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Intrinsic Holder spaces for fractional kinetic operators

MARIA MANFREDINI, STEFANO PAGLIARANI AND SERGIO POLIDORO

Abstract. We introduce anisotropic Holder spaces that are useful for studying the regularity theory for
non-local kinetic operators ., whose prototypical example is

Cy .
Lu(t, x,v) =/ d.s u(t, x,v') — u(t, x,v))dv + (v, Vi) + 07,

Rd |v — U/\d+23

with (¢, x,v) € R x R?_ The Holder spaces are defined in terms of an anisotropic distance relevant
to the Galilean geometric structure on R x R4 with respect to which the operator . is invariant. We
prove an intrinsic Taylor-like formula, whose remainder is bounded in terms of the anisotropic distance of
the Galilean structure. Our achievements naturally extend analogous known results for purely differential
operators on Lie groups.

1. Introduction

We consider Holder spaces and Taylor-like formulas that are useful for studying
the regularity theory of the solutions to Zu = f, with . being a non-local kinetic
operator of the form

Lu(t,x,v) = / K, x,v,v)(ut, x,v) —u(t,x,v))dv + Yu, (1.1)
Rd

where (7, x,v) € R x R,
Y=(,Vy)+d, veR? (1.2)

The integral part is of order 2s, with s €]0, 1[. For example, kernels satisfying the
following ellipticity condition

c /
< K(t,x,v,0) <

/ 3d
by = P (t,x,v,v) € R xR,

for some positive constants ¢~ and ¢™, can be considered. Weaker conditions (in aver-
age), like in [8], could be considered too. Suitable symmetry conditions are typically
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required as well, such as K (¢, x,v, v+ w) = K(¢,x,v,v —w) or K(¢,x,v,w) =
K (¢, x, w, v), which induce properties typical of differential equations written in non-
divergence or in divergence form, respectively (see the discussion in [7]). In [11]
a more general cancelation condition is considered in place of the second symme-
try assumption above. One notable particular instance of .Z is the fractional kinetic
Fokker—Planck operator

Zv = (_AU)S + Ys (13)

which is the operator in (1.1) with

Cd,s

/ —
K@, x,v,0) = —|v—v’|d+2s’

1.4)
for a suitable positive constant Cy4 5. Note that £, = (—A,)* + Y is also related to
the infinitesimal generator of an «-stable Lévy process, with o = 2s.

In the purely diffusive setting, which can be seen as the limiting case s = 1, £ =
—A, + Y is a differential hypoelliptic operator. This means that every distributional
solution u to the equation —A,u + Yu = f is a smooth function whenever f is
smooth. Indeed, setting the primary vector fields

Zi=0,, i=1,....d, (1.5)

we obtain that %] writes in the form % = — Zle Zl-z—i-Y andthesystem Zy, ..., Z4, Y
satisfies the so-called Hérmander condition, namely

rank Lie(Zy, ..., Z4,Y) =2d + 1. (1.6)
This is a straightforward consequence of
[0y;, Y]=0y;, Jj=1,...,d. (1.7

We emphasize that the regularity properties of the Hormander’s operators depend on
a non-Euclidean underlying structure (see the survey [2]). In the setting of the kinetic
operator %, this structure agrees with the Galilean translation (see (2.1) below).

In this work, we rely on the geometric structure introduced for the differential
operator .7, in order to study the fractional operator .Z; for 0 < s < 1. We give a
definition of intrinsic Holder spaces, which extends the one introduced in [12], and
we prove a Taylor polynomial approximation of a function f belonging to this Holder
space.

A clarification is in order regarding the role of our main results with respect to
non-local operators. Our study focuses on the Holder spaces which are the relevant
ones for studying the regularity properties of kinetic-type operators with a diffusion
of fractional degree. We do not provide results on the operators themselves. Notice
that, in analogy with the parabolic geometry, prototype operators with a kernel in the
form (1.4) are invariant with respect to the translations and dilations in (2.1)—(2.2),
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though the latter dictate the geometric structure underpinning the regularity theory of
operators with more general kernels. We refer to [4,7,11] and to the references therein,
for an overview on state-of-the-art results about kinetic non-local operators and their
related equations.

We conclude this section with some remarks about the intrinsic Holder spaces and
the applications of our main results. These spaces are anisotropic, as the variables v
and x in the Galilean group have a different role. Moreover, the definition of intrinsic
Holder spaces is based on the non-Euclidean quasi-distance (2.4) of the underlying
Galilean group. Remark 1 contains a brief discussion on our definition of anisotropic
Holder spaces compared with other definitions that appear in the literature. In the
purely differential setting, such Holder spaces were studied by several authors, and
a characterization relating the regularity along the vector fields 9y, ..., dy,, Y to
the existence of appropriate intrinsic Taylor formulas was given in [12]. We refer
to the articles [3,5] for similar Taylor formulas on homogeneous groups. The Taylor
approximation of a solution to a PDE is a useful tool in the proof of Schauder estimates.
We refer to [16], where the regularity of classical solutions to degenerate Kolmogorov
equations is obtained by using the method introduced in [17] for uniformly elliptic
and parabolic equations. We also recall the article [6] where Taylor approximation
results and Schauder estimates for kinetic equations were proved. In the fractional
setting, Schauder estimates for the solutions to .Zu = 0 have been recently proved
in [8], and utilized in [7] to study the Boltzmann equation, in suitable Holder spaces
that take into account the intrinsic geometry of the Galilean group. We emphasize that
the main results of this note provide an intrinsic characterization of the Holder spaces
considered in [7,8]. Indeed, the latter spaces consist (see [8, Definition 2.3]) of all the
functions satisfying the Taylor formulas in our Theorems 1 and 2.

