ = [ṡ, x̃, ˙̃x]T and construct a storage

function Sr(ξ) representing the total ”virtual energy” of the rehabilitation sys-

tem. This function combines the kinetic energy of the proxy, the inertia-weighted

tracking error, and the potential energy of the virtual constraints defined in Sec.

6.4:

Sr(ξ) =
1

2
mṡ2 +

1

2
˙̃xTMA(q) ˙̃x+ Uel(x̃). (6.24)

As demonstrated in the general proof (Sec. 4.3), this function serves as a valid

Lyapunov candidate.

Taking the time derivative of Sr(ξ) and exploiting the skew-symmetric prop-

erty of the robot dynamics (ṀA− 2CA), we obtain the power balance equation.

By substituting the reference velocity ẋd = φ′(s)ṡ and the error dynamics, the

derivative simplifies to:

Ṡr(ξ) = −bṡ2 − ˙̃xTKD
˙̃x+ ẋTfh. (6.25)

Since the virtual friction coefficient b and the damping matrix KD are strictly

positive definite (b > 0, KD > 0), the first two terms are strictly non-positive,

representing the power dissipated by the controller to enforce the virtual fixture

and dampen the motion. Consequently, the dissipation inequality holds:

Ṡr(ξ) ≤ ẋTfh. (6.26)
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This confirms that the specific implementation of the rehabilitation controller

behaves as a strictly passive system with respect to the port ⟨ẋ, fh⟩. According
to the interconnection theory detailed in Sec. 4.4, the feedback interconnection

of this passive robot with a passive human operator guarantees the asymptotic

stability of the overall coupled system.

6.4.4 Quasi-static Behavior and Elastic Field Design

Once the stability of the robotic system connected to the user has been proven

(as detailed in Sec. 6.4.3 and Chapter 4), it becomes of interest to consider the

achievable performance in terms of position error and exchanged forces while

the human is interacting with it. Assuming that the velocities and accelerations

involved in a typical rehabilitation task are very small, we analyze the behavior

of the controlled robot close to an equilibrium state (ẋ ≈ 0, ẍ ≈ 0).

Considering that the user is exerting a constant force f̄h, equations (6.14) and

(6.22) imply that at equilibrium:

f∥ = φ′(s̄)T · f̄h = 0 (6.27)

fel(x̃) = f̄h. (6.28)

Equation (6.27) shows that the force applied by the user at equilibrium must be

orthogonal to the tangent vector of the desired curve x̄d = φ(s̄). Equation (6.28)

indicates that this force must be counteracted by the elastic force acting on the

robot, which is caused by the deviation x̃ from x̄d.

From an intuitive user perspective, the system’s displacement x̃ should ideally

align with the force causing it, similar to a standard mechanical spring. To achieve

this, we impose a specific structure on the elastic force function fel(x̃):

fel(x̃) = fel(∥x̃∥)
x̃

∥x̃∥ (6.29)

where fel(·) ≥ 0 is a scalar function such that fel(0) = 0. In this way, the elastic

force is always directed along x̃, and its intensity is determined by fel(·). How-

ever, the elastic connection plays different roles along the tangent and orthogonal

directions to the curve. It needs to ensure minimal tracking error along the curve

while still allowing patients to deviate from the planned path without encoun-

tering excessive forces. To achieve this, the elastic force is decomposed into two
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complementary components:

fel(x̃) = f el,∥(x̃∥) + f el,⊥(x̃⊥) (6.30)

where:

x̃∥ = φ′(s̄)φ′(s̄)T x̃ (6.31)

x̃⊥ =
(
I3 −φ′(s̄)φ′(s̄)T

)
x̃ (6.32)

represent the tangent and orthogonal displacements to the curve at point φ(s̄),

respectively. Functions f el,∥(·) and f el,⊥(·) maintain the structure described in

(6.29). From (6.30) and (6.29), the potential function that defines fel(x̃) accord-

ing to (6.23) can be derived as:

Uel(x̃) = uel,∥(∥x̃∥∥) + uel,⊥(∥x̃⊥∥)

where uel,∗(z) =

∫

fel,∗(z)dz is the primitive of fel,∗(·) such that uel,∗(0) = 0.

Tangent Direction: Linear Elasticity

If we assume fel,∥(z) = κ z where κ is a positive constant, the constitutive equation

of a standard linear spring is obtained:

f el,∥(x̃∥) = κ x̃∥. (6.33)

This expression is used along the tangent direction, where a large value of κ helps

ensure minimal tracking error. However, due to equations (6.27) and (6.28), this

component is not perceived by the user when moving slowly along the curve (since

at equilibrium f∥ = 0).

Orthogonal Direction: Nonlinear Virtual Channel

A more effective way to define a fixture for rehabilitation applications in the

normal plane to the desired path is based on the function:

fel,⊥(z) = χ
δ2z

δ2 − z2
⇒ f el,⊥(x̃⊥) = χ

δ2

δ2 − ∥x̃⊥∥2
x̃⊥ (6.34)

where χ and δ are free parameters that define the stiffness for small deformations

(z ≈ 0) and the maximum allowable displacement, respectively. As shown in
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Fig. 6.4, when the error z approaches δ, the magnitude of the elastic force tends

to infinity. In this way, the motion of the patient is restricted to a maximum

distance δ in the normal direction to the desired geometric path.

Interestingly, the potential function derived from (6.34):

Uel,⊥(x̃⊥) =
χδ2

2
log

(
δ2

δ2 − ∥x̃⊥∥2
)

, (6.35)

has the same form as standard Barrier Lyapunov Functions [136], used for pre-

venting constraint violation in dynamic systems.

The behavior of the overall system is illustrated in Fig. 6.5 by means of an

equivalent mechanical representation: while the human force fh affects the robot,

only its tangent component moves the mass along the desired path. At equilib-

rium, when this component is equal to zero, the normal component F⊥ causes a

deviation from the desired geometric path along the normal direction.

The control scheme obtained by combining these components:

fel(x̃) = κ x̃∥ + χ
δ2

δ2 − ∥x̃⊥∥2
x̃⊥ (6.36)

is a specific instance of a band-type controller. This type of controller defines

the boundaries of a virtual channel [112], [128]. Within the channel, there exists

a residual elastic force towards the reference trajectory whose intensity can be

freely chosen by adjusting χ.

Key advantages of this scheme include:

• No time constraints: The movement of the human limb is not restricted

to a specific trajectory or velocity profile [137], but is determined by the

interaction between the user and the robot/virtual mass. The absence of

a time constraint makes the duration of the motion a useful parameter for

estimating the functional ability of the subjects.

• Robustness: The implementation, based on force-to-position causality,

does not require knowledge of the normal direction to the desired reference

path [138], avoiding computational issues and singularities (e.g., at path

intersections).

• Flexibility: Assistive (help-as-needed) or resistive forces can be easily in-

tegrated into the control scheme by adding an appropriate virtual force in

Equation (6.14) governing the mass dynamics.
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6.4.5 Extension to 6-DoF Orientational Virtual Channel

While the previous sections detailed the design of a virtual channel for trans-

lational motions, the proposed HIC architecture can be naturally extended to

encompass the full SE(3) task space. This is particularly relevant when the re-

habilitation exercise requires the patient to follow a specific evolution of the limb’s

orientation along the path, rather than maintaining a fixed posture. To achieve

this, the geometric definition of the path is expanded. Alongside the Cartesian

position φ(s), a desired orientation profile parameterized by the arc-length s

is introduced. To avoid representation singularities, such as gimbal lock, unit

quaternions are employed. Let qd(s) = {ηd(s), ϵd(s)} denote the desired orienta-

tion along the curve, where ηd is the scalar part and ϵd is the vector part. During

the LbD phase, this continuous rotational path is generated using Spherical Lin-

ear Interpolation (Slerp) between the recorded key-poses. As the virtual mass

progresses along the path, providing the instantaneous reference s(t), the corre-

sponding target orientation qd(s(t)) is evaluated. The orientation error between

the actual end-effector orientation q = {η, ϵ} and the desired one is computed

using the quaternion product:

qerr = q−1
d (s)⊗ q = {ηerr, ϵerr}. (6.37)

To enforce an orientational virtual channel that mirrors the behavior of the trans-

lational one, an elastic restoring torque τel is formulated at the control level. By

leveraging the vector part of the orientation error, ϵerr, which is proportional to

the axis-angle deviation, the nonlinear band-type controller defined in (6.34) can

be directly mapped into the rotational domain:

τel(ϵerr) = χo
δ2o

δ2o − ∥ϵerr∥2
ϵerr (6.38)

where χo represents the rotational stiffness inside the channel, and δo defines the

maximum allowable angular deviation boundary. To ensure passivity and provide

a smooth haptic interaction, a rotational damping component must be coupled

with the nonlinear elastic torque. Let ω denote the actual angular velocity of the

end-effector and ωd the desired angular velocity, which can be derived from the

time derivative of the reference orientation profile along the curve. The angular

velocity error is defined as:

ωerr = ω − ωd. (6.39)
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The rotational damping torque τd is formulated to counteract this velocity error:

τd(ϵerr,ωerr) = −do(∥ϵerr∥, δo)ωerr (6.40)

where do is a state-dependent rotational damping coefficient. Similar to the trans-

lational virtual channel design, this coefficient can be kept to a minimal baseline

value near the center of the orientation channel (allowing free rotation) and scaled

up progressively as the angular deviation ∥ϵerr∥ approaches the boundary δo. This

provides a viscous haptic cue that intuitively warns the user before the rigid elas-

tic intervention of (6.38). The total rotational viscoelastic control action applied

to the robot is the superposition of the elastic and damping components:

τve = τel(ϵerr) + τd(ϵerr,ωerr). (6.41)

Consequently, the total generalized force (wrench)Wve applied in the HIC control

law (6.22) is thus augmented to a full 6-dimensional vector:

Wve =




fve(x̃, ˙̃x)

τve(ϵerr,ωerr)



 . (6.42)

This full SE(3) formulation guarantees that the user is smoothly guided not only

along the 3D spatial trajectory but also through the required rotational sequence.

By adopting the nonlinear barrier function for the orientation, the system allows

the patient a predefined, safe degree of rotational freedom (defined by δo) to ac-

commodate natural wrist movements, while rigidly preventing excessive postural

deviations that could compromise the ergonomics or safety of the rehabilitation

task.
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(a)

(b)

Figure 6.3: Working principle of the proposed control architecture based on a
constrained point-wise mass (a), and related block scheme representation (b).



