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 A B S T R A C T

Dynamic Movement Primitives (DMP) are an established and efficient method for encoding robotic tasks 
that require adaptation based on reference motions. Typically, the nominal trajectory is obtained through 
Programming by Demonstration (PbD), where the robot learns a task via kinesthetic guidance and reproduces 
it in terms of both geometric path and timing law. Modifying the duration of the execution in standard DMPs 
is achieved by adjusting a time constant in the model.

This paper introduces a novel approach to fully decouple the geometric information of a task from its 
temporal information using an algorithm called spatial sampling, which allows parameterizing the demon-
strated curve by its arc-length. This motivates the use of the name Geometric DMP (GDMP) for the proposed 
DMP approach. The proposed spatial sampling algorithm guarantees the regularity of the demonstrated curve 
and ensures a consistent projection of the human force throughout the task in a human-in-the-loop scenario. 
GDMP exhibits phase independence, as its phase variable is no longer constrained to the demonstration’s 
timing law, enabling a wide range of applications, including phase optimization problems and human-in-the-
loop applications. Firstly, a minimum task duration optimization problem subject to velocity and acceleration 
constraints is formulated. The decoupling of path and speed in GDMP allows to achieve optimal time duration 
without violating the constraints. Secondly, GDMP is validated in a human-in-the-loop application, providing a 
theoretical passivity analysis and an experimental stability evaluation in co-manipulation tasks. Finally, GDMP 
is compared with other DMP architectures available in the literature, both for the phase optimization problem 
and experimentally with reference to an insertion task and a simulated welding task, showcasing the enhanced 
performance of GDMP with respect to other solutions.
1. Introduction

In recent years, the interest in robotics applications has been rising 
significantly [1,2]. This includes collaborative robotics applications, 
where robots work alongside humans rather than performing tasks 
independently. This scenario is typically referred to as Human–Robot 
Interaction (HRI), and a lot of research interest has been directed to-
wards the development of novel algorithms and techniques to enhance 
the human–robot communication, coexistence and collaboration in 
various settings [3–6]. An important aspect of HRI applications is repre-
sented by their accessibility to non-expert users [7,8], where techniques 
such as Imitation Learning [9], or Programming by Demonstration 
(PbD) [8], come into play. These methods involve a demonstration 
phase and rely on encoding, planning and control strategies to cor-
rectly reproduce the desired task [10,11]. One of the most widespread 
encoding/planning techniques available in the literature are Dynamic 
Movement Primitives (DMP) [12], which were first introduced in [13] 
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as a way to encode motor movement with convenient stability proper-
ties. DMP consist of a second-order system with the addition of a forcing 
term [14] and can be classified into rhythmic or discrete DMP, depend-
ing on whether the attractor system is a limit cycle or a point [12], 
respectively. Discrete DMP are typically formulated as follows [12,14]:

𝜏𝑧̇(𝑡) = 𝛼[𝛽(𝑔 − 𝑦(𝑡)) − 𝑧(𝑡)] + 𝑓 (𝑠(𝑡)), (1)

𝜏𝑦̇(𝑡) = 𝑧(𝑡), (2)

𝜏𝑠̇(𝑡) = −𝛿𝑠(𝑡), (3)

where Eqs. (1)–(2) are referred to as the Transformation System (TS), 
whereas (3) is referred to as the Canonical System (CS). The parameter 
𝜏 is a time constant, 𝛼 and 𝛽 are system parameters chosen to have 
a critically damped TS (i.e. 𝛽 = 𝛼∕4), 𝑔 is the target goal and the 
forcing term 𝑓 (𝑠(𝑡)) shapes the generated trajectory 𝑦(𝑡) through the 
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TS dynamics. The TS can be rewritten as 
𝜏2𝑦̈(𝑡) + 𝛼𝜏𝑦̇(𝑡) + 𝛼𝛽(𝑦(𝑡) − 𝑔) = 𝑓 (𝑠(𝑡)), (4)

representing a globally stable second-order system characterized by the 
unique equilibrium point (𝑦(𝑡), 𝑦̇(𝑡)) = (𝑔, 0) when 𝑓 (𝑠(𝑡)) = 0. The CS (3) 
is a first-order system representing the evolution of the phase variable 
𝑠(𝑡), with 𝛿 being a positive constant [14]. The forcing term 𝑓 (𝑠(𝑡))
in (1) is typically expressed as the linear combination of radial basis 
functions [13]: 

𝑓 (𝑠(𝑡)) =
𝑁
∑

𝑖=1
𝜔𝑖𝜙𝑖(𝑠(𝑡)) ⋅ 𝑠(𝑡) ⋅ (𝑔 − 𝑦0), (5)

where 

𝜙𝑖(𝑠(𝑡))=
𝑏𝑖(𝑠(𝑡))

∑𝑁
𝑗=1 𝑏𝑗 (𝑠(𝑡))

, 𝑏𝑖(𝑠(𝑡))=exp
(

−(𝑠(𝑡)−𝑐𝑖)2

2ℎ

)

. (6)

Note that, since 𝑠(𝑡) → 0 when 𝑡 → ∞ from (3), 𝑓 (𝑠(𝑡)) → 0 from (5), 
therefore its impact in the TS (1)–(2) is limited in time. The constant 
(𝑔 − 𝑦0) in (5) is a modulation term enabling the TS (1)–(2) to be an 
orientation-preserving homeomorphism with respect to changes in the 
initial and goal positions 𝑦0 and 𝑔 [13,15]. The weight coefficients 𝜔𝑖
in (5) are calculated by Locally Weighted Regression (LWR) [16] as 
follows: 

𝜔𝑖 = argmin
𝜔𝑖

𝑇𝑓
∑

𝑡=0
𝜙𝑖(𝑠(𝑡))[𝑓𝑟(𝑡) − 𝜔𝑖𝜉(𝑡)]2, (7)

where 𝜉(𝑡) = 𝑠(𝑡)(𝑔−𝑦0) and the nominal forcing term 𝑓𝑟(𝑡) is computed 
from (4) by using the reference position, velocity, and acceleration 
trajectories 𝑦𝑟(𝑡), 𝑦̇𝑟(𝑡) and 𝑦̈𝑟(𝑡): 
𝑓𝑟(𝑡) = 𝜏2𝑦̈𝑟(𝑡) + 𝛼𝜏𝑦̇𝑟(𝑡) + 𝛼𝛽(𝑦𝑟(𝑡) − 𝑔𝑟), (8)

where 𝑔𝑟 = 𝑦𝑟(𝑇𝑓 ). The parameter 𝑇𝑓  is the total duration of the 
reference trajectory 𝑦𝑟(𝑡), and the time constant 𝜏 is commonly assumed 
to be unitary.

DMP represent a simple yet effective encoding technique, featuring 
useful properties such as stability, time scaling, spatial modulation, 
and compatibility with additional coupling terms [12,13,17]. Thanks 
to their compact and versatile formulation, DMP were successfully 
applied to various tasks, such as tennis swing [14], bi-manual manip-
ulation [18], peg-in-hole [19], among others [4,20–22]. Despite the 
several interesting researches on DMP, we identified some research 
branches which, to the best of our knowledge, have not been fully 
investigated yet, as discussed in Section 3.

The remainder of this manuscript is structured as follows. An 
overview of the state of the art and of the issues when dealing with 
DMP is given in Section 2, whereas the contributions of this work 
are discussed in Section 3. The adopted DMP formulation is discussed 
in Section 4 together with the introduction of the proposed Spatial 
Sampling algorithm, representing the core of the proposed Geometric 
DMP (GDMP) formulation. Different applications of the GDMP are then 
proposed in the following sections. Specifically, the phase optimization 
problem is discussed in Section 5 together with the comparison with 
other DMP approaches, while the human-in-the-loop application is 
discussed in Section 6 together with the passivity analysis. The exper-
imental stability evaluation in co-manipulation tasks is performed in 
Section 7, together with the experimental comparison of GDMP with 
other DMP approaches. The obtained results are discussed in Section 8, 
while the conclusions are given in Section 9.

2. Related works

The state trajectories of a dynamic physical system naturally evolve 
with time. However, if the considered dynamic model does not repre-
sent a physical system, the system trajectories may be desired to evolve 
according to a different timing law. For instance, scaling the original 
2 
time by a suitable factor can enhance flexibility, offering advantageous 
properties like feedback linearizability [23,24].

In the specific case of DMP, the timing law is typically governed 
by the Canonical System (CS) in (3), where the variation of the phase 
variable 𝑠(𝑡) can be modulated by properly tuning the parameter 𝜏, 
thus giving a time-scalable Transformation System (TS) in (1)–(2) and 
maintaining the topological equivalence of the output trajectories [13,
19,22]. Choosing the CS in (3) to exhibit an exponential decay ensures 
that the contribute of 𝑓 (𝑠(𝑡)) in (1) fades out when reaching the goal 
point 𝑔 [12]. However, this solution inevitably leads to very high values 
of the weights in (7) when close to the final part of the reference 
trajectory [25], which can be undesirable when combining multiple 
DMP together [4,17,21]. To cope with this issue, other types of CS 
were adopted, such as piece-wise linear [25] or sigmoidal-like phase 
profiles [26].

The key aspect of having a timing law governed by the CS in (3) 
is that the evolution of the trajectory 𝑦(𝑡) in the TS (1)–(2) can be 
effectively slowed down or sped up by tuning the parameter 𝜏, without 
introducing any geometric variation in the resulting trajectory 𝑦(𝑡) of 
the DMP [13,15]. In this case, an issue arises when the trajectory is 
required to stop during its reproduction, as this would imply 𝜏 → ∞. 
This problem was noted in [14,27], then further analyzed in [20]. In 
the latter reference, the scaling factor 𝜏 relies on the phase 𝑠(𝑡) and is 
expressed as a combination of basis functions, aiming at acquiring an 
optimized velocity profile for a bimanual kitchen task.

Many different formulations of the CS in (3) can be found in the 
literature, in order to adopt proper timing laws for the considered 
applications. In [28], a coupling term is used to modulate the task 
velocity based on the measured contact force with the environment. 
The task velocity can also be changed as in [27], where non-uniform 
velocity changes are allowed to move along the trajectory according to 
the forces and torques applied to the robot. In [29], Iterative Learning 
Control (ILC) is employed to learn an additional and optimal phase-
dependent temporal scaling factor into the DMP equations, whereas an 
online optimization of the time duration of the task is performed in [22] 
in order to vary the task velocity, and thus the robot velocity, as a 
function of the distance from the target. Other works where the timing 
law is modified according to external perturbation on the planned 
trajectory can be found in [14,19,30–32].

