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Harnack inequality for hypoelliptic
ultraparabolic equations

with a singular lower order term

Sergio Polidoro and Maria Alessandra Ragusa

Abstract
We prove a Harnack inequality for the positive solutions of ultra-
parabolic equations of the type

Lou + Vu =0,

where L is a linear second order hypoelliptic operator and V belongs
to a class of functions of Stummel-Kato type. We also obtain the
existence of a Green function and an uniqueness result for the Cauchy-
Dirichlet problem.

1. Introduction

We prove some regularity results for the solutions of the equation in RV *!
(1.1) Lou+ Vu =0,

where V is a singular potential belonging to a Stummel-Kato class (see
Definition 1.1 below) and Ly is a linear second order operator of the form

k=1

We always denote by z = (x,t) the point in RV*!; the X}’s in (1.2) are
smooth vector fields on R, i.e.

Xp(z) =D al(x)ds,,  k=0,....m,
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Keywords: Hypoelliptic operator, Schrodinger equation, Harnack inequality, Green func-
tion.
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where any af is a C'* function. In the sequel we also consider the X}’s as
vector fields in RV*! and we denote

We also assume that X(0) = 0, so that

As we will see in Remark 3.2, this assumption is not necessary, but allows
us to simplify the notations.

We say that a curve v : [0, 7] — R¥*! is L-admissible if it is absolutely
continuous and satisfies

Y(5) =Y M()Xe(v(s) + u(s)Y (7(5)),  ae. in [0,7],

k=1

for suitable piecewise constant real functions Ay, ..., A\, p, with p > 0. We
next state our main assumptions:

[H.1] there exists a homogeneous Lie group G = (RN *t1o.8 ,\) such that

(i) Xi,..., X, Y are left translation invariant on G;

(ii) Xi,...,X,, are dy-homogeneous of degree one and Y is Jy-homo-
geneous of degree two;

[H.2] for every (z,t),(£,7) € RN*T! with ¢ > 7, there exists an L-admissible
path v : [0, 7] — RN+ such that v(0) = (x,t), v(T) = (&, 7).

Operators of this kind have been studied by Kogoj and Lanconelli in [11].
The above hypotheses and the main properties of homogeneous Lie groups
will be discussed in detail in the next section, here we recall that assump-
tions [H.1]-[H.2] yield the well known Hérmander condition [10]:

(1.5) rank Lie{X,,..., X,,,Y}(2) = N +1, for every z € RV ",

then Ly is hypoelliptic (i.e. every distributional solution to Lou = f is
smooth whenever f is smooth; see, for instance, Proposition 10.1 in [11]).
Hence Ly belongs to the general class of the hypoelliptic operators on homo-
geneous groups first studied by Folland [8]. We recall that a general theory
of function spaces related to Hormander operators has been developed by
Rothschild and Stein in [24], and by Nagel, Stein and Wainger in [21]. An
invariant Harnack inequality for the positive solutions of Lou = 0 and a
Gaussian upper estimate of its fundamental solution I'y have been proved
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in [11]. We also recall that Gaussian lower bounds for operators verifying
assumptions [H.1]-[H.2] on Lie group of step three have been given in [22];
and one-side Liouville theorems are provided in [12].

Let us point out that several meaningful examples of operators of the
form (1.2) satisfy assumptions [H.1]-[H.2]:

heat operators on Carnot groups
(16) A(G - at7

where Ag = >7" | X? denotes the sub-Laplacian on a homogeneous
Carnot group G (see Varopoulos, Saloff-Coste and Coulhon [28]);

heat operators with drift on Carnot groups
(1.7) Ag + Xo — 9y,

(see Alexopoulos [1]). Note that, due to our assumption [H.1], the
vector field X, belongs to the second layer of the Lie algebra of the

group);

Kolmogorov type operators
(1.8) Agm + (Bx,V) — 8,

where Agm is the Laplace operator on R” and B is a constant Nx N real
matrix (see [16] and its bibliography for a survey on known results on
Kolmogorov type operators. In [18] necessary and sufficient conditions
are given on the matrix B in order to satisfy assumptions [H.1]-[H.2]);

operators on the “link of a Carnot and a Kolmogorov group”
(1.9) Ag + (Bz, V) — 0,

here the domain of the solution is R™ x R? x R? x R, G is a Carnot
group on R™ x R? and B is a (m + ¢) x (m + ¢) matrix as in the Kol-
mogorov operator (1.8) (see Kogoj and Lanconelli [11, Example 9.7]).
A general procedure for the construction of sequences of linked groups
of dimension and step arbitrarily large is given in the paper [13].

We are concerned with the regularity of the operator

(1.10) Ly=Lo+V,

where V belongs to the following Stummel-Kato class (defined by the fun-
damental solution I'y of Lg).
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Definition 1.1. Let  be an open subset contained in RN A function
V € LY(Q) belongs to the space SK (S, Ly), if

(1.11) tin oy (h) = 0, lim () = 0,
where
i) = suw | Lo(a, by, )|V (y. )| dyds,
(1 12) (z,6)eQ J (y,5)€Q, t—h2<s<t
wi = swp [ To(.t, . )|V (. Dldadt.
(y,8)€Q J (z,t)€R, s<t<s+h?

We say that u is a weak solution of Lyu = 0 if
1. there exists p > 1 such that u, Xju, ..., X,,,u € L}, (),
2. Vue Ll (Q),

3. / ZXkuX,:gp + / uY o+ / uVy =0, for every ¢ € C3°(Q2).
Qi Q Q

As in the Euclidean setting, the Stummel-Kato class can be related
to the Morrey spaces LP*(Q, G); in Section 3 we will prove the inclusion
LY, G) € SK(Q,Ly) for A €]Q — 2,Q[, where Q is the homogeneous
dimension of G (see Section 2 for the definitions). We also give a simple suf-
ficient condition for the integrability of Vu: we show that, if the derivatives
Xju, X;Xpu, for j,k =1,...,mand Yubelong to Ll (Q2) then Vu € L ().

Our main result is an invariant Harnack inequality for the positive solu-
tions to Lyu = 0. The proof of the Harnack inequality given by Kogoj and
Lanconelli in [11] (for the solutions to Lou = 0) is based on a mean value
theorem and follows the same lines of the classical proof of the Harnack in-
equality for harmonic functions. That approach has been used in the study
of Kolmogorov operators (1.8) by Kuptsov in [14], later by Garofalo and
Lanconelli in [9] then by Lanconelli and Polidoro in [18] and relies on some
accurate estimates of the derivatives X1y, ... X,, I’ of the fundamental so-
lution of £y. Here we use a method based on the Green function Gg of Ly
related to suitable “cylindrical” open sets and on a pointwise lower bound
for Gp. This technique is inspired by some arguments by Safanov in [25],
and used in [15] where Kusuoka and Stroock obtain Harnack inequality for
solutions to certain degenerate equations. It has been also used by Fabes
and Stroock in [6], [7] to study uniformly elliptic and parabolic operators
with measurable coefficients and later adapted by Montanari in [20] to ob-
tain a Harnack inequality for £y belonging to a class of totally degenerate
hypoelliptic operators. The same method has been successfully used by the
authors in [23], in the study of Kolmogorov operators (1.8).
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We finally recall some papers where the second order part of the oper-
ator Ly has non-smooth coefficients. We quote Sturm [27] and Zhang [29],
that consider the operator (1.10) where Ly is uniformly parabolic, Citti,
Garofalo and Lanconelli [5] and Lu [19], who consider the Schrodinger oper-
ator related to sum of square of Hormander’s vector fields £y = Y " | X2+V,
Zhang [30], who studies the analogous parabolic operator £y, = > " | X7 —
O0;+V as (1.6). Recently Bramanti and Brandolini in [4] consider operators,
without potential function, of the following type: £ = Z%Zl a;; () X; X,
where a;; belong to the the Sarason class VMO. They extend to spaces of
homogeneous type some regularity estimates.

