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Abstract

This paper studies the nonlinear behavior of a Gilbert cell multiplier. The investigation has
been carried out by means of mathematical modeling and Cadence circuit simulations at
room and cryogenic temperatures. The circuit has been implemented in the 130 nm SiGe
BiCMOS SG13G2 technology by Innovations for High Performance (IHP) Microelectronics
(Frankfurt am Oder, Germany). In addition, a similar investigation has been carried out for
a Jones modulator. The comparison demonstrated that the Gilbert cell multiplier exhibits
better spectral purity, especially at cryogenic temperatures. This suggests the Gilbert
multiplier as a promising mixer for quantum computing control circuits, where spectral
purity is critical for the quantum gate fidelity.

Keywords: mixer; non-linear modeling; cryogenic; BiCMOS; SFDR

1. Introduction
Mixers are three-port devices ubiquitous in radiofrequency architectures, where they

are in charge of frequency translation. This function is usually based on the time variance
of a core constituted by transistors driven by a signal large enough for they behave like
switches. Transistors used as signal amplifiers may join this core with the aim of adding
conversion gain [1]. In this case, we are talking about active mixers, the Gilbert cell being
the most popular circuit solution, also for cryogenic applications [2–5]. Otherwise, we are
rather talking about passive mixers [6,7]; they provide frequency translation but without
gain. The essential function of the switching core is to multiply the incoming input signal by
a square wave to be frequency translated. In this way, all spectral components of the input
signal are multiplied by all harmonic frequencies n fSW of the square wave. By supposing,
for the sake of clarity, that the input signal is a sinusoidal signal, its single frequency f INPUT

is translated to the frequencies f INPUT ± n fSW , where n is a positive integer, in force of the
well-known trigonometric identity 2cos(α + β) = cos(α − β) + cos(α + β). These mixers
are classified as multiplier-based, with the aim of distinguishing them from mixers based
on non-linear transfer characteristics [8]. For instance, a square-law transfer characteristic
processing a sinusoidal tone of frequency f INPUT generates a DC shift and a 2 f INPUT

spectral component, because of the trigonometric identity 2cos2α = 1 + cos2α.
In the multiplier-based mixers, the output frequency of usual interest, f INPUT + fSW for

up-conversion and f INPUT − fSW for down-conversion, originates from the intermodulation
with the square wave fundamental harmonic fSW . Also because of invoking some filtering,
it is frequent practice to neglect the other higher-order intermodulation products. In
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this way, you obtain the picture of a mixer as a device multiplying two sinusoidal tones,
that is, the incoming sinusoidal signal and the fundamental of the square wave. It is an
approximation whose advisability depends on the application. For instance, in a Quantum
Processing Unit (QPU) mixers are essential in the radiofrequency architecture of the qubit
controller. Since a QPU is essentially an array of qubits, each with its own resonance
frequency, unwanted although weak components may jeopardize the quantum fidelity of
a quantum gate [9,10]. In the design of the circuitry for a QPU, all spectral components
generated during the frequency conversion process should be evaluated.

Conversely, the Gilbert multiplier is a device actually able to operate as a multiplier of
two sinusoidal signals [11]. The circuit is bipolar, and it exploits the exponential current-
voltage relationship of the forward-biased junction transistor. Over the years, CMOS
multipliers were also designed by leveraging the exponential current–voltage relationship
of the subthreshold-region-biased MOSFET [12]. Moreover, Gilbert-like arrangements of
small-signal transconductors made of saturation-region-biased short-channel MOSFETs
were proven as alternative solutions for implementing signal multipliers [13]. Since, because
of the first trigonometric identity mentioned above, the product of two sinusoidal signals of
frequency f1 and f2 generates two spectral components at frequencies f1 + f2 and f1 − f2,
analog multipliers have been considered as potential mixers [14,15], offering the advantage
of generating just the frequencies of interest without the unwanted spectral contributions
affecting the multiplier-based mixer, as discussed above. This consideration points out
clearly that a Gilbert cell mixer and a Gilbert multiplier are two different circuits operating
on two different principles. In the Gilbert cell mixer, some transistors are used as switches,
while this is not the case for the Gilbert multiplier. The Gilbert cell mixer needs a large
square wave; the Gilbert multiplier does not. In order to avoid confusion, the Gilbert
cell mixer should be dubbed more precisely a Jones demodulator [16]. In 1963, Howard
Jones conceived this demodulator, that is now, in practice, referred to as the Gilbert cell
mixer [17].

Since multiplication is a non-linear algebraic operation, analog multipliers must embed
non-linearities. It is expected, thus, that an analog multiplier generates just a couple of
frequencies at first order only. Some specific applications, such as the electronics for the
QPU cited above, may need a more in-depth study of the spectral purity of which the
multiplier is capable. A higher-order analysis is thus required, but few papers address
this subject with the necessary sharpness [18–22]. The mathematical analysis is not very
sharp, and the comparison with the experimental results is limited in [18]. Atti tried to
improve this analysis, but the final results still remain unsatisfactory, and the comparison
with measurements or simulations is missing [19]. Kuntman proposes an equivalent
circuit model for the non-linear behavior of an analog multiplier, but any mathematical
analysis is absent [20]. In spite of being a patent, the reference [21] reports some interesting
mathematical results, as it will be pointed out later in this paper, but full analysis and
discussion are lacking.

The aim of this paper is to investigate the linearity of a bipolar Gilbert multiplier
by means of an analytical model. It is worth pointing out that optimization algorithms
demonstrated to be useful and powerful mathematical tools for investigating parameters of
relevance in several physical domains [23–26] with a high degree of reliability. Nevertheless,
the goal of this paper is to propose an analytical model that may offer mathematical
equations that can be used as a guideline in the design process. Of course, in a following
step after the fabrication of prototypes, optimization algorithms can also be applied for
supplementary purposes.

After an analytical modeling of the generic schematic, the circuit has been implemented
in the 130 nm SiGe BiCMOS technology by the Innovations High Performance (IHP)
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Microelectronics foundry. The correctness of the analytical model has, therefore, been
tested by comparison with circuit simulations. Since the Design Kit (DK) offers cryogenic
models for transistors and passive devices, the investigation has been carried out both at
the Cryogenic Temperature (CT) of 4 K and at the Room Temperature (RT) of 300 K. In
this way, it has also been possible to compare the behavior of the circuit at CT and RT. The
availability of a cryogenic DK is of relevance, because it makes it possible to address the
linearity of the bipolar Gilbert multiplier in the perspective of its application to the design
of cryogenic controllers for qubits.

About the use of bipolar transistors at cryogenic temperature it is worth pointing
out that in the last decade the largest amount of quantum computing oriented cryogenic
microelectronics is CMOS designed, see for instance [27–41], while some attention has risen
up for the use of SiGe Heterojunction Bipolar Transistors (HBT’s) available in BiCMOS
technologies [4,42–56]. The largest use of cryogenic CMOS may be ascribed partially to the
particular physics exhibited by the bipolar transistor operating at 4 K or lower temperatures:
the dominant charge transport is no longer drift-diffusion but rather trap-assisted tunneling
based [57,58].

Eventually, since the Gilbert cell mixer is widely employed in the cryogenic circuits for
quantum computing, for the sake of completeness, this paper also investigates a BiCMOS
Jones demodulator with the same approach used for the Gilbert multiplier: analytical
modeling of the generic schematic followed by implementation in the 130 nm SiGe BiCMOS
SG13G2 technology and by CT and RT circuit simulations. In this way, the paper also
compares the spectra generated by the Jones demodulator and the Gilbert multiplier even
under cryogenic conditions.

The paper is organized as follows. Section 2 addresses the analytical non-linear
modeling of a basic differential transconductor, which is a fundamental sub-circuit of
the Gilbert multiplier and of the Gilbert cell mixer, as well. The model is validated by
comparison with CT and RT circuit simulations of the differential stage implemented in the
IHP technology. Section 3 applies the previous modeling to the Gilbert multiplier to obtain
its non-linear model, which is then validated by comparison with CT and RT simulations of
its circuit implementation in the IHP technology. This section also proposes some evaluation
in terms of Spurious-Free Dynamic Range (SFDR), which is the power ratio between
the desired amplitude and the largest unwanted spur in the output spectrum within
the specified bandwidth [59–61]. It is a relevant specification for the control signals for
qubits. The Jones demodulator undergoes the same investigation in Section 4. Eventually,
Section 5 closes the paper by summarizing the main obtained results and by drawing some
conclusions.

2. Basic Differential Transconductor
This section focuses on the basic differential transconductor, whose generic schematic

Figure 1 depicts on the left. Its core is a symmetric resistive emitter-degenerated bipolar
transistor pair biased by the tail current I0. In particular, Sub-section 2.1 develops the static
non-linear model of the DC differential Current-Voltage Transfer Characteristic (CVTC). In
Sub-section 2.2, the obtained model is then applied to calculate the spectral components
of the differential output currents in the case the differential input voltage signal is a
sinusoidal tone. In this way, it is understood implicitly that the circuit is memoryless;
otherwise, the more involved Volterra series would be mandatory [62]. Sub-section 2.3
validates the obtained model by comparing the theoretical expectations with the circuit
simulations of the IHP technology-implemented circuit depicted on the right in Figure 1.
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Figure 1. Differential amplifier stage, general schematic (a) and circuit implementation (b).

2.1. DC Differential Current-Voltage Transfer Characteristic

In Figure 1a DC voltages VIN1 and VIN2 bias the two identical transistors Q1 and
Q2 in the forward active region, so that you have RI0

2 + VX < VIN1 < VDD. The goal of
the following analysis is to describe the dependence of the DC differential output current
∆IOUT ≜ IC2 − IC1 on the DC differential input voltage VIN ≜ VIN1 − VIN2.