A key application in trajectory planning is minimizing task duration. 
Shaping the timing law 𝑠(𝑡) along a predefined path for tracking is 
commonly known as time-optimal path parameterization (TOPP). In 
TOPP problems, the objective is to minimize the execution time 𝑇  along 
a constrained curve, subject to first and second order constraints [33]. 
TOPP relies on the path-speed separation principle, where the con-
straint curve serves as a geometric constraint to which any speed profile 
can be applied. Robotic applications often impose constraints on the 
minimum allowable time duration 𝑇  to respect the robot’s kinematic 
limitations. In [34], this problem is transformed into a convex optimal 
control problem with a single variable. Alternatively, [35] solves the 
TOPP using factor graph variable elimination, achieving the global 
optimum for minimum time problems with quadratic objectives. 

In the DMP literature, the minimum time problem has been indi-
rectly addressed due to temporal scaling being a well-known property 
of DMPs. For example, scaling 𝜏 in the canonical system of (3) can re-
duce time duration, but it does not enforce kinematic constraints, such 
as velocity or acceleration limits. This limitation was acknowledged 
in [36,37], where the authors proposed a novel DMP formulation that 
scales 𝜏 offline and online to comply with the kinematic constraints. 
Similarly, in [38], the problem of respecting kinematic constraints was 
addressed by appropriately computing the weights 𝜔𝑖 in (10). While 
these approaches effectively scale robot velocity, they cannot be classi-
fied as TOPP methods because (i) position trajectories are used instead 
of geometric paths, and (ii) their objective is not to minimize time 
duration. To the best of our knowledge, the minimum time problem 
has not yet been directly addressed in the DMP literature. 
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Another important aspect when dealing with timing laws is the pos-
sibility of letting the trajectory move backward and forward between 
the initial and goal positions, 𝑦0 and 𝑔 respectively, while preserving 
the trajectory topology, i.e. while allowing 𝑠̇(𝑡) to change sign [19,34]. 
This feature is called phase reversibility. Even though it offers many 
benefits in various scenarios [27], the classical DMP formulation in 
(1)–(3) does not fulfill the phase reversibility requirement [29]. In fact, 
the restriction of having a strictly monotonic 𝑠̇(𝑡) implies that the new 
timing law neither allows the trajectory to be reproduced backward nor 
allows it to be stopped [24]. The problem of reversibility was consid-
ered in [39] and further investigated in [19,40], where it was shown 
that having a reversible phase can affect the DMP global stability prop-
erty [27]. In [40], the authors formulate the design requirements for 
guaranteeing phase reversibility in DMP, which is a desirable property 
in some DMP formulation [19,22,38,41,42]. Firstly, a reversible DMP 
should maintain global stability properties as the original one [40], 
meaning that 𝑦0 must be an attractor point when moving backward, 
whereas 𝑔 must be an attractor point when moving forward. Secondly, 
the trajectory topology must be preserved when moving forward and 
backward. Finally, it would be desirable to adopt the same forcing 
term when progressing along the intended path, rather than switching 
between two different functions depending on the motion direction.

Whenever a new DMP formulation is proposed, it is also important 
to verify that global asymptotic stability is guaranteed. In [40], a can-
didate for such a system is given by the Logistic Differential Equation 
(LDE) 𝜏𝑦̇ = 𝛼(𝑦 − 𝑦0)(𝑔 − 𝑦). However, it can be demonstrated that the 
region of global stability of the LDE is restricted to 𝑦 ∈ (𝑦0, 𝑔) with 
𝑦0 < 𝑔 [43]. Consequently, two separate forcing terms are learned to 
switch along the desired curve whenever the sign of 𝑠̇ changes [44].

When dealing with phase reversibility, a considerable step forward 
was provided in [19]. In this work, the authors present a new formula-
tion of the original DMP satisfying all phase reversibility requirements 
by using a unique forcing term 𝑓 (𝑠(𝑡)), based on a parameterization of 
the reference trajectory 𝑦𝑟(𝑡) and of its time-derivatives [34,45]. In this 
case, there is no need to limit the forcing term 𝑓 (𝑠(𝑡)) by multiplying it 
by 𝑠(𝑡), as the terms 𝑦𝑟(𝑡), 𝑦̇𝑟(𝑡), 𝑦̈𝑟(𝑡) are bounded by construction and the 
derivatives tend to zero when the system approaches the initial/goal 
positions [38]. Additionally, backward reproduction is achieved with-
out impacting the DMP stability by simply reversing the sign of the 
phase velocity 𝑠̇(𝑡) [22].

A potential application for reversible DMP is its use as a virtual 
fixture [46–48]. The latter represents a predefined path constraining 
the robot movement without a specified timing law. The phase variable 
𝑠(𝑡) can be adjusted arbitrarily, allowing the system to evolve along 
the predefined paths. However, the DMP architecture imposes some 
limitations as the recorded reference trajectories are affected by the 
time dependence observed during the task demonstrations [8]. The 
same issue emerges when multiple demonstrations of the same task 
are recorded with different timing laws. In this case, techniques such 
as Dynamic Time Warping (DWT) [49] allow to align the different 
demonstrations and compute a unique reference motion, such that the 
related skill is extracted [7,10].

In this paper, we address the issues detailed in this section by 
proposing the concept of Geometric DMP (GDMP). This approach is 
based on the introduction of a Spatial Sampling algorithm, which 
enables a geometric interpretation of the phase variable 𝑠(𝑡). Unlike the 
standard case, this new phase variable is no longer constrained by the 
timing law of the demonstration and can be appropriately chosen based 
on the specific application. This characteristic justifies the alternative 
name we have given to this method: Phase-Independent DMP.

3. Methodology and contributions

Despite the extensive literature on DMP, to the best of our knowl-
edge, there is still no unified framework that allows for the arbitrary 
selection of the Canonical System in (3). In this work, we aim at 
3 
Fig. 1. Flowchart of the proposed GDMP framework.

achieving this objective starting from the DMP formulation originally 
proposed in [19]. The new contributions of our work are: (i) The 
proposal of a new Spatial Sampling algorithm. This algorithm allows 
the conversion of the demonstrated trajectory, which is constantly time-
sampled, into a new one which is constantly spatially-sampled. The 
demonstrated trajectory can also include parts with zero speed. The 
spatially-sampled trajectory no longer exhibits the time dependence 
of the original one, and is expressed as a function of its arc-length 
parameter. For this reason, it is a regular curve, i.e., a curve whose first 
derivative is always nonzero. (ii) The use of the spatial sampling algo-
rithm allows to decouple the phase variable from the timing law during 
the demonstration phase. Therefore, the term ‘‘phase-independent’’ 
DMP is introduced, referring to the fact that the phase variable can 
now be freely chosen depending on the application and is no longer 
constrained by the Canonical System (3). Time scaling and reversibility 
are direct consequences of this feature. Since the forcing term 𝑓 (𝑠(𝑡))
is computed solely based on the geometrical information contained 
in the demonstrated trajectory, the proposed methods is also called 
Geometric DMP (GDMP). The framework of GDMP is shown in Fig. 
1. The Spatial Sampling algorithm is first applied to the demonstrated 
trajectory. Next, the forcing term 𝑓 (𝑠(𝑡)) is computed, and employed in 
the transformation system to generate the output trajectory. (iii)Two 
significant applications of the GDMP are presented: (1) the offline 
computation of the phase variable that optimizes a given cost func-
tion, such as total execution time, subject to velocity and acceleration 
constraints; (2) a human–robot co-manipulation task, where the robot 
constrains the motion along the path encoded by the GDMP, while the 
human determines how the motion unfolds. The two aforementioned 
applications are highlighted on the right of Fig.  1, together with the first 
option consisting in reproducing the original demonstrated trajectory. 
Furthermore, as a feedback system with the human in the loop, a 
passivity analysis and an experimental evaluation of practical stability 
are provided. Both applications are compared with several approaches 
from the DMP literature, demonstrating the enhanced performance of 
GDMP.

4. Geometric DMP formulation

This section deals with the description of the proposed Geometric 
DMP, which employs the formulation in [19] as a starting point. The 
forcing term 𝑓 (𝑠(𝑡)) in (4) is computed as follows: 

𝑓 (𝑠(𝑡)) = 𝜂𝑓⋆(𝑠(𝑡)), where 𝜂 =
𝑔 − 𝑦(𝑠(0))
𝑔𝑟 − 𝑦𝑟(0)

(9)

is a scaling factor depending on the initial and goal positions 𝑦𝑟(0)
and 𝑔𝑟 = 𝑦𝑟(𝑠𝑓 ) of the reference trajectory, as well as on the initial 
and desired goal positions 𝑦(𝑠(0)) and 𝑔. The objective of the scaling 
factor 𝜂 is: (1) to preserve the topology of the curve [15,22,41]; (2) to 
run the system passivity analysis as further discussed in Section 6.1. 
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Fig. 2. Block-scheme representation of the TS (4) by incorporating the forcing term 
(13), which ensures the independence from the phase variable 𝑠(𝑡).

