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MSC: Vehicular traffic flows through a merge regulated by traffic lights and produces pollutant that
35L65 diffuses in the surrounding region. This situation motivates a general hyperbolic - parabolic
76A30

system, whose well-posedness and stability are here proved in L!. Roads are allowed to be also

gg%:’: 2-dimensional. The effects of stop & go waves are comprised, leading to measure source terms
in the parabolic equation. The traffic lights, as well as inflows and outflows, can be regulated
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Parabolic pollution models
Optimal traffic management
Stop & go waves

1. Introduction

We study a macroscopic model describing how vehicular traffic along a road network produces pollution and how this pollution
propagates. The well-posedness and stability properties obtained allow to tackle the problem of optimal management of traffic lights
in order to minimize the presence of pollution in given regions.

The network we consider consists of a merge with 2 incoming roads R! and R? and one outgoing road R3. All roads may also
have a 2-dimensional geometry, so that R’ ¢ R?, and the traffic along them is described by a 2-dimensional Lighthill-Whitham [1]
and Richards [2] model

9,0+ V- (3x,p))=0 xeR i=1,2,3

p'(0,x) = pi (x) xeR! i=1,2,3 an
GEP0O)=fl1E)  EecentrytoRT  i=12 .
q(&00))=fl (6 Ee€exittoR! i=3.

As usual, p = p(1, x) is the traffic density and ¢ = ¢ (x, p(¢, x)) the corresponding traffic flow. A precise statement of the whole model
is presented below.
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Traffic is controlled through the inflows f,.‘n, fizn, the outflow 3 and through traffic lights at the merge. The latter consists in

out
selecting time intervals J; where the light is green for R!, while in the complement R* \ |J J; the light is green for R2, i.e.,

ter JJ foiut:fi:; and fazut:();
IER+\Uij faut=0 and faut=fin'

Traffic flow produces pollutant whose density u = u(t, x) propagates according to

{ u+V-wpt,x)—put,x)Vuy+x(t,x) u=G xR 1.2)

u(0, x) = u,(x)

where u = u(1, x) is the diffusion coefficient, § = f(t, x) represents the wind velocity field, k = (7, x) is the pollutant decay rate and
u, = u,(x) is the initial datum. The source term G models the pollutant production and is a function possibly depending locally or
non locally on p, g. We underline that G may well depend also on the spatial derivative of the flow ¢, so that it accounts also for
accelerations, well known to be a major source of pollutant.

We remark that, differently from other results in the literature, we carefully adopt a conservative form for (1.2) so that the
production of pollutant is exclusively due to vehicular traffic, while its decay is that explicitly prescribed in the equation through
the term x u.

Analytically, we develop an L' well-posedness theory for solutions, understood in the weak sense, to the system consisting of
the nonlinear hyperbolic equation (1.1) on the merge coupled to the parabolic equation (1.2). The coupling, nonlinear and possibly
nonlocal, may also contain in measure terms.

At the hyperbolic level, this is achieved extending [3] to comprise the presence of the boundary and [4] to account for flux
constraints, all this first in the 1d case corresponding to a 1-dimensional version of (1.1), i.e., an initial boundary value problem
with flux constraints. Then, we introduce a framework for a 2-dimensional road, further extending [3,4]. At last, we also include
the 2-dimensional merge. In this part, the techniques developed below rely on the definitions of solution from [5-7], notably stable
with respect to L! convergence. Moreover, precise BV estimates are obtained to allow that the distributional spatial derivatives of
p and ¢ appear in G, as required by the physical application considered. Note that the roads’ geometry is essentially arbitrary and
the extension to more general networks is a matter of iterating the techniques below to more roads or junctions.

The parabolic part is settled in L!, as in [8], a norm whose physical meaning in (1.2) is evident. This choice requires our
introduction of an ad hoc definition of weak solution and of the related uniqueness and continuous dependence theorems, obtained
essentially extending the classical results limited to strong solutions in [9]. The case of the source term G in (1.2) being a Radon
measure falls within the general well-posedness framework here developed and allows to account for stop & go waves.

Once stability estimates are available, we optimize the timing of the traffic lights, the inflows fl.ln s fli and the outflow f3 , so
that an integral functional measuring the presence of pollutant in a given region is minimized. For completeness, we refer to [10]
for a numerical approach to the control of a conservative equation like (1.2).

Thus, we provide a rigorous analytical framework to various results in the literature motivated by pollution production and
propagation. We refer for instance to [11,12], consisting mainly in numerical simulations devoted to general networks. Second
order models along a junction connecting several 1-dimensional roads are considered in [13,14]. The minimization of pollution by
means of ad hoc speed limits is presented in the recent work [15].

The use of mixed hyperbolic-parabolic systems is frequent in various mathematical models: see for instance [16] motivated by
tumor growth and analytically limited to radially symmetric solutions, or [17] devoted to the circulation of blood on a network,
analytically settled in L? and considering strong solutions on a bounded domain with Robin boundary conditions. A related mixed
ODE - parabolic PDE model is considered in [18]. Recall that the minimization of urban traffic-related air pollution within different
uni- and multi-objective optimization frameworks was also studied, among others, in [19-22].

The necessary 1-dimensional results require minor modifications of known theorems and are collected in Section 2. The analytical
framework describing a 2-dimensional road together with the corresponding well-posedness and stability results related to (1.1) are
in Section 3. The parabolic model (1.2) is treated in Section 4, while the optimal management problems is deferred to Section 5.
All proofs are collected in Section 6. Finally, Section 7 provides hints to possible future works.

2. IBVP on a 1D network with a flux constraint

Following the classical Lighthill-Whitham [1] and Richards [2] model, the vehicle speed v = v(p) at traffic density p is prescribed,
for all p € [0, R], R > 0 being the fixed maximal density. Throughout, we require the following assumption on v, stated by means
of the corresponding flow q(p) = p v(p), whose graph is often referred to as fundamental diagram:

(@) g € C([0, R]; R,) is such that ¢(0) = g(R) = 0, ¢’(p) > 0 for p € [0, 5[ and ¢’(p) < O for p € 15, R], for a fixed critical density
p €10, R][.

-1 and ¢!

The restrictions ¢ of g to [0, 5] and ¢ of g to [p, R] are invertible and we denote them by ¢
110,5] |[A.R] [10,5] |[p.R]

respectively.
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For completeness, we recall the basic results concerning the following Initial-Boundary Value Problem (IBVP) on the (nontrivial)

bounded open interval I:

op+04q(p) =0

(t,s) € [0, T]x I

p(0,5) = p,(s) sel
g (ptos) = fu®)  1€10.T] @1
g (p(t, 50)) = four®  1€10,T],

where we set s;, =inf I and s,,, = sup I.

Particular care has to be taken to correctly evaluate the effects and the meaning of the boundary conditions. First, as it is usual
in the context of hyperbolic conservation laws, a solution to (2.1) needs not to satisfy these conditions at all 7, not even at a.e. t,
see [5-7]. Second, due to our considering only fluxes satisfying (q), the boundary conditions in (2.1) can be equivalently understood
as constraints. Indeed, the trace (gop(?)) (s;,+) at s;,, respectively (gop(1)) (s,,,—) at s,,, of the flow g(p) of the solution p is the maximal
possible flow of a solution compatible with (gop(?)) (s;,+) < f;,(?), respectively (gop(t)) (Spu—) < four(D-

The specific form of the following definition is inspired by [5, Definition 1] and [7, Definition 1].

Definition 2.1 ([4, Definition 3.1]). A solution to (2.1) is a map p € L*([0,7] x I;R) such that for any test function ¢ € Ci (R%; R +)
and for any xk € R,

T T
/ /(p(t, 5) = K)F 0,(t, 5)ds dr + / /Sgni (p(t,5) — k) (q (p(t, 5)) — q(x)) 05 (1, 5) ds dt
0o JI 0o JI

+ / (Po() = k)" @(0, 5) ds + / (p(T,5) = )" @(T, 5)ds
1 1

T T
+||q,||L”([0vRJ9R)/) <q_[é,,,] (f,-,,(t)) - K> o(t, s;,) dt + ||‘1,||L°°([0,RJ;R>/O (q_[;,R] (f(,u,(t)) - K> @, 5,,)dt >0.

Here and in what follows, we use the standard notation x* = max{x,0}, x~ = min{x, 0}, for any x € R, as well as sgn™ x = { (1) iig
0 x>0

- x<0 "
The well-posedness of (2.1) and detailed stability estimates are ensured extending [4, Propositions 3.2 and 3.3] to comprise non

BV initial and boundary data, see also [3, Theorem 2.2]. The following result also provides estimates on the total variation of the
nonlinear map x — ¥ (p(t, x)), where

and sgn™ x = {

¥(p) = sgn(p — p) (q(p) — q(p)) . 2.2)

This bound is instrumental in ensuring the existence of traces of p and in proving that g(p) has bounded total variation, while

x + p(t,x) may well have infinite total variation.

Proposition 2.2. Let g satisfy (¢), p, € LY(I;[0, R]) and Sins four € L'([0,T1; [0, g(3)]). Then, problem (2.1) admits a unique solution p
in the sense of Definition 2.1 which satisfies, for all t € [0, T,

-1 -1
ol rz) < max{””””L“U‘»R)’ |)q|[0,ﬁl°ff" Lo(0R)’ ‘|qllﬁ~RJ°f0"' L”([O,t];R)}' @3
Moreover, if p,, fA,»n and fou, satisfy the same assumptions, the corresponding solution p satisfies, for all t € [0,T],
lle® = 2Ol < lPo=Pollurcrm + ’ Tn=Tinll L qonm T ‘ Tou=ourl| 1 40,13y 24

If in addition, with reference to (2.2), ¥(p,) € BV(I;R) and f,, f,.. € BV(0,T1;[0,q(p)]) then, for all t € [0,T], the map ¥ (p(t)) has
uniformly bounded total variation in the space variable.