We end this introduction with a short outline of this paper. In Sec-
tion 2 we recall the known facts about homogeneous Lie groups and on
the boundary value problems for L, that will be needed through in the
sequel, then we state our main results. In Section 3 we discuss the main
properties of the fundamental solution and of the Green function for L.
In Section 4 we construct a Green function for £y, by the Levi parametrix
method; some LP estimates and a pointwise lower bound for the Green func-
tion are proved. Then, in Section 5 we prove the results of this paper, in
a preliminary statement only for bounded potentials V, then, by a limiting
argument, for every V in the Stummel-Kato class.

2. Known facts and statement of main results

In this section we briefly recall the basic properties of the homogeneous Lie
groups and the related homogeneous vector fields. We refer to the recent
monograph [2] by Bonfiglioli, Lanconelli and Uguzzoni, for a more exhaustive
treatment of that topic. We state our main results in the last part of the
section.

A Lie group G = (RN, 0) is said homogeneous if there exists a family
of dilations (6),. of the form

5y RVFL 5 RNHL Oy, En,t) = (A, . AN Ey, A0
for some positive aq, ..., ay, ag, with the following property
(2.1) 5>\(z o C) = (5)\2) o (5>\§), for every z,( € R¥* and A\ > 0.
Hypotheses [H.1]-[H.2] imply that RY has a direct sum decomposition
RY=V&---0V,

such that, if we decompose any point z € RN as z = 2 4+ ... + 2™ with
z® €V, then the dilations are

(2.2) 5>\($(1) 4ot x("),t) — ()w(l) 44 )\%(n)’ )\2,5)’
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for any A > 0. If we let m; = dimV/}, the natural number
Q=2+ kmy
k=1

is usually called the homogeneous dimension of G with respect to (0x),--
We also introduce the following §y-homogeneous norms on RV*! and RV:

w0l = (1% +10) ™ peto= (ol )
k=1 k=1

(J#*)] is the Euclidean norm of ™). We denote by
d(z,¢) =l¢" o zlle
the quasi-distance between two points z,( € R¥*!1 and by
B.(z) ={¢C e R 1 d(2,¢) <r}

the ball with center at z and radius r. Recall that there exists a positive
constant ¢ such that

(2.3) d(z,w) < c(d(z,¢) + d(¢, w)), d(z,w) < cd(w, z),

for every z,(,w € RV (see [8], Proposition 1.4).

We also recall that, due to the fact that X, ..., X,, only depend on the
space variable xz, the composition law o is Euclidean in the time variable t, i.e.

(2.4) (z,t) 0 (y,5) = (o(z,t,y,5),t+ 5)
for a suitable smooth function o (see [11], Proposition 10.2). Moreover,
since Xy,...,X,, and Y are homogeneous vector fields of degree 1 and 2,

respectively, we have

(2.5) ((z.0) 0 (.9))" = 2™ 4y,

((e,0)0 (9,)" =a® +y® +oy(x,1,y,9)
for £k = 2,...,m, where oy(z,t,y,s) is a polynomial function that only
depends on D 4.4 (M) ¢ G0 4o 0™ and 5. As a consequence,
the determinant of the Jacobian matrix of the function z +— 2502 equals one,

thus the Lebesgue measure of RN is left-invariant under left translations,
namely

(2.6) meas (zp o F') = meas (E) ,

for every z, € R¥*! and every measurable set £ C RV+L,
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Another consequence of the homogeneity of the vector fields Xy, ..., X},
and Y is that they are of the form

Xk:Za?_l(x(l),...,x(j_l))-V(j), k=1,...,m,

j=1

(2.7) N
Y = Z bj,2($(1), e ,.Cl,’(j_z)) . V(]) - @,
j=2

where VU) = (0, 00,0 Gy, 0.6), 0,00, O) denotes the gradient with
xy Ty

respect to the variable 29) and a;? and b; are 0y—homogeneous polynomial
functions of degree j with values in Vj;; and Vj,o respectively. As a first
consequence we have that X; = —Xj, for k =1,...,m and Y* = —Y, thus
the formal adjoint of Lo is Lo* =Y, X7 — Y.

Let us explicitly note that hypothesis [H.2] and formula (2.7) imply that,
if we write Ly as

N
(28) ‘CO = Z CI,Z‘J(I')ainj + Zb](l')axj - ata

then the m x m block matrix (a; ;(z))
nite.

ij=1,.m 15 constant and positive defi-

We next recall some results, due to Lanconelli and Pascucci [17], con-
cerning the boundary value problem for £y. Let k£ € N and € > 0 be two
constants that will be chosen in the sequel. We denote

(2.9) O = Beudl(ker,ktke) N Beucl(—ker k+ke)»

where Beycl(z,r) is the Euclidean ball of RY with center at x and radius 7.
Moreover, for positive T we let

Q(T) =0x]0,T[, S=0x{0}, S(T) =0 x{T}, and M(T) = 00x]0,T]|

be the “unit” cylinder of R¥*1 its lower and upper basis (resp.), and its
lateral boundary. We will call parabolic boundary of Q(T') the set

9,Q(T) = SU (00 x [0,T]).
Finally, for every positive R and for any (&, 7) € RVt we set

Qr(&7T) = (&§ 7)o 0r (QRT’T)),



1018 S. POLIDORO AND M. A. RAGUSA

and, analogously,

MR(& T, T) = (67 T) °0R (M(R_2T)) ) SR(& 7_) = (67 T) ©0R (S) )
Sr(&7.T)=(&,7) 00k (S(R?T)), 0,Qr(&,7,T)=(£,7) 06 (8,Q(RT))

(note that, by (2.2) and (2.4), T is the true height of the sets Qr(&,7,7),
MR(€7 T, T) and arQR(ga T, T)7 and SR(€7 T, T) = QR(gv T, T) N {({L’, t) =
7+ T}). We also remark that, by (2.2) and (2.6), we have

meas (Qr(&, 7, R°T)) = R%meas (Q(T)).
Moreover
(2.10) meas (Sg(&, 7)) = R %meas (S) ,

where, with a slight abuse of notations, meas (Sg(&, 7)) is the N-dimensional
measure of the set Sg(§, 7) and, obviously,

(2.11) meas (Qr(&, 7, R*T)) = T R%meas ().

Consider the Cauchy-Dirichlet problem in the unit cylinder

Lou=f inQ(T)
(2.12) {u:O in 0,Q(T)

with fe Cge(Q(T)). Asnoticed before, the mxm block matrix (@ ;(z)); ;_; .
in (2.8) is constant and positive definite so that, in particular, a;; > 0. Then,
by Proposition 2.4 and Theorem 2.5 in [17]! there exists a positive € in the
definition of O such that the Dirichlet problem (2.12) has a unique (classical)
solution u € C(Q(T)U,Q(T))NC*(Q(T)) (in the sequel ¢ in the definition
of O will be always chosen as above).

We say that Gy : (Q(T) Ud,Q(T)) x Q(T) — R is a Green function for
Q(T) if, for every f € Cy(Sg), the function

u(z) = — Go(2, Q) f(C)dS
Q(T)
is solution of the Cauchy-Dirichlet problem (2.12). In [17], Theorem 2.7 it
is proved that a Green function Gy exists and is smooth out of the diagonal
of the set (Q(T)U8,Q(T)) x Q(T); Go(z,t,&,7) > 0; for any (z,t), (£, 7) €
RN Go(a,t,&,7) =0 if, t < 7.