Chapter 6. Optimizing Design and Control Methods for Upper-Limb

Rehabilitation using Collaborative Robots 86

Figure 6.4: Nonlinear elastic function fel(||x̃⊥||) = χ δ2||x̃⊥||
δ2−||x̃⊥||2

for different values

of parameter χ (δ = 5 mm). The force diverges as the error approaches the limit
δ.

Figure 6.5: Equivalent mechanical system of the proposed controller in an equi-
librium configuration.
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6.5 Experimental Setup and Task Specification

Using LbD

The proposed methodology, which involves selecting the optimal robot configura-

tion, programming the rehabilitative task through demonstration, and executing

it via human-robot interaction, has been tested using a Franka Emika Panda,

a collaborative robot with 7 degrees of freedom equipped with an Axia80-M20

force-torque sensor mounted on its terminal flange. Since the robot is redundant,

a torque vector defined in the null space of the Jacobian transpose, which max-

imizes the distance from the joint limits, has been added to the torque control

defined by (6.17), see [84].

The experimental setup is shown in Fig. 6.6, where two possible end-effectors

are considered. Specifically, since the initial goal of the experiments is to evaluate

the impact of control parameters on task execution—particularly the stiffness

level χ, the channel radius δ, and the implementation of additional assisting or

opposing mechanisms—a simple handle has been attached to the force/torque

sensor, as shown in Fig. 6.6(a). In the second phase of the experiments, to test

the proposed architecture during the assisted execution of Activities of Daily

Living (ADL) [6], a purpose-designed constraining mechanism for the patient’s

wrist was installed on the robot, as shown in Fig. 6.6(b).

6.5.1 Path Generation via LbD

In order to define the geometric path for an exercise, the therapist guides the

robot’s end-effector within its operational range, and the sequence of points is

recorded. As detailed in Chapter 3, raw temporal data from demonstrations are

inherently affected by speed variations and pauses. To overcome these limitations

(a) (b)

Figure 6.6: Experimental setup for basic experiments on human-robot co-
manipulation tasks (a) and for the assisted execution of Activities of Daily Living
(b).
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and ensure a consistent geometric definition suitable for the virtual fixture control,

the recorded trajectory is processed using the Spatial Sampling Algorithm (SSA)

described in Sec. 3.2. This re-parameterization transforms the time-dependent

sequence into a regular, spatial-based sequence, effectively decoupling the geo-

metric path from the specific execution speed of the demonstration.

The spatially sampled points are then interpolated with a B-spline curve,

providing the analytical definition required for the control law (6.8). Specifically,

we define a parametric curve φ(u) : [umin, umax]→ R
3 as a linear combination of

control points pj ∈ R
3 weighted by B-spline basis functions of degree p, Bp

j (u):

φ(u) =
N∑

j=0

pjB
p
j (u), umin ≤ u ≤ umax. (6.43)

The vectorial coefficients pj determine the shape of the curve and are com-

puted by imposing approximation conditions on the samples qj of the recorded

trajectory. To suppress unwanted movements (e.g., hand tremors) that affect the

user’s motion during the demonstration, smoothing B-splines are employed. They

minimize the following cost function:

J :=
n∑

j=0

wj∥φ(u⋆
j)− qj∥2 + λ

∫ umax

umin

∥
∥
∥
∥

d2φ(τ)

dτ 2

∥
∥
∥
∥

2

dτ. (6.44)

This formulation represents a trade-off between the squared approximation er-

ror with respect to the demonstrated trajectory and the smoothness (curvature

energy) of the resulting curve. The parameter λ ≥ 0 governs this trade-off.

Since selecting individual weights wj manually is not feasible, a constrained

approach for defining φ(u) has been adopted, as suggested in [68]. Accordingly,

the control points pj in (6.43) are computed by minimizing the cost function J

in (6.44), subject to the constraint:

∥φ(u⋆
j)− qj∥ ≤ ε (6.45)

where ε is a scalar tolerance value representing the maximum allowable geometric

deviation. This constrained formulation is the exact mechanism used to explicitly

set and guarantee the geometric accuracy of the system. By defining ε, the oper-

ator imposes a hard upper bound on the approximation error. The optimization

algorithm will maximize the smoothness of the curve without ever deviating from

the raw data points by more than this prescribed threshold. This determinis-
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(a) (b)

Figure 6.7: Approximation of the demonstrated trajectory using a constrained
smoothing B-spline with λ = 0.01 and a maximum tolerance of ε = 0.01 [m] (a)
and ε = 0.002 [m] (b), respectively. The gray zone represents the feasible region
within the prescribed tolerance ε from the recorded data points.

tic control over the spatial error makes the framework highly scalable: while a

larger tolerance (e.g., 10 mm) can be employed to heavily smooth out patholog-

ical tremors in rehabilitation, setting a strictly sub-millimeter ε guarantees the

microscopic accuracy necessary to safely deploy this path generation method in

robot-assisted surgery.

In Fig. 6.7, the B-spline functions obtained from the same demonstrated tra-

jectory with two different values of ε are shown. It is worth noting that the

path exhibits an intersection. Consequently, while the position along the path

is unique, the normal direction at the intersection point is not uniquely defined

purely by geometry. However, because the control system evaluates the path us-

ing the monotonically increasing arc-length parameter s rather than relying on a

purely spatial nearest-point search, it inherently resolves this topological ambi-

guity and traverses the intersection smoothly without losing the correct forward

direction. Furthermore, it is crucial to reiterate that the primary advantage of

the SSA parameterization lies in its handling of the teaching phase: by entirely

decoupling the geometric path from the original temporal domain, it filters out

any velocity drops caused by the human pausing or hesitating during the demon-

stration. This ensures a strictly non-zero and continuous tangent vector φ′(s)

everywhere, which is the actual mechanism that robustly prevents the stagnation

phenomenon during the subsequent robotic execution.

As a final note, in these experiments the orientation of the end-effector was

kept constant. However, the proposed framework based on the arc-length variable

s can be trivially extended to define a function φo(s) for orientation, interpolating
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the rotation matrices or quaternions recorded during the demonstration.

6.6 Experimental Results and Discussion

To validate the proposed control architecture and evaluate the impact of the

control parameters on system performance, several tests were conducted under

various control conditions. These tests emulated a rehabilitation exercise along

the predefined path shown in Fig. 6.7, collecting forces exchanged during Human-

Robot Interaction and measuring the user’s deviation from the reference path.

6.6.1 Technical Validation of Control Parameters

In the initial experiments, a healthy user with experience conducted tests to

analyze how different control parameters influenced the system’s performance.

The focus was primarily on the parameters defining the virtual channel: the

stiffness χ ∈ {100, 500, 2500} [N/m] and the radius δ ∈ {0.01, 0.02, 0.03} [m].

This resulted in 3 × 3 different scenarios, as depicted in Fig. 6.8. For all these

tests, mass dynamics parameters were fixed at m = 5 [kg] and b = 15 [Ns/m].

As qualitatively observed during execution, increasing χ results in stronger

guiding forces toward the center of the channel, helping the user stay aligned

with the path. Conversely, increasing δ while keeping χ constant weakens the

perceived guidance, allowing more lateral movement before encountering resis-

tance (a ”wall” effect at the channel boundaries).

Trade-Off Between Stiffness (χ) and Radius (δ)

Figure 6.9 illustrates the magnitude of the deviation from the reference path in the

orthogonal direction (∥x̃⊥∥) for each (χ, δ) combination. The results indicate that

higher χ values enhance path-following precision, while δ affects the maximum

permissible lateral displacement. However, for sufficiently high χ values, δ has

minimal impact on the average deviation.

By comparing these tracking errors with the normal forces exerted by the user

(Fig. 6.10), the importance of haptic cues becomes evident. Variations in δ do

not significantly influence the average normal forces, while increasing χ slightly

raises them (remaining around 5− 6 N). This suggests a minimum force level is

necessary to guide a collaborative user along the path. However, analyzing the

peak forces (Fig. 6.11) reveals that lower values of χ result in higher force spikes.
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δ = 0.01 [m] δ = 0.02 [m] δ = 0.03 [m]
χ
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1
0
0

χ
=

5
0
0

χ
=

25
00

Figure 6.8: Executions of the rehabilitation task defined in Fig. 6.7 recorded
under different values for stiffness χ [N/m] and channel radius δ [m].

This phenomenon is particularly pronounced for smaller δ values, where users

tend to ”bounce” between the virtual channel walls.

In conclusion, stiffness χ and radius δ mainly affect the accuracy of motion

reproduction rather than the average exchanged forces. High levels of χ promote

smooth guidance, whereas small radii δ combined with low stiffness can induce

jerky behaviors.

Influence of Virtual Mass Parameters (m, b)

Additionally, the impact of virtual mass parameters m and b on system dynamics

was examined. As shown in Fig. 6.12, reducing the parameters to m = 1 [kg]

and b = 3 [Ns/m] decreased the user-applied tangential force component (f ∥),
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Figure 6.9: Deviation with respect to the reference path in the orthogonal direc-
tion obtained in the experiments shown in Fig.6.8.

Figure 6.10: Normal forces exchanged in the experiments shown in Fig.6.8.

thereby lowering the physical effort required for task completion. This confirms

that tuningm and b effectively adapts the virtual mass dynamics to accommodate

different user physical conditions.

Furthermore, Fig. 6.13 illustrates how the introduction of a constant virtual

force (±1N) can provide either assistive (positive) or resistive (negative) support,

directly modifying the tangential forces exerted by the user without affecting the

constraint parameters.

Figure 6.11: Peak values of the normal forces exchanged in the experiments shown
in Fig.6.8.
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Figure 6.12: Tangential forces exerted by the user with different values of m and
b (δ = 0.03 m).

6.6.2 Statistical Analysis of User Perception

To validate the system from a user experience perspective, 10 healthy partici-

pants (7 males, 3 females, mean age 32) with no prior robotic experience were

recruited. A questionnaire adapted from the NASA-TLX [139] was administered

to assess Physical Demand, Performance, Effort, and Frustration across six dif-

ferent parameter configurations (increasing χ and δ).

A one-way ANOVA analysis (significance p < 0.05) revealed the following

insights (Fig. 6.14):

• Performance (p < 0.001): Significant improvement with higher χ. Users

felt more efficient and precise when the guidance was stiffer.

