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Summary

The importance of accurate measurement of economic or social inequality is generally ac-
cepted. Estimators of its most popular measure, the Gini coefficient, are commonly criticised
for becoming increasingly imprecise for increasingly skewed distributions and small to moderate
samples, i.e., two phenomena that we face more frequently today. More robust inequality mea-
sures, typically based on quantile ratios, are well studied in theory, but still attract little attention
in practice. We compare through simulations bias, mean squared error and sensitivity to outliers
of several inequality estimators, namely, the Gini and quantile-based indicators, including the re-
cently proposed quantile ratio index (QRI). Our results, based on Italian SILC and synthetic
data, demonstrate that the QRI estimator offers superior precision and robustness, making it a
reliable tool for monitoring inequality.

Key words: Gini index; inequality indicators; quantile ratio index; quantile-based indicators.

1 Introduction

Monitoring economic or social inequality requires statistical estimators that are reliable given
the available data in practice. The literature offers a wide array of indices that summarise
inequality in a single value, each of them giving different weights to different segments of the
distribution of interest. The choice of the indicator in practice may reflect the researcher’s objec-
tives and beliefs (Sen & Foster, 1997), or other preferences, such as those for certain theoretical
properties (Jenkins & Van Kerm, 2009). The focus of this note is on the statistical properties of
inequality indicators in finite samples; and for the sake of notation, let us concentrate on in-
come. Many of the widely used measures are moment-based or rely heavily on measures of cen-
tral tendency of the target variable’s distribution, like the mean. Such dependency can easily
make them sensitive to extreme values, and their estimates may suffer from large variance under
complex survey designs or when the underlying distribution is heavy-tailed, see for instance
Cowell & Flachaire (2007), which, in turn, has serious consequences for subsequent inference
(Davidson & Flachaire, 2007). This issue is particularly severe for indices that assign consider-
able weight to top incomes (Atkinson, 2007), which have grown substantially in recent decades
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2 SCARPA ET AL.

and represent a disproportionately large share of total income as highlighted by Atkinson et al.
(2011).

Unlike moment-based measures, quantile-based inequality indicators are expected to be much
more robust because they focus on order statistics. This has been studied and emphasised by var-
ious authors in different contexts, see for instance (Aaberge & Atkinson, 2013; Brazauskas
et al., 2024) or Jokiel-Rokita & Pigtek (2025). However, most of them consider only particular
portions of the distribution, say, arbitrary quantiles in the tails, which have to be selected a priori,
neglecting all other information contained in the modal or middle range. Although heaviness and
length of the upper and lower tails are key drivers of overall inequality, the economic well-being of
middle-income individuals also plays a fundamental role in shaping the degree of heterogeneity as
was emphasised by Cobham & Sumner (2013) among others. Consequently, a proper measure of
inequality should integrate both the tails and the centre, without sacrificing robustness or precision
(Gastwirth, 2017). This explains the popularity of the Gini index, together with its simplicity, its
intuitive interpretation and the compliance with some of the standard axioms, see Giorgi &
Gigliarano (2017) for a recent review. However, its estimation often suffers downward biases in
small samples, especially under heavy-tailed distributions, as studied by (Deltas, 2003; De Nicolo
et al., 2024), further accentuated by under-reporting of top incomes in surveys (Jorda & Nifo-
Zarazua, 2019). Because upper-tail growth increases both the aggregate income gaps in the numer-
ator and the mean in the denominator, its overall increase is attenuated, as observed and discussed
by various authors like (Davydov & Greselin, 2020; Gastwirth, 2014) and Cowell &
Flachaire (2024). Finally, its unbounded influence function makes it sensitive to extreme values,
producing large sampling variances (Cowell & Victoria-Feser, 1996; Giorgi & Gigliarano, 2017).
This explains why it is often accompanied by a simple quantile-based indicator such as the quintile
share ratio (QSR) provided by Eurostat.