Yin [17] it is assumed that Lo is the heat operator out of a compact set of RN*1. £
can be suitably modified outside Q(T) in order to fulfill such a requirement.
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The function G§(z,{) = Go(¢,2) is a Green function for the adjoint
operator Lo*. For every positive R and for any (¢,7) € RN*! the function
Go((&,7) 0 dr((€), (&, 7) 0 0r(z)) is a Green function for the set Qr(§, 7,7T).
The Green function can be characterized as

(2'13) G0<x7 t’ y7 T) = FO(:U7 t? y7 T) - h(x7 t? y7 7—)7
where h(-,-,y,0) is the solution of the boundary value problem

Lou= 0 in Q(7T)
(2.14) u=20 in M(T)
u:FO('a'ay’O) in S

The existence of a generalized solution h can be proved by a standard
method, based on the elliptic regularization procedure. An universal barrier
at every point of M(T')US has been constructed in the proof of Theorem 2.5
in [17], then h attains the boundary data by continuity. Moreover, by the
hypoellipticity of Lo, h is a smooth classical solution to Lou = 0 in Q(T).
Since Go(C, - ) is a Green function for the adjoint operator Ly*, we also have
that h is smooth for (z,t) # (y,0). By the minimum principle it plainly
follows h > 0, then

(2.15) Gol(x,t,y,5) < To(z,t,y,s), forevery (z,t), (y,s) € RV,

We finally note that, for any ¢ € Co(RY), the function

u($,t) = /RN FO(‘%’tayaO)SD(y)dy

is a classical solution to the Cauchy problem Lou = 0 in RY x R, u(x,0) =
©(x); as a consequence, for every ¢ € Cy(S), the function

ot) = [ Gol.ty.0)elw)dy
S
is a classical solution to the Cauchy-Dirichlet problem Lyu = 0 in Q(T),
u=@in S and u=0in M(T).

We next state the main results of this note. For every R,T > 0 and
(€,7) € RV*L consider the Cauchy-Dirichlet problem

Lyu=f inQgr(&TT)
(2.16) { uV: 0 n 8:223(5, 7, T)

with f € Co(Qr(&,7,T)).
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We say that u is a weak solution of (2.16) if it is a weak solution to
'CVU = f n QR(gaTa T)7 it bGIOHgS to C(QR(€777 T) U arQR(gvTa T)) and
attains the boundary data by continuity. We say that

G: (Qr(& 7, T)VOQr(E,7.T)) x Qr(§,7,T) = R

is a Green function for (2.16) if G(-,w) is a weak solution to (2.16), for
every w € Qr(&, 7, 7).
Theorem 2.1. The Cauchy-Dirichlet problem (2.16) has a unique weak solu-

tion u. Moreover a Green function G for Qr(&,7,T) exists, and the function
G*((,z) = G(2,C) is a Green function for the adjoint operator Ly*.

Before stating our second result, we introduce two further notations. Let
us consider the cylinder Qg (€, 7, R?) and, for every a, 3,7, €]0, 1[: a <5<,
let us set

Q = {(x,t) € Qsr(&, TR :T+aR* <t <7 +ﬁR2},
QF ={(z,t) € Qsr(&, 7, R?) : 7+ yR* < t}.
Theorem 2.2. (Harnack). Let V € SK(,Ly). Then there exist two

constants Ry > 0 and & €)0, 1] such that, for every Qr(&, 7, R*) CC Q, with
R < Ry and Q*,Q~ as above, with 6 €0, o[, we have

supu < M inf u,
Q- QF

for every positive weak solution u of Lyu = 0. Here M is a positive constant

that depends on ny,ny, and on the constants «, 3,7, 0.

Proposition 2.3. If u is a weak solution of Lyu = 0 wn Q, with V €
SK(, Ly), then u is continuous. Moreover, for any (3 €]0, 1] there exists a
positive constant Cg, dependent only on Ly and 3, such that

lu(z) — u(z0)] < (Cpd(z, 20)” + 2nv(5 * d(z,20)" 7)) sup |ul
Byr(20)
for every z € {2’ r €]0,1[ such that By, (2) C Q and for every z € B,,(20)
(where rg = r1=F and c is the constant in (2.3)).
IfV € L'*(Q,G) with A €]Q — 2,Q], then

u(2) = u(z0)] < Co(1+ [IVllzrne) sup ful-d(z,2)*,

Bur(20)

where « = min {3, (1 — B)(A — Q +2)}.
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3. Preliminary results

In this section we recall some result about the fundamental solution and to
the Green function Gy for operators satisfying assumptions [H.1]-[H.2]; we
then prove a lower bound for Go. We end the section with some remarks on
the Stummel-Kato class SK(£2, Lo).

In [11], Kogoj and Lanconelli prove the existence of a fundamental so-
lution T'y(z, () for the operators Ly satisfying conditions [H.1]-[H.2]. The
main properties of I'y are analogous to the properties of the heat kernel:
Iy is smooth in {(z, () € RV x RNFL: » £ Q}; Co(z,t,&,7) > 0; for any
(z,1), (&, 7) € RN Ty(x,t,€,7) > 0 if, and only if, t > 7.

I'g is invariant with respect to the translations of G:
To(2,¢) =To(Cto2,0)=Ty(¢C oz), forevery 2z ¢eRNT
and it is dy-homogeneous of degree 2 — ) with respect to the dilations of G:
(3.1) Lo(6x(2)) = A*9L(2) for every z€ RV A >0;
as a consequence we have that

lim I'o(2) =0; limsuply(z) = +oco and Ty € LL (RYTY).

|z]—00 z—0

For every ¢ € C5°(RV*!) and 2 € RV we have

B2 Lo [ To0p0dC= =0 [ Tole0)Lapl0)dC = —(2),

and Lol'o(z, -) = =0, (the Dirac measure centered at z). Moreover
/ Fo(x,t)dx =1, forevery t>0.
RN

The function I'f(z, () = I'o((, 2) is the fundamental solution of the adjoint
operator Ly".

Since I'y is a dy-homogeneous functions of degree —() + 2 and the deriv-
atives X;I'y, for 5 = 1,...,m, are dy,-homogeneous functions of degree
—@ + 1, from the general theory of function spaces on homogeneous Lie
groups (see for instance Folland [8, Proposition (1.15)]; see also Rothschild
and Stein [24] for a more developed analysis of differential operators on Lie
groups) it follows that there exist a positive constant C such that, for every
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21, 22, € RV with d(21, () > 2d(21, z3) we have

~ d(z,
|F0(217 C) - FO(’Z27 C)l < Cd(zfilcfé)la
~d(z,
3.3) XiTu(e1,) = XTolia )] < CLEEZ,
~d ,
X1, )~ X (2 O < T2

for j = 1,...,m (the notation X;o means that the vector field X; acts on
the variable ¢). Moreover, if we set for f € LP(RNT1)

(3.4 7y = [ ol

we have (see [8, Theorem (5.14)]):

i)ifl<p< %, then Ty € L4(RN+1), for é == — %, and

1
P
(3.5) 1 Trllq < Coll £lly;
i) if p > %, then
(3.6) [Tr(21) = Ty(22)| < Cpd(21,22)° || fllp,  for every z1, 2 € RY!
for some positive constant €}, and o = min {1, 2 — %}

Finally, for j = 1,..., m we have

(3.7) X;Ty(z) = X;To(2,¢) f(¢)dc

]RN‘H
and, analogously,
i) if 1 <p< @, then X;T; € LYRNTY), with % =

(3-8) 1X5Trllg < Goll Fllp;

ir) if p > @, then

(3.9) |X,Ty(21) = X;Ty(22)| < Cyd(z1,22) [ flpe fora=1- %
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Note that, by (3.5), formula (3.2) extends to

(3.10) Lo [ T OF(OUEC = ~F(:)002)

for any f € L (RVT1) with1 < p < %, and any cut-off function 1. We also

loc

Q=2
recall that T is continuous from L'(RN*1) to L2

W2 (RN more specifically,
there exists a positive constant C' such that

Q-2
c\
meas{z e RV*L . Ty (2) > a} < (—) Il @y, for every a > 0
a

(see [8, Prop. 1.10]) hence we will also use formula (3.10) for f € LL (RNT1).

We next prove a lower bound for the Green function Gy for Ly:

Proposition 3.1. For any positive R and T and every (£,7) € RN*! and
a €]0, 1] there ezist dg, € €)0, 1] such that

2¢
Go(z,t,y,7) = meas(Sg(&, 7))

for every 6 €]0,60),y € Ssr(&,7) and (x,t) € Qsr(&,7,T), such that t >
T+aTl.