• Effort (p < 0.01): Higher χ values significantly reduced perceived effort, as

the robot provided clearer haptic cues.

• Frustration (p < 0.01): Increasing the channel radius δ reduced frustration,

allowing users more freedom without feeling constantly constrained (”wall”

effect).

• Physical Demand: No significant differences were observed across condi-

tions, confirming that physical effort is primarily determined by m and b

(as discussed in Sec. 6.6.1) rather than the geometric constraints.
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Figure 6.13: Tangential forces exerted by the user with the application of 1 N
assistive or resistive force.

Retrospective Power Analysis

Given the relatively small sample size (N = 10) employed in the experimental

validation, a retrospective power analysis was conducted (α = 0.05, two-sided

paired t-test) to mathematically assess the robustness of the findings and con-

textualize the pilot nature of the study. The analysis reveals that a sample size

of 10 participants requires an exceptionally large effect size (Cohen’s d ≥ 1.0) to

achieve the standard statistical power of 1− β = 0.80. For the primary objective

metrics, the transition between different stiffness parameters generated highly de-

terministic mechanical responses. Specifically, comparing the lowest and highest

stiffness conditions (χ = 100 vs χ = 2500 N/m at δ = 0.01 m), the mean orthogo-

nal tracking error (∥x̃⊥∥) yielded a massive effect size of d = 12.84, and the peak

orthogonal interaction force (∥F̂⊥∥) yielded d = 1.72. These massive effect sizes

effectively bring the statistical power to > 99.8%. This formally confirms that

the objective kinematic and dynamic validation of the control algorithm is sta-

tistically robust and entirely unaffected by the small sample size. Regarding the

subjective human-factors evaluations (NASA-TLX), the power analysis perfectly

mirrored the ANOVA results. For highly divergent conditions (e.g., the perceived

Effort and Performance between χ = 100 and χ = 2500 N/m), the subjective re-

sponses yielded large effect sizes (e.g., d = 1.23 for Effort), achieving a robust

power of > 93%. However, standard subjective usability studies frequently deal

with moderate effect sizes (d ≈ 0.5− 0.8), for which a sample of N = 10 provides

inadequate power (typically between 30% and 60%). This structural inability
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Figure 6.14: Users’ opinions about Physical Demand, Performance, Effort, and
Frustration related to the tests in Fig. 6.8.

to reliably detect moderate usability trends—such as the non-significant results

obtained for Frustration—statistically formalizes the pilot nature of the human-

factors assessment. Larger-scale clinical trials are therefore strictly required to

confidently generalize these subjective interaction profiles to a broader patient

population.

6.6.3 Performance Comparison with State of the Art

To evaluate the advantages of the proposed solution over a widely used method

in the rehabilitation field, a comparative study was conducted. Specifically, the

proposed method was compared with the approach presented in [6], which is based

on the Dynamic Movement Primitive (DMP) formulation. This approach was

selected as a benchmark because it explicitly utilizes a Learning by Demonstration

(LbD) procedure to define the rehabilitation task—one of the main features of
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Figure 6.15: Forces recorded during the comparison between our method and the
DMP-based approach.

the proposed framework—applied to a typical Activities of Daily Living (ADL).

In this scenario, the robot assists the patient in reaching and picking up a

bottle from a table, as illustrated in the experimental setup (Fig. 6.6(b)). For

this study, a custom-designed end-effector was developed to securely connect the

user’s wrist to the robot’s terminal flange, ensuring both comfort and effective

force transfer between the user and the manipulator during the exercise.

After demonstrating the task by guiding the robot under gravity-compensation

conditions, both algorithms were applied to replicate the motion. The interaction

forces recorded during the execution are presented in Fig. 6.15.

As shown in Fig. 6.15, the forces exerted during task execution using the DMP-

based method [6] were generally higher than those recorded with the proposed

method. The force magnitudes are plotted to emphasize their relative intensities.

A key observation relates to the nature of the patient interaction. In the

DMP-based approach, the trajectory generation typically embeds a specific time
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law (or phase variable). Consequently, the patient operates exclusively in a pas-

sive mode, often resulting in forces being applied by the robot in the opposite

direction to the desired motion if the patient is not perfectly synchronized with

the robot’s timing. By contrast, the proposed method enables a broader range of

rehabilitation modes, from fully passive assistance in the early stages to more ac-

tive participation as the patient’s abilities progress, thereby eliminating the rigid

passivity inherent in standard DMP-based systems.

The comparison highlights several key advantages of the Admittance Guidance

Virtual Fixture control that have direct implications for real-world rehabilitation

applications:

• Enhanced Patient Comfort: The approach significantly reduces interac-

tion forces compared to the DMP-based method. This is due to the adaptive

compliance of the virtual fixture, which accommodates natural variations

in patient movement without generating excessive corrective forces, thereby

enhancing user comfort and reducing fatigue.

• Active User Engagement: Unlike the DMP-based approach, which en-

forces predefined movement patterns (limiting the user to passive following),

the proposed method allows controlled deviations within a virtual path.

This fosters greater patient participation, making rehabilitation more en-

gaging and motivating, which is crucial for long-term adherence.

• Improved Adaptability: The stiffness level (χ) and channel width (δ) can

be dynamically adjusted to match different rehabilitation phases, allowing

a smooth transition from guided exercises in early rehabilitation to more

autonomous movements in later stages.

A crucial distinction of this approach is its flexibility in trajectory execution.

Unlike DMP-based methods, which impose rigid timing constraints, the proposed

system allows patients to regulate their movement speed autonomously, support-

ing a more natural rehabilitation process. This adaptability facilitates both pas-

sive and active rehabilitation scenarios, adjusting the level of assistance based on

the patient’s progress.

Moreover, the system enables further customization by allowing the applica-

tion of assistive or resistive forces, tailoring the rehabilitation experience to the

individual’s specific needs. This ability to dynamically modulate task difficulty

contributes to a patient-centered approach that enhances both comfort and ef-

fectiveness. These findings highlight that the proposed method is particularly
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advantageous for progressive rehabilitation, where the required assistance level

evolves over time. By offering greater flexibility in guidance and effort mod-

ulation, the approach supports a structured transition from externally guided

movements to self-initiated motor execution, which is essential for maximizing

motor learning during the rehabilitation process.

6.7 Conclusion

This chapter presented a comprehensive framework for integrating cobots into

upper-limb rehabilitation, addressing both the mechanical layout and the control

architecture. By combining a workspace optimization method based on a novel

payload index with an admittance-type VF control, the proposed system offers a

versatile solution capable of adapting to various stages of patient recovery.

A key distinctive feature of this approach is the seamless integration of passive

and active interaction modes within a single control strategy. Unlike traditional

systems that are often dedicated to a specific modality, the proposed architecture

allows the robot to transition from acting as a supportive guide (passive mode) to

providing transparency or resistance (active mode). This flexibility is enabled by

the LbD interface, which makes task programming intuitive for therapists, and

by the tunable virtual constraints (χ and δ), which effectively modulate the task

difficulty.

Experimental validation confirmed the robustness of the system. The results

demonstrated that the stiffness level (χ) directly correlates with trajectory preci-

sion and perceived performance, while the channel radius (δ) affords the necessary

compliance for comfortable interaction. Crucially, statistical analysis of user per-

ceptions aligned with technical metrics, validating the system’s usability.

Future developments will focus on translating these technical achievements

into clinical practice. The primary goal is to extend the validation to a cohort of

patients with motor impairments, assessing the impact of cognitive and psycho-

logical factors on rehabilitation outcomes. Furthermore, the integration of physio-

logical metrics, such as Electromyography (EMG), is planned. Electromyography

(EMG) signals will be used not only for objective assessment but also to drive the

assistance-as-needed mechanism directly, closing the loop between patient effort

and robotic assistance.



Chapter 7

EMG-Based Adaptation of

Anisotropic Virtual Fixtures for

Surgical Resection and Dissection

7.1 Introduction

In the previous chapters, we demonstrated how Virtual Fixture can enhance safety

and performance in rehabilitation tasks by constraining the user’s motion along

a predefined path. While effective for repetitive exercises, the fixed geometry of

standard fixtures can become a limitation in more dynamic and unpredictable

scenarios. As a final application example of the proposed control framework [79],

developed in collaboration with the Institute of Robotics and Mechatronics of

the German Aerospace Center (DLR), we introduce a novel constraint strategy

specifically designed for robotic surgery. In this context, the Virtual Fixture does

not merely guide the user, but adapts its geometry in real-time based on the

surgeon’s intent, inferred directly from Electromyography (EMG) signals. This

evolution represents a shift from static guidance to a responsive, human-in-the-

loop assistance paradigm.

7.1.1 Clinical Context and Challenges

Minimally Invasive Surgery (MIS) has deeply transformed modern clinical prac-

tice by reducing patient trauma, accelerating recovery, and improving cosmetic

outcomes [140], [141]. These advantages, however, come at the expense of in-

creased technical demands: surgeons must operate with limited workspace, re-

stricted haptic feedback, and indirect visualization, which substantially increases

cognitive and physical workload, as consistently highlighted in surgical ergonomics

studies [142].

99
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(a) (b) (c)

Figure 7.1: Experimental overview: (a) the robotic platform and user interface,
(b) the custom drawing apparatus for the validation study, (c) standardized tasks
mimicking surgical surgemes.

Robotic assistance has been progressively introduced to mitigate these chal-

lenges, providing enhanced dexterity, motion scaling, and stereoscopic vision [143].

Beyond these well-established advantages, robotic platforms also open the possi-

bility of integrating adaptive assistance mechanisms. In this broader framework,

Robotically Assisted Surgical Systems (RASS) are progressively evolving, com-

bining ergonomic improvements with semi-autonomous support functions to en-

hance surgical precision, to reduce cognitive load, and enable more standardized

outcomes across varying surgeon skill levels.

In this regard, Resection and Dissection (R&D) procedures represent a partic-

ularly challenging scenario. These tasks are characterized by delicate and often

oscillatory (”plucking-like”) tool motions, often performed under tissue tension

and in close proximity to sensitive anatomical structures. The surgeon must not

only maintain precise alignment along the intended dissection line but also fre-

quently detach and re-approach the target region to adjust the entry angle or

inspect the resection line. Crucially, safe surgical practice requires that surgeons

must never cut blindly; thus, vertical motions of the surgical tool are frequently

required to regain line of sight or limit penetration depth. This workflow reflects

the known decomposition of complex surgical procedures into a “grammar” of

fine-grained surgemes [144]. This context highlights the need for guidance mech-
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anisms that are both anisotropic, providing selective freedom of motion along

task-relevant directions, and dynamically adaptable, allowing seamless adapta-

tion of the constraint size, and transitions between guided and free motion [24].