Our main results also apply to a nonlinear non-local version of (1.3), that is

zv,p = (_Av);y +7, (1.8)

considered for p €]1, oo[ and s €]0, 1[ in [1]. In this case, the kernel K in (1.1) also
depends on the unknown function u# and the term (—Av)*[",u takes the following form

(_Av);u(t, X, U)

Ca.p,: _
- / %W(L x,v) —u(t,x,v)? 2(u(t, x,v) —u(t, x, v/))dv/.
Rd |V —V -

Also notice that one could consider a Hérmander operator Y in (1.1) with a more
general structure than the one in (1.2), like they did in [12] to cover a more general
class of ultra-parabolic equations. However useful, this generalization would make
the proofs more involved and the main ideas less transparent, so we prefer to state and
prove our results only in the kinetic setting.

We finally remark that not only anisotropic spaces of Holder continuous functions
have been considered in literature for the study of kinetic equations of the form Zu =
f.Indeed, [14] prove intrinsic Taylor expansion for anisotropic Sobolev—Slobodeckij
spaces, and prove continuous embeddings into Lorentz and intrinsic Holder spaces.



35 Page 4 of 22 M. MANFREDINI ET AL. J. Evol. Equ.

This article is organized as follows. Section 2 recalls the non-Euclidean geometry
relevant to the kinetic operator .Z. Note that the study of the non-local operator .Z;
relies on the same geometric structure. In Sect. 2, we present the definition of intrinsic
Holder spaces and the statement of Theorem 1, which are the main results of this
note. Some examples illustrate the meaning of the definitions and of the main results.
Section3 contains some preliminaries necessary for the proof of the main results,
which is provided in Sect.4. Section5 contains a local version of our main results,
which generalizes Theorem 1 in that it applies to the broader geometric framework of
non-homogeneous Lie groups.

2. Holder spaces and Taylor polynomials

In this part, we fix some notation for the geometric structure on R??*! which
will be used in this work. We recall that, remarkably, .Z; in (1.3) has the property of
being invariant with respect to left translations in the group (R x R, o), where the
non-commutative group law “o” is defined by

z1 022 = (t1 + 12, x1 +x2 + vy, v1 +v2),
g @.1)
z1 = (11, x1, v1), 22 = (t2, X2, 1) € R x R*“.

Precisely, we have
(Zu)(22) = (L) (z1 0 22).
where
W (22) = u(z 0 22).

This translation property is often referred to as “Galilean” change of coordinate and
is very useful in kinetic theory. A systematic study of the PDEs theory on this group
started in [9] in the limiting case s = 1. Notice that (R x R o)isa group with the
identity and the inverse elements

Id=(0,0,0), (t,x,v) "= (=t,tv—x,—v).

Moreover, % is homogeneous of degree % = 2s with respect to the dilations (D;,); -
on R x R*? given by

D; = diag(A”, A° 11y, aly), (2.2)
where I is the (d x d) identity matrix, i.e.,
(Yu®) (@) =2 (Yu)(Di2),  z=(t.x,v) eRxR¥ 1 >0,
where

u™(2) = u(Dy(2)).
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Note that the exponent # in (2.2) equals ps in the case of non-local operator .Z; , in
(1.8), hence we do not impose any restriction on the choice of # €]0, +oo[.

In the sequel, we will say that ¥ has formal degree ¥ and that the vector fields
Z1, ..., Zgin(1.5) have formal degree 1, in accordance with the terminology adopted
in [5, Section 2.4].

Notice that the triplet (R x R o, DA) forms a homogeneous group. Indeed, it is
well defined the so-called homogeneous norm:

1 1
[, x, V)| = 117 + [x[7+T + |v], (2.3)
and we consider the quasi-distance

.z, e R x R*. (2.4)

d(z1,z2) = sz_l 0z1
The following properties directly follow from the definition of the quasi-distance
d(Dy(z1), Da(z2)) = 2 d(z1,22), d(zozi,z022) =d(z1,22)

forevery z, z1, z2 € R x R?@ and for every A > 0. Note that d is said quasi-distance as
the following weaker form of triangular inequality holds true: there exists a constant
k > 1 such that

d(z1,23) <« (d(z1,22) +d(z2,23)), 21,722,273 € R x R¥,

We recall that in [8] it is considered the equivalent distance for z1, 7o € R x R,
. 1 1
min, {max (|t — 2|7, |x; —x2 — w(t; — )| 77, [v; — wl, [va — wl)}.
we

We next introduce the notions of intrinsic regularity and intrinsic Holder space.
Let X be a Lipschitz vector field on R x R??. For any z € R x R??, we denote by
T > "X (z) the integral curve of X defined as the unique solution to

{%efx(z) =X (%), teR,

erx(z)|r:0 =2Z.
In particular, for a vector h € R we set Zj, := h1Z| + -+ - + hgZq and we find

e (t, x,v) = (t,x,v + th), eV, x, )= +1,x+10,0), TER,
2.5)

for any (¢, x,v) € R x R24,
Next we recall the general notion of Lie differentiability and Holder regularity.