Proof. Thanks to the invariance of the operator with respect to the trans-
lations and the dilations of the Lie group G, it is not restrictive to assume
(&,7) = (0,0) and R = 1; we also denote S = S1(0,0). Aiming to prove that
Go(0,t,0,0) > 0, for every t €]0, T, we recall (2.13). We first note that h is

a bounded function in the set {(z,¢,0,0) € Q(T) x {(0,0)}}. On the other
hand Ty(0,¢) =t~ 2" T(0,1) by (3.1), then

Go(0,1,0,0) = I'g(0,t) — h(0,t,0,0) — 400

as t — 04. Then Gy(0,¢,0,0) > 0 for any positive small ¢. Since Gy > 0
by the Bony’s maximum principle ([3, Theorem 3.2]) G¢(0,¢,0,0) > 0 for
t €]0,T). In order to prove our claim we let
1
=7 meas(5) [217;17% Go(0,t,0,0);
it is not restrictive to suppose ¢ < 1. Since Gq is a continuous function,
there exists dy €0, 1[ such that

2¢
> .
G0<x7t7y70> - meas(S)’
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for every (z,t) € Q5(0,0,7), such that t > aT and y € S5(0,0), with
d €]0,d0]. This proves the claim for (£,7) = (0,0) and R = 1. The result
in the general case follows by using the invariance with respect to the Lie
group structure. |

Remark 3.2. In the above proof we used the assumption (1.4) in order to
apply the Bony’s strong maximum principle along the segment {(0,¢): 0 <
t < T}, which is a trajectory of the vector field Y.

If we remove the requirement (1.4), then the hypothesis [H.2] and (2.7)
yield Y (0) = by-V? —9,, for some constant vector by belonging to the second
layer of the Lie algebra of G. In this case, it is possible to adapt the proof of
Proposition 3.1 by using the change of variable (x,t) — (z —t by, t), however
the assertion has to be stated according to the appropriate geometry.

We end this section with some further remarks about our definition of
the Stummel-Kato class. We first recall the upper gaussian estimate for the
fundamental solution provided by Kogoj and Lanconelli (see (5.1) in [11]),
that allows us to establish whether a given function V does satisfy condi-
tion (1.11): for every t > 0,z € RY

C |l‘|@,
. < 7
(3.11) Co(z,t) < —— exp ( ol )

for some positive constant C'.

We next observe that, unlike in the usual definition of the Stummel-Kato
class, in formula (1.12) we integrate V on an unbounded set. A definition
more similar to that one of the elliptic case should be given in terms of the
following functions

(k) = sup / Tola. £y, ) V(y, 5)\dyds.
(z,t)eQ
QmQh($7t7h2)

ny(h) = sup / Loz, t,y, s)|V(x,t)|dzdt;
(y,5)€Q
QNQ;: (v,5,h2)
however, it turns out that 7, and 7;, define the same class as 7, and 73;.
Remark 3.3. We have that

limny(h) =0 <= limip(h)=0;

(3.12)

}L%Uv(h) =0 }lll_ﬁllonv(h) = 0.

One of the two implications is an easy consequence of the inequalities 7y, (h) <
ny(h) and n3;(h) < nj(h). The other one easily follows from the homogeneity
of I'y, with respect to the dilation of the Lie group, and from the absolute
continuity of the integral.
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We next compare the spaces SK (€, Ly) and the following Morrey spaces
LrA(Q,G)

Definition 3.4. Let Q be an open subset of RNT! and let p, A € R be such
that 1 < p < oo and 0 < A < Q. We say that a function f € LY ()
belongs to the Morrey space LP*(Q, G) if [fllpr,6) < 00, where

1 z

flemsinsy = (s % [ i)

r>0,26Q T QNB,(2)

Although the class SK (2, L) and the spaces LP*(€, G) are defined anal-

ogously to the classic ones, we observe some substantial differences between
them. In the case of elliptic equations we have

(3.13) L'*(Q)CSK(Q)C L"), 0<pu<n—2<Ai<n.

An analogous result is true for the sum of the squares of the Hormander
fields, however in the case of parabolic (and degenerate parabolic) opera-
tors, we can prove the first inclusion, but the second one seems false (see
Example 2.10 in [23]).

Proposition 3.5. We have
L'Q,G) C SK (2, Ly), for every X €]Q — 2, Q.

Proof. By using the homogeneity of the fundamental solution I'y we find

1
(3.14) / Lo(z, t, w)|V(w)|dw < c,\h)‘Q”E/ V(w)|dw,
QOB}L(Ivt)

QmQh($7t7h2)

for every V € L (€, G), and by Remark 3.3 this inequality yields the desired
inclusion. |

Since we are concerned with weak solutions to Lyu = 0, we need a
sufficient condition for the requirement Vu € Li .. We recall that, in the
case of uniformly elliptic operators, Vu € L (€) provided that u belongs
to the space H{.(Q) (see Schechter [26]) and a similar condition holds for
the sum of squares of Hormander vector fields (see [5]). Here we prove that
Vu is locally integrable when u belongs to the Sobolev-Folland-Stein space

W2L(Q, L), namely if the following norm

[ullw21(9,.c0) = llullLr@) + Z | Xjull ) + Z | XiXjull L) + [[Yull Lo

7=1 i,j=1

is finite.
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Lemma 3.6. If u € W2X(Q, Lo) and H, K are two compact sets such that
K CC H C (Q, then there exists a positive constant C', dependent only on
H, K andV € SK(Q, Ly), such that

(3.15) / V(2)u(z)|dz < Cllullwaiim,co)-
K

Proof. We first claim that, for every v € C§°(2), we have

(3.16) / V(2)v(2)|dz < Collv|lw21(0,c0),
Q

where Cj is a positive constant dependent only on V and on the support
of v. Indeed, if we denote by H the support of v then

[meneis< [ wor( [ o) o
< [ Jew(@ac sup ( / |v<z>|ro<z,n>dz) < e lolwrionc)

where ¢y = max{|t — 7| : (z,%), ({,7) € H}. This proves (3.16). The thesis
follows from a standard density argument. |

4. The Green function for Ly

In this section we use the parametriz method to prove the existence of a Green
function G for the operator Ly, related to any given cylinder Qgr(&, 7, 7).
We construct G as a perturbation of Gjy:

G(z,w) = Go(z,w) —I—/Q Go(z,n)®(n, w)dn,

for some unknown function ®. A formal argument, based on the fact that
LoGo(z,w) = —d,(z) and on the requirement that Ly,G(z,w) = —d,(2)
leads to the following Volterra equation for ®

(I)(Z7 C) = V(2>G0<27 <) + o V(’Z)GO(Zv 77)(1)(777 Od%

The successive approximation method then gives:

(4.1) G(z,w) = Go(z,w) + Y _ Ju(z,w),

k=1
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where

Wew = [ GalzmV )Gl widn
<4 2) Qr(&7,T)
Jk+1(z,w):/Q o Go(z,m)V(n)Jk(n,w)dn.

We will prove that these integrals J; are well defined, then the LP conver-
gence of the series and we finally show that G is a Green function for L.
Aiming to unify the notations, in the sequel we will denote Jy = Gq so that

me:/ Golz ) V() Jo(n, w)dn.
Qr(&,1,T)

Lemma 4.1. The functions in (4.2) belong to LP(QRE,T,T)) for every p €

1, %) and there exists a positive constant c, such that

17z, ), LP(Qr(, 7. D) < epm(T),

(4.3)
HJk<7 w)? LP<QR(£7 T, T)) H < CPUV(T>R7

for every w,z € Qgr(&,7,T). Moreover, Ji(x,t,y,s) = 0 for every t < s.
We can also write Ji11 as

(4.4) @H@mzl*gﬂ#mmwm%mwmr

Proof. We let V(n) = [V(n)| and define Jj, by using formulas (4.2) with V.
Note that ny(T) = ng(T) and 755(T) = n5(T), then V € SK(Qr, Lo) if
and only if V € SK(Qr, Ly). We first prove the inequalities in (4.3) for the
non-negative functions jk, the required estimates will follow from the trivial
inequality |Ji| < Ji.