This note provides a comparison of commonly used quantile-based inequality measures under
complex survey data, namely, the QSR, inter-decile ratios and the Palma index, together with the
recently introduced quantile ratio index (QRI) (Prendergast & Staudte, 2018), and the Gini coeffi-
cient as a benchmark. Although moment-based indicators are well studied, comparative evaluations
of quantile-based indicators in finite populations are rare, particularly for small samples, which are
increasingly relevant for monitoring small domains or clusters. To date, most studies have focused
on their theoretical properties (Brazauskas ef al., 2024). Our computational note complements
these by comparing the performance of their estimators presented in Section 2.1—in terms of bias,
variability and sensitivity to skewed distributions and outliers—particularly in small samples under
potentially complex designs. We generate data from the IT-SILC survey (see Section 2.2 for de-
tails) and evaluate the indicators’ estimators through simulations, also examining influence func-
tions as key determinants of robustness and precision (Section 3). All the indicators together with
their influence functions are estimated via the R package inequantiles (Scarpa &
Sperlich, 2026). Our main finding is that the QRI outperforms the other indicators in bias and mean
squared error, capturing the entire distribution like the Gini, but with greater robustness. For the
ease of presentation we consider as target variable positive income, although our statements hold
equally true for other variables that range from zero to an arbitrarily large but bounded value like
gross wealth and expenditures.

2 Considered Indicators and Data

2.1 The Inequality Indicators

A simple and intuitive way to analyse inequality is to compute (not necessarily symmetric)
percentile ratios. A popular choice is to compare the 90th percentile to that at the 10th
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percentile, say P90/P10. Provided with quantile estimator Q(p) for p € [0, 1] one would obtain
the estimator

0(p=09)
O(p=0.1)

Its main advantage is robustness to extreme observations, making it less affected by top-coding
and under-reporting of top incomes in survey data, although it requires the a priori selection of
the quantiles and does not take into account anything beyond those two quantiles; see Van
Kerm (2007) and Jenkins & Van Kerm (2009) for further discussion.

It is more common to consider the ratio of percentile aggregates, the so-called inter-decile
share ratios. A frequently used one is the Palma index (Palma, 2006; 2011) which divides the
share earned by the richest 10% by the share of the poorest 40%. It is featured, for instance,
in the UN Sustainable Development Goals Report. Consider a sample s containing observations
y; with sampling weights w; for j = 1, ..., n. The sampling weights — usually the inverse of the
first-order inclusion probabilities often calibrated to known population totals and adjusted for
nonresponse — are used to produce design-consistent estimates (Pfeffermann, 1993). The Palma
index can be estimated by

P90/P10 =

Z wiy; 1 {yj > @(09)}
Palma = =2 — .
> wi{y <004)}

JESs

Similarly, an indicator of inequality often used in rich countries (e.g., by Eurostat) is the QSR. It
compares the total income earned by the richest 20% to that earned by the poorest 20% and can
be estimated similarly to the above; see Langel & Till¢ (2011) for more details by

Zw]y] { > 0( 08)}

— jEs

OoR = Z Wiy { O 2)}

JjEs

QSR and the Palma index focus on the tails of distributions, based on the idea that middle in-
come is stable such that inequality depends mainly on the tails. They have the advantage of be-
ing easily formulated and quite intuitive. Yet, they neglect the majority of the population, are
functions of arbitrarily chosen percentiles and are extremely sensitive to very small or large in-
comes (Van Kerm, 2007). One may also criticise their dependence on the chosen quantile esti-
mators as there exist many of them. For the rest of this article, all results for the P90/P10, the
QSR and the Palma index are based on the quantile estimator recommended by Eurostat
(see Alfons & Templ (2012) for more details):

1
~ 0w tYe 4 1) if Wi =p 1)
QEuro(p): 2 (k) . Z/ ZJ o
Y+ 1y if Zj:le < PZ;:le < Zj:l Wis

where y(;) are the k-th order statistic of our observations. We checked by simulations that our

final findings and conclusions do not change when other reasonable quantile estimators are
used.
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4 SCARPA ET AL.