Definition 1. Let X be a Lipschitz vector field and u be a real-valued function defined
in a neighborhood of z € R x R??. We say that u is X -differentiable in z if the function
T u (eTX (z)) is differentiable in 0. We will refer to the function z — Xu(z) :=
L1 (e7X(2)) |,_, as X-Lie derivative of u, or simply Lie derivative of u when the
dependence on the field X is clear from the context.
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Definition 2. Let # : R x R2Y — R. Then, for a €]0, 1], we say that u € C"‘i,
i=1,...,d,if

tZ; _
u (e @) —ue| _

|T|*

||u||C%. = sup
! zeRxR2d
TeR\{0}

o

Moreover, for o €]0, #], we say thatu € Cy if

(94 _
lullcy == sup u (@) —u@]

LA
zeRxR2d |T| ?
TeR\{0}

Let us introduce the set

T={aecR|a=k+ o withk, j € No}.

As we shall see in the sequel, «’s in Z represent the regularity indices for which there is

a jump in the regularity of a function u, meaning that new derivatives along Z; or/and
Y appear. In particular, the following statements are true.

If ¢ €]0, 1 A #] there are no derivatives with respect to any of the vector fields
Zi,...,Zg0rY.

Ifa €]l A#, 1V #], there are two cases: if # < 1, then only derivatives along
Y appear, up to order j with #j < «; if # > 1, then only derivatives along the
vector fields Zy, ..., Z; appear, up to order k with k < «. Of course, if # = 1,
the interval is empty and all the fields have the same formal degree (the gradation
is the same as in the Heisenberg group).

If @ > 1 Vv ¥, then there exist derivatives along Z, ..., Z; and Y.

In Theorem 1 we show that if « > 1 + #, then the derivatives dy; also appear
fori=1,...,d.

Now we define the intrinsic Holder spaces on the homogeneous group (R xR o,

D;L), by extending the definitions of Holder spaces given in [12]. Namely, our proce-

dure is recursive with respect to the (ordered) indices in Z. In particular, in the second
step, which is for « €]1 A #, 1 v #], the definition splits in two different cases de-
pending on whether % < lor# > 1.If # = 1, ¢ €]1 A&, 1V #] is empty and one
moves on to the third step.

Definition 3. Let u : RxR?? — R and o > 0. Then,

®

ifa €]0,1 A #], u € C¥ if the semi-norm

d
lullcs = lullcy + ) lullcy

i=1

is finite;
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(i)

(iii)

) o N :
R T+
0 1 2 3 7

Figure 1. The set Z for # = 1/3

ifa ell A#, 1V 3], u € C* if the semi-norm

1Yullcas + 300 ulleg . if® <1
lullcs + Yy 1 Ziwl ot if 9 > 1

lullce =

is finite. If # = 1, & €]1 A &, 1 v #] is empty and this case can be skipped;
ifa > 1V &, ue CYif the semi-norm

d
Il o == 1Y ullca-s + Y _ 1 Ziullca-r

i=1

is finite.

Example 1. Figure 1 describes the pairs (k, j#) with k, j € Np and # = 1/3. The
filled dots form the set Z, the points # and 1 + ¥ are highlighted.
Let us consider u € C*. Then, we have:

If « €]0, 1/3], there are no derivatives with respect to either Z; or Y.

If « €]1/3,2/3], the Lie derivative Yu exists and belongs to ce~1/3_ Further-
more, u belongs to C%i . Note that the definition is well-posed. Indeed, the index
a — 1/3 €]0, 1/3] and thus the space C*~1/3 has already been defined; also
o < 1 and thus C%i is defined too.

If @ €]2/3, 1], Yu belongs to C*~1/3 where « — 1/3 €]1/3, 2/3]. In particular
there exists Y2u € C*~2/3,

If o €]1,4/3], there exist the derivatives along the fields Z;, which are the
Euclidean derivatives dy,u, . .., dy,u. Furthermore, such derivatives belong to
Cc* ! where o — 1 €]0, 1/3]. Also, the Lie derivatives Yu, Y2u and Y3u exist
and belong to C*~1/3, C*~2/3 and C*~!, respectively.

If @ €]4/3,5/3], then Y%u € C*4/3, and Oy € C*~!. Moreover, the mixed
derivatives d,, Yu and Y d,, u exist and belong to C*~*/3, and so do the commu-
tators [dy,;, Y']u. Indeed we have Yu € C*~1/3 where o — 1/3 €]1,4/3], and
dyu € C*~1 where o — 1 €]1/3,2/3].

Once more, the last step is crucial as it can be proved that [9,,, Y ]u = 0y, u (see
Theorem 1). By induction, there exist the n-th order Euclidean derivatives with respect
tox solongasa > n(# + 1).
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S T
0 1 2 3 4 57

Figure 2. The set Z for 4+ = 4/3

Example 2. Figure?2 describes the pairs (k, j#) with k, j € Ng and # = 4/3. The
filled dots form the set Z.

