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Abstract

This paper studies the nonlinear behavior of a Gilbert cell multiplier. The investigation has
been carried out by means of mathematical modeling and Cadence circuit simulations at
room and cryogenic temperatures. The circuit has been implemented in the 130 nm SiGe
BiCMOS SG13G2 technology by Innovations for High Performance (IHP) Microelectronics
(Frankfurt am Oder, Germany). In addition, a similar investigation has been carried out for
a Jones modulator. The comparison demonstrated that the Gilbert cell multiplier exhibits
better spectral purity, especially at cryogenic temperatures. This suggests the Gilbert
multiplier as a promising mixer for quantum computing control circuits, where spectral
purity is critical for the quantum gate fidelity.
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1. Introduction

Mixers are three-port devices ubiquitous in radiofrequency architectures, where they
are in charge of frequency translation. This function is usually based on the time variance
of a core constituted by transistors driven by a signal large enough for they behave like
switches. Transistors used as signal amplifiers may join this core with the aim of adding
conversion gain [1]. In this case, we are talking about active mixers, the Gilbert cell being
the most popular circuit solution, also for cryogenic applications [2-5]. Otherwise, we are
rather talking about passive mixers [6,7]; they provide frequency translation but without
gain. The essential function of the switching core is to multiply the incoming input signal by
a square wave to be frequency translated. In this way, all spectral components of the input
signal are multiplied by all harmonic frequencies 7 fsyy of the square wave. By supposing,

W) Check for updates for the sake of clarity, that the input signal is a sinusoidal signal, its single frequency finpur
is translated to the frequencies finpyur £ nfsw, where n is a positive integer, in force of the
well-known trigonometric identity 2cos(a« + ) = cos(a — ) + cos(a + B). These mixers
are classified as multiplier-based, with the aim of distinguishing them from mixers based
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this way, you obtain the picture of a mixer as a device multiplying two sinusoidal tones,
that is, the incoming sinusoidal signal and the fundamental of the square wave. It is an
approximation whose advisability depends on the application. For instance, in a Quantum
Processing Unit (QPU) mixers are essential in the radiofrequency architecture of the qubit
controller. Since a QPU is essentially an array of qubits, each with its own resonance
frequency, unwanted although weak components may jeopardize the quantum fidelity of
a quantum gate [9,10]. In the design of the circuitry for a QPU, all spectral components
generated during the frequency conversion process should be evaluated.

Conversely, the Gilbert multiplier is a device actually able to operate as a multiplier of
two sinusoidal signals [11]. The circuit is bipolar, and it exploits the exponential current-
voltage relationship of the forward-biased junction transistor. Over the years, CMOS
multipliers were also designed by leveraging the exponential current-voltage relationship
of the subthreshold-region-biased MOSFET [12]. Moreover, Gilbert-like arrangements of
small-signal transconductors made of saturation-region-biased short-channel MOSFETs
were proven as alternative solutions for implementing signal multipliers [13]. Since, because
of the first trigonometric identity mentioned above, the product of two sinusoidal signals of
frequency f1 and f, generates two spectral components at frequencies f1 + f, and f; — fo,
analog multipliers have been considered as potential mixers [14,15], offering the advantage
of generating just the frequencies of interest without the unwanted spectral contributions
affecting the multiplier-based mixer, as discussed above. This consideration points out
clearly that a Gilbert cell mixer and a Gilbert multiplier are two different circuits operating
on two different principles. In the Gilbert cell mixer, some transistors are used as switches,
while this is not the case for the Gilbert multiplier. The Gilbert cell mixer needs a large
square wave; the Gilbert multiplier does not. In order to avoid confusion, the Gilbert
cell mixer should be dubbed more precisely a Jones demodulator [16]. In 1963, Howard
Jones conceived this demodulator, that is now, in practice, referred to as the Gilbert cell
mixer [17].

Since multiplication is a non-linear algebraic operation, analog multipliers must embed
non-linearities. It is expected, thus, that an analog multiplier generates just a couple of
frequencies at first order only. Some specific applications, such as the electronics for the
QPU cited above, may need a more in-depth study of the spectral purity of which the
multiplier is capable. A higher-order analysis is thus required, but few papers address
this subject with the necessary sharpness [18-22]. The mathematical analysis is not very
sharp, and the comparison with the experimental results is limited in [18]. Atti tried to
improve this analysis, but the final results still remain unsatisfactory, and the comparison
with measurements or simulations is missing [19]. Kuntman proposes an equivalent
circuit model for the non-linear behavior of an analog multiplier, but any mathematical
analysis is absent [20]. In spite of being a patent, the reference [21] reports some interesting
mathematical results, as it will be pointed out later in this paper, but full analysis and
discussion are lacking.

The aim of this paper is to investigate the linearity of a bipolar Gilbert multiplier
by means of an analytical model. It is worth pointing out that optimization algorithms
demonstrated to be useful and powerful mathematical tools for investigating parameters of
relevance in several physical domains [23-26] with a high degree of reliability. Nevertheless,
the goal of this paper is to propose an analytical model that may offer mathematical
equations that can be used as a guideline in the design process. Of course, in a following
step after the fabrication of prototypes, optimization algorithms can also be applied for
supplementary purposes.

After an analytical modeling of the generic schematic, the circuit has been implemented
in the 130 nm SiGe BiCMOS technology by the Innovations High Performance (IHP)
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Microelectronics foundry. The correctness of the analytical model has, therefore, been
tested by comparison with circuit simulations. Since the Design Kit (DK) offers cryogenic
models for transistors and passive devices, the investigation has been carried out both at
the Cryogenic Temperature (CT) of 4 K and at the Room Temperature (RT) of 300 K. In
this way, it has also been possible to compare the behavior of the circuit at CT and RT. The
availability of a cryogenic DK is of relevance, because it makes it possible to address the
linearity of the bipolar Gilbert multiplier in the perspective of its application to the design
of cryogenic controllers for qubits.

About the use of bipolar transistors at cryogenic temperature it is worth pointing
out that in the last decade the largest amount of quantum computing oriented cryogenic
microelectronics is CMOS designed, see for instance [27-41], while some attention has risen
up for the use of SiGe Heterojunction Bipolar Transistors (HBT’s) available in BiICMOS
technologies [4,42-56]. The largest use of cryogenic CMOS may be ascribed partially to the
particular physics exhibited by the bipolar transistor operating at 4 K or lower temperatures:
the dominant charge transport is no longer drift-diffusion but rather trap-assisted tunneling
based [57,58].

Eventually, since the Gilbert cell mixer is widely employed in the cryogenic circuits for
quantum computing, for the sake of completeness, this paper also investigates a BICMOS
Jones demodulator with the same approach used for the Gilbert multiplier: analytical
modeling of the generic schematic followed by implementation in the 130 nm SiGe BiCMOS
S5G13G2 technology and by CT and RT circuit simulations. In this way, the paper also
compares the spectra generated by the Jones demodulator and the Gilbert multiplier even
under cryogenic conditions.

The paper is organized as follows. Section 2 addresses the analytical non-linear
modeling of a basic differential transconductor, which is a fundamental sub-circuit of
the Gilbert multiplier and of the Gilbert cell mixer, as well. The model is validated by
comparison with CT and RT circuit simulations of the differential stage implemented in the
IHP technology. Section 3 applies the previous modeling to the Gilbert multiplier to obtain
its non-linear model, which is then validated by comparison with CT and RT simulations of
its circuit implementation in the IHP technology. This section also proposes some evaluation
in terms of Spurious-Free Dynamic Range (SFDR), which is the power ratio between
the desired amplitude and the largest unwanted spur in the output spectrum within
the specified bandwidth [59-61]. It is a relevant specification for the control signals for
qubits. The Jones demodulator undergoes the same investigation in Section 4. Eventually,
Section 5 closes the paper by summarizing the main obtained results and by drawing some
conclusions.

2. Basic Differential Transconductor

This section focuses on the basic differential transconductor, whose generic schematic
Figure 1 depicts on the left. Its core is a symmetric resistive emitter-degenerated bipolar
transistor pair biased by the tail current I. In particular, Sub-section 2.1 develops the static
non-linear model of the DC differential Current-Voltage Transfer Characteristic (CVTC). In
Sub-section 2.2, the obtained model is then applied to calculate the spectral components
of the differential output currents in the case the differential input voltage signal is a
sinusoidal tone. In this way, it is understood implicitly that the circuit is memoryless;
otherwise, the more involved Volterra series would be mandatory [62]. Sub-section 2.3
validates the obtained model by comparing the theoretical expectations with the circuit
simulations of the IHP technology-implemented circuit depicted on the right in Figure 1.
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Figure 1. Differential amplifier stage, general schematic (a) and circuit implementation (b).

2.1. DC Differential Current-Voltage Transfer Characteristic

In Figure 1a DC voltages Vinj and Vin; bias the two identical transistors Q1 and
Q2 in the forward active region, so that you have % + Vx < Vin1 < Vpp. The goal of
the following analysis is to describe the dependence of the DC differential output current
Aloyt £ Icy — Ic; on the DC differential input voltage Vin 2 Vint — Ving.

