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In this paper, 3D—2D-dimensional reduction for hyperelastic thin films modeled through
energies with point-dependent growth, assuming that the sample is clamped on the
lateral boundary, is performed in the framework of I'-convergence. Integral representa-
tion results, with a more regular Lagrangian related to the original energy density, are
provided for the lower dimensional limiting energy, in different contexts.
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1. Introduction

In solid mechanics, the equilibrium state of a body can be described by an energy
minimization problem, over a suitable class of fields, of an integral functional of
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the type

/Qf(:z:,Vv(:z:))d:z:,

where  C RY is a bounded open set, v is the deformation or the displacement,
defined in a suitable function space X (Q; RY), e.g. W51 (;RY), and f : QxRN —
R, the hyperelastic energy density, is assumed to be a Carathéodory function sat-
isfying suitable growth conditions.

In many applications, for instance dealing with multiphase materials, fine het-
erogeneities, shape optimization, thin structures, phase transitions, etc., other
parameters may come into play and the equilibrium configurations arise as solutions

of the following e-parametrized problems

. . 1
min  F.(v):= min -
vEX. (0 3R4) vEX. (QoRY) €

/Q fe)(x, Vou(z))de, (1.1)

where {€2.} may represent an e-dependent family of bounded open subsets in RY,
Xe(Q:;RY) is a suitable functional space, possible encoding the anisotropy of the
model, expressed through a point-dependent integrability condition on the deforma-
tion gradients, and f(e) : Q. x RN — R. Hence, one is interested in determining,
as € — 0T, the asymptotic behavior of such configurations.

Two main types of questions are addressed in this paper, one dealing with
the detection of sufficient conditions on X, (2.;R%), that, under special structure
conditions on f(g), ensure existence of solutions of the problem (L) in the case
N = d = 3, when the set . is a thin domain of the form

Q.= w x (—g/2,¢/2), (1.2)

with w C R? a bounded, connected, open set with Lipschitz boundary, the other one
concerning the asymptotic behavior of problems (ITI]), under more general assump-
tions on f(g). In the latter case, by means of a suitable variational convergence,
we derive a limit problem defined on w with a structure analogous to the original
one, which admits solutions. This approach rigorously justifies the fact that, in the
applications, when dealing with very thin structures, it is convenient to work with a
lower dimensional model. We refer to the pioneering papers® 48 where this approach
has been formally applied with the use of I'-convergence, in the hyperelastic set-
ting for strings and membranes, within the classical functional setting of Sobolev
spaces.

The main novelty of this manuscript is that every energy density f(e) depends
on the parameter ¢ also through its growth which involves a so-called variable growth
exponent p. = p(x) or better, a family of variable growth exponents converging
to a fixed one in some suitable topology. This leads to nontrivial mathematical
questions, because it appears to be a challenging idea to control the dependence of
the parameter € both in the set and in the energy density.
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In this context, when N = d = 3 it is convenient to rephrase the problem (1)
on a fixed domain

Q=0 =wx (-1/2,1/2), (1.3)

through a re-scaling in the transverse direction s, thus obtaining the equivalent
minimization problem
i F. = i \% d 1.4
e Sty T e Jo P20 VD -
where f., X.(Q;R?), and u have been obtained by f(¢), X.(€2:;R?) and v, respec-
tively, via the change of variables which maps 3 from (—¢/2,¢/2) into (—1/2,1/2).
In the first case, we consider p. : Q@ — (1, +00), X.(w;R3) = WHP<()(Q: R?) and
fo 1 Q x R3*3 — R of the following type:

fo(@, &) =W (@ ) or fo(x,€) == ac ()W (g),

with suitable functions W;, i € {1,2} and a. (which are made precise in the sequel).
In particular, we provide lower semicontinuity with respect to the (strong L x L)
joint convergence of the sequences {p.} C L>(Q; (1, +00)) and {u.} C WH(Q;R?)
(see Theorems [[T] and [[2).

In the second case, we deal with the very dimensional reduction problem where
the function f. in (I4), representing the hyperelastic energy density of a 3D thin
structure, is of the form

0.9 i= £ ((0sem0,p2(0). 00 0 ), (15)
for every
T = (2q,23) €Q, &= (£,&3) €ERP3 a=1,2.
Here, p. plays the role of a variable exponent defined in €2, i.e.

pe(x) = pe(xa, x3) = p(Ta,cxs3), (1.6)

for £3-a.e. x € Q, and the re-scaled variable (£, £&3) € R®*3 appears to take into
account the scaling of the gradient Vv = (V,v, V3v) after the change of variable
which maps it in the scaled deformation gradient of u in ([L4)), cf. Sec. H for precise
definition.

Dimensional reduction problems of the type ([LI) have attracted much atten-
tion in the past decades due to the many applications in engineering, materials
science, conductors, micromagnetics, chemistry and biology. Indeed, a wide litera-
ture has been developed to rigorously deduce a simplified formulation, in a lower
dimensional setting via a variational approach: we refer to Refs. 2l and 35! for micro-
magnetic and ferromagnetic materials® 23 for brittle materials®™ in the case of
materials which allow for fracture and plastic behavior2® 43 in the case of mag-
netoelasticity 30 B1 33 341 361 381 4O £ the case of hyperelastic multistructures22 to
model delamination2259 to detect bending effect, in particular, in shells as in
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Ref. 39, or Refs. [7, 12 and [11] to describe thin structures made by heterogeneous
materials with fine distribution, also in the discrete setting. Besides the above far
from exhaustive bibliography, it is worth to point out that particular minimum
problems like the one in (4] appear also in the modeling of conductors to detect
the dielectric breakdown, see e.g. Ref.[8 or in the context of damaging and optimal
design (cf. in Refs. 12} [16] and [42)). It is worth pointing out that it has been analyzed
the case of multicomponent materials which exhibit a very different behavior from
one point to another, and imposing a perimeter penalization among the interfaces
of the components, see Refs. [ and [10; however, at the best of our knowledge, it has
been always considered the case where the energetic pointwise-dependent behav-
ior has a rough change from one point to another of the sample. The case where
the position-dependent energetic behavior is suitably continuous has not yet been
considered. This is indeed one of the topics of this paper, in the pure hyperelastic
setting, neglecting damage or shape optimization. Indeed, despite the last men-
tioned results, the regularity of the energetic point-dependent behavior allows us
to obtain an explicit representation of the limiting problems in any dimensional
reduction setting.

We aim now to present the main results of the paper. To this purpose, referring
to Ref. 23] for a comprehensive treatment of the topic, we recall that a (Lebesgue)
measurable function p : Q — [1,+00], playing the role of an exponent, is called
a variable exponent and we denote by P(Q) the class of variable exponents on (2.
Moreover, Pp(£2) and P 8(f2) are the subsets of P(2) whose elements satisfy the
boundedness condition

1<p = essﬂinfp(x) <esssupp(z) = pt < +oo, (1.7)
Q

and the so-called log-Hélder continuity property:

Fv>0:|p(x) —ply)| < g

1

<———— foreveryz,y €Q, 0< |z —y| < =,
o

|log|z — y| 2

(1.8)

respectively. Finally, we set P,°5(Q) := P°%(Q) N Py(Q2) (according to Definitions
211 and 23)). Condition (L) has been first introduced by Zhikov in Ref. 51} the
failure of this condition is a possible cause of discontinuity of minimizers, while, by
assuming it, it is possible to prove higher integrability of minimizers, which is the
first step towards further regularity. From that moment onwards, a large number
of papers devoted to the mathematical analysis of energy functionals involving
variable exponents appeared in several and different directions, motivated by the
fact that such types of energies describe models (also nonvariational) coming from
Mathematical Physics that are built using a variable growth exponent. For instance,
we refer to the recent contribution® where this theory is employed in the study of
elastic problems 21 #8 where the variable exponent growth condition is considered in
the framework of free discontinuity problems, i.e. for materials allowing for fractures
and damage3? where a variable exponent model for image restoration has been
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studied, from the existence point of view and the I'-convergence one, in the case
that the exponent attains the critical value one2Z where power-law approximation
of supremal functionals has been studied once more by means of the I'-convergence
tool.

In order to state our main results for the first class of problems, we recall that
a Borel measurable function g : R~ — R is said quasiconvex if

a(6) < /Q 9(E + Vop(e)) de

holds, for every ¢ € RN and for every ¢ € Wol’OO(Q;]Rd), where @ :=
(=1/2,1/2)N and W, ®(Q;RY) = Whoo(Q;RY) N W, (Q;RY) (we recall that
a finite valued quasiconvex function is locally Lipschitz, hence, continuous and
locally bounded; thus the class of test functions can be replaced by C°(Q;R?) or
C3(Q;RY), as in Ref. [46). We note that the quasiconvexity appears naturally in
the relaxation processes (see Refs. and [49)). Moreover, the quasiconvex setting
covers the polyconvex case, since any polyconvex function is also quasiconvex (cf.
Ref. [18)).

We are in a position to state the following lower semicontinuity results. We
stress that the L°°-convergence on the variable exponents is a natural assumption
in this context. Indeed, such uniformly converging sequences as in Theorems [ Iland
can arise by means of a change of variables as in (L)) from a single exponent

p satisfying a uniform log-Hélder continuity assumption (see the comment after
Theorem [L3]).