Let us consider u € C%. Then, we have:

e If @ €]0, 1], there are no derivatives with respect to either Z; or Y.

e If o €]1,4/3], the 1st order derivatives Z;u = 0,,u exist and belong to coel.

Plus, u € C§.

e If o €]4/3, 2], the Lie derivative Yu exists and belongs to C**4/3 Moreover,
dp -, dyyu € CO7L

o If o €]2,7/3], the 2nd order derivatives Bvivju, fori,j =1,...,d, exist and

belong to C*~2, Furthermore, Oy, u € C‘;_l and Yu € C¥4/3.
e Ifa €]7/3, 8/3], then the mixed derivatives d,, Y u and Y 9, u exist and belong to
C*~ /3 and so do the commutators [0y;, Y]u. Also, Yu € C**/3 and 8vivju €

ce2,
In the sequel, 8 = (B1, ..., Ba) € Ng will denote a multi-index. As usual
d d
Bl:=>_p; and pl:=]] (8"
j=1 j=1

are called the length and the factorial of f, respectively. Moreover, for any x € R?,
we set

X =xt o and 8P =8P =8l 8l

Finally, for u € C* we let Tyu(zo, -) its intrinsic Taylor polynomial around zg =
(to, x0, vo) defined as

3 YkaP 87 u(zo)

Kyl B! (t — 1) (x — x0 — (t — t)v0)” (v — vo)”.

Tou(zo; z) =
0<dk+(1+9) |y |+|B| <

Example 3. Ford = 1 and ¥ = 4/3 as in Example 2, we have
— Ifa €]0, 1], then we setory := 1 and we have Ty u(z0; 2) = Tou(20; 2) = u(20);
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- Ifa €]1,4/3] (a2 := 4/3), then Tyu(zo; 2) = Tou(z0;2) = Tou(z0;2) +
(0vu(z0)) (v — vo);

- If o €]4/3,2] (a3 = 2), then Tou(zo;2) = Tusu(z0;2) = Tou(zo; 2) +
(Yu(z0))(r — t0);

- If a €]2,7/3] (as := 7/3), then Tou(zo; 2) = To,u(zo;2) = Tuyu(zo; 2) +
5 (02u(z0)) (v — vo)*;

- If & €]7/3,8/3], then Tou(zo; 2) = To,u(zo: 2) + (dxu(z0))(x — xo — (t —
10)v0) + (Y 0yu(z0))(t — o) (v — vo).

Theorem 1. For any o > 0 and for any u € C® the following statements are true:

HOLDER SPACES CHARACTERIZATION. For any k € Ng and v, B € Ng with
0<#k+ (1+3)|y|+ |8l < «, the derivatives Ykafafc/u exist and

1Y¥08 Y ull caok—crsonyioip < lullce. (2.6)

TAYLOR FORMULA. There exists a positive constant ¢ > 0, only dependent on
o, such that

|u(z) — Tout(20; 2)| < cllullcalizg ' 0zl z,20 € R x R¥. Q2.7)

Remark 1. If a €]0, 1 A¥#], estimate (2.7) restores the definition of Hélder continuous
function given in Definition 1.2 in [15]

lu(z) — u(zo)l = cllullc«

o
zglozH . 2,720 € R xR¥,

For a comparison between intrinsic and Euclidean Holder continuity we refer to Propo-
sition 2.1 in [15].

Remark 2. By (2.6)—(2.7), it is straightforward to see that 8{? 8y u and 8 85’ u are both
continuous on R x R forany y, B € Ng’ with0 < (1 + #)|y| + |B| < «, hence they

agree. By contrast, Y* does not commute with Bf u.

3. Preliminaries

The method of the proof relies on the construction of a finite sequence of integral
curves of the vector fields Y, Zy, ..., Z; which steer a point zo = (¢, X0, Vo) to
any other point z = (¢, x, v). We then rely on the usual Taylor expansion of the
functions T > u (e™Y(z0)) and T > u (e"%#(z9)) introduced in (2.5), to obtain a
good approximation of u near zy. The approximation of u along the integral curves of
the commutators [Y, Z;] is obtained by using a rather classical technique from control
theory. We first consider the approximation along the integral curve e*Y (z).

Remark 3. Let n € Ny, y €l0,#]andu € C?"tY  Then, by Definition 3, we have
YiuecC g =DFY with j = 1, ..., n. Therefore, by mean-value theorem along the
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v

e—t()Y(

20)

ZQ)

£

71 = e*’l}ozl e*toY(

Figure 3. The path e~"0%1¢e~0Y (z)

vector field Y, forany z = (¢, x, v) € R x R4 and t € R, there exists & €]0, 1 such
that

n ,1 . n
u(e’Y(z)) —u(z) — Z %qu(z) - % (Ynu(eSTY(Z)) B Ynu(Z)) ’

j=1
and thus, Definition 2 yields

n i
u(e™(2)) —u(z) — Z %Y’M(Z))

j=1

u(e™ (2)) = Tontyu(z: e ()] =

IA

Y
;||M||cﬂn+y|f|n+",

fort e Randz € R x R%.