Due to the fact that every Ji is non-negative, (4.4) is immediate. In
order to prove the LP estimates for j;f we note that

L/ %@mwmms/ To(zm)|V(n)ldn = ny(T),
QR(£77—7T) QR(£77—7T)
(4.5)
/ CMWMWWMS/ Do, )|V |dy = 7(T),
Qr(&T1,T) Qr(&,1,T)

since Gy < T'y.
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We next define the sequences:

5=  sup / Te(zm)[Vn)ldn,
ZEQR(gyTvT) QR(£ T7T)

si= s / V(&) i (2 ),
UEQR(gvTvT) QR(gvTvT)

and we prove the following inequalities
(4.6) sk < (T, sp < pp(T)F
by induction on k. For k£ = 1 we have

51 < sup Go(z, Q)IV(Q)]-
ZEQR(£7T7T) QR(&?TvT)

(g [ Gotwmvinlan)dc < )

wEQR(£777T) R(&,T,T)

by (4.5). The same argument and (4.2) give

skr1 < sy (T),

for any k > 1, then the first inequality in (4.6) is proved. The proof of the
second one is analogous.

To obtain the L? estimate for J; we set, for p € [1, &) :

T={peC&Qr(&n,T): 920, lollpgnerr <1}
For any ¢ € T, we have

| dtwpwie = [ Geavml( [ Gomwptwde)
QR(gvTvT) QR(gvTvT) QR(gvTvT)
< Cp||<P||Lp’(QR(g,T,T))5k < Cpm*/(T)kHa
by (4.4) and (4.6), where
= sup |[Lo(n,)llLe(@nier)-
UEQR(£777T)
Thus

17z, )| er@ntenry = SUD / Tu(zw)p(w)dw < ey (T)*
‘PET QR(gyTvT)

and the first inequality in (4.3) holds for every k& € N. In the same way
we obtain the second one. Since |Ji(z,w)| < Ji(z, w), the estimates (4.3)
and the identity (4.4) also hold for every Ji, and the lemma is completely
proved. |
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Proposition 4.2. Let T' > 0 be such that ny(T) < 1 and ny,(T) < 1. Then

i) for every p € [1,%) the series introduced in (4.1) converges in

LP(Qr(&,7,T)) and there ezists a positive constant ¢, such that

||G(Z7 ')HLP(QR(g,T,T)) < CPZUV(T)k; ||G(7 w)HLp(QR(g,T,T)) < szn\*)(T)k
k=0 k=0
it) G(z,t,y,8) =0 fort <s;
iii) the derivatives

(4.7)

o0

XG(w) = X,Go( - w) + Y / X,Go( -, )V(n) Ju(y, w)dn,
k=1 Qr(&7T)

XiGle ) = XiGole )+ 30 [ Ila V@)X, Gl )
k=1 QR(gvTvT)
are defined as elements of the space LY (Qr(§,7,T)) for any p €

[1, m) and, for every compact set K C Qr(&,7,T), there exists a
positive constant ¢, such that

IN

et ], 2w x|

k=0

z * (T k’
Lo (K) p;nv( )

forj=1,...,m;
iv) for every (z,1) € Qr(&, . T),

| 16ty iy <3 (@) [ (Gl T 0ldy <3 (D)
SR( k=1 SR(£ k=1

£7T) 77—7T)

v) for every z € Qr(&,7,T), we have

/Q |G<z,w>v<w>|dwszm<T>k,/Q V(QG(C,2)dC<S iy (T

R(£7T7T) R(£7T7T)

Proof. Assertions i) and ii) are direct consequences of Lemma 4.1. In order
to prove #ii), we show that the series

S [ XSGV,
k=1 Y Qr(TT)

is convergent in L} (Qgr(&,7,T)).

loc
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Let K be a compact subset of Qg(&,7,T); for any ¢ € 7, such that
supp(y) C K, we have

/K < /QR(&T,T) X;Golz,m V() Jx(n, w)dﬁ) ¢(z)dz

<Glellrgg s / VT win
weQr(&,T, Qr&,1,T

< Ep?ﬁ)(T)kH

by (4.6), where

&= sup [ X;G0(-,n)]lLex)
UEQR(gvTvT)

Hence

H / X,Go( - m)V () Ju(n, w)d
QR(£7T7T) LP(K)

~ qup / ( / XjGo(zaﬁ)V(U)Jk(ﬁaw)d'f]) o(2)d
peT JK Qr(&mT)
< Ep?ﬁ)(T)kH-

This proves the first identity in (4.7) and the estimate

HXJ'G(ZG +)

<¢ *(TY*.
Lo(K) p;nv( )

The same argument gives the second identity and the corresponding esti-
mate.
In order to prove iv), we note that, for every k € N,

)/ Jk(x7t7y77—)dy)
SR(&vT)

S ) / Jk—l($at7 U)V(n)</ GO(nayaT)dy)dn)
QR(£77—7T) SR(£7T)
< m(T),

by (4.6). This proves the first estimate, the proof of the second one is
analogous.

Finally, v) is an immediate consequence of (4.6). This concludes the
proof of Proposition 4.2. |
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Corollary 4.3. The function G defined in (4.1) is solution, in the distri-
bution sense, of LyG(-,() = —d¢, Ly G(z, -) = —6,. Namely: G(-,(),
X,G(-,¢) € LP(Qr(&,7,T)), for somep > 1 and for j =1,...,m,GV €
Ll(QR(£7T7 T)) and V(p € C(C)XJ(QR<£77—7 T)>7 we have

/ (ZX]G@, OXyo(2) + Gz, OV p(2) — G, c>v<z>so<z>) dz=o(C).

Qr(EmT)N j=1
[ (X6 0%,6(0) - 6. 0¥ e(6) — Gla VR ds = L)
Qr(EmT)\ j=1

Proof. Since GGy is the Green function of Ly, we have

/Q - (Z X;Go(z, Q) X;0(2) + Go(z, C)Y¢(2)> dz = ¢((),

J=1

for every ¢ € Cg°(Qgr(&,7,T)). For any k € N, we multiply the above
identity by V({)Jx_1((,w) and integrate on Qg (&, 7,T); we find

/Q (€ T)(ZXW(Z) X;Go(2, OV(C) Jr-1(C, w)d(+

j_l QR(&vaT)

Vo) [ Gl V6.0 )z = [ plOV0)Ia(6wic
QR(£7T7T) QR(£77—7T)

and the first identity follows from the definition (4.1), (4.2) and from (4.7).

In analogue way we can proceed for the second equality. |

Proposition 4.4. Let T > 0 be such that ny(T) < 1 and n},(T) < 1. Then,
for any (£,7) € RNTL the function G defined by (4.1) is the Green function
for the Cauchy-Dirichlet problem (2.16) related to Qr(§, 7, T).

Moreover G*(w,z) = G(z,w) is the Green function for the Cauchy-
Dirichlet problem

Ly v =g in Q (5777T)
(4.8) { v ” 0 in 0:1223(5 ,7,T)

with g € Co(Qr(&, 7,T)), namely the function
== [ G sl
Qr(&7T)

is a weak solution to Ly™v = g in Qgr(§,7,T) and attains the boundary
data by continuity (in (4.8) *Qr(&,7,T) = (§,7) 0 0 (X Q(R™*T)), where
:Q(T) = S(T) U (90 x [0,T7)).
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Proof. As said in Section 2, G is a Green function for the Cauchy-Dirichlet
problem (2.16) if, for any f € Co(Qr(&,7,T)), the function

uz) = — GZ, d
(2) /Q RCEORT

is a weak solution to Lyu = f in Qg(§, 7,T) and attains the boundary data
by continuity. The fact that u solves Lyu = f is a direct consequence of
Corollary 4.3.