The proof of Proposition 2.2 is deferred to Section 6.1. We remark that an estimate analogous to (2.4) is also obtained in [3,
Theorem 2.2], where, as in the present setting, the incoming flux is assigned as (Dirichlet) boundary datum.

Consider now three 1-dimensional (one-way) roads, where roads 1 and 2 merge into road 3. Denote by I; the road segment
parameterizing the ith road, and by p’ the corresponding traffic density. All densities vary in the same interval [0, R]. Moreover, the
speed law v is the same on all the three roads, with g(p) = p v(p) satisfying (q). All this leads to consider

9,0 +0,9(p") =0 (t,s) € [0, T]x I, i=1,23
i — i I. i=1,2
p (0; 5) i pL(s) i sel; i=123 (2.5)
q(ps,)) =1, te0.T] =12
q (p’(t’ Si)ut)) = (;ut(t) re [0’ T] i=3
where s::n = inf I; and si)m =supl;, i=1,2,3.

The regulation of the merge is described by suitable conditions on the outflows f! , f2. of the incoming roads and on the

inflow f of the outgoing one. For instance, we introduce traffic lights, displaying alternatively red or green lights at the end of
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¥(s) + L (s)+

2L I Ein lf\/\/\/\/\/\/\/\/&’ Eout
NNANNNNNNAN

v(s) — Ly/(s)*

Fig. 3.1. Road parameterization introduced in Definition 3.1. The gray line is the support of s ~— y(s), while the thick lines support the maps s = y(s) + Ly’(s)*.
The entry &, and the exit &,, defined in (3.1) are the dashed segments.

each incoming road. This leads to introduce the time intervals J; where the green light is between roads 1 and 3. Correspondingly,
consider the class W of functions w that can be written as follows, for a suitable n € N:

w [0, T[ - {0,1} J; €[0,T] is an interval
‘ where J. #0 (2.6)
t ¢ J
= 2,0 JEk = 0 =0.

Definition 2.3. By solution to the IBVP (2.5) regulated by w as in (2.6) we mean a triple of maps p', p?, p> such that, for i = 1,2,3,
p' € L®([0,T]1x I,;10, R]) solves (2.1) in the sense of Definition 2.1 where, for r € [0,T],

fm,,(t) =w(n) q (max {5, p*(t.5,)})
£2,0=01—-w®) q(max{p, ot s3)}) 2.7)
Fa®=w® q(min {p'1,s},).5}) + (1 = w®) q(min {p*(1,53,).5}) -

Theorem 2.4. Let q satisfy (q). For any p! € LY(I;;[0,R]), i = 1,2,3, for any f}, f2, /3, € L1([0,T1:[0,q()]) and for any w as

out

in (2.6), the IBVP (2.5) regulated by w admits a unique solution p', p%, p°> in the sense of Definition 2.3. Moreover:

(1D.1) If 5, € LI(1,;[0, RY), for i = 1,2,3, and fm, fm, fou, € L1([0,T1; [0, g(5)]), the corresponding solution p', 52, 5> satisfies for
all t € [0,T],

z ”P (I) - P (t)”L](I R) = LI(I ‘R) Z ”fm fm L!([0,7];R) fout faut LI04R) .
(AD.2)  If fori = 1.2.3, ¥(s\) € BV(I;; ®) and 1R e "BV(0.T): (0. ¢(7)]), then, for all 1 € [0.T], YTV (P()) is
uniformly bounded on I.
(1D.3) If the triple p', 5%, p3 solves (2.5) regulated by a map @ as in (2.6), then for all t € [0,T]
3
Z ||pl(t) - ﬁi(t)”Ll(I‘_;R) < 3 q(ﬁ)”w - lf)”Ll([O,t];R) . (2~8)
i=1

The proof of Theorem 2.4 is deferred to Section 6.1. In this connection, recall that the LWR model on a network was first
considered in [23] and then developed in [24,25].

3. A merge in a 2D traffic flow model

We first introduce the basic definitions and notations to deal with a 2D road, see Fig. 3.1. Any vector u € R? is understood
as a column vector, i.e., u = [Z' ] We also set ut = [—uuz and uT = [u, "2]- If, u,z € R?, their scalar product is denoted
2 1

u-z=u'z=uz, +u,z, ldentities useful in the sequel are u' - z+u-z* =0and ut -zt =u - z.
Definition 3.1. Let I C R be an open nontrivial interval, L > 0 and y € C>(I;R?) be a simple curve such that ||y’(s)|| = 1 and
l¥"()|| < 1/L for all s € I. A Road is a map

R: Ix]-L, L[ — R?
(s,%) - X where x=y(s)+f(y’(s))J'

such that R({ x ]-L, L[) is simply connected.

On the basis of elementary notions, the above setting means that s is the arc-length, or curvilinear abscissa; y’(s) is the versor
tangent to the curve y at y(s) and y"(s) is the curvature. Since the road’s width is 2 L, the condition ||y”(s)|| < 1/L avoids “self
superpositions” of the road.
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If I is bounded below, respectively above, we set, see Fig. 3.1,
Sip=1inf I Ein=R(s;y,1-L, LD
Sout = SUP I Sout = R(Sout’ ]_Lv LD . B
Below, we occasionally identify the map R with its support R(I x ]—L, L[).

3.1

Lemma 3.2. Let R be a road in the sense of Definition 3.1. Then R : I x ]-L, L[ = R(I x 1-L, L[) is bijective and its inverse is of class
C! (R x1-L,LD;R?) nC° (R x1-L, L[); R?).

The proof is deferred to Section 6.2. The above Lemma 3.2 allows to define on R the C! vector field r by
rx)=7y'(s) & I el-L L[ R(,¢)=x
so that
rR(s, ) =7'(s). (3.2)
Consider the IBVP for a conservation law on a bounded road R, understood in the sense of Definition 3.1, where we prescribe

the inflow f;, and the outflow f,,,:

op+V-(glp)r(x))=0  (,x) €[0,TIXR
p(0,x) = p,(x) x€R

q(pt.8) = fin(t,6) (t,§) €0, TIx &,
q(p(t,8) = fou(t,6) (t,$) €0, TIX &5

(3.3)

where &;, and &, are as in (3.1).

Definition 3.3. By solution to the IBVP (3.3) on the time interval [0,7] we mean a map p € L®([0,T] X R;R) such that for any
test function ¢ € Ci(lR X R;R,) and for any « € R,

T T
/0 /R(ﬂ(t, X) = K)* 0,¢p(t,x) dx dt+/0 /ngni (p(t, ) = k) (q (p(1, X)) = q(K)) V,@(1,x) - r(x) dx dr

+/(%urwf¢wmnu+/\mnm—xﬁwamwu
R R

T * T *
+||q/||L°°([0,R];R)/O /‘S <‘I&;p] (ffn(f’f))—’f> ‘P(”f)dde||‘1/||L°°([0,R];R)/O /g <‘1&;R] (fam(t,f))—’f> @(t,&)dedr > 0.

In the above integral inequality, the usual term with V, - r is missing since the vector field r, defined in (3.2), is divergence free
by construction, as proved in Lemma 6.1.
The next Lemma 3.4 relates the 2D IBVP (3.3) to the 1D IBVP (2.1).

Lemma 3.4. Let R be aroad as in Definition 3.1. For any p, € L'(R; [0, R), f;, € L'([0, T1XE;,,; [0, 4P, four € L'([0, TIXE, s [0, g(P)]),
the Cauchy problem (3.3), in the sense of Definition 3.3, is equivalent to the family of 1D Cauchy problems parameterized by £ € 1-L, L[,

3,0° +0,q(p")=0 (t,o) € [0,T] x I”
’ _ ¢
P ((1;6);/70(6)/ cel 3.4
q(p’t.s5)) = fL0 1€0,T]
q(p’.st)) = o t€[0,T]
understood in the sense of Definition 2.1, where I =15’ ,s* [ and forall £ € |-L,L[, s € I
d 1 Sﬁ' = Sim
o _1_ ’ M - Sout
E(S) =1-¢ (Y(9) - 7"(s); S = Ser _bﬂ/ (]//(S))l (s)ds, (3.5)
Sin
and moreover for a.e. t € [0,T], # € -L, L[, s€ I, 6 € I?,
Pl (t,0)=p(t,R(s,2)), o= fin (R0 0))
£l — ¢ — (3.6)
P, (0)=p, (R(s,7)), FE D= four (L R(Spu, 0)) -

The proof is deferred to Section 6.2.
The next theorem extends the well-posedness results of Proposition 2.2 to the present 2D setting by means of Lemma 3.4.

Theorem 3.5. Let g satisfy (¢). For i = 1,2,3, let R' be a road as in Definition 3.1. For any p, € L'(R;[0,R]), f;, € L'([0,T] X
En 10,4, fou € LII0,T1X &, [0, g(p)]), the IBVP (3.3) admits a unique solution p in the sense of Definition 3.3 and it satisfies, for
t € [0,T), the estimate

-1
95,R1°S out

-1

L ([0,1]XE;R) |
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with £, and &,,, as in (3.1). Moreover, if p,. f,, and f,,, satisfy the same assumptions, the corresponding solution p satisfies, for all t € [0,T],

~
faut_faut

||/1(1) p(t)”L](R R) = < ||po po”LI(R :R) + Hfm fm

L!([0.]xE;,:R) LI([04]%Ep R) ©

If in addition
esssup TV (¥ (p, (R(-,€)))) < +oco, esssupTV (f;,(-,&)) <+co and esssup TV (four ¢+ 8)) < +00,
¢el-L,L[ = E€Eu

then the following bound holds

sup esssup TV (¥ (p(t,R(-,7)))) < +. (3.7)
te[0,T1 £€]l-L,L[

The proof is deferred to Section 6.2.

