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Abstract

Hierarchical mechanical metamaterials are a class of architectured materials characterised by
structures within structures. In this work we present a new class of honeycomb-based hierarchical
metamaterials which incorporate irregular honeycombs within the three class of regular monohedral
2D tessellations; namely the triangle, square and hexagonal tessellations. The introduction of
hierarchy within these frameworks imparts a high level of versatility in terms of permissible
mechanical properties, including anomalous properties such as auxeticity and zero Poisson’s ratio,
which are not found in the original tessellations. Furthermore, by preserving the original symmetry
characteristics of the base tessellations, other advantageous properties, such as transverse isotropy in
the case of the triangular and hexagonal tessellations, are retained as well. A wide range of systems
were analysed using Finite Element simulations, followed by experimental tests on three additively-
manufactured prototypes; one representative architecture of each hierarchical tessellation. The
findings of this study demonstrate the transformative effect which the introduction of hierarchy can
have on the mechanical properties and deformation behaviour of even the most basic of tessellations
as well as opening up new avenues for further studies on the development of novel mechanical
metamaterials.

1. Introduction

Mechanical metamaterials represent a class of structured-materials which exhibit unusual and counterintuitive
mechanical properties primarily as a result of their architecture, rather than chemical composition. These
anomalous characteristics include negative properties such as a negative Poisson’s ratio (also known as
auxeticity [1-3]). Unlike conventional materials, which tend to contract transversely when subjected to tensile
loading, auxetic metamaterials exhibit a negative Poisson’s ratio, meaning that they expand in the direction
perpendicular to the applied force. This unique property makes them suitable for a wide breadth of
applications, ranging from biomedical implants such as stents [4—7], to the design of protective personal
equipment and shock absorbers [8, 9].

Auxetic materials possess intricate geometries designed to deform in specific ways, which give rise to their
unique and distinctive properties. These systems are classified into four main groups: re-entrant structures
[10-13], rotating unit systems [ 14, 15], chiral honeycombs [16—19] and origami folds [20, 21] and each class
comprises systems with various symmetry forms and typologies. Beyond this range of structures, hierarchical
auxetic metamaterials [22—24], which incorporate multiple geometries in a single system, have also been intro-
duced to further enhance the mechanical properties of these architectures. Hierarchical metamaterials can
either be fractal-based [25-27], i.e. they are designed recursively, creating self-similar structures based on a
single geometric feature, or they can be formed through multiple types of geometries combined together at
different scales [28—36]. The introduction of hierarchy has been demonstrated to be capable of enhancing prop-
erties such as strength-to-weight ratio, influence fracture modes and also conferring increased geometric

© 2025 The Author(s). Published by IOP Publishing Ltd
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Figure 1. Schematic showing how the hierarchical architectures are formed from the original monohedral tessellations.

versatility resulting in a wider range of permissible mechanical properties (including more negative Poisson’s
ratios) in comparison to non-hierarchical systems. In fact, previous studies in this have shown that implement-
ing higher-order hierarchies can in some cases, impart auxeticity in non-auxetic tessellations [37]. In auxetic
single-level systems, the introduction of hierarchy has also been shown to have the potential to result in more
negative Poisson’s ratios [22, 33, 38]. Furthermore, hierarchy can also be used to retain the auxeticity of certain
systems while improving considerably other mechanical properties such as strain tolerance, energy absorption
characteristics and stiffness-density ratios [27, 29, 30].

In this work, we aim to exploit the advantages of hierarchical designs to propose a new class of honeycomb-
based metamaterials based on monohedral, regular triangular, square and hexagonal tessellations (see figure 1).
These original space-filling tessellations are typically characterised by a positive Poisson’s ratio, however, once
transformed through the introduction of hierarchical hexagonal linkers, the mechanical properties of these
systems change drastically, with some forms even exhibiting auxetic behaviour. Through the use of numerical
simulations and experimental tests on 3D-printed prototypes, we demonstrate the vast range of mechanical
properties which these systems are capable of possessing and how one may tailor these characteristics as a func-
tion of geometric parameters.