Today, the coefficient proposed by Gini (1914) is the most widely used indicator of inequal-
ity. Therefore, although not based on quantiles, this so-called Gini coefficient is considered a
benchmark in this study. Many articles have studied its statistical properties; see for instance
(Giorgi & Gigliarano, 2017; Langel & Till¢, 2013) for more recent reviews. Apart from its clear
interpretation, its popularity is also based on the fact that it accounts for the whole distribution
of the population, and it respects some nice axioms. In practice, this coefficient is typically es-
timated from survey data. We take a popular estimator under potentially complex sampling de-
sign, see again Alfons & Templ (2012):

2 Zw;y, ij - wayj

JEs JEs JEs

Z Wi Z Wiy

JEsS JEs

E\;:

Various attempts have been made to address the criticism that the quantile-based indicators ig-
nore large parts of the distribution on one side and the downsides of the Gini on the other side.
The latter refer to its dependence on the mean causing serious problems in practice for increas-
ingly long-tailed income distributions. Among many others, (Davydov & Greselin, 2020;
Prendergast & Staudte, 2016; Zenga, 2007) propose and study a series of those ‘attempts’, ei-
ther by using quantile-based Lorenz curves for Gini-like indicators or by extending the concept
of integration over all quantile ratios.

A recently proposed alternative is the so-called QRI of Prendergast & Staudte (2018), al-
though it is still hardly used in practice. This QRI measures the distance between the
equi-distribution case and the integral over the ratio between symmetric quantiles around the
median, say ORI = || (1)(1 — 0(p/2)/0(1 — p/2))dp, where Q(p) denotes the quantile func-
tion for p € (0, 1). It can be represented as the area between the equi-distribution line and the
corresponding inequality curve. Scarpa et al. (2025) introduced an estimator of the QRI for
the context of finite populations and survey data under potentially complex design, together
with an intensive study of its properties. As this indicator is not well known, we briefly give
some details about the proposed estimator.

LetW; = Zwi]l{i <j} denote the cumulative sum of the weights up to the j-th ordered ob-

i Es
P =1, M,

on which the ratio of symmetric quantiles is evaluated to approximate the integral over the en-
tire distribution. One can estimate the finite population quantiles at any point0 < p,, < 1by

servation. Consider an equi-distance grid on (0, 1) of M points p,, =

Olp) =3is 1y + Oty = ) (P m =), O

where y(; is the k-th order statistic and Wy — 1 < (W, + wy)p,, < W by definition of I¥;. For

O(p,,/2
all p,,, estimate the ratio of symmetric quantiles R(p,,) = M, with R(0) = 0 and

R(1) = 1. Then, an estimator of the QRI is given by
s L @wm)
RI = — | - 2mls) 2
¢ M%( Ol — o2 *
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where one can verify that 0 < Q/R\I < 1; under perfect equality the ratio equals 1 for all m. Con-
sequently, the larger the distance between the lower and upper quantiles, the greater the inequal-
ity and the closer QRI is to 1. Because income typically has a strongly positively skewed
distribution, like many other economic variables, one expects the symmetric quantile ratios to
be close to 0 when comparing income values at opposite tails of the distribution.

Recall that the average in Equation (2) is intended to approximate the integral in the QRI def-
inition. Therefore, under the assumption of having reasonable estimates for all quantiles

0(p,,/2) and O(1 — p,,/2), one expects larger M to yield better approximations. Although this
suggests that there may be an optimal trade-off between the quality of quantile estimates and the
integral approximation, extensive simulations revealed that the quality of the QRI estimate was
remarkably robust for M = 100. The potential effects of poor quantile estimates for large M but
small sample size appeared to cancel out in formula (2). At the same time, a finer grid beyond
M = 100 hardly improved the integral approximation. Consequently, increasing M beyond 100
did not give better results, whereas smaller values of M offered no advantage and sometimes
gave clearly worse QRI estimates. We admit that one could think about automatic choices of
M that adapt to sample size and distribution. As this, however, would clearly go beyond the
scope of this work without a significant gain in practice, we decided to continue this study with
M = 100 grid points.

2.2 Statistics on Income and Living Conditions (SILC)

SILC is a household and individual data survey about income distribution, social exclusion
and poverty. The Italian SILC survey 2017 (IT-STILC) used in this work employs a
two-stage stratified sampling method for the selection of each sample. The primary sampling
units (PSUs) are the municipalities that distinguish between self-representatives (SRs) and
not-self-representatives (NSRs). The former are larger and considered as strata themselves.
For NSRs, a two-stage stratified sampling design is performed: first, PSUs are selected with in-
clusion probabilities proportional to the dimension of the municipality, stratified according to
geographical and demographic characteristics; afterward, a simple random sampling without re-
placement of households is used in the drawn municipalities. Note that here, the IT-SILC survey
data are only used for simulation purposes. The target variable is the equivalised disposable
income defined as the net household income adjusted for household size and composition
according to the OECD-modified scale. Only positive values are considered, as all the studied
indicators are designed to handle variables with strictly positive support. We believe that this
restriction has negligible practical impact because less than 0.1% of all observations in this
dataset take negative values.