Consider 3 roads R!, R? and R3, understood in the sense of Definition 3.1, with R': I, X |-L, L] — R?, I, being a nontrivial
open and bounded real interval. We say we have a merge when, with the notation (3.1),

Eu=Eu =6, and  y(s,)=7(s5,) =7(s;),

out out

so that, in particular, also y{(sim) = yé(sout) = yg(s;n).
Along R/, for i = 1,2, 3, the traffic density is p' = p/(z, x), with p(, x) € [0, R], and the traffic flow g, as a function of p, satisfies (q).
We are thus led to consider the problem

00 +V-(qp)rx) =0 @x)€[0,TIXR =123

P'(0,) = g (x) xeR! i=1.2.3 (3.8)
q (0" .9) = 1,9 €O TIxE,  i=12 _
q (p’ (1, f)) = out(l &) t,& e[0,T] x gtlmr i=3.

We assume that the merge is regulated by traffic lights displaying alternatively red or green lights at the end of R' and R?. As
in the 1D case, the traffic light is represented by a function w as in (2.6). Hence, the traffic flow at the junction is described by
conditions on f olm, 12 opand fo. 3

Definition 3.6. By solution to the IBVP (3.8) regulated by w as in (2.6) we mean a triple of maps p!, p2, p> such that for i = 1,2, 3,
pl € L®([0,T] x R; [0, R]) solves (3.3) in the sense of Definition 3.3, where, for (¢,#) € [0,T] x ]-L, L[,

fout (t R (Saut’ f)) = w(l) 4q (max {ﬁ’ (t R3(Sm’ f))})
2 (LRYs2 . 0) = (1 —w®) g (max {5, 0° (t, R}, ) }) (3.9
2R, ) = w@) q(min {p' (1, R'(s,.6)).5}) + (1 —w®) q(min {p* (1, R*(s%,.©)) . 5}) -

We now state the main result about the hyperbolic part (3.8) of our model (3.8)-(4.1).

Theorem 3.7. Let q satisfy (q). For i =1,2,3, let R be a road as in Definition 3.1. F
flln e L([0,T] x é',,,, [0, g(P)D),
Forany o\ eL'R;[0,R) and f2 € LY((0,T]x &E%;00,q(A)D), (3.10)
£2, e LN0,T1x &2 :10,9(p)]),

and for any w as in (2.6), the IBVP (3.8) regulated by w admits a unique solution p', p?, p? in the sense of Definition 3.6. Moreover,

(2D.1) If 5, € LI(R':[0,R), for i = 1,2.3, and [} € L'([0.T1x £.:10.q()]), f2 € L'(10.T1x £2:10.4()), 3, € L'(10.T] x

; [0, ¢(p)]), the corresponding solution p' p2 p? satisfies for all t € [0, T],

OM[ ’

Z ”P (I) - P (I)HLI(R‘ R) = LI(R‘ iR) + Z ‘ flln flln LI Ot]xé” ‘R) fnur fnut L0, t]xé’:m ]R)
(2D.2) If moreover fori=1,2,3,
esssup TV (fL (. &) < +oo,
)
. . 2 .
esssup TV (¥ (p! (R'(-.)))) < +oo0, essst71pTV (fin(©) < +oo, 3.11)
¢el-L.L[ seg;,
esssup TV (f2 (&) < +oo,
ceg;,
then the following bound holds
3
sup esssup TV (¥ (o' (1, R'(-,¢)))) < +o0. (3.12)

=l el cel-LL
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(2D.3) If the triple p', 52, p> solves (2.5) regulated by a map @ as in (2.6), then for all t € [0,T]

3

Z llo'( - ﬁi(l)”L‘(R";R) S6Lq®)|w = @ly1 0,1 - (3.13)
i=1

The proof of Theorem 3.7 follows from Theorem 3.5, exactly as the proof of Theorem 2.4 follows from that of Proposition 2.2.
4. The conservative parabolic pollution model

We assume the concentration of air pollutant u = u(t, x) is described by the Cauchy problem

{ ou+ V- up,x)— pu(t,x) Vu) + x(t,x) u = g(t, x) (t,x) €10, T] x R?

u(0, x) = u,(x) xeR?. 4.1)

The role of the various symbols is as described in the Introduction.
(HP) On the functions in (4.1) we assume the following conditions:

(HP.1) p € (C' n Wh*)([0,T] x R%;R,) is such that Vu is Holder continuous in x uniformly in ¢ and there exist f, i with
4> ji> 0 such that u(s,x) € [ji, 4] for all (7, x) € [0, T] x R?;

(HP.2) § € (C! n Wh®)([0,T] x R%; R?) is such that V§ is Hélder continuous in x uniformly in #;

(HP.3) «k € (C°nL®)([0,T] x R?;R) is Holder continuous in x uniformly in ¢.

See Definition 6.5 for details on Holder continuity.

Definition 4.1. A function u € C°([0,T]; L' (R%;R)) is a weak solution to (4.1) if for any
@ € CO[0, T1 xR%;R)n C1(J0, T[ x RZ;R)  such that

vVt e0,T[ x  (t,x) € C2(R2;R)
vt el0,T[ lim, _, ;o SUP| 5, @@, %) =0
Vielo,T] 1M, .y o0 SUP|xr |0,(1, )| = O (4.2)
vVt e]0,T[ lim, _, , o supj >, IV, x)|| = 0
Vi€l Tl 1im, o, SUP 5, [V20(t, )| = 0

the following equality holds

T T
/ / u(&,(p+V -(u V(p)+ﬁ~V(p—K(p) dxdt+/ u,(x) (p(O,x)dx—/ u(T, x) (p(T,x)dx+/ / g dxdr=0. (4.3)
0o Jr2 R2 R2 0o Jr2

Below, we extensively use the Green function I' associated to the homogeneous version of (4.1), refer to Lemma 6.6 for further
details.

Theorem 4.2. Assume that (HP) holds. Let u, € L'(R?;R) and g € L' ([0, T]xR?; R). Then, Problem (4.1) admits a unique weak solution
in the sense of Definition 4.1. Moreover:

(P.1) The following representation formula holds:

u(t,x):/ F(I,x,O,f)ua(é)d§+/ / r(tx,t,&g(r,&dédr (4.4)
R2 0 JRr2

where I is defined in Lemma 6.6.
(P.2) If also i, € L'(R%;R) and § € L'([0,T] x R?;R), calling @ the corresponding solution, the following estimate holds:

[lu@® = @Ol @2y <47 C A (””o = |l gem * g = §||L1([0,z]><R2;R)) (4.5)

where C is defined in (I'.3) of Lemma 6.6.
(P.3) Ifu, e L'(R*;R,) and g,§ € L'([0,T] x R%; R) satisfy g > &, then the corresponding solutions u, @ satisfy u > 7.

The proof is deferred to Section 6.3.
Consider now the case of a measure source. Call M the set of Radon measures on R”> and denote by ||u||,, the total variation
norm, see [26, Chapter 7, § 3, p.216].

Definition 4.3. A function u € L®([0,T] x R%;R) and « € C°([0, T]; L' (R?; R)) is a weak solution to (4.1) with g: [0,T] — M being
measurable, if for any test function ¢ as in (4.2) the following equality holds

T T
/ / u(,p+V-(uVe)+p-Vo—« @) dxdr +/ u,(x) (0, x) dx —/ w(T,x) (T, x)dx +/ / @(t,x) dg,(x)dr =0
0 R2 R2 R2 0 R2

where g,(x) = g(t, x).
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Theorem 4.4. Assume that (HP) holds. Let u, € L'(R%;R) and g : [0,T] — M be measurable with

su < 400. (4.6)
TG[O?T]IIgTIIM o0

Then, Problem (4.1) admits a unique weak solution in the sense of Definition 4.3. Moreover:

(M.1) The following representation formula holds:

t
u(t,X)=/ F(I,x,O,ﬁ)uo(ﬁ)d§+/ / '@t x,z,¢) dg (&) dr 4.7)
R? o Jr?

where I' is defined in Lemma 6.6.
(M.2) If dlso @, € L'(R%;R) and g: [0,T] — M is measurable and satisfies (4.6), calling @i the corresponding solution, the following
estimate holds:

)= 80y <4 8 (o =Bl 1 50 e =Bl ) (48

where C is defined in (I".3) of Lemma 6.6.
(M.3) If u, € LI(RZ;IR{+) and g,8:[0,T] -» M satisfy (4.6) and g, > g, for all = € [0,T], then the corresponding solutions u,u satisfy
u> 1.

5. The coupled problem
5.1. Well-posedness

We now couple the traffic model (3.8) to the pollution diffusion model (4.1), choosing a source term g in (4.1) that depends on
the traffic evolution described by (3.8). To this aim, for i = 1,2,3, extend each p’ to R? assigning the value 0 for all x € R?\ R;.
A first reasonable choice is

— 1 2 3
g(t,x) = G (1, p(t,x),q(1,x))  where ’; = (oh.0%0") (5.1)

(a(e"). q(p?). a(p®)

meaning that the production of pollutant at (¢, x) depends on the traffic density p(7, x) and on the traffic flow g(z, x) at (¢, x).