2. Description of hierarchical structures

The hierarchical architectures were designed using the only three forms of 2D monohedral tessellations formed
from regular polygons, namely triangles, squares and hexagons and are hereby denoted as Triangular
Hierarchical Tessellation (THT), Square Hierarchical Tessellation (SHT) and Hexagonal Hierarchical
Tessellation (HHT), respectively. As shown in figure 1, the hierarchical order was implemented by introducing
full polygons with a triangular-truss reinforcement at the vertices of the original tessellation which are
connected together through hexagonal units. The shapes of the polygons used depend on the number of
connections at each vertex, with the THT structure having a hexagon, the SHT system a square polygon and the
HHT architecture a triangle. These regular polygons are defined by a single parameter, the length p (see figure 2).
On the other hand, the hexagons bridging these polygons are irregular and may be described by three
independent parameters: (i) the length of honeycomb parallel to the original tessellation line, , (ii) the length
of the other four ligaments, / and (iii) the aperture angle between ribs of these two lengths, 6. The final
parameter is the thickness of the ligaments, t, which was kept constant throughout for all tessellations.

The introduction of hierarchy does not alter the symmetric framework of the original tessellations and,
thus, these systems retain their original symmetry and periodic characteristics. This means that each system can
be studied through a single representative unit cell with an identical aspect ratio to the original tessellation.
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Figure 2. Illustration of the representative unit cell of each hierarchical tessellation studied and the independent geometric
parameters used to define these systems.

These representative unit cells are illustrated in figure 2 below. Given that both the THT and HHT systems are
characterised by in-plane hexagonal symmetry, these architectures must be transversely-isotropic [39, 40] and
therefore the mechanical properties of the system remain unchanged regardless of the chosen orientation of the
unit cell. The SHT system, on the other hand, is expected to exhibit identical mechanical properties at 90°
rotational intervals by virtue of its square symmetry, similar to the original square tessellation.

At this point, it is worth mentioning that for each tessellation, there are some geometric construction con-
straints which must be respected in order for the architectures to realisable without overlap of the ligaments
making up the system. These conditions, which are different for each system, may be defined as follows:

THT | cos(@ + E) < P (D
6 2

SHT I cos (9 + Z) < b (2
4 2
T\ _ P

HHT ! cos(@ + ?) < 3 (3

3. Methodology

In order to study the influence of hierarchical geometries on metamaterials, a numerical and an experimental
approach were used. First, a wide-ranging parametric analysis involving a large number of configurations for
each type of hierarchical tessellation was conducted using Finite Element (FE) simulations for small-strain
deformation under periodic boundary conditions. This was then followed by experimental tests on a number of
3D-printed prototypes in order to analyse the deformation behaviour of these systems and validate the results
obtained from the initial parametric run.

3.1. Parametric analysis using linear FE simulations
The simulations were carried out using ANSYS16 Multiphysics FE software utilising periodic boundary
conditions. The representative unit cell of each system was constructed and meshed using beam elements
through the BEAM 189 element formulation. This element type is a three-node 3D element with six degrees of
freedom and permits large deflection. Three of these degrees of freedom pertain to displacements in the x, y and
zdirections, while the remaining three concern rotations around the x, y and z axes. A rectangular cross-section
was specified for the beam elements and, following convergence tests, the mesh size was set to p/60. The
material properties of the isotropic ABS plastic were used as constitutive properties; a Poisson’s ratio of 0.3 and
Young’s modulus of 2 GPa.

In order to ensure that the system remained in-plane throughout deformation, the translation of nodes in
the z-direction was prohibited, i.e. U, = 0, which in turn results in the blocking of the out-of-plane rotational
degrees of freedom as well (ROT, and ROT,). For the implementation of in-plane periodicity, mirror-
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Figure 3. Application of periodic boundary conditions for loading in the x- and y-directions. Besides the displacement fixes and
loads indicated above, coupling equations were also applied pairing all opposing edge nodes for the rotational degrees of freedom
according to equation (4).

symmetry-based periodic boundary conditions were used, taking advantage of the presence of the two axes of
symmetry in the representative unit cell of each simulated system as shown in figure 3. A roller displacement fix
blocking displacement in the x-direction (U, = 0) was applied on the nodes on the leftmost edge of the system,
while the bottommost edge nodes were blocked in an analogous manner in the y-direction (U, = 0). In order to
ensure that the nodes in the uppermost and rightmost edges of the cell remain aligned with the x- and y-axes
respectively throughout deformation, coupling equations were used to constrain these nodes to maintain iden-
tical displacement values (U, is constant for all uppermost nodes and U, is constant for all rightmost nodes).
Finally, the in-plane rotational degrees of freedom (ROT,) of all opposing edge nodes were paired together
through the use of coupling equations, where each node on the leftmost and bottommost edges (1) was paired
with its corresponding node (#) in the rightmost and uppermost edges (2) respectively through equation (4).
This ensures that the rotational deformation is also periodic.