Since the vector fields Z1, ..., Z; have constant coefficients, the usual Euclidean
Taylor theorem with Lagrange reminder plainly gives the following result.

Remark 4. Letn € Ny, y €]0,1] and u € C"*7. Then, by Definition 3, we have
abu e Cgf"_lﬁl forany g € Nd with |8| <nandi = 1,..., d. Therefore, recalling
Definition 2, mean-value theorem yields

1
ut, x, v 4+ h) = Tyyu(z t, 6,0+ h)| < < llullenr (27
n.

forz=(t,x,v) e R x R* and h € R,

In view of Theorem 1, we consider two points zg,z € R!*24 and we note that
Remarks 3 and 4 provide us with a bound of [u(z9) — u(z1)| in terms of ||za1 oz,
where 7 is a specific point of R*2¢ whose components 7 and v agree with the
components of z. The following picture illustrates the situation in the case d = 1 and
z=1(0,0,0).

We finally recover the regularity of the function u with respect to the variable x by
the usual trajectory defined as concatenations of integral curves of Zy, ..., Z,; and Y,
as Fig. 4 shows.

The following proposition provides us with a quantitative estimate of the increment
of a function u € C* with respect to the variable x.
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t

9
=€ ¥ (z2) |24 =777 (23)
z= e’TﬂY(z@
v
20 =e"%(21) x/zl =(0,21,0)

Figure 4. The path e~ Y727 Y ¢72 (7))

Proposition 1. Letu € C* witha €10, 1 + #], then
lu(t, x, v) — u(t, x + h, )| < cllullcelh] 75, 3.1)
forz=(t,x,v) € R x R* and h € RY.

Proof. Assume h # 0 and set w := h/|h|, T := Ihlﬁ. Recall the notation in (2.5),
put

=l xv),  zm=e" V(@)  za=e (z), (3.2
and note that
eV (zg) = (t,x + 17w, v) = (1, x + b, v). (3.3)

With this notation, we express the left hand side of (3.1) as follows

(=%
u(t,x +h,v) —u(t,x,v) =|u(t,x +h,v) —u(z4) — Z 3

P<?j<a

Y u(zy)

(1)

(—0)*ZK u(z3)

+uza) —u@) = Y

1<k<a«a k!
2)
%
+|u(z3) —u(z2) + Z T Y/ u(z3)
P<dj<a
(3)

0" 4
+u) —utxv)+ Y = Zyu(za)

1<k<a«a

(4)

LAY . .
+ Z ( ;! i (Yju(u) - Y’u(z3))

V< j<a

(5)

Y
+ > i) (Zﬁ,u(za)—Zﬁu(zz))

k!
1<k<a«a

(6)

=h+DLbh+L+14+ 15+ I,
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where the indices j, k in the above summations are non-negative integers. Note that if
o < ¥, then no derivatives Y/ u appear in I, I3 and the term /5 does not appear. Thus,
in the following we consider separately this case and # < o < 14 #. Analogously, if
o < 1, no derivatives of the form Z{‘Uu appear in I, I4. We claim that, in every case,
the terms /i, ..., Is are bounded by ||u|ce |h|v’L+1, up to multiplying by a positive
constant.

Consider first 11, I3 and I5s with # < o < 1 + ¢. We apply Remark 3 to /1 and I3,
and we find

I 3] < Nlullce R 7T (3.4
Moreover, @ < 1 4 # also yields Y/u e Cgl__jﬂ, with 0 < a — j# < I for every j
such that ¥ < #j < «. Then
T | YT u(za) = Yuzs)| < luliceln| 757, # <#j <a,

because of the very definition of C* space. As a consequence,
[Is| < elullce|h|T+T. (3.5)

If 0 < o < # instead, we set Is = 0, so that (3.5) trivially holds. Moreover, (3.4)
follows again from the definition of C*. In both cases (3.4) and (3.5) hold.

The argument for I», I4 and I¢ is analogous. If 1 < o < 1 4 #, then Remark 4
yields

|12, | Ia] < llullce|R|7+T, (3.6)

and ¢ < # + 1 implies Zﬁ)u € Cg_k, with 0 < o — k < & for every k € N such that
k < a. Then

T | Zhu(z2) = Zu(zs)| < lullcalh 75T, 1<k <a,
and this inequality yields
o] < ellullca|h|7+T. (3.7

If0 < «a <1, we set I = 0 and the bound (3.6) holds by the definition of C*.
The conclusion of the proof of (3.1) is then a direct consequence of (3.4)—(3.5) and
(3.6)-(3.7). O

4. Proofs

The proof of Theorem 1 is divided into two steps:

1. (preliminary result) assuming true the first statement of Theorem 1 for some
a > 0, we prove that also the second statement is true for the same «;

2. we prove the first statement of Theorem 1 for a general @ > 0, by means of a
suitable induction procedure.
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4.1. The preliminary result

We assume the first statement of Theorem 1 to be true for fixed @ > 0 and prove
the second one.
Step I: We fix

21 = (11, x1,01) = €77 (z0) = (¢, x0 + (1 — 10) o, Vo)
and we prove that

_1 _
u(2) — Tou(z1, 2)| < cllullce (Ix — x117+1 + v —v1])* = cllullce Iz " o zl|*
“.1)

Set zp := (1, x1, v). We rearrange the first term as

u(2) — Tutt(z1.2) = [1(z) — Tau(z2.2) |

(1)

| Tauza, 2) = Tau(z,2) |, =1 + .