Theorem 1.1. Let Q C RY be an open set. Let W : Q x RN — [0, +00) be a
function such that

— W(,€) is LN(Q)-measurable for every & € RN,
— W(a,") is quasiconver for LN -a.e. x € ;
— there exists Cy > 0 such that

Wiz, &) < Co(|€] +1)  for LY —a.e. 2 € Q, for every € € RN, (1.9)
Let po € L(Q) such that py € P5(A) for every open A CC Q. Let {py} C L=(Q)

and {vi} C WHL(Q;R?) such that py — po in L=() and vy — v in L'(Q,RY) as
k — +oo. If {v,} satisfies

sup/ |V ()P da < +o0, (1.10)
keN Jo

then

ve WPO(RY),  |Vu| € LPO(Q), (1.11)
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and

/ WPo@) (2 Voy(z))de < liminf [ WP (z, Vo, (x))dz.
Taking into account, Theorem 4.12 of Ref. 46| the previous lower semicontinuity
theorem can be extended (essentially with the same proof) to functionals of the
form

F(u,p) = wrz) (x,u(x), Vu(z))dz,
Q
when W is a Carathéodory integrand, quasiconvex with respect to the gradient
variable, replacing assumption (9] by the mild condition

W(z,u,€) < Colu| + €]+ 1) for LN-a.e. z € Q, for every (u,§) € R? x RN,

Theorem 1.2. Let @ C RY be an open set. Let W : RN — [0, +00) be a
quasiconvex function. Assume that there exists a constant Cy > 0 such that

W) < Co(l€] +1) for every € € RN, (1.12)

Let po, {pr}, v and {vi} be as in Theorem [Tl Let ag € L>°(QY) be such that
ag > 0 LN-a.e. in Q and assume that a — ag in L>(Q) as k — +o0. Then, v

satisfies (LI and

/ ao(z)WP@ (Vo(z))dz < liminf / ax (2)WP ) (Vo (z))da.
Q k—+oo Jo

In Sec. Bl with the aim of proving Theorems [[[1] and [[L2 we consider either
convex or quasiconvex energies. The first choice was made with the aim of deducing
information on the limiting fields of weakly convergent sequences {vy} when vy €
Whpe() e we have in mind the case of modular-type energies. Concerning the
lower semicontinuity results, we underline that, when W(z, -) is convex, we can drop
the regularity assumption on pq, i.e. pg € Plljog (©) (thanks to the celebrated lower
semicontinuity result obtained by De Giorgi and Ioffe). Moreover, we note that
assumption (LI0) can be dropped when the energy density W satisfies a suitable
coercivity assumption, see Remark B.4)(2).

The asymptotic analysis (via I-convergence) as € — 07 of the functionals
appearing in ([4)), in the 3D-2D-dimensional reduction hyperelastic setting, besides
our study can be carried out analogously for any nD-mD dimension reduction,
(m < n,m,n € N). With this aim, here and in the sequel, we consider Q. and
Q as in ([[2) and (3], respectively. The standard scaling argument in the x3
direction introduced above, allows us to rephrase the problem in the fixed domain
Q, setting v(z) = v(Ta,x3) = u(xa,ex3), and taking p. as in (LH). Moreover,
assuming that the sample is clamped on its lateral boundary, we can make pre-
cise the functional space X.(2) appearing in (I4). Indeed, denoting the lateral
boundary of by 91, := dw x (—1/2,1/2), the functional space X.(2;R?) can be
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specialized as
WLLPE(')<Q;R3) — W()1,7g;§2<Q5R3) N VVLPE(')(Q;RB)7

where, according to Definition [2Z3] WOI,’gJQ (€2;R?) is the closure in W1? () of the
subspace

{v e WhP (R3R?) : v(x) = 0 in a neighborhood of 9,0}

Consequently, the functional F. : LY(Q;R3) — [0,400] in ([[4) can be
rewritten as

1 .
/ f <xa,ex3,pe(x>,vau<x>, —vgu(w) de if ue WpPO(;R3),
Fo(u) = ¢ Ja €
+00 otherwise in L1 (;R3),

(1.13)

where the function f., appearing in (I4]), is now defined by ([CH) and p. repre-
sents the growth condition of f. according to the re-scaling (LG). In the following
theorems, we aim to represent the I-limit of the family {F.} (with respect to the
L'-convergence of the deformation fields u.) under a suitable convergence assump-
tion of p..

First, we consider the case when f = f(za,y,¢,£) is a function defined on
wx (=1/2,1/2) x [1,+00) x R3*3, convex in the gradient variable ¢ and depending
on the variable ¢ (which assumes the value p.(x)).

The first result in the dimension reduction framework is the following.

Theorem 1.3. Let w C R? be a bounded, connected, open set with Lipschitz bound-
ary. Let f:wx (—=1/2,1/2) x [1,4+00) x R3*3 — [0, +00) be a function such that

— f(xa, -, -) is continuous for L2-a.e. v, € w;

— f(,y,q,&) is measurable for every (y,q,€) € (=1/2,1/2) x [1,400) x R3*3;

— f(xa,y,q,°) is convex for L2-a.e. T, € w and for every (y,q) € (—1/2,1/2) x
[1,+00).

Assume that there exist 0 < C1 < Cy such that
1
Cl|§|q - C_l S f(fﬂa,y»%f) S C2(|§|q + 1)7 (1'14)

for L2-a.e. zo € w and for every (y,q,&) € (—1/2,1/2) x [1,+00) x R3*3,

Let p € Pp(Q) with Q = w x (=1/2,1/2), let p. be as in [LO) and let {F.}
be the family of functionals in (LI3). If there exists py € P;Og(w) such that p. —
po in LY(Q) as e — 0T, then

I(LY)- lim F. = F,

e—0t
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where F : L*(;R3) — [0, 4+00] is the functional given by

/ Jo(@a, 0, po(2a), Vaulze))dea  if u € Wi (w; RY),

F(u)
“+o0 otherwise in L'(2;R3),
(1.15)
with fo:w x (=1/2,1/2) x [1,4+00) x R3*2 = R defined by
fO(xavya(Lé-Q) = inf f(xavyaQ7£a7€3)a (116)
£3€R3

for L2%-a.e. xo € w and for every (y,q, ) € (—1/2,1/2) x [1,+00) x R3%2,

In the following results, the convexity assumption on f with respect to the gra-
dient variable is dropped, but a special structure is imposed on f in (L) and a
stronger convergence assumption on {p.} is required. More precisely, we neglect
the dependence of f on the transverse variable and the dependence on the vari-
able exponent p. is explicitly of power-law type. We denote this particular class of
functionals as

1 .
L (20 Fouta), S0auto) ) de it e WO @i,
Z.(u) := < Ja ‘

+o0 otherwise in L1(2;R?).
(1.17)

Theorem 1.4. Let w C R? be a bounded, connected, open set with Lipschitz bound-
ary. Let W :w x R3*3 — [0, 4+00) be a function such that

— W(-,€) is measurable for every & € R3*3;
— W(24, ) is continuous for L2-a.e. o € w;
— there exist 0 < C7; < Cy such that

ChlE] - C’il <W(24,8) < Co(J€] +1)  for L2-a.e. 1o € w, for every & € R3*3,
(1.18)
Assume that
W(2a,€) = W(2a,n)| < w(a, |€ —n])  for every & n € R3*3,
for L3-a.e. T, € w, (1.19)
where w : w x [0,400) — [0, +00) is such that

— w(-,t) is measurable for every t € [0, +00);
— w(xq,-) i a continuous, increasing function for L%-a.e. o € w satisfying
lim; o+ w(zq,t) = 0.
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Let p € Pp(Q) with Q = w x (=1/2,1/2), let p. be as in ([L6) and let {Z.} be
the family of functionals in (LI0). If there exists py € Péog(w) such that pe —
po i L>=(Q) as e — 07, then

I(LY)- lim 7. = T,

e—0t

where T : LY (;R?) — [0, +00] is the functional given by

/ Q(Wgo(z“))(xa, Vou(za))dr, ifu€ Wé’po(')(w;R3),
I(u) =S Jw (1.20)
+00

otherwise in L'(Q;R3),
with Wy : w x R3*2 5 R defined as

Wo(Za,€a) = ginnfgs W (o, €a,&3)  for L2-a.e. x4 € w and for every &, € R3%2,
3€

and Q(Wgo(%))(xa, -) denotes the quasiconvex envelope of WgO(ma)(:Ea, -), namely
the greatest quasiconver function below Wgo(%)(wa, ) for L%-a.e. x4 € w.

The third model considered in 3D-2D-dimensional reduction setting is linked to
the class of functionals considered in Theorem [[L2 i.e. the function f in (LX) still
does not depend on the transverse variable, and the point dependence on the planar
variable z,, is of product type, while the dependence on the variable exponents is
of explicit power type. Its proof, relying on the technical Lemma [3] is not a direct
application of Theorem [[.2] which, indeed, may provide only a possibly strict lower
bound.

More precisely, the family of functionals we consider is the following:

/ (T, ex3) WP @) (Vau(x), %Vgu(x)) dx
Q

Je(u) = (1.21)

if ue WO (R,
+00 otherwise in L(£;R?),
where a € L>(Q).

Theorem 1.5. Let W : R3*3 — [0, +00) be a uniformly continuous function such
that there exist C7 > 0 and Cy > 1 with

1
Chl¢] - oA <W(E) < Oo(|€] + 1) for every & € R¥3, (1.22)
1
Let a € L*(Q) be such that
a” = :Euelg a(x) >0, (1.23)

and let

ac(x) := a(xq, ex3).
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Assume that there exists ag € L>(w) such that

lim a.(z) = lim a(zs,ex3) = ag(as) in L=(Q). (1.24)
e—0t e—0t
Let p € Pp(2), let pe be as in (LO) and let {J:} be the family of functionals in
(21)). If there exists py € Péog(w) such that p. — po in L>=(Q) as e — 0T, then
(Y- lim J. = J,

e—0t

where J @ L' (Q;R3) — [0, +00] is the functional given by
( [ ao(e) @OV ) (Vavlwadra i v e W3 wiRY),
J(v) = w

+00 otherwise in L*($;R3),
(1.25)

with Wo : R3*2 — [0, +00) defined by

Wo(€n) := Eilel]g3 W(a,&3)  for every &, € R3%2, (1.26)

and Q(Wgo(z“)) denoting the quasiconvex envelope of Wgo(%).

For what concerns the regularity imposed on pg in the previous results, we stress
that it is a natural requirement, since relaxation in terms of a bounded Radon
measure with subsequent integral representation may fail otherwise, as observed in
a famous counterexample in Ref. [51] later expanded in Secs. 7 and 8 of Ref.
Furthermore, the condition p, > 1 ensures that the target function v belongs to a
Sobolev space.

We also observe that, in the previous dimensional reduction theorems, when
¢ — 0T, the uniform convergence of the family {p.}, defined by (L6, is natural
when p € Pliog(Q). Indeed, in this case, {p.} is equicontinuous on © and equi-
bounded since, for every € > 0, it holds

pl = esssup p(rq,er3) = esssup p(rq,z3) < pt < +oo, (1.27)
wx (1,1 wx(=5.5)
and
p = essinf p(xg,ex3) = essinf p(xq,x3) >p~ > 1. (1.28)
wx(=5,3) wx (=55

Hence, the Ascoli-Arzela theorem applies and p. — pg in L>®(Q) as ¢ — 0T
where po(za) = p(Ta,0) € PE(w).