Starting point of the analysis is the usual exponential IC − VBE characteristic of the
bipolar junction transistor:

IC = ISC

(︃
e

VBE
ηVth − 1

)︃
≊ ISCe

VBE
ηVth (1)

where η is the ideality factor, ISC the saturation current, Vth the thermal voltage defined
as Vth = KBT

q where KB is the Boltzmann constant (∼=1.36 × 10−23 J/K), q the elementary

electronic charge (∼=1.60 × 10−19 C), and T is the absolute temperature in Kelvin.
By assuming IE = IC, VBE1 and VBE2 voltages can be expressed as follows:

VBE1 = VIN1 − (R · IC1 + VX) (2)

VBE2 = VIN2 − (R · IC2 + VX) (3)

The substitution of Equations (2) and (3) into Equation (1) yields the following:

IC1 = Isce
VIN1−(R·IC1+VX )

ηVth (4)

IC2 = Isce
VIN2−(R·IC2+VX )

ηVth (5)

Due to the assumption IE = IC, we can also observe that I0 = IC2 + IC1, and we can
normalize each collector current respect to I0:

IC1

I0
=

IC1

IC1 + IC2
=

Isce
VIN1−(RIC1+VX )

ηVth

Isce
VIN1−(RIC1+VX )

ηVth + Isce
VIN2−(RIC2+VX )

ηVth

(6)

IC2

I0
=

IC2

IC1 + IC2
=

Isce
VIN2−(RIC2+VX )

ηVth

Isce
VIN1−(RIC1+VX )

ηVth + Isce
VIN2−(RIC2+VX )

ηVth

(7)
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and by simplifying by ISC:

IC1

I0
=

e
VIN1−(RIC1+VX )

ηVth

e
VIN1−(RIC1+VX )

ηVth + e
VIN2−(RIC2+VX )

ηVth

(8)

IC2

I0
=

e
VIN2−(RIC2+VX )

ηVth

e
VIN1−(RIC1+VX )

ηVth + e
VIN2−(RIC2+VX )

ηVth

(9)

The mathematical expression for ∆IOUT
I0

is thus as follows:

IC1 − IC2

I0
=

∆IOUT
I0

=
IC1

I0
− IC2

I0
=

e
VIN1−(RIC1+VX )

ηVth − e
VIN2−(RIC2+VX )

ηVth

e
VIN1−(RIC1+VX )

ηVth + e
VIN2−(RIC2+VX )

ηVth

(10)

By gathering the term e
VIN2−(RIC2+VX )

ηVth , we obtain the following mathematical expression:

∆IOUT
I0

=
e

VIN1−VIN2−(RIC1−RIC2)
ηVth − 1

e
VIN1−VIN2−(RIC1−RIC2)

ηVth + 1
(11)

=
e

∆VIN−(R∆IOUT )
ηVth − 1

e
∆VIN−R∆IOUT

ηVth + 1
=

e
∆VIN−R∆IOUT

2ηVth − e−
∆VIN−R∆IOUT

2ηVth

e
∆VIN−(R∆IOUT

ηVth + e−
∆VIN−R∆IOUT

2ηVth

(12)

and thus by reminding that ex−e−x

ex+e−x ≜ tanh(x), we can put Equation (12) in the follow-
ing form:

∆IOUT = I0 tanh
(︃

∆VIN − R∆IOUT
2ηVth

)︃
(13)

Reminding that the term ∆IOUT is a function of ∆VIN it may be useful rewriting the
Equation (13) as follows:

∆IOUT = I0 tanh
[︃

∆VIN − R∆IOUT(∆VIN)

2ηVth

]︃
(14)

Equation (13) is a transcendental equation in the argument ∆IOUT . It has no closed-
form solution, and it can be solved only by numerical iteration. Following the famous
Fermi’s advice “When in doubt, expand in a power series” [63], we can spend effort to
obtain an approximated closed-form solution by applying a Taylor series expansion whose
general form is as follows:

f (x) ≜
∞

∑
n=0

f (n)(x0)

n!
(x − x0)

n (15)

where the f (n)(x0) =
d f (n)(x)
d∆VIN

⃓⃓⃓⃓
⃓
x=x0

. For the sake of simplicity, we stop the expansion at the

third order:

∆IOUT ≈ ∆IOUT(∆VIN = ∆VIN0) +
d∆IOUT
d∆VIN

⃓⃓⃓⃓
⃓
∆VIN=∆VIN0

(∆VIN − ∆VIN0) (16)

+
1
2

d2∆IOUT

d∆V2
IN

⃓⃓⃓⃓
⃓
∆VIN=∆VIN0

(∆VIN − ∆VIN0)
2 +

1
6

d3∆IOUT

d∆V3
IN

⃓⃓⃓⃓
⃓
∆VIN=∆VIN0

(∆VIN − ∆VIN0)
3
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In particular, we desire to calculate this series by expanding around the origin, so that we
have ∆VIN0 = 0:

∆IOUT ≈ ∆IOUT(∆VIN = 0) +
d∆IOUT
d∆VIN

⃓⃓⃓⃓
⃓
∆VIN=0

∆VIN (17)

+
1
2

d2∆IOUT

d∆V2
IN

⃓⃓⃓⃓
⃓
∆VIN=0

∆V2
IN +

1
6

d3∆IOUT

d∆V3
IN

⃓⃓⃓⃓
⃓
∆VIN=0

∆V3
IN

Since ∆IOUT = 0 for ∆VIN = 0 (balanced distribution of current on the two branches of
the circuit in Figure 1), we can conclude immediately that ∆IOUT(∆VIN = 0) = 0. Further
calculations, detailed in Appendix A, yields the other three terms:

d∆IOUT
d∆VIN

⃓⃓⃓⃓
∆VIN=0

=

I0
2ηVth

1 + I0R
2ηVth

(18)

d2∆IOUT

d∆V2
IN

⃓⃓⃓⃓
∆VIN=0

= 0 (19)

d3∆IOUT

d∆V3
IN

⃓⃓⃓⃓
∆VIN=0

= − I0

4(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 (20)

Substituting Equations (18)–(20) into Equation (17), we obtain the closed form solution
of Equation (14) in an approximation:

∆IOUT =

I0

2ηVth

1 +
RI0

2ηVth

∆VIN(t)−
I0

24(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 [∆VIN(t)]
3 (21)

2.2. Harmonic Analysis

Equation (21) can be used to assess the spectrum of ∆IOUT when ∆VIN(t) =

∆VIN cos(ωt), being ∆VIN the amplitude and ω the angular frequency. From Equation (21)
we obtain the following:

∆IOUT =

I0

2ηVth

1 +
RI0

2ηVth

∆VIN cos(ωt)− I0

24(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 [∆VIN cos(ωt)]3 (22)

By applying the trigonometric identity 4 cos3(x) = cos(3x) + 3cos(x) we get:
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∆IOUT =

I0

2ηVth

1 +
RI0

2ηVth

∆VIN cos(ωt)− I0

24(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 ∆V3
IN

cos(3ωt) + 3 cos(ωt)
4

= (23)

=

I0

2ηVth

1 +
RI0

2ηVth

∆VIN cos(ωt)− 3
I0

24(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 ∆V3
IN

cos(ωt)
4

− I0

24(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 ∆V3
IN

cos(3ωt)
4

Gathering the contributions according to the harmonics provides the amplitudes a1

and a3 of the fundamental and third harmonics, respectively:

a1 =

I0
2ηVth

1 + RI0
2Vth

∆VIN − 3I0

96(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 ∆V3
IN (24)

a3 = − I0

96(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4 ∆V3
IN (25)

As expected, the third-order non-linear coefficient a3 is negative, and it reduces a1. By
substituting Equations (24) and (25) into the previous mathematical expression of ∆IOUT

you obtain the following:

∆IOUT = a1 cos(ωt) + a3 cos(3ωt) (26)

It is worth calculating the following ratio:

⃓⃓⃓⃓
a1

a3

⃓⃓⃓⃓
=

⃓⃓⃓⃓
⃓⃓ I0∆VIN

2ηVth+RI0
+ 3a3

a3

⃓⃓⃓⃓
⃓⃓ = ⃓⃓⃓⃓3 + 1

a3

I0∆VIN
2ηVth + RI0

⃓⃓⃓⃓
(27)

From the definition of SFDR provided in the Introduction, the substitution of Equation (25)
into Equation (27) yields the following:

SFDR = 20 log10

⃓⃓⃓⃓
a1

a3

⃓⃓⃓⃓
= 20 log10

⃓⃓⃓⃓
⃓−6

(2ηVth + RI0)
3

ηVth∆V2
IN

+ 3

⃓⃓⃓⃓
⃓ (28)

The SFDR is, therefore, a positive number if x > −2 or x < −4, where x is defined
as follows:

x = −6
(2ηVth + RI0)

3

ηVth∆V2
IN

(29)

Equation (29) defines two possible intervals of values of ∆VIN for which SFDR > 0:
∆VIN > ξ and 0<∆VIN < ξ/

√
2, being the following:

ξ =

√︄
3(2ηVth + RI0)3

ηVth
(30)
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Outside these two intervals, you have |a1| lower than |a3|.

2.3. Validation

The generic schematic of the differential transconductor, on the left in Figure 1, has
been implemented in the circuit on the right in Figure 1 using the IHP SG13G2 technology.
For the Cadence circuit simulations carried out at RT (CT), I0 was kept equal to 117 µA
(243 µA). These values are in order to maximize the current gain β of the HBT.

Conversely, the bias voltage VDD was kept equal to 1.2 V and the resistance R to 800
Ω, regardless of the temperature. The value of R was chosen low enough to keep the
transistors correctly polarized in the forward active region. From the simulations of the
Gummel plots, the ideality factor η results in 1.08 (26.37) at RT (CT). The value of η at CT
is the signature of the dominant trap-assisted tunneling charge transport [57,58]. Table 1
summarizes the values used for the simulations together with the thermal voltage Vth.

Table 1. Adopted values for the simulations of the differential transconductor in Figure 1.

Temperature [K] I0 [A] R [Ω] η Vth [mV] VDD [V]

300 117 × 10−6 800 1.08 26 1.2
4 243 × 10−6 800 26.37 0.347 1.2

Figure 2 compares the DC differential CVTC calculated from Equation (21) with the
simulated one for ∆VIN spanning from −0.6 V to 0.6 V. The figure shows good agreement
in the interval from about −0.2 V to about 0.2 V both at RT and CT.

(a) (b)

Figure 2. DC differential CVTC for 300 K (a) and 4 K (b).

Moreover, the CVTC was also obtained by a recursive numerical solution of Equation (13)
carried out with MATLAB (version 2025A). The figure shows that the numerically obtained
CVTC is also in good agreement with the previous two at both temperatures. Defined
the differential input knee voltage ∆VIN,knee as the intersection between the tangent of the
CVTC for ∆VIN,knee = 0 and the saturation currents ±I0, Equation (18) yields ∆VIN,knee =

2ηVth + RI0, as detailed in Appendix B. By replacing the values in Table 1, you obtain
∆VIN,knee = 149.4 mV (212.6 mV) at RT (CT), in good agreement with the extrapolation you
can obtain from Figure 2.