ROT,(n)) — ROT,(n;) = 0 (4)

In order to obtain the mechanical properties, the systems were subjected to uniaxial loading in the x- and y-
directions separately. Loading was applied through the imposition of a small displacement on the uppermost
nodes in the y-direction for y-loading and a small displacement in the rightmost nodes in the x-direction for
loading in this direction. A linear solver was used to run the simulation and the Poisson’s ratio was extracted by
measuring the strains in the axial and transverse directions, while the Young’s modulus was calculated after
extracting the reaction forces from the edge nodes upon which the displacement was imposed. Further details
on the theory behind the simulation methodology used and extraction of results can be found in [41, 42].

In order to carry out the parametric simulation run, a large number of configurations were analysed within
the limits of the geometric constraints specified in equations (1)—(3). The parameters of the different systems
were varied as follows: [ was set in a range from 0.5 mm to 10 mm in 0.5 mm increments, h was varied from 0.5
mm to 10 mm in 0.5 mm increments and 6 was varied from 5° to 85° in 5° increments. The parameters p and ¢
were kept constant at 5 mm and 0.1 mm respectively throughout, while the out-of-plane thickness was imposed
ata unitary value. Therefore, in relative terms, the variables varied were I/p from 0.2 to 2 and h/p from 0.2 to 2.
These combinations generated over 4000 configurations for each of the three hierarchical systems, although a
few systems did not satisfying the geometric constraints making certain combinations of variables inadmissible
since they result in unrealizable configurations.

3.2. Experimental tests on additively manufactured prototypes

The parametric analysis was then followed by experimental tests on a number of 3D-printed prototypes in
order to analyse the behaviour of these systems at small strains and validate the results obtained from the initial
simulation run. One architecture representative of each hierarchical tessellation was fabricated using a Bambu
Lab” X1 Carbon Fused-Deposition Method (FDM) 3D-Printer in ABS using 100% rectilinear infill with two
wallloops and no supports. The dimensions and relative parameters of these systems were chosen on the basis
of the results obtained from the parametric study described in the previous section and the design constraints
imposed by the 3D-printer resolution and platform space. For ease of comparison of the three systems, we
selected configurations which have identical ligament thicknesses and a similar global resultant size (gauge
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Table 1. Parameters of 3D-printed prototypes. L, and L, represent the gauge lengths of the global systems.

Structure 1 (THT)

p(mm) I(mm) h (mm) 0(°) t(mm) d (mm) L, (mm) L, (mm) RUC, RUC,

16.5 9.9 3.3 15 1 20 215.25 207.12 3 5
Structure 2 (SHT)

9 18 9 35 1 20 211.88 211.88 5 5
Structure 3 (HHT)

15 15 3 5 1 20 198.62 206.42 5 3
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Figure 4. Images showing the additively-manufactured prototypes with the parameters listed in table 1: (a) Structure 1 isa
representative THT system, (b) Structure 2 an SHT system and (c) Structure 3 an HHT system. The mounting methodology on the
tensile loading machine through specially designed 3D-printed clamps is shown in (d), while the eight points tracked and denoted in
equations (5) and (6) to measure the displacements using DIC analysis are shown in (e).

length). The two systems representative of the THT and HHT systems, hereby denoted as Structures 1 and
Structure 3, were designed with 3 x 5and 5 x 3 representative unit cells, while the SHT system (Structure 2)
was designasa 5 x 5 system. All three structures were designed with an in-plane ligament thickness, ¢, of 1 mm
and an overall out-of- plane thickness, d, of 20 mm. The full list of parameters are shown in table 1, while
images of the additively-manufactured prototypes are provided in figures 4(a)—(c).