Theorem 5.1. Let g satisfy (q). For i = 1,2,3, let R' be a road as in Definition 3.1. Assume that, for i = 1,2,3, pf] e L'(R%; [0, R)),
L e L0, TIX €L :10,9(@1), f2 € LI(0,T1x E2;10,4(p))), 2, € L'(0,T1x &3 1[0, 9()]), and w € W is as in (2.6). Assume that (HP)

holds, u, € L'(R?*; R, ) and moreover

(G) G:[0,T1x[0,R]? x[0,q(5)]® — R is such that
viel0.T] (p,q) = G(t,p,q) € C*'([0, R’ X [0, q(7)]*; R)
Y(p,q) €10, RI* x [0, g(5)]° t—G(t,p,q) € L'([0,T;;R)
Then, there exists a unique solution (p', p?, p3,u) to the coupled problem (3.8)—(4.1)—(5.1).

The proof follows from Theorems 3.7 and 4.2, which can be applied since the source term g provided by (G) is in L' ([0, T]xR?; R).

Remark that physical reasons induce to consider only positive functions G in (G). However, this assumption is not necessary in
Theorem 5.1. The proof is deferred to Section 6.4.

We now take into consideration the pollution produced by variations in the traffic flow, such as those due to accelerations or
brakings. To this aim, we consider source terms in (4.1) that depend on the total variation of the traffic flow. The analytical basis
for this relies on the information provided by Theorem 3.7.

Proposition 5.2. Under the same assumptions of Theorem 3.7, including also the requirement in (2D.2), each component p' of the solution
to (3.8)-(2.6) defines for i = 1,2,3, the map g' : [0,T] — M setting, for any test function ¢ € C>([0,T] x R2;R),

L
gl(p) = / ) /I o (LR6,0) (1-2 (V)" 1) auf ) de (5.2)

where y:’f is the total variation measure of the distributional derivative of the map s — ¢ (pi (t, R (s,f))). Moreover, for i = 1,2,3, the
measure g! is supported in R’ and the map g = g' + g2 + g* satisfies (4.6).

The measure g’ essentially replaces the total variation of the distributional derivative of the map x ~ ¢ (pf (, x)).

Theorem 5.3. Let the assumptions of Proposition 5.2 hold. Assume that (HP) holds and let u, € L'(R*;R,). Let g be defined as in
Proposition 5.2. Then, there exists a unique solution (p', p, p°,u) to the coupled problem (3.8)—(4.1)—(5.1).

The proof follows applying subsequently Theorem 3.7, Proposition 5.2 and Theorem 4.4.
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5.2. Optimal management

To limit the effects of pollutant, the controller acts on the evolution of traffic through the function w in (2.6) that regulates the
merge, or also on the inflows fm, fl.zn and on the outflow flfu,. The target is the minimization of a functional of the type

Faw, L r2 130 = / / p(t, x) u(t, x) dx dt (5.3)

where u is the pollutant’s density and p is a suitable weight assigning to different regions different relevance according, for instance,
to population density.

Theorem 5.4. Let q satisfy (q). For i = 1,2,3, let R be a road as in Definition 3.1. Assume that, for i =1,2,3, p' € LY(R'; [0, R]).
Assume that (HP) and (G) hold, u, € L'(R*;R,) and moreover F is as in (5.3) with p € L®([0,T] x R%; R).

Let p', p?, p*,u be the unique solution to the coupled problem (3.8)—(4.1)~(5.1) regulated by w in W as in (2.6) with inflows fl.ln S
LY([0.T]x &,:[0.9(D)D, f;, € LY(0,T1x £7:10.9(p)]), and outflow f;,, € L'([0.T1x £},,:10.q(p)]). Then, the map

aut
2

Frwx [JL'(10. T x €110, 4(5)) x L'(10.T] x £2,:[0.4(7))) — R (5.4)

i1
in (5.3) is L'-Lipschitz continuous.

The proof is deferred to Section 6.4.

As for G in (G), physical reasons induce to consider only positive functions p in the functional 7 (5.3). We remark that these
positivity assumptions on both G and p are not necessary in the proof of Theorem 5.4.

Theorem 5.4 allows to prove the existence of optimal management strategies as soon as w, f,.‘n, f 31 and f3 - are suitably selected
in a compact set, thanks to Weierstrass Theorem.

An example tailored to the present physical setting is as follows. For a N € N, introduce the sets PC ([0, T7; {0, 1}), respectively
PC, ([0,T1; {0, q(p)}), of piecewise constant functions defined on [0, T'] with values in {0, 1}, respectively {0, ¢(p)}, that change value
at most N times, i.e., with at most N jumps. This choice corresponds to traffic lights at the merge and at 8}1’,, £,2n, &3, that alternate
between green and red lights at most N times in [0, 7T].

Corollary 5.5. Under the same assumptions of Theorem 5.4, the map F in (5.4) restricted to PC ([0, T7; {0, 1}) x PC 5 ([0, TT; {0, ¢(5)})
admits a point of global minimum.

Alternatively, Theorem 5.4 also comprises the case of assigned — possibly non maximal — inflows and outflows.
Corollary 5.6. Under the same assumptions of Theorem 5.4, fix fl € L'([0,T1x £L:[0,9(®D), f2 € LY([0,T1 x &2:[0, (1),

and f3, € LI([0,T]1x & ,:10,9(p)]). Then, the map w ~ F(w, f}. f2 fjm) with F as in (5.4) admits a point of global minimum in
PCy([0,T1; {0, 1}).

out ’

6. Technical details

6.1. Proofs related to the 1D hyperbolic traffic model

Proof of Proposition 2.2. We distinguish different steps.

Claim 1 (The BV Case). We assume in addition that p, € BV(Z;[0, R]) and (q“(m)‘l(fm), (qHﬁ’R])‘](fW,) € BV([0,T];R). Then, the

existence of solutions and the estimate (2.3) follow from [4, Proposition 3.3].

Assume that p and p are solutions to (2.1) in the sense of Definition 2.1. To prove the bound (2.4), we refer to the detailed proof
in [27, Theorem 4.3], devoted to the multi-dimensional case. Exploit the fact that in problem (2.1) the fluxes at the boundaries are
assigned. The key point is the estimate of the term

—sgn(tr p — tr p) [q(tr p) — q(tr f))] -, (6.1)

v being the exterior normal vector, here v = +1, and in the present setting the traces correspond to the two boundary terms, one at

, and one at s,,,. Let us focus on the left boundary at s;,. Recall that for a.e. t € [0,T]

(tr p)(t, ;) € {(@po) " (fin®)} U [(@pr) ™" (fin®) . R]
)t € {@op)™ (Fu®) } U [@prn™ (7). R] -
A case by case analysis shows that
—sgn ((tr p)(t, 53,) = (tr P, 53,)) [q (W p)@, 53)) — q (W DY, 53))] - v < \f,-nm — Ju®)-

This term is then integrated over the time interval [0, ] leading to the second term in the right hand side of (2.4). The term related
to the right boundary s,,, is treated in an entirely similar way.
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Claim 2 (The General Case). Introduce a sequence of mollifiers n, (&) = n#j(n&) with 7 € C(R;R), 77> 0, spt7 = [-1,1] and [, 77 = 1.
Define

I
ﬁz<x>={g"(") TeE\s A= ()0 xel
. - 1
E."na):{ min{£u0.4 (7= )} reto.m mo=(Ren)o  renTl
0 teR\[0,7T]
. - 1
A;’y,(r):{ mm{f"“’(’)’q(’”z)} 1€l0.7] ;m(z)=<2'm*n,,>(t) 1 €[0,T1.
0 1€R\[0.T]

Clearly, p* € W'°(I;[0,R]) and lim,_ ., p" = p, in L'(I;[0, R]). At the same time, also ' € W' ([0’ T1:10. 405 — %)])’ so that
-1 n 1,00 . _ .
@y, o € WHR(0,TE(0,4D) since (g,
@ ﬁ])_l(f in) i L'([0, TI;R). The outflow f,, is treated similarly.

out

yl e whe ([0, q(p — i)];[O,ﬁ— ﬁ]) Moreover, the map (g )~'(f1) converges to

110,51

Note also, for later use, that by construction
|75
/5 ||L°°([O,T];]R)
"M (f(®) € BV([0, TI;R) and (g

< i 0 B k]
12301y < NPollioorzy  and weonz < Milisqrs (6.2)

IN

||fout ||L°°([0,T];]R) .

y7H(f2,(0) € BV([0,T];R) so that Claim 1 applies.

out

M " e BV(I;[0, R)),
oreover, pl € BV(I;[0, R]) (ql[(),ﬁ] 1[7,R]

Call p, the corresponding solution to (2.1). By (2.4), the sequence p, is a Cauchy sequence in L!([0,T] x I;R). Call p. the
corresponding L! limit. Since Definition 2.1 is stable with respect to L' convergence and thanks to (q), we obtain that p solves (2.1)
in the sense of Definition 2.1. Also (2.4) immediately follows. Since p, satisfies (2.3), (6.2) ensures that p_, satisfies (2.3).

Finally, the BV estimate follows from [3, Theorem 2.2]. []

Proof of Theorem 2.4. We assume that, with a suitable reparameterization, sup I, = sup I, = inf I5.