It is worth observing that the proofs of Theorems [[4] and do not follow
as mere applications of Theorems [[1] and Indeed, the representation results
obtained in (L20) and (L23) involve densities of the type Q(Wgo(z"))(-) which
are, in general, greater than (QW)Po(#=)(.). This is easily seen in the scalar case
(where the quasiconvex envelope coincides with the convex one): for instance, when
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p > 1 is constant and W = W) is a homogeneous function defined as W(¢) =
max{[¢[, |¢[1/P}, it results

QIWP)(§) = WP(§) = max{[¢[”, [§]} = [§]7 = (QW)P(E)  for every £ € R,

where the inequality is strict in [—1, 1].

This paper is organized as follows. Section [2] contains notation and preliminary
results regarding the functional spaces and I'-convergence. Section [ is devoted to
the proofs of Theorems [[.1] and which follow as corollaries of the more general
result Theorem 3.6l Finally, Sec. ] contains the proofs of the dimensional reduction
results stated above, namely Theorems [[L3HL.H] together with a compactness result
for energy bounded sequences in L*(£2), namely Proposition 21l which motivates
the choice of the topology for our results.

2. Notation and Preliminary Results

In the sequel § indicates a generic open set of RV, N > 1; by A(Q) we denote
the class of open subsets of 2 and by A (£2) we define the subclass of A(€2) whose
elements are well contained in 2, i.e. B € Ay(€Q) if the open set B CC Q. Moreover,
for every set O C RY, endowed with the natural topology, denote by B(O) the
subclass of the Borel subsets of O. Finally, we denote by £V (Q) the N-dimensional
Lebesgue measure of the set (2.

2.1. Variable exponents Lebesgue spaces

In this section, we collect some basic results concerning variable exponent Lebesgue
spaces. For more details we refer to the monograph23 see also Refs. A1) and 2426l
Let Q C RY be an open set (where N > 1).

Definition 2.1. For any (Lebesgue) measurable function p : Q@ — [1,400] we
define
+

:= esssup p(z).
zeQ

= inf
pT=essinfp(r) p
Such function p is called variable exponent on Q. If p™ < +oo then we call p a
bounded variable exponent.
We denote by P () the class of variable exponents and with P,(€2) the class of

variable exponents satisfying (L7).

In the sequel we consider the case p™ < +o0. In this case, the variable exponent
Lebesgue space LP()(Q) can be defined as

LrO(Q) == {u : Q — R measurable such that Ju(z)|P®) do < +oo}.

Q
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Let us note that in the case p™ = +oo the space above defined may even fail to
be a vector space (see Sec. [ of Ref. [I7) and a different definition of the variable
Lebesgue spaces has been given in order to preserve the vectorial structure of the
space (we refer to Definition 3.2.1 of Ref. 23). In addition, if p™ < +oo, then
LPC)(Q) is a Banach space endowed with the Luzemburg norm

p(x)
llullpey = inf{)\>0:/ u(@) dxgl},
Q

(see Theorem 3.2.7 of Ref. 23). Moreover, if p™ < 400, the space LP()(Q) is sep-
arable and C§°(Q2) is dense in LP()(Q), while, if 1 < p~ < pT < +oo, the space
LP1)(Q) is reflexive and uniformly convex (see Theorems 3.4.7, 3.4.9 and 3.4.12 of
Ref. [23)). For any variable exponent p, we define p’ by setting
1 1
b@) @)
with the convention that, if p(z) = 400, then p’(x) = 1. The function p’ is called

)

the dual variable exponent of p.
The following result holds (for more details, see Lemma 3.2.20 of Ref. 23] in the
case @(t) = [t|P).
Theorem 2.2. (Holder’s inequality) Let p,q, s be measurable exponents such that
1 1 1
= + for LN -a.e. z € Q.

s(z)  plx)  q(z)
Then, for all f € LP*)(Q) and g € L1)(Q), it holds

+ +
1ol < ((5) ; (q) ) 1ol

where, in the case s = p = q = 00, we use the convention ;—7 = 2 = 1. In particular,
i the case s =1, it holds

e

We introduce the modular of the space LP()(Q) which is the mapping Pp()
LP)(Q) — R defined by

< 2[fllp) lgllpr -

o) = [ u(@)P) da.
Thanks to Lemma 3.2.4 in Ref. 23, for every u € LP()(Q)
l[ullpey <1 = ppey(u) <1,

lullpy <1 = ppey(w) < lullpey and ullpey > 1= [lullpe) < ppey(u).
(2.1)
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The following further results hold in the special case p* < +oo. By Lemma
3.2.5 of Ref. 23] for every u € LP()(Q) it holds

1

min{(p,)(u))» ,(Pp<-)(u))#} < Jullpey < max{(pp(.(u))

7 (o () 77 }.
(2.2)

In particular, if £V (Q) < +o0, then

1

LN ()Y < (11 < max{(£Y(9))

1

(LN (@)
(2.3)

min{ (£ (2))

Moreover, from ([Z2), taking into account (Z1), it follows that for every u € LP()(Q)
- +
[ullpey > 1= Nlullyey < ppey(w) < flullp,
and
n -
lullogy < 1= Tullfy < ppoy (@) < Nl

Finally, by Corollary 3.3.4 in Ref. 23, if 0 < LY (Q)) < 400 and p and ¢ are
variable exponents such that ¢ < p £LN-a.e. in Q, then the embedding LP)(Q) <
L)(Q) is continuous. In view of ([Z3) and of Theorem 3.3.1, Part (a) in Ref. 23|
the embedding constant C,, , o satisfies

1_ 15+ 1_1y—
Cpaa < 2min{LN(Q) + 1, max{c¥ (@) » V@)@ 1y
<2(LN(Q) +1). (2.4)

In particular, if g(z) = p~

1

Cpp- .0 < 2min{LN(Q), LV (Q)»

1
rHl 42,

2.2. Trace operator in Sobolev spaces

In view of introducing some important results concerning variable exponents
Sobolev spaces, in this section, we recall some useful remarks concerning the trace
operator.

Let ©Q be a bounded, connected open set with Lipschitz boundary and
1 <r < 0. Hence, set

(N —-1)r

N if r <N,

S =

g€ [l,+o00) ifr=N,
+00 if r > N,
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it is well defined the linear and continuous “trace operator” Tpg : W' (Q) —
L#(092) (where the measure on 91 is the Hausdorff measure H¥ 1) such that

(i) when 1 <7 < N, it holds
Too(u)(z) = u(z) for HVN t-a.e. x € 99, for every u € W (Q) N C(Q);
(ii) when r > N, it holds
Toa(u)(x) = u(z) for every x € 9Q, for every u € WhH" (1),
(see Theorem 4.3.12 of Ref. [14).

Definition 2.3. For every set I' € B(9€2) and 1 < r < 400, we define Wolf(Q) to
be the closure in W1 (Q) of the subspace
{fue WL (RY) : w= 0 on a neighborhood of T'}.

loc

Hence, Wolf: (Q2) is closed once we endow it with the weak-W " () topology and
Wollf(Q) C{ueWh(Q) : Toou = 0 for HN'-ae. z € I'}.
Thanks to Proposition 4.3.13 of Ref. [14] it holds
Woba(Q) = Wo™(Q) = {u € W(Q) : Thou = 0}.

Finally, by Theorem 4.3.18 of Ref. [[4 for 1 < r < 400, the following Poincaré
inequality holds:

[ull gy < C(Qr, N T)||Vullpri)  Vu € Wi (), (2.5)
where
N
. er if r € [1,N),
+00 otherwise.

2.3. Variable exponents Sobolev spaces

In this section, we recall the definition of variable exponents Sobolev spaces. For
more details, we refer to Ref. [I7] (see also Definition 8.1.2 of Ref. 23).

Definition 2.4. Let k,d € N, k > 0, and let p € P(2). We define
WhrO (Q; RY)
= {u: Q=R u,0hu € LPO(Q;RY) Vo multi-index such that |a] < k},
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where
PO RY) = {u: Q= RE: |ul € LPO(Q)].

We define the semimodular on W*?()(Q) by

Pk () (U Z prre) (@) (|0aul),
0<|a|<k

which induces a norm by
. u
llullywr.pe) (o) = inf {/\ >0 pyyrre) () <X> < 1}.

For k € N\{0}, the space W*?()(Q) is called Sobolev space and its elements
are called Sobolev functions. Clearly, WoP()(Q) = LP()(Q). The space W*2()((Q)
is a Banach space, which is separable if 1 < p~ < p™ < +o0, and reflexive and
uniformly convex if 1 < p~ < pT < 400 (see Theorem 8.1.6 of Ref. 23). We recall
that the Sobolev conjugate exponent p* : Q — (1, +o0] is defined as

Np(z)

N @) if p(z) < N,

p*(x) =
+00 otherwise.

Finally, we define W) (Q) as the closure of the set of W1?()(Q)-functions
with compact support.
Now, we complement Definition 2.T] with the following one.

Definition 2.5. We denote by P°8(Q) the class of variable exponents p satisfying
() and by P,%(Q) = P¢(Q) N Py ().

Remark 2.6. We recall that, when 2 is a bounded open set, (L8) implies the
so-called decay condition

Yoo

—————  forevery x € Q,
log(e 1 [«]) b

3poo eRa’)/Oo >0|p(x)_poo| S

(see Remark 2.4 of Ref. [22)). This ensures that our class P'°%(£2) coincides with the
class of variable exponents denoted in the same way in Definition 4.1.4 of Ref. 23l

In the sequel, we frequently use the following results.
Remark 2.7. Let 2 be a bounded open set. Hence

(1) if p € P8(Q) satisfies p* < 400, then C§°(Q) is dense in Wol’p(')(Q) (see
Corollary 11.2.4 of Ref. 23));
(2) if p € P'°8(Q), then the following Poincaré inequality holds:

lull Lot @) < ediam(Q)[Vull o) Vu € Wo™ (). (2.6)
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Finally, we report here the proof of the compact embedding W'*()(Q;RY) —
LPO)(Q;RY) by using arguments similar to those employed in Proposition 3.3 in
Ref. [47 (see also Theorem [[3] of Ref. 28)).