When ∆VIN(t) = ∆VIN cos(ωt), the amplitude ∆VIN was kept equal to 100 mV, large
enough to allow the steering of the tail current between the two branches at both RT and
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CT. The frequency was chosen equal to 1 GHz. This frequency is very useful because it is
common to several qubit platforms (superconducting, semiconductor, trapped ion) [64].
Table 2 reports the values of the fundamental and third-order harmonics obtained from the
analytical model via Equations (24) and (25).

Table 2. Harmonic amplitudes according to the analytical model.

Temperature 300 K 4 K

Harmonics 1st tone (a1) [A] 3rd tone (a3) [A] 1st tone (a1) [A] 3rd tone (a3) [A]

Results 7.490 × 10−5 1.090 × 10−6 1.137 × 10−4 1.811 × 10−7

Even in the present case, the model expectations have been compared with MATLAB
and circuit simulations. About MATLAB simulations, the input voltage signal ∆VIN is
sampled at n discrete time instants tk = k∆t, producing a sequence of samples ∆VINk ,
with k = 0, 1, . . . , n − 1. For each sample, the corresponding output current ∆IOUT1k is
determined by iteratively solving Equation (13). In this way, a set of couples (tk,∆IOUT1k ) is
obtained from which the MATLAB DFT (Discrete Fourier Transform) function computes
the spectrum. Figure 3 shows the obtained results.

(a) (b)

Figure 3. MATLAB DFT output for 300 K (a) and 4 K (b).

As far as the circuit simulation, transient simulations were carried out on the circuit
implemented in the SG13G2 technology. Figure 4 shows the computed spectra.

(a) (b)

Figure 4. Spectra for 300K (a) and 4K (b) from circuit simulation.

Table 3 provides an overall comparison of the fundamental and third-order harmonics
obtained from the analytical model, MATLAB numerical solution and circuit simulations.
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Table 3. Overall comparison between circuit simulations, MATLAB solutions, and analytical model.

Parameters Circuit Simulation MATLAB Solution Analytical Model

T [K] Tone Value [A] Value [A] Error [%] Value [A] Error [%]

300
1st 7.353 × 10−5 7.4724 × 10−5 −1.6 7.490 × 10−5 −1.8

3rd 1.1744 × 10−6 1.2312 × 10−6 −4.8 1.089 × 10−6 7.3

4
1st 1.1307 × 10−4 1.1351 × 10−4 −0.39 1.137 × 10−4 −0.56

3rd 2.0411 × 10−7 2.1241 × 10−7 −4.1 1.811 × 10−7 11.3

The result is very satisfying, because the relative error is lower than 10%. It is thus
possible to close this section by concluding that both numerical solutions and circuit
simulations validate, both at RT and CT, the non-linear analytical model of the differential
transconductor depicted in Figure 1.

3. Gilbert Multiplier
Figure 5 shows that the Gilbert multiplier is composed of two subcircuits: an input

differential amplifier and a Gilbert cell. The figure also shows that four differential pairs,
as investigated in Section 2, are present. In particular, the differential pair formed by the
transistors Q3 and Q4 (Q5 and Q6) is a differential pair without resistive degeneration, and
it exploits the collector current IC1 (IC2) of Q1 (Q2) as tail current.

Q1

R2

Q2

R2

IE

Q3 Q4 Q5 Q6

IE3 IE4

IC1

IE5 IE6

IC2

RL

VDD

RL

VDD

+−
VOUT

Q9 Q10

VDD VDD

Q8Q7

R1 R1

I0

IC7 IC8

Iout2Iout1

IC6IC4IC3 IC5

T1 T2

VLO+ VLO−

VIF+ VIF−

VBE9 VBE10

VX

Input differential Amplifier Gilbert cell

Figure 5. Generic schematic of the Gilbert multiplier.
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According to Sub-section 2.1, collector and emitter currents can be assumed identical
(ICi = IEi , i = 1, . . . 10) and the following equations can be written down:

∆I78 = I0 tanh
(︃

∆VLO − R1∆I78

2ηVth

)︃
(31)

∆I12 = IE tanh
(︃

∆VIF − R2∆I12

2ηVth

)︃
(32)

with ∆I78 ≜ IC7 − IC8, ∆I12 ≜ IC1 − IC2, ∆VLO ≜ VLO+ − VLO−, and ∆VIF ≜ VIF+ − VIF−.
The differential pair Q7-Q8 is loaded by the transistors Q9-Q10 in a diode configuration.
The output voltage VX is thus

VX = (VDD − VBE10)− (VDD − VBE9) = VBE9 − VBE10

= ηVth ln
(︃

IC7

Isc

)︃
− Vth ln

(︃
IC8

Isc

)︃
= ηVth ln

(︃
IC7

IC8

)︃
(33)

From the definition of ∆I78 and the relation I0 = IC7 + IC8 we can rewrite IC7 and IC8

as follows:

IC7 =
I0 + ∆I78

2
(34)

IC8 =
I0 − ∆I78

2
(35)

By substituting Equations (34) and (35) into Equation (33) we can write the following:

VX = ηVth ln

(︄
I0+∆I78

2
I0−∆I78

2

)︄
= ηVth ln

(︄
1 + ∆I78

I0

1 − ∆I78
I0

)︄
(36)

By reminding that 2atanh(x) = ln
(︂

1+x
1−x

)︂
, the previous equation can be reformulated

as follows:

VX = 2ηVth
1
2

ln

(︄
1 + ∆I78

I0

1 − ∆I78
I0

)︄
= 2ηVth atanh

(︃
∆I78

I0

)︃
(37)

in agreement with [21].
The differential output voltage VOUT can be calculated as follows:

VOUT = VCC − Iout2RL − (VCC − Iout1RL) = RL(Iout1 − Iout2) (38)

Current balance at node T1 and T2 yields Iout1 = IC3 + IC5 and Iout2 = IC4 + IC6,
respectively, so that you can write the following:

VOUT = RL[IC3 + IC5 − (IC4 + IC6)] = RL[(IC3 − IC4) + (IC5 − IC6)] (39)

Equation (13) can be applied to the Q3–Q4 and Q5–Q6 transistor pairs but with R = 0
to obtain the following:

IC3 − IC4 = IC1 tanh
(︃

VX
2ηVth

)︃
(40)

IC5 − IC6 = IC2 tanh
(︃
− VX

2ηVth

)︃
= −IC2 tanh

(︃
VX

2ηVth

)︃
(41)
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By substituting Equations (40) and (41) into Equation (39) the output voltage results to be
the following:

VOUT = RL

[︃
IC1 tanh

(︃
VX

2ηVth

)︃
− IC2 tanh

(︃
VX

2ηVth

)︃]︃
=

= RL tanh
(︃

VX
2ηVth

)︃
(IC1 − IC2) = RL tanh

(︃
VX

2ηVth

)︃
∆I12 (42)

Because of Equation (37), Equation (42) yields the following:

VOUT = RL∆I12 tanh

⎡⎣2ηVth atanh
(︂

∆I78
I0

)︂
2ηVth

⎤⎦
= RL∆I12

∆I78

I0
(43)

It is worth reminding that, according to the results obtained in Section 2, ∆I12 and
∆I78 are recursively defined functions in the two variables ∆VLO and ∆VRF, respectively.
Because of Equation (43) VOUT results thus recursevely defined in ∆VLO and ∆VRF, as well.
With x ≜ VRF and y ≜ VLO from Equation (13) you can write the following:

g(x) =IE tanh
[︃

x − R2g(x)
2ηVth

]︃
(44)

and

h(y) =I0 tanh
[︃

x − R1h(y)
2ηVth

]︃
(45)

and thus Equation (43) becomes:

VOUT =
RL
I0

g(x)h(y) =
RL
I0

f (x, y) (46)

(47)

with f (x, y) ≜ g(x)h(y).
By extension of the approach used in Sub-section 2.1, we provide an approximated

closed form of f (x, y) by means of a bidimensional Taylor series:

f (x, y) = f (x0, y0) +
∞

∑
n=1

{︄
n

∑
k=0

1
k!(n − k)!

δn f
δn−kxδky

⃓⃓⃓⃓
x0,y0

(x − x0)
n−k(y − y0)

k

}︄
(48)

Since we are interested in approximating VOUT around ∆VIF = 0 and ∆VLO = 0, for which
∆I12 = 0 and ∆I78 = 0, you have x0 = 0, y0 = 0, and f (x0, y0) = 0. Thus, you can write the
following:

f (x, y) =
∞

∑
n=1

{︄
n

∑
k=0

1
k!(n − k)!

δn f
δn−kxδky

⃓⃓⃓⃓
0,0
(x)n−k(y)k

}︄
(49)

By defining Qn = RL
I0

∑n
k=0

1
k!(n−k)!

δn f
δn−kxδky

⃓⃓⃓⃓
0,0

xn−kyk from Equation (46) we obtain VOUT =

∑4
i=1 Qi with the following:
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Q1 =
RL
I0

[︄
δ f
δx

⃓⃓⃓⃓
(0,0)

x +
δ f
δy

⃓⃓⃓⃓
(0,0)

y

]︄
(50)

Q2 =
RL
I0

[︄
1
2

δ2 f
δ2x

⃓⃓⃓⃓
(0,0)

x2 +
δ2 f

δxδy

⃓⃓⃓⃓
(0,0)

xy +
1
2

δ2 f
δ2y

⃓⃓⃓⃓
(0,0)

y2

]︄
(51)

Q3 =
RL
I0

[︄
1
6

δ3 f
δx3

⃓⃓⃓⃓
(0,0)

x3 +
1
2

δ3 f
δx2δy

⃓⃓⃓⃓
(0,0)

x2y +
1
2

δ3 f
δxδy2

⃓⃓⃓⃓
(0,0)

xy2 +
1
6

δ3 f
δy3

⃓⃓⃓⃓
(0,0)

y3

]︄
(52)

Q4 =
RL
I0

[︄
1

24
δ4 f
δx4

⃓⃓⃓⃓
(0,0)

x4 +
1
6

δ4 f
δx3δy

⃓⃓⃓⃓
(0,0)

x3y +
1
4

δ4 f
δx2δy2

⃓⃓⃓⃓
(0,0)

x2y2 +
1
6

δ4 f
δxδy3

⃓⃓⃓⃓
(0,0)

xy3 +
1

24
δ4 f
δy4

⃓⃓⃓⃓
(0,0)

y4

]︄
(53)