3 Comparison Through Simulations
3.1 Accuracy and Precision of Inequality Indicators Estimators

From the IT-SILC data, R = 1000 samples are drawn using a two-stage stratified sampling
design that aims to mimic the original sampling design, subject to the limitations of the avail-
able survey information. The 20 Italian regions are used as strata and treated as target domains.
Samples are drawn under three scenarios, approximating 10%, 5% and 3% of the target dataset
size, with PSUs and households selected at rates designed to achieve these proportions. The re-
gions’ average sample sizes vary for each of these sampling rates as follows: between 82 and
549, 37 and 256, 21 and 134, with average numbers of observations being 243, 123 and 74,
respectively.
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As quality measures for estimators 0, (r =1, ..., R) of an inequality parameter #, consider
o1& (o,
RB(6) =— — -1
-2 (5-1)

for the relative bias and, analogously, for the relative root mean squared error

1< (6 ’
RRMSE(f) = 4|~ S
72

These measures are calculated for the 20 regions and reported in terms of summary statistics
in Table 1 in percentages for each indicator and sampling rate. The RB values for QRI are close
to 0 on average for samples of large to moderate size, but —3.66% for very small samples. Al-
though the estimator for the Gini coefficient behaves similarly in underestimating the true index

value, it clearly performs worse than the QRI estimator. The P90//} 10, Palma and Q/S\R are
quite imprecise for small sampling rates. Only the Palma estimates seem to outperform those
for the Gini in terms of bias, but not those for the QRI.

Table 1. Summary statistics of RB and RRMSE (in %) of all inequality indicators on 1000 samples with different sampling
rates (10%, 5%, 3%).

Rate Indicator Measure Min 1st Qu. Median Mean 3rd Qu. Max
10% P90//?’10 RB 0.87 2.28 3.23 434 5.28 16.45
RRMSE 10.84 14.53 21.86 23.16 30.71 54.17
Palma RB —1.62 —0.29 0.31 0.27 0.85 2.77
RRMSE 12.6 15.5 17.92 19.37 22.76 28.03
Q/Sjg RB —15.26 —9.28 —6.57 -7.29 —4.26 —2.75
RRMSE 12.02 14.16 19.17 19.57 24 30.19
G RB -3.59 —2.52 —-1.35 —-1.71 —1.17 —0.52
RRMSE 6.43 7.67 9.2 9.51 11.11 12.45
Q/\Rl RB —1.19 —0.49 —0.22 —0.31 —0.05 0.24
RRMSE 3.41 4.67 5.52 5.81 7.21 8.3
5% P90//7710 RB 3.59 7.18 16.66 18.78 20.14 71.11
RRMSE 20.82 33.89 63.03 98.32 87.34 591.33
Palma RB —0.5 0.62 2.7 3.25 4.66 10.88
RRMSE 20.93 25.92 36.75 35.31 422 56.6
@2 RB —32.95 —21.96 —16.19 —-17.77 —11.82 —6.54
RRMSE 20.29 28.53 33.69 36.58 44.86 61.44
G RB —8.36 —5.57 —4.59 —4.45 —2.67 —1.65
RRMSE 9.9 13.05 15.26 15.14 16.93 19.91
é\R[ RB -3.5 —-14 —0.86 —1.02 —0.51 0.17
RRMSE 6.31 8.04 9.08 9.65 11.65 13.4
3% P9(7/TDIO RB —5.56 10.05 18.18 49.73 80.68 201.88
RRMSE 41.61 63.97 84.74 537.09 511.07 3064.02
Palma RB 0.12 2.87 8.45 15.03 18.81 61.79
RRMSE 34.82 42.76 55.63 85.25 80.26 352.28
Q/Sﬁ? RB —64.08 —42.68 —26.75 —19.82 —21.14 251.25
RRMSE 35.55 40.15 57.62 280.62 77.36 4169.42
G RB —21.3 —13.76 —8.25 —10.1 —6.07 -3.96
RRMSE 14.04 16.99 20.86 21.33 23.97 31.04
Q/\R] RB —11.97 —4.92 —2.14 —3.66 —1.08 —0.23
RRMSE 9.79 10.85 14.75 15.37 17.49 26.95
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Next, we ran simulations with synthetic data, drawing samples from a fixed artificial popula-
tion. This allowed us to study the estimators’ performance under controlled distributional
settings, including scenarios with heavier tails than those observed in the real data. As such a
reference distribution, we chose the Log-Normal, not arbitrarily, as it is one of the most widely
used parametric models for income data (Cowell, 2011). To guarantee that this distribution
somewhat resembled our observed ones, we first fitted a Log-Normal density to our SILC data
by maximum likelihood, obtaining £N'(10.27, 0.6)." This was used to generate a synthetic
finite population of N = 100000 individuals. For each sample size n from 5 to 100, we drew
R = 1000 samples using Midzuno’s proportional-to-size scheme in which the auxiliary weights
were created as in Alfons ef al. (2013), mimicking a complex unequal probability design by
assigning larger inclusion probabilities to poorer people. The solid lines in Figure 1 show the
RB and RRMSE of our estimates in percentages as functions of sample size n. Certainly, these
figures are not fully comparable with the results shown in Table 1 because the latter is based on
the real rather than the synthetic data. The much larger biases observed for the real data suggest
the presence of outliers in the SILC samples, which our synthetic population does not fully re-
produce. We therefore repeated the simulation exercise using a much more skewed population,
i.e. LN (10.27, 4), in which the location parameter is preserved, whereas the scale parameter is
deliberately set to a larger value to investigate the effect of heavy tails. The dashed lines in