In order to analyse the mechanical properties of these systems, the structures were subjected to uniaxial
tensile loading using a Galdabini® tensile loading machine with a 2500 N loadcell. Custom-clamps (designed
and 3D-printed specifically for this purpose) were used to attach the upper and lower part of the prototypes to
the loading machine as shown in figure 4(d). The systems were subjected to a tensile displacement of 20 mm
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each, equivalent to ca. 10% global strain, at a rate of 5mm min . The tensile loading test was recorded with a
camera and a Digital Imaging Correlation (DIC) analysis was carried out to measure the Poisson’s ratio. As
shown in figure 4(e), (a) number of points were marked with white paint on the central representative unit cell
of each architecture. These points were tracked usinga Matlab” subroutine throughout deformation [43] and
their relative displacements were used to measure the average strains as follows:

2 — 1 (X5 — X7) — (X50 — X7) " (X6; — X8;) — (X69 — X8) )
Y2 X5¢ — X7 X6 — X8
1((Y1; — Y3;) — (Y1, — Y3 Y2, — Y4) — (Y2, — Y4
éy:—( ) — (Y1 o)+( ) — (Y2 0) ©)
2 Y1, — Y3 Y2y — Y4,

where Xnyand Yn, represent the x- and y-coordinates of the point # in the first reference image respectively and
Xn;and Yn;represent the x- and y-coordinates of the same point # in the subsequent images. The engineering
Poisson’s ratio was then measured for each image using:

yo & %)

In addition to these experimental tests, corresponding nonlinear geometric simulations were carried out on
periodic equivalents of these prototypes with large deflections allowed over an 8% tensile strain range. These
simulations allowed for a comparison between the experimental and simulated systems whilst accounting for
geometric nonlinearities which may arise during high-strain loading.

4. Results and discussion

In this section, the results obtained from the FE simulations and experimental results are presented in terms of
Poisson’s ratios, v, and the Young’s effective modulus, E*. The latter is a unitless value obtained by dividing the
metamaterial Young’s modulus with the constitutive material Young’s modulus (E* = E, ,,cramarerial/ Ematerial)
which is used to obtain a relative stiffness value that is characteristic of the metamaterial geometry itself,
independent of the material utilised. First, the results obtained from the parametric study using linear FE
simulations for the analysis of the three tessellations are presented. The values obtained for loading in the x- and
y-directions were identical, as expected, since the symmetry characteristics of these metamaterials impart in-
plane isotropic behaviour in the case of the THT and HHT systems and identical mechanical properties at 90°
rotational intervals in the case of the SHT system, and thus the results obtained can be represented by a single
Poisson’s ratio and Young’s effective modulus value. It is worth noting that although the small strain
mechanical properties presented in this section were obtained from tensile loading, they also apply for small
strain compressive loading. Following the analysis of the FE results, the findings of the experimental tests are
discussed.

4.1. Triangular hierarchical tessellation (ThT)

A representative data set for the THT structures comprising of structures with an h/p ratios 0£0.2,0.6 and 1.0
and varying 6 and l/p variables is presented in figure 5. The trends observed for these systems where similar to
those obtained for the remaining simulated structures and were chosen on the basis that they provide an
encompassing view of the general influence which the geometric parameters have on the mechanical properties
of these hierarchical systems.

Itis evident from the plots in figure 5, that the Poisson’s ratio varies considerably as § and I/p vary, from a
range of +0.5 to —0.15. The highest Poisson’s ratio were consistently obtained for systems with a large 6 value
and alow I/p value. On the other hand, the lowest values were obtained for configurations with a relatively large
I/p dimension and a small § angle. While for systems, with large h/p values (i.e. h/p > 0.3) the lowest values
where in the range of +0.3 to 0, for systems with lower //p values, auxetic structures with alow magnitude
negative Poisson’s ratio may be obtained, with the lowest value being—0.15 for the system shown in figure 6(a)
with the parameters: h/p = 0.2, I/p = 0.6 and 6 = 5°. In terms of effective Young’s modulus, relatively low values
were obtained for almost all the simulated systems, with orders of magnitude varying between 1 x 10~ *and
1 x 10™°. The highest values were obtained for configurations with large 6 and low I/p ratios, with the max-
imum E* value being 2.13 x 10~ *for the structure shown in figure 6(b), which has i/p = 1.0, //p = 0.4
and 6 =60°.