Existence and uniqueness of solution to (2.5)-(2.6). A solution to (2.5) regulated by (2.6) can be iteratively constructed as follows.
Assume for simplicity that J, = [0, 7,[. Then, for all € J; consider separately the problems

1 3
se ]Sin’ svur[

9,p+0dyq(p) =0

sel,

\ 0,0 +0,q(p*) =0
p(0.5) = { g p(0.9) = p2(s) ©6.3)
Ly o 3 a(PP(t5,)) = 20
q (p(t’ Sin)) - fin(t) ( 2(, s )) =0
4 (0:53,0) = 150 B
Both of them fit into Proposition 2.2 and thus admit unique solutions p and p? defined for ¢ € J;. Thanks to (2.7), we immediately
have that, setting p' = ', and p3 = Py the triple p!, p?, p® is the unique solution to (2.5) regulated by w as in (2.6) for t € J;.

This procedure can be iterated on the time interval [sup J;, inf J,[, gluing road 2 with road 3, taking as initial datum at time 7|,

2
p(z;) and p(r,,s):{ p(ry,s) sel,

3 . Hence, (2.5)-(2.6) admits a unique solution in the sense of Definition 2.3.
p’(t,8) SE€I

Al A2 A

Proof of (1D.1). Use the construction above to define the solutions p!, p2, p> and 5!, 52, 5>. On each time interval, the estimate (2.4)
applies. Note that this estimate is additive both in time and in space over non overlapping time or space intervals.

Proof of (1D.2). The construction above of p', p2, p> allows to iteratively use the bound on the total variation of ¥(p"), ¥(p%), ¥ (p*)
in Proposition 2.2.

Proof of (1D.3). Introduce a partition of [0,7] in intervals [z, 75l fori=1,...,N and values 9,,...,9y, 1’9‘1’ "’9\1\/ in {0,1} such
that
N
= 19 X , . ~” A
i Z,N,u Thgmat g Vi€l N1} 8, #8018 #;,
w o= Y% O=1 << <ty<tyy=T.

[zj.7j41l
Assume t € [7, 7,[. Then, these cases are possible:

1.9, =0, 51 =0: then, problem (2.5) can be solved considering roads 2 and 3 as a unique road in the time interval [z, 7,[, the
outflow of road 1 being f. = 0. Hence, we have Z?=1 /' ® =5 Ol 1.z =0

2.9, #9,: by the stability estimate (2.4) we have for i = 1,2

o' @ =3 Ol < 0@ =3 @Dl + 9 91 = B = 7)

10
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q(p) [lw - w”Ll([OJ];R)
“123(T1) - 753(T1)”

a®) [|w = || 1 o) -

IA

Hp%) B ﬁs(t)”Ll(h;R) L) Q) )8‘ - 31)0 -

3.9, =1,3, = 1: problem (2.5) can be solved considering roads 1 and 3 as a unique road in the time interval [r,,,[, the outflow
of road 2 being f2, = 0. Hence, we have 21.3=1 '@ - ﬁ"(t)”L](,v;]R) =0.

Proceed now iteratively and assume that ¢ € [z}, 7;,,[. Then,

1.9,=0, 9 ; = 0: problem (2.5) can be solved considering roads 2 and 3 as a unique road in the time interval [z;, 7;,,[, the outflow
of road 1 being f. = 0. Hence, we have Z?Zl ”pi(t)_ﬁi(t)”Ll(l,»;]R) < Z?:] ”p%f,-)-ﬁ%ﬁ)”
flw - @”L‘([rj,tJ;]R) =0.

2.9; # §j: by the stability estimate (2.4) we have for i = 1,2

LR and observe that, clearly,

o' ® = 3" Ol 1, < o' =5

e -5

B ) R ()

< “p3(rj)—fo‘3(rj)” +q(p) ‘&j—ﬁj)(t_fj)

LI(I3:R) L!(I3:R)

and observe that |8j - 191-‘(1 -1;)=||lw- w||L1([TJJ];R).

3.9,=1, 9 ;= 1: problem (2.5) can be solved considering roads 1 and 3 as a unique road in the time interval [z}, 7;,,[, the outflow
of road 2 being f2, = 0. Hence, we have Zil i) - ﬁ"(t)||L](,[;]R) < Z,Ll ”p‘(q)— ﬁ’(q)”l and observe that, clearly,
flw- li)”Ll([rj,t];]R) =0.

The bound (2.8) follows. []

1(1;5R)

6.2. Proofs related to the 2D hyperbolic traffic model

Lemma 6.1. Let R be a road as in Definition 3.1. Then, the following identities hold:

DRG.6) = [ Y@+ ()" (Fo)" ] 6.4)
det DR(s.¢) = 1= (¢'(5)" - 1"(s) ©.5)
[DR(s, )" ! AN ©6.6)

S, - —_— .
= GO 7o | ((e) =ero)

1 1o\ T
Vs — . 6.7
< 1-7¢ (y’(s))l -y (s) (y (S)) ©n

Moreover, if r is as defined in (3.2), then

Ve-r=0. (6.8)

X

In connection with (6.5), observe that, since y’(s) - y”(s) = 0, we have
|©) "] =]y (Ol ®)] = "]

which is the curvature of y at y(s).

Proof of Lemma 6.1. The proofs of (6.4), (6.5) and (6.6) are immediate. Relation (6.7) is the first line in (6.6). To verify (6.8),
use (6.7) and d,r =0, for x = R(s,?), so that

Vior=0,r1+0.,r

X

= dyy| Oy, 5+ 075 0,8

o1
[0xls 6X2s] [07

!’
572
=szy”
_ 1 INT I
Siro
=0,

completing the proof. []

11
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For later use, we provide the following equalities, where ¢ : R X R — R is smooth.

Ve RG.6) = Vo) DRG] ©6.9)

Voo (RT') = Vi p0(s,0) [DR(s,£)] . (6.10)

(s,0)=R~1(x)

Proof of Lemma 3.2. By construction, R € C'(I x |-L, L[, R?). R is locally invertible in each point of I x ]-L, L[, by (6.5)
det DR(s,2) > 1= L ||/ |IY" @ =1-L|y" ()| >0

which shows that det DR (s, £) # 0. The Implicit Function Theorem ensures local invertibility at any (s,#) € I X ]-L, L|[.

Since R(I x]—L, L[) is simply connected, the map R : I x]-L, L[ - R(I x]—L, L[) is globally invertible and its inverse is of class
cl.

The conditions ||y’|| =1, ||y”|| £ 1/L, || < L and (6.4) ensure that R is uniformly continuous and can be uniquely extended to
Ix]-L,L[. R is injective also on I x ]-L, L[, otherwise R(I x ]-L, L[) cannot be simply connected. []

Lemma 6.2. Let f € BV(]-L, L[;R). Then,
L
Vne Cl([—L,L];R+) / f@n&)d¢ 20 = f(£)=0forae £ e€[-L,L].
-L

Proof of Lemma 6.2. If f is continuous, then the conclusion follows by a standard elementary procedure. Assume f € BV(]-L, L[;R)
and, by contradiction, that f(#) < 0 for # € E, E being a subset of ]-L, L[ of positive measure. Call 5, a sequence in C'([-L, L];R +)

such that (5, — ¥ — 0 as n — +oo, y _ being the characteristic function of E. Then,
" T E e nm E

L
0> / f(@)d¢ = lim / f@)n,(£)de >0,
E n—+co J_p
where the latter inequality follows from the assumption. []

Lemma 6.3. Let K C R be a compact interval and ¢ € C'(Kx[0, 11%;R.). Then, for every e > 0, there exist functions fy, ..., f,»&1»-+-»&n €
C'([0,11;0, 1) and ¢;; € C'(K;R,) for i, j = 1,...,n such that

Pt x, )= Y, D e f(0g;(| <e  foral (t,x,) € Kx[0, 1],

i=1 j=1

Proof. Define
Y : R - R

x e QDX =D (0.

(6.11)

Clearly, Y is even, non negative and in C'(R;R). Moreover, for all x € [-1,1], Y is such that Y(x — 1)+ Y (x) + Y (x + 1) = 1, since at
any x € [—1, 1] only two summands in the latter sum are non 0.
Choose n so that 1/n is a modulus of uniform continuity of ¢ on [0, 1]> and set for t € K

=061 L) . fm=yux-n. gm=Ymy-p. (6.12)
n n

The proof follows by direct computations, since Zf’zl fi(x)= Z;’:] g (=1 for (x,y)el0,112. O
Proof of Lemma 3.4. In this proof, we extensively use the change of variable x = R(s,¢), see Lemma 3.2 for its properties, and,
with the notation (3.5), the change of variables (¢, ) = S(s,¢) where

S: Yx]—L’L[ - {(a,f)e]R2:ael_fandfe]—L,L[} (613)
(5,%) ~ (c,¢) where %(s) =1-¢ (J/’(S))l (). '

Note that S is a diffeomorphism of class C'(Ix]—L, L[; R?)nC°(I x]-L, L[; R?) and the same computations as in the proof of Lemma
3.2 ensure that 5%, > s .
Let p solve (3.3) in the sense of Definition 3.3. Let ¢ € Ci(R X R;R,) be a test function and call

ot,5,.0)=ptR(s,¢) and ¢ (o) = (1,57 (s,2)) . (6.14)

Clearly, ¢” € CL(R x I?;R,). Moreover, setting for instance @ (t,0) = n(¢) §(t,¢) with n € C!(J-L, L[;R,) and $ € C:R x I*;R,),
reversing the changes of variables R and (6.13), through (6.14) one gets that @’ = ¢* fora ¢ € Ci RXR;R,).
Similarly, also recalling (3.6), denote for a.e. t € [0,T], # € I-L, L[, s€ I, 6 € I?,

o, s,6)=pt,R(s,0)) and P (t,0)=5 (.5 0,0)) . (6.15)

12
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Compute each line in the integral inequality in Definition 3.3, using first the change of variables x = R(s,¢) and then the change
of variables (6.13).