Figure 1 show the effects of this increased skewness on our estimators. Overall, G and Q/R\I

are again much less affected by the increased skewness than the other indicators, with Q/EI
showing the smallest RB and RRMSE throughout.

3.2 Robustness to Anomalous Values

Inequality indicators are estimated on data that often exhibit heavy-tailed distributions,
including outliers. They may arise from errors during recording or may be true but extreme
observations, as observed by (Cowell & Flachaire, 2007). In either case, their existence can
cause serious biases and large sampling variances depending on their presence or absence in
the sample (Van Kerm, 2007). Such absence is particularly frequent due to the systematic
under-representation of top-income households caused by unit non-response in household
surveys (Hlasny & Verme, 2018). For this reason, it is often recommended in the literature to
adjust estimators using methods such as modelling the upper tail (Alfons et al, 2013;
Jenkins, 2017) or applying trimming and winsorising (Van Kerm, 2007). However, the choice
of the procedures and their hyper-parameters is arbitrary, and they all lead to different estimates.
It might therefore be preferable to use indicators and estimators that are more robust and allow
us to disregard those arbitrary adjustments.

In this context, the boundedness of the influence function is of special interest, as it ensures a
limited impact of anomalous values (Cowell & Victoria-Feser, 1996; Cowell & Flachaire, 2007).
We therefore first compare the influence functions of the QRI, the Gini and the other
quantile-based indicators treated in this study (P90/P10, QSR and Palma), before presenting
further simulation outcomes for the estimators themselves. Deville (1999) extended the classical
concept of influence functions from robust statistics theory, which was first studied by Hampel
et al. (1986), to finite population survey sampling, linearising complex estimators under general
designs. In this way, Scarpa et al. (2025) derived the influence function of the ratio between two
quantiles:
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9
Py — 10y < @(Pn)) 3 pq — 10 SQ(Pd)) 3
A ~ Q(p - 510 A - Q n
(Q(m)) ) ( F 0N ) / ( F(0lpy) ) 8
O(pa) 0p,)’
to then obtain the QRI influence function by integrating over p € (0, 1):
<§ - ncy_,s@cv/z») (( -5) - 1y=00 - p/z>>)A
——— - (1 —p/2)- A 0(p/2)
1(RT), = 7/1 F'(Q(p/2))N F(O(1 = p/2))N "
! 0 o(1 — p/2)* ’

where N = Yj e sWj; and ol (v) is (in this study) a Gaussian kernel density estimate of the in-
come distribution, with bandwidth z = 0.79 ‘(@(0.75) - Q(O.ZS)) N~'/5. The QSR estima-

tor influence function, as demonstrated by Langel & Tillé (2011), can be computed as follows:
oy - {0.8@(0.8) - (@(0.8) - y]) 1 [yj < @(0.8)} }
1(OSR); = _