Virtual Fixtures (VF) have been introduced as a promising framework for

facilitating such tasks, by modulating the operator’s motion through real-time

constraints or potential fields enforced by the robot during shared-control [3], [4].

While this strategy has demonstrated benefits in highly-structured applica-

tions, such as in orthopedic surgery, where guidance is applied relative to pre-

operative models of rigid anatomy [145], their direct application to laparoscopic

R&D tasks on soft tissue remains limited. In particular, the deformable nature of

the anatomy, the anatomical complexity, the variability of dissection strategies,

and the need for frequent re-approaches requires guidance mechanisms that can

be adapted online to both the surgical context and the surgeon’s intent.

7.1.2 Limitations of Current Guidance Strategies

VFs are categorized into two main classes: non-adaptive and adaptive [3]. Non-

adaptive VFs offer robust guidance but lack flexibility to handle changes in

the environment or in the surgical workflow. They are typically defined pre-

operatively using 3D anatomical models [20], [21] or vector fields for static safety

boundaries [146]. Intra-operative approaches generate fixtures directly within

the workflow, relying on motion models like minimum-jerk trajectories [147] or

manual point marking [20]. Vision-based methods have also been proposed for

dynamic collision avoidance [26]. However, the inherent rigidity of these meth-

ods limits their ability to cope with tissue deformation or discontinuous surgical

plans.

Adaptive strategies overcome these limitations by modifying constraints on-

line. Environment-driven adaptation employs vision algorithms to track anatom-

ical targets and update the path in real-time [148], while performance-driven

paradigms dynamically adjust fixture parameters, such as the guidance radius,

based on automated real-time skill evaluation [149]. Finally, user-driven meth-

ods place the surgeon in control, allowing not only geometry re-definition via

Kinesthetic Teaching (KT) [24] but also the modulation of the VF to match the

operator’s voluntary engagement.

A direct physiological measure of such engagement is provided by Electromyo-

graphy (EMG) signals. Beyond estimating operator stiffness for learning-based

automation [150], EMG has been applied to real-time shared control. Existing
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Figure 7.2: Block-diagram of the proposed control architecture for robot-assisted
R&D.

approaches typically utilize signal magnitude to continuously regulate the assis-

tance gain [151] or employ classifiers to trigger discrete switches between control

modes [152], allowing the user to modulate the robot’s behavior.

7.1.3 Proposed Approach and Contributions

In this chapter, we propose a novel control architecture for adaptive virtual fix-

tures, depicted in Fig. 7.2. A reference path, defined via KT by having the user

guide the Tool Center Point (TCP), serves as a constraint for a virtual mass,

whose dynamics govern the robot’s motion along the curve [67]. This path is

utilized to generate anisotropic constraints, defining a guidance corridor with

independent geometric bounds and stiffness properties along the normal and bi-

normal directions [64]. These constraints restrict motion to the reference path

with high precision, while preserving the necessary workspace for the oscillatory
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patterns inherent to R&D tasks.

To the best of our knowledge, this method advances the state of the art

by introducing a flexible human-in-the-loop interface for direct, continuous VF

modulation. Specifically, the main contributions of this work are threefold:

• Development of an anisotropic Virtual Fixture based on a moving frame,

enabling smooth execution of R&D tasks while restricting undesired motion;

• Integration of an EMG-based control mechanism that enables continuous

adaptation of the constraint size based on the surgeon’s muscular co-contraction;

• Design of a dynamic (dis-)engagement mechanism ensuring consistent ini-

tialization of virtual mass dynamics from any user-selected point along the

path.

7.2 Adaptive Virtual Fixtures Framework

This section outlines the control architecture adopted to implement the proposed

virtual fixture, following the design principles introduced in [67]. As illustrated

in Fig. 7.2, the force exchanged between the user and the robot is measured and

applied to a virtual mass constrained to the desired Cartesian path

xd(t) = φ(s(t)), (7.1)

parameterized by its arc length s. A suitable viscoelastic coupling, detailed in

Sec. 7.2.2, fve( ˙̃x, x̃), with x̃ = x − xd, where x ∈ R
3 denotes the Cartesian

position of the tool tip, is then defined between the virtual mass and the robot.

This additional force fve can be integrated into any torque-based robot control

scheme to enforce the virtual constraints. For instance, considering the robot

dynamics expressed in the operational space [118]:

Λ(q)ẍ+ µ(x, ẋ) = fc + fext, (7.2)

where Λ is the (3 × 3) Cartesian inertia matrix, µ(x, ẋ) represents non-inertial

forces, and fext denotes external user interaction forces, the control input fc can

be designed as:

fc = Λ(q)ẍd + µ(x, ẋ) + fve( ˙̃x, x̃). (7.3)

Conversely, the tangential component of the viscoelastic coupling fve influences
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Figure 7.3: Reference path generation and local frame construction based on the
tool approach vector.

the dynamics of the virtual mass along the path according to:

ms̈(t) + bṡ(t) = fh,∥ − fve,∥
(
˙̃x, x̃

)
. (7.4)

Obviously, only the tangential components of the user force fh,∥ =
(
fh

)T
et and of

the viscoelastic coupling fve,∥ determine the progression s(t) of the virtual mass

along the path, since the normal components are compensated by the reaction

forces imposed by the constraint.

7.2.1 Reference Geometry and Frame Construction

To generate the reference path, we utilize KT [67]. The surgeon manually guides

the tool tip within the workspace, and the recorded positions are interpolated via

cubic B-splines.

A significant enhancement over the methodology presented in Chapter 6,

which was restricted to open path topologies, is the capability of the proposed

algorithm to automatically handle both open and closed dissection lines. The

algorithm identifies the topology of the demonstrated trajectory by evaluating

the Euclidean distance between the first (pstart) and last (pend) recorded sam-

ples. If this distance falls below a predefined proximity threshold ϵloop, i.e.,

∥pend − pstart∥ < ϵloop, the path is classified as a closed loop; otherwise, it is

treated as an open line. In the case of an open dissection line, the generation

algorithm employs a standard clamped B-spline formulation. Conversely, if a

closed loop is detected, the algorithm generates a periodic cubic B-spline. This

formulation imposes specific cyclic constraints on the control points to guaran-
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tee geometric continuity up to the second derivative (C2) along the entire path,

ensuring smoothness even at the junction point. Formally, for a closed path of

length L, the following boundary conditions are enforced:

φ(0) = φ(L),
dφ

ds

∣
∣
∣
∣
s=0

=
dφ

ds

∣
∣
∣
∣
s=L

,
d2φ

ds2

∣
∣
∣
∣
s=0

=
d2φ

ds2

∣
∣
∣
∣
s=L

. (7.5)

Converting this representation to an arc-length parameterization yields a time-

independent geometric description φ(s) of the task.

Subsequently, to enable an anisotropic fixture definition, a local orthonormal

frame {et, en, eb} attached to the virtual mass is constructed along this path

(Fig. 7.3). Unlike a standard Frenet frame, this basis explicitly accounts for

the tool approach direction ẑ recorded during KT. The tangent vector et(s)

aligns with the path derivative dφ/ds. To facilitate task-specific anisotropy, the

normal en(s) is defined by projecting ẑ onto the plane orthogonal to et, while

the binormal completes the right-handed basis as eb = et×en. This construction

allows defining independent constraints along the tool axis and its orthogonal

plane.

7.2.2 Anisotropic Virtual Fixture Formulation

The viscoelastic force is decomposed into tangential and orthogonal components:

fve = fve,∥ + fve,⊥. (7.6)

The tangential component

fve,∥ =
(
ktx̃t + dt ˙̃xt

)
et (7.7)

enforces synchronization between the TCP and the virtual mass. The orthogonal

component fve,⊥ constrains the surgeon motion within a virtual corridor spanned

by the normal and binormal directions en and eb, respectively (Fig. 7.4):

fve,⊥ = fve,n en + fve,b eb. (7.8)

Each orthogonal component i ∈ {n, b} follows a nonlinear viscoelastic law

fve,i = ki dz(|x̃i|, δi) + di(|x̃i|, δi) ˙̃xi, (7.9)
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Figure 7.4: Schematic representation of the anisotropic constraint defining the
virtual corridor around the path.

where the elastic term is defined through a dead-zone function that specifies a

free-motion region of width δi:

dz(|x̃i|, δi) =







0, if |x̃i| ≤ δi,

|x̃i| − δi, if |x̃i| > δi.
(7.10)

To ensure smooth transitions at the boundary of the dead zone, the damping

coefficient di is progressively activated within a transition band of width αδi,

with α ∈ [0, 1]:

di(|x̃i|, δi) =







Di, if |x̃i| > δi,

|x̃i| − (1− α)δi
αδi

Di, if (1− α)δi ≤ |x̃i| ≤ δi,

0, otherwise.

(7.11)

This independent formulation along the normal and binormal directions results in

a rectangular guidance corridor. While simple to implement, the sharp corners of

this geometry may lead to abrupt variations in the constraint force. Alternative

corridor shapes, such as elliptical or stadium-like geometries, could be adopted

to obtain smoother boundaries.
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7.3 Constraint Adaptation via EMG-Based In-

teraction

Standard non-adaptive Virtual Fixtures, defined by fixed geometries, offer robust

guidance in structured tasks but lack the flexibility to handle variations in the

surgical workflow or the surgeon’s immediate intent (e.g., re-approaching a dis-

section plane). To overcome this limitation, this section introduces a mechanism

to dynamically adapt the size of the virtual constraint based on the user’s inten-

tion, inferred from forearm muscle contractions. The control system is augmented

with a wearable interface that records Electromyography (EMG) signals and feeds

them back in real-time to the high-level controller to modulate the geometry of

the VF.

7.3.1 Signal Processing

To obtain a quantitative measure of the user’s muscular contraction from the

forearm, EMG signals were acquired using a MYO® Armband (Thalmic Labs,

Canada) [153] and processed in real-time. The raw multi-channel data, however,

is often noisy and requires a robust processing pipeline to be reliably interpreted.