Because of the definition of f (x, y), the mathematical expressions above can be further
calculated as follows:

Q1 =
RL
I0

[︄
δg(x)

δx

⃓⃓⃓⃓
x=0

h(0)x + g(0)
δh(y)

δy

⃓⃓⃓⃓
y=0

y

]︄
(54)

Q2 =
RL
I0

[︄
1
2

δ2g(x)
δx2

⃓⃓⃓⃓
x=0

h(0)x2 +
δg(x)

δx

⃓⃓⃓⃓
x=0

δh(y)
δy

⃓⃓⃓⃓
y=0

xy +
1
2

δ2h(y)
δy2

⃓⃓⃓⃓
y=0

g(0)y2

]︄
(55)

Q3 =
RL
I0

[︄
1
6

δ3g(x)
δx3

⃓⃓⃓⃓
x=0

h(0)x3 +
1
2

δ2g(x)
δx2

⃓⃓⃓⃓
x=0

δh(y)
δy

⃓⃓⃓⃓
y=0

x2y (56)

+
1
2

δg(x)
δx

⃓⃓⃓⃓
x=0

δ2h(y)
δy2

⃓⃓⃓⃓
y=0

xy2 +
1
6

δ3h(y)
δy3

⃓⃓⃓⃓
y=0

g(0)y3

]︄

Q4 =
RL
I0

[︄
1
24

δ4g(x)
δx4

⃓⃓⃓⃓
x=0

h(0)x4 +
1
6

δ3g(x)
δx3

⃓⃓⃓⃓
x=0

δh(y)
δy

⃓⃓⃓⃓
y=0

x3y (57)

+
1
4

δ2g(x)
δx2

⃓⃓⃓⃓
x=0

δ2h(y)
δy2

⃓⃓⃓⃓
y=0

x2y2 +
1
6

δg(x)
δx

⃓⃓⃓⃓
x=0

δ3h(y)
δy3

⃓⃓⃓⃓
y=0

xy3 +
1

24
δ4h(y)

δy4

⃓⃓⃓⃓
y=0

g(0)y4

]︄

Now, the derivatives of Equations g(x) and h(y) correspond to the derivatives obtained
in Appendix A. So, taking each derivative and evaluating it at the origin, we can observe
that g(0) = h(0) = 0. We can also notice that the second derivatives of both functions,
δ2g(x)

δx2 and δ2h(y)
δy2 , are equal to zero, because the functions are symmetric around the origin.

In this way, we obtain:

Q1 = 0 (58)

Q2 =
RL
I0

δg(x)
δx

⃓⃓⃓⃓
x=0

δh(y)
δy

⃓⃓⃓⃓
y=0

xy (59)

Q3 = 0 (60)

Q4 =
RL
I0

[︄
1
6

δ3g(x)
δx3

⃓⃓⃓⃓
x=0

δh(y)
δy

⃓⃓⃓⃓
y=0

x3y +
1
6

δg(x)
δx

⃓⃓⃓⃓
x=0

δ3h(y)
δy3

⃓⃓⃓⃓
y=0

xy3

]︄
(61)

Eventually, the substitution of Equations (18) and (20) into Equations (59) and (61) yields
the following:

Q2 =
RL
I0

I0
2ηVth

1 + R1 I0
2ηVth

IE
2ηVth

1 + R2 IE
2ηVth

xy (62)

Q4 = −RL
I0

⎡⎣1
6

I0
4(ηVth)3

(1 + R1 I0
2ηVth

)4

IE
2ηVth

1 + R2 IE
2ηVth

xy3 +
1
6

IE
4(ηVth)3

(1 + R2 IE
2ηVth

)4

I0
2ηVth

1 + R1 I0
2ηVth

x3y

⎤⎦ (63)
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Bringing terms to common denominator and applying algebraic simplifications yields
the final mathematical expressions:

Q2 =
RL
I0

I0
2ηVth + R1 I0

IE
2ηVth + R2 IE

xy (64)

Q4 = −RL
I0

[︃
1
6

4ηVth I0

(2ηVth + R1 I0)4
IE

2ηVth + R2 IE
xy3 +

1
6

4ηVth IE
(2ηVth + R2 IE)4

I0
2ηVth + R1 I0

x3y
]︃

(65)

Assuming x and y sinusoidal voltages:

x = VIF cos(ωIFt) (66)

y = VLO cos(ωLOt) (67)

the term Q2 becomes the following:

Q2 =
RL
I0

I0

2ηVth + R1 I0

IE
2ηVth + R2 IE

VIFVLO cos(ωIFt) cos(ωLOt) (68)

Reminding the trigonometric identity 2cos(α)cos(β) = cos(α − β) + cos(α + β) Equa-
tion (68) takes the following form:

Q2 =
RL
I0

I0

2ηVth + R1 I0

IE
2ηVth + R2 IE

VIFVLO
cos[(ωIF + ωLO)t] + cos[(ωIF − ωLO)t]

2
(69)

This results in second-order intermodulation products.
The term Q4 generates second- and fourth-order intermodulation products. By substi-

tuting Equations (66) and (67) into Equation (65), we obtain the following:

Q4 =− RL
6I0

4ηVth I0

(2ηVth + R1 I0)4
IE

2ηVth + R2 IE
VIF cos(ωIFt)[VLO cos(ωLOt)]3+

− RL
6I0

4ηVth IE

(2ηVth + R2 IE)4
I0

2ηVth + R1 I0
[VIF cos(ωIFt)]3VLO cos(ωLOt) (70)

Now, by reminding the trigonometric identity 4cos3(α) = cos(3α) + 3cos(α) Equation (70)
results in the following:

Q4 =− RL
6I0

4ηVth I0

(2ηVth + R1 I0)4
IE

2ηVth + R2 IE
VIFV3

LO cos(ωIFt)
cos(3ωLOt) + 3 cos(ωLOt)

4
+

− RL
6I0

4ηVth IE
(2ηVth + R2 IE)4

I0
2ηVth + R1 I0

V3
IFVLO cos(ωLOt)

cos(3ωIFt) + 3 cos(ωIFt)
4

(71)

Applying again the previous trigonometic identities Equation (71) leads to eight
distinct tones:

Q4 =− RL
6I0

4ηVth I0

(2ηVth + R1 I0)4
IE

2ηVth + R2 IE
VIFV3

LO
cos[(3ωLO + ωIF)t] + cos[(3ωLO − ωIF)]

8
+

− RL
6I0

4ηVth I0

(2ηVth + R1 I0)4
IE

2ηVth + R2 IE
VIFV3

LO
3 cos[(ωLO + ωIF)t] + 3 cos[(ωLO − ωIF)]

8
+

− RL
6I0

4ηVth IE
(2ηVth + R2 IE)4

I0
2ηVth + R1 I0

V3
IFVLO

cos[(3ωIF + ωLO)t] + cos[(3ωIF − ωLO)t]
8

+

RL
6I0

4ηVth IE
(2ηVth + R2 IE)4

I0
2ηVth + R1 I0

V3
IFVLO

3 cos[(ωIF + ωLO)t] + 3 cos[(ωIF − ωLO)t]
8

(72)

Denoting as VOUT(ωLO ± ωIF) the amplitude of the second-order intermodulation
products, as VOUT(3ωIF ± ωLO) the amplitudes of the tones at frequency 3ωIF ± ωLO, and
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as VOUT(ωIF ± 3ωLO) the amplitudes of the tones at the frequency ωIF ± 3ωLO, we can
write the following:

VOUT(ωLO ± ωIF) =
RL
2

1
2ηVth + R1 I0

IE
2ηVth + R2 IE

VIFVLO

− RL
4

ηVth
(2ηVth + R1 I0)4

IE
2ηVth + R2 IE

VIFV3
LO

− RL
4

IEηVth
(2ηVth + R2 IE)4

1
2ηVth + R1 I0

V3
IFVLO (73)

VOUT(3ωLO ± ωIF) =− RL
12

ηVth
(2ηVth + R1 I0)4

IE
2ηVth + R2 IE

VIFV3
LO (74)

VOUT(ωLO ± 3ωIF) =− RL
12

IEηVth
(2ηVth + R2 IE)4

1
2ηVth + R1 I0

V3
IFVLO (75)

3.1. Circuit Simulation and Comparison

For sake of validation of Equations (73)–(75), the generic schematic in Figure 5 has
been implemented in the circuit depicted in Figure 6 by using the IHP SG13G2 technology.
Since in Equations (73)–(75) amplitude exhibits specific dependence on VRF and VLO, we
performed transient simulations by sweeping VRF (VLO) while keeping VLO (VRF) constant.

Q1

R2

Q2

R2

IE

Q3 Q4 Q5 Q6

IE3 IE4

IC1

IE5 IE6

IC2

C

C

RL

VDD

RL

VDD

R4

VDD

R5

R4

VDD

R5

+−
VOUTQ9 Q10

VDD VDD

Q8Q7

R1 R1

I0

IC7 IC8

Iout2Iout1

IC6IC4IC3 IC5

V+
LO

−
+VDC,LO

V−
LO

−
+ VDC,LO

V+
IF

−
+ VDC,IF

V−
IF

−
+VDC,IF

VBE9 VBE10

VX

Figure 6. Circuit of Gilbert multiplier implemented in the IHP technology.

Table 4 reports the adopted values for resistors and capacitors, Table 5 for the bias,
and Table 6 for transistor sizes at RT and CT.

Table 4. Resistors and capacitors.

Temp. [K] RL [Ω] R1 [Ω] R2 [Ω] R4 [kΩ] R5 [kΩ] C [pF]

300 2000 800 800 15 150 100
4 2000 800 800 20 160 100

https://doi.org/10.3390/mi17111273

https://doi.org/10.3390/mi17111273


Micromachines 2026, 17, 1273 16 of 37

The value of RL was chosen at the best trade-off between gain and correct biasing of
the transistors Q3 − Q6. The value of the degeneration resistors R1 and R2 was chosen at
the best trade-off between linearization and bias point. The values of the resistors R4 and
R5 were chosen to bias correctly the transistors Q3 − Q6. The capacitance of the capacitor C
was chosen high enough for the capacitor to act as a coupling capacitor.

Table 5. Bias voltages and tail currents.