Yo2

) (? _ ?O.8>{0.2Q(0.2) _ (@(0.2) —yj)l[yjsé(o.z)}}

v2
Y0.2

The Palma index shares the same structure as the QSR and its influence function can be derived
analogously, replacing the relevant quantiles accordingly.
The influence function of the Gini coefficient is approximated in Langel & Tillé (2013) by

K@, = (o - B) 4T - By, - 67 )
N Z w1 (Wi W;)
with /}; = ijy], 71 = les Wk

JEs

The influence functions show how much each observation affects the final estimate, no matter if it is
atrue value or a measurement error; robustness protects the estimator from negative impacts in both
situations in the same way. In Section 3.1, we already got a smell of it in Table 1 and Figure 1.
Figure 2 displays the values of the influence functions for one of the above simulated SILC samples

with 3% sampling rate. Clearly, / (é\Rl ) ; lies within a narrow range, has a discontinuous change at
the median and flattens out for higher incomes. I (é)j, I (Q/ﬁi’)j, I (Pa/l;m)j are growing
unboundedly, reaching substantially larger values for increasing income. The influence functions
of the share ratios (QSR and Palma) have discontinuous changes at their respective defining

quantiles and are flat in-between them. / <P90//731 0) is a step function admitting only three distinct

values.
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We now study the impact of measurement errors on our estimators. Consider the R = 1000
samples of size n = 30,50, 100 drawn within the simulation framework on synthetic data
described in Section 3.1, with LN (10.27, 0.6). Similarly to Cowell & Victoria-Feser (1996),
we first estimate the parameters, and then contaminate the sample observations as follows: In
one case, we multiply the largest observation by 10; in another, we divide the smallest by 10
—a so-called “decimal point error” occurring during survey recording. In a third case, we take
the three observations closest to the observed median and subtract the value of 10000 from

each. Figure 3 shows boxplots of relative errors (5, — 0)/6, with r =1, ..., R, with respect
to the population parameter & where empty boxplots indicate the (relative) error distribution

when data were not contaminated, coloured boxplots those under contamination. Both Q/S\R

and Palma are based on shares, and their sums in the denominator and numerator are strongly
affected by changes in the tails; right-tail contamination in particular induces a pronounced up-
ward bias. The two indicators behave similarly, reflecting their shared structural dependence on

tail shares. P90/P10 is also strongly affected by contamination, especially in small samples; no-
tably, its sensitivity decreases as n increases. None of them is sensitive to median contamination.

G shows moderate sensitivity, although more accentuated for right-tail contamination, while re-

maining comparatively stable under left-tail and median contamination. Clearly, Q/R\I is the most
robust and reliable estimator: its distribution remains tightly concentrated around zero under all
contamination scenarios and sample sizes, with no visible asymmetry between left- and right-
tail perturbations, even for n = 30.

4 Conclusion

This study shows that the QRI combines the advantages of quantile-based inequality indica-
tors, such as robustness, with those of the Gini coefficient, namely, its intuitive interpretation
and the accounting for the entire distribution. In practice, the performance of inequality estima-
tors obtained from survey data under complex sampling designs is of particular interest. A di-
rect comparison of them, including other indicators based on quantile ratios or shares, like
the popular P90/P10, QSR and Palma index, reveals that the QRI estimator consistently outper-
forms the other indices’ estimators in terms of minimal bias, smallest mean squared error and
bounded influence function in all considered situations. Indeed, the Gini estimator was only
competitive (though still worse) for synthetic data generated from a smooth Log-Normal popu-
lation under moderate skewness and without extreme values. This is in line with observations
made so far in the literature. One may argue that in practice one often faces much larger sam-
ples. However, even for them, both the literature and our simulations found a serious underes-
timation of the Gini coefficient. Moreover, the present trend (fostered by the SDGs) in official
statistics goes towards high levels of disaggregation, which requires the study of increasingly
small samples.
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Notes

'The SILC sampling weights were ignored in this step as these are unrelated to income such
that their inclusion hardly changed the Log-Normal parameter estimates.
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