To obtain a robust scalar activation index γ(t) ∈ [0, 1], the raw EMG channels

were processed via Mean Absolute Value, smoothed with a 0.5 s moving average

window to reject high-frequency noise, and finally normalized.

7.3.2 Constraint Adaptation via an EMG-Based Virtual

Clutch

The dimensions of the virtual channel (Fig. 7.4), denoted by δi (i ∈ {n, b}), are
modulated in real-time by a virtual clutch logic driven by the activation index

γ(t).

When the user wishes to disengage the constraint (e.g., to reposition the tool),

they contract their forearm muscles. If the signal exceeds the threshold (γ(t) ≥ γ̄),

the system activates a manual widening mode: the constraint boundary δi(t) in-

stantly expands to match the current deviation, δi(t)← max(|x̃i(t)|, δ̄i), allowing
resistance-free motion.

Conversely, when muscles are relaxed (γ(t) < γ̄), the clutch triggers an auto-

matic shrinking mode. In this state, the boundary δi(t) tracks the user’s motion

only when they move towards the reference path (d|x̃i|/dt < 0), progressively
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Algorithm 1 EMG-Based Constraint Size Adaptation

Require: |x̃i(t)|; γ(t); δ̄i
Ensure: Adapted constraint width δi(t) for i ∈ {n, b}
1: if γ(t) ≥ γ̄ then % Manual widening

2: Set δi(t)← max(|x̃i(t)|, δ̄i)
3: else if d

dt
|x̃i(t)| < 0 then % Automatic Shrinking

4: Update δi(t)← max(|x̃i(t)|, δ̄i)
5: else % Constraint holding

6: Keep current values of δi
7: end if

reducing δi until the nominal size δ̄i is restored. This unidirectional update logic

prevents the user from experiencing sudden elastic forces upon re-engagement.

7.3.3 Technical Note: OR Robustness and False Positives

Handling

While the proposed EMG-based virtual clutch demonstrated high efficacy in

a controlled laboratory environment, its translation to a real Operating Room

(OR) introduces critical technical challenges. The OR is an electrically hos-

tile environment where the Signal-to-Noise Ratio (SNR) of surface EMG can be

severely degraded by intense electromagnetic interference from active surgical in-

struments, variations in skin-electrode impedance due to sweating, and electrode

displacement over prolonged procedures. To maintain a reliable SNR, the sensory

interface must overcome consumer-grade hardware, necessitating medical-grade

differential amplifiers with an exceptionally high Common Mode Rejection Ra-

tio (CMRR), active shielding, and hardware-level notch filtering. Furthermore,

a primary safety concern regarding the virtual clutch is the risk of ”false posi-

tives”—accidental, postural, or reflexive muscle contractions that could trigger

an unintended disengagement of the virtual fixture constraints. Unintended loss

of guidance during a delicate dissection phase could severely compromise patient

safety. To mitigate this risk, the simple amplitude-based thresholding (γ > γ̄)

utilized in this proof-of-concept must be reinforced through a multi-layered safety

architecture. Basic safeguards could include time-domain hysteresis, which im-

poses a minimum activation dwell-time (e.g., 200 ms) to filter out brief reflexive

twitches, as well as kinematic gating, which acts as a context-aware interlock

to prevent disengagement if the robot is exerting high interaction forces against

the tissue. Most interestingly, however, the scalar intensity threshold could be

entirely replaced by advanced Spatial Pattern Recognition. By training Ma-
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chine Learning classifiers to recognize the specific spatial activation pattern of

an intentional antagonist co-contraction, the system could reliably distinguish a

deliberate disengagement command from the generic forearm tension caused by

tightly gripping the tool handle, thereby ensuring a highly robust, intelligent, and

safe human-robot interface.

7.4 Experimental Evaluation

To assess the effectiveness of the proposed EMG-based adaptive Virtual Fixture

in assisting complex R&D tasks, a pilot user study was conducted comparing the

assistance method against free-motion execution. The primary objective was to

verify the efficacy of the system. It was hypothesized that the proposed solution

would significantly improve task accuracy and movement consistency in path fol-

lowing and target reaching tasks compared to unassisted execution. Furthermore,

the adaptive assistance was expected to reduce cognitive workload and perceived

effort, particularly in complex tasks requiring frequent transitions between con-

tinuous tracking and discrete positioning.

7.4.1 Sample

The study involved seven participants (four male and three female), with ages

ranging from 24 to 29 years. All participants were right-handed. The group

consisted of untrained users without a specific surgical background, chosen to

evaluate the intuitiveness of the system for novice operators.

7.4.2 Apparatus and Experimental Setup

The proposed VF framework was validated utilizing the setup depicted in Fig. 7.1.

It includes a 7-DoF lightweight robotic arm, the DLR MIRO, part of the DLR

MiroSurge system [154], a research platform for robotic assistance in laparoscopic

surgery. The DLR MIRO was equipped with a DLR telescopic linear axis [155],

which serves as the drive unit for inserting and extracting conventional laparo-

scopic tools, typically including standard instruments such as grasping forceps

(e.g., KARL STORZ CLICKline). Both systems are torque-controlled at the

joint level [156], [157]; therefore, they form a redundant robotic system with a

total of 8 DoF, which can be modeled according to the standard Lagrangian

formulation as:

M(q) q̈ +C(q, q̇) q̇ + g(q) = τ + τext, (7.12)
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where q ∈ R
8 denotes the vector of joint coordinates, M(q) is the inertia matrix,

C(q, q̇) collects Coriolis and centrifugal terms, g(q) represents the gravity con-

tribution, τ is the vector of joint torques, and τext accounts for external torques

induced by interaction forces with both environment and user.

A hierarchical impedance control structure with three levels, inspired by [158],

has been implemented, commanding the desired joint torques:

τ ⋆ = g(q) + τtp +Ntpτtcp +NtpNtcpτj3 (7.13)

where

τtp = J⊤
tp

(
Kp r̃tp +Kd

˙̃rtp
)
, (7.14)

τtcp = J⊤
tcp fve. (7.15)

Here, r̃tp = rtp − rtp,d, where rtp = [x⊤
tp, φtp ]

⊤ = ftp(q) denotes the coordi-

nates of the trocar point, including the position xtp and the rotation angle φtp

about the tool z-axis. The task Jacobian is computed as Jtp(q) = ∂ftp(q)

∂q
, and

Kp = diag{kt, kt, kt, kr}, with the translational stiffness kt = 2000N
m

and rota-

tional stiffness kr = 50Nm
rad

. The damping matrix Kd is obtained by the double-

diagonalisation design based on [159] with a damping ratio of ξ = 0.7. Matrix

Jtcp(q) is the Jacobian related to the tool center point position x. Finally, the

torque null-space projectors Ntp and Ntcp are computed using the dynamically

consistent formulation.

In conclusion, apart from gravity compensation, the first priority level in (7.14)

enforces the fulcrum constraint at the trocar point (TP). The second priority level,

given by (7.15), provides the interface for applying the viscoelastic force fve, en-

forcing the virtual fixture at the tip of the instrument. Finally, the redundancy

of the MIRO robot is resolved through a joint impedance control τj3 applied to

joint 3. With this impedance-based formulation, the robot behaves as a trans-

parent interface: in the absence of VF forces, the user perceives the instrument

behavior as that of a conventional free-floating laparoscopic tool constrained only

by the trocar, without significant resistance from the robotic structure.

A phantom of an insufflated abdomen was positioned on an Operating Room

(OR) table. To maintain a standardized endoscope position for every partici-

pant, a SOLOASSISTII robotic camera control was used to hold the stereoscopic

endoscope used for the study. The endoscopic video stream was displayed on a

standard stereoscopic display positioned on the OR table. For the specific vali-
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dation purposes of this study, instead of using an actual surgical tool, a custom

tool was designed by attaching a permanent marker to the instrument tip. This

allowed converting a surgical task into a path-following drawing task on a flat

surface (Fig. 7.1). Additionally, a foot pedal was integrated into the setup to al-

low the user to voluntarily enable robot control and initiate task execution safely.

Finally, to estimate user intention and modulate the constraint, a Myo Armband

was attached to the user’s dominant arm.

7.4.3 Experimental Task and Design

Guidance Virtual Fixtures hold significant potential for assisting in complex R&D

tasks. To validate the proposed control architecture in a representative yet stan-

dardized scenario, we selected a benchmark that demands both high continu-

ous path-following precision and the ability to handle sharp directional changes.

Therefore, the experimental task was adapted from the cutting exercises of the

Fundamentals of Laparoscopic Surgery and the ’Triangle Cut’ exercise of the

Lübeck Toolbox (LTB) curriculum [160], [161], as well as recent validated robotic

training curricula such as RoSTraC [162].

The study followed a within-subjects design [163], where each participant

performed the tasks under both experimental conditions. To avoid carry-over

effects from the guidance system to the unassisted performance, the Free Motion

condition was always presented first to establish a baseline. To mitigate potential

learning effects resulting from this fixed order, a dedicated familiarization phase

was conducted prior to data collection, allowing participants to practice until

they were comfortable with the task dynamics.

To ensure the simplified experimental design remained representative of the

real surgical procedure, we identified three fundamental motor elements charac-

teristic of dissection: continuous cutting, discrete “plucking-like” motions, and

the repositioning of the tool along the resection line. Consequently, three distinct

experimental tasks were defined:

• Task 1 requires the user to continuously trace the reference curve. Partic-

ipants were allowed to choose their preferred travel direction to maximize

biomechanical comfort. Since the tracking error and the virtual fixture as-

sistance are independent of the motion direction, this degree of freedom

does not introduce a confounding variable.

• Task 2 requires the user to mark the center of a set of circular targets

distributed clockwise along the path. In this task, the user operates utilizing
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the predefined anisotropic constraint, without the need to adapt its size.

• Task 3 combines elements of Task 1 and Task 2, requiring the user to

alternately mark the target centers and connect them by drawing continuous

lines. This mimics real surgical scenarios where tools are repositioned to

adjust tissue retraction or inspection angles. To execute these transitions,

the user must utilize the EMG-based virtual clutch to dynamically (dis-

)engage the constraint.