T
/ / (p(t,x) — k)* 9,¢0(1,x) dx dt
0 R
T (L
- / / / (0 (1. R(5,0)) = K)* 0,0 (1, R(5. ) |det DR(s, £)| ds d dt
o J-rJi

T (L N
= / / /(ﬁ(t, 5,8)—K)* 0,p(1,5,8) (l—f (V') - y"(s)) ds dZ dt
o J-LJr

/ / / ( g(,g o-)—K) ()t(pf(t’ o)do dZ dt
- £
0 LJI
/L </J / (pf(t, O')—K) 0,¢° (1, o)dadt) de,
-1 0 17

where we used the notations (6.14) and (6.15).
Set temporarily F(t,x) = sgn*(p(t,x) — K)(q (p(t,x)) — q(x)) and F(t,s,£) = F (t,R(s,¢)). Then, the second line in the integral
inequality in Definition 3.3, thanks to (6.9), (6.10) and the notations (6.14)-(6.15), becomes
T
/ / sgn® (p(t, x) — k) (g (p(t, X)) — q(k)) V, (t,x) - r(x) dxdt
o Jr
T
= / / F(t,x) V,p(t,x) - r(x) dxdt
o Jr

T L
= / / /F(t,R(s,f)) Vi@ (1. R(s, ) [IDR(s, cf)]’1 < r(R(s,?))det DR(s,¢)dsdZ dt
-LJr

Tt ) (V') :
/ / /F(t,s,f) Vi@, 5,7) N |7 (s)dsdz dt
o JouJi (') =27"(9))
/T/L/F(t,s,f)v( f)(ﬁ(t,s,f)[ ARSI PR
o J-rJi o =Cy'(s)-v"(s)
T L
/ / / F(t,5,0) Vs (05, €) [(1)] dsde dt
0
T
1
T
Iy

/F(t 5,0) 0,¢(t,s,£)dsd? dt

N

/Sgn (Pt R(s,2)) — ) (g (p 1, R(s5,£))) — q(K)) 0,p(1,5,2)dsdZ dt

N

/OT

T
/ / sgn* p (t o) — K) (q (pf(t, o)) - q(K)) 06(pf(t, o)do dZ dt
0

/(/ /sgni(pf(t,o)—;c) (g (p"(t,)) = q(x)) 6G(pf(t,o)dadt> de.
-L \Jo JI?

Now, the first summand in the third line in the integral inequality in Definition 3.3 is

/Sgn (B, 5,8) — k) (q (p(t, 5,£)) — q(x)) 0,1, 5,¢)dsdZ dt

g

>

(Po(x) — k)™ (0, x) dx

L
/ p(J (R(s, f))—K) @ (0,R(s,2)) |det DR(s,?)| dsd?
I

=// ((0) = ) * 97 (0,0) do d?

‘¢

:/ </ (p (0‘)—1() f(OG)do‘)df,
—-L v

where we used (3.6). The second summand in the same line is entirely analogous. The fourth line in the integral inequality in
Definition 3.3, by (3.6) and (6.14), is

//<‘1 (fint.®) = ><p<z,:)d5dt
//(‘1 (fin (1 R(S,»,,,f)))—x> @ (1. R(s;, ©)) d dt

13
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T L +
= / / <q‘1 (fhw) - K> @’ (t,s%) dedt
0 -L 1(0.5]
L T +
= / </ (q‘1 (fem) - K) @’ (t,55) dt> az .
-L 0 0.7

Finally, the fifth line is entirely analogous.
By the above computations, for any 5 € Cg (I-L,L[;R,), for any # € |-L, L[ and any ¢ € Cl RxI;R +), choosing a function ¢
so that ¢’ (t,6) = n(¢) (1, o), we have

L T .
/L |;/0 4/[[’ (pf(t,o—) - K)_ 0,p(t,0)do dt

T
+/0 /K sgn* (pf(t, o) — K) (q (pf(t, 0')) - q(K)) 0,%(t,0)do dr
1t

+/f (0%(0) = k) $(0,0) do + /,; (p°(T.0) = k)" §(T,0) do
T I

T +
+ / <q‘1 (fLm) —x> @, s;,) dt
0 [10.5]
T +
+/ <q-1 (f2,0) -K> o(t,s0 ) dt] n(&)d¢ > 0.
0 I[7.R]

An application of Lemma 6.2, thanks to the arbitrariness of #, shows that p” solves (3.4), for a.e. £ € |-L, L[.
Conversely, assume p’ solves (3.4), for any # € |-L,L[. Then, any ¢ € Ci(]R x R;R,) yields a function ¢’ as defined
in (6.14) which is of class C! in all three variables (z,7,0) and compactly supported. Call ¢’ the map defined in (6.14) with sfm

as in (3.5). Then, a direct consequence of Lemma 6.3 ensures that for any e > 0 there exist functions Fy, ..., F, € C}(-L, L;R,),
G’,...,G¢ € C'(I*;R,) and ¢;; € C!(1-c0, T[; R, ) such that for all # € ]-c0,T[, # € ]-L, L[ and ¢ € I*

P’ (t,0)= Y, Y ey(0) F(6) G (o)

i=1 j=1

<e€.

By the above computations, the left hand side of the inequality in Definition 3.3 satisfies

T
/ / (p(t, x) — K)* 0,0, x) dx dt
0o Jr

T
+/0 / sgn® (p(t, x) — k) (q (p(t, X)) — q(k)) V,@(t, x) - r(x) dx dt
R

+ / (Po(¥) = ©)* 0(0,x) dx + / (p(T, %) = K)* (T, x) dx
R R

+

r +
+||q,||l,°°([0,R];]R)/0 /e (ql_lé,ﬁl (fint,8) = K> @(t, &) dédr

T
!
+|lq ||L°°([0,R];R)/0 /‘€

out

n L T
—Ce+ Y /_L [/0 /If (6" (t.0) = x)™ 0,c,,() G (o) do dit

ij=1

|[7.R]

(q—l )(fm,,a,é))—r) @1, &) dedt >

T
+/0 // sgn* (pf(t, o) — K) (q (pf(t, U)) - q(K)) ci;(®) 6UGf(U) do dt
I

+/ (p5(@) = x)" ¢,;(0) G’ (o) dz7+/ (¢ (T,0) = k)" c,;(T) G (0) do
¢

(s

T +
—1 4 _ B ‘e
+/0 <q[0.p1 (a®) K> (G o

T +
+/ <q1 (f2.m) - K> INO) G;’(sgm) dt] Fi(¢)d¢ > —Ce,
0 I[7.R]

for a constant C dependent only on R, j, s;,, S,,» L and norms of ¢. To get to the latter inequality above, use the fact that, for any
¢, p’ solves (3.4) in the sense of Definition 2.1. []

Proof of Theorem 3.5. The existence and uniqueness of a solution to (3.3) is a consequence of Lemma 3.4 and of Proposition 2.2.
The L* estimate directly follows from (2.3).

14
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To prove the L' Lipschitz estimate, compute:
”p(t) - ﬁ(t)”LI(R;R)

=/R|/J(I,X)—ﬁ(t,X)|dx
L

= / / |0 (@R, ) = e R, | (1= (/@)1 dsde By (6.5)]
-LJI
L

- / / -5t o|aa [By (3.6)]
L Jif

=/_Z pr(t) _ﬁf(t)”Ll(M’;]R) s

</

=[10o=PoIL1 (R;R)""

o5 ri-7e, [By (2.4)]

¢ _7¢
+”fin_fin

+ ) s
L1([0,1];R) L1([0,11;R)

~
fout_fout

‘Ll(lf;IR)

fin_ﬁn

[By (3.6)and (6.5)]

+
L1([0,61x&;,,;R) LL([0,]1XE,,1:R)

out

where the latter equality follows from the changes of coordinates (3.5) and x = R(s, £).
The proof of the bound (3.7) follows immediately from Proposition 2.2. [J

6.3. Proofs related to the parabolic pollution model

Definition 6.4. A strong solution to (4.1) is a map u € C°([0,T] x R;R) such that
Vi€ 0,T[ x+ u(t,x) € CH(R*;R) and VxeR? 1 ut,x) e C'(10,T[;R)
which satisfies the equation in (4.1) at every (7,x) € ]0, T[ X R? and the initial condition in (4.1) at every x € R2.

Recall the following definition.

Definition 6.5. Let k € N\ {0}. A function f : [0,T] x R? — R¥ is Hélder continuous if there exist M > 0 and « € 10, 1] such that
£t x) = Flty x| < M (|z1 — 6|+ %, —x2||“) for all (. x,). (1. x,) € [0.T] x R2.

A function f:[0,T] x R?> — Rk is Hélder continuous in x uniformly in t if there exist M > 0 and « € 10,1] such that
£ x) = ft. x| < M ||x; — x,||* for all 1 € [0,T] and x, x, € R2.

Lemma 6.6. [9, Chapter 1, Section 6, Theorem 10 and Section 7, Theorem 12] Let (HP) hold. Then, there exists a function
recC ({txr8e0TIXR*X[0,TIXR*:t>1};R,) (6.16)
such that

(T'.1) For dll (z,&) € [0,T]1 xR, (t,x) — I'(t,x,7,&) is a strong solution, in the sense of Definition 6.4, to the parabolic equation in (4.1)
with g = 0.

(T'.2) For dll x € R? and for all u, € COR%;R), lim,_, ., oo T(t, X, T, &) u,(€) d& = u,(x).