In the classical DMP, the forcing term 𝑓⋆(𝑠) is obtained as in (5), (6) 
and (7), where the nominal forcing term 𝑓𝑟(𝑡) is computed as a linear 
combination of the demonstrated position, velocity, and acceleration 
profiles as in (8). In our case, the forcing term 𝑓⋆(𝑠) in (9) is ob-
tained using the linear combination (8) by replacing the demonstrated 
position, velocity, and acceleration profiles with the corresponding pa-
rameterizations 𝑦⋆(𝑠), 𝑦̇⋆(𝑠) and 𝑦̈⋆(𝑠). Specifically, given the sequence 
of demonstrated positions 𝑦𝑟(𝑠), 𝑠 = 0,… , 𝑠𝑓 , the coefficients 𝜔𝑖 of the 
parametric function 

𝑦⋆(𝑠) =
𝑁
∑

𝑖=1
𝜔𝑖𝜙𝑖(𝑠) (10)

are determined by minimizing the cost function 

𝐽 =
𝑇𝑓
∑

𝑡=0

‖

‖

𝑦𝑟(𝑠) − 𝜔𝑖𝜙𝑖(𝑠)‖‖
2 . (11)

The radial basis functions 𝜙𝑖(⋅) are defined in (6). In [19], the inde-
pendent variable is the time of the demonstrated trajectory, i.e. 𝑠 ≡ 𝑡. 
The function 𝑦⋆(𝑠) is then reparameterized by composing it with the 
desired timing law 𝑠 = 𝑠(𝑡) ∶ [0, 𝑇𝑓 ] → [0, 𝑠𝑓 ]. Note that 𝑠(𝑡) must be 
a monotonic 𝐶1-class function such that 𝑠̇(0) = 𝑠̇(𝑇𝑓 ) = 0 and 𝑠̈(0) =
𝑠̈(𝑇𝑓 ) = 0. The derivatives 𝑦̇⋆(𝑠(𝑡)) and 𝑦̈⋆(𝑠(𝑡)) of the parameterized 
trajectory 𝑦⋆(𝑠(𝑡)) can be deduced as follows: 

̇⋆(𝑠(𝑡)) =
𝜕𝑦⋆(𝑠(𝑡))
𝜕𝑠(𝑡)

𝑑𝑠(𝑡)
𝑑𝑡

= 𝑦⋆′(𝑠(𝑡))𝑠̇(𝑡),

̈⋆(𝑠(𝑡)) =
𝑑𝑦̇⋆(𝑠(𝑡))

𝑑𝑡
= 𝑦⋆′′(𝑠(𝑡))𝑠̇2(𝑡)+𝑦⋆′(𝑠(𝑡))𝑠̈(𝑡),

(12)

where the prime and dot notations denote the differentiation with 
respect to the phase variable 𝑠(𝑡) and with respect to time, respectively. 
Therefore, with the proposed formulation, it is not necessary to know 
the derivatives of the reference trajectory, but only the position profile 
𝑦𝑟(𝑡) is sufficient. Using (9), (10) and (12), the forcing term 𝑓 (𝑠(𝑡)) in 
(4) can be written as:
𝑓 (𝑠(𝑡))=𝜂

[

𝑦⋆′′(𝑠(𝑡))𝑠̇2(𝑡)+ 𝑦⋆′(𝑠(𝑡))𝑠̈(𝑡)

+ 𝛼𝑦⋆′(𝑠(𝑡))𝑠̇(𝑡) + 𝛼𝛽
(

𝑦⋆(𝑠(𝑡)) − 𝑔𝑟
)

]

. (13)

By distributing the scaling factor 𝜂 across all the terms on the right side 
of (13), 𝑓 (𝑠(𝑡)) can be expressed as a linear combination of 
𝑦⋆𝜂 (𝑠(𝑡)) = 𝜂 𝑦⋆(𝑠(𝑡)) (14)

and its derivatives. The complete schematic view of the TS (1)–(2) with 
the forcing term (13) is reported in Fig.  2, and enables the following 
features [19,38]: time modulation by varying the evolution of the 
phase variable 𝑠(𝑡); phase reversibility allowing forward and backward 
reproduction of the trajectory, when 𝑠̇(𝑡) > 0 and 𝑠̇(𝑡) < 0, respectively; 
4 
spatial scaling of the curve varying the initial position 𝑦(𝑠(0)) and the 
goal 𝑔 of the task.

The TS can then be generalized to the multidimensional case. If the 
considered application requires the robot position only to be consid-
ered, as in Section 5, Section 6 and Section 7, a Cartesian representation 
of the TS can be employed: 
ÿ(𝑡) + Aẏ(𝑡) + AB

(

y(𝑡) − g
)

=Ef ⋆(𝑠(𝑡)), (15)

where A=diag
(

𝛼𝑥, 𝛼𝑦, 𝛼𝑧
)

, B=diag (𝛽𝑥, 𝛽𝑦, 𝛽𝑧
)

, E=diag
(

𝜂𝑥, 𝜂𝑦, 𝜂𝑧
)

, and 

y(𝑡)=
⎡

⎢

⎢

⎣

𝑦𝑥(𝑡)
𝑦𝑦(𝑡)
𝑦𝑧(𝑡)

⎤

⎥

⎥

⎦

, g =
⎡

⎢

⎢

⎣

𝑔𝑥
𝑔𝑦
𝑔𝑧

⎤

⎥

⎥

⎦

, f ⋆(𝑠)=
⎡

⎢

⎢

⎣

𝑓⋆
𝑥 (𝑠(𝑡))

𝑓⋆
𝑦 (𝑠(𝑡))

𝑓⋆
𝑧 (𝑠(𝑡))

⎤

⎥

⎥

⎦

. (16)

Note that Eqs. (15)–(16)can also be generalized to account for the end-
effector orientation by adopting a minimal representation, such as Euler 
angles or unit quaternions [13,41,50]. The resulting TS in Fig.  2 still 
maintains the characteristic properties of the original formulation, such 
as spatial adaptation with respect to different goal/initial position and 
with respect to the presence of obstacles by adding proper coupling 
terms [13]. Fig.  3 shows an example of application of such properties: 
Fig.  3a and Fig.  3b show the possibility of changing the goals and initial 
positions 𝑔 and 𝑦(𝑠(0)) in (9) with respect to the reference ones 𝑔 and 
𝑦𝑟(0), while Fig.  3c shows how the introduction of coupling terms, in 
this case repulsive potential fields [38,51], allows to avoid obstacles 
along the path.

4.1. Regularity of the curve

The Canonical System (CS) in (3) can be set in order to ensure 
that the output of the DMP accurately reproduces the reference tra-
jectory, including its time dependency [14]. This means that, if the 
user stops while recording the reference trajectory, i.e. 𝑑y𝑟(𝑠)𝑑𝑠 = 0, the 
corresponding parameterized trajectory will result in y⋆′(𝑠) = 0. In all 
the formulation of DMP proposed in the literature, the duration of this 
pausing phase can be shortened or extended by adjusting the parameter 
𝜏 in (1)–(3), but cannot be removed [47]. This side effect persists also 
in the formulation of Fig.  2 proposed in [19], since ẏ𝑟(𝑡) = 0 implies 
ẏ⋆(𝑠(𝑡)) = ÿ⋆(𝑠(𝑡)) = 0. This issue becomes particularly critical in 
applications where only the geometric aspects of the demonstrated path 
are required. For instance, in [19], the reference trajectory is captured 
in two distinct steps: one for the path and another for the velocity 
profiles. Similarly, in [27], a dynamic scaling factor is employed, 
modulated by the tangential component of an external force. 

The aforementioned problem can be formally identified as the lack 
of regularity in the curve. By definition [52], a curve ŷ𝑟(𝑠) ∶ R → R3

is regular iff: 
𝑑ŷ𝑟(𝑠)
𝑑𝑠

≠ 0 ∀𝑠 ∈ R. (17)

From (17), it follows that a regular curve ŷ𝑟(𝑠) and its tangential 
direction 𝑑ŷ𝑟(𝑠)

𝑑𝑠  are always well-defined at each point of the space. 

4.2. Spatial sampling algorithm

To address the aforementioned issues, we propose re-sampling the 
recorded trajectory y𝑟(𝑡) using the proposed ‘‘Spatial Sampling’’ algo-
rithm as a preliminary step to the parameterization (10). The proposed 
algorithm generates a filtered trajectory y𝛥(s𝑘) which is a function of 
the arc-length parameter s𝑘. Other approaches have been proposed in 
the literature to address the separation of the spatial and temporal 
components in the demonstrated trajectory, such as the arc-length (AL) 
DMP proposed in [53]. However, the ALDMP proposed in [53] cannot 
handle situations where the user stops while recording the demon-
strated trajectory, namely it cannot handle situations where ẏ𝑟(𝑡) = 0
without introducing a trajectory segmentation. The proposed Spatial 
Sampling algorithm, detailed in Algorithm 1, works as follows:
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Fig. 3. Verification that the DMP formulation in Fig.  2 maintains the characteristic properties of the original one: spatial adaptation with respect to (a) different target goals, (b) 
different initial positions and (c) presence of obstacles.
(1) Starting from the sequence of samples obtained by recording the 
demonstrated trajectory y𝑟(𝑡) with constant period 𝑇 , y𝑇 ,𝑘 = y𝑟(𝑡𝑘) =
y𝑟(𝑘𝑇 ) for 𝑘 = 0,… , 𝑁 , a linearly interpolating, continuous-time 
function y𝐿(𝑡) is built by applying a First-Order Hold (FOH) on it. If 
the sampling period 𝑇  is small enough, then the following holds true: 
y𝐿(𝑡) ≈ y𝑟(𝑡). (18)

(2) A new sequence y𝛥,𝑘 is obtained by imposing that y𝛥,0 = y𝐿(0)
and, for 𝑘 > 0, y𝛥,𝑘 = y𝐿(𝑡𝛥𝑘 ), where 𝑡𝛥𝑘  is the time value that 
guarantees 
‖y𝛥,𝑘 − y𝛥,𝑘−1‖ = 𝛥, for 𝑘 = 1,… ,𝑀. (19)

The parameter 𝛥 defines the geometric distance between consecu-
tive samples and can be freely chosen. If the reference trajectory y𝑟(𝑡)
also includes the orientation components, the enforcement of condition 
(19) is restricted to the position components, while the resulting time 
instants 𝑡𝛥𝑘  will then be used to generate the new sequence y𝛥,𝑘
including both position and orientation components. The condition (19) 
implies that the total distance between the first point y𝛥,0 and the 
generic 𝑘th point y𝛥,𝑘, 𝑘 > 0, is given by 𝑘𝛥. This distance approximates 
the length of the curve y𝐿(𝑡) at the time instant 𝑡𝛥𝑘 , with a precision 
that depends on the value of 𝛥. Therefore, for 𝛥 small enough, the new 
sampling mechanism induces a mapping between the length 𝑠𝑘 = 𝑘𝛥
and the position along the approximating linear curve y𝐿, i.e. 

y𝛥,𝑘 = y𝐿(𝑡𝛥𝑘 ),  with 𝑡𝛥𝑘 = 𝛾−1(𝑠𝑘), (20)

where 𝑠(𝑡) = 𝛾(𝑡) is the particular timing law imposed during the trajec-
tory demonstration, describing how the robot moves along the imposed 
geometric path being variable 𝑠 the arc-length parameterization of the 
curve. From (18), (19) and (20), the resulting trajectory parameterized 
with respect to the arc-length parameter ŷ𝑟(𝑠) ≈ ŷ𝐿(𝑠) = y𝐿(𝛾−1(𝑠))
can be obtained. The sequence y𝛥,𝑘 can be viewed as the result of a 
sampling operation with a constant spatial period 𝛥, characterized by: 
‖

‖

‖

‖

‖

𝑑ŷ𝑟(𝑠)
𝑑𝑠

‖

‖

‖

‖

‖𝑠=𝑠𝑘

≈
‖y𝛥,𝑘+1 − y𝛥,𝑘‖
‖𝑠𝑘+1 − 𝑠𝑘‖

= 𝛥
𝛥
= 1. (21)

Remark 1.  The Spatial Sampling algorithm generates a filtered 
curve y𝑟(𝑠) satisfying condition (21). From the latter, it follows that 
the filtered curve y𝑟(𝑠) always satisfies the regularity condition (17), 
enabling the parameterization (12) to be always well-defined. Further-
more, condition (21) allows to achieve a consistent projection of the 
human force Fℎ throughout the task in human-in-the-loop applications, 
as further emphasized in the experimental results of Section 7.3.