Starting point of the analysis is the usual exponential I — Vg characteristic of the
bipolar junction transistor:

VBE VBE
Ic = Is¢ <€”th — 1) =~ Isceﬂvﬂl (1)

where 7 is the ideality factor, Isc the saturation current, Vy;, the thermal voltage defined

KpT
q

electronic charge (=1.60 x 101 C), and T is the absolute temperature in Kelvin.

as Vy, = where Kj is the Boltzmann constant (=1.36 x 10723 J/K), g the elementary

By assuming Ir = I¢, Vpr1 and Vpg; voltages can be expressed as follows:

Vger = Vint — (R~ Ic1 + Vx) ()
VBe2 = Ving — (R~ Icp + Vx) (3)

The substitution of Equations (2) and (3) into Equation (1) yields the following;:

Ving = (RIcy +Vx)

Iey = Igce Vi 4)
Ving—(RIcp+Vx)
Iy = Isce i 5)

Due to the assumption Ir = I, we can also observe that Iy = I, + I, and we can
normalize each collector current respect to Iy:

Vin1—(RIg1 +Vx)
I Ic Isce I

= = (6)
I I+ 1 Vin1 =(Rlgy +Vx) ViNg=(Rlgp +Vx)
0 C1 C2 Lce Vi + I Vi
Vina=(RIcp +Vx)
Ieo  Iep Lce " )
Iy, I +10 ViNt—(RIc1 +Vx) ViNg—(RIcp +Vx)
0 C1 C2 Isce Vi + ISCe NV,
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and by simplifying by Igc:
ViN1=(RIg; +Vx)
It e Ve 8
K T Vini—(RIgg+Vx) ViNa—(RIcp+Vy) (8)
e 1V +e Vi
ViNg—(Rlcp +Vx)
I e M 9
K T Ving—(RIgp+Vx) ViNa=(Rlcp +Vx) ©)
e Vi +e 1V
The mathematical expression for %OUT is thus as follows:
VINl—(lycﬁVx) VINz—(I‘Q/ICZJfo)
len =l _ Alour _ Ian Iz _ e T —¢ il (10)
Iy Iy Iy Iy ViN1—(Rlc +Vx) ViN2 = (RIcp +Vx)
e 1V +e Vi
) ViNg —(RIcp+Vx) ) ) ) )
By gathering the term e 7Vt , we obtain the following mathematical expression:
ViN1=ViN2 —(RIc; —Rlicp)
Alour _ e Vil -1 an
Iy Via—Ving—(Ricy—Ricp)
e Ve +1
AV N—(RAIoyT) AV N—RAIy T _ AVy—RAIoyT
e Vi -1 e 27V —e 2 Vi 15
AViN—RAIyT — AViN—-(RAIoyT _ AVIN—RAIgyT ( )
e Ve +1 e TV, +e 2V,

and thus by reminding that =<~ £ tanh(x), we can put Equation (12) in the follow-

eXte ¥
ing form:

AViN — RAIOUT) (13)

Alour = Ip tanh(
. 21 Vin

Reminding that the term Alpyr is a function of AVyy it may be useful rewriting the
Equation (13) as follows:

(14)

AViny — RAI AV
AIouT—Iotanh{ IN our( IN)]

20 Vi

Equation (13) is a transcendental equation in the argument Alpy ;7. It has no closed-
form solution, and it can be solved only by numerical iteration. Following the famous
Fermi’s advice “When in doubt, expand in a power series” [63], we can spend effort to
obtain an approximated closed-form solution by applying a Taylor series expansion whose
general form is as follows:

() (y
f 2y T gy 15
n=0 '
where the (") (xy) = d; X‘;I(z) . For the sake of simplicity, we stop the expansion at the
X=Xq
third order:
dA]
Alour = Alour(AViN = AVino) + TSIU; (AVIN — AViNno) (16)
AViN=AVINo
1d2Al 1d3Al
EWOZUT (AViN — AVino)? EW%UT (AViN — AVino)?
IN T Avin=2Ving IN - TAvin=2Vino
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In particular, we desire to calculate this series by expanding around the origin, so that we
have AVINO =0

dAlo
Aloyr =~ Mour(AVin = 0) + dAVUT AViN (17)
IN“ | Avin=0
1d*Alour » | 1dAlour 3
— AV + = AV,
2 2 IN 3 IN
VA |y B AV |

Since Alpyt = 0 for AVyy = 0 (balanced distribution of current on the two branches of
the circuit in Figure 1), we can conclude immediately that Alpyr(AViNn = 0) = 0. Further
calculations, detailed in Appendix A, yields the other three terms:

Iy

dAlour 27 Vy
=——x (18)
IR
dAVIN AViN=0 1 + 27’]0Vt;,
d?Al
# =0 (19)
dAViN | avy=0
d®AI I 1
O3UT ~ 3 ‘g 3 4 (20)
dAVIN AVin=0 (77 th) 14 IhR
2y Vi,

Substituting Equations (18)—(20) into Equation (17), we obtain the closed form solution
of Equation (14) in an approximation:

Ip
2nV; I 1
Aour = — L AVIN () = 52— BV’ e
1+ Rl 24(’7Vth) IhR
1
2n Vi, < +277Vth

2.2. Harmonic Analysis

Equation (21) can be used to assess the spectrum of Alpyr when AViN(t) =
AVy cos(wt), being AVyy the amplitude and w the angular frequency. From Equation (21)
we obtain the following:

Iy
21V, I 1
Aoyt = MAVIN cos(a)t) — 0 3 ) [AVIN cos(wt)]3 (22)
1+ Rly 24(77‘/1%) IhR
21V, 1
NVin ( +277Vth

By applying the trigonometric identity 4 cos®(x) = cos(3x) + 3cos(x) we get:
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I
21V, I 1 cos(3wt) 4 3 cos(wt
Mlour = —h—AViy cos(wt) - 24(1734%)3 (Av3, 256w : @h) _ (23)
1+ R
2 1
Vi ( + 20V
I
I 1 t
= L‘%AVH\] cos(wt) —3 9 3 4AVI‘A}\] cos(wt)
1+ 0 24(77Vth) InR
2nViy 1+ 2
2n Vi,
Iy 1 5 cos(3wt)
— AV
24(77‘/1%)3 IoR 4 IN 4
1+
21V

Gathering the contributions according to the harmonics provides the amplitudes a;
and a3 of the fundamental and third harmonics, respectively:

I
a 2’7€/th _ 310 1 AV3 (24)
e L T ihVin

Vi, <1+ IhR )

2n Vi
a3 = — AV (25)
96(’7‘411)3 IbR 4 N
1
* 21 Vi

As expected, the third-order non-linear coefficient a3 is negative, and it reduces a;. By
substituting Equations (24) and (25) into the previous mathematical expression of AlpyT
you obtain the following:

Alpyt = a1 cos(wt) + az cos(3wt) (26)

It is worth calculating the following ratio:

IhAVIN
5V Rl T 343 B ‘ 1 IhAVin

a3 a3 27V, + Rl

a1
as

(27)

From the definition of SFDR provided in the Introduction, the substitution of Equation (25)
into Equation (27) yields the following;:

29V + RIp)°
UVthAVIZN

SFDR = 20log, 21’ 6 +3 (28)
3

= 20log;,

The SFDR is, therefore, a positive number if x > —2 or x < —4, where x is defined
as follows:
(27Vin + RIp)?

x=—6 5
77VthAV1N

(29)

Equation (29) defines two possible intervals of values of AV}y for which SFDR > 0:
AViy > Eand 0<AVy < E/V2, being the following;:

- \/3(217‘4h +RIp) (30)

Vi
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Outside these two intervals, you have |a; | lower than |a3].

2.3. Validation

The generic schematic of the differential transconductor, on the left in Figure 1, has
been implemented in the circuit on the right in Figure 1 using the IHP SG13G2 technology.
For the Cadence circuit simulations carried out at RT (CT), Iy was kept equal to 117 pA
(243 pA). These values are in order to maximize the current gain § of the HBT.

Conversely, the bias voltage Vpp was kept equal to 1.2 V and the resistance R to 800
), regardless of the temperature. The value of R was chosen low enough to keep the
transistors correctly polarized in the forward active region. From the simulations of the
Gummel plots, the ideality factor # results in 1.08 (26.37) at RT (CT). The value of 7 at CT
is the signature of the dominant trap-assisted tunneling charge transport [57,58]. Table 1
summarizes the values used for the simulations together with the thermal voltage Vy;,.

Table 1. Adopted values for the simulations of the differential transconductor in Figure 1.

Temperature [K] Iy [A] R[QO] i Vi [mV] Vpp [V]
300 117 x 10~ 800 1.08 26 1.2
4 243 x 10~° 800 26.37 0.347 1.2

Figure 2 compares the DC differential CVTC calculated from Equation (21) with the
simulated one for AVjy spanning from —0.6 V to 0.6 V. The figure shows good agreement
in the interval from about —0.2 V to about 0.2 V both at RT and CT.

== recursive algorithm

= recursive algorithm = circuit simulation
m— ircuit simula~ti0n. = taylor approximation
== taylor approximation 600
120 + -
90! 4000 4K 7
60 - 4
— 200f
< 307 <
) = o)
< -30 < 200,
-60
90} -400F
-120 B T Y D S N
06 -04 -02 0 02 04 0.6 -06 -04 -02 0 02 04 06
AViy [V] AVix [V]

(a) (b)
Figure 2. DC differential CVTC for 300 K (a) and 4 K (b).