In figure 6, a magnified illustration of the deformation observed in the two aforementioned specific cases
upon loading is presented. In figure 6(a), the system which exhibits a negative Poisson’s ratio is shown being
loaded in the x-direction. It is evident that the auxeticity arises as a result of the hexagonal honeycombs opening
up resulting in widening in both axial and transverse directions. This deformation mechanism is particularly
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Figure 5. Plots showing how the Poisson’s ratios and effective Young’s moduli vary for the THT systems upon changing 6 and I/p for
various //p values. The minimum Poisson’s ratio was obtained from the h/p = 0.2 set at —0.15, while the highest value of for i/p = 1.0
set at +-0.5. In the case of E*, the minimum value obtained was 1.39 x 10~ ° while the maximum value was 0.014. The white area
denotes the region of unrealisable geometries which do not satisfy the criterion in equation (1).
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Figure 6. Images showing the undeformed and magnified deformed states of two representative THT systems upon uniaxial tensile
loading in the y-direction. The geometric parameters of these systems are defined as follows: (a) i/p = 0.2, l/p = 0.6 and § = 5° and (b)
Wp=1.0,1/p=0.4and 6 =50°.

favoured in honeycomb systems with an I/p dimension which is much larger relative to i/p and very small §
angles and it is these configurations (which are extremely close to the geometric realizability limitation indi-
cated in equation (1)), which have the capability of exhibiting auxetic behaviour. The second example, shown in
figure 6(b), pertains to a system which exhibits a highly positive Poisson’s ratio and a relatively high effective
Young’s modulus. It is clearly shown that in this case the deformation mechanism is completely different, with
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Figure 7. Plots showing how the Poisson’s ratios and effective Young’s moduli vary for the SHT systems upon changing # and I/p for
various h/p ratios. The Poisson’s ratio was roughly zero for nearly all configurations. In the case of E*, the minimum value obtained
was 9.31 x 10”7 while the maximum value was 0.016. The white area denotes the region of unrealisable geometries which do not
satisfy the criterion in equation (2).

the ligaments of length h deforming significantly more than those of length I. This localised hexagonal honey-
comb deformation mode is analogous to that of a stretching non-hierarchical hexagonal honeycomb system
and previous studies found in the literature on these systems have shown that honeycombs with small I/ h ratios
and large 0 values also exhibit very high stiffness values and non-auxetic behaviour as in the case here [10, 44].

4.2. Square hierarchical tessellation (Sht)

For the SHT system, on the other hand, it is evident that almost all configurations exhibit a Poisson ratio of
almost zero, except for an extremely small subset of structures with very small i/p and I/p ratios coupled with a
very large 6 value which show a positive Poisson’s ratio (see figure 7).

As shown in figure 8(a), where a representative zero Poisson’s ratio system with the parameters h/p = 1.0, //
p=2.0,0=35is shown, this behaviour arises from the fact that for loading in the x-direction, only the
hexagonal cells aligned along this direction elongate, while the other, vertically-aligned set, remain unde-
formed. The opposite is true for loading in the y-direction; in this case only the vertically-oriented honeycomb
cells deform whilst the others remain undeformed. In both cases, this deformation mechanism results in an
elongation of the system in the loading direction only, whilst the transverse direction remains unchanged.

Since the deformation occurs almost entirely through the irregular hexagons, then it stands to reason that
the effective global stiffness of these systems is also determined by the geometric parameters of the hexagons.
For these systems, the E* values obtained range over three orders of magnitude, with the highest value obtained
being 0.016. This variation can be entirely explained in terms of hexagonal honeycomb mechanical considera-
tions [ 10, 44], with systems possessing hexagons with small i/p and I/p ratios and large 6 values (i.e. the honey-
combs are close to their fully-opened configuration); see figure 8(b), being the most rigid, while systems with
large I/h ratios and small 6 values being the most pliant and deformable. This also explains why some systems
which represent extreme variations of the irregular hexagon exhibit a positive Poisson’s ratio. In these systems,
which conform to the former case, the hexagonal honeycomb is so stiff, that the deformation is extended also to
the central square-truss unit resulting a contraction in the lateral direction upon stretching in the axial direc-
tion. This hypothesis is also supported by the fact that these structures also represent the stiffest configurations
of the SHT systems.
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Figure 8. Images showing the undeformed and magnified deformed states of two representative SHT systems upon uniaxial tensile
loading in the x-direction. The geometric parameters of these systems are defined as follows: (a) h/p = 1.0, I/p = 2.0 and § = 35° and
(b)hp=0.2,/p=0.4and 6 = 65°.