Proposition 2.8. Let Q C RN be a Lipschitz bounded open set and let p € C(Q)
such that p > 1. Then

{ue L'(GRY) - Vu e LPO(Q; RPN)} = w0 (Q; RY). (2.7)
Moreover, the embedding WHPO(Q;RY) —  LPO(Q;RY) is compact and on
WtrC) (Q; R?) the norm
fllulll = HUHLl(Q;Rd) + ||VUHLP<‘)(SZ;RdXN)a

is equivalent to the norm || - ly1.p0) (o;ra) -

Proof. Without loss of generality, we can assume d = 1. Identity (Z1) follows from
Lemma 2.4 of Ref. [I7. In order to show that the embedding W1?()(Q) < LPO)(Q)
is compact, first of all we construct a suitable covering of Q. Since p is uniformly

continuous on Q, for every fixed 0 < o < @ )" there exists p > 0 such that

N+p—
su — inf p <o, 2.8
Brmrzlp Brﬂﬁp ( )

for every ball B, di radius r < p. Being  a compact set with Lipschitz boundary,

we can find a finite number of open balls (B;) e and (B;),cr, such that B; C Bj,
B; and B; have the same centers and

Qc B,
jEF
= . . . (2.9)
2N B; has Lipschitz continuous boundary,
for every j the radius r; of Ej satisfies r; < p.
For every j € I, we set
pj+ = sup p, p; = inf p. (2.10)

B;NQ B;NQ
We claim that, for every j € F', there exists §; > 0 such that the embedding
WhPo; 7% (Q) LPs (©) holds and is compact. (2.11)
Indeed, fix j € F. We distinguish two cases:

e if p; > N, then there exists §; > 0 such that p;” —d; > N. Hence, the claim
follows thanks to the Rellich-Kondrachov theorem:;

o if p; < N, since p~ < p; < pj and the function =z —
[0, +00), we get that

22
N+x

is increasing on

(7)? _ () )?
N+p~ = N+pl

o<
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Thanks to the choice of o and by applying (Z8) with » = r; < p, the above
inequality implies

)  Npj
N+pi N+pl

- ot +
pj =Pj —0=>P;

Then, there exists §; > 0 such that

ij
N+p;“'

D; 75j>

Hence, taking into account that p; — 0 < p; <N, we obtain that

- 6N
p+< (pj ])

— (pT —§5.)*
g N*p]_+5] (p] ])7

and, by applying again the Rellicthogdrachov theorem, we get that
WP =% (Q) is compactly embedded into L5 ().

Now, for every j € F, let ¢; € C1(£2) be such that
OSQOJS]., QDJZ]. OIlBjﬂQ, QDJ:O ODQ\EJ',

and let sup ;¢ p ||[Vp;l| L~ () = C. Since p; —d; < p(-) on Qﬁéj, using the continuity

of the embedding LP()(Q N EJ) s LPi 7% (Q N Ej% we get that there exists a
constant C7 = C1(2) > 0 such that for all u € W()(Q) it holds

||U||Lp<‘)(sszj) < ||<Pju||Lp<->(Qm§j) < Cl”‘PjUHLp;(QmB

= C4|p; .
= Cillegull g

)

Hence, set E; := {v € Lpf(Q) : v = gu,u € WHPO(Q)} endowed with the
norm || - || ¢+ , for every j € F' we have that
L% (Q)
E; 3 pjursu e LPY(Q) holds and is continuous. (2.12)

Moreover, for every j € F' and for every u € Wl*p(')(ﬂ), it holds

llpjul] = [ljull < Gillegull oy @ng,) < Crllullro @)

L% 7% Q) L% % QnB;) —

and

1D (pju)ll = |[D(p;u)]]

L ~% () LPi ~% (QnB;)
< Cl(H(ijuHLP(-)(QmB].) + ||U/DSDJ'||LP(‘)(QQBJ-))

< Collullwr.00) ()5
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i.e. for every j € F' we have that
WEPO(Q) 3 u s pju e WHPr 7% (Q)  holds and is continuous.  (2.13)

By combining (ZII)-(@I3), it easily follows that the embedding W'P()(Q) —
LPO)(Q) is compact.

Finally, it is easy to show that W1?()(Q;R?) is complete with respect to the
norm ||| -[[|. Since [[[-[|| < C|[[ly1.p¢)(;ra), thanks to a classical result of Functional
Analysis, we get that the two norms are equivalent on W10 (Q; R?). |

We conclude this section by recalling the following theorem which is of crucial
importance for the results contained in Sec. [l It is a consequence of Theorem 11.2.7
of Ref. 23] and properties of sets with Lipschitz boundary in Sec. 9.5 of Ref. 23l

Theorem 2.9. Let 2 be a bounded open set with Lipschitz boundary and let p €
PREQ). If u e W Q) nWEPO(Q) then u € Wy PY(Q).

2.4. T'-convergence

For an introduction to I'-convergence, we refer to Ref. We recall the sequential
characterization of the I'-limit when X is a metric space.

Proposition 2.10. (Proposition 8.1 in Ref. 19) Let X be a metric space and let
v+ X = RU{+o0} for every k € N. Then, {¢r} T'-converges to ¢ with respect to
the strong topology of X (and we write T'(X)-limy_ 100 o1 = ©) if and only if

(i) (D-liminf inequality) for every x € X and for every sequence {xy} converging
to x, it is

o(z) < liminf ok (2);

k—+oo
(i) (T-limsup inequality) for every x € X, there exists a sequence {xy} converging
to x € X such that

o(z) = lim @g(xg).

k—+oo

We recall that the I-limy_, 4« @k is lower semicontinuous on X (see Proposition
6.8 of Ref. [19).

Definition 2.11. We say that a family {¢.} T'-converges to ¢, with respect to the
topology considered on X as ¢ — 0%, if {¢., } [-converges to ¢ for all sequences
{ek} of positive numbers converging to 0 as k — +o0.

3. Some Lower Semicontinuity Results

In this section, we provide some lower semicontinuity results for different classes of
integral functionals of the type

F(u,p) = /Qsm,p(:c),w(w))dw, (3.1)
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where the variable p may stand for a variable growth exponent and Q C R” is an
open set. We discuss the two cases: convexity and quasiconvexity of ¢(z,p,-), in
order to point out the different sets of assumptions.

Before proceeding, we recall the following definition.

Definition 3.1. Let O be a bounded open subset of RY. A function ¢ : O x R™ x
R® — (—00, 0] is said to be a normal integrand if

— pis LN (0) ® B(R™ x R®)-measurable;
— (x,-,-) is lower semicontinuous for LN-a.e. z € O.

Given a closed set M C R™, a function ¢ : O x M x R®* — R is said to be a
Carathéodory integrand if

— (-, 2,€) is LN (O)-measurable for every (z,£) € M x R™;
— ¢(z,-,-) is continuous for LN-a.e. x € O.

3.1. The convex case

If the function ¢ in B is convex in the last variable, then the functional F' (in
() is sequentially lower semicontinuous along sequences uj, — u in W1 (€, R9)
and pr — po in L(Q;R™), in view of the following result, shown by De Giorgi and
Toffe (see Theorem 5.8 of Ref. [6).

Theorem 3.2. Let O be a bounded open subset of RN and let ¢ : O x R™ x R® —
[0, +00] be a normal integrand such that the map £ € R® — o(x, z,€) is convex for
LN a.e. z € O and every z € R™. Let {z} C LY(O,R™) and {Ux} C L*(O;R®).
If 2k — 29 in LY(O;R™) and Uy, — Uy in LY(O;R®) then it holds

k—+oo

/gﬁ(x,zo(x),Uo(x))d:r §liminf/ o(x, 2z (z), Uk (x))dz.
o o

As an application of Theorem with m = 1 and s = d x N, we give the
following result, that is crucial in the proof of Theorem [I.1]

Corollary 3.3. Let {p;} C P(2) N LY Q) and {vi.} C WHH(Q;R?). If pr. — po in
LY(Q) and vy — v in VVli’l(Q;Rd), then

C

/ |Vo(z)[Po @ dz < liminf / |Vor (2)[PF ) d. (3.2)
Q k—=+oo Jo

In particular, if {vi} satisfies the equiboundedness assumption (LIQ), then Vv €
LPoO) (Q; RN, Finally, if {v.} satisfies (LI0), Q is a Lipschitz bounded open set,
po € C(Q) and v € L' (Q;RY), then v € WhHPol)(Q: RY).

Proof. In order to show ([B:2]), it is sufficient to apply TheoremB.2lon a sequence of
open sets {O,,} such that O,, CC Q and U,,0,, = Q, with ¢ : Q x RN — [0, +00]
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given by
U7 if z € [1,+00),
400 otherwise,

gp(x,z,U){

and
2k =Pk, Uk = Vug.

For every n € N, we obtain that

/ |Vo(z)[Po® dz < liminf / |V (2) [P da < lim inf / |V (2)[PF ) d,
On, O k——+o00 O

k—+oo

and ([32) follows sending n — +oc. Finally, the additional assumption (L.I0) com-
bined with inequality ([B2) implies that Vo € LPo()(Q; R4*N). The last part of the
theorem follows from Proposition 2.8 O

Remark 3.4. Let 2 be an open set with finite Lebesgue measure. Let {py} C
Pp(Q) N L1 (Q) be such that, for some ko € N, it holds

1< klél}f() Py - (3.3)

(1) If {vxg} € WEL(Q;RY) is equibounded in the sense of (ILI0) and vy — v in
LY(Q;RY) then vy, — v in WH(Q;RY).
Indeed, exploiting [B.3), we can take 1 < 7 < infy>, p,, . Hence, by (2.4),
it follows that

sup || Vgl pr@rax)
k>ko

< 2(LN(Q) +1) sup IV Okl Lo (rax )
k> ko

< 2EY(@) 1) 5 (o (V) (5 (T } < o

Since r > 1, we obtain that there exists a not relabeled subsequence {vy}
such that Vo, — V in L™(Q; R4*Y). This easily implies that V = Vv and that
v — v in WH(Q; R?). This fact will be used in the proof of Theorem [Tl
(2) Let ¢ : Q@ x R x RN — R be a £(Q) ® B(R x R¥*N)-measurable function
satisfying the growth condition

o(x,p, &) > blz) + ClE|P for LN-ae. z€Q, VEECRPN Vp>1, (3.4)

where C > 0 and b € L'(Q). Assume that p, — po in L'(Q) with py €
P(Q) N LYQ) and let {vx} € WH(Q;RY) be such that

sup F'(vg, pr) < +00, (3.5)
k

where F is the functional defined by B0). If v, — v in L'(Q;R?) then vy — v
in WH1(Q;RY) and Vo € LPoO)(Q; R*N). Indeed, [3.4) and (@F35) imply (LI0)
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and then it is sufficient to use the Part (1) of this remark, combined with
Corollary 33

In particular, the coercivity assumption ([34]) is satisfied by integrands of
the form ¢(x, p, &) = WP(x,€) with p > 1 and

Wiz, &) > b(z) +C|lE| >0 for LN-ae. z € Q, VE e RN,

where C' > 0 and b(x) € L>().