Moreover, the CVTC was also obtained by a recursive numerical solution of Equation (13)
carried out with MATLAB (version 2025A). The figure shows that the numerically obtained
CVTC is also in good agreement with the previous two at both temperatures. Defined
the differential input knee voltage AV}y k.. as the intersection between the tangent of the
CVTC for AV knee = 0 and the saturation currents £1, Equation (18) yields AV]y kpee =
2nVy, + Rlp, as detailed in Appendix B. By replacing the values in Table 1, you obtain
AVIN knee = 149.4 mV (212.6 mV) at RT (CT), in good agreement with the extrapolation you
can obtain from Figure 2.

When AV (t) = AVjy cos(wt), the amplitude AVyy was kept equal to 100 mV, large
enough to allow the steering of the tail current between the two branches at both RT and
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CT. The frequency was chosen equal to 1 GHz. This frequency is very useful because it is
common to several qubit platforms (superconducting, semiconductor, trapped ion) [64].
Table 2 reports the values of the fundamental and third-order harmonics obtained from the
analytical model via Equations (24) and (25).

Table 2. Harmonic amplitudes according to the analytical model.

Temperature 300K 4K
Harmonics 1st tone (a1) [A] 3rd tone (a3) [A] 1sttone (a1) [A] 3rd tone (a3) [A]
Results 7.490 x 1075 1.090 x 107® 1.137 x 1074 1.811 x 1077

Even in the present case, the model expectations have been compared with MATLAB
and circuit simulations. About MATLAB simulations, the input voltage signal AVjy is
sampled at n discrete time instants f; = kAt, producing a sequence of samples AVjy,,
with k = 0,1,...,n — 1. For each sample, the corresponding output current Aloyts, is
determined by iteratively solving Equation (13). In this way, a set of couples (¢;,Alpyr1,) is
obtained from which the MATLAB DFT (Discrete Fourier Transform) function computes
the spectrum. Figure 3 shows the obtained results.

10° 10°
f1 x 10° f1 x10°

Mag 7.47237 x 108 f3 x 100 Mag 1.13712 x 10*

]
Mag 1.23117 x 10 f3 x10

Mag 2.09964 x 107

Magnitude (log(A))
=
Magnitude (log(A))
=)

10°1 1016
1 2 3 4 1 2 3 4

frequency (Hz) x10° frequency (Hz) x10°

(a) (b)
Figure 3. MATLAB DFT output for 300 K (a) and 4 K (b).

As far as the circuit simulation, transient simulations were carried out on the circuit
implemented in the SG13G2 technology. Figure 4 shows the computed spectra.

1072 5
F f1 x10°
% Mag 1.13075 x 10+

= 10*
102 . <
£1 x 10° i %0 " £3 x 10°
= 10_4 Mag 7.35297 x 108 ; :‘/ 10 Mag 2.04104 x 10-7
$ f3 x10° J '8 .
Iy Mag 1.17439 x 10 !
2 10° ' - 2 108
3 (=
E @
5 = 10710
<
=
0 1 2 3 4 5 0 1 2 3 4 5
frequency (Hz) x10° frequency (Hz) x10°
(@) (b)

Figure 4. Spectra for 300K (a) and 4K (b) from circuit simulation.

Table 3 provides an overall comparison of the fundamental and third-order harmonics
obtained from the analytical model, MATLAB numerical solution and circuit simulations.
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Table 3. Overall comparison between circuit simulations, MATLAB solutions, and analytical model.

Parameters Circuit Simulation MATLAB Solution Analytical Model
T [K] Tone Value [A] Value [A] Error [%] Value [A] Error [%]
1st 7353 x 107°  7.4724 x 107° —~1.6 7.490 x 1072 -1.8
300 3rd 1.1744 x 107%  1.2312 x 107 —4.8 1.089 x 10~° 7.3
A 1st 1.1307 x 1074 1.1351 x 1074 —0.39 1.137 x 10~* —0.56
3rd 2.0411 x 1077 2.1241 x 1077 —4.1 1.811 x 1077 11.3

The result is very satisfying, because the relative error is lower than 10%. It is thus
possible to close this section by concluding that both numerical solutions and circuit
simulations validate, both at RT and CT, the non-linear analytical model of the differential
transconductor depicted in Figure 1.

3. Gilbert Multiplier

Figure 5 shows that the Gilbert multiplier is composed of two subcircuits: an input
differential amplifier and a Gilbert cell. The figure also shows that four differential pairs,
as investigated in Section 2, are present. In particular, the differential pair formed by the
transistors Q3 and Q4 (Q5 and Q6) is a differential pair without resistive degeneration, and
it exploits the collector current I (Icz) of Q1 (Q2) as tail current.

Vbp Vbp

Vbp Vbp RL § RL §
- +

— VOUT I

v /‘jmtz
Q9 QlO T]C\M” Nl 9
Y
oo - - Yo

~ ~"
Input differential Amplifier Gilbert cell

Figure 5. Generic schematic of the Gilbert multiplier.
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According to Sub-section 2.1, collector and emitter currents can be assumed identical

(Ic, = Ig;, i =1,...10) and the following equations can be written down:
AVipo — RiAlyz
Alzg = I, tanh( (31)
21V,
Al = Ig tanh( (32)
2nViy

with Alzg £ Icy — Ics, Alip £ Iy — Ico, AVio £ Vios — Vio—, and AVip £ Vip — Vip_.
The differential pair Q7-Q8 is loaded by the transistors Q9-Q10 in a diode configuration.
The output voltage Vx is thus

Vx = (Vbp — VBEy,) — (VDb — VBEy) = VBE, — VBE,
I I I
:thhln<C7> —Vthln<cs> :17Vthln<C7) (33)
Isc Isc ICS

From the definition of Alyg and the relation Iy = Icy + Icg we can rewrite Iy and Icg

as follows:
Io + AT
Icy = % (34)
Iy — AI
Icg = % (35)

By substituting Equations (34) and (35) into Equation (33) we can write the following;:

It+Alg 1+ %
Vx =1V, ln<1[)2m78> =NV 1n<1_A1078> (36)
2 Iy
By reminding that 2atanh(x) = ln(%f—@, the previous equation can be reformulated
as follows: N
B 1 T\ Alzg
Vx = 277Vth§ In (1 - %078 = 21V}, atanh To (37)

in agreement with [21].
The differential output voltage Voy 1 can be calculated as follows:

Vour = Vee — lounRr — (Vee — Louni Re) = Re(Toust — Tour2) (38)

Current balance at node T1 and 12 yields Ip,;1 = Ic3 + Ics and Ly = Ica + Ice,
respectively, so that you can write the following:

Vour = Rr[lcs + Ics — (Ica + Ice)] = Re[(Ic3 — Ics) + (Ics — Ic)] (39)

Equation (13) can be applied to the Q3-Q4 and Q5-Q6 transistor pairs but with R = 0
to obtain the following:

Vx
Ies — Iy =1 tanh< > 40
c3— lca = Iy Vi (40)
_ Vx '\ _ Vx
Ics — Icg = Icp tanh < 2V ) = —[cp tanh <277Vth > (41)
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By substituting Equations (40) and (41) into Equation (39) the output voltage results to be

the following:
_ Vx Vx )| =
Your =Kt {Ia tanh(%w) e tanh(ZWVth)] -
_ Ry tanh =X (Ic1 — Icp) = Ry tanh Yx Vg (42)
=KL 2V, ) Ve T ) =R 2V )12
Because of Equation (37), Equation (42) yields the following:
2y Vyy, atanh ( %)78)
Vour = Ry Al tanh 20V
AT
=R LAIHI—% (43)
0

It is worth reminding that, according to the results obtained in Section 2, Al;; and
Al7g are recursively defined functions in the two variables AV} o and AVgr, respectively.
Because of Equation (43) Vo results thus recursevely defined in AV} and AVgr, as well.
With x £ Vir and y £ Vo from Equation (13) you can write the following;:

—R
g(x) =Ig tanh[W] (44)
and
_ X — Rqh(y)

and thus Equation (43) becomes:

Vour = JEg(x)h(y) = JE () (46)

(47)

with f(x,y) = g(x)h(y).
By extension of the approach used in Sub-section 2.1, we provide an approximated
closed form of f(x,y) by means of a bidimensional Taylor series:

B S n 1 yzf
f(x/]/) - f(xO/]/O) + ;;1{1;) k!(?l _ k)! 5”—kx(5ky

(x—x0)" Ky — yo)k} (48)

X0,Y0

Since we are interested in approximating Voyr around AVjr = 0 and AV; o = 0, for which
Al = 0and Alyg = 0, youhave xg = 0, yp = 0, and f(xp, o) = 0. Thus, you can write the

following:
SR 1 o f -k
xX,y) = X (49)
fxy) Zl{kgo Ao Ry, )
By defining Q,, = % Yo Wﬁix{s"y x”_kyk from Equation (46) we obtain Voyr =
0,0

Y+ 1 Q; with the following:
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o=t 3 ol "
et sl sy 2 ”
9 :% éjj‘]; (0,0? ;‘Sf‘zgy (o,ojy ;5;5;];2 (0?(6))2 ' éi; (O,yoj "
ot il il Sl gy )

Because of the definition of f(x,y), the mathematical expressions above can be further
calculated as follows:

Q= :‘Sg(sﬁj‘) o070 64
Q= % ; 5253{(;) o 5{5(;) » 5};(;’ ) ‘y_oxy + %525};(3 ) ‘y_og(O)yz} (55)
N % % xo(sz(shy(zy) 'yo = éfs?y(sy) . ( )y3]