We have
1
h=u@— Y  —=du@)x—x).
(1+?)lyl<a *°

By assumption, for any multi-index y in the summation above with highest order,
namely |y| = [a/(1 +#)] — 1, we have 3] u € C*~1+DIY| Therefore, Proposition
1 together with Euclidean Taylor formula yield

_a —1
] < clullce |x —x1| ™7 < clullce llz; ozl
For the second term, we have
1
L= ) —=x)" (0 u) = Tu—qia)y w1, 22)).
A+D)lyl<a *°

By assumption 8} u € C*~(+DI¥| and thus, by applying Remark 4 with & = v — v
to each term in the summation we obtain

—(14+9 —1
Ll <clullce Y x—xl" v —vol*" M < ¢ flufice Iz 0 2%
(43 |y|<a

Step II: we conclude the proof of (2.7). Note that

zfl oz=(0,x —xp— (t — to)vo, v — vp),

ZalOZZ(I—IO,X—xo—(l—lo)vo,v—vo),
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sothat |z; ' o zll < llzg " © z||. Therefore, by (4.1), we have
[(z) — To (20, 2)| = |u(z) — To(z1, 2)| + |Te (21, 2) — T (20, 2)
<clullcallzg' o zll” + Tulz1, 2) — Tu(z0. 2.

Rearranging the Taylor polynomials, we can write
Ty (21, 2) — Ta(20, 2)

1
= X o v(axyaﬁg“(“)—Ta—(lmw—w(8185u)(zo,zl))
Gamiripi<a’ P

X (x —x0— (t — l‘o)vo)y(v — vo)ﬁ.
By Remarks 2 and 3, we obtain
1Tu (21, 2) — To(z0, 2| < ¢ llulicellzg ' o zl|*

This concludes the proof of the second statement of Theorem 1, assuming that the first
one holds true.

4.2. Proof of Theorem 1

If @ < 1+, then (2.6) does not contain derivatives with respect to x, thus it stems
from Definition 3.

We prove (2.6) for « > 1 4 #. Notice that it is enough to show that, for any
i=1,...,d, wehave

deu = [Z;, Y]u. 4.2)

Indeed, with (4.2) at hand,

ax,-u c Cotf(iH»])
and the whole (2.6) follows, once more, by Definition 3, and Remark 2, combined
with a plain induction argument.

To show (4.2), we consider any ¢ > 1 + o, we let n :=
a €ln(l+9), (n+ 1)1 + #)], and we assume (2.6) true for & :=
claim that

[ 1 — 1, so that
— (@ +1). We

Q +

u(t,x +68e;,v) —u(t,x,v)

5 — [Z;, Y]u(t,x,v) as & — 0, 4.3)

for every (f, x,v) € R x R Here ¢; denotes the i-th element of the canonical basis
of R, To prove (4.3), we rely on an argument similar to that used in the proof of
Proposition 1. We fix (¢, x,v) € R x R ;¢ {1,...,d},8 # 0, and we recall the
notation in (2.5). If § > 0 we set w := ¢;, otherwise we set w := —e;. For simplicity
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we only consider the case § > 0, the case § < 0 being completely analogous. Set
1
T =461+,

2= e (t, x,v) = "% (t, x, V),

= (@) =) = e (),
and note that we have

e_rﬂy(z4) = (t, x + 2, v) = (t, x+8e;, v).

We proceed as in the proof of Proposition 1, the unique difference being that o« >
¥ + 1 here. We have

_+
u(t,x +de,v)—ult,x,v)=|u(t,x+de,v) —u(z4) — Z ( T.,) Y/ u(z4)
P<jd<a :

(1)

—)kzk
Hu —u@ - Y TG

1<k<a«a k!
2)
" ;
+|u(z3) —u(z2) + Z ] Y/u(z3)
P<jd<a
(3)
+u@) —ut,x, 0+ Y ﬂZ"u( )
22 s Xy ! HUARY)
1<k<a«a @

AV . .
+ Z () (YJM(Z4)—Y]M(Z3)>

il
P<jd¥<a :

(5)

ok
+ Z (S (qu(m) — Z,’-‘u(zz)>

k!
1<k<a«a

(6)

=h+Dbh+ L+ 14+ Is+ I

Note that all the sums in the above boxes are not void, since « > # + 1. By Remark
3 and 4, we find that

[+ 1L+ [13] + 4] < callullca|8]7+T, 4.4)
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for some positive constant ¢,. Concerning Is and I, we have