In order to verify that u continuously vanishes at 0,Qg(&,7,T) we first
note that

Lou(z) = f(z) = V(2)u(z),
then

u(z) = - / Golzm)f (n)dn + / Go(z,t, m)V(n)uln)dn,
Qr(&,7,T) Qr(&7,T)

for every z € Qr(&,7,T). Since the function

wo(z) = — / Golzm) f(n)d
Qr(&,1,T)

is a solution to the boundary value problem (2.12) (which is related to Lo)
it is known that it continuously vanishes at 0,Qg(&, 7, 7). Hence, we have
to show that

(x,t)ﬂ(xo ,to)

(4.9) lim / Gola, t, m)V(n)u(n)dy = 0,
QR(gvTvT)

for every (zo,ty) € 0,Qr(&, 7,T).

In order to prove (4.9) we observe that w is a bounded function, by
Proposition 4.2 (i). Let us first consider a point (xg,%y) € Sg(§, 7). Since V
belongs to the Stummel-Kato class, we have

[ Gl tmVinutdn| < Juln) — 0 ast -0,
QR(£77—7T)

This proves that u(x,t) — 0 as (z,t) — (xo, to), for any (xq,tg) € Sr(&, 7).
We next consider a point (zg,ty) € Mg(&,7,T). For every positive &
there exists a & > 0 such that

’/ Go(z, t,y, s)V(y, s)u(y, s)dyds| < |lullsmv(0) < €
(y,5)€QR(&,7,T):to—0<s<to
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V(z,t) € Qr(&,7,T), since V € SK(S2, Ly). Moreover there exists a positive
constant H such that Gy(x,t,y,s) < H, for every (x,t), (y,s) € Qr(&,7,T)
such that s <ty — 0 and t > ¢, — /2. Hence

lim

/ Gola,t, )V (n)uln)dy = 0,
(xvt)é(x()?t()) WGQR(&,T,T)13<tO*5

that proves (4.9). This completes the proof that u(z,t) — 0 as (z,t) —
(2o, to) for every (zo,to) € 0,Qr(&,7,T), thus G is a Green function for £y
in QR(£7 T, T)

The proof that G* is a Green function for £,," in Qr(&, 7,T) is analogous
and will be omitted. [ |

We next prove a lower bound for G analogous to Proposition 3.1.

Proposition 4.5. For every «g €]0, 1] there exist €,y €]0,1[, and Ry > 0
such that, if R €]0, Ry],0 €]0,d0], and G is the Green function related to

Qr(&, 7, R?) then
€

meas(Sg(&, 7))

for every y € Ssg(&,7) and for every (x,t) € Qsr(&, 7, R?), such that t >
T+ OZOR2

Gz, t,y,7) >

Proof. We claim that there exists a positive constant ¢ such that

(4.10) | Ju(z,t, T, 1)| < (ot — 1) + 5 (t — )",

c
(t-0*
for every k € N and any (z,t),(Z,1) € Qr(£,7, R?). As a consequence,
from (4.1) and Proposition 3.1 we get

Gz, t,y,7) = Golw,t,y,7) — ﬁ >t —7) +ap(t =)
—T) 7 k=1
2e C b . X
> meas(Sg(&, 7)) B (t—T)% ];(nv(t—f) +op(t—1))",

for any y € Ssr(&,7) and for every (x,t) € Qsr(€, 7, R?), such that ¢t >
T + agR%  Moreover, since meas(Sz(€,7)) = RY2 meas(S) and aqpR? <
t — 7 < R?, the above inequality gives

2¢ d - “ gk
Gl ty,7) 2 meas(Sg(£, 7)) _meaS(SR(g,T)) ;(W(t — D HmE =)

for some positive constant ¢’. The claim then follows by choosing Ry suitably
small.
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We next prove (4.10) by induction. We first recall (3.11), then

C
(411) GO(xatay’S) S FO(xytayaS) S — _o0—2>

(t—s)=
for every (z,t), (y,s) € Qr(&, 7, R?). Since

L
Tty 2,7) = / : / Golz, .y, 5)V(y, )Goly, 5, 7, 7)dyds +
Sr(&,T,s

t
+ / / Gola, 1., $)V(y, )Goly, s, &, 7)dyds,
HTT Sr(&,T,s

we have

t+7

C 2
|J1<x,t,x,7>|s(—2 / / V(y, $)ITo(y, 5, 7, 7)dyds
(&,7,8)

P / / (2,t,5, ) V(g 5)|dyds,
tT) o R(STS

so that (4.10) follows for k = 1.
For k > 1 we argue analogously: we write

t+7’
Tatatar) = [ [ etV )Galy, 5.7,y
Sr(&,7,s)

+ / / Ji(a,t,y, )V, )Goly, s, 7, 7)dyds,
HTT Sr(&,T,s

and we use (4.6) in the second integral. This completes the proof.

5. Proof of the main results

In this section we prove the main results of this paper. As said in the in-
troduction, the main difficulty is in the fact that V is unbounded, then we
cannot rely on the usual maximum principle. To overcome this problem, we
first prove Proposition 2.3 and an uniqueness result for bounded solutions,
then we prove the Harnack inequality (Theorem 2.2) for a bounded func-
tion V, with the constant M depending on 7y, and 7;,, but not on the L
norm of V. We finally remove the hypotheses of boundedness from u and V),
by using a technique due to Zhang [29]. We consider the sequence of oper-

ators

(5.1) Ly, = Lo+ Vi,
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where
—m if V(z,t) < —
Vi (z,t) =< V(x,t) if —m < V(x,t) <m,
m if V(z,t) >m

and we approximate the solution u to £y, = 0 by a sequence u,, of solutions
to Ly, = 0. Since 1y, (T) < ny(T), and ny, (T') < ny(h), the Harnack
inequality for bounded solutions extends to w.

Lemma 5.1. If u is a bounded weak solution of Lyu = 0 in Q, with V €
SK(, Ly), then u is continuous. Moreover, for any (3 €]0, 1] there exists a
positive constant Cg, dependent only on Ly and 3, such that

lu(z) — u(z0)| < (Cpd(z,20)" + 2nv(5¢* d(2, 20)' 7)) sup |u]
Bur(20)
for every z € 52, r €]0,1[ such that By, (2) C Q and for every z € B,,(20)
(where rg = r1=F and c is the constant in (2.3)).

IfV € L'*(Q,G) with A €]Q — 2,Q], then

[u(2) = u(z0)] < Co(1+ [IVllzrne) sup ful-d(z,2)*,

Bur(20)
where o = min {3, (1 — B)(A — Q + 2)}.

Proof. Let 2z € 2, r € (0,1) be such that By.(20) C Q and let z € B,,(20).
We choose ¢ = 2d(zp,2)!™” and a function ¢ E Ci°(Bay(20)) such that
¢ = 1in By(z) and that |Xjp| < £, |X;iX;p| < 5, fori,j =1,...,m and
Y| < 4 Pt for some positive constant c only dependmg on the operator Ly.

Since ¢ < 2r, we have Bs,(z9) C By (20) C Q and (pu): Boy(z0) — R
satisfies

Lo(pu) = Z Xf(gpu) + Y(pu) = pLou+ ulyp + 2 Z XpX;u.
7j=1 7j=1
By the representation formula (3.10) we have that

u(z) = —/RNHFO(z,C)/JOgo ¢)d¢ — 22/ To(z, (X0, X u)dC

N+1

5.2
(5-2) N /R L ToE OVQuQp (0

= Ay (2) + As(2) + A3(2), Y 2 € By(20).
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We explicitly remark that d(zo, () > 2d(2o, 2), for every ¢ € Ba,(20)\B,(20)-
From the first inequality in (3.3) we estimate the two terms in A; as follows

A1) = Aol < [ To(200) = Talzar )l Koo QulQ) g

~ d
< C sup |uLyp| Md{ < Csd(z, 20)6 sup |ul,
Bay(x0) Bag(0)\Bo(z0) 4(21,C) Bay(z0)

for some positive constant Cz depending on Cin (3.3), on Ly and on f.
We next consider A,. We integrate by parts

—2}3 X1 (Po(2, O)X;0(0)) u(¢)dC

RN+1

—2}" / Do(z O X 20 ( d<+2z X OTo(2, Q) X5(C) u(Q)de,

RN+1 RN+1

(as in (3.3), the notation X](-C) means that the vector field X; acts on the
variable (). We then estimate the first sum by the same argument as Aj;
for the second one we use the third inequality in (3.3).