Now, the derivatives of Equations g(x) and /(y) correspond to the derivatives obtained
in Appendix A. So, taking each derivative and evaluating it at the origin, we can observe
that g(0) = h(0) = 0. We can also notice that the second derivatives of both functions,
% and 52511 (zy) , are equal to zero, because the functions are symmetric around the origin.
In this way, we obtain:

Q=0 (58)
Ry 6g(x oh
Q= Kt My) -, 59)
Iy d0x |,_, oy y=0
Q3=0 (60)
Ry |18%(x)| on(y)| 5  10g(x)| &°h(y) 3
= — - 1
Q=7 l6 N N v B A o R T M (61
Eventually, the substitution of Equations (18) and (20) into Equations (59) and (61) yields
the following:
R Iy Ig
20 Vin 211 Vin
Q= —£ Rl R 1 XY (62)
[ERE AR
Iy Ir Ig Iy
Q4 _ _& 1 4(nVi)® 21 Vin y3 1 4(nVi)® 21 Vin 3 (63)
Ryl Ryl Ryl Ry,
fo {6+ 2771V3, Ji1+ 2712\/51 61+ 2772V51 i1+ 2771V3,
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Bringing terms to common denominator and applying algebraic simplifications yields
the final mathematical expressions:

RL Iy Ig

= 64
2= Iy 27V, + Relp 27V, + RoIg Y (64)
CRp (1 4Vl IE 3,1 4nVylg Iy 3
— + = 65
s To L6 27V + Rylo)* 27V + Role ¥ 6 20V + Ralp)? 2 Vi + Ruly” * (%)
Assuming x and y sinusoidal voltages:
x = Vipcos(wirt) (66)
y = Viocos(wrot) (67)
the term Q, becomes the following:
Ry I IE
Q= ViEVio cos(wirt) cos(wrot) (68)

Ty 27V + Rulo 27 Vi, + Rolg

Reminding the trigonometric identity 2cos(«)cos(f) = cos(a — B) + cos(a + B) Equa-
tion (68) takes the following form:

R Iy Ig cos[(wrr + wrp)t] + cos[(wir — wio)t]

— VieV; 69
To 27Vip + Rulo 27V, + Rolp | 1F VL0 2 (69)

Q=

This results in second-order intermodulation products.
The term Q4 generates second- and fourth-order intermodulation products. By substi-
tuting Equations (66) and (67) into Equation (65), we obtain the following:

Ry 4nVilo Ig 3
=— = V BV t
Q4 6l 27V + Rilo)s 27V £ Rolz /F cos(wyrt)[Vio cos(wrot)]"+
Ry 4nViylg In

[ViF cos(wjrt)]* Vio cos(wrot) (70)

~ 6lo (27Viy + RoI)* 27V + Rilo

Now, by reminding the trigonometric identity 4cos®(a) = cos(3a) + 3cos(a) Equation (70)
results in the following:

Ry 4V Iy Ig 3 cos(3wrot) + 3 cos(wrot)
ViV cos(wirt

610 2V + Ralo)? 2qViy + Kol /¥ 10 €OS(rF!) 1

Rp 4nVy,Ig Iy cos(3wyrt) + 3 cos(wrrt)

~ 61o (27Viy, + Rol)* 27V, + Rilo 4

+

Qs =—

1)

VigVio cos(wiot)

Applying again the previous trigonometic identities Equation (71) leads to eight
distinct tones:

Qs = Ry Vo IE VirV3, cos[(Bwro + wip)t] + cos[(Bwro — wiF)] n
61y (27Vy, + RiIp)* 27 Vy, + Ry g 8
Ry 4nVilo Ig VieVi, 3cos[(wio + wir)t] +3cosf(wio — wir)] |
~ 6lo 27V, + Rylo)* 21 Viy, + Rolg 8
Ry 4Vl Iy 3 V16 cos[(Bwir + wro)t] + cos[(Bwir — wro)t] n
6l (20Viy, + Ralp)* 27V + Relp 1F 8
Ry Vi Ig Iy V3V 3 cos[(wir + wro)t] +3cos[(wir — wro)t] 7
= 1 fi:1476) (72)
6y (2nVy, + RoIg)* 27V, + Rilp 8

Denoting as Voyr(wro = wir) the amplitude of the second-order intermodulation
products, as Vour(Bwir £ wip) the amplitudes of the tones at frequency 3wir £ wrp, and
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as Vour(wrr £ 3wy o) the amplitudes of the tones at the frequency wr £ 3w, we can
write the following:

R, 1 Ip
Vi wio tw =— VirV,
our(wro + wir) 2 29V Raly 27V + Rolp EVIO
R Vi Ig
4 (24Vy + Rilp)* 2nViy, + Ry IE
Ry, [gnVy, 1 3
- — Vi Vi 73
4 (2nVy, + Rolg)* 2V, + Rely 1F7HO 73)
Ry 11Vin Ig
12 (2 Vi, + Rilp)* 27V, + RolIg
Rp Ien Vi, 1
12 (277Vth + RZIE)4 2n Vi, + Rqlo

VieVio

ViV, (74)

Vour(Bwro £ wir) = —

Vour(wro £3wir) = — VirVio (75)

3.1. Circuit Simulation and Comparison

For sake of validation of Equations (73)—(75), the generic schematic in Figure 5 has
been implemented in the circuit depicted in Figure 6 by using the IHP SG13G2 technology.
Since in Equations (73)—(75) amplitude exhibits specific dependence on Vrr and Vo, we
performed transient simulations by sweeping Vrr (V1) while keeping Vi (Vrr) constant.

Vbp
Vbp Vbp
Vbp Vbp Vpp
RL§ R4§ RL§
- +
Q9 Q10 — Vour
1
Lun Y lout2
y [ y [
Ies ot Vs c6
@ e o Qeﬁ
I3 Y s Y15 Y6
Iy Rs Ic2
Q1 Q2
Vi = Vir
IF R R IF
VDC,IF IE VDC,IF

Figure 6. Circuit of Gilbert multiplier implemented in the IHP technology.

Table 4 reports the adopted values for resistors and capacitors, Table 5 for the bias,
and Table 6 for transistor sizes at RT and CT.

Table 4. Resistors and capacitors.

Temp. [K] Ry [Q] Ry [O] R> [O] Ry [kQ]  Rs[kQ] C [pFl

300 2000 800 800 15 150 100
4 2000 800 800 20 160 100

https://doi.org/10.3390/mi17111273


https://doi.org/10.3390/mi17111273

Micromachines 2026, 17,1273

16 of 37

The value of R was chosen at the best trade-off between gain and correct biasing of
the transistors Q3 — Q. The value of the degeneration resistors Ry and R, was chosen at
the best trade-off between linearization and bias point. The values of the resistors R4 and
Rs were chosen to bias correctly the transistors Q3 — Qg. The capacitance of the capacitor C
was chosen high enough for the capacitor to act as a coupling capacitor.

Table 5. Bias voltages and tail currents.

Temp. [K] Ip [nAl] Ip [uA] Vpp [VI] Vpcir [VI Vpcro [VI
300 117 117 2.5 1.2 1.2
4 243 243 2.5 1.2 1.2

The values of the currents Iy and Ir were chosen to maximize the beta current gain of
the HBT. The value of Vpp was chosen to be compliant with the voltage headroom required
by the biasing of the Gilbert cell. The values of Vpc jr and Vpc o were chosen for the
correct biasing of the differential pairs.

Table 6. Transistor sizes; m1 refers to the number of emitters; the effective emitter area is thus
ml x W x L.

Temp. [K] W [nm] L [nm] my i
300 70 900 1 1.08
4 70 900 1 26.37

The HBT sizes W and L were chosen to maximize the beta current gain, which is
indeed dependent on the collector current density rather than the collector current itself.
The values of 17 were obtained by fitting the Gummel plots.

Transient simulations were carried out by sweeping Vo (Vir) from 1y V to 100 mV
with Vir (V1o) kept constant at 100 mV. In particular, the local oscillator frequency wrp was
kept equal to 1 GHz and the intermediate frequency w;r equal to 140 MHz. The amplitudes
of the output tones calculated from Equations (73)—(75) and reported in Tables 7-10 have
been compared with the simulated amplitudes reported in Tables 11-14. Moreover, for the
sake of readability, Figures 7-12 report calculated and simulated amplitudes.

Table 7. Calculated tone amplitudes at 300 K for sweeping Vo and Vir = 100 mV.

Vio [mV] Vour(wro £ wir) [Vl Vour(wro £3wrr) [V]  Vour(Bwiro £ wir) [V]
0.001 5.0180 x 10~%7 7.3017 x 1079 7.3017 x 10719
0.01 5.0180 x 1006 73017 x 10708 7.3017 x 10716

0.1 5.0180 x 10~% 7.3017 x 10797 7.3017 x 1013

1 5.0180 x 1004 7.3017 x 10706 7.3017 x 1010

10 5.0158 x 10~ 7.3017 x 1079 73017 x 1097

100 4.7990 x 10~02 7.3017 x 10794 7.3017 x 10704
Reference Figure 7a Figure 8a Figure 9a
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Table 8. Calculated tone amplitudes at 300 K for sweeping Vir and Vo = 100 mV.