4.3. Hexagonal hierarchical tessellation (HhT)

The plots in figure 9 show that for the HHT system is the hierarchical configuration which exhibits the most
versatility in terms of mechanical properties. While the majority of simulated structures have a very high
Poisson’s ratio, in many cases approaching a value of +1, several structures also show negative v values (up to
—0.24) which were unattainable from the THT and SHT systems. Similar to THT systems, the most negative
values were obtained for configurations possessing a small § value coupled with large I/p ratios and small h/p
ratios.

An example of a negative Poisson’s ratio architecture is shown in figure 10(a) for the system with h/p = 0.2,
I/p=1.1and 0 =5°.1tis clear, that upon loading in the x-direction, all the irregular hexagons deform to varying
extents, resulting in both an axial and lateral expansion. In mechanical terms, this deformation mechanism can
be likened to the global stretching-based deformation mechanism described by Masters and Evans [ 10] of non-
hierarchical conventional regular hexagons, with the small hexagons acting as springs which elongate the hex-
agonal frame in all directions. In the original hexagonal tessellation upon which the HHT architecture is based,
the stretching-based mechanism (which is predicted to give rise to auxetic behaviour) is not active, since it is
considerably stiffer than flexure which is, therefore, mechanically favoured and more dominant. However, the
introduction of hierarchy causes a change of deformation mode with the end result which is similar to that of
the stretching model in terms of Poisson’s ratio.

This analogy between the different deformation modes of regular hexagonal honeycombs and these hier-
archical systems also extends to the systems which show a highly positive Poisson’s ratio such as the one shown
in figure 10(b). Here, the hexagons bridging the triangular interconnections possess small 6 values which means
that these hexagons are similar in shape to the simple ligaments found in a non-hierarchical regular honeycomb
system. This results in a deformation mode which is also similar to that of the non-hierarchical structures,
dominated by hinging or flexure of ligaments [ 10]. Both of deformation modes result in an extremely large
positive Poisson’s ratio of 41 such as the one obtained for the hierarchical systems.

These mechanistic considerations also apply to the effective Young’s moduli results. From figure 9, it is
clear that for this hierarchical tessellation, systems with extremely small 6 values and small I/p ratios exhibit the
highest level of stiffness. This finding may appear anomalous in comparison to the THT and SHT systems,
however it may be explained by interplay between the Level 0 (small triangles and irregular hexagons) and Level
1 (original regular hexagonal tessellation) geometry. Systems with small # angles and lengths I/p, result in small
interconnection distances between triangles (in essence a small, wide honeycomb), hence forming small, ‘thick
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Figure 9. Plots showing how the Poisson’s ratios and effective Young’s moduli vary for the HHT systems upon changing § and I/p for
various //p values. The minimum Poisson’s ratio was obtained from the h/p = 0.2 set at —0.24, while the highest value obtained
throughout was at +-0.99. In the case of E*, the minimum value obtained was 1.48 x 107 while the maximum value was 9.95 x 10~*.
The white area denotes the region of unrealisable geometries which do not satisfy the criterion in equation (3).

ligaments’ which result in a stiffer global architecture (see figure 10(a)) and a deformation mode dominated by
Level 0 deformations resulting in auxeticity. On the other hand, systems with large § angles and large I/p values
are more similar to non-hierarchical systems with long, ‘thin ligaments’ and hence the Level 1 deformation
mode (i.e. regular non-hierarchical honeycomb) is dominant resulting in a far lower level of stiffness and a
highly positive Poisson’s ratio.

4.4. Comparative analysis of the three hierarchical tessellations

Following the individual analysis of all three hierarchical tessellation, the logical next step is to carry out a
comparative examination of these systems. A representative set (/p = 0.2) for the THT, SHT and HHT systems
showing the variation in Poisson’s ratio and Young’s modulus is presented in figure 11. These systems were
chosen on the basis that they showcase the widest range of mechanical properties and deformation behaviour
for each hierarchical tessellation.