The pseudo-code of the Spatial Sampling algorithm is shown in Al-
gorithm 11, while the operation of the algorithm is graphically depicted 

1 All codes can be found at the online repository: https://github.com/
AutoLabModena/Geometric-Dynamic-Movement-Primitives.git
5 
Algorithm 1 Spatial Sampling
Input: Y 𝑇 ∈ R(𝑁×𝑑), t𝑇 ∈ R(𝑁×1), 𝛥
Output: Y 𝛥 ∈ R(𝑀×𝑑), s𝛥 ∈ R(𝑀×1), t𝛥 ∈ R(𝑀×1)

Initialization:
1: Initialize arrays: Y 𝛥,0=Y 𝑇 ,0, t𝛥,0=𝟎, s𝛥,0=0
2: Initialize current state: y𝑐 =Y 𝑇 ,0, 𝑖 = 0
Compute Y 𝛥, t𝛥, s𝛥 :

3: while 𝑖 < 𝑁 do 
4: if ||Y 𝑇 ,𝑖+1 − y𝑐 || > 𝛥 then {} 
5: Compute Y 𝛥,𝑘 belonging to the segment Y 𝑇 (𝑖)Y 𝑇 (𝑖 + 1) and 

such that ||Y 𝛥,𝑘 − y𝑐 || = 𝛥
6: Compute corresponding t𝛥,𝑘 as in (20)
7: Update arrays: Y 𝛥=[Y 𝛥,Y 𝛥,𝑘], s𝛥=[s𝛥, s𝛥,𝑒𝑛𝑑 +𝛥], t𝛥=[t𝛥, t𝛥,𝑘] 

8: Update current state: y𝑐 =Y 𝛥,𝑒𝑛𝑑
9: else 
10: 𝑖 = 𝑖 + 1
11: end if
12: end while
13: return Y 𝛥, s𝛥, t𝛥

in Fig.  4 for a one-dimensional case study. Initially, by sampling the 
reference trajectory 𝑦𝐿(t𝑇 ) at a constant time interval 𝑇 , the linear in-
terpolation function 𝑦𝐿(𝑡) is derived in Fig.  4a. Note that the geometric 
distance of the samples 𝑦𝐿(t𝑇 ) is clearly not constant.  Subsequently, 
in Fig.  4b and Fig.  4c, the spatial sampling algorithm is applied to 
the curve 𝑦𝐿(𝑡) using two different spatial intervals 𝛥, where it can be 
noticed that smaller values of 𝛥 result in a more accurate approximation 
of the original curve. This observation suggests considering the value 
of 𝛥 as small as possible to maintain a meaningful representation of 
the demonstrated trajectory. However, since 𝛥 represents the amplitude 
of the minimum movement that can be captured by the curve, in 
applications involving humans – typically characterized by unwanted 
motions, such as tremors, superimposed on the desired demonstration 
– the choice of 𝛥 can be used to filter out these undesired contributions. 
This can be achieved by setting the value of 𝛥 larger than the magnitude 
of the maximum disturbance affecting the demonstrated trajectory. 
Note that this threshold can be easily estimated by asking the user to 
keep the robot’s end-effector in its initial location for a given amount 
of time and measuring the maximum apparent displacement.

In Fig.  4d, the samples of the timing law 𝑠 = 𝛾(𝑡) imposed dur-
ing the demonstration of the trajectory and obtained with the same 
spatial period 𝛥 of case (c) are also presented. These illustrate how 
the length along the geometric path changes with time throughout the 
demonstration. It is worth noting that, because the spatial sampling 
operation, the function 𝛾(𝑡) remains strictly monotonically increasing 
(and thus invertible), despite the original curve being constant over 
certain intervals. On the contrary, the ALDMP method presented in [53] 
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Fig. 4. Sketch displaying the operation of the Spatial Sampling algorithm in a one-
dimensional scenario: reference trajectory 𝑦𝐿(t𝑇 ) sampled with constant period 𝑇  and 
interpolating linear curve 𝑦𝐿(𝑡) (a), sequence of spatially sampled points y𝛥,𝑘 = y𝐿(𝑡𝛥𝑘

)
with 𝛥 = 𝛥 (b) and 𝛥 = 𝛥∕2 (c), and samples of the function 𝑠𝑘 = 𝛾(𝑡𝛥𝑘

) for 𝛥 = 𝛥∕2 (d).

introduces the following operations to reparameterize the curve: 
{

𝑡𝑘, y𝑇 ,𝑘
}𝑁
𝑘=1, ⇔

{

𝜎−1(𝑠𝑘), y𝑇 ,𝑘
}𝑁
𝑘=1, (22)

where 𝑠𝑘 = 𝜎(𝑡𝑘) = ∫ 𝑡𝑘
0 ‖ẏ𝑟(𝑡)‖𝑑𝑡. However, the equivalence in (22) is 

only true if 𝑡𝑘 = 𝜎−1(𝑠𝑘) exists, that is if function 𝑠 = 𝜎(𝑡) is injective. 
Differently from 𝛾(𝑡), function 𝑠 = 𝜎(𝑡) is injective iff ẏ𝑟(𝑡) ≠ 0, a 
condition that cannot be guaranteed in the ALDMP method described 
in [53] when motion stops occur.

Remark 2.  The diagram depicted in Fig.  2, where the parametric 
function y⋆(𝑠) is computed based on the pair (s𝑘, y𝛥,𝑘), for 𝑘 = 0,… ,𝑀 , 
defines the concept of Geometric DMP (GDMP). From (12) and (21), it 
follows that this type of DMP solely derives from the geometric path 
of the demonstrated trajectory and can be linked to any phase variable 
𝑠(𝑡). The guarantee of the curve regularity as well as the concept of hav-
ing an independent phase variable – namely no longer constrained to 
a canonical system – represent therefore important novel aspects with 
respect to other DMP approaches. In fact, having a regular curve allows 
to overcome the problems related to motion discontinuities, as further 
6 
discussed in the experimental results of Section 7.3. Furthermore, the 
concept of freely choosing the phase variable enables GDMP to be used 
for different applications, as further discussed in the remainder of this 
section.

From Remark  2, on the contrary with respect to other DMP ap-
proaches where the phase variable is still constrained to a canonical 
system, the phase variable 𝑠(𝑡) can be chosen based on the three distinct 
scenarios depicted in Fig.  5:
(1) Original: the demonstrated trajectory is reproduced using the orig-
inal timing law 𝑠(𝑡) = 𝛾(𝑡).

(2) Offline Optimization: the phase variable 𝑠(𝑡) results from an op-
timization problem, which optimizes the motion along the geometric 
path to achieve a desired objective, as discussed in Section 5.
(3) Dynamical System: the phase variable 𝑠(𝑡) is defined by a dynamical 
system, possibly dependent on external inputs. This scenario includes 
co-manipulations tasks, as discussed in Section 6 and Section 7.

5. Phase optimization in geometric DMP

Many planning techniques focus on minimizing the execution time 
while satisfying task and kinematic constraints [34,38,45,54,55]. This 
optimization problem can be effectively addressed using the proposed 
GDMP framework, where the phase variable 𝑠(𝑡) is computed as the 
output of this dynamic system (i.e. a chain of two integrators):

ẋ =
⎡

⎢

⎢

⎣

0 1 0
0 0 1
0 0 0

⎤

⎥

⎥

⎦

x +
⎡

⎢

⎢

⎣

0
0
1

⎤

⎥

⎥

⎦

𝑢,

where x = [𝑠(𝑡), 𝑠̇(𝑡), 𝑠̈(𝑡)]𝑇  and 𝑢 = 𝑠(𝑡). The optimization problem can 
be formulated as follows [55]: 

min
𝑢(⋅)

𝑇𝑓 = ∫

𝑇𝑓

0
1𝑑𝑡 = ∫

𝛥𝑀

0

1
𝑠̇(𝑡)

𝑑𝑠(𝑡), (23)

subject to:
𝑠(0) = 0, 𝑠(𝑇𝑓 ) = 𝛥𝑀,

𝑠̇(0) = 𝑠̇(𝑇𝑓 ) = 0, 𝑠̇ ≥ 0,

𝑠̈(0) = 𝑠̈(𝑇𝑓 ) = 0.

Additional constraints can be imposed on x and 𝑢: 
| 𝑠̇ (𝑡) |≤ 𝑠̇MAX, | 𝑠̈ (𝑡) |≤ 𝑠̈MAX, |𝑠(𝑡)|≤ 𝑠MAX, (24)

or on the robot velocity and acceleration in the task space: 
‖𝜂 ẏ⋆(𝑠(𝑡))‖ ≤ ẏMAX ⇔ ‖ ẏ⋆(𝑠(𝑡))‖ ≤ ẏMAX∕𝜂,
‖𝜂 ÿ⋆(𝑠(𝑡))‖ ≤ ÿMAX ⇔ ‖ ÿ⋆(𝑠(𝑡))‖ ≤ ÿMAX∕𝜂.

(25)

Alternatively, or in addition, constraints in the joint space can be 
considered as well, typically caused by the physical limitations of the 
actuation systems. Let q⋆(𝑠(𝑡)) ∈ R𝑛, with 𝑛 the number of joints, be the 
joint trajectory profiles computed as follows:

q⋆(𝑠(𝑡)) = IK
(

y⋆𝜂 (𝑠(𝑡)),R
⋆(𝑠(𝑡))

)

,

where IK(⋅) is the Inverse Kinematics function of the robot. Function 
y⋆𝜂 (𝑠(𝑡)) is the demonstrated (position) trajectory defined in (14), while 
R⋆(𝑠(𝑡)) is the desired orientation (in the simulation, R⋆(𝑠(𝑡)) is kept 
constant but, in principle, it can also be varied during the demonstra-
tion). Velocity and acceleration constraints in the joint space can be 
expressed as: 
|q̇⋆(𝑠(𝑡))|≤ q̇MAX, |q̈⋆(𝑠(𝑡))|≤ q̈MAX. (26)

 The practical definition of the constraints (26) is obtained by com-
puting the joint configurations q𝑘 from (𝜂y𝛥,𝑘, R𝑘), for 𝑘 = 0,… ,𝑀 , 
using the IK algorithm. Then, the parametric function q⋆(𝑠) is deduced 
by applying the same algorithm used for 𝑦⋆(𝑠) in (10). Finally, the 
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Fig. 5. Schematic of the proposed framework based on Geometric DMP.
Fig. 6. Demonstrated curve used for optimization.