7.4.4 Procedure, Objective and Subjective Measures

A standardized procedure was followed for all participants. Prior to each record-

ing block, participants underwent a dedicated familiarization phase lasting ap-

proximately 30 to 60 seconds. During this time, they practiced the specific task

dynamics—either free-hand drawing or engaging the EMG-clutch—until they re-

ported feeling comfortable with the system. Subsequently, the actual performance

was recorded. In this study, a single trial is defined as the complete execution of

one specific task under one condition.

To quantify the system’s performance, kinematic and dynamic data were

logged during the execution of each task. The primary objective metrics defined

for the evaluation include:

• Tracking Error: defined as the deviation between the TCP position and the

reference path when touching the paper. Specifically, for Task 2 and 3, the

error component binormal to the path (x̃b) is analyzed to assess targeting

precision.

• Interaction Forces: the forces fh exerted by the user are recorded to eval-

uate physical effort and the transparency of the assistance.

For subjective evaluation, participants were asked to complete the NASA Task

Load Index (NASA-TLX) questionnaire [139] at the end of each trial, to assess

their perceived workload. This ensures that the workload evaluation reflects

the immediate perception of each specific task, thereby minimizing recall bias.

The tasks were presented to all participants in the same fixed sequence. Once

all tasks were completed, each user was asked to fill in the System Usability

Scale (SUS) questionnaire [164]. This combination of objective and subjective

evaluations allowed for a comprehensive analysis of both system performance

and user experience.
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Statistical Analysis

Statistical methods were selected based on data distribution, verified via Shapiro-

Wilk tests. For objective metrics, due to the limited sample size (N = 7) and

deviations from normality observed in specific experimental conditions and paired

differences, a non-parametric Wilcoxon signed-rank test was consistently em-

ployed for all pairwise comparisons. In contrast, subjective workload ratings

(NASA-TLX) were analyzed using Linear Mixed Model (LMM) to accommodate

the 2×3 factorial design, after confirming that model residuals followed a normal

distribution (p > 0.05). The model included Condition and Task (and their in-

teraction) as fixed effects, while Subject was modeled as a random intercept. This

structure accounts for subject-specific baselines and rating variability, ensuring

robust estimates despite the small sample size [165]. Additionally, SUS scores

exhibited a normal distribution (p = 0.32), justifying the use of descriptive mean

statistics. Significance levels were determined using Type III F-tests for LMMs

and standard p-values for Wilcoxon tests. All reported p-values are two-tailed

with a significance threshold of α < 0.05.

7.5 Experimental Results and Discussion

Given the distinct nature of the experimental tasks, results are presented and

immediately discussed within their specific context to facilitate interpretation.

7.5.1 Objective Evaluation

This section presents the performance metrics evaluated during the execution of

the tasks described in Section 7.4.

Task 1 - Continuous Tracking

We assessed tracking performance by computing the deviation between the actual

TCP position x and reference trajectory xd in the xy-plane. Since xd was gen-

erated via Kinesthetic Teaching using the robot kinematics, this metric directly

quantifies the user’s adherence to the intended path.

Figure 7.5(a) displays the distribution of the pointwise position error for Task

1. As illustrated, the application of the VF led to a significant reduction in

tracking error (p < 0.05), with an average decrease of 27.7% compared to the free

motion condition.
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(a) (b)

Figure 7.5: Deviation with respect to the reference path, obtained during the
execution of (a) Task 1 and (b) Task 3.

Since Task 3 combines elements derived from both Task 1 and Task 2, we

evaluated the same positional error metric for the path-following segments of Task

3 (Fig. 7.5(b)) to assess the effectiveness of the VF in this more complex scenario.

Notably, the reduction in position error achieved through the use of the Virtual

Fixture is even more pronounced in Task 3 than in Task 1. This improvement was

found to be statistically significant, yielding the maximum possible test statistic

for this sample size (p < 0.05). On average, the constrained condition resulted in

an improvement of 50.3% compared to the free motion condition.

This enhanced performance is attributable to the hybrid nature of Task 3.

Unlike Task 1, which allows the user to maintain a continuous motion state

and benefit from short-term adaptation to the path dynamics, Task 3 imposes

frequent task-switching. These interruptions prevent the user from settling into a

steady tracking rhythm, making the stabilization provided by the VF crucial to

compensate for the cognitive and motor overhead during transitions.

Task 2 - Discrete Target Reaching

To assess the precision in reaching the predefined targets, the analyzed metric

is defined as the position error x̃b from the target center along eb. As shown in

Fig. 7.6(a), the VF condition resulted in a notable performance improvement in

Task 2, producing a reduction of 30.1% in the binormal error component. Al-

though the statistical analysis did not reach the significance threshold (p = 0.109),

the substantial effect size indicates a clear trend toward improved precision.

Specifically, for x̃b, the Interquartile Range (IQR) decreased from 0.0017m

to 0.0011m, marking a 34.6% reduction. This result indicates a substantial im-
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(a) (b)

Figure 7.6: Boxplots of the binormal component of the position error x̃b in (a)
Task 2 and (b) Task 3.

provement in execution consistency and repeatability when using the assistance.

This reduction in variability suggests that the lack of statistical significance in the

mean comparison may be attributed to the limited sample size rather than a lack

of system efficacy. These results confirm that the VF not only mitigates the error

magnitude but also improves the consistency of the user’s behavior across trials,

especially in the direction orthogonal to the reference path where the constraint

is most effective.

Results for the targeting subtasks within Task 3, collected in Fig. 7.6(b),

mirror the trends observed in Task 2. The VF condition yielded a 29.8% reduction

in mean error and a 39.4% reduction in IQR. Crucially, in this scenario involving

task-switching, statistical analysis confirmed that the improvement in accuracy

is significant (p < 0.05). This reinforces the finding that the VF provides robust

assistance particularly when the cognitive and motor demand increases.

Task 3 - Constraint Size Adaptation

We evaluated the effectiveness of the EMG-based adaptation mechanism. In this

task, users were required to temporarily disengage the constraint to transition

between targets and re-engage it for the continuous tracing segments.

The temporal alignment of the EMG activation peaks and the corresponding

drop in constraint force (Fig. 7.7(b)) demonstrates the correct functionality of

the proposed adaptation method. Specifically, whenever the EMG signal γ(t) ex-

ceeds the threshold γ̄, the virtual clutch triggers the disengaged state, forcing the

constraint force to null and allowing free repositioning. Conversely, as the signal

drops, the clutch re-engages. Notably, during the subsequent approach towards
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(a) (b)

Figure 7.7: Analysis of Task 3 execution. (a) Trajectory followed by the TCP,
highlighting transitions between constrained and unconstrained segments. (b)
VF normal and binormal forces vs. the user’s EMG signal and system activation.

the reference path, the user perceives no resistive force despite the constraint

being active, ensuring a smooth re-entry. During the tracking phase, the force is

primarily exerted along eb, consistent with the intended guidance geometry.

To assess the physical burden of this interaction, we compared the average

user-applied forces along the normal (fh,n) and binormal (fh,b) directions across

the entire population (Table 7.1). Here, fh denotes the vector of interaction

forces estimated from joint torque measurements [166], expressed in the workspace

reference frame.

Statistical analysis revealed two distinct behaviors consistent with the anisotropic

design of the virtual fixture. For the normal component, corresponding to the di-

rection of allowed motion, no significant difference was found (p > 0.05), confirm-

ing that the assistance remains perfectly transparent where the user is intended

to move freely. Conversely, for the binormal component, which aligns with the

stricter constraint boundaries, a statistically significant increase in interaction

force was observed (p < 0.05), reflecting the active corrective action of the fixture

against deviations.

This indicates that users actively utilized the constraint boundary for sta-

bilization orthogonal to the path. However, as the absolute force magnitude

remains below 1N, this interaction reflects helpful guidance rather than resistive

burden. Overall, this lack of significant force increase combined with the low

absolute values indicates that the assistance is transparent: the user accepts the

guidance during tracking and, crucially, the virtual clutch disengages sufficiently

fast during transitions to prevent the user from having to overcome resistive forces

to break free.
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Table 7.1: Average user-applied forces along constraint directions

Condition |fh,n| [N] |fh,b| [N]
No VF 0.817 0.696
VF 0.868 0.848

7.5.2 Subjective Evaluation

This section reports the users’ perception of the system. We analyzed the work-

load for each specific task using the NASA-TLX questionnaire, specifically focus-

ing onmental demand, physical demand, effort, and frustration. These dimensions

were selected as they directly reflect the cognitive and physical challenges, as well

as the overall perceived difficulty and stress associated with the task execution

under both experimental conditions. Finally, the overall system usability was

assessed via the SUS questionnaire.

NASA-TLX

Fig. 7.8 summarizes the subjective workload ratings reported by participants.

The LMM analysis revealed a significant main effect of the experimental Con-

dition across the key cognitive metrics. Specifically, the use of Virtual Fix-

tures significantly reduced Mental Demand (F (1, 36) = 6.23, p < 0.05), Effort

(F (1, 36) = 16.15, p < 0.05), and Frustration (F (1, 36) = 20.47, p < 0.05).

Conversely, no significant main effect was found for Physical Demand (F (1, 36) =

3.32, p > 0.05). This subjective perception aligns with the objective interaction

force data reported in Table 7.1, suggesting that the active guidance did not re-

sult in a statistically significant increase in physical demand, thereby preserving

the system’s transparency.

Furthermore, no significant interaction effects between Task and Condition

were observed for any of the metrics (p > 0.05). This indicates that the beneficial

impact of VFs is consistent across different levels of task complexity.

As shown in Fig. 7.8(b), in the absence of guidance, metrics such as Mental

Demand and Frustration were notably higher and exhibited greater variability,

particularly in Task 3. The activation of the VF not only lowered the absolute

scores but also homogenized the user experience.

Since Physical Demand remained unchanged, the significant reduction in Ef-

fort can be primarily attributed to the lowered cognitive burden, confirming that

the virtual constraint allows users to achieve task goals with significantly lower

overall exertion.



Chapter 7. EMG-Based Adaptation of Anisotropic Virtual Fixtures for

Surgical Resection and Dissection 118

(a)

Mental Demand (No VF)

Effort (No VF)

Frustration (No VF)

Mental Demand (VF)

Effort (VF)

Frustration (VF)

(b)

Figure 7.8: (a) Subjective evaluation scores from NASA-TLX. (b) Estimated
marginal means of NASA-TLX scores for the statistically significant dimensions
(p < 0.05).