(T".3) There exists a constant C > 0 such that for all choices of the variables (t,x,z,&) in {(t,x,7,&) € [0, TIXx RZX [0,T1xR?: 1 > 7}

C llx —&ll?
rx,r,é< D exp <_4ﬁ(t = T)> R (6.17)
c llx - &1? -
0, It x,7.8)| < o S <_4,2(z-f)> i=1,2, (6.18)
5 C llx - &Il o
o T(t.x.r. .»:)| <G <_4,z(r - T)) ij=1,2. (6.19)

Moreover, if

(R.1) g € C°0,T] x R%;R); for every bounded set B C R? there exists My > 0 and ay € 10,1] such that lg(t,x)) — gt xy)| <
Mpl||x, — x,||*® for all t € [0,T] and x,,x, € B and, for suitable C > 0 and h € 10,1/(4T p)), satisfies |g(t,x)| < C ehlixI?
for dll (t,x) € [0, T] x R%;

(R.2) u, € C°(R%;R) and, for suitable C > 0 and h €10,1/(4 T jp)), satisfies |u,(x)| < C M for all x € R?;

then, the Cauchy problem (4.1) admits the strong solution

t
u(t,X)=/ F(l,x,O,é)ug(é)d§+/ / I, x,7,8)g(r,§)dédr. (6.20)
R2 o Jr2

15
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Proof of Lemma 6.6. Observe that (4.1) takes the form o,u - ¥, a;; 0? u—b-Vu—cu=—fassoonasa;=pu,a;=0,b=Vu—p,
c=—-k+V-p, f=-g.

The existence of I', together with (I".1) and (I".2), follow from [9, Chapter 1, Section 6, Theorem 10]. The continuity of I" follows
from [9, Chapter 1, Section 6], where the results for bounded domains in [9, Section 4] are extended to unbounded domains. The
positivity of I' follows from [9, Chapter 2, Section 4, Theorem 11]. The estimates (6.17) and (6.18) on I' are explained after [9,
Chapter 1, Section 6, Theorem 11]. The estimate (6.19) is obtained in a similar manner, exploiting [9, Chapter 1, (4.11)], with, in
his notation, y = (n+2)/2.

The existence of the solution to (4.1) and its expression follow from [9, Chapter 1, Section 7, Theorem 12]. []

Lemma 6.7 ([9, Chapter 1, Section 9, Theorem 16]). Let (HP), (R.1) and (R.2) hold. Assume moreover that Di wis in (CONL®)([0, T1xR?)
and Hoélder continuous in x uniformly in t. Then, (6.20) is the unique strong solution to (4.1).

Proof of Lemma 6.7. To apply [9, Chapter 1, Section 9, Theorem 16] we need to verifyzthe boundedness condition [9, Chapter 1,
Section 9, Formula (9.1)], namely that there exists a k > 0 such that /OT Jao |u(t, x)|e ™ IMI” dx df < +oco. Indeed,

T
/ / Ju(z, )| eI dx dr [Use (6.20)]
0 R2
T
< / / / I(t,x,0,8) |uy(@)|e™ 1" dé dx ds [Use (6.17) and (R.2)]
R2 ]RZ
T t
+/ /// I, x,7,8) gz, &)le I de dr dx dr [Use (6.17) and (R.1)]
RZ

el
/ / / L e k12 e g s 6.21)
]RZ JRZ l
C I e k2
+ e 4ai-v¢ e dédrdxdr. (6.22)
o JreJo Jr2 (1—1)

The latter terms (6.21) and (6.22) can be treated similarly. By (R.2) for an € > 0 we have h < (1 —¢)/(4iT) and set £ —x = y, so that

[(6.21)] </ / / 1B i kil dydxdr
R2 JR?
/ / / 1B A gn? dydxdr
rR2JR2 t
/ / - dyd,/ IR g
R2
It
[(6.22)] < / / / / e a1 eh”X‘U’”z —k||x]|? dydr dx dt
R2 R? (l— 7)
2
< / / / / o~ e I k4l dydrdxds
o Jr2Jo Jr2 t—1)
T ! ellyl?
< / / / C 7D deydt/ e~ e=mIIXI® g
o Jr2Jo (1—17) R?

and both are finite for k > h. [

Lemma 6.8. Under the same assumptions of Lemma 6.7, suppose in addition that u, € L'(R?;R) and g € L!([0, T] x R%; R). Then, every
strong solution to (4.1) in the sense of Definition 6.4 is also a weak solution in the sense of Definition 4.1.

Proof. By Lemmas 6.6 and 6.7, the unique strong solution « to (4.1) can be written as in (6.20). The L! in space regularity and
the L! continuity required in Definition 4.1 follow from (6.17), since u, € L'(R%R) and g € L'([0, T] x R%; R).

We now have to show that u written as in (6.20) satisfies the integral equality (4.3). First, observe that the requirements in (4.2)
imply that @, 9,¢, Vo, V2@, ¢(0,-) and ¢(T,-) are all in L™ on R?. Hence, the integrals appearing in (4.3) are all finite.

A standard procedure allows to obtain (4.3) by subsequent integrations by parts, exploiting the hypotheses (4.2) on the test
function ¢ and (I'.1) in Lemma 6.6. []
Proof of Theorem 4.2. We deal first with existence and, separately, with uniqueness. The other claims are proved subsequently.

Existence: For n € N\ {0}, call , a mollifier in C®*(R*;R,) with the properties spt#, C Bgs(0,1/n), [p3n,(t, x)dtdx = 1 so that
(extending g to R? with value 0 outside [0, T] x R?)

(g * 1,) € CY([0,TIxR%;R)  and lim g7, =g in LY([0,T1xR% R). (6.23)
Similarly, for n € N\ {0}, call 9, a mollifier in C®(R?;R,) with the properties spt 9, C B2(0,1/n), [z 9,(t,x)dtdx = 1 so that

(u, +9,) € C'R*:R) and lim u, 9, = u, in L'(R%R). (6.24)

16
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Note that g = 5, satisfies (R.1) and u,, * 9, satisfies (R.2). Hence, the problem

{a,u + V- @pt,x) = u(t,x) Vu) + k(6. x) u = (g % 1,)(0,x)  (1,x) €10, T x R? (6.25)

u(0,x) = (u, * 9,)(x) xeR2.

admits a strong solution u, which belongs to L!([0, T] x R?;R), due to the construction of g * #, and u, * 1,. The function u, can be
written as in (6.20):

u,(t,x) = /R2 ra, x,0,8) @, = 9,)(&)dé + /Ot /]RZ I, x,z,& (g * n,)(z,&)dedr . 6.26)
The sequence f = u,(?) is a Cauchy sequence for the uniform convergence in L!(R?;R), indeed using (6.17)
[[4(5) =t O)]| 1 2.2 (6.27)
< g/ / exp <_M> ((uy = 9,)&) = (u, = 9,)(&)) d&dx
t Jr2 Jr2 dpt

e llx - &l
+/0 t_T/Rz/RzexP (—m)((g*nnxr,e:)—(g*nm)(r,é)) dgdxdr

2
< 9/ exp <—'f—”> de /mz (Gt % 9,)(8) = (u, * 9,)(8)) dé

t JRr2 Mt
! c lél®
+ ——exp(————— ) d¢ | ((g *n,)(z. &) — (g % n,)(1.&)) dédr
0o Jr2t—7 R2

4p-r1)
<4nCi (”(“o *9,) = (U % 8y |1 2wy + 118 % ) — (g ’7m)||L1([o,TJxR2;R>) : (6.28)

Recall that (u, * 8,) is a Cauchy sequence in L'(R?;R) by (6.24) and (g * 7,) is a Cauchy sequence in L'([0, 7] x R?;R) by (6.23).
Call u € C° ([0, T};L'(R?%;R)) the L! uniform limit of the u,. Clearly, u € L'([0,T] x R%;R). To prove that u is a weak solution
to (4.1) in the sense of Definition 4.1, since u, is a strong — and hence also weak — solution to (4.1), compute

T
/ /u(6,¢+V-(yV(p)+ﬂ~V(p—K(p)dxdt
0 R2

T
+/ u,(x) (p(O,x)dx—/ u(T, x) qp(T,x)dx+/ / g dxdt
R2 R2 0o Jr2

T
=/ /(u—u,,)(d,(p+V~(;4V(p)+ﬂquo—K(p)dxdt
0 R2

+/ (u, —u, * 9,)(x) @0, x)dx — / (u—u,)T,x) o(T,x)dx
R2 R2

T
+/ /(g—g*m,)(pdxdt
0 R2

-0 asn-— 4o
by the Dominated Convergence Theorem.

Uniqueness: This proof follows the lines of [28, Lemma 5.1]. Let u;,u, be two weak solutions to (4.1) in the sense of Definition
4.1. Then, by a standard approximation argument, the difference u = u, — u, satisfies for all ¢ as in (4.2) and for all = € 10, T[

// u(d,p+V-(uVe)+p-Vo—x o) dxdt—/ u(t,x) p(r,x)dx =0. (6.29)
0 R2 R2

For an arbitrary w € C?(R;R), consider the (backward) solution to the parabolic problem

{ 0,0+V -(UVe+p@)—(k+V-Pp=0 (x)€10,7[ xR? (6.30)

o(z,x) = w(x) x e R2.

This equation fits into (4.1) (with time reversed) and Lemma 6.6 applies. Therefore, (6.30) admits a strong solution which can be
written as in (6.20).