3.2. The quasiconvex case

The following special case of Theorem 4.12 in Ref. [46 holds (see also Theorem 7.4
in Ref. [B)). It is important in order to show Theorems [[T] and For the reader’s
convenience, after the statement, we provide an outline of the main steps necessary
to deduce this application from the results contained in Ref.

Theorem 3.5. Let pg € C(Q) be such that py € Péog(A) for every open set A CC
Q. Let ¢ : Q x RN [0, +00) be a function such that

— ¢(+,€) is LN(Q)-measurable for every & € RN,
— () is quasiconver for LN -a.e. x € Q;
— there exists C > 1 and b(z) € LL (Q) with b(z) > 0 such that

loc
0 < p(z,€) < b(z) + ClgPo),

Then, for every sequence {vg} C WHL(Q;RY) with vy — v in LY (Q;RY) and such
that

Sup/ Vo (2)[P°® dz < +o0, (3.6)
k Q
we have that v € VVlt’fO(')(Q;Rd), |VolPo®) € LY(Q) and

/ o(x, Vo(z))de < lkiminf o(x, Vo (x))de. (3.7)
Q -t Jo

Sketch of the proof. We observe that, by applying Remark BA(1) with p, =

Ppo, we have that the sequence {v;,} weakly converges to v in WL (Q; R%). Hence,

by Corollary B3] taking into account (B.6]), we get that v € Wli’f“(')(Q;Rd) and
|Vu|Pe() € LY(Q). Then, the lower semicontinuity result given by (1) follows
as an application of Theorem 4.12 in Ref. [46] recalling that, for every open set

AEQ,

e if pg € C(A) and py > 1 on A, then the function t(x,&) = |£[P°(®) enjoys the
Sobolev-type property and the Rellich-type property on A required by Theorem
4.12 of Ref. [46] (see Definition 3.2 and Example 3.4 in Ref. 46l and Lemmas 2.4
and 2.8 in Ref. [I7);
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e if py € P'°8(A) then o verifies the maximal property on A, see Proposition 5.2
and Definition 4.4 in Ref. Hence, v satisfies also the density property on A,
see Definition 4.5 and Proposition 4.6 in Ref.

Hence, Theorem 4.12 in Ref. [40 entails that for every open set A CC €2

k——+oo k—+o0

/ o(x, Vo(z))dz < lim inf/ o(x, Vo (x))dr < lim inf/ o(x, Vo (z))dz.
A A Q
By passing to the supremum on A CC 2, we get the desired conclusion 7). O

By using the arguments of Lemma 4.1 in Ref. [24] (see also Lemma 5.1 in Ref. [44)),
we show the following key result.

Lemma 3.1. Let Q C RN an open set with finite Lebesque measure. Let W :
Q x RN — [0, +00) be a Borel function. Let ag € L>(Q) be such that ag > 0
LN-a.e. in Q. Let pg € Pp(Q) and let {p} C L®(Q) be such that pp — po in
L*>*(Q). Then, for every 0 < § < min{1/2,p, — 1}, there exists kg € N such that,
for every k > ko and for every U € L*(Q, R¥*N)_ it holds

/ ao(2)WP @b (o U (2))der
Q

< 26N () + (20) "% |ao]| < (o /Q ao(2)WPE@®) (2, U (x))dz.  (3.8)

Proof. Let 0 < § < min{1/2,p; — 1}. Thanks to the uniform convergence of
{pr} to po, there exists kg € N and a negligible measurable set N C  such
that

1 <po(z) —d <pr(z) <po(x)+d forevery x e Q\N,

for every k > ko. Hence, for every x € Q\N and for every U € L(Q,R¥N) if
20 < W(z,U(x)) < 1, then

(26)20 < (26)Pr (@ =Po(@) 0 < Yype(@)=po(@) 40 (5[] (2)) < 1,
that implies
1 < WP@=pe@) =82 [7(1)) < (26)~2,
while, if W (z,U(x)) < 24, then

WrPo@) =0 (3 U (x)) < (20)P0 @)% < 24,
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being 26 < 1 and po(z) — & > 1. Hence, for every k > ko and for every U €
LY (9, RN it holds

/g ap(e)W O, U ) da

= / ap(z)WPe @)= (2 U (x))da
{W(a,U(2))<26}

+ / ag(z)WPe @) =9 (2 U (z))dx
{26<W (z,U(x))<1}

+ / ag(z)WP @) =9 (. U (z))dx
{W(z,U(z))>1}

< 26||ao| o () £V (Q) + (26) 72 (/ WrPE® (3 U (x))dx
{26<W(z,U(z))<1}

+ / wee) (g, U(x))dx)
{W(a,U()>1}

< 28 £ + (20) % [ WO (0, U @)
Q
which gives the desired conclusion. O

Now, we are in a position to show the following general result which allows us
to deduce Theorems [[.T] and as immediate corollaries.

Theorem 3.6. Let Q, W, po, {pr}, v, {vr} be as in Theorem [l and let ag, {ax}
be as in Theorem[L2 Then, v satisfies (LII) and

/ao(x)Wp‘)(w)(x,Vv(:r))d:r Sliminf/ ar(2)WPE@) (1, Vo, () da.
Q Q

k—+oo

Proof. First of all, we note that, for every open set A CC €2, since inf 4 py > 1 and
pr uniformly converges to pg as k — oo, we have that there exists kg = ko(A) € N
such that

inf essinf 1.
Jnf ess pr(z) >

In view of Remark B4(1), this implies that vy — v in WH1(A4;RY) for every
open set A CC Q. By applying Corollary in view of (LCI0), we get that
UNS Wlt’fO(')(Q; R9) and Vv € LPo()(Q). Now, we claim that for every open A CC Q
it holds

/ao(x)WPO(m)(x,Vv(x))dx Sliminf/ ar(x)WPH) (2, Vo, (x))dz.  (3.9)
A A

k——+oo
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Hence, by passing to the supremum in (B3] with respect to A CC , we get the
desired conclusion.
In order to show ([BH), for fixed A CC ), we note that

lim inf / ar(2)WP @) (2, Vo (2))da
A

k— oo

= lim inf (/A(ak(x) — aop(z))WP@) (2, Vo (z))dz

k—-+oo

+/ao(x)ka(x)(x,Vvk(x))dx)
A
> lim inf <||ak - a0||Loo(A)/ WPE®) (2 Vo (2))da

+ / ao(x)ka(x)(x,Vvk(:E))d:r>.
A
On the other hand, (ILI0) and (ILI2) ensure

1iminf/ WPE®) (22 Ty ())da < +oo,
A

k—+oo

and, since ay, — ag in L*°(Q2), this implies

lim |Jax — aol|p=(a) / WPE®) (22, oy () da = 0.
Hence

liminf [ agp(z)WP*@ (2, Vo (z))dz > liminf [ ao(z) WP (2, Vo (z))de.
(3.10)

Since {px} uniformly converges to pp on A and py > 1 on A, by applying Lemma
B there exists ko = ko(A) € N such that, for every k > ko, it holds

/ W@ =3 (4 U (z))dx
A

< 20LN(A) + (25)—25/ WrPE@ (3 U(x))de YU € LY(A, RN,
A
(3.11)

By applying (311) with U = Vg and then passing to the limit when &k — oo, we
obtain that

lim inf / ao()WPO @ =0 (1 Ty (2))da
A

k—+oo

< (26)~% liminf /Q a0 ()W) (2, Vo (@) )da + 26]|al| e () £ (A).

k— oo
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Taking into account the growth condition ([LI2]), we can apply Theorem with
the variable exponent po(-) — § € PI°®(A) to obtain that

/ ao(z)WP @ =9 (1 Vu(z))dx
A

< (20)7% llclgi{.l(f . ao(z)WPH) (2, Vo (2))dz + 26| ao|| o (a) LN (A).

By sending § — 0 and by using Fatou’s lemma in the above inequality, we finally
get the desired conclusion

k— o0

/ao(x)Wpo(I)(x,Vv(x))dx < 1iminf/ ao(2)WPE@®) (2, Vo () dx
A A

§1iminf/ ap(2)WP@) (2, Vo () dz,
A

k— o0

where the last inequality follows from (B.I0]). O

Proof of Theorem [I.3] It follows from Theorem B.6] with ay(x) = a(z) = 1 for
every x € Q. O

Proof of Theorem It is a straightforward consequence of Theorem B0l O

4. Dimensional Reduction

The aim of this section consists in proving the I'-convergence results stated in
Theorems concerning the dimension reduction problems defined in . :=
wx (—&/2,¢/2) where w C R? is a bounded, Lipschitz open set. To this end, in view
of Definition ZXTT] in this section, {ex} C (0,1/2) is any sequence converging to 0.

We start proving a compactness result for energy bounded sequences, which,
indeed, motivates the choice of the topology in our I'-convergence results. Further-
more, according to the regularity of the variable exponent, modeling the point-
dependent growth of the hyperelastic energy, we obtain different results for the
limiting deformation fields. Finally, the proofs of Theorems are provided
showing that, for every infinitesimal sequence {ej}, the I'-limit of {F;, } exists and
admits the same integral representation, when p € P,ljog (Q).