(a) (b)

Figure 7.9: System Usability Scale results. (a) Questionwise distribution of scores.
The items correspond to the standard SUS questions [164]. (b) Total SUS scores
for each participant.

System Usability Scale

Finally, the overall usability of the proposed assistance system was assessed via

the System Usability Scale (SUS) [164]. This standardized questionnaire was

administered as a summative evaluation at the end of the experimental session

to provide a global measure of subjective usability (scaled 0-100), quantifying

perceived ease of use and learnability.

The SUS scores averaged 74.6, exceeding the commonly accepted benchmark

of 68 [167]. Most participants rated the system positively, with Users 5 and

6 reaching excellent levels (SUS = 85). Only User 2 scored slightly below the

benchmark (SUS = 65). However, given the high consistency among the other

participants and the contradictory responses within User 2’s questionnaire, this

case can be considered an outlier related to individual confidence rather than a

reflection of system usability issues.
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Retrospective Power Analysis

Given the relatively small sample size (N = 7) employed in the experimental

validation, a retrospective power analysis was conducted (α = 0.05) to mathe-

matically assess the robustness of the findings and contextualize the pilot nature

of the study. The analysis revealed that for basic operations, such as continu-

ous tracking (Task 1) and static targeting (Task 2), the virtual fixture yielded

moderate-to-large effect sizes (d = 0.81 and d = 0.65, respectively). Due to the

limited sample size, these metrics achieved inadequate statistical power (43.4%

and 31.0%). However, the system’s efficacy became overwhelmingly evident in

the highly demanding hybrid scenario (Task 3). In this context, the assistance

on the continuous tracking error yielded a massive effect size of d = 2.27, effec-

tively bringing the statistical power to 99.8%. Similarly, targeting accuracy and

binormal interaction forces in Task 3 exhibited large effect sizes (d = 1.07 and

d = 1.10), achieving power levels approaching 70%. This formally confirms that

the kinematic validation of the control algorithm is statistically robust exactly

where the cognitive and motor demands are highest. Regarding the subjective

human-factors evaluations, the NASA-TLX results for Task 3 perfectly mirrored

the objective data. The significant reductions in perceived Effort and Frustration

generated huge effect sizes (d = 1.27 and d = 1.33), yielding robust power levels

of 79.9% and 83.4%, respectively. Mental Demand, conversely, yielded a lower

power (51.9%). While the core kinematic tracking and primary workload mitiga-

tions successfully achieved standard power thresholds (≈ 80%), the sub-optimal

power on dynamic interactions and secondary cognitive metrics mathematically

highlights the susceptibility of these parameters to high inter-subject variabil-

ity. This structural inability to reliably generalize all moderate usability trends

(including the global SUS score) without high variance formally categorizes the

human-factors assessment as a pilot study. Consequently, larger-scale clinical tri-

als are strictly required to confidently confirm the overall usability trends and

generalize these subjective interaction profiles to a broader population of sur-

geons.

7.5.3 Overall Discussion

The findings presented above confirm our hypothesis and positively validate the

intended efficacy of the EMG-based adaptive Virtual Fixture. The alignment be-

tween objective performance metrics and subjective feedback demonstrates that

the proposed assistance method significantly improves task execution compared
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to free motion.

Specifically, being able to utilize the guidance VF leads to demonstrably lower

tracking errors and higher movement consistency. By confining the tool motion

within a safe corridor, the system implicitly addresses the critical safety require-

ment of limiting penetration depth, preventing accidental damage to underlying

structures during blind cutting phases. The lower NASA-TLX scores and high

SUS ratings indicate a substantial reduction in perceived workload, which could

facilitate efficient tissue manipulation in complex surgical tasks.

A cross-task comparison reveals that these benefits are most pronounced in

Task 3. Unlike the single-task scenarios, Task 3 imposes a cognitive overhead

due to frequent switching between tracking and targeting. The fact that the VF

induces the highest relative improvement in this hybrid task confirms that the

assistance becomes increasingly critical as dynamic demands rise.

Although the proposed application shows promising results, it is crucial to

address the limitations encountered. First, the validation was conducted on a

simplified drawing task rather than actual tissue dissection, which excludes factors

such as tissue deformation and bleeding. It is crucial to note that the proposed

proxy-based framework, while highly effective for static environments, relies on

the assumption of structural rigidity after the definition of the path φ(s). In

scenarios involving soft tissues, anatomical deformations, physiological motions,

or organ shifts induce a time-varying discrepancy between the statically defined

virtual fixture and the actual surgical target. If the target moves away from

the predefined path, the surgeon is forced to actively override the guidance to

reach the new correct position, thereby increasing both the cognitive load and

the interaction forces. Consequently, the reliance on a priori paths defined via

Kinesthetic Teaching represents a boundary condition for the current control

architecture. Second, the pilot study involved a limited sample size of novice

users. While this choice was appropriate for assessing the initial intuitiveness

of the interface, evaluating the system with experienced surgeons in a realistic

clinical simulation will be crucial to confirm its efficacy in professional practice.

7.6 Conclusion

In this work, we presented a novel control framework for robot-assisted surgery

that leverages the user’s muscle contraction signals to intuitively adapt Virtual

Fixtures. By introducing an EMG-based virtual clutch, the proposed system

allows seamless transitions between precise guidance and free motion, addressing
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the specific dynamic requirements of R&D tasks.

The pilot user study confirmed the effectiveness of this human-in-the-loop

approach. The results demonstrated that the adaptive assistance significantly

enhances tracking precision and movement consistency without imposing addi-

tional physical effort. Crucially, the system proved capable of mitigating the cog-

nitive load associated with complex task-switching, validating the transparency

and intuitiveness of the interface.

Finally, from a dynamic stability perspective, it is important to contextual-

ize the performance of the EMG-controlled virtual clutch within the theoretical

boundaries established in Chapter 5. A critical question is whether the rapid

(dis-)engagement of the constraints approached the instability regions character-

ized by limit cycles. During the experimental validation in this chapter, the core

admittance parameters governing the virtual mass dynamics (m, b) were conser-

vatively tuned to remain well within the stable region, intentionally avoiding the

critical thresholds where system delays and actuator saturation induce persistent

oscillations. To achieve the required transparency during the free-motion phases,

the proposed virtual clutch did not dangerously reduce the viscous-inertial pa-

rameters; rather, it dynamically modulated the geometric boundaries of the dead-

zone (δn, δb). Consequently, the rapid mode transitions did not excite unmodeled

high-frequency dynamics, and no limit cycles were observed during the user study.

This confirms that modulating the spatial constraint geometry via EMG serves

as a robust and stable alternative to pure parameter adaptation, allowing seam-

less transitions between guided and free motion without threatening the coupled

system’s stability.

Future research will focus on validating these findings with expert surgeons

in realistic clinical scenarios. To address the limitations associated with static

paths in deformable anatomies, a critical future direction involves the evolution

of the proposed framework into Dynamic Virtual Fixtures. By integrating real-

time intra-operative sensory feedback—such as stereoscopic endoscopic vision or

depth-sensing cameras—coupled with non-rigid registration algorithms, the sys-

tem could continuously estimate the tissue deformation field. This would allow

the control architecture to dynamically update the reference curve in real-time,

enabling the virtual fixture to warp, translate, and move in unison with the pulsat-

ing anatomy. Beyond the current explicit control, we aim to advance the system’s

autonomy by integrating multi-modal data (e.g., gaze tracking and instrument

kinematics). This will enable the development of a context-aware controller capa-

ble of autonomously recognizing surgical phases and adapting the assistance level
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to the surgeon’s intent, paving the way for intelligent and collaborative surgical

robotics.



Chapter 8

Conclusion and Future Directions

This dissertation has presented a comprehensive research effort aimed at enhanc-

ing physical Human-Robot Interaction (pHRI) in medical robotics. Motivated

by the need to bridge the gap between the precision of autonomous robots and

the decision-making capabilities of human operators, this work has developed a

unified control framework based on Virtual Fixtures. By integrating intuitive

task definition methods, rigorous stability analyses, and adaptive control strate-

gies, the proposed architecture has been successfully applied to two distinct yet

complementary domains: upper-limb rehabilitation and robot-assisted surgery.

8.1 Summary of Main Contributions

The research path followed in this thesis allows us to draw several key conclusions

regarding the design and control of collaborative robots in healthcare:

8.1.1 Methodological Foundations

The adoption of the Spatial Sampling Algorithm (SSA) (Chapter 3) proved to

be a critical enabler for robust human-in-the-loop control. By decoupling the

geometric definition of the task from its temporal execution, we overcame the

limitations of time-dependent trajectory tracking. This approach resolved the

”stagnation phenomenon” often encountered in admittance control when users

pause or hesitate, ensuring that the guidance remains consistent regardless of the

execution speed.

8.1.2 Theoretical Reliability

Safety is the non-negotiable prerequisite for medical robotics. The theoretical

analysis in Chapter 4 provided the formal certification of the framework’s stabil-

ity. Using Lyapunov theory and the framework of dissipative systems, we demon-
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strated that the coupled human-robot system remains asymptotically stable even

in the presence of kinematic redundancy. Furthermore, the investigation into

non-ideal operating conditions (Chapter 5)—such as time delays and actuator

saturation—highlighted the practical stability boundaries, providing guidelines

for tuning the admittance parameters (m, b) to maximize transparency without

compromising safety.

8.1.3 Versatility in Rehabilitation

In the domain of rehabilitation (Chapter 6), the framework demonstrated re-

markable versatility. The introduction of a novel workspace optimization method

based on a payload index ensured that commercial cobots could be effectively de-

ployed for weight-bearing exercises. The experimental validation confirmed that

the proposed Hybrid Impedance Control allows for a seamless transition between

passive assistance and active participation. The ability to modulate the virtual

channel’s stiffness (χ) and size (δ) proved effective in adapting the task difficulty,

a crucial feature for promoting neuroplasticity and patient engagement.

8.1.4 Adaptivity in Surgery

In the surgical domain (Chapter 7), the framework evolved from static guidance to

dynamic assistance. The development of an anisotropic virtual fixture combined

with an Electromyography (EMG)-based interface introduced a novel ”Virtual

Clutch” mechanism. This allowed the system to infer the surgeon’s intent in real-

time, enabling dynamic switching between high-precision guidance for dissection

and free motion for repositioning. The user study confirmed that this adaptive

approach significantly reduces cognitive load and frustration compared to rigid

guidance or free-hand execution.