We now show that ¢ satisfies (4.2). Indeed, the C! — C? regularity follows from the definition of strong solution. To verify the
conditions at infinity, use (6.20) with g = 0, bearing in mind that time is reversed, starting form = and going backward to 0. Assume
that sptw C B(0,7) for a suitable 7 > 0. Compute for r > ¥, using (6.17):

sup |g(t,x)| = sup / I(z—1,x,0,8) w(&)dé
||x|[>r [Ix||>r | JR2
c ||x—«s||2)
< - d
< Hiﬂ‘i,/sptw—n exp( ey Rl
<

sup / C oo <_ I = &1 > A [l o0(z2:2)
Ixli>r J B (T —1) 4p(t—1) :

17
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c (r=7? )
< exp | ————— | d¢ |||l 2.
(=1 Jpop P < 4p(z—1 L= @R

C =
) £(BOD) exP( <r( & )> lleollpes 2g) -

L being the Lebesgue measure on R?. The latter quantity vanishes as r — +co. We need to repeat similar computations to bound
[[Vell, using as above (6.20) with g =0 and (6.18):

<

sup ||[Ve(@,x)|l = sup

/ VI(r—-1,x,0,% w(é) df,’H
R2

lIxli>r Ixll>r
Cyn llx = &2
: xlor /splcu -2 P <_4ﬁ (z— z)) (&)l dg
C \/; - (r—7r)?
< —(T P L (B(O, r‘)) exp <—m) lollyeo®2:R) -

Similarly, to bound ”VZ(p“, we use as above (6.20) with g = 0 and (6.19):

sup V2(p(t, x)” = sup / V2r(r —t,x,0, &) w(&) d.f;”
llxlizr Ixlizr /2
Cyn e )
= d
||iL|:E>)r,/sptm (T—t)2 p< 4p(r |(&)] d&
C \/ﬁ =7

_(T_t)zzz(B(o,;)) eXp( e t)> lleolleo g2y -

The bound on ||9,¢|| follows from the previous ones, since, by (6.30), 3,0 = =V - (u Vo + f @)+ (x +V - f)p and (HP) holds. We thus
obtain from (6.29) that fR2 u(r, x) w(x)dx = 0 for any w € C‘C’(IRZ; R), which implies that u = 0, completing the proof of uniqueness.

Representation: Formula (4.4) follows from (6.26) and the L' convergence of the u, to u.

Stability: Thanks to (4.4), the estimate (4.5) is obtained repeating the same computations as in (6.27)-(6.28), substituting u, with
u.

Monotonicity: It is an immediate consequence of (4.4) and (6.16). [

Proof of Theorem 4.4. This result extends Theorem 4.2, we detail the key differences.

Existence: Introduce the mollifiers #, and the solutions

Uy (1, x) =/ F(t,x,O,«f)uo(é)d§+/ / '@, x,7,8) (g * n,)(&)dE dr (6.31)
R2 o Jr?

to (4.1) with the map (r,x) — (g, * n,)(x) as source term. Since g, * 1, converges to g, in D', we can pass to the limit n - +oo
in (6.31) and define the function u as in (4.7), so that for all (¢,x) € [0,T] x R?, lim,,_, +oo Uy, X) = u(t, x). Observe that

1
/ / (1.%.0.8) ()] 2 dx + / / / %, 7,0)|(g, * 1,)(©)] dé dr dx
R2 JR2 R2 Jo R2

t
< / / oTINEIP/4a0 |y 2] di dx + / / / P/ | g, )| dr dx
t R2 JR2 R2 Jo R2 t—7
< =l1zI1% /40 dxd ’ C -zl /@aa—) dxdzd
" e [uy(z + x)| dxdz + —e |(g; * n,)(z + x)| dx dzdz
R2 R2 0o Jr2t—7T R2

1
Cluo |l o) + € / / |(g; * n,)(&)| dé de
0 R2

llen O

IN

I\

IN

IA

IN

t
Clllurs +€ | Neclae de Il

where we used [26, Proposition 8.68, p.282]. Thanks to (4.6), apply Fatou Lemma and obtain that u(r) € L' (R?,R) for all ¢ € [0, T].
The continuity in time of 7 — u(r) is proved exactly as in Theorem 4.2.
Proving that u satisfies (4.8) and solves (4.1) is done exactly as in Theorem 4.2, as also the uniqueness of « in the class of weak
solutions.

Stability and Monotonicity. Using the representation (4.7), we have

t
[lut) = || 2.y < /R 10,02 [uy(§) = ,()] dé + /0 /]R T.x.7.0) | dg (&) - dg,(&)| dr

and (4.8) follows by [26, Proposition 8.68, p.282]. Monotonicity is immediate. []
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6.4. Proofs related to the coupled problem

Proof of Proposition 5.2. Each g; in (5.2) is a finite measure by (2D.2) in Theorem 3.7, by Lemma 3.2 and by Definition 3.1.
Clearly, the distribution defined by (5.2) has order 0, hence it is a Radon measure, see [29, § 1.3, Remark on p.10].
The definition (5.2) also implies that g; is supported in R'. Moreover, also by [26, Ex. 1.4, Chap. 3],

sup_|g/]l,, = sup {|g/(@)] : @ € CX(0.TIx R%: R), |g| < 1}
t€[0,T]

/ / 12 (/)" "] du" )| ar [By (5.2)]
<4LTV (q (o (LR, 0)))) [By Definition 3.1]
< +o0 [By (2.2) and (3.12)]

completing the proof. []

Proof of Theorem 5.4. We first fix the inflows fl € LI([0,T] x £:[0,9(»D, f2 € LY[0,T] x £2;[0,4(p)]), and outflow
fom e LY([0,T] x & aut, ;[0, 9(p)]) and choose w, @ in W. With the notation in (5.1), call (p,u), respectively (p,#), the solution to the
coupled problem (3.8)—(4.1)—(5.1) regulated by w, respectively i, and fl.n, fm, fjm. Then,

)F w m’fm’fout) (w f:n’ftzn’f(?ut)

T
5||1’||L°°([0,T]><R2;R)/ lla@) — w®)|| 1 g2 ) At
0

T
SNPllLeo.rixre:r) /0 47 C g - gllionxmem 9 (By (4.5)]
=47 C AllpllLeo,rixr2;:m)
T rt
<[] (e.atx0.0 7.20)) =6 5ot 0.0 pts )| axdrar (By (5.1)]
o JoJr
<47 C flpllLe qorixe2:r) LAP(G) (1 + Lip(9))
T 4 3 . .
X / / z 7" = o' (|| L1 i ) dr At [By (G), (q)]
0 0 =1
<247 C ji L||pllpe qo,rixr2;m) LiP(G) (1 + Lip(9))
T t
xa@ [ [ 10wl oo [By (3.13)]
o Jo

<7 C i L||pllpsqo.r)xr2:r) IAP(G) (1 + Lip(9)) 4(p) T2 ”@ - w“L‘([O,T];]R)’

which proves that the map F, as in (5.4), is L'-Lipschitz continuous with respect to w e w.

Let now w € W be fixed. Choose the inflows and outflows fm, fﬁl, 31”, fm, fm, fﬂm With the notation in (5.1), call (p,u),
respectively (p,#), the solution to the coupled problem (3.8)—(4.1)-(5.1) regulated by w and fm, f,zn fom, respectively fm, f’?n s f;}m-
Then, proceeding exactly as above,

712 073 1 £2 23
F (w’ fin’ fin’ fout) -F (w’ fin’ fin’fout)
<47 C Allpllye o1 xr2;m) LiIP(G) (1 + Lip(q))
T 3 . )
< [ T = sz e
0 JO =1
<4rC ﬁ ||p||Lm([0’T]XR2;R)LiP(G) (1 + Lip(q))
T rt /2
X
L E

<7 C fIpllpeo,rixr2;m AP(G) (1 + Lip(g)) T2

/’3 3
out out

N i
fin_fin

Lot 3 S R)) dedr [By (2D.1)]

2

X 1 i

(2“’” Sin LI([0,T]XEL ;R) fo"’ fo"’ LI([0.T]x&3 ]R))
i=

out”

which proves that the map F, as in (5.4), is L'-Lipschitz continuous with respect to the inflows and outflow.
Combining together the above results concludes the proof. []

7. Conclusions

A first possible extension of the present results consists in tackling more general networks. As long as further merges are
introduced, the present techniques can be easily extended, essentially thanks to the finite speed of propagation inherent to (3.3).
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As soon as diverges are considered, the analytical approach depends on the specific modeling choice concerning drivers’ route
preferences, see [25, § 3.2] for more details.

We stress that the techniques here adopted to deal with 2D roads can be carried to the 3D case of interest, for instance, in blood
flow model. Indeed, in a first approximation, one may assume that the pulsating of veins or arteries is assigned and then the 3D
extension of Definition 3.1 comes straightforward, also in a time dependent setting.

The extension of (q) to comprise the so called triangular fundamental diagram is merely technical.

In the literature, other models deal with the 2D description of vehicular traffic. In [30], for instance, a diffusion term is added
in the direction orthogonal to that of the main traffic. In [31], the second dimension is achieved through a limit on the number of
lanes. Here, the modeling considers roads consisting of a single lane which, analytically, directly yields a purely hyperbolic equation
and no limits are required. The extension to 2, or more, lanes involves mainly technical difficulties and requires a modeling of the
lane change mechanism.

The treatment of the pollutant equation (1.2) is also amenable to further developments. The techniques here adopted are
extensions of the classical strong ones in [9] to the weak case based on Definition 4.1, here introduced. Moreover, the recent results
in [32] may allow to pass to Neumann boundary conditions, while remaining in the functional setting of L!.
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