Itis evident that the HHT system is the most versatile in terms of Poisson’s ratio, with this property ranging
from +1 to—0.24. This range encapsulates the most positive and negative values that may be obtained from
these hierarchical systems and exceeds that of the SHT and THT systems. The THT system is also shown to
exhibit a fairly variable, albeit more restricted, range of Poisson’s ratios with most configurations showing alow
positive Poisson’s ratio and a small subset exhibiting slightly auxetic behaviour. Finally, the SHT system exhi-
bits a nearly constant on-axis Poisson’s ratio of zero for nearly all configurations. Although one may consider
this to be a disadvantage, it is also of interest since this means that one may tailor the Young’s modulus of the
system independently of the Poisson’s ratio. Furthermore, zero Poisson’s ratio architectures are considered
useful and interesting in their own right since they have the potential to exhibit unique properties such as
monoclastic curvature [45-47].

In terms of Young’s moduli, it is clear that the SHT and THT systems exhibit a superior level of structural
stiffness in comparison to the HHT systems, with the THT systems being the stiffest tessellations. In compar-
ison, the HHT systems show a far lower effective Young’s modulus range which is at least two orders of magni-
tude less. This observation is in accordance with the trends noted for the non-hierarchical counterparts of these
tessellations; with the tensile deformation of the triangular and square 2D lattice structures being dominated by
stretching of ligaments (hence, high stiffness) and the hexagonal lattice being characterised by flexural and
bending deformations (thus a lower relative stiffness) [48, 49].
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Figure 10. Images showing the undeformed and deformed states of two representative HHT systems upon uniaxial tensile loading in
the x-direction. The geometric parameters of these systems are defined as follows: (a) h/p = 0.2, /p =1.1and = 5° and (b) h/p = 1.0,
I/p=0.2and§=10°.

4.5. Experimental tests and nonlinear geometric simulations

Following the analysis of the linear FE simulations, the next step is to examine the results obtained from the
experimental tests on the additively-manufactured systems. In the figure 12, images of the undeformed and
deformed structures upon being subjected to uniaxial tensile loading are shown, along with plots showing the
results obtained from the DIC analysis of the images and the corresponding non-linear simulation runs. Itis
evident that in the cases of Structures 2 and 3 there is a very good match between the experimental results and
the nonlinear FE simulations, while for Structure 1, the DIC data is rather noisy and indicates a Poisson’s ratio
which is slightly higher than that predicted by the nonlinear simulation. All systems show a quasi-linear strain-
strain relationship with the Poisson’s ratio remaining constant throughout the entire tensile loading strain
range.

Itis clear from the results obtained for Structure 3 (figure 12(c)), that this system exhibits auxetic behaviour
as predicted by the FE simulations. The deformation profile observed during the experimental test also matches
thatindicated by the simulations. The same holds true for Structure 2, the SHT system, which exhibits a Pois-
son’s ratio of zero that is maintained over a 7% strain range. In the case of Structure 1, on the other hand, some
discrepancies can be observed between the experimental and FE simulations. The FE simulation under-
estimates the magnitude of the Poisson’s ratio, predicting a value of 4-0.1, as opposed to the +0.3 obtained
from the experimental test. This difference can be attributed to two factors. loss of length as a result of the
overlap between ligaments at the interconnection region, is significantly First, the actual displacement used to
induce 5% deformation is very small, hence the large amount of noise present in the DIC data points due to the
relatively small deformation experienced by the central RUC. However, despite the lack of precision afford by
the DIC readings, it is still clearly evident that the magnitude of the Poisson’s ratio is higher than the predicted
one. The second, and probably more significant reason, is the fact that unlike Structures 2 and 3, Structure 1 is
characterised by honeycombs with a relatively small /¢ ratio and thus, the effective length of these ligaments,
when accounting for the reduced. This means that the predictions of the BEAM element simulations, which do
not take into consideration the overlap of ligaments, will underestimate the magnitude of the Poisson’s ratio, as
well as the stiffness of the overall system. This effect has also been observed for auxetic re-entrant honeycombs
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Figure 11. Comparative plots showing how the Poisson’s ratios and effective Young’s moduli vary for each hierarchical tessellation;
(a) THT, (b) SHT and (c) HHT systems; upon changing 6§ and I/p for configurations with an 4/p value of 0.2. The white area denotes
the region of unrealisable geometries which do not satisfy the criteria in equations (1)—(3).