Fig. 7. Phase profiles obtained as a solution of the optimization problem (23) subject 
to constraints (24) and (26).

constraints are defined as a function of the state x = [𝑠(𝑡), 𝑠̇(𝑡), 𝑠̈(𝑡)]𝑇

and of q⋆′(𝑠), q⋆′′(𝑠) which are computed analytically from q⋆(𝑠). 
Therefore, the two inequalities become
−q̇MAX ≤ q⋆′(𝑠(𝑡))𝑠̇(𝑡) ≤ q̇MAX,
−q̈MAX ≤ q⋆′′(𝑠(𝑡))𝑠̇2(𝑡)+q⋆′(𝑠(𝑡))𝑠̈(𝑡) ≤ q̈MAX.

As a 7-DOF robot with a redundant kinematic structure, the inverse 
kinematics is not available analytically and must be computed nu-
merically. This was implemented using the generalizedInverseKinematics
package from MATLAB1; then, the considered optimization problem 
has been implemented using the CasADi optimal solver [56]. The 
reference curve y⋆𝜂 (𝑠) is depicted in Fig.  6, and the robot considered 
in the simulation is the same used in the experimental tests described 
in Section 7, i.e. a Franka Emika Panda robot.

Three different scenarios are considered: (a) the constraints (24), 
generating the timing law 𝑠(𝑡) = 𝛾𝑠(𝑡); (b) the constraints (26), gen-
erating the timing law 𝑠(𝑡) = 𝛾𝑞(𝑡); (c) both the constraints (24) and 
(26), generating the timing law 𝑠(𝑡) = 𝛾𝑞𝑠(𝑡). The obtained results are 
compared in Fig.  7 with the original timing law 𝛾(𝑡). The figure clearly 
shows that the execution time is significantly reduced compared to the 
demonstrated trajectory: 𝛾𝑠(𝑡) and 𝛾𝑞𝑠(𝑡) result in an execution time 𝑇𝑓 =
1.1 s, denoting a reduction of 64.5% with respect to 𝛾(𝑡), while 𝛾 (𝑡)
𝑞

7 
Fig. 8. Normalized results of the optimization problem (23) subject to (a) con-
straints (24) and (b) constraints (26).

results in an execution time of 𝑇𝑓 = 0.6s, denoting a reduction of 80.6% 
with respect to 𝛾(𝑡). Indeed, one can conclude that the constraints (24) 
are more restrictive than (26).

The normalized profiles 𝛾̇𝑠 = 𝛾̇𝑠(𝑡)∕𝑠̇MAX and 𝛾̈𝑠 = 𝛾̈𝑠(𝑡)∕𝑠̈MAX dis-
played in Fig.  8(a) confirm the optimality of the timing law 𝛾𝑠(𝑡), since 
the boundary of at least one constraint in (24) is reached at every 
time instant. The same conclusion can be drawn for the timing law 
𝛾𝑞(𝑡) by referring to Fig.  8(b), presenting the normalized profiles q̇ =
q̇(𝛾𝑞(𝑡))∕q̇MAX and q̈ = q̈(𝛾𝑞(𝑡))∕q̈MAX. In this case, the limiting factors are 
the velocity of joint #7 and the acceleration of joint #3.

5.1. Comparison with other DMPs

To demonstrate the effectiveness of the GDMP framework shown in 
Fig.  5, we applied it to solve the optimization problem (23), focusing on 
the task-space constraints described in (25). To provide a comprehen-
sive evaluation, we compared its performance with several approaches 
from the literature, including the classical DMP [13], Temporal Cou-
pling DMP (TCDMP) [37], the reversible DMP (RDMP) [19], and offline 
optimal DMP (DMP∗𝑃 ) [38]. These methods were applied to the same 
demonstrated trajectory, depicted in black in Fig.  9(a). 
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Fig. 9. Comparison of GDMP with other DMP solutions in addressing the minimum 
time optimization problem. (a) 3D path recordings; (b) 𝑧-axis’ position, velocity and 
acceleration trajectories for each DMP model; (c) final evaluation table.

For what concerns GDMP, the trajectory was processed, and the op-
timization problem (23) was solved under the kinematic constraints (24)
and (25). The optimization yielded an optimal task duration of 𝑇 ⋆

𝑓 =
4.11𝑠. For consistency, the durations of the other methods were scaled 
to match 𝑇 ⋆

𝑓 , enabling a direct comparison of their adherence to the 
constraints and trajectory approximation. 

The classical DMP achieves time scaling by modifying the temporal 
parameter 𝜏, preserving the original curve shape, as shown in purple 
in Fig.  9(a). However, this approach does not inherently account for 
velocity or acceleration constraints, leading to violations of these con-
straints even when the desired task duration is achieved, see Fig.  9(b). 
In contrast, TCDMP leverages temporal coupling to enforce kinematic 
constraints by appropriately adjusting 𝜏. While this ensures that the 
resulting trajectory stays within the constraint boundaries, it fails to 
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meet the optimal duration 𝑇 ⋆, as the coupling mechanism indirectly 
affects task timing. Similarly, the RDMP structure allows addressing the 
optimization problem (23) via 𝑠⋆(𝑡) but fails to achieve 𝑇 ⋆

𝑓 = 4.11𝑠 due 
to its reliance on time-parameterized demonstrations, which encode 
speed variations and pauses.

Finally, DMP∗𝑃  addresses these limitations by directly optimizing the 
weights 𝝎 in (11), ensuring both compliance with the constraints and 
the desired task duration. However, strict kinematic constraints can 
lead to a compromise in the curve approximation, as the optimiza-
tion prioritizes constraint satisfaction over precise interpolation of the 
demonstrated trajectory, which can be observed in Fig.  9(a). 

The limitations of the existing approaches are summarized in the 
table of Fig.  9(c), where the terms ‘‘Trajectory Reproduction’’, ‘‘Con-
straints Satisfaction’’, and ‘‘Optimal Execution (min 𝑇 )’’ indicate the 
ability to reproduce the demonstrated trajectory, satisfy kinematic con-
straints, and achieve the optimal duration 𝑇 ⋆, respectively. While each 
existing DMP solution has specific drawbacks, the proposed GDMP, as 
highlighted in green in Fig.  9(c), successfully fulfills all task require-
ments. 

This success stems from the arc-length parameterization provided 
by the SS algorithm, which decouples the trajectory’s path and velocity 
information. This decoupling allows the velocity profile to be com-
puted independently, ensuring compliance with kinematic constraints 
while maintaining the desired trajectory shape and task duration. Con-
sequently, GDMP offers a robust solution for tasks requiring high 
precision, constraint adherence, and time optimization.

6. Human-in-the-loop geometric DMP

The considered human–robot interaction framework employing
GDMP is schematically depicted in Fig.  10. The phase variable 𝑠(𝑡) is 
determined as 
𝑚 𝑠̈(𝑡) + 𝑏 𝑠̇(𝑡) = 𝐹𝜏 (𝑡) = y⋆′𝜂 (𝑠(𝑡))𝑇 Fℎ(𝑡), (27)

where y⋆𝜂 (𝑠) = Ey⋆(𝑠(𝑡)) is a generalization of (14) to the multidimen-
sional case. Eq.  (27) represents the dynamics of a mass 𝑚 with damping 
coefficient 𝑏, influenced by the external force Fℎ(𝑡) applied to the robot 
end-effector by a human operator. The presence of the scaling factor E
in (27) brings the following two features:
(1) It enables a consistent human–robot interaction, as further discussed 
in the remainder of this section;
(2) It ensures the passivity of the human–robot interaction framework 
in Fig.  10, as proven in Section 6.1.

The force 𝐹𝜏 (𝑡) in (27) denotes the projection of the human force 
vector Fℎ(𝑡) onto the tangential direction of the reference trajectory 
y⋆𝜂 (𝑠) = Ey⋆(𝑠(𝑡)), where y⋆(𝑠(𝑡)) is the parameterized trajectory as 
depicted in the GDMP schematic of Fig.  5. From (21), it follows that 
‖y⋆′𝜂 (𝑠(𝑡))‖ ≠ 0, meaning that the projection in (27) can always be 
successfully computed [11,57]. The fact that, thanks to the spatial 
sampling and the resulting arc-length parameterization, ‖y⋆′𝜂 (𝑠(𝑡))‖ is 
not only non-zero but also constant,2 makes the projection of the 
force along the tangent direction both constant and intuitive, avoiding 
modulation effects that can arise from variations in the magnitude 
of the tangent vector. Naturally, in the case of a time-parameterized 
trajectory—as in [27]—where the tangent vector may have variable 
magnitude, it is possible to normalize it by dividing it by its norm, 
i.e. t = 𝑑y𝑟(𝑡)

𝑑𝑡 ∕‖‖
‖

𝑑y𝑟(𝑡)
𝑑𝑡

‖

‖

‖

. However, this expression becomes undefined 
when ‖‖

‖

𝑑y𝑟(𝑡)
𝑑𝑡

‖

‖

‖

= 0, a situation that can occur not only during unin-
tended stops, but also at the initial and final points of the demonstrated 
trajectory. In [27], to prevent the tangent component of the reference 
velocity from approaching zero, a minimum threshold is enforced.

2 Specifically, ‖y⋆′(𝑠(𝑡))‖ = |𝜂|.
𝜂
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Fig. 10. Human–robot interaction through kinesthetic guidance along the trajectories encoded by GDMP.
𝑆

With reference to the aforementioned feature (1), the inclusion of 
matrix E ensures that the tangential direction remains consistent with 
the current orientation of the new curve. This feature proves valuable 
as it guarantees an accurate projection of the force Fℎ(𝑡) in (27) without 
the necessity of a new DMP parameterization [22,41].