Temp. [K] I0 [µA] IE [µA] VDD [V] VDC,IF [V] VDC,LO [V]

300 117 117 2.5 1.2 1.2
4 243 243 2.5 1.2 1.2

The values of the currents I0 and IE were chosen to maximize the beta current gain of
the HBT. The value of VDD was chosen to be compliant with the voltage headroom required
by the biasing of the Gilbert cell. The values of VDC,IF and VDC,LO were chosen for the
correct biasing of the differential pairs.

Table 6. Transistor sizes; m1 refers to the number of emitters; the effective emitter area is thus
m1 × W × L.

Temp. [K] W [nm] L [nm] m1 η

300 70 900 1 1.08
4 70 900 1 26.37

The HBT sizes W and L were chosen to maximize the beta current gain, which is
indeed dependent on the collector current density rather than the collector current itself.
The values of η were obtained by fitting the Gummel plots.

Transient simulations were carried out by sweeping VLO (VIF) from 1µ V to 100 mV
with VIF (VLO) kept constant at 100 mV. In particular, the local oscillator frequency ωLO was
kept equal to 1 GHz and the intermediate frequency ωIF equal to 140 MHz. The amplitudes
of the output tones calculated from Equations (73)–(75) and reported in Tables 7–10 have
been compared with the simulated amplitudes reported in Tables 11–14. Moreover, for the
sake of readability, Figures 7–12 report calculated and simulated amplitudes.

Table 7. Calculated tone amplitudes at 300 K for sweeping VLO and VIF = 100 mV.

VLO [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 5.0180 × 10−07 7.3017 × 10−09 7.3017 × 10−19

0.01 5.0180 × 10−06 7.3017 × 10−08 7.3017 × 10−16

0.1 5.0180 × 10−05 7.3017 × 10−07 7.3017 × 10−13

1 5.0180 × 10−04 7.3017 × 10−06 7.3017 × 10−10

10 5.0158 × 10−03 7.3017 × 10−05 7.3017 × 10−07

100 4.7990 × 10−02 7.3017 × 10−04 7.3017 × 10−04

Reference Figure 7a Figure 8a Figure 9a
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Table 8. Calculated tone amplitudes at 300 K for sweeping VIF and VLO = 100 mV.

VIF [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 5.0180 × 10−07 7.3017 × 10−19 7.3017 × 10−09

0.01 5.0180 × 10−06 7.3017 × 10−16 7.3017 × 10−08

0.1 5.0180 × 10−05 7.3017 × 10−13 7.3017 × 10−07

1 5.0180 × 10−04 7.3017 × 10−10 7.3017 × 10−06

10 5.0158 × 10−03 7.3017 × 10−07 7.3017 × 10−05

100 4.7990 × 10−02 7.3017 × 10−04 7.3017 × 10−04

Reference Figure 7b Figure 8b Figure 9b

Table 9. Calculated tone amplitudes at 4 K for sweeping VLO and VIF = 100 mV.

VLO [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 5.3519 × 10−07 8.4800 × 10−10 8.4800 × 10−20

0.01 5.3519 × 10−06 8.4800 × 10−09 8.4800 × 10−17

0.1 5.3519 × 10−05 8.4800 × 10−08 8.4800 × 10−14

1 5.3519 × 10−04 8.4800 × 10−07 8.4800 × 10−11

10 5.3516 × 10−03 8.4800 × 10−06 8.4800 × 10−08

100 5.3264 × 10−02 8.4800 × 10−05 8.4800 × 10−05

Reference Figure 10a Figure 12a Figure 11a

Table 10. Calculated tone amplitudes at 4 K for sweeping VIF and VLO = 100 mV.

VIF [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 5.3519 × 10−07 8.4800 × 10−20 8.4800 × 10−10

0.01 5.3519 × 10−06 8.4800 × 10−17 8.4800 × 10−09

0.1 5.3519 × 10−05 8.4800 × 10−14 8.4800 × 10−08

1 5.3519 × 10−04 8.4800 × 10−11 8.4800 × 10−07

10 5.3516 × 10−03 8.4800 × 10−08 8.4800 × 10−06

100 5.3264 × 10−02 8.4800 × 10−05 8.4800 × 10−05

Reference Figure 10b Figure 12b Figure 11b

Table 11. Simulated tone amplitudes at 300 K for sweeping VLO and VIF = 100 mV.

VLO [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 4.6330 × 10−07 6.9274 × 10−09 1.2925 × 10−14

0.01 4.6330 × 10−06 6.9274 × 10−08 1.1127 × 10−13

0.1 4.6330 × 10−05 6.9274 × 10−07 1.6486 × 10−12

1 4.6330 × 10−04 6.9274 × 10−06 7.2195 × 10−10

10 4.6310 × 10−03 6.9252 × 10−05 7.1587 × 10−07

100 4.4132 × 10−02 6.6560 × 10−04 8.1567 × 10−04

Reference Figure 7a Figure 8a Figure 9a

Table 12. Simulated tone amplitudes a 300 K for sweeping VIF and VLO = 100 mV.

VIF [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 4.6060 × 10−07 1.2783 × 10−13 8.4457 × 10−09

0.01 4.6060 × 10−06 1.2785 × 10−12 8.4457 × 10−08

0.1 4.6060 × 10−05 1.3022 × 10−11 8.4457 × 10−07

1 4.6060 × 10−04 6.4265 × 10−10 8.4456 × 10−06

10 4.6042 × 10−03 5.8303 × 10−07 8.4431 × 10−05

100 4.4132 × 10−02 6.6560 × 10−04 8.1567 × 10−04

Reference Figure 7b Figure 8b Figure 9b
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Table 13. Simulated tone amplitudes at 4 K for sweeping VLO and VIF = 100 mV.

VLO [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 5.2134 × 10−07 6.9732 × 10−10 2.1976 × 10−16

0.01 5.2134 × 10−06 6.9732 × 10−09 2.7170 × 10−15

0.1 5.2134 × 10−05 6.9731 × 10−08 6.2791 × 10−13

1 5.2134 × 10−04 6.9657 × 10−07 6.0625 × 10−10

10 5.2155 × 10−03 6.2385 × 10−06 5.9957 × 10−07

100 5.3140 × 10−02 9.3929 × 10−05 1.6049 × 10−04

Reference Figure 10a Figure 12a Figure 11a

Table 14. Simulated tone amplitudes at 4 K for sweeping VIF and VLO = 100 mV.

VIF [mV] VOUT(ωLO ± ωIF) [V] VOUT(ωLO ± 3ωIF) [V] VOUT(3ωLO ± ωIF) [V]

0.001 5.3366 × 10−07 2.9581 × 10−15 2.0341 × 10−09

0.01 5.3366 × 10−06 1.0588 × 10−13 2.0341 × 10−08

0.1 5.3366 × 10−05 3.2405 × 10−12 2.0341 × 10−07

1 5.3365 × 10−04 2.3202 × 10−10 2.0339 × 10−06

10 5.3367 × 10−03 7.1311 × 10−07 1.9477 × 10−05

100 5.3140 × 10−02 9.3929 × 10−05 1.6049 × 10−04

Reference Figure 10b Figure 12b Figure 11b

(a) (b)

Figure 7. Amplitude of second-order intermodulation products versus VLO (a) and VIF (b) for
VIF = 100 mV and VLO = 100 mV, respectively, at 300 K.

(a) (b)

Figure 8. Amplitude of fourth-order intermodulation products at ωLO ± 3ωIF versus VLO (a) and VIF

(b) for VIF = 100 mV and VLO = 100 mV, respectively, at 300 K.
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(a) (b)

Figure 9. Amplitude of fourth-order intermodulation products at 3ωLO ± ωIF versus VLO (a) and VIF

(b) for VIF = 100 mV and VLO = 100 mV, respectively, at 300 K.

(a) (b)

Figure 10. Amplitude of second-order intermodulation products at ωLO ± ωIF versus VLO (a) and
VIF (b) for VIF = 100 mV and VLO = 100 mV, respectively, at 4 K.

(a) (b)

Figure 11. Amplitude of fourth-order intermodulation products at 3ωLO ± ωIF versus VLO (a) and
VIF (b) for VIF = 100 mV and VLO = 100 mV, respectively, at 4 K.
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(a) (b)

Figure 12. Amplitude of fourth-order intermodulation products at ωLO ± 3ωIF versus VLO (a) and
VIF (b) for VIF = 100 mV and VLO = 100 mV, respectively, at 4 K.

Overall, the tables and figures show good agreement between calculated and simulated
amplitudes. The left columns in Tables 7–14 and the curves in Figures 7 and 10 agree with
Equation (73) provided by the proposed analytical model. They indeed show a linear
dependence of the second-order intermodulation product amplitudes on VLO and VIF, with
the higher orders in Equation (73) negligible, as pointed out by the other columns in the
tables and by the other figures on the fourth-order intermodulation products. Similarly, the
mid and right columns in the tables and the curves in Figures 8 and 9 and in Figures 11
and 12 are in agreement with the Equations (74) and (75) provided by the analytical model.
In particular, in agreement with Equations (74) and (75), both at RT and CT, the simulated

amplitudes of the tones at frequencies ωLO ± 3ωIF and 3ωLO ± ωIF, respectively, exhibit
a linear dependence on the amplitude of the sweeping LO and IF, respectively, and a
cubic dependence on the amplitude of the sweeping IF and LO, respectively; nevertheless,
some disagreement between the analytical model and the circuit simulation has to be
noted. Regardless of the temperature, when the VLO (VIF) sweeps, for VLO (VIF) lower
than 10−4 V (10−3 V), we observe an error in the amplitudes at frequencies VOUT(3ωLO ±
ωIF)(VOUT(ωLO ± 3ωIF)). It seems, therefore, that when the sweeping tone (VLO, VIF)
contributes by its third harmonic (3ωLO, 3ωIF), circuit simulations are more prone to
suffer from some numerical error for lower amplitudes. Indeed, when the sweeping
tone contributes by its fundamental harmonic (ωLO, ωIF), error is no longer observed. In
addition, it should be pointed out that at 4 K, for the tones at frequencies ωLO ± 3ωIF

and 3ωLO ± ωIF, circuit simulations and analytical results appear weakly shifted. In our
opinion, this can be ascribed to the fact that, for the HBT at 4 K, the exponential dependence
of the collector current IC on the base-emitter voltage VBE is as follows:

IC ≈ ISCe

VBE
ηVth (76)

on which the proposed analytical modeling is founded. Nevertheless, this relationship
between IC and VBE is based on a Drift-Diffusion (DD) charge transport mechanism, while
in the cryogenic HBT tunneling is dominant [57,58]. Indeed, the DD-based exponential
dependence above was applied to the cryogenic HBT but at the cost of using an abnormally
high value of η, which should be regarded just like a fitting parameter. This remark calls
for the need for a more specific modeling for the cryogenic HBT, which moves from the
microscopic tunneling-based charge transport from the emitter to the collector of the HBT.
In this regard, it is worth pointing out that Bardin’s PhD thesis is still a relevant reference
today [65].
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3.2. SFDR Analytical Evaluation

According to the definition of SFDR reminded in the Introduction, its mathematical
expression for a mixer is as follows:

SFDR = 20 log10

[︃
Aω

max(Akω)

]︃
(77)

where Aω is the amplitude of the desired output spectral component at frequency ωIF ±
ωLO, and max(Akω) is the amplitude of the highest unwanted intermodulation products,
which, in the present case, are at frequencies 3ωIF ± ωLO and ωIF ± 3ωLO. We can thus
define a couple of SFDR as follows:

SFDR1 = 20 log10

[︃
VOUT(ωLO ± ωIF)

VOUT(3ωLO ± ωIF)

]︃
(78)

SFDR2 = 20 log10

[︃
VOUT(ωLO ± ωIF)

VOUT(ωLO ± 3ωIF)

]︃
(79)

By introducing the following constants:

K1 =
1

2ηVth + R1 I0

IE
2ηVth + R2 IE

(80)

K2 =
ηVth

(2ηVth + R1 I0)4
IE

2ηVth + R2 IE
(81)

K3 =
IEηVth

(2ηVth + R2 IE)4
1

2ηVth + R1 I0
(82)

into Equations (73)–(75) you obtain the following:

VOUT(ωLO ± ωIF) =
RL
2

K1VLOVIF −
RL
4

K2V3
LOVIF −

RL
4

K3VLOV3
IF (83)

VOUT(3ωLO ± ωIF) = −RL
12

K2V3
LOVIF (84)

VOUT(ωLO ± 3ωIF) = −RL
12

K3VLOV3
IF (85)

The substitution of Equations (83)–(85) into Equations (78) and (79) yields the follow-
ing:

SFDR1 = 20 log10

(︄⃓⃓⃓⃓
⃓ RL

2 K1VLOVIF − RL
4 K2V3

LOVIF − RL
4 K3VLOV3

IF
RL
12 K2V3

LOVIF

⃓⃓⃓⃓
⃓
)︄

=

= 20 log

[︄⃓⃓⃓⃓
⃓6 K1

K2V2
LO

− 3

(︄
K3V2

IF
K2V2

LO
+ 1

)︄⃓⃓⃓⃓
⃓
]︄

(86)

SFDR2 = 20 log10

(︄⃓⃓⃓⃓
⃓ RL

2 K1VLOVIF − RL
4 K2V3

LOVIF − RL
4 K3VLOV3

IF
RL
12 K3V3

IFVLO

⃓⃓⃓⃓
⃓
)︄

=

= 20 log

⃓⃓⃓⃓
⃓6 K1

K3V2
IF

− 3

(︄
K2V2

LO
K3V2

IF
+ 1

)︄⃓⃓⃓⃓
⃓ (87)
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Since from Equations (80)–(82) it results in the following:

K1

K2
=

(2ηVth + R1 I0)
3

ηVth
(88)

K3

K2
=

(2ηVth + R1 I0)
3

(2ηVth + R2 IE)3 (89)

K1

K3
=

(2ηVth + R2 IE)
3

ηVth
(90)

Equations (86) and (87) can be rewritten as follows:

SFDR1 = 20 log10

{︄⃓⃓⃓⃓
⃓6 (2ηVth + R1 I0)

3

ηVthV2
LO

− 3

[︄
(2ηVth + R1 I0)

3V2
IF

(2ηVth + R2 IE)3V2
LO

+ 1

]︄⃓⃓⃓⃓
⃓
}︄

(91)

SFDR2 = 20 log10

{︄⃓⃓⃓⃓
⃓6 (2ηVth + R2 IE)

3

ηVthV2
IF

− 3

[︄
(2ηVth + R2 IE)

3V2
LO

(2ηVth + R1 I0)3V2
IF

+ 1

]︄⃓⃓⃓⃓
⃓
}︄

(92)

We take as SFDR the worst case between SFDR1 and SFDR2:

SFDR = min(SFDR1, SFDR2) (93)

Since the emitter degeneration resistors R1 and R2 impact the linearity, SFDR has
been calculated for VIF = VLO = 100 mV by adopting the values in Tables 4–6 except
for the degeneration resistors. First R1 has been swept by keeping R2 constant (800 Ω)
and then R2 has been swept by keeping R1 constant (800 Ω). Figure 13a and Figure 13b
depicts the obtained results at RT. The figure points out that SFDR1 (SFDR2), linked to
intermodulation product at frequency ωIF ± 3ωLO (3ωIF ± ωLO), determines the SFDR for
R1 (R2) lower than about 800 Ω, in agreement with R1 (R2) and ωLO (ωIF) being present in
the first (second) section of the Gilbert multiplier. Similar results were obtained at CT.

This remark reveals that the linearity of the whole multiplier is set by the differential
pair in the two sub-circuits (input differential amplifier and Gilbert cell in Figure 5) designed
with the lower value of degeneration resistance. It is, therefore, reasonable to design the
Gilbert multiplier with the same values of degeneration resistances, as Table 4 points out.

(a) (b)

Figure 13. Analytically calculated SFDR vs. R1 (a) or R2 at 300 K (b).
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This investigation, carried out by an analytical model, has been repeated by transient
simulations. Figure 14 shows good agreement between the calculated and simulated SFDR
at RT. Similarly, this was observed at CT, as depicted in Figure 15.

The proposed analytical model predicts the maximum value of the SFDR at RT well,
and it follows well the increase in SFDR with the increase in the degeneration resistance at
CT. Moreover, the analytical model predicts the minimum of the SFDR in the same range
of degeneration resistance observed in the simulated SFDR. Of course, being realistic, the
models provided by the DK and the simulations do not reproduce the sharp minimum
given by the analytical model.

(a) (b)

Figure 14. Analytical and simulated SFDR vs. R1 (a) or R2 at 300 K (b).

(a) (b)

Figure 15. Analytical and simulated SFDR vs. R1 (a), or vs. R2 at 4 K (b).

In particular, Figures 14 and 15 show that the analytical model predicts a negative
SFDR, that |a1| is lower than |a3|, for low enough values of the degeneration resistors.
Figure 13a and Figure 13b show, respectively, that in these intervals the SFDR is set by
SFDR1 and SFDR2, respectively. When R1 sweeps while R2 is kept constant at 800 Ω, the
edge values of R1, for which |a1| = |a3|, can be calculated straightforwardly thus from
Equation (91) as follows: [︄

2
ηVthV2

LO
−

V2
IF

y3V2
LO

]︄
x3 =

2
3

(94)

[︄
2

ηVthV2
LO

−
V2

IF
y3V2

LO

]︄
x3 =

4
3

(95)
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where x ≜ 2ηVth + R1 I0 and y ≜ 2ηVth + R2 IE. For the values reported in Tables 4–6,
Equations (94) and (95) provides the pair of edge values R1 ≃ − 86.4 Ω, R1 ≃ 15.9 Ω (R1 ≃
53.5 Ω, R1 ≃ 86.9 Ω) at RT (CT). In addition, it is worth pointing out that Figure 15 seems
to exhibit a cusp but, actually, it is the vertical asymptote corresponding to a null-valued
argument of the SFDR. Still for R1 sweeping and R2 = 800 Ω, Equation (91) yields the
value of R1 positioning this asymptote:[︄

2
ηVthV2

LO
−

V2
IF

y3V2
LO

]︄
x3 = 1 (96)

For the values reported in Tables 4–6. Equation (96) yields R1 ≃ − 29.4 Ω at RT and
R1 ≃ 72.1 Ω at CT.

When R2 sweeps while R1 is kept constant at 800 Ω, Equation (92) provides
the edge and asymptotic values of R2. Because of the mathematical symmetry of
Equations (91) and (92), the obtained values for R2 are identical to the previously calculated
values for R1. For the sake of exactness, it should be noted that each of Equations (94)–(96)
also exhibits a couple of complex conjugate solutions, as discussed in Appendix C.

Eventually, Table 15 compares calculated and simulated SFDR for degeneration resis-
tors equal to 800 Ω. The analytical model overestimates the SFDR with a relative error of
about 5% (10%) at 300 K (4 K). Nevertheless, it remains clear that the analytical model is able
to predict that the SFDR improves by decreasing the temperature. It is worth pointing out
that the SFDR values in Table 15 are, at RT, close to and, at CT, better than the benchmark
value of 40 dB. This is a relevant result, because the SFDR is an important parameter for
the control of qubits, as the Introduction points out.

Table 15. Comparison between analytically modeled and simulated SFDR for the Gilbert multiplier.

Temp. [K] SFDR (Model) SFDR (Simulation)

300 36.357 34.661
4 55.940 50.372

Overall, we can, therefore, close this section by concluding that the analytical model is
able to size pretty well the main characteristics of the Gilbert multiplier implemented in
the SG13G2 technology both under RT and CT temperature regimes.

4. Jones Demodulator
The Jones demodulator is a multiplier-based mixer, as discussed in the Introduction.

The present paper addresses a BiCMOS implementation, whose generic schematic is de-
picted in Figure 16. The dashed rectangles point out three sections. In the switching
section, the switching activity of the field-effect transistors M1 ÷ M4 generates intermod-
ulation products of frequencies m fLO ± n f IF where both m and n are integer numbers.
The transconductance section is made of bipolar transistors, and it is the same circuit
investigated in Section 2. The load section is just constituted by a couple of resistors.

The transistors in the switching section are driven by the LO+ and LO− square wave
signals, oscillating in antiphase at frequency fLO between 0V and VG. When LO+ is high,
M1 and M4 are ON, while, M2 and M3 are OFF. The current IL (IR) flowing through the
left (right) load resistor RL is thus IC1 (IC2). The output differential current, defined as
∆ILR = IL − IR, is equal to ∆I12 = IC1 − IC2 and the differential output voltage ∆VOUT ,
defined as VOUT,R − VOUT,L, is equal to RL(IL − IR) = RL∆I12. When, instead, LO− is
high, M1 and M4 are OFF, while, M2 and M3 are ON. The current flowing through the
left (right) load resistor RL is now IC2 (IC1). In this case ∆ILR = IC2 − IC1 = −∆I12 and
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∆VOUT = −RL∆I12. The output differential voltage ∆VOUT thus results in a square wave
signal oscillating at frequency fLO between RL∆I12 and −RL∆I12 as depicted in Figure 17.