[10, 50, 51] where the influence of ligament overlap is more pronounced than in non re-entrant corresponding
systems. This factor is not so important in the case where the ligaments are considerably slender, hence the
reason why the correlation between simulations and experiments for the SHT and HHT systems is extremely
good. Due to the strict geometric restriction for realizability of the THT systems (equation (1), itis very difficult
to design systems with small § angles and large I values and thus, this discrepancy is expected to be present for
the majority of THT systems. However, this does not mean that the FE results are inaccurate since the overall
trends are still realistic and it merely indicates that the Poisson’s ratio is slightly underestimated in magnitude
for systems with relatively thick ligaments and one must take this factor into account.

4.6. General discussion and remarks

Before concluding, it is important to highlight the significance of this work and context in terms of the state-of-
the-art. In this study we have introduced hierarchy in the three basic regular monohedral tilings; namely
triangles, squares and hexagons; through the addition of strategically-placed irregular honeycombs. This
geometric transformation has imparted significant versatility to these tessellatable networks in terms of
allowing a wide range of permissible Poisson’s ratios (including auxetic values which are not found in variants
of the original tessellations) and Young’s moduli whilst retaining their original symmetric framework. This
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Figure 12. Comparison between experiments and FE simulations. The images show the deformation of the central RUC upon the
application of a tensile load in the y-direction while the plots show the nonlinear FE simulation Poisson’s ratio and the one obtained
from the DIC analysis. The data points for the DIC were smoothened using the moving average method. Figure (a) shows Structure 1
(THT), (b) Structure 2 (SHT) and (c) Structure 3 (HHT).

latter point is extremely significant, since by retaining their symmetry, these tessellations also retain their
original isotropic/orthotropic properties. In the case of THT and HHT systems, their hexagonal symmetry
imparts transverse-isotropy, while for the SHT system, the orthotropy and on-axis equivalency of mechanical
properties derived from their quadratic symmetry is retained. This means that the enhanced versatility afforded
by the introduction of hierarchy does not come at a cost of symmetry breakage, and hence, anisotropy.
Furthermore, the results obtained for the SHT and HHT systems are of particular interest. The former exhibits
aquasi-constant Poisson’s ratio of zero for the majority of configurations, while the Young’s modulus varies
significantly in comparison. This means that one can tailor the Young’s modulus of this system independently
of the Poisson’s ratio which is extremely useful from a design perspective. The HHT system, on the other hand,
is the system which shows the maximum versatility in terms of Poisson’s ratio, with the FE simulations
predicting values ranging from +1 to —0.24. For the most auxetic configurations, this change is particularly
drastic, since the original monohedral regular hexagonal tessellation exhibits a Poisson’s of +1 and highlights
how effective the introduction of hierarchy can be in altering the mechanical properties and deformation
mechanisms of these frameworks.

Future work on these systems can be focused on the high strain behaviour and energy absorption cap-
abilities of these structures. Other advanced properties can also be incorporated into these systems through the
use of smart constitutive materials such as shape memory materials to introduce shape morphing and pro-
grammable properties such as those implemented in other traditional metamaterial geometries [52-54]. We
hope that this work acts as a foundation for further studies on the hierarchical geometric transformation of
basic tessellations as well as more complex polyhedral networks involving honeycombs and other geometric
features characteristic of auxetic systems and other mechanical metamaterials.

5. Conclusion

In this work a new class of hierarchical honeycomb-based mechanical metamaterials derived from triangular,
square and hexagonal monohedral tessellations are presented. These systems were analysed through a wide-
ranging parametric FE simulation run followed by experimental tests on three additively-manufactured
prototypes. The introduction of hierarchy was shown to considerably enhance the versatility of these systems in
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terms of permissible mechanical properties whilst retaining the original symmetry characteristics of the base
tessellations. A select number of configurations were also shown to exhibit auxetic behaviour and zero Poisson’s
ratio; further demonstrating the profound influence which the hierarchical geometric structure has on the
mechanical properties and deformation behaviour of these systems. The results obtained from the experimental
tests showed good agreement with the FE simulations, demonstrating similar Poisson’s ratios and deformation
profiles. Given the wide range of mechanical properties afforded by these hierarchical tessellations, they may be
utilised in various applications where mechanical metamaterials with tuneable mechanical characteristics are
required.
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