4.1. Compactness of bounded energy sequences

Let {F.} be the family of integral energies in ([L.I3]). The following compactness
result for energy bounded sequences, relies on Poincaré inequality (23]), Corollary
and Proposition

Proposition 4.1. Let f:w x (=1/2,1/2) x [1,00) x R3*3 — R be such that

— fis L2(w) @ B((—1/2,1/2) x [1,00) x R3*3)-measurable;
— f satisfies (L14).
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Let p € Pyp(2), let e — 0T and let {p., } be as in ([LG). Suppose that {u.,} C
LY(Q;R3) is a sequence such that

sup Fe, (ug, ) < +00. (4.1)
keN

Then

(1) up to a not relabeled subsequence, {ue, } converges weakly in WP (Q;R3),
(where p~ is giwen by (L)), to a function ug € W017’g;Q(Q;R3) (¢f. Definition
23), which, with an abuse of notation, we can identify with a function uy €
Wy (w;R?);

(2) if po € C®) and ps, — po in LL (Q), then ug € WLPoO(QR3) N
I/V0 B (% R3) and it can be identified with a function ug € WHPo() (w; R3) N
WOLP (w7R3)§

(3) if po € PLB(w) and p., — po in LL (), then ug can be identified with a
function uy € Wol’p“(')(w;R?’);

(4) if po € C@) and p-, — po in L=(Q), then ue, — ug in LPoC)(Q; R?).

Remark 4.2. Note that, if p satisfies the assumptions (I7) and (L) on €2, then
{pe,} is equicontinuous on Q and equibounded (thanks to (LZT7) and (L28)).
By applying Ascoli-Arzela theorem, it follows that [|p., — pollz~() — 0 with

pO(Ia7I3) = p($a70)~

Proof. (1) Thanks to the growth condition (LI4l), the assumption (@I implies
that u., € Wola o(UR3) N WP () (Q;R3) for every k € N and that there exists

a constant C' > 1 such that
1
vauskv _v3u€k
£k

sup /
keN Jq
By exploiting (I28), both the sequences {|Vu,, |} and {| - ~V3ue, |} are bounded
in LP () and, by using the Poincaré inequality (2.3 with F = 0w x (—1/2,1/2),
it turns out that (ue,) is bounded in WP (Q;R3). Hence, {u.,} admits a
not relabeled subsequence which is weakly converging in W1P (;R?) to ug €
0 5ol R3), being the latter space weakly closed. On the other hand, g% =0
L3-a.e. in Q, hence, with an abuse of notation, we can identify uo with a function
in Wy? (w;R?);
(2) the statement follows from Part (1) and Corollary 3.3}
(3) in view of Theorem 2.9] under the additional assumption, py € ’Pllf’g (w), the
space Wy P (w; R3) N W1P0)(w; R?) coincides with Wol’p(’(')(w; R3);

pEk ($)

dz < C. (4.2)
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(4) under the additional hypothesis that
Pep, — Po  in L>(Q), (4.3)

we show that u., — wug in LP°C)(Q;R?). Since py € C(Q) and 9Q is Lipschitz

continuous, we can find a finite number of open balls (B;);cr and (B;);cr, such
that B; CC B; and (Z3) holds. By following the same argument in Proposition 2.8
for every j € F there exists §; > 0 such that (ZI1]) holds with pa’, ;»Po.; given by

RI0).

Let ¢; € C1(Q) be such that 0 < ; < 1, p; = 1 on By, suppy; C B; and
[Vpj;| < C. Now, we choose 0 < § < minjep d;. Since ||pe, — pol|r(q) — 0, there
exists ko € N such that p., (z) > po(x) — & for k > ko and for L£3-a.e. z € Q. This,
together with Holder’s inequality, implies that for & > kg the embedding

WhPee O (Q; R?) s WP =% (Q: R3)  is continuous Vj € F. (4.4)
Moreover, by reasoning as in the proof of ([2I3)), the embedding
WP O=0 (4 R3) 5 u s pju € WHPos 7% (Q; R3)

holds and is continuous V j € F. (4.5)

By @4), (I3) and 2I2), it easily follows that, Vj € F and for k > ko, the
embedding

WP O(Q;R?) 3 u — pju e LPPO(Q;R?)  is compact.

Hence, for every j € F', the sequence {u,} admits a subsequence {u_; } such
] k
that {p;u_; } converges strongly in LPo0)(Q; R?) to a function ) for every j € F.
k ) B .
Since p~ < po(-) in © then @juy — ul as k — 400 in LP (;R3). Then, u) = ug
for every j € F that implies u_j — ug in Lpo() (QNB;;R?). Passing to subsequences
k
repeatedly, we obtain that wu., — ug in LPoC)(Q; R3). |

With the aim at proving Theorems[[.3HI.5l we start with a preliminary lemma.
Lemma 4.1. Let f:w x (=1/2,1/2) x [1,00) x R**3 = R be such that
(1f) fis L2(w) @ B((—1/2,1/2) x [1,00) x R3*3)-measurable.
Then

(14,) the function fo:w x (—1/2,1/2) x [1,+00) x R3*? — R, defined by ([LI86), is
L2(w) @ B((—1/2,1/2) x [1,00) x R3*2)-measurable.

Furthermore, assuming that

(2f) f(zay-,-,) is lower semicontinuous for L*-a.e. x4 € w;
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(3f) there exists Cv > 0 such that for L*-a.e. o € w and for every (y,q,&) €
(—1/2,1/2) x [1,00) x R3*3_ it holds

1
f(xavyquf) > Cl|€|q - C_v
1
then
(24)) fo(Tas-, ) is lower semicontinuous on (—1/2,1/2) x [1,00) x R3*2 for £2-

a.e. Ty € W,
(34,) for every (y,q,&a) € (—1/2,1/2) x [1,00) x R3*2 4t holds
1

fO(x(!?yaq?ga) Z Cl|§a|q - C_l (46)

Moreover, if

(4f) for L?-a.e. o € w the function f(xa,y,q,-) is conver on R® x R? for every
(y,q) € (—1/2,1/2) x [1, 00);

then

(44,) for L2-a.e. T, € w the function fo(Ta,y,q,-) is convex on R3 x R? for every
(ya q) € <_1/27 1/2) X [L OO)

Finally, if [ satisfies (L14), then
1
Cl|§0¢|q - C_l S fo(xavyquga) S CQ(|€a|q + 1)7 (47)

for L2-a.e. x, € w, and for every (y,q,&a) € (—1/2,1/2) x [1,00) x R3*2,

Proof. For simplicity, in the sequel we use f(x,y,q,&n,&) in place of
f(z,y,q, (€, &3)). (1f,) follows from the fact that, by definition, fj is the infimum of
the family of functions f(-, -, -, -, &) which are £?(w)®B((—1/2,1/2)x[1, 00) x R3*?)-
measurable.

The proofs of (2y4,)-(35,) and ([@71) follow along the lines the arguments of
Proposition 1 of Ref. The property (44,) is an easy consequence of the very

definition (LIG) of fo. O

4.2. The case of convex densities

Proposition 4.3. Let f : w x (—1/2,1/2) x [1,00) x R3*3 — R be a function
satisfying (15), (2¢) and (45) of Lemmalddl Let p € Py(Q2), let {pc,} be as in (L6])
and let F., be as in (LI3) with ex — 0. Assume that p., — po in L'(Q) with
po = po(ra) € C(Q). Let {us, } € LY(Q;R?) be a sequence satisfying [@2) and such
that ue, — u in LY(Q;R3). Then

Fp—(u) < liminf F;, (ue, ),

p k— o0
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where F,- : LY(4R3) — [0, +00] is the functional defined by

/ Fo(@as 0, po(2a), Vav(ra)) e

T (v) = if ve WPl (w; R3) N WP (w; R),

+00  otherwise in L'(Q;R3),
with fo given by (LI9).

Proof. Without loss of generality, we can assume that lim infy_, o F, (ue,) < 400,
and that, up to a not relabeled subsequence, such a liminf is a limit. Then, arguing
as in Proposition [L] (see Parts (1) and (3)) in view of [@2), u., weakly converges
to w in WP (Q;R3), and u can be identified with an element in WhPo() (w; R?) N
WO1 4 (w; R3). Moreover, up to a subsequence

1

Ekp,

Viue, — @€ LP (R%), (4.9)

where the latter function might depend on the selected subsequence. Now, we
observe that the hypotheses on f guarantee that the function ¢ : ) x R% x R3*3 —
[0, +00], given by

f(@ay,4,8) it (y,9) € (=1/2,1/2) x [1, +00),

400 otherwise,

o(r,y,q,§) = {

satisfies all the assumptions of Theorem with O = Q, m =2 and d = 3 x 3.
Since, as k — oo, we have that

2 (w) = (enw3, pey (2)) = (0,po(2a))  in LY(%R?),
and, thanks to (£9) (up to a not relabeled subsequence)
1
Uk(z) = (Vaugk (x), E—Vgugk (:B)) — (Vu(zy),w(x)) in L'(Q,R¥>*3),
k
it follows that

k— o0

1
lim f (wa,akxg,pgk(x),vaugk (), —V3ue, (w)) dx
Q €k
> [ (0,0,p0(z0). Vaus(wa) w0(o)dz
Q
> Jo(Ta,0,p0(za), Vau(ra))dradrs
Q

= / fo(xa,0,p0(20), Vau(re))de,
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which concludes the proof, in view of the measurability property (1y,) satisfied by
fo (thanks to Lemma [.T]). O

Proposition 4.4. Let f:wx(—1/2,1/2)x[1,+00)xR3*3 — [0, +00) be a function
such that

— f(xa, -, -) is continuous for L%-a.e. 1, € w;
— f(,y,q,&) is measurable for every (y,q,€) € (—1/2,1/2) x [1,4+00) x R3*¥3,

Moreover, assume that (LI4) holds. Let p € Pp(2), let {pe, } be as in [6) with
er — 07, Assume that pe, — po in L' () with po € Péog(w). Then, it holds

D(LP)-limsup F., < F, (4.10)

k—+oo

where F, and F are defined, respectively, by (LI3) and (LID).

Proof. Define

F :=T(LP0)-limsup Fs, . (4.11)

k— o0

By the very definition of F, we can restrict to prove that F© < F on
W&’po(')(w;R‘?). First, we consider the case u,w € C§°(w;R3). Set

Uep, () == u(T0) + ep 23w (X0 ),
we have that, as k — +oo
Ue, (To, 3) = u(zo) in LO(QR?),

and

(Vauak(x), snguak (;v))

k
= (Vu(zs) + e 23Vw(za), w(xy))
— (Vu(za), w(zs)) in L®(Q;R3*3).