Vir [mV] Vour(wro £ wir) [Vl Vour(wro £3wir) [V]  Vour(3wio £ wrr) [V]

0.001 5.0180 x 10~%7 7.3017 x 10719 7.3017 x 1079

0.01 5.0180 x 10706 7.3017 x 10716 7.3017 x 10798

0.1 5.0180 x 10~% 7.3017 x 1013 7.3017 x 10797

1 5.0180 x 10~04 7.3017 x 10710 7.3017 x 10796

10 5.0158 x 10~ 73017 x 10797 73017 x 109

100 4.7990 x 10702 7.3017 x 107% 7.3017 x 10~%
Reference Figure 7b Figure 8b Figure 9b

Table 9. Calculated tone amplitudes at 4 K for sweeping Vi and Vjr = 100 mV.

Vio [mV] Vour (wro £ wir) [Vl Vour(wro £3wir) [V Vour(Bwro £ wir) [V]

0.001 5.3519 x 10707 8.4800 x 1010 8.4800 x 1020

0.01 5.3519 x 1096 8.4800 x 1079 8.4800 x 1017

0.1 5.3519 x 10705 8.4800 x 1008 8.4800 x 1014

1 5.3519 x 10704 8.4800 x 107 8.4800 x 10~ 11

10 5.3516 x 10703 8.4800 x 10706 8.4800 x 10798

100 5.3264 x 10702 8.4800 x 109> 8.4800 x 1079
Reference Figure 10a Figure 12a Figure 11a

Table 10. Calculated tone amplitudes at 4 K for sweeping Vir and Vi o = 100 mV.

Vir [mV] Vour (wro £ wir) [Vl Vour(wro £3wir) [V Vour(Bwro £ wir) [V]

0.001 5.3519 x 10707 8.4800 x 10~20 8.4800 x 10~10

0.01 5.3519 x 1096 8.4800 x 1017 8.4800 x 10~%

0.1 5.3519 x 10705 8.4800 x 10714 8.4800 x 10798

1 5.3519 x 10704 8.4800 x 1011 8.4800 x 1097

10 5.3516 x 10703 8.4800 x 10708 8.4800 x 10796

100 5.3264 x 10702 8.4800 x 109> 8.4800 x 1079
Reference Figure 10b Figure 12b Figure 11b

Table 11. Simulated tone amplitudes at 300 K for sweeping Vi o and Vir = 100 mV.

Vio [mV] Vour (wro £ wir) [Vl Vour(wro £3wir) [V Vour(Bwro £ wir) [V]

0.001 4.6330 x 10707 6.9274 x 10797 1.2925 x 1014

0.01 4.6330 x 10706 6.9274 x 10798 1.1127 x 10713

0.1 4.6330 x 10705 6.9274 x 10707 1.6486 x 1012

1 46330 x 10794 6.9274 x 10706 7.2195 x 10710

10 46310 x 1079 6.9252 x 10705 7.1587 x 10797

100 44132 x 10702 6.6560 x 10704 8.1567 x 1004
Reference Figure 7a Figure 8a Figure 9a

Table 12. Simulated tone amplitudes a 300 K for sweeping Vir and Vi o = 100 mV.

Vi [mV] Vour(wro £ wrr) [Vl Vour(wro £3wrr) [Vl Vour(Bwro £ wrr) [V]

0.001 4.6060 x 10797 1.2783 x 10713 8.4457 x 10~%

0.01 4.6060 x 10706 1.2785 x 1012 8.4457 x 10708

0.1 4.6060 x 10795 1.3022 x 10711 8.4457 x 1077

1 4.6060 x 10704 6.4265 x 10710 8.4456 x 10706

10 4.6042 x 10703 5.8303 x 10707 8.4431 x 1079

100 44132 x 10702 6.6560 x 10704 8.1567 x 10794
Reference Figure 7b Figure 8b Figure 9b
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Table 13. Simulated tone amplitudes at 4 K for sweeping V;p and Vjr = 100 mV.

Vio [mV] Vour(wro £ wir) [Vl Vour(wro £ 3wir) [V]  Vour(3wio £ wrr) [V]

0.001 52134 x 10797 6.9732 x 10710 2.1976 x 10716

0.01 5.2134 x 10796 6.9732 x 1079 2.7170 x 10~15

0.1 5.2134 x 10705 6.9731 x 10708 6.2791 x 1013

1 5.2134 x 10704 6.9657 x 10797 6.0625 x 10~10

10 5.2155 x 10~ 6.2385 x 100 5.9957 x 10~

100 5.3140 x 10792 9.3929 x 10~% 1.6049 x 10704
Reference Figure 10a Figure 12a Figure 11a

Table 14. Simulated tone amplitudes at 4 K for sweeping Vjr and V7o = 100 mV.

Vir [mV] Vour (wro £ wir) [Vl Vour(wro £3wir) [V]  Vour(Bwro £ wir) [V]

0.001 5.3366 x 10~%7 29581 x 10715 2.0341 x 1079
0.01 5.3366 x 107% 1.0588 x 10713 2.0341 x 10798
0.1 5.3366 x 1079 3.2405 x 1012 2.0341 x 10777
1 5.3365 x 107 2.3202 x 10710 2.0339 x 107
10 5.3367 x 1079 7.1311 x 107% 1.9477 x 10~%
100 5.3140 x 1092 9.3929 x 10~% 1.6049 x 10~%
Reference Figure 10b Figure 12b Figure 11b
100 ¢
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Figure 7. Amplitude of second-order intermodulation products versus Vo (a) and Vir (b) for
Vir =100 mV and Vo = 100 mV, respectively, at 300 K.
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Figure 8. Amplitude of fourth-order intermodulation products at wyp & 3wy versus Vi o (a) and Vip
(b) for Vir = 100 mV and Vo = 100 mV, respectively, at 300 K.
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Figure 9. Amplitude of fourth-order intermodulation products at 3w =+ wyr versus Vi (a) and Vip
(b) for Vir =100 mV and Vo = 100 mV, respectively, at 300 K.
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Figure 10. Amplitude of second-order intermodulation products at wyp & wir versus Vi (a) and
Vi (b) for Vip = 100 mV and Vo = 100 mV, respectively, at 4 K.
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Figure 11. Amplitude of fourth-order intermodulation products at 3wy £ w;r versus Vi (a) and
Vire (b) for Vir = 100 mV and Vo = 100 mV, respectively, at 4 K.
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Figure 12. Amplitude of fourth-order intermodulation products at wy o + 3wy versus Vi (a) and
Vir (b) for Vir = 100 mV and Vi o = 100 mV, respectively, at 4 K.

Overall, the tables and figures show good agreement between calculated and simulated
amplitudes. The left columns in Tables 7-14 and the curves in Figures 7 and 10 agree with
Equation (73) provided by the proposed analytical model. They indeed show a linear
dependence of the second-order intermodulation product amplitudes on Vo and Vi, with
the higher orders in Equation (73) negligible, as pointed out by the other columns in the
tables and by the other figures on the fourth-order intermodulation products. Similarly, the
mid and right columns in the tables and the curves in Figures 8 and 9 and in Figures 11
and 12 are in agreement with the Equations (74) and (75) provided by the analytical model.

In particular, in agreement with Equations (74) and (75), both at RT and CT, the simulated
amplitudes of the tones at frequencies wyp %+ 3w;r and 3wy £ wyF, respectively, exhibit
a linear dependence on the amplitude of the sweeping LO and IF, respectively, and a
cubic dependence on the amplitude of the sweeping IF and LO, respectively; nevertheless,
some disagreement between the analytical model and the circuit simulation has to be
noted. Regardless of the temperature, when the Vi (Vir) sweeps, for Vi (Vi) lower
than 107* V (1072 V), we observe an error in the amplitudes at frequencies Vo1 (3wo &
wir)(Vour(wro = 3wir)). It seems, therefore, that when the sweeping tone (Vio, Vir)
contributes by its third harmonic (Bwrp, 3wyr), circuit simulations are more prone to
suffer from some numerical error for lower amplitudes. Indeed, when the sweeping
tone contributes by its fundamental harmonic (wy o, wyF), error is no longer observed. In
addition, it should be pointed out that at 4 K, for the tones at frequencies wrp % 3wir
and 3w o £ wir, circuit simulations and analytical results appear weakly shifted. In our
opinion, this can be ascribed to the fact that, for the HBT at 4 K, the exponential dependence
of the collector current I on the base-emitter voltage Vpr is as follows:

VBE
IC ~ Isceﬁvth (76)

on which the proposed analytical modeling is founded. Nevertheless, this relationship
between I¢ and Vg is based on a Drift-Diffusion (DD) charge transport mechanism, while
in the cryogenic HBT tunneling is dominant [57,58]. Indeed, the DD-based exponential
dependence above was applied to the cryogenic HBT but at the cost of using an abnormally
high value of 7, which should be regarded just like a fitting parameter. This remark calls
for the need for a more specific modeling for the cryogenic HBT, which moves from the
microscopic tunneling-based charge transport from the emitter to the collector of the HBT.
In this regard, it is worth pointing out that Bardin’s PhD thesis is still a relevant reference
today [65].
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3.2. SFDR Analytical Evaluation

According to the definition of SFDR reminded in the Introduction, its mathematical
expression for a mixer is as follows:

Aw
FDR = 201 —_— 77

SFDR = 0logi| 7 7
where A, is the amplitude of the desired output spectral component at frequency w;r +
wro, and max(Ag, ) is the amplitude of the highest unwanted intermodulation products,
which, in the present case, are at frequencies 3wr £ w;p and wir £ 3wip. We can thus
define a couple of SFDR as follows:

Vour(wro % wir) }
SFDR; = 2010 78
! 810 {VOUT(&ULO + wrr) 78)
Vour(wro & wir) }
SFDR, = 2010 79
? £10 {VOLIT(‘ULO + 3wir) 79
By introducing the following constants:
1 It
Ky = 80
"7 20 Vi + Rilo 27V + Rl (%0
1V Ig
Ky = 81
27 @V + Rilo) 2 Vi + Ral ey
IenVin 1
K5 = 82
> 21V + Ralz) 27V + Rilg 52
into Equations (73)—-(75) you obtain the following:
R R R
Vour(wro £ wir) = TLKl VioVir — TLKZVEOVIF - TLKSVLOVEF (83)
R
Vour (Bwro £ wir) = —TZLKzVEo Vir (84)
RL 3

Vour(wro & 3wir) = — 15 KsVioVip (85)

The substitution of Equations (83)—(85) into Equations (78) and (79) yields the follow-

>:

ing:

R R 3 R 3
S KiVioVir — ZKVigVir — G KsVio Vir
R 3
1K VipVir

SFDR; = 20 logw(

K K3V?
=20log | |6~ —3[ o IF 11 (86)
K2VZ, KaV2,
Rk VioVip — BLka V3 Vi — BLKGV o V3
SFDR2:2010g10< 2 NVILOVIF 12; 2 [éo IF 1 DN3VILOVIF _
TQLKSVH:VLO
K K, V2
= 20log|6-—> —3( 2 +1 (87)
K3VZ K3 V2
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Since from Equations (80)—(82) it results in the following;:
& — (2’7Vth + Rl 10)3 (88)
K; 1V
Ky _ (2pVin+ Rilo)® (89)
Ky (27Viy + Relg)?
Ky _ 27V + RyIg)? (90)
K3 Vi
Equations (86) and (87) can be rewritten as follows:
27V + Ril0)® [ (27Vin + R11p)3 V2
SFDR; = 20log;, 621 mt )" _ 5| 21V “’)3 IF 41 (91)
nViVio i (217 Vin + RolIE) Vio |
29V + Rolg)® [ (27Vin + RoIE)* Vi ]
SFDR; = 20log;,4 |6 5 -3 o5 T 1 (92)
’7VthV11: L (2’7Vth + Rllo) V[F
We take as SFDR the worst case between SFDR; and SFDR5:
SFDR = min(SFDR1, SFDR») (93)

Since the emitter degeneration resistors R; and R, impact the linearity, SFDR has

been calculated for Vir = Vo = 100 mV by adopting the values in Tables 4-6 except

for the degeneration resistors. First R; has been swept by keeping R, constant (800 2)

and then R, has been swept by keeping R; constant (800 (). Figure 13a and Figure 13b
depicts the obtained results at RT. The figure points out that SFDR; (SFDR;), linked to
intermodulation product at frequency w;r £ 3w o Bwir + wrp), determines the SFDR for

Ry (Ry) lower than about 800 (), in agreement with Ry (R2) and w o (wir) being present in

the first (second) section of the Gilbert multiplier. Similar results were obtained at CT.

This remark reveals that the linearity of the whole multiplier is set by the differential

pair in the two sub-circuits (input differential amplifier and Gilbert cell in Figure 5) designed

with the lower value of degeneration resistance. It is, therefore, reasonable to design the

Gilbert multiplier with the same values of degeneration resistances, as Table 4 points out.

SFDR, [dBc]

SFDR, SFDRj,

60

50
40

30
20
10

0

SFDR, SFDR;, SFDR, [dBc]

-10

0 500 1000 1500 0 500 1000 1500

Resistance R; [Q] Resistance R, [Q]
(a) (b)

Figure 13. Analytically calculated SFDR vs. R; (a) or Ry at 300 K (b).
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This investigation, carried out by an analytical model, has been repeated by transient
simulations. Figure 14 shows good agreement between the calculated and simulated SFDR
at RT. Similarly, this was observed at CT, as depicted in Figure 15.

The proposed analytical model predicts the maximum value of the SFDR at RT well,
and it follows well the increase in SFDR with the increase in the degeneration resistance at
CT. Moreover, the analytical model predicts the minimum of the SFDR in the same range
of degeneration resistance observed in the simulated SFDR. Of course, being realistic, the
models provided by the DK and the simulations do not reproduce the sharp minimum
given by the analytical model.

40 ‘ ‘ 40

SFDR [dB]
N
‘O

o
SFDR [dB]

— Analytical SFDR — Analytical SFDR |
—=-Simulation SFDR ---Simulation SFDR

500 1000 1500 2000 0 500 1000 1500 2000
R Ry [Q]

(a) (b)
Figure 14. Analytical and simulated SFDR vs. R; (a) or R, at 300 K (b).

-10
0

60 60
407 40|
e} : o
S, S,
x r 20t
o =)
LL TH
n n
0 ]
— i —Analytical SFDR
—mémmgzilnssFEDRR 20 | | AfSimuIatior)SFDR
200 400 600 800 1000 200 400 600 800 1000
R1 R,

(a) (b)
Figure 15. Analytical and simulated SFDR vs. R (a), or vs. Ry at 4 K (b).

In particular, Figures 14 and 15 show that the analytical model predicts a negative
SFDR, that |a] is lower than |a3|, for low enough values of the degeneration resistors.
Figure 13a and Figure 13b show, respectively, that in these intervals the SFDR is set by
SFDR; and SFDR;, respectively. When R; sweeps while R; is kept constant at 800 (), the
edge values of Ry, for which |a;| = |a3], can be calculated straightforwardly thus from
Equation (91) as follows:

2 VA |5 2
VaVi, VL |T T3 ©4)
LTVinVio Y 'Vio]
[ 2 vi |, 4
Vv v |t T3 ©5)
| TVimVio ¥ Vio]
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where x £ 2nVy, + Rilp and y = 21V, + RoIg. For the values reported in Tables 46,
Equations (94) and (95) provides the pair of edge values R; ~ — 86.4 (), Ry ~ 159 () (R} ~
53.5 ), Ry ~ 86.9 ) at RT (CT). In addition, it is worth pointing out that Figure 15 seems
to exhibit a cusp but, actually;, it is the vertical asymptote corresponding to a null-valued
argument of the SFDR. Still for Ry sweeping and Ry = 800 (2, Equation (91) yields the
value of R; positioning this asymptote:

)
2 _ Vl T
VaVio  ¥¥*Vio

=1 (96)

For the values reported in Tables 4-6. Equation (96) yields Ry >~ — 29.4 () at RT and
Ry ~721 Q0 atCT.

When R, sweeps while R; is kept constant at 800 (), Equation (92) provides
the edge and asymptotic values of Ry. Because of the mathematical symmetry of
Equations (91) and (92), the obtained values for R, are identical to the previously calculated
values for R;. For the sake of exactness, it should be noted that each of Equations (94)—(96)
also exhibits a couple of complex conjugate solutions, as discussed in Appendix C.

Eventually, Table 15 compares calculated and simulated SFDR for degeneration resis-
tors equal to 800 ). The analytical model overestimates the SFDR with a relative error of
about 5% (10%) at 300 K (4 K). Nevertheless, it remains clear that the analytical model is able
to predict that the SFDR improves by decreasing the temperature. It is worth pointing out
that the SFDR values in Table 15 are, at RT, close to and, at CT, better than the benchmark
value of 40 dB. This is a relevant result, because the SFDR is an important parameter for
the control of qubits, as the Introduction points out.

Table 15. Comparison between analytically modeled and simulated SFDR for the Gilbert multiplier.

Temp. [K] SFDR (Model) SFDR (Simulation)
300 36.357 34.661
4 55.940 50.372

Overall, we can, therefore, close this section by concluding that the analytical model is
able to size pretty well the main characteristics of the Gilbert multiplier implemented in
the SG13G2 technology both under RT and CT temperature regimes.

4. Jones Demodulator

The Jones demodulator is a multiplier-based mixer, as discussed in the Introduction.
The present paper addresses a BICMOS implementation, whose generic schematic is de-
picted in Figure 16. The dashed rectangles point out three sections. In the switching
section, the switching activity of the field-effect transistors M1 <+ M4 generates intermod-
ulation products of frequencies mf;o £ nfjr where both m and n are integer numbers.
The transconductance section is made of bipolar transistors, and it is the same circuit
investigated in Section 2. The load section is just constituted by a couple of resistors.

The transistors in the switching section are driven by the LO and LO_ square wave
signals, oscillating in antiphase at frequency f;o between 0V and V. When LOy is high,
M1 and M4 are ON, while, M2 and M3 are OFF. The current I} (Ir) flowing through the
left (right) load resistor Ry is thus Icq (Icz). The output differential current, defined as
Allr = It — Ig, is equal to Al;; = Ic; — I and the differential output voltage AVoyr,
defined as Vour,r — Vour,L, is equal to Rp(Ip — Ir) = RyALp. When, instead, LO_ is
high, M1 and M4 are OFF, while, M2 and M3 are ON. The current flowing through the
left (right) load resistor Ry is now Icp (Icq). In this case Alj g = Icp — Ic1 = —Alp and
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AVour = —RpAljp. The output differential voltage AVt thus results in a square wave
signal oscillating at frequency f;o between Ry Alj; and —Rp Al as depicted in Figure 17.