8.2 Limitations and Open Challenges

Despite the promising results, this research is not without limitations, which must

be acknowledged to contextualize the findings:

• Clinical Validation and Human Passivity: The experimental valida-

tion in both rehabilitation and surgery was conducted with healthy par-

ticipants or on phantom models. While these studies provided necessary

proof-of-concept data and usability metrics, they do not fully capture the
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complexities of interacting with patients suffering from motor impairments

or the unpredictable nature of live biological tissue. Crucially, the formal

stability guarantees of the proposed control framework (detailed in Chap-

ter 4) rely on the fundamental assumption of human passivity. It must be

explicitly stated that this assumption may not hold true for patients with

active movement disorders. Neurologically impaired patients often exhibit

non-passive motor control strategies, such as involuntary spasticity, clonus,

or high-frequency tremors, which can actively inject energy into the con-

trol loop. These uncontrolled active inputs could interact adversely with

the proposed admittance parameters; for instance, high-frequency tremors

could excite the system if the virtual mass (m) and damping (b) are tuned

for high transparency, potentially leading to coupled instability.

To address this limitation, future iterations of the framework must be

adapted to detect and safely react to non-passive human inputs. A pri-

mary strategy involves integrating real-time energy observers to continu-

ously monitor the power flow at the human-robot interface. Building upon

this, Time-Domain Passivity Controllers or Energy Tank architectures could

be implemented. The Energy Tank approach is particularly promising for

this domain: it allows the system to accumulate energy dissipated during

stable interaction phases and utilize this stored energy to safely manage

active energy injections. Upon detecting the onset of a spasm, the sys-

tem could exploit the tank to dynamically adapt the admittance parame-

ters—such as rapidly increasing the virtual damping (b) to absorb the excess

energy—thus preserving coupled stability without permanently degrading

the transparency of the robotic assistance. Furthermore, the EMG-based

interface proposed in Chapter 7 could be extended to preemptively recog-

nize pathological muscle co-activations, allowing the controller to filter out

tremors or adapt its response before the kinematic perturbation is fully

transferred to the robot.

• Sample Size and Statistical Generalizability: The user studies pre-

sented in Chapter 6 and Chapter 7 were conducted with relatively small

sample sizes (N = 10 and N = 7, respectively). While statistically signif-

icant differences (p < 0.05) were successfully achieved for both objective

performance metrics and specific subjective workload assessments (NASA-

TLX, SUS), the generalizability of these results to a broader population re-

mains statistically fragile. These experiments must therefore be interpreted
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strictly as pilot studies aimed at validating the technical feasibility, safety,

and initial usability of the proposed control architectures. As detailed in the

retrospective power analyses (Sections 6.6.2 and 7.5.2) explicitly conducted

for these tests, the effect sizes for the primary kinematic tracking metrics

across both applications were massive (d > 2.0), guaranteeing a statistical

power approaching 100% that mathematically validates the control robust-

ness. Similarly, major perceptual shifts (e.g., reduction in perceived Effort)

achieved robust statistical power (80%− 93%). However, the analyses also

revealed that dynamic interactions (e.g., interaction forces) and secondary

cognitive metrics frequently deal with moderate effect sizes, for which sam-

ples of N ≤ 10 provide inadequate power (often < 70%). Consequently, to

robustly confirm these overall usability trends and ensure a standard statis-

tical power of 1− β = 0.80 across all dynamic and human-factors metrics,

future larger-scale clinical trials involving diverse demographic groups and

expert medical professionals are strictly required.

• Sensing Complexity: The surgical application relies on surface EMG,

which requires careful calibration and electrode placement. In a real oper-

ating room, issues such as sweat, electrical noise, or sterile draping could

affect signal reliability.

• Model Dependency: The generation of virtual fixtures currently relies on

kinematic demonstrations. In scenarios with significant tissue deformation

(e.g., soft tissue surgery), a geometric path recorded a priori might become

invalid, requiring real-time registration methods that were not integrated

into this specific implementation.

8.3 Future Research Perspectives

The framework established in this thesis lays the groundwork for several future

research directions:

8.3.1 Towards Clinical Trials

The natural next step is the translation of these technologies into clinical trials.

For rehabilitation, this involves testing the system with stroke survivors to assess

the therapeutic efficacy of the adaptive assistance modes. For surgery, ex-vivo
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and in-vivo animal studies are necessary to validate the utility of the EMG-based

clutch in realistic dissection scenarios involving bleeding and tissue dynamics.

8.3.2 Multimodal Intention Detection

While this work successfully utilized EMG for explicit intent detection (clutch-

ing), future iterations could explore implicit intention estimation. By fusing EMG

data with gaze tracking and force/torque patterns, the system could predict the

surgeon’s next move or the patient’s fatigue level without requiring explicit muscle

contractions, making the interaction even more seamless.

8.3.3 Augmented Reality for Visual-Haptic Guidance

A fundamental limitation of purely haptic Virtual Fixtures is their inherent ”in-

visibility”. Currently, operators must often interact physically with the robot

and rely on reactive force feedback to discover the boundaries of a constrained

channel or the limits of a forbidden region. A highly promising future direction

is the integration of visual feedback through Augmented Reality (AR) head-

sets (e.g., Microsoft HoloLens or Apple Vision Pro). Projecting the geometric

intent—such as the desired trajectory, the safety boundaries, or the real-time

payload maps—directly into the user’s field of view would drastically reduce the

cognitive load. By combining the robust admittance control developed in this the-

sis with predictive visual cues, the system would transition from purely reactive

haptic guidance to a fully intuitive, visual-haptic multimodal collaboration.

8.3.4 AI-Driven Parameter Tuning

Currently, the control parameters (e.g., stiffness χ, damping b) are tuned based

on theoretical stability margins or manual selection. Future research could in-

vestigate the use of Reinforcement Learning (RL) to automatically tune these

parameters in real-time, optimizing the trade-off between stability and trans-

parency based on the specific user’s behavior and the current task phase.

8.4 Final Remarks

In conclusion, this thesis has demonstrated that a unified control architecture,

rooted in rigorous stability theory but designed for flexibility, can effectively ad-

dress the diverse challenges of medical robotics. By placing the human at the
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center of the control loop—whether a patient relearning to move or a surgeon

performing a delicate procedure—the proposed technologies represent a concrete

step towards safer, more intuitive, and more effective robot-assisted healthcare.
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Sicuramente non è stata una passeggiata, ma col senno di poi la rifarei. Di certo,

non sarei stato in grado di percorrere questa strada da solo; approfitto quindi

della stesura di questa tesi per ringraziare le persone senza il cui supporto non

sarebbe stato possibile concludere questo percorso.

Innanzitutto, vorrei ringraziare il mio supervisore, Luigi. Fin dai tempi della
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lian per avermi dato l’opportunità di lavorare su piattaforme chirurgiche cos̀ı

avanzate e per la sua supervisione. Ricordo ancora quella domenica passata a
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Appendix A

Mathematical Derivations

In this appendix, the detailed coefficients for the transfer functions used in the

stability analysis (Chapter 5) are reported.

A.1 Coefficients of the Control Function Gc(s)

The transfer function Gc(s), describing the relationship between the actuator

speed and the reference speed, is characterized by the following coefficients:

b′1 = JtJlr (A.1)

b′2 = Jt(Del +KDJlr) (A.2)

b′3 = Jt(Kel +KDDel +KPJlr) (A.3)

b′4 = Jt(KDKel +KPDel) (A.4)

b′5 = JtKPKel (A.5)

a′1 = JlrJm (A.6)

a′2 = Jlr(Dm + JtKD) +DelJt (A.7)

a′3 = Jt(JlrKP +DelKD) + JtKel +DmDel (A.8)

a′4 = Kel(Dm + JtKD) +DelJtKP (A.9)

a′5 = KelJtKP (A.10)

A.2 Coefficients of the Loop Gain Function Gl(s)

The coefficients of the numerator (βi) and denominator (αi) of the loop gain

function Gl(s) are derived as follows:
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Numerator Coefficients (βi)

β1 = Delb
′
1bh (A.11)

β2 = Del(Khb
′
1 + b′2bh) +Kelb

′
1bh (A.12)

β3 = Del(Khb
′
2 + bhb

′
3) +Kel(Khb

′
1 + b′2bh) (A.13)

β4 = Del(Khb
′
3 + bhb

′
4) +Kel(Khb

′
2 + bhb

′
3) (A.14)

β5 = Del(Khb
′
4 + bhb

′
5) +Kel(Khb

′
3 + bhb

′
4) (A.15)

β6 = DelKhb
′
5 +Kel(Khb

′
4 + bhb

′
5) (A.16)

β7 = KelKhb
′
5 (A.17)

Denominator Coefficients (αi)

α1 = Jlra
′
1mn (A.18)

α2 = Jlrn(a
′
1b+ a′2m) +Dela

′
1mn (A.19)

α3 = Jlrn(a
′
2b+ a′3m) +Deln(a

′
1b+ a′2m) +Kela

′
1mn (A.20)

α4 = Jlrn(a
′
3b+ a′4m) +Deln(a

′
2b+ a′3m)

+Keln(a
′
1b+ a′2m) (A.21)

α5 = Jlrn(a
′
4b+ a′5m) +Deln(a

′
3b+ a′4m)

+Keln(a
′
2b+ a′3m) (A.22)

α6 = Jlrna
′
5b+Deln(a

′
4b+ a′5m) +Keln(a

′
3b+ a′4m) (A.23)

α7 = Delna
′
5b+Keln(a

′
4b+ a′5m) (A.24)

α8 = Kela
′
5bn (A.25)
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[113] J. Mehrholz, A. Hädrich, T. Platz, J. Kugler, and M. Pohl, “Electrome-

chanical and robot-assisted arm training for improving generic activities of

daily living, arm function, and arm muscle strength after stroke”, Cochrane

database of systematic reviews, 2012.

[114] P. Maciejasz, J. Eschweiler, K. Gerlach-Hahn, A. Jansen-Troy, and S.

Leonhardt, “A survey on robotic devices for upper limb rehabilitation”,

Journal of NeuroEngineering and Rehabilitation, 2014.

[115] Z. Qian and Z. Bi, “Recent development of rehabilitation robots”, Ad-

vances in Mechanical Engineering, 2015.

[116] B. Siciliano, O. Khatib, and T. Kröger, Springer handbook of robotics.
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