As shown in the framework of Fig.  10, an additional term Fℎ(𝑡) is in-
serted in Eqs. (13) and (15), leading to the following DMP formulation:

ÿ(𝑡) + Aẏ(𝑡) + ABy(𝑡) − ABg =
E
[

ÿ⋆(𝑠(𝑡))+ Aẏ⋆(𝑠(𝑡))+ABy⋆(𝑠(𝑡))−ABg 𝑟
]

+ Fℎ(𝑡),
(28)

where the additional term Fℎ(𝑡) ensures the passivity of the human–
robot interaction framework of Fig.  10, as proven in Section 6.1. The 
motion trajectory y(𝑡) is then fed into a robot manipulator equipped 
with high-gain position control, which essentially implements an ad-
mittance control system for the physical human–robot interaction 
enhanced by a Virtual fixture (VF) [58]. In this setup, the admittance 
model restricts the user’s movement to follow the trajectories defined 
by the GDMP, allowing forward or backward motion. As shown in [58], 
a feasible approach for ensuring a safe human–robot interaction is 
to impose the passivity of the system with respect to the energetic 
port ⟨ẏ𝑚(𝑡), Fℎ(𝑡)⟩ describing the interaction between the human and 
the controlled robot. In case the human behaves passively, this con-
dition ensures the stability of the system composed of the human 
and the robot. As a final remark, it is worth noting that GDMP can 
be employed to implement different control design philosophies, such 
as an impedance-type virtual fixture, in which the user’s input force 
directly influences the robot, while an elastic force constrains its motion 
towards the desired path. This strategy has been adopted in [31], where 
a Dynamical System (DS) is used to encode the motion, and the DS 
phase variable is updated based on the point on the learned trajectory 
that is closest to the robot’s current pose.

Within this framework, the phase variable of the GDMP can be 
efficiently computed using a numerical optimization method, such as 
the Gauss–Newton algorithm, that minimizes the distance between the 
robot’s pose and the reference path [32]. In this context, the fact 
that the first derivative is always non-zero is crucial in ensuring the 
convergence of the numerical optimization problem, while the arc-
length parameterization offers a clear and interpretable representation 
of the progression along the trajectory.

6.1. Passivity analysis

Definition 1.  Let 𝑃𝑇 (𝑡) =
∑𝑛

𝑖=1 𝑃𝑖(𝑡) = u𝑇 (𝑡)z(𝑡) be the total power 
flowing through the 𝑛 energetic ports of a dynamical system, where 
u(𝑡) and z(𝑡) are the input and output vectors. Such a system is said to 
be passive if there exists a non-negative storage function 𝑆(x(𝑡)) of the 
9 
state vector x(𝑡) such that, for any time interval [𝑡0, 𝑡1] and for any 
initial state vector x0, and being x1 the state vector at time 𝑡1, the 
following inequality holds true [59]: 

𝑆(x1) − 𝑆(x0) ≤ ∫

𝑡1

𝑡0
𝑃𝑇 (𝑡) 𝑑𝑡 ↔ 𝑆̇(𝑥(𝑡)) ≤ 𝑃𝑇 (𝑡). (29)

Property 1.  The human–robot interaction framework of Fig.  10 is 
passive with respect to the energetic port ⟨ẏ𝑚(𝑡), Fℎ(𝑡)⟩, where ẏ𝑚(𝑡) is the 
manipulator velocity.

Proof.  Let variables ̃𝒚, ̇̃𝒚 and ̈̃𝒚 be defined as: 
𝒚(𝑡) = y(𝑡) − g − Ey⋆(𝑠(𝑡)) + Eg 𝑟,
̇̃𝒚(𝑡) =

𝑑 𝒚(𝑡)
𝑑𝑡

= ẏ(𝑡) − Eẏ⋆(𝑠(𝑡)),

̈̃𝒚(𝑡) =
𝑑 ̇̃𝒚(𝑡)
𝑑𝑡

= ÿ(𝑡) − Eÿ⋆(𝑠(𝑡)),

(30)

where g and g 𝑟 are the goals of the desired and parameterized demon-
strated trajectories y(𝑡) and y⋆(𝑠(𝑡)), respectively. Using (30),  (28) can 
be rewritten as: 
̈̃𝒚(𝑡) + A ̇̃𝒚(𝑡) + AB𝒚(𝑡) = Fℎ(𝑡), (31)

The following storage function 𝑆(𝒚(𝑡), ̇̃𝒚(𝑡)) for the system in (27) and 
(31) can be considered: 
𝑆(𝒚(𝑡), ̇̃𝒚(𝑡))= 1

2
̇̃𝒚𝑇(𝑡) ̇̃𝒚(𝑡)

⏟⏞⏞⏟⏞⏞⏟
𝐸𝐾1

+1
2
𝒚𝑇(𝑡)AB𝒚(𝑡)

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝐸𝑈

+1
2
𝑚𝑠̇2(𝑡)

⏟⏞⏟⏞⏟
𝐸𝐾2

, (32)

where 𝐸𝐾1
 and 𝐸𝑈  represent the kinetic and potential energies, respec-

tively, stored in the Geometric DMP of Fig.  10, while 𝐸𝐾2
 is the kinetic 

energy of the Phase Calculation block of Fig.  10.  Differentiating the 
storage function 𝑆(𝒚(𝑡), ̇̃𝒚(𝑡)) in (32) with respect to time yields: 
𝑆̇(𝑡) = ̇̃𝒚𝑇(𝑡)

[ ̈̃𝒚(𝑡) + AB𝒚(𝑡)
]

+ 𝑚𝑠̇(𝑡)𝑠̈(𝑡). (33)

Substituting ̈̃𝒚(𝑡) from (31) in (33) yields: 
̇ (𝑡) = ̇̃𝒚𝑇(𝑡)

[

−A ̇̃𝒚(𝑡)−AB𝒚(𝑡)+Fℎ(𝑡)+AB𝒚(𝑡)
]

+
+𝑚𝑠̇(𝑡)𝑠̈(𝑡) .

(34)

Substituting 𝑠̈(𝑡) from (27) in (34) yields: 
𝑆̇(𝑡) =− ̇̃𝒚𝑇 (𝑡)A ̇̃𝒚(𝑡) + ̇̃𝒚𝑇 (𝑡)Fℎ(𝑡)+

− 𝑏𝑠̇2(𝑡) + 𝑠̇(𝑡)y⋆′(𝑠(𝑡))𝑇EFℎ(𝑡) .
(35)

Finally, substituting ̇̃𝒚(𝑡) from (30) in (35) and recalling that
y⋆′(𝑠(𝑡))𝑠̇(𝑡) = ẏ⋆(𝑠(𝑡)) from (12) yields: 
𝑆̇(𝑡) =− ̇̃𝒚𝑇(𝑡)A ̇̃𝒚(𝑡)+

[

ẏ(𝑡) − Eẏ⋆(𝑠(𝑡))
]𝑇 Fℎ(𝑡)+

− 𝑏𝑠̇2(𝑡) + ẏ⋆𝑇(𝑠(𝑡))EFℎ(𝑡),
̇ 𝑇 ̇ 𝑇 2

(36)

=−𝒚 (𝑡)A𝒚(𝑡) + ẏ (𝑡)Fℎ(𝑡) − 𝑏𝑠̇ (𝑡).
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Fig. 11. The considered experimental tests: (a) Internal/External rotation of the 
shoulder, (b) Bi-manual grabbing, (c) Stop at a point.

Considering the power 𝑃𝑇 = ẏ𝑇𝑚(𝑡)Fℎ(𝑡) flowing through the energetic 
port ⟨ẏ𝑚(𝑡), Fℎ(𝑡)⟩ and using (36), the passivity condition (29) is ful-
filled. Indeed, assuming perfect tracking by the robot of the reference 
trajectory generated by the GDMP, i.e. y𝑚(𝑡) = y(𝑡) and consequently 
ẏ𝑚(𝑡) = ẏ(𝑡), the inequality 

− ̇̃𝒚𝑇(𝑡)A ̇̃𝒚(𝑡) + ẏ𝑇(𝑡)Fℎ(𝑡) − 𝑏𝑠̇2(𝑡) ≤ ẏ𝑇𝑚(𝑡)Fℎ(𝑡) (37)

transforms into − ̇̃𝒚𝑇(𝑡)A ̇̃𝒚(𝑡) − 𝑏𝑠̇2(𝑡) ≤ 0, which is always satisfied for 
A > 0 and 𝑏 > 0.

7. Human–robot interaction: Experimental evaluation

This section presents and discusses the experimental tests conducted 
to validate the human–robot interaction framework of Fig.  10. Sec-
tion 7.1 outlines the utilized setup and details the experimental tests 
performed for the tuning of parameters 𝑚 and 𝑏 in (27) through the 
practical stability analysis of Section 7.2. The results have shown the 
emergence of instability phenomena such as vibrations and oscillations 
despite the passivity proof of Section 6.1, where perfect tracking of the 
GDMP trajectory is assumed. This motivates the introduction of the 
stability analysis performed in Section 7.2. Finally, Sections 7.3 and
7.4 address the comparison of GDMP with other DMP solutions with 
reference to an insertion task and a simulated welding task, showing 
the enhanced performance of GDMP 3 .

7.1. Experimental setup

The experimental setup involves the use of a Franka Emika Panda 
robot in the GDMP framework of Fig.  10 for co-manipulation tasks. 
Three distinct experimental tests have been designed as illustrated 
in Fig.  11, requiring the user to manipulate the robot end-effector 
along the desired position trajectory y(𝑡) generated by the GDMP. The 
manipulator position control is developed in the MATLAB/Simulink 
environment. The experiments involved 12 participants of different 
gender, aged between 20 and 60, out of whom only three possessed 
prior expertise in robotics. All the participants provided informed 
consent prior to participation.

In the test of Fig.  11(a), the user is required to perform an internal 
and external rotation of the shoulder in the upright position. In the 
test of Fig.  11(b), the user is required to lead the end-effector from 
the initial to the goal position using a bi-manual grabbing in a seated 
position. Finally, in the experiment of Fig.  11(c), the user is required 
to move the end-effector from the initial position to a given point 
located along the demonstrated trajectory. For each task, an expert user 
demonstrated the reference position trajectory y𝑟(𝑡) through kinesthetic 
guidance. The parameterized position trajectory y⋆(𝑠(𝑡)) has then been 
generated as depicted in Fig.  5.

3 The video can be found at: https://youtu.be/t2qeiCsfRZE
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Fig. 12. Trend of (a) external force application angle cos(𝜃)𝑅𝑀𝑆 and (b) peak-to-peak 
oscillations 𝑠̇𝑅𝑀𝑆𝐷 on the phase velocity.