—P)J ) . )k .
Is+ I = Z( i (Y]M(Z4)—Y]M(Z3)— Z (kt) Z;{YJM(Z3)>

1 |
P<jd<a U’ O<k<a—j®

(5.1)
_ )k —
_T T .
" Z(k') <Z’{(”(Z3)_Zf”(22)+ N ..) Yfzf‘u(Z3)>
I<k<a O<jd<a—k :
(6.1)
(—T',)j (_T)k |
" k;O J! T(vfk(z3)_Ta,-kvjk(z,Z3))
J94i<a
(7
(—rﬂ)j (_.[)k . |
+ k;() TR Tupvjk(zi23) | = Isi+ Ieq + I + .
941 <a
(8)
4.5)

where
ajii=a— (i +k), and vy = [Zf,Y-/]u.
Consider I5; first. By Remark 4, we obtain
Y/ J =0 J a—ji
u(za) = Yu@) — Y = ZiY u)| < llufcelzIP

k!
O<k<a—jo

The same argument applies to /g 1, in this case we use Remark 3. By collecting the
above inequalities we find that there exists a positive constant c;, such that

_o
sil+ 161l < cjllullce|8]7+T.

Concerning I7, we first note that, by Definition 3, vj; € C%*. Moreover, only
terms with 0 < aj;y < @ = a — (# + 1) appear there. Then, because of the induction
hypothesis, in particular by (2.7), we have

: -1 -
[0jk(23) = T v (2: 23)| < cllvjall ez~ o z3)| %%
We then conclude that there exists a positive constant ¢, such that
Vi o
7] < cyllulice|8]7+T. (4.6)

We are left with the term Ig. We note that

m' @D+ +))B+kK +k
Iy =312 Ylu@@) +) 5 o

k>0,j>0
F+1<m’ @+ D+ + )P+ +h<a

_ "ok ki - 'S il ok ik
X (Cm’j’k’jkaf: Y] Zi lexl -+ Cm’j’k’jka)’:; Yj Z[ Y]Zi M)(Z),
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where every constant ¢, jx jx and Cpy jri ji is obtained by collecting the coefficients

of the Taylor polynomials of the v;; functions. As a consequence of the fact that

’ =/ s !
z (#HH'(,’ ++lj R S 1 for every term of the above sum, we finally obtain

13—8 — [Z;,Y]u(z) as 8§ — 0. 4.7

Moreover, since 1 + ¢ < o <2(1 + #), (4.4), (4.5) and (4.6) yield

Lh+L+5+I1 Isi+1 !
wﬁo, %—w, L0 as 50 (48

The proof of (4.3) follows from (4.7) and (4.8).

5. Extensions: non-homogeneous and local case

In some applications, the operator Y in (1.1) appears in a more general form than
(1.2), namely

Y =(Bx,v)", Vi) +d,  (x,v) e R¥,

with B being a (2d x 2d)-matrix with real entries that admits the following block

decomposition:
B B
B — ( 11 12) ,
Byy By

where each block is a (d x d)-matrix and Bj; has rank d. For instance, in the kinetic
model originally introduced in [10], the term Bj; is the d x d identity matrix, while
B> is non-null and depends on the viscosity of the liquid. In mathematical finance,
B>> may represent an interest rate in the pricing of path-dependent derivatives.

Note that the Hormander condition (1.6) is still satisfied: in particular, (1.7) becomes

B1oVy = [Vy, Y] — BnV,. (.1
The integral curve of the vector field Y now reads as
eVt x,v) = (t—i—t, etB(x,v)T), (t,x,v) e RxR*, ¢ eR.

9

Accordingly, the relevant non-commutative group law “o” in (5.2) is replaced by

Z1022 = (t1 + 1, (x2, 12) | 4 2B (xy, UI)T) ,
(5.2)

21 = (11, x1, v1), 22 = (12, 2, v2) € R x R¥,

Notice that (R x R?“, o) remains a group, with the identity and the inverse elements
that now read as

Id=(0,0,00, (t,x,v) '=(—t,—e"Bx,0)").
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In particular, we have
(to, x0.v0) "o (t,x,v) = (t — 10, (x,v) T — e B(xgv)T).  (5.3)

Despite the fact that . is no longer homogeneous with respect to the dilations (D;,); - o
in (2.2), the homogeneous norm (2.3) remains well behaved with respect to the strat-
ification induced by the Hormander condition, in particular by (5.1).

A local version of Theorem 1 can be proved in this more general setting, with the
Holder spaces C* being exactly as in Definition 3. However, it is more natural to
localize the definition of Holder spaces as well. We follow the approach in [12,13] for
the case # = 2. Let £2 be a domain in R x R??. For any z € £2 we set

5, == sup {S €10,11 1 #21(2), ..., 8% (2), & (2) € 2 forany § € [—3, S]} .

If £2¢ is a bounded domain with 2y C £2, we set 8 Q0 = minZ <2 3;. Note that 8¢, €
]0, 1]. Now we first localize Definition 2 of Holder regularity along the Hérmander
fields.

Definition 4. Let u : R x R — R. Then, for a €]0, 1], we say that u € C%i (£2),

i =1,...,d if, for any bounded domain £2( with ﬁo C £2, we have
[l = sup ju (@) — ut2) <00
CO( 2 =
Zi( 0 2€82 |1-|0{
0<\r\<590

Moreover, for a €]0, #], we say that u € C§(£2) if, for any bounded domain §2y with
50 C £2, we have

”M”Cot Q = Sup |M (eTY(Z)) — M(Z)| - o
y (§20) s |f|%

With Definition 4 at hand, we can now localize the notion of intrinsic Holder spaces
C* with the following definition, which is completely analogous to Definition 3 and
thus is written in a more compact form for sake of brevity.