We finally consider As. Let us first observe that, in view of (2.3), we
have d(z,¢) < ¢ (d(z, 20) + 20) < 5¢%d(20, 2)1 7P for every ¢ € supp(yp), and
2 € B.(z). Moreover, if ( = (£,7) and z = (z,t), then |t — 7| < d*(z, (), so
that

[A3(2)] < sup | Lo(z, QOIS < sup [ul -y (5¢%d(z0, 2)' ™),
B2, (20) Bag(20) B2, (20)

for every z € B,(z). This proves the first claim of Lemma 5.1. The second

assertion directly follows from Proposition 3.5 (see (3.14)). [ |

We next prove a uniqueness result for Cauchy-Dirichlet problem (2.16).

Lemma 5.2. If u is a bounded solution to the problem

{ Lyu=0 in Qr(&7,T)

(5.3) u=0  indQgr&TT),

then uw = 0.

Proof. By the maximum principle, if v and v are weak solutions of the
problem
{ Lou=f inQr(&7,T)
u=>0 in 0,Qgr(&,7,7T)

with f € LY (Qgr(&,7,T)), then u = v.
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Hence, if u is a solution of the non-homogeneous problem

Lou+Vu=f in QR(£77—7 T)
u=20 in 0,Qgr(&,7,T)

with f € LY(Qr(&,7,T)), then u is almost everywhere equal to
(5.4 w2 = [ Gulz OGO - Q)
Qr(&m.T)

Suppose now that u is a solution of the homogeneous problem (5.3) . We
then have

u(e, t) = / Golz, t,y, 5)V(y, )uly, s)dyds.
Qr(,1,T)

for every (z,t) € Qr(&, 7,h). Then recalling that Go(x,t,y,s) =0 for t <s
we have for t <7446
[ull L (@rtern < v () lullL@riero)-

Thus, if we choose § such that 7y (d) < 1, we have u = 0 in Qg(§, 7,9). We
then conclude the proof by iterating this method. |

Arguing as above, we can easily prove the following property.

Remark 5.3. If the function V is bounded and u is a solution to the problem

Lyu=f in Qr(&T,T)
u=>0 in Mr(&,7,T)

u=yg in Sg(&, 1)
for some f € LY(Qgr(&,7,T)) and g € Cy(Sg(€, 7)), then

u(z) = / Gl Tty - / Gz, m) f(n)dn.

QR(£7T7T)

In order to state our next result, we introduce some further notations.
For a given (¢,7) € R and R > 0, we set

Qr = Qh(& 7, R*) = Qr(&*, 7", R?), where (¢&,7) = (&,7)0 (0, —R?).

Note that 7% = 7 — R? by (2.4), then we may consider Q% as the cylinder
whose upper basis is centered at (£, 7). We also set

M(R) = sup u, m(R) = iél*fu Osc(u, &, 7, R) = M(R) — m(R).

R
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Lemma 5.4. Let u > 0 be a bounded solution of Lyu = 0 in Q%. Then
there exist §, 0 € (0,1) and a positive Ry, which depend on 1y and Ly, such
that

Osc(u, &, 1,0R) < oM (R)

for every R €]0, Ry).

Proof. The method is inspired by that in [29] (and has been used in [23]).
Let €,0 and Ry be as in Proposition 4.5, and set

M(R) + m(R) } |

S = {(33,7'*) € Sr(&*, ) tu(x, ) > 5

Consider two possibilities.
Case 1: meas(S) > L meas(Sg(£*, 7)) .
Define the function

0@ = [ Galen ) = mE)dy+ [ Gols OVOuQC,
Sr(§*,7*) Qx
and note that it is a solution to

»COU = —Vu n QR(S*a 7_*’ R2)
v=u—m(R) in Sg(&*, ")
v<u-—m(R) in Mg(&, 7% R?).

The function u — m(R) is non-negative in Q% and Lo(u — m(R)) = —Vu,
then, by the comparison principle, we find

u(z)—m(R) > e Cf;)(%yﬁ*)(U(y,T*)—m(R))der Q*Go(%C)V(C)U(QdC

for almost every z € Q%. We next apply Proposition 3.1 with 7' = R? and
we obtain

[ Oy 7)) (B = [ Gl ) = (Rl

(R) = m(R) iy > ME) ~ m(R) -
> 5 /SGO(z7y7T )dy = 2 /s meas(SR(f*,T*))dy

£

S n

>

(M(R) —m(R)), forevery z € Qip(&,7, (0R)?).

On the other hand, we have

) o Go(z, QV(O“(C)‘K‘ < M(R)ny(R?),
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where the integral is sufficiently small provided that we fix Ry such that
nv(R?) < £ for any R €]0, Ry]. Observing that

m(3R) —m(R) = Z(M(R) - m(R)) - <M(R)
it follows
M(SR) — m(SR) < (1 - Z) (M(R) — m(R)) + %M(R) < (1 - %) M(R).

This concludes the the proof in the first case, since € €]0, 1].

Case 2: meas(S) < 3 meas(Sg(£*,7%)). In this case we set

wi = [ G T M) oDy [ o= VOO

) Qr
Following the method used in Case 1 we find
. . 5
MR = u(@)2 [ Gale ) M) = uly. 7)dy - MR
Sr(E*,m*N\S
€ € *
> S(M(R) — m(R)) = SM(R), fora.c. 2 € Qiu(&,7, (OR)?)
and then -
M(SR) — m(SR) < (1 . g) M(R).
The proof of Lemma 5.4 is then accomplished. |

Proposition 5.5. Let Ry and 6y as in Proposition 4.5. Let uw > 0 be a
solution of Lyu = 0 in Q,Qr(&, 7, R?) CC Q, with R < Ry, and let V a
bounded function. Then, for every a, (3,7, €]0,1[ such that o < 8 < v
and 6 < dg there exists a positive M that depends on ny,ny, and on the
constants «, 3,7, 0, but does not depend on the norm ||V|| =, such that

sup u < M inf u.

Q- Qr
Proof. We first note that the boundedness of V yields the continuity of u, by
the representation formula (3.10) and a standard bootstrap argument. Then
there exists (7,f) € QF such that u(z,f) = mingu. It is not restrictive to
assume u(z,t) = 1.

Following the line of the proof of Theorem 5.4 in [7], we consider, for

every r € [0, 3R?], the following function

o(a.t) = / byl dy, Vo) € Quler Y
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By the comparison principle (recall that V is bounded and that u > 0) we
obtain u(z,t) > v(z,t), for every (x,t) € Qr(&, T, R?), then

(5.5) u(z,0) > / G(z, Ty, r)uly, r)dy.
SR(gvTvT,)

Let us fix §' = @ and consider, for any A > 0, the set
S(T, )‘) = {y € S(S’R(gv T,’f‘) : U(’y,’f‘) Z )‘} :
Then inequality (5.5) and Proposition 4.5 (with oy = v — () imply that

(5.6) 1 =u(z,t) > Gz, t,y,r)uly, r)dy > A emeas(S(r, )\>)
S(r,\) meas(Sg(§, 7))

We set

(5.7) K:%(1+%> T(A):§(<€)\(147—g)>6212

where p is the constant in Lemma 5.4, and we note that

Q5 (&7 (07 (A)*) N Sr(E, 7 7) = S5 (€, 7)
for every r € [t — (07()\))?,t]. Then
meas (Q:;T,(/\) (&, 7, (6r(\)?) N Sg(&, T, r)) = meas (S5 (¢, 7))

(by the analogous of (2.10) for the N-dimensional measure)
59 (5rO)  mens(s) = 0
. = - m -
r eas Y
We next prove the following statement. Let A > 0 and (x,t) € Qs r(&, T, R?)
with ¢ < 7+ BR? be such that u(z,t) > X and that
Qi (@, t,7(N)?) C Qur(E, 7, R?).