LO
| * Switching
I Section

Transconductance
Circuit

Figure 16. Generic schematic of the BiCMOS Jones demodulator.

Vour
R AL, —_—
11/2fi0 '1/fio t
“RAL, |- N

Figure 17. Differential output voltage of the Jones demodulator in the time domain.

Since it is a square wave of peak amplitude Vour, peak £ Ry Aly, and frequency fio,
its Fourier series is as follows:
4 2 sin[(2n + 1)wrot]

AV, t) = RiAljp—
our(t) L 12”;1;) ni )

(97)

Since the transconductance section, composed by Q1 and Q2, it is fed by the input dif-
ferential voltage signal AV;y cos(wyrt) and its behaviour can be described according to
Sub-section 2.1, by reminding Equations (24)—(26) we can write the following:

oo i
AVOUT(t) = %RL [a1 COS(a)Hrt) + a3 COS(3CU1Ft)]{ ZO Sln[(%;n':_li;uLOt] } (98)
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with the following:
I
me I sy g I ! AV} (99)
- RI o 3 4—="IN
1+ 277V€h 96(’7Vth) - IR
2y Vi
A Ip 1 3
az = AV, (100)
96(77vth)3 IER 4 N
1+
20 Vi

By recalling the trigonometric identity 2 sin(a) cos(B) = sin(« — ) + sin(a + ), Equation (98)
can be rewritten as follows:

2 & sin[(2n + Dwio +wiplt | sin(2n + 1)wio — wirlt
A = —R
Vour(t) T Lal{ 2 2n+1 + 2n+1 +

n=0

kLA n+1 n+1

2 {+Z°° sin{(2n + Dwio + 3wielt | sin{(2n + Dwio — 3wt } a01)
n=0

By limiting the series to n=1, Equation (101) provides the following second order
AVoury, (t), fourth order AVpyr,, (t), AVoury, (t) and sixth order AVpyr, (t) intermodula-
tion products in the differential output voltage signal AVoyr

AVour, () = %le sinf(wio % wip)t] = AVour, sinf(wio + wir)f] (102)
AVour,, (t) = %ng sinf (w0 % 3wir)t] = AVour, sinl(wpo & 3wip)H] (103)
AVour, () = %le sinf (Bwio + wir)f] = AVour, sinl(3wro = wir)1] (104)
AVours, (t) = %ng sin| (Bwio % 3wir)t] = AVour, sinl(3wio £ 3wir)t]  (105)

From the amplitudes AVour,,, AVour,,, AVouts,» AVours, of these intermodulation
products, it is possible to calculate the following SFDR:

AV,
SFDR,; = 20log,, AVOUT“ = 20logy, Zi (106)
AV,
SFDR; = 20log,, AVO”T“ — 20log,,3 = 9.542dB (107)
AV, 3
SFDR3 = 20log,y —291L = 2010g,,| 2L | = SFDR, + SFDR, (108)
AVours,

Equation (108) shows that, according to the definition of SFDR given in Equation (93),
SFDRj3 can be ruled out in the evaluation of the SFDR. On the other hand, because
Equation (107) is a constant value, the SFDR can not be better than 9.542 dB unless some
filtering makes SFDR; the minimum, even if at the cost of renouncing the wideband
feature, which may be useful in the design of a multi-frequency qubit controller [66,67].

For the sake of validation, the generic schematic in Figure 16 has been implemented in
the circuit in Figure 18 using the SG13G2 technology by IHP. Table 16 reports transistor
sizes, Table 17 resistances, values of the bias voltages and of the tail current, and Table 18
signal amplitudes and frequencies. Note that the dynamic of the LO signal is between
0V and 1.6 V and large enough for making the transistors quad (M1,M2,M3,M4) behave
like switches.
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VD D VD D

+
VLO

Figure 18. Jones schematic in the SG13G2 technology.

Table 16. Transistor sizes at RT and CT; 111 set the number of gates in the field effect transistors while,
m1 the number of emitter fingers in the junction transistors.

Temp. [K] Wwmos [um]l  Lyios [nm] 17 Wygr [nm] Lygpt [nm]  my

300 12.45 130 10 70 900 1
4 12.45 130 10 70 900 1

Table 17. Resistances, bias voltages and tail current.

Temp. [K] Vpp [V] Vpc,ir [V] Ry [Q] RI[O] Ig [pAl
300 1.6 1.2 2000 800 117
4 1.6 1.2 2000 800 243

Table 18. Amplitudes and frequencies of the input signals.

Temp‘ [K] VLO,min [V] VLO,max [V] VIF [mV] fLO [GHZ] fIF [MHZ]

300 0 1.6 100 1 140
4 0 1.6 100 1 140

The substitution of these values into Equations (102)—(104) leads to the amplitudes
reported in the following Table 19.

Table 19. Calculated amplitudes from the analytical model.

Temperature [K] AVour,, [mV] AVoury, [mV] AVoury, [mV]
300 95.362 31.787 1.387
4 144.843 48.281 0.231

On the other hand, Figure 19a,b show the spectra of the output differential voltage, for
the same values as before, calculated from transient simulations.
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Figure 19. Output voltage spectrum of 300 K model (a) and 4 K (b).

Table 20 compares simulated and calculated amplitudes together with the corre-
sponding relative errors. As already observed for the Gilbert multiplier, the error is more
pronounced for simulations carried out at CT. Table 20 shows also that the simulated SFDR
is about 10.539 dB at RT and about 10.798 dB, values 1 dB close to the 9.542 dB value
predicted by the analytical model in Equation (107).

Table 20. Comparison between analytical and simulated amplitudes.

Temp. [K] Simulated [mV] Analytical [mV] Err. [%]
AVoury, (wro £ wiF)
300 92.870 95.362 —2.68
4 142.406 144.843 —2.44
AVour,,(wro £ 3wir)
300 1.433 1.387 3.20
4 0.185 0.231 —24.86
AVoury, BGwro £ wiF)
300 27.600 31.787 —15.17
4 41.079 48.281 —17.53

5. Conclusions

This work has presented a non-linear analytical modeling of a wideband bipolar
Gilbert multiplier and of a BICMOS Jones demodulator. Since both circuits can be used
for frequency translation purposes, with the BiICMOS Jones demodulator being the most
adopted circuit solution nowadays, and since the aim of this paper is the analytical mod-
eling of non-linear behaviors, the investigation was mainly focused on the generation of
intermodulation products. As the two circuits share the same degenerated bipolar tran-
sistor pair, this pair has been modelled first; MOSFET were used only for the switching
section of the Jones demodulator. The following investigation approach has been the
same for all investigated circuits (degenerated transistor pair, Gilbert multiplier, and Jones
demodulator): first, the analytical model was developed for a generic schematic, and then
it was validated by comparing its predictions with Cadence circuit simulations carried out
on the circuit obtained by implementing the generic schematic into the 130 nm BiCMOS
technology SG13G2 by IHP. It is worth noting that the device models offered by a design kit
are obtained by the foundry from experimental data; for the microelectronics designer, the
device models in a design kit thus have the same credibility /reliability as an experimental
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characterization. Since the design kit for the SG13G2 technology offers not only room
temperature but also cryogenic model cards of active and passive devices, all addressed
circuits have been investigated both at room and cryogenic temperatures. The circuits
have, therefore, been designed twice, and the simulations have been compared with the
model predictions. Overall, the model demonstrated to be in good agreement with the
simulations under both temperature regimes. The proposed analytical model is able to
reproduce, on its own, that is, without any fitting procedure other than that related to the
non-ideality coefficient # in the Gummel plots, the behavior of the simulated amplitudes of
the second- and fourth-order intermodulation products with the exception of the tones at
3w o £ wir, for which the model predictions are optimistic with respect to the simulations.
It is the authors’ opinion that this has to be ascribed to the adoption of the DD physically
based exponential Ic — Vg characteristic for the HBT at 4 K, while, on the other hand, the
dominant charge transport mechanism at cryogenic temperature is trap-assisted tunneling.
In this framework, the non-ideality factor # is just a fitting parameter. This points out the
need for more specific modeling of the cryogenic HBT I- — Vpr characteristic. To this end,
optimization algorithms can come into play by using the non-ideality factor 7 as a relevant
parameter [23]-[26].

As far as the SFDR, the discrepancy between analytical predictions and simulations is,
regardless of temperature, lower than 10%, which has to be considered as a good agreement.
In particular, it is worth pointing out that the SFDR at 4 K was found to be in the range
of 50 dB, a value well aligned with the performance claimed in the literature [7,31,39,61]
for controllers for semiconductor spin and transmon qubits. For the Jones demodulator,
the proposed analytical model agrees with the Cadence simulations that a wideband Jones
demodulator cannot offer an SFDR better than about 10 dB, regardless of temperature.
Since SFDR is a figure-of-merit assessing the spectral purity of the output signal generated
by the multiplier, this finding is very interesting, because it suggests the Gilbert multiplier
as an interesting potential mixer for cryogenic circuits for quantum computing as qubit
controllers or demodulators for reflectometric qubit readout. This conclusion invites to
explore systematically the use of a Gilbert multiplier in cryogenic circuits for quantum
computing cryogenic BiCMOS circuitry.