7.2. Parameters tuning through practical stability analysis

In the GDMP of  (15), the parameters 𝛼𝑥 = 𝛼𝑦 = 𝛼𝑧 = 40 and 𝛽𝑥 =
𝛽𝑦 = 𝛽𝑧 = 10 have been assigned to the matrices A and B, in order to 
ensure a sufficiently high stiffness in (31) guaranteeing y(𝑡) ≈ y⋆(𝑠(𝑡)). 
The choice of 𝑚 and 𝑏 in  (27) is pivotal in practical applications. In 
order to extract first-attempt values for 𝑚 and 𝑏, the Franka Emika 
Panda specifications have been considered: ẏMAX = 1.7 m/s, ÿMAX =
13.0 m/s2 and a maximum payload of 3 kg, which implies a force limit 
of 𝐹MAX = 30 N. Under the nominal condition E = I3 and recalling 
(21), it follows that ‖ẏ⋆(𝑠(𝑡))‖ = |𝑠̇(𝑡)| and, if the curvature is negligible, 
‖ÿ⋆(𝑠(𝑡))‖ ≈ |𝑠̈(𝑡)| from (12). Consequently, the following specifications 
can be derived: 

𝑠̇MAX = 1.7 m/s  and 𝑠̈MAX = 13.0 m/s2. (38)

When the velocity 𝑠̇(𝑡) is sufficiently low, the following values of 𝑚 and 
𝑏 can be determined from  (27) and (38): 

𝑚 =
𝐹MAX
𝑠̈MAX

≈ 2 kg and 𝑏 = 𝐹MAX

𝑠̇MAX
≈ 17 Ns/m. (39)

Starting from (39), the following ranges have been experimentally 
investigated: 

𝑚 = [0.2, 4] kg  and 𝑏 = [1.7, 34] N s/m. (40)

 The three tests in Fig.  11 have been executed by each user for 60 s using 
𝑚 and 𝑏 in (40). The results of the tests of Fig.  11(a) and Fig.  11(b) are 
shown in Fig.  12. The metric in Fig.  12(a) is defined as follows:

cos(𝜃)𝑅𝑀𝑆 =rms
(

cos (𝜃(𝑡))
)

, with cos(𝜃(𝑡))=
𝐹𝜏 (𝑡) ,
‖Fℎ(𝑡)‖
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Fig. 13. (a) Phase variable 𝑠(𝑡) and (b) power 𝑃𝜏 (𝑡) = 𝐹𝜏 (𝑡)𝑠̇(𝑡) exchanged between 
human and the robot.

Fig. 14. Linearized Human–robot interaction framework through kinesthetic guidance.

giving the normalized effort that the user has to make in order to move 
along the desired trajectory. The metric in Fig.  12(b) is defined as 
follows: 
𝑠̇𝑅𝑀𝑆𝐷 = rms

(

𝑠̇(𝑡) − 𝑠̇(𝑡)AVG
)

,

where 𝑠̇(𝑡)AVG is the moving average of the function 𝑠̇(𝑡). This metric quantifies the average magnitude of the oscillations affecting the phase 
velocity 𝑠̇(𝑡). The surface plot of Fig.  12(a) suggests that, as parameters 
𝑚 and 𝑏 decrease, the user effort required to execute the task results to 
be lower as expected. However, as shown in Fig.  12(b), this also leads 
to higher oscillations affecting the phase velocity 𝑠̇(𝑡), which may cause 
the robot to stop because of violation of the safe limit constraints. These 
oscillations are also evident in Fig.  13, showing the results of the test 
in Fig.  11(c). Consequently, for lower values of 𝑚 and 𝑏 falling within 
the yellow peak in Fig.  12(b), the user’s attempt to counteract the robot 
oscillations results in a larger recorded power 𝑃𝜏 (𝑡).

This oscillating behavior can be explained using the following prac-
tical stability analysis on the system of Fig.  10 based on the Lyapunov’s 
indirect method [60]. Although the robot is typically assumed to per-
fectly track the desired reference, the bandwidth of the position control 
(Fig.  10) is finite in practical applications. To account for this, a finite 
delay 𝑡0 between the robot position y𝑚(𝑡) and the desired reference 
y(𝑡) has been introduced. Although providing an accurate description of 
the human is non-trivial [61], the following simplified spring-damper 
model exhibiting isotropic behavior across all spatial directions is 
employed in this work:
Fℎ = 𝐺ℎ(𝑠𝑙) I3 ẏ𝑚, where 𝐺ℎ(𝑠𝑙) =

𝐵ℎ𝑠𝑙+𝐾ℎ
𝑠𝑙

and where 𝑠𝑙 is the Laplace complex variable. Assuming that the GDMP 
behaves as an ideal trajectory generator, i.e. y(𝑡) ≈ y⋆(𝑠(𝑡)), and 
linearizing the system of Fig.  10 around the equilibrium point (𝑠𝑒, 𝑠̇𝑒) =
(𝑠̄, 0), where ̄𝑠 represents the stop position, the scheme illustrated in Fig. 
14 can be derived, which is characterized by the following input–output 
transfer function: 

𝐼𝑂(𝑠𝑙)=
𝐺𝐿𝐺 (𝑠𝑙)

1+𝐺𝐿𝐺 (𝑠𝑙 )
, where 𝐺𝐿𝐺(𝑠𝑙)=

𝐺ℎ(𝑠𝑙 )𝑒−𝑡0𝑠𝑙
𝑚𝑠𝑙+𝑏

(41)

is the loop-gain function of the system. The qualitative Nyquist diagram 
of 𝐺 (𝑠 ) is shown in Fig.  15. The Nyquist criterion states that the 
𝐿𝐺 𝑙
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Fig. 15. Nyquist diagram of the loop-gain function 𝐺𝐿𝐺(𝑠𝑙) without (a) and with (b) 
finite delay 𝑡0.

Fig. 16. Phase margin 𝑀𝜑 of the loop-gain function 𝐺𝐿𝐺(𝑠𝑙) as a function of 𝑚, 𝑏 for 
different values of the delay 𝑡0: 𝑡0= 0 s (a), 𝑡0= 0.01 s (b), and 𝑡0= 0.02 s (c).

closed-loop system is asymptotically stable as long as the Nyquist 
contour of 𝐺𝐿𝐺(𝑠𝑙) does not touch or encircle the critical point −1 +
𝑗0 [62]. Based on this, Fig.  15 clearly shows that a large delay 𝑡0
can lead to an unstable system. The stability margin 𝑀𝜑 [62] of the 
closed-loop human–robot interaction framework is shown in Fig.  16. 
Fig.  16(a) shows that 𝑀𝜑 > 0 is verified ∀𝑚, 𝑏 when 𝑡0 = 0, proving the 
system stability as predicted in the passivity proof of Section 6.1. As 
𝑡0 increases, Fig.  16(b) and Fig.  16(c) show that the system becomes 
unstable for small values of 𝑚 and 𝑏 because 𝑀𝜑 < 0. This well 
agrees with the oscillations affecting the phase variable 𝑠(𝑡) in the 
experimental results of Fig.  12(b) and Fig.  13. It can be concluded 
that the parameters 𝑚 and 𝑏 in the phase calculation Eq. (27) play an 
important role in determining the effort perceived by the user when 
moving along the desired trajectory, and they need to be sufficiently 
large in order ensure the stability of the considered human-in-the-loop 
system.

7.3. Insertion task

To further evaluate the GDMP architecture in Fig.  5, a further co-
manipulation task was conducted using 𝑚 = 2 and 𝑏 = 17 for robustness, 
as discussed previously. The task involved the guidance of the end-
effector handle in order to insert its tip into one of the four holes in 
the red box shown in Fig.  17. 

The insertion task was initially demonstrated via kinesthetic guid-
ance. Starting from the position in Fig.  17(a), the robot was guided 
above the target hole (Fig.  17(c)), paused for few seconds, and then 
moved into the hole to complete the task (Fig.  17(d)- 17(e)). During 
the execution, the goal position of the DMP architecture was varied in 
order to select each of the four holes of the box. The GDMP architecture 
was compared with three other DMP methodologies: reversible DMP 
(RDMP) [19], speed-scaled DMP (SSDMP) [63], and arc-length DMP 
(ALDMP) [53]. Each approach was tested three times for all four holes 
of the box, and the results are presented in Fig.  18 and Fig.  19.

Fig.  18 shows the 3D plots of the task execution for each DMP 
architecture. The position trajectories are color-coded based on the 
magnitude of the measured force norm ‖Fℎ‖ during the execution, 
where the force data have been acquired using a Schunk FT-AXIA 
force/torque sensor. To allow the comparison across the different DMP 
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Fig. 17. Snapshots of the insertion task. During the demonstration by kinesthetic teaching, the user moves horizontally the robot over the target hole from its start position 
(Fig.  17(a)- 17(b)), then the user stops for few seconds (Fig.  17(c)) and moves vertically the end-effector tip towards the hole in the red box to complete the insertion task (Fig. 
17(d)- 17(e)).
Fig. 18. Plots of the recorded trajectories when varying the goal position. Each position trajectory has been reported with varying color, which encodes the measured force norm 

‖Fℎ‖ normalized to the maximum measured component inside the same experimental trial.

methods, all executions were normalized to their maximum measured 
force. A colorbar for the force magnitude is provided in Fig.  18(e).

For what concerns the RDMP case shown in Fig.  18(a), a high force 
demand is evident due to the lack of arc-length parameterization, which 
prevents proper tangential projection of the forces along the trajectory. 
This issue becomes critical near the stopping interval recorded dur-
ing the demonstration, where the tangential component is undefined, 
making it impossible for the user to complete the insertion task. In 
the SSDMP case shown in Fig.  18(b), although a higher force demand 
is observed, the user successfully completes the task. This is because 
the SSDMP autonomously progresses its phase, actively guiding the 
user. However, the tests have shown that the SSDMP’s phase velocity 
adjustment based on the user’s feedback lacks reactivity, leading to 
difficulty switching between active and passive guidance, and resulting 
in a higher force demands during the execution. 

Significantly lower force measurements are observed for the ALDMP 
case shown in Fig.  18(c). This is because the arc-length parameteriza-
tion used by ALDMP allows a consistent computation of the tangential 
component of the desired curve at each instant, ensuring the correct 
projection of the measured force F . However, the color code shows 
ℎ
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frequent force variations, as the ALDMP algorithm does not maintain 
a constant tangential norm, unlike the proposed SS algorithm. In the 
GDMP case shown in Fig.  18(d), the SS algorithm ensures that the 
tangential component of the geometric curve has unitary norm, as 
guaranteed by the filtering action obtained in property (21) which 
ensures the regularity of the curve. This results in consistent projection 
of Fℎ throughout the task through (27), reducing the user’s effort when 
moving the robot, as evident from the trajectory color code.