Thus, in particular, there exists M > 0 such that

sup ”(vu + ek 3V, w)”Loo(Q;]Rsxz) < M.
keN

Being f(za,-,",", ") continuous for £3-a.e. , € w, by the above convergences
we get that, as k — 400

f (xaagkx?np&k (.’L’), vauak ($)7 ivi’;uak (:B)) — f(fEmOapo(UCa)a vu<$a)vw(xa))v
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for £%-a.e. z, € w and for every x3 € (—1/2,1/2). Moreover, by ([L.14) and (L27),
it holds

1
esssup f (xa,akxg,pgk(x), Vate, (), av;;ugk (w))

€N
Pey, (z)
+1

= Cy(ess sup |(Vu + e 23Vw, w) [P () 4 1)
z€eQ

e

1
< (Cy (ess sup ‘ (Vauak, av;:,ugk)

< Cy((14+M)P" +1).
Hence, by applying the Dominated Convergence Theorem, by ([LI4) it follows that
F(u) <limsup F, (ue,)

k—-+oo

1
= limsup/ f (wa,akacg,pgk (), Vaue, (), E—Vgugk (:B)) dx
Q k

k—-+oo

— [ $0,0. 000, V(o). wlaa) de < o6,
Being w € C§°(w; R3) an arbitrary function, we get

F@< | _inf [ F,0.p0(w), Vue) w(ea)dza Vu € CF(RRY)
weCH (w;R3) J,

Since Cg°(w;R?) is dense in LPo()(w; R?), arguing in components and taking into
account the growth condition (II4), by applying Vitali-Lebesgue Dominated Con-
vergence Theorem, we get

F(u) < inf /f(xa,(),po(xa),Vu(xa),w(xa))dxa vuecg°(Q;R3).
weLro() (w;R3) /o,

(4.12)

Following the same argument in p. 558 of Ref. 45| there exists a measurable
function wy = wop(x,) such that

fo(za,0,po(za), Vu(za)) = églgﬂf@[f(ﬂﬁa,0,19()(%),VU(ﬂca),fz«;)]

= f(xavova(Ia)7 VU(xa),wo(xa))7

for £L%-a.e. 2, € w. Thanks to (LI4), such a function wy belongs to LPo() (w; R3).
Hence, by using [II2)) and by recalling the definition of F, we get that for every
u € C§°(w; R3) it holds

F(u)S/f(xa,O,pO(xa),Vau(xa),wo(xa))dxa

= / Jo(Za, 0,p0(z0), Vu(zy))drs = F(u). (4.13)
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In view of the coercivity assumption on f (see (ILI4)), we can apply Lemma [T
to obtain that the function fo(xq,-,,-) is lower semicontinuous on (—1/2,1/2) x
[1,00) x R3*2 for L2-a.e. z,, € w; being also the supremum of continuous function,
we obtain that fo(za,, ) is continuous on (—1/2,1/2) x [1, 00) x R3*2 for £L2-a.e.
Zo € w. Moreover, taking into account (7))

Fo(@a, 0,p0(za), o) < Ca(|€al@) +1) for L2-ae. 24 €w, VEu € RV

Therefore, F is strongly continuous in W1Po() (w;R3). Moreover, by the very def-
inition (see ([@II])), the functional F' is lower semicontinuous with respect to the
strong convergence in LP°()(Q;R3). Hence, by applying the density of CF°(w;R?)
in Wol’p“(')(w;Rs) (see Remark 277 Part (1)), (@I3) implies that

Flu) < Fu) Yue Wi (wR?),
which gives the desired conclusion (Z10). |

Proof of Theorem By Theorem 29 when py € P})Og(w), the functionals
F in (LI3) and F,- in [@8) coincide. Hence, the result follows from applying on
one hand, Proposition B3] noticing that for every {u., } C L'(£;R?) satisfying
liminf F, (u.,) < 400, the growth condition in ([CI4) implies (£Z), and on the

k—+oo

other hand, using Proposition [£.4] O

Corollary 4.5. Under the same assumptions and with the same notation of
Theorem [I.3] it results that
r(Lre)- lim F., = F.
( ) kilfoo ck
Proof. The result is a direct consequence of Theorem together with Propo-
sition €4 since the first ensures that F is a lower bound for the liminf of
F..(uc,) for every u., — u in LP°C)(Q;R3) while the upper bound is given by
Proposition F4 O

Remark 4.6. (i) A careful inspection of the result of Corollary shows that
it holds also if we replace, in the definition of the functional F;,, the null
boundary datum on d,Q by any other function ug € N, ~oW"hPer()(Q;R3) N
Whpol)(Q; R3) satisfying ug = uo(za ).

(ii) The I'-convergence result with respect to the LPo()_strong convergence, stated
in Corollary 5] appears as a natural convergence under the assumption (€3]

on {pEk }

4.3. The nonconvex case

This section is devoted to the proofs of Theorems [[L4] and With this aim, we
recall a relaxation result which extends, in the case of variable exponents, to integral
functionals with trace constraints on the boundary the more general results proven
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in Ref. [46]in the unconstrained case. For the readers’ convenience we state it in our
framework, which deals with functionals with growth of the type [£ |p<x), referring
to Theorem 5.1 of Ref. [49] for the result stated in full generality.

Theorem 4.7. Let U be a bounded open subset of R with Lipschitz boundary,
let p € Py(U) and consider a Carathéodory integrand ¢ : U x R? x R™>*N — R
satisfying the growth condition

C1 + Col¢P@ < p(a,€) < O3 + CueP®, (4.14)

for a.e. x € U and & € RN with 0 < Cy < Cy. Let J : LY(U;R?) — [0, 4+00] be
the functional defined by

T(u) = /QQD(UU,Vu(;E))dx if o(-, Vu(-)) € LY(U),
00 otherwise in L'(U;R?).

Assume that ug € WHP (U;R?) is such that J(ug) < co. If there exists a sequence
{ur} such that u, € WHP™ (U;RY) N CH(Uy; RY), where

Uy :={z €U :dist(z,0U) > 1/k}, keN,

with uk|ov = uolov, uk — ug in WP (U;RY) and J(ug) — J(ug), as k — +o0,
then there exists a sequence {i} such that u, € WLP (Q;RY) N WL (Uy; R?),
@k |ov= uolov, Uk — up in WHP (U;RY) and

khﬁn;() J(ug) = /UQcp(x,Vuo(:E))d:E,

where Qg denotes the quasiconvex envelope of p(x,-).

Now, exploiting the same techniques of Theorem [[LT] we are in a position to
show the lower bound inequality.

Proposition 4.8. Let {Z., } and T be the functionals defined by (LIT) and (20,
respectively. Under the assumptions of Theorem [L4]

Z(u) < 1kim+ian€k (Uey)s
—+oo
for every L*(Q;R3) 3 ue, — u in L*(Q;R3) as k — +o0.

Proof. Without loss of generality, assume that liminfy_, o Z., (uc, ) < +00. By
exploiting the assumption py € P;Og(w), Proposition 1] ensures that u can be
identified with a function in Wol’p(’(')(w; R3) and u., — win LPOC)(Q;R3) and u — u
in WhP (Q;R?). Taking into account that p, > 1, let 0 < § < min{1/2,p; — 1}
and let ky € N be such that

1 <po(z) =8 < pe,(z) <polx) +6 for L3-ae. z € Q,
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for every k > k. By using (B8], we have that

25|Q + (25)_25/ Wre (%) (:Ca, Vate, (), §V3u8k($)) dx
Q E

> / ypol@a)=3 (wa,vaugk (x), nguak(gc)) dx.
Q €k

Hence, by passing to the liminf as £ — +o00 and by applying the very definition
of Wy and Q(Wgo(')), we get that

1
20|19 + (26)7*° hmmf/ Werek (@) (I’a,vauek(x) 5 VBU’&IC(:E)) dx
k

k— o0

1
> 1iminf/ wro(wa)=0 (wa,vaugk (2), g—Vgugk (w)) dx
Q k

k—-+oo

k—+oo

Zliminf/ WEED (1 V e, (2))dae
Q

> lim inf Q(Wg(’(w“)_é)(xa, Ve, (x))dz. (4.15)
k—+o0 Q

Then, by Theorem [3.5] we have

lim inf Q(Wgo(wa)_é)(zavvausk (:E))d:l?
k—+oco Jo

= / Q<Wg[}(%)76)(fﬂa» Vau(xa))dxady

/ Q( WPO(%‘) 5)(:10(“ Vau(za))dzy .
Hence, by combining ([@I5]) and the above inequality, as § — 07, we obtain

1
liminf [ WPex (@) (xa,vaugk (), —Vaue, (:B)) dx
k—4o00 Q Ek

zliminf/Q(Wgo(z“)75)(xa,Vau(xa))dxa.
0—=0t J,

Now, we claim that

Wo(Ta,&a) = Wo(Ta,Na)| < w(a, e — Nal)

(4.16)
for every £q,ma € R¥*2, for L2-ae. x4 € w.

Indeed, let N C w be such that £2(N) = 0 and (LI8), (L) and (LI9) hold for every
To € w\N and for every &1 € R3*3. Hence, thanks to the coercivity assumption
([CIR), for a.e. z, € w\N and for every &, € R3*? there exists {3 € R? such that
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Wo(Za,€a) = W(Za, £a, &). Therefore, for every 1, € R3X2
Wo(@asa) < W(TasTa, &) < w(Ta, |(Ear &) = (10, E3)]) + W(Ta, €as &)
= w(Ta, o = 1a]) + W(Ta; €as E3)
< w(@a; [€a — Nal) + Wo(Ta, &a)-

By changing the role of &, and n, we get (LI0), which implies that the map
(Za,q, &) = Wi (24, §) is a Carathéodory integrand. In particular, this in turn yields
that for every ¢ > 1 and £2-a.e. 7, € w the function W{(x, ) is Borel measurable
and locally bounded; moreover, it is bounded from below by the right-hand side
of (IIY), hence, its quasiconvex envelope Q(W)(z, ) satisfies the assumptions of
Theorem 6.9 of Ref. I8, and can be represented as

Q) ar6) = { o [ Wi, o+ Vit 0 € W3 (D539

with D any bounded open subset of R2.