In addition, the overall satisfying agreement between the non-linear analytical model
and the circuit simulations obtained both for the Gilbert multiplier and the Jones modulator
points out that the analytical equations provided by the proposed analytical model can be
assumed as design equations helpful for designing a wideband mixer for a given SFDR
target even under cryogenic temperature conditions.
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The following abbreviations are used in this manuscript:
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CVTC  Current-Voltage Transfer Characteristics
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DK Design Kit

HBT Heterojunction Bipolar Transistor
RT Room Temperature

SFDR  Spurious-Free Dynamic Range

Appendix A. Calculations of the Derivatives

dAI
Appendix A.1. First Derivative
dAVIN

—RAIpur

From Equation (14), after having defined u = AV’NZT]VM we obtained the following:

dAloyr I dtanh(u) du

= Al
dAVIN 0 du dAV[N ( )
From the definition of u we obtain the following:
AViN—RA]
du ATy 1 d(AViy — RAloyr) | 1 | _ piblour (A2)
dAV[N N dAVH\] N 277Vth dAV]N N 277Vth dAV[N
Substituting Equation (A2) into Equation (A1) we obtained the following:
dAIpyr _ Iy dtanh(u) 1— RAIOUT (A3)
dAVIN 277Vth du dAVH\]
and by reminding that dtasg(”) = sech?(u):
dAlour Iy 2 dAloyr
= h 1—R A4
dAV[N 277Vth Sec (u) dAV[N ( )
which, once solved for ddAAI%VT, provides the following:
Iy 2
sech” (u
dAlour _ 21V ) (A5)
dAViN ( Ip 2 )
1+R sech”(u
21 Vi ()

Since Aloyr = 0 for AVjy = 0, as pointed out above, from the definition of u =

AVINRAL Joads to u = 0. For AVin = 0 we obtain the following:

217Vth
Ip
dAloyr _ I sech? (1) _ 2V, (A6)
dAV[N 277Vth Io 2 RIO
= 1+ R h 1+
AVin=0 + 27V sech”(u) 27V

where it has been reminded that sech(0) = 1
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d*Alour

A dix A.2. Second Derivative ————
ppendix econd Derivative IAVE,

V[NZO
The second derivative of Equation (14) is the first derivative of Equation (A5). So we
can derive Equation (A5) further. We start by calculating the derivative of sech?(u), by

reminding that u = W .

d AVin — RAI AVin — RAI AVin — RAI 1 R%lour
sech2< IN OUT) ) sechz( IN OUT) tanh( IN OUT> dAViN (A7)

dAViN 211 Vi 20V 211V 20V
Now by rewriting Equation(A5) and substituting % sech? (W) with A,
where A() denotes the first derivative, we obtain the following equation:

d A\ _ AW@+RA)-RAMA AW (A8)
dAVIN\1+RA) (1+ RA)2 ~ (1+RA)?
But A() is equal to Equation(A7), so you obtain the following:
AW Io(1— RERIE) —2sech? (Vi fAlour ) tanh (AViyfalour ) "
1+ RA)2 211V, )2 RI 2 ( AViN—RAL 2
( ) (21Vin) [1 + 2'7‘/(;11 sech ( INZ']Vth OUT):|
dAlour

In this equation it is present the term Zzpur, that we can substitute with the Equation
(A5) to obtain the following;:

Potogr [, st o) | ansead(gi (i)
dAVE 1+ g8, sech? (AVINz;%IOUT) (2 Vi )? [1 + gy sech’ (AVINZZ%IOM)]Z
B I —2sech? (AVINZZIéiIOUT ) tanh ( AVINZ;IIéjIOUT )
— (2nV)? [1 T oKl sech? (AVINZ—W%IOUTH ’

Since, for a continuity principle applied to R, the Alpyr = Alpyr(AViN) curve is
expected to exhibit an odd symmetry around the origin as it is for the curve plotted for
R =0, the tanh term in the numerator forces this equation to be zero for AVjy = 0.

d*Al
Appendix A.3. Third Derivative#
dAViy

Vin=0
Starting from the Equation (A10), we can substitute the following parameters:

_ AVin — RAlour s _ d*Alour du d <AV1N — RAIOUT> (A11)

Vg dAVE, T dAViy  dAViy 20V,

This allows us rewriting the third derivative easily in terms of the second derivative. The
BAloyr  dZ  du

third derivative is ———— = —
VEVER AV, T du dAViy

. We can also define:

-3
Fy = sech?(u) tanh(u), k= (1 + loR sechz(u)> (A12)
20V
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I
so that Z = —ﬁ F F. Applying the product rule, the third derivative takes the
MVin
following form:
dz . 10 dFl du sz du
a2 (du anviy 2B G aavie (A13)
Using the chain rule and recalling from Equation (A7) the derivative of sech?(u):
dk 2 2 2 4 du
= h”(u) tanh = | —2sech”(u) tanh h . Al4
IAVie — ABVin [ sech”(u) tanh (u)] { sech”(u) tanh”(u) + sec (u)} IAVin (A14)

As far as F, with G(u) =1+ 21170‘12]1 sech?(u), you have F, = [G(u)] 3, and thus:

dF, aG

— -4 _ "
N TN (AL5)
o IOR 2 du _4
=3 Vi, sech”(u) tanh(u) AAVin [G(u)] =
From Equation (A11) and substituting also Equation (A5):
du 1 1
_ = (A16)
dAVIN -+ 2V, IR 2
14+ ———sech”(u
2n Vi ()

1 _
= 5y (60T

Substituting into the product rule expression and factoring % with the denomina-
IN
tor [G(u)] >
az Io du

N _277Vt2h IAVin [G(u)]4{ [— 2 sech?(u) tanh?(u) +sech4(u)]G(u)

(A17)

IR
+ 32 sech*(u) tanh?(u) §.
Vin

The replacement of cancels one factor of G(u) in the denominator, leaving:

dAVin

iz k
dAVin 4(n Vi

E [G(u)]S{ [ — 2sech®(u) tanh?(u) + sech‘*(u)} G(u) + 3% sech? (1) tanh? (1) } (A18)

By expanding the bracket and gathering sech? (1) tanh? (u):

= (—2 sech?(u) tanh?(u) + sech4(u)) (1 + loR sechz(u)) + 3M sech*(u) tanh?(u)
211 Vin Vin (A19)

bR bR
= —2sech?(u) tanh? (1) 4 sech* (1) + 2-2— sech* (1) tanh? (1) + = sech®(u).
Vin 21 Vin

Multiplying through by the minus sign:

43 (Alour) _ Iy 2ssech?(u) tanh?(u) — sech?*(u) — 2% sech*(u) tanh? (1) — 22011,;’ sech® (1) (A20)
davy, AVa)? ( LR 5\’
1+ sech” (u )
21 Vin (®)
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ith
A _ AViN — RAlour (A21)
B 20 Vi '
Eventually, after having put in explicit form:
AViN — RAIOUT) 2<AV1N — RAIOUT) 4<AV1N — RAIOUT)
2 sech2< tanh"( ————— | —sech”| —M—~
#Mour) Iy 21 Vi 25 Vi, 25V,
3 - 3 5
dAV7y 4(nVin) - ILR , h2(AVIN — RAIOUT)
2n Vi, 2n Vi,
AV, RAI AV, RAI AV, RAI (A22)
IpR 4 IN — our t h2 IN — our IpR h6 IN — our
I 2y, sech ( 2n Vi, ) o ( 2n Vi ) 2y S 2n Vi,
3 5
4(1Vin) L, IR sech2<AV1N _ RAIOUT>

2y Vi, 2 Vi

we can calculate the third derivative for AV;y = 0 as follows:

IR
1 dAlour _ Io 7 (A23)
G 3 =43 3 5
6 dVIN AVIN:O 4(3)(171411) 1 + IOR
2y Vi
I 1
24(’7‘/1511)3 1+ IoR 4
21V

Appendix B. Calculation of Viy e,

It is possible to estimate the input differential voltage AV|y corresponding to the
maximum output differential current AlpyT.

To derive this value, Equation (18) can be used, as it represents the slope of the tangent
at the origin. The tangent Equation is given by the following:

Ip
2 Vi
RI,
1+
20V

Alour = AViN (A24)

The maximum value of AlpyT is obtained when Alpyt = Ip. By substituting this
condition into the previous Equation and solving for AVyy, the following result is obtained:

= 277Vth + RIO (A25)
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The quantity AV, ., therefore, corresponds to the input differential voltage for
which Alpyt reaches its maximum value, according to the first-order Taylor approximation
of the curve.

Appendix C. About Complex Solutions in Equations (94)—(96)

Equations (94)—(96) can be put in the generic form > — k = 0 with k > 0. According
to the Fundamental Theorem of Algebra, first stated by Albert Girard (1595-1632) in 1629
[68], the equation has three solutions. Nevertheless, already in 1545 Gerolamo Cardano
(1501-1576) proved that a cubic algebraic equation has one real solution and two further
solutions that may be complex [69]. With reference to a cubic equation in the form y3 +
py + q = 0, known as the depressed one, Cardano classifies different solutions on the basis

of the quantity A £ % + ’27—;. In our case, the depressed cubic equation simplifies further
into > + g = 0 with g = —k < 0 and the quantity A reduces to %, which is a positive
number. Under this conditions, according to Cardano, the real solution y; is — /7 = vk,
corresponding to the values of R; calculated from Equations (94)-(96), while the two

3
complex solutions v, and y3 are W(—% £j ?) ; note indeed that (—% +j @) =1
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