Q1 Q2

R R

IE

M1 M2 M3 M4

IE3 IE4

IC1

IE5 IE6

IC2

LO−

LO+

LO+

RL

IR

VDD

RL

IL

VDD

VOUT,RVOUT,L +−

VIF+ VIF−

Switching
Section

Transconductance
Circuit

Load Section

Figure 16. Generic schematic of the BiCMOS Jones demodulator.

Figure 17. Differential output voltage of the Jones demodulator in the time domain.

Since it is a square wave of peak amplitude VOUT,peak ≜ RL∆I12, and frequency fLO,
its Fourier series is as follows:

∆VOUT(t) = RL∆I12
4
π

+∞

∑
n=0

sin[(2n + 1)ωLOt]
(2n + 1)

(97)

Since the transconductance section, composed by Q1 and Q2, it is fed by the input dif-
ferential voltage signal ∆VIN cos(ωIFt) and its behaviour can be described according to
Sub-section 2.1, by reminding Equations (24)–(26) we can write the following:

∆VOUT(t) =
4
π

RL[a1 cos(ωIFt) + a3 cos(3ωIFt)]

{︄
+∞

∑
n=0

sin[(2n + 1)ωLOt]
(2n + 1)

}︄
(98)
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with the following:

a1 ≜
IE

2ηVth

1 + RIE
2ηVth

∆VIN − 3
IE

96(ηVth)3
1(︄

1 +
IER

2ηVth

)︄4 ∆V3
IN (99)

a3 ≜ − IE

96(ηVth)3
1(︄

1 +
IER

2ηVth

)︄4 ∆V3
IN (100)

By recalling the trigonometric identity 2 sin(α) cos(β) = sin(α − β) + sin(α + β), Equation (98)
can be rewritten as follows:

∆VOUT(t) =
2
π

RLa1

{︄
+∞

∑
n=0

sin[(2n + 1)ωLO + ωIF]t
2n + 1

+
sin[(2n + 1)ωLO − ωIF]t

2n + 1

}︄
+

2
π

RLa3

{︄
+∞

∑
n=0

sin[(2n + 1)ωLO + 3ωIF]t
2n + 1

+
sin[(2n + 1)ωLO − 3ωIF]t

2n + 1

}︄
(101)

By limiting the series to n=1, Equation (101) provides the following second order
∆VOUT11(t), fourth order ∆VOUT13(t), ∆VOUT31(t) and sixth order ∆VOUT33(t) intermodula-
tion products in the differential output voltage signal ∆VOUT

∆VOUT11(t) =
2
π

RLa1 sin[(ωLO ± ωIF)t] = ∆VOUT11 sin[(ωLO ± ωIF)t] (102)

∆VOUT13(t) =
2
π

RLa3 sin[(ωLO ± 3ωIF)t] = ∆VOUT13 sin[(ωLO ± 3ωIF)t] (103)

∆VOUT31(t) =
2

3π
RLa1 sin[(3ωLO ± ωIF)t] = ∆VOUT31 sin[(3ωLO ± ωIF)t] (104)

∆VOUT33(t) =
2

3π
RLa3 sin[(3ωLO ± 3ωIF)t] = ∆VOUT33 sin[(3ωLO ± 3ωIF)t] (105)

From the amplitudes ∆VOUT11 , ∆VOUT13 , ∆VOUT31 , ∆VOUT33 of these intermodulation
products, it is possible to calculate the following SFDR:

SFDR1 = 20 log10
∆VOUT11

∆VOUT13

= 20 log10

⃓⃓⃓⃓
a1

a3

⃓⃓⃓⃓
(106)

SFDR2 = 20 log10
∆VOUT11

∆VOUT31

= 20 log10 3 = 9.542dB (107)

SFDR3 = 20 log10
∆VOUT11

∆VOUT33

= 20 log10

⃓⃓⃓⃓
3a1

a3

⃓⃓⃓⃓
= SFDR1 + SFDR2 (108)

Equation (108) shows that, according to the definition of SFDR given in Equation (93),
SFDR3 can be ruled out in the evaluation of the SFDR. On the other hand, because
Equation (107) is a constant value, the SFDR can not be better than 9.542 dB unless some
filtering makes SFDR1 the minimum, even if at the cost of renouncing the wideband
feature, which may be useful in the design of a multi-frequency qubit controller [66,67].

For the sake of validation, the generic schematic in Figure 16 has been implemented in
the circuit in Figure 18 using the SG13G2 technology by IHP. Table 16 reports transistor
sizes, Table 17 resistances, values of the bias voltages and of the tail current, and Table 18
signal amplitudes and frequencies. Note that the dynamic of the LO signal is between
0 V and 1.6 V and large enough for making the transistors quad (M1,M2,M3,M4) behave
like switches.
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IE3 IE4

IC1

IE5 IE6

IC2

RL

IR

VDD

RL

IL

VDD

VOUT,RVOUT,L +−
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Figure 18. Jones schematic in the SG13G2 technology.

Table 16. Transistor sizes at RT and CT; n1 set the number of gates in the field effect transistors while,
m1 the number of emitter fingers in the junction transistors.

Temp. [K] WMOS [µm] LMOS [nm] n1 WHBT [nm] LHBT [nm] m1

300 12.45 130 10 70 900 1
4 12.45 130 10 70 900 1

Table 17. Resistances, bias voltages and tail current.

Temp. [K] VDD [V] VDC,IF [V] RL [Ω] R [Ω] IE [µA]

300 1.6 1.2 2000 800 117
4 1.6 1.2 2000 800 243

Table 18. Amplitudes and frequencies of the input signals.

Temp. [K] VLO,min [V] VLO,max [V] VIF [mV] fLO [GHz] fIF [MHz]

300 0 1.6 100 1 140
4 0 1.6 100 1 140

The substitution of these values into Equations (102)–(104) leads to the amplitudes
reported in the following Table 19.

Table 19. Calculated amplitudes from the analytical model.

Temperature [K] ∆VOUT11 [mV] ∆VOUT31 [mV] ∆VOUT13 [mV]

300 95.362 31.787 1.387
4 144.843 48.281 0.231

On the other hand, Figure 19a,b show the spectra of the output differential voltage, for
the same values as before, calculated from transient simulations.
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(a) (b)

Figure 19. Output voltage spectrum of 300 K model (a) and 4 K (b).

Table 20 compares simulated and calculated amplitudes together with the corre-
sponding relative errors. As already observed for the Gilbert multiplier, the error is more
pronounced for simulations carried out at CT. Table 20 shows also that the simulated SFDR
is about 10.539 dB at RT and about 10.798 dB, values 1 dB close to the 9.542 dB value
predicted by the analytical model in Equation (107).

Table 20. Comparison between analytical and simulated amplitudes.

Temp. [K] Simulated [mV] Analytical [mV] Err. [%]

∆VOUT11 (ωLO ± ωIF)

300 92.870 95.362 −2.68
4 142.406 144.843 −2.44

∆VOUT13 (ωLO ± 3ωIF)

300 1.433 1.387 3.20
4 0.185 0.231 −24.86

∆VOUT31 (3ωLO ± ωIF)

300 27.600 31.787 −15.17
4 41.079 48.281 −17.53

5. Conclusions
This work has presented a non-linear analytical modeling of a wideband bipolar

Gilbert multiplier and of a BiCMOS Jones demodulator. Since both circuits can be used
for frequency translation purposes, with the BiCMOS Jones demodulator being the most
adopted circuit solution nowadays, and since the aim of this paper is the analytical mod-
eling of non-linear behaviors, the investigation was mainly focused on the generation of
intermodulation products. As the two circuits share the same degenerated bipolar tran-
sistor pair, this pair has been modelled first; MOSFET were used only for the switching
section of the Jones demodulator. The following investigation approach has been the
same for all investigated circuits (degenerated transistor pair, Gilbert multiplier, and Jones
demodulator): first, the analytical model was developed for a generic schematic, and then
it was validated by comparing its predictions with Cadence circuit simulations carried out
on the circuit obtained by implementing the generic schematic into the 130 nm BiCMOS
technology SG13G2 by IHP. It is worth noting that the device models offered by a design kit
are obtained by the foundry from experimental data; for the microelectronics designer, the
device models in a design kit thus have the same credibility/reliability as an experimental

https://doi.org/10.3390/mi17111273

https://doi.org/10.3390/mi17111273


Micromachines 2026, 17, 1273 29 of 37

characterization. Since the design kit for the SG13G2 technology offers not only room
temperature but also cryogenic model cards of active and passive devices, all addressed
circuits have been investigated both at room and cryogenic temperatures. The circuits
have, therefore, been designed twice, and the simulations have been compared with the
model predictions. Overall, the model demonstrated to be in good agreement with the
simulations under both temperature regimes. The proposed analytical model is able to
reproduce, on its own, that is, without any fitting procedure other than that related to the
non-ideality coefficient η in the Gummel plots, the behavior of the simulated amplitudes of
the second- and fourth-order intermodulation products with the exception of the tones at
3ωLO ± ωIF, for which the model predictions are optimistic with respect to the simulations.
It is the authors’ opinion that this has to be ascribed to the adoption of the DD physically
based exponential IC − VBE characteristic for the HBT at 4 K, while, on the other hand, the
dominant charge transport mechanism at cryogenic temperature is trap-assisted tunneling.
In this framework, the non-ideality factor η is just a fitting parameter. This points out the
need for more specific modeling of the cryogenic HBT IC − VBE characteristic. To this end,
optimization algorithms can come into play by using the non-ideality factor η as a relevant
parameter [23]-[26].

As far as the SFDR, the discrepancy between analytical predictions and simulations is,
regardless of temperature, lower than 10%, which has to be considered as a good agreement.
In particular, it is worth pointing out that the SFDR at 4 K was found to be in the range
of 50 dB, a value well aligned with the performance claimed in the literature [7,31,39,61]
for controllers for semiconductor spin and transmon qubits. For the Jones demodulator,
the proposed analytical model agrees with the Cadence simulations that a wideband Jones
demodulator cannot offer an SFDR better than about 10 dB, regardless of temperature.
Since SFDR is a figure-of-merit assessing the spectral purity of the output signal generated
by the multiplier, this finding is very interesting, because it suggests the Gilbert multiplier
as an interesting potential mixer for cryogenic circuits for quantum computing as qubit
controllers or demodulators for reflectometric qubit readout. This conclusion invites to
explore systematically the use of a Gilbert multiplier in cryogenic circuits for quantum
computing cryogenic BiCMOS circuitry.