Hence, by using Part 3(b) in Proposition 9.5 of Ref. [I8, the map (zq,q,&) —
QW{)(za,&) is a Carathéodory integrand too. Therefore, for £2-a.e. z, € w and
for every &, € R3*? it holds

lim QOWE ™) ™) (2, 60) = QUVE ) (20, £0), (4.17)

§—0t

and, by using Fatou’s lemma, we finally get

lim inf WPk (@) (xaa vauak (./L'), siv3u6k (./L')) dx
k

Ek—)0+ 0
> / QL)) (20, Vau(z,))dze. 0

Now, we are in a position to prove the upper bound inequality for Theorem [I.4]

Proposition 4.9. Under the assumptions of Theorem L4 it results that

I(LY)-limsupZ., <7,

k—-+oo

where I. and I are defined by (LI7) and ([L20Q), respectively.

Proof. First of all, we observe that the functional Z., coincides with the functional
Fe, in (CI3) when f : wx(—1/2,1/2)x[1,00)xR3**3 — Ris given by f(za,y,q,&) =
Wi (x4, €). Moreover, the assumptions on W ensure that for £?-a.e. 7, € w and
£, € R3*2 it holds

ginﬂg (Wpo(Ia)(Ia,€a7§3)) = WgO(Ia)(xavga)v (418)
3€R3

and the infimum above is attained.
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Hence, by applying Proposition 4] we have that

I:=TD(LPO)-limsupZ., <7y, (4.19)

k——+oo

where
/ ng’(“)(xa, Vou(ze))dr, ifue Wol’p(’(')(w;R‘?),
Ti(u) = Jw
+00 otherwise in L1 (2;R3).
We introduce

/WgO(wQ)(xa,Vau(xa))dxa if WEO (- Vau(-)) € LY(w),
J(u) == w

+00 otherwise in L1(Q2;R3).

Thanks to (L9) and by applying Lemma LIl Wy : w x R3*2 — R is a Carathéodory
integrand satisfying

Ciléal = — < Woltar &) < Calléa] + 1)
Ch (4.20)

for £2-a.e. 4 € w, for every & € R3%3.

This, clearly, implies that also the map (z,&) — Wgo(r")(wa,éa) is a
Carathéodory integrand satisfying the growth condition (ZI4).

In order to show that I < Z, without loss of generality, we can consider the case
when Z(u) < +oo. Then, u € W&’po(')(w;R‘?) and, thanks to (@I4), J(u) < +oo.
Moreover, being py € P,°8(w), Part (1) in Remark 27 entails that C5°(w; R?) is
dense in WO1 P 0(')(W;R3). Since J is continuous with respect to the convergence in
Wol’po(')(w; R3), we get that J satisfies the assumptions of Theorem X on U = w.
Hence, we can infer the existence of a sequence ., € Wol’p” (w; RHNW L2 (w,, ; R?),
such that ., — u in W1Po (w;R3) and

lim Wgo(“)(wa,Vﬁak (xa))dxa

k—-+oo w

_ / QVPT) (2, V() dra = T(u) < +00. (4.21)

In particular, thanks to the coercivity of Wgo('), (@21)) implies that there exists
ko € Nsuch that Vi, € LP°0) (w; R3*2) for every k > ko. By exploiting Proposition
28 this implies that u., € W'Po()(w;R3). Finally, by Theorem B0, we obtain
that ue, € Wy (w;R3) for k > ko. Hence, T (e, ) = J(iic,) for every k > k.
Moreover, by using (@20) and the Poincaré inequality in W, * 0(')(w; R3) (see [Z.0)),
it is easy to obtain that @, — wu in W1Po()(w;R3). Therefore, by Proposition
28 @., — u in LP0)(w;R3) and then ., — u in LP°0)(Q;R?). Since I is lower
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semicontinuous with respect to such a convergence, by [@I9) and (£ZI]), we get
that

I(u) < liminfI(i.,) < lm Zy(ic,) = lim J(d.,)

k——+oo k—+oo k——+oo
- / QU (0, Vi(r0) )t = Z(u). o
Proof of Theorem [I.4l It follows from Propositions 4.8 and O

Finally, we prove Theorem [[L5] splitting the proof in a double inequality. We
underline that the adopted arguments are very similar to those exploited in the
proof of Theorem [[4], relying for the lower bound on techniques stemmed from
Theorem [[L2 Indeed, we provide for the reader’s convenience only the proof of the
main differences. Arguing as in Theorem 3.6 it is possible to show that the result
generalizes to the case when W depends also on x,; however we prefer to focus just
on the model behavior of an energy density of product-type between the spatial
variable and a gradient dependence.

Proposition 4.10. Let {J., } and J be the functionals defined by in (LZI) and
(T2Z8), respectively. Under the assumptions of Theorem [l

J(u) <liminf 7, (ue, ),

k—-+oo

for every L*(Q;R3) 3 ue, — u in L*(Q;R3) as ex — 0.

Proof. Without loss of generality, we can assume that lkim inf 7z, (ue,) < 4o0.
—+o0o

Thus, by ([23)

1kl§+11£ ; Whey, (2) <Vau5k (z), %Vguek (x)) dx < ai_ 1]€1§+11£ Tep (Ue,,) < +o00.
In turn, thanks to (L22), [@2) holds. Hence, in view of our assumptions on p.,
and po, by (1), (3) and (4) in Proposition ELT] we have that, up to a not rela-
beled subsequence u., — u in WHP (Q;R3) and strongly in LP°()(Q;R3) with
u € Wol’p(’(')(w;R‘?).

Furthermore, a.,, p., and u., satisfy the assumptions of Theorem [[2] hence,

we can mimick the arguments therein. More precisely, by reasoning as in the first
part of Theorem (see (BI0)) we have that

k— o0

1
lim inf/ ae, (x)WPer @) <Vau€k (x), —V3ue, (x)) dz
Q €k

> lim inf ao(xa)Wgek(ﬂ(VauEk (x))dz,
k—+4o00 [e)
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where W, is the function appearing in (L26). Moreover, by applying the same
argument of Lemma ] and Theorem B3] for every 0 < § < min{1/2,p, — 1} it
holds

(26)% lim inf / a0 (20)Wo (Ve (2))d + 26][a]| e ) £3(9)
Q

k—-+oo

> lim inf / ao(za )W (T ug, (2))da
Q

k——+oo

k—-+oo

> lim inf /Q a0(22) QWP D=V i, (2))dee

= / a(wa) QUVE ) ) (Vulz,))da. (4.22)
Q

Now, arguing as in Proposition [L.§] (see [@IT)) i.e. exploiting the fact that qua-
siconvex envelope Q(W{) satisfies the assumptions of Theorem 6.9 of Ref. [I8| it
follows that

lim QM) (€0) = QU ) (€u). (4.23)

Hence, combining (£22) and (£23) and sending § — 0, Fatou’s lemma gives

1
1iminf/ ae, (x)WPer (@) (Vaugk (x), E—Vgugk (:B)) dx
Q k

k——+oo

= / ao (IQ)Q(W(IJ)O(IQ))(Vau(xa))dxa7

for every u € W&’po(')(w;R‘?), which, in view of the definition of J in (2H), con-
cludes the proof. O

Proposition 4.11. Under the assumptions of Theorem [LHl it results that

(LY)-limsup J-, < J,

k—-+oo

where {Jz, } and J are the functionals defined by (L2I)) and ([28), respectively.

Proof. Without loss of generality, we can restrict to consider the case when J (u) <
~+o00. Taking into account (L.24)), up to some minor modifications, we can reason as
in the first part of Proposition [£.4] and obtain that

I(u) < inf /ao(xa)Wpo(z“)(Vu(xa),w(:z:a))dxa Vu e Cg"(w;R?’),
wGLpo(')(w;R3) w

(4.24)
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where

I:=T(L"Y)-limsupJe, .

k—-+oo

Following the same argument in p. 558 of Ref. 45| there exists a measurable function
wp = wo(Z4) such that

Wo(Vu(zy)) = 531161]123[VV(VU(:E@,53.)] = W(Vu(za), wo(zs)) for L:-a.e. x4 € w.

In particular, by using (18], we deduce that
ao(@a )W (Vau(za)) = ao(za) W) (Vau(za), wolwa))

= inf [ag(za)WP @) (Vau(z,), £3)].
§3€R3

Moreover, thanks to (L22)), such a function wg belongs to LP°() (w; R?). Hence, by
using ([@.24]), we get that

I(w) < Fi(w) Yue CPwRY),
where J; : L' (w;R3) — [0, +00] is the functional defined by
/ ao(xa)Wgo(z“)(Vau(xa)) dr, ifue€ Wol’po(')(w;R‘?),
jl (u) = w
+o0 otherwise in L!(w;R3).
Since ag € L (w) and thanks to the growth condition

Wo(&a) < Co(|€a] +1)  for every &, € R¥*2,

inherited by ([LI2)), Ji results strongly continuous on Wol’p“(')(w; R3).

By using the density of C3°(w; R?) in W) 7" (w; R?) (see Part (1) in Remark
27) and the lower semicontinuity of I with respect to the strong convergence in
Wy (w; R3) we obtain that

I(u) < Ji(u) Yue€ L'(w;R?). (4.25)

Now, by reasoning as in the proof of Proposition .9, we can show that there exists
a sequence {u, } C Wol’po(')(w;Rs) such that @, — v in LP°C)(w;R?) and

lim Ji(@,) = lim ao(;va)Wgo(x“)(wa,Vﬁgk(xa))dxa

k—~+o00 k—+o0 J,
_ / Qa0 (za )W) (20, Vu(wa))dza. (4.26)

Since I is lower semicontinuous with respect to the LP°()-convergence and

Q(ao(xa)Wgo(x“)(xa, ) = ao(xa)Q(Wgo(x“)(xa, ), for L%-ae. 24 € w,
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(#£28) combined with (£20) implies

- / QUL ) (2, Vii(a))dire = T (1),

and the proof is over. O
Proof of Theorem It follows from Propositions @10l and EL111 O

Analogously to Corollary [0 the following results hold. The proof is omitted,
being very similar to the one presented in the convex case.

Corollary 4.12. Let Z.,,Z,J., and J be the functionals in (LIT), (C20), (C2)

and ([L28), respectively. Under the same assumptions and with the same notation
of Theorems L4l and [LH it results that

LLreO)- lim 7., =7,

k—-+oo
and
L(LPoO)Y- 1 =J.
(L )~ _Ffooja’“ J
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