Then there exists (2/,1) € @y, (., r(\)?) such that u(a/, ') > KA.
Indeed, from (5.6) it follows that

meas (S (r, %(1 - Q))) < %meas(S)

- meas(.5).

so that, by (5.8), thereis a (£',7') € Q. (&, 7, (07(N))?) N Skr({, 7, 7) such
that u(¢’,7') < 3(1 — o). Our claim then follows from Lemma 5.4.
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We next show that there exists a positive constant M such that u(x,t)
<M for every (z,t) €Q~. The thesis then follows, since u(z,?) =mingz u= 1.
Suppose, by contradiction, that there were a zy € @~ such that u(z9) > M.
Then, repeating the arguments used above to obtain u(z’,t') > K\, there
exists a sequence (z]) such that

u(z) > M K7, Zj+1 € Q:fj(zj,'r’?), where r; = r(M K7),
provided that
(5.9) Q,’fj(zj,'r?) C Qygr(&,7,R?), forevery j € N.

In order to prove (5.9) we note that

1

R 4 Q-2
7)oy =y ()

where ¢y = Llnax d(z,(0,0)) (recall (2.1)). Hence

1
R 4 CISN i
d(Zj,Z(]) < COE <m) E K Q-2
i=1

so that we can choose a positive M, that depends on «,d, dy but does not
depend on R, such that (5.9) holds. Hence the sequence u(z;) is unbounded
and we get a contradiction with the continuity of w. This accomplishes the
proof. |

In a similar way it is true the next result for the adjoint operator.

Remark 5.6. Let v > 0 be a solution of L{v = 0 in Qr(&, 7, R?), where V
is a bounded function and it is in the class SK(Qgr(, 7, R?), Lo). Then

supv < M inf v,
Q+ Q-

for some positive constant M depending on 7y, 7}, and on the constants
a, 3,7, 9, but that does not depend on ||V|| .

Lemma 5.7. Let u be a solution of Lyu = 0 in 2. Then, for any zy € €2
there exists a compact neighborhood K of zy such that K C € and that u is
the limit in L' (K) of a sequence (U, )men, where every u,, satisfies

ﬁvmum =01 K.

Moreover, for every compact set H C int(K), there exists a positive con-
stant cg such that

(5.10) lum(2)| <cy Vze H, ¥YmeN.
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Proof. Consider a cylindrical set Qr(&,7,T) such that Qr(&,7,T) C €,
and suppose that n,(T") < 1 and n};(T") < 1. Let also consider a text function
v € C°(Qr(&,7,T)) such that ¢ = 1 in a compact neighborhood K of z,
such that K C Qgr(&,7,T). We have

Ly, (up) = pLou + ulop + 2 Z XjpXu+upVy, =

J=1

(recalling that u is solution of Lou + Vu = 0)

=ulop + 2 ZngoXju + (Vi — V)up.

j=1

In the sequel we will set f = 2 Z;n:l XjpXu+ulyp. We also consider the
Green function G, related to Ly,, and set

(5.11) @ == [ Gulz (O
Qr(&7T)
We have
{ Loty —u) = =V — V)ou in Qg(&,7,T)
Upm — QU = 0 in arQR(€7 T, T)’

and the function (V,, — V)pu belongs to L'(Qr(&,7,T)), then, by Re-
mark 5.3, we find

mwwwaaégﬂ@momﬁmew

We next integrate over Qr(&,7,T) and use property (i) of Proposition 4.2,
for p = 1. We obtain

|tm — @ull L1 (Qre.rr) < e1ll(Vimn = V)oull L1 @re.r.m))

for some constant ¢; that does not depend on m. On the other hand

(Vi (€) = V(O)e(QulQ)] < V(e (CulC)];

for almost every ¢ € Qgr(&,7,T) and the function Vypu € LY (Qgr(&,7,T)),
then

tim|Ju, = pull 1 @rerry = 0.

This proves the first claim.
We next prove (5.10). We set

H =supp((X19)* + -+ + (Xup)* + (Y)?)
and note that f(¢) = 0 for every ¢ & H.
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We next prove that there exists a positive constant ¢, that depends on H
and H, but does not depends on m, such that

(5.12) G(2,¢() < ¢ forevery z € H,¢ € H.

As a consequence, by formula (5.11) we obtain

fum(2)] < /H Gon(2, O F(Q)AC < Al f |l ey,

for every z € H, and the proof is concluded, since

||fHL1(QR(£7T7T)) S k(z HX.]uHLl(QR(é.ﬂ—’T)) + HuHLl(QR(gvT7T)))’

j=1

for a positive constant £ that only depends on ¢ and on L.

We prove (5.12) by using the Harnack inequality stated in Remark 5.6.
Let 2z be a point of H. For every ¢ € H we consider a cylindrical open
set Q C Qr(&,7,T) such that ¢ € QF and QN H = 0. Since G, (z,) is a
positive solution to L5, v =0, by Remark 5.6 we have

sup Gm(z, ) < M inf Gm(za ')’
3 @

for some positive constant M that does not depend on m. On the other

where ¢; is the constant appearing in the statement (i) of Proposition 4.2.
Thus G,,(z,() < k, for every z € H and ( € Q+ where the constant k
depends on M,c; and ny(T). The estimate (5.12) then follows from a
standard covering argument for the compact set H. This completes the
proof. |

Proof of Proposition 2.3. Let u be a solution of the equation Lyu = 0
in Q. By Lemma 5.7, u is the limit, in L} _(Q) of a sequence of bounded
functions (u,,)men such that £y, wu,, = 0 in a suitable compact set K C €.
We then apply Lemma 5.1 to every function wu,,, then there exists a subse-
quence (U, ),y that converges uniformly to u in K. Thus the estimate of
the modulus of continuity stated in Lemma 5.1 extends to u. This completes
the proof. |
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Proof of Theorem 2.1. Let Qr(&, 70,7’ be any cylindrical set. If ny (T)
< 1 and n},(T) < 1, the result immediately follows from Proposition 4.2.

If otherwise ny(T) > 1, or n{,(T) > 1, we choose h > 0 such that
nv(h) <1, n{(h) < 1. Consider the cylinders

QW(Ty) = Ox]s, s+ T, QY (€0, 70, To) = (€0, 70) © 6rQW (R™Ty)
S =0 x {s}, Sz(ég)(fo,To) = (&, m0) 0 0zS®,

and let G denote the Green function related to Qg;j) (&0, 70, h) (we can
employ the argument used in Proposition 4.2 without any change). We then
extend the definition of G given in Proposition 4.2 as follows: for every
(x,t) € Qr(&o, 70, T) such that s +h <t < s+ 2h, we set

G(x,t,y,s) = / GE (z t w, s + h)G®(w, s + h,y, s)dw.
SE{S)(&LTO)

It is easy to verify that G is a Green function for the set Qr(&o, 70, 2h) and
that G*(¢,2) = G(z,() is a Green function for the adjoint operator Ly
For (z,t) € Qr(&, 70, T) such that s+ 2h <t < s+ 4h we repeat the above
argument and define the Green function in the set Qr(&o, 70, 4h) as

G(z,t,y,s) = / GEH) (2 t,w, s+ 2h)G® (w, s + 2h,y, s)dw.
55;)(50770)
After a finite number of iterations we obtain a Green function for the
Qr(&o, 10, T). This completes the proof. [ |

Proof of Theorem 2.2. As in Proposition 2.3, we obtain the result by
using Lemma 5.7 and Proposition 5.5. |

Acknowledgments. We wish to thank E. Lanconelli for his interest in this
problem and for many helpful discussions.
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