The task execution is further analyzed in the results of Fig.  19. 
The statistical results are reported in Fig.  19(a) based on: (i) the norm 
of the displacement error ‖e‖, where e(𝑡) = y(𝑡) − y𝑚(𝑡); and (ii) 
the difference ‖Fℎ‖ − |𝐹𝜏 |, representing the force used to keep the 
end-effector near the trajectory y provided by the DMP solution. The 
proposed GDMP achieves more accurate position tracking, as shown 
in Fig.  18, thanks to its more effortless guidance compared to other 
DMP methods. Additionally, the lower difference ‖Fℎ‖− |𝐹𝜏 | indicates 
that, like ALDMP, the GDMP provides more intuitive guidance. This is 
because a greater portion of the applied force is projected tangentially 
to the curve, making the robot guidance easier to follow. 
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Fig. 19. Comparison of GDMP with other DMP solutions in addressing the insertion 
task. (a) Obtained results in term of average norm of the error displacement ‖e‖, 
representing the spatial accuracy, and the average norm of the non-tangential force 
component ‖Fℎ‖ − |𝐹𝜏 |, which reflects the undesired forces orthogonal to the task 
direction. (b) Final evaluation table.

The limitations of the analyzed DMP approaches when compared 
with GDMP are summarized in the table in Fig.  19(b), where ‘‘Re-
versibility’’, ‘‘Insertion Task Completion’’, and ‘‘Managing Pausing In-
tervals’’ refer to the DMP’s ability to be reversible, complete the in-
sertion task, and handle pausing intervals recorded during the demon-
stration, respectively. The RDMP fails to accomplish the task due to 
its reliance on time parameterization, which prevents it from man-
aging pausing intervals. The SSDMP and ALDMP lack reversibility, 
making them unsuitable for co-manipulation tasks. While the SSDMP 
can handle pausing intervals by actively guiding the user and resuming 
movement after the pause, its execution remains time-dependent on 
the demonstration, posing limitations. In contrast, the proposed GDMP 
satisfies all the requirements, demonstrating its enhanced performance 
over the other approaches. 

7.4. User experience in a welding co-manipulation task

With this final experiment, we aim to evaluate the impact of adopt-
ing the GDMP framework in a co-manipulation task, directly from the 
user’s point of view. The considered task simulates the welding of a 
mechanical part, performed with robotic guidance. For this purpose, 
the same handle used in the previous section was employed to mimic 
a welding tool. The participants were asked to trace a designated 
welding path across four different sections of a metal plate, as shown 
in Fig.  20(a). Even in this case, the task was initially demonstrated via 
kinesthetic guidance. 

A total of 10 participants were involved in the study. Each partici-
pant received verbal instructions and performed the task in a one-shot 
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Fig. 20. Welding task. (a) An illustration of the target task. (b) User-experience results. 
The first and second row report the results from the NASA-TLX questionnaire, while 
the third row reports the measurements of the error and force norm.

trial, without prior training. The task was executed under three dif-
ferent robot control conditions: gravity compensation (GC), Classical 
DMP, and GDMP. Quantitative measurements were recorded, including 
displacement error (‖e‖) and force norm (‖F‖). In addition to the 
quantitative data, the participants completed a NASA Task Load Index 
questionnaire [64], rating the following aspects on a scale from 0 to 9:

• Physical demand: How physically demanding was the task?
• Performance: How successful were you in accomplishing the 
task?

• Effort: How hard did you have to work to achieve your perfor-
mance level?

• Frustration: How insecure, discouraged, irritated, stressed, or 
annoyed did you feel?

All participants provided informed consent according to the institu-
tional policies. 

The results are summarized in Fig.  20(b). Among the three modes, 
DMP yielded the poorest performance. In this configuration, partici-
pants frequently triggered safety threshold violations due to excessive 
applied force, which caused the robot to stop. This behavior was 
likely caused by speed variations in the task demonstration, where 
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users unintentionally applied excessive force while the DMP controller 
operated more slowly, as it is constrained to the learned phase profile. 
Consequently, users were often unable to complete the task, leading to 
a negative experience. 

In contrast, the GC and GDMP modes yielded similar results in 
terms of user experience, with GC being perceived slightly more fa-
vorably. This outcome may be attributed to the one-shot nature of 
the experiment, where participants had no prior training. In the GC 
condition, the robot is fully compliant, which facilitates task execution 
for inexperienced users. However, robot guidance, as employed in the 
GDMP mode, significantly improved the task performance, as indicated 
in the final row of Fig.  20(b). Significantly lower values of ‖e‖ and ‖F‖
in the GDMP case indicate much better accuracy and reduced effort 
compared to GC, where users must exert more force in the absence of 
guidance.

8. Discussion

A key feature of GDMP is the use of arc-length parameterization of 
the learned trajectory. While this concept is not novel [53], we have 
significantly enhanced its application through the proposed Spatial 
Sampling (SS) algorithm. It is important to emphasize that SS, despite 
its simple and intuitive formulation, ensures consistency and strong 
guarantees in terms of curve regularity. Moreover, it is capable of 
handling pause intervals within demonstrated trajectories, which was 
not solved before. This feature has proven particularly valuable in co-
manipulation tasks, where maintaining the regularity of the trajectory 
is essential to ensure consistent external force projection along the 
desired path. Such consistency directly affects task execution and user 
performance.

The GDMP framework was initially validated in a simulated en-
vironment (Section 5), where we computed the optimal profile of 
the phase variable to minimize task duration, subject to joint and 
workspace constraints on velocity and acceleration. The resulting phase 
profile serves as input to the forcing term, enabling fast task execution 
while respecting these constraints. Although the current implementa-
tion operates offline, limiting adaptability to real-time changes in start 
and goal positions, it outperformed other DMP variants in the literature, 
showing promising results.

Unlike related approaches, GDMP was then extensively validated 
across five co-manipulation tasks, demonstrating adaptability to vary-
ing task requirements. By designing a custom phase law (Eq. (27)), 
we analyzed the influence of parameters 𝑚 and 𝑏 on task execution, 
allowing real-time modulation by the user. As discussed in Section 7, 
although the GDMP is theoretically passive, modeling assumptions 
can introduce approximation errors that may compromise stability. 
This limitation was qualitatively observed across different users and 
(𝑚, 𝑏) parameter combinations in the first three exercises. To address 
this, we defined a practical procedure to tune these parameters for 
ensuring stability and passivity in human-in-the-loop settings. This 
tuning process offers a valuable tool for embedding safety and stability, 
critical but non-trivial aspects in human–robot collaboration due to user 
unpredictability. 

Finally, GDMP was tested in two real-world tasks to evaluate its per-
formance: one quantitative (insertion) and one qualitative (welding). 
On one hand, in the insertion task GDMP demonstrated consistent user 
force projection along the path constraint, showcasing the benefits of 
the SS algorithm. Although GDMP outperformed baseline methods, the 
end-effector’s orientation was fixed, and future work should explore 
whether force consistency is preserved under varying orientations. On 
the other hand, the welding task emphasized user perception. De-
spite lower objective performance, the gravity compensation mode was 
initially preferred by users as it felt less frustrating and cognitively de-
manding. This outcome, although counterintuitive given the purposes 
of virtual constraints [65], likely reflects users’ initial reluctance to 
accept guidance. However, the robot guidance of GDMP significantly 
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improved the task performance, since significantly lower values of 
tracking error and user force norm were measured. While beyond this 
paper’s scope, extended user studies could assess how task load indices 
evolve with increased training, potentially improving user confidence 
and familiarity with the co-manipulation framework. 

9. Conclusions

The Canonical System of the DMP controls the evolution of phase 
variable, and thus of the forcing term, shaping the attractor landscape 
for the desired output dynamics. While standard DMP ensure time 
modulation, no unified framework exists in the literature to compactly 
handle multiple phase profiles without significantly altering the DMP 
formulation. The study proposed in this paper introduces a new concept 
called Geometric Dynamic Movement Primitives (GDMP), thanks to 
which the phase variable can be freely chosen depending on the desired 
application. The concept of GDMP is based on the proposed spatial 
sampling algorithm, which decouples the demonstrated curve from its 
timing law thus allowing to generate an arc-length parameterized ge-
ometric path. The proposed spatial sampling algorithm guarantees the 
parameterized curves to always be regular, thus ensuring a consistent 
projection of the human force throughout the task in a human-in-the-
loop scenario. The effectiveness of the GDMP has been demonstrated 
through two main applications. The first one is an offline optimization 
problem for minimum task duration, subject to velocity and acceler-
ation constraints, which has highlighted the GDMP’s superiority over 
previous DMP solutions thanks to the separation of path and velocity. 
The second application of GDMP is human-in-the-loop involving differ-
ent co-manipulation tasks. For this application, an analytical passivity 
analysis and an analytical/experimental stability analysis have been 
carried out. Finally, the proposed human-in-the-loop architecture is 
further validated with reference to an insertion task and a simulated 
welding task, where GDMP is experimentally compared against other 
DMP solutions and is shown to consistently outperform them.

 Nomenclature
 g goal position  
 y𝑟(𝑡), ẏ𝑟(𝑡), ÿ𝑟(𝑡) demonstrated trajectories  
 𝑇𝑓 task duration  
 𝑇 sampling-time  
 f (𝑠(𝑡)) forcing term  
 f ⋆(𝑠(𝑡)) parameterized forcing term  
 𝑠(𝑡) phase variable  
 y⋆(𝑡), ẏ⋆(𝑡), ÿ⋆(𝑡) parameterized task trajectories  
 y(𝑡), ẏ(𝑡), ÿ(𝑡) GDMP trajectories  
 𝛼∕A friction coefficient/matrix  
 𝛼𝛽∕AB spring stiffness/matrix  
 𝜂∕E scaling coefficient/matrix  
 q⋆(𝑡), q̇⋆(𝑡), q̈⋆(𝑡) parameterized joint trajectories 
 y𝑚(𝑡), ẏ𝑚(𝑡), ÿ𝑚(𝑡) actual robot trajectories  
 Y 𝑇 input samples matrix  
 t𝑇 time vector associated with Y 𝑇  
 y𝐿(𝑡) linearly interpolated trajectory  
 𝛥 spatial sampling interval  
 y𝛥,𝑘(s𝑘) spatially-sampled trajectory  
 s𝑘 phase vector  
 t𝛥 time vector associated with s𝑘  
 Y 𝛥,𝑘 output samples matrix  
 𝛥𝑀 length of y𝑟(𝑡)  
 𝑚 mass parameter  
 𝑏 damping parameter  
 Fℎ(𝑡) applied user force vector  
 𝐹𝜏 (𝑡) user tangential force  

 𝑠𝑙 Laplace complex variable  
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