Definition 5. Let # : £ — R and @ > 0. Then, u € C¥(£2) if, for any bounded
domain 2 with 29 € £2, the semi-norm defined recursively as

d .
lullcg (20 + Yo ||M||c%i (20) ifa €]0, 1 A¥],
1Y tell camo () + Sy latllce () ifa €]l Ad, 1V D]
. and 9 < 1,
el co () = 4 .
||u||C$(.Q()) + Zi:l ||Z,'M||Ca—](90) ifa e]ll A, 1V ]
and 9 > 1,
||YM||C01717(‘QO) + 2?21 ||Z,-u||ca-1(90) ifoa>1Vvid

is finite.
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Remark 5. Tt is easy to see that C*(§2) is a decreasing family in o, meaning that
C*(R) C C¥ () for any o > o’ > 0.

We now have the following local version of Theorem 1. Before, for u € C*(£2),
we define its intrinsic Taylor polynomial centered at zg = (f, xo, Vo) as

Ykaﬁa?/ B .
Tou(zo; 2) := Z Wv'ﬂxv((,o’xo’ o)~ o (1. x, v))( 7B

0<#k+(1+9)|y|+|Bl<a
with z = (7, x, v) € R x R* o as in (5.3), and where we adopted the multi-product
notation

(s, h, y)&rP) = skh}f1 ) ..h:i/dyfl ) ..ygd, (s, h,y) € R x R¥,

Note that the term polynomial here is slightly abused, as Ty u(zo; z) is not necessarily
a polynomial in the time-increment.

Theorem 2. For any a > 0 and for any u € C%(82) the following statements are
true:
HOLDER SPACES CHARACTERIZATION. For any k € Ng and y, B € Ng with
0<dk+ (1+9)|y|+ 18| < «, the derivatives Ykafaffu exist on §2 and

k
Y afazu||Cu—ﬂk—(l+ﬂ>\ylf\l3\(:20) < llullce(2y)

for any bounded domain 2y with 2 C £2.

TAYLOR FORMULA. For any ¢y € §2, there exist two bounded domains U, $2¢
such that &y € U C ¢ C £2, and a positive constant c, only dependent on B,
o and U, such that

-1
lu(z) — Tou(zo; )| < cllullcx@pllzg ozl*.  z,z0 € U.

In the homogeneous case, namely when the blocks Bj1, B1, B2» are null, the proof
of Theorem 2 is substantially identical to that of Theorem 1 with the only additional
complexity being that U and §2p have to be chosen in a way that all the integral curves
employed to connect zg and z are contained in £2. On the other hand, in the general
non-homogeneous case, there is a substantial additional difficulty stemming from the
fact that the discretization of (5.1) with the integral curves of Z1, ..., Zz and Y is more
involved than in the homogeneous case. In the rest of the section we give an account
of this additional complexity and recall a result from [13] that allows to overcome it.

Letz = (f,x,v) € R x RM, w € R? and recall the points z2, 73, z4 as defined in
(3.2), namely

9 _
=Pt x,v), zn=e Y(2), wu=e (),
and set

_.? _ 9+
is=e " V(z4), ze=e T ZBaw(zs).
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A direct computation shows that, for 7 € R, we have

x (—l)"‘l,'ﬂn
26 = (t,x + T Bpw, v) — 27! <0, Z mB"“(o, w)T>. (5.4)
n=0 :

Assume that our aim is to move along the x variable only, by an increment & € RY.
If we adjust the leading order increment in (5.4) by choosing w = B; ;h /|h| and

T = |h|"%l (recall that B> has maximum rank), then we are off by an error term
of order 72?*+1. Note that this error involves both the velocity and position variables
as the blocks of B are all non-null. Therefore, if we make a further correction in the
velocity variables by considering

. .[217+lzw/ : h /o / _ - (_1)"1-77’1 Bn+2 5 5
gu(2) = (z6), with w’ = w'(t, ) —Zm 5w, (5.5)
n=0 ’

we fix the velocity variables but the increment in the position variables still differs from
h by an error term of order 82?41 The next lemma allows to connect z = (t,x,v)
to (¢, x 4+ h, v) moving along the curves above, while keeping w bounded and |7|
controlled in terms of |h|#1. It coincides with [13, Lemma 3.2], which has been
proved for # = 2. We recall this result without proof, as dealing with a general ¢ > 0
requires no modification.

Lemma 1. There exists € > 0, only dependent on B, such that: for any h € R? with

|h| < &, there exist w € RY, t > 0 with

2
wl =1, || < ———h|7T,
1B12l

such that
gw,f(z)z(t’x+hvv)v Z:(I’X’U)GRXRst

where gy 1 (z) is as in (5.5).

With Lemma 1 at hand, which plays the role of identity (3.3) that we had in the case
Y = (v, Vy)+09;, the proof of Theorem 2 is essentially the same as in the homogeneous
case.
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