In addition, the overall satisfying agreement between the non-linear analytical model
and the circuit simulations obtained both for the Gilbert multiplier and the Jones modulator
points out that the analytical equations provided by the proposed analytical model can be
assumed as design equations helpful for designing a wideband mixer for a given SFDR
target even under cryogenic temperature conditions.

Author Contributions: Conceptualization, M.B. (Matteo Biscolli) and M.B. (Mattia Borgarino);
methodology, M.B. (Matteo Biscolli) and M.B. (Mattia Borgarino); software, M.B. (Matteo Biscolli);
validation, M.B. (Matteo Biscolli) and M.B. (Mattia Borgarino); formal analysis, M.B. (Matteo Biscolli)
and M.B. (Mattia Borgarino); investigation, M.B. (Matteo Biscolli); writing—original draft preparation,
M.B. (Matteo Biscolli); writing—review and editing, M.B. (Mattia Borgarino); visualization, M.B.
(Matteo Biscolli); supervision, M.B. (Mattia Borgarino). All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Data is contained within the article.

Acknowledgments: The authors would like to thank the IHP foundry (Frankfurt am Oder, Germany)
for having provided the cryogenic Design Kit of the SiGe 130 nm BiCMOS technology SG13G2C.

https://doi.org/10.3390/mi17111273

https://doi.org/10.3390/mi17111273


Micromachines 2026, 17, 1273 30 of 37

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations
The following abbreviations are used in this manuscript:

CT Cryogenic Temperature
CVTC Current–Voltage Transfer Characteristics
DD Drift-Diffusion
DFT Discrete Fourier Transform
DK Design Kit
HBT Heterojunction Bipolar Transistor
RT Room Temperature
SFDR Spurious-Free Dynamic Range

Appendix A. Calculations of the Derivatives

Appendix A.1. First Derivative
d∆IOUT
d∆VIN

⃓⃓⃓⃓
⃓
VIN=0

From Equation (14), after having defined u = ∆VIN−R∆IOUT
2ηVth

we obtained the following:

d∆IOUT
d∆VIN

= I0
d tanh(u)

du
du

d∆VIN
(A1)

From the definition of u we obtain the following:

du
d∆VIN

=
d ∆VIN−R∆IOUT

2ηVth

d∆VIN
=

1
2ηVth

d(∆VIN − R∆IOUT)

d∆VIN
=

1
2ηVth

(︃
1 − R

d∆IOUT
d∆VIN

)︃
(A2)

Substituting Equation (A2) into Equation (A1) we obtained the following:

d∆IOUT
d∆VIN

=
I0

2ηVth

d tanh(u)
du

(︃
1 − R

∆IOUT
d∆VIN

)︃
(A3)

and by reminding that d tanh(u)
du = sech2(u):

d∆IOUT
d∆VIN

=
I0

2ηVth
sech2(u)

(︃
1 − R

d∆IOUT
d∆VIN

)︃
(A4)

which, once solved for d∆IOUT
d∆VIN

, provides the following:

d∆IOUT
d∆VIN

=

I0

2ηVth
sech2(u)(︃

1 + R
I0

2ηVth
sech2(u)

)︃ (A5)

Since ∆IOUT = 0 for ∆VIN = 0, as pointed out above, from the definition of u =
∆VIN−R∆I

2ηVth
leads to u = 0. For ∆VIN = 0 we obtain the following:

d∆IOUT
d∆VIN

⃓⃓⃓⃓
⃓
∆VIN=0

=
I0

2ηVth

sech2(u)(︃
1 + R

I0

2ηVth
sech2(u)

)︃ =

I0

2ηVth

1 +
RI0

2ηVth

(A6)

where it has been reminded that sech(0) = 1
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Appendix A.2. Second Derivative
d2∆IOUT

d∆V2
IN

⃓⃓⃓⃓
⃓
VIN=0

The second derivative of Equation (14) is the first derivative of Equation (A5). So we
can derive Equation (A5) further. We start by calculating the derivative of sech2(u), by
reminding that u = ∆VIN−R∆IOUT

2ηVth
:

d
d∆VIN

sech2
(︃

∆VIN − R∆IOUT
2ηVth

)︃
= −2 sech2

(︃
∆VIN − R∆IOUT

2ηVth

)︃
tanh

(︃
∆VIN − R∆IOUT

2ηVth

)︃1 − R d∆IOUT
d∆VIN

2ηVth
(A7)

Now by rewriting Equation(A5) and substituting I0
2Vth

sech2
(︂

∆VIN−R∆IOUT
2ηVth

)︂
with A,

where A(1) denotes the first derivative, we obtain the following equation:

d
d∆VIN

(︃
A

1 + RA

)︃
=

A(1)(1 + RA)− RA(1)A
(1 + RA)2 =

A(1)

(1 + RA)2 (A8)

But A(1) is equal to Equation(A7), so you obtain the following:

A(1)

(1 + RA)2 =
I0

(︂
1 − R d∆IOUT

d∆VIN

)︂
(2ηVth)2

−2 sech2
(︂

∆VIN−R∆IOUT
2ηVth

)︂
tanh

(︂
∆VIN−R∆IOUT

2ηVth

)︂
[︂
1 + RI0

2ηVth
sech2

(︂
∆VIN−R∆IOUT

2ηVth

)︂]︂2 (A9)

In this equation it is present the term d∆IOUT
d∆VIN

, that we can substitute with the Equation
(A5) to obtain the following:

d2∆IOUT

d∆V2
IN

=

⎡⎣1 − R
I0

2ηVth
sech2

(︂
∆VIN−R∆IOUT

2ηVth

)︂
1 + RI0

2ηVth
sech2

(︂
∆VIN−R∆IOUT

2ηVth

)︂
⎤⎦−2I0 sech2

(︂
∆VIN−R∆IOUT

2ηVth

)︂
tanh

(︂
∆VIN−R∆IOUT

2ηVth

)︂
(2ηVth)2

[︂
1 + RI0

2ηVth
sech2

(︂
∆VIN−R∆IOUT

2ηVth

)︂]︂2 (A10)

=
I0

(2ηVth)2

−2 sech2
(︂

∆VIN−R∆IOUT
2ηVth

)︂
tanh

(︂
∆VIN−R∆IOUT

2ηVth

)︂
[︂
1 + RI0

2ηVth
sech2

(︂
∆VIN−R∆IOUT

2ηVth

)︂]︂3

Since, for a continuity principle applied to R, the ∆IOUT = ∆IOUT(∆VIN) curve is
expected to exhibit an odd symmetry around the origin as it is for the curve plotted for
R = 0, the tanh term in the numerator forces this equation to be zero for ∆VIN = 0.

Appendix A.3. Third Derivative
d3∆IOUT

d∆V3
IN

⃓⃓⃓⃓
⃓
VIN=0

Starting from the Equation (A10), we can substitute the following parameters:

u =
∆VIN − R∆IOUT

2ηVth
, Z =

d2∆IOUT

d∆V2
IN

.
du

d∆VIN
=

d
d∆VIN

(︃
∆VIN − R∆IOUT

2ηVth

)︃
(A11)

This allows us rewriting the third derivative easily in terms of the second derivative. The

third derivative is
d3∆IOUT

d∆V3
IN

=
dZ
du

du
d∆VIN

. We can also define:

F1 = sech2(u) tanh(u), F2 =

(︃
1 +

I0R
2ηVth

sech2(u)
)︃−3

(A12)
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so that Z = − I0

2ηV2
th

F1 F2. Applying the product rule, the third derivative takes the

following form:
dZ
du

= − I0

2ηV2
th

(︃
dF1

du
du

d∆VIN
F2 + F1

dF2

du
du

d∆VIN

)︃
. (A13)

Using the chain rule and recalling from Equation (A7) the derivative of sech2(u):

dF1

d∆VIN
=

d
d∆VIN

[︁
sech2(u) tanh(u)

]︁
=
[︂
− 2 sech2(u) tanh2(u) + sech4(u)

]︂ du
d∆VIN

. (A14)

As far as F2, with G(u) = 1 + I0R
2ηVth

sech2(u), you have F2 = [G(u)]−3, and thus:

dF2

d∆VIN
=− 3[G(u)]−4 dG

d∆VIN
= (A15)

=3
I0R
Vth

sech2(u) tanh(u)
du

d∆VIN
[G(u)]−4.

From Equation (A11) and substituting also Equation (A5):

du
d∆VIN

=
1

2ηVth

1

1 +
I0R

2ηVth
sech2(u)

= (A16)

=
1

2ηVth
[G(u)]−1

Substituting into the product rule expression and factoring
du

d∆VIN
with the denomina-

tor [G(u)]−5:

dZ
d∆VIN

= − I0

2ηV2
th

du
d∆VIN

[G(u)]−4

{︄[︂
− 2 sech2(u) tanh2(u) + sech4(u)

]︂
G(u)

+ 3
I0R
Vth

sech4(u) tanh2(u)

}︄
.

(A17)

The replacement of
du

d∆VIN
cancels one factor of G(u) in the denominator, leaving:

dZ
d∆VIN

= − I0

4(ηVth)3 [G(u)]−5

{︄[︂
− 2 sech2(u) tanh2(u) + sech4(u)

]︂
G(u) + 3

I0R
Vth

sech4(u) tanh2(u)

}︄
. (A18)

By expanding the bracket and gathering sech4(u) tanh2(u):

=
(︂
−2 sech2(u) tanh2(u) + sech4(u)

)︂(︃
1 +

I0R
2ηVth

sech2(u)
)︃
+ 3

I0R
Vth

sech4(u) tanh2(u)

= −2 sech2(u) tanh2(u) + sech4(u) + 2
I0R
Vth

sech4(u) tanh2(u) +
I0R

2ηVth
sech6(u).

(A19)

Multiplying through by the minus sign:

d3(∆IOUT)

d∆V3
IN

=
I0

4(ηVth)3

2 sech2(u) tanh2(u)− sech4(u)− 2 I0R
Vth

sech4(u) tanh2(u)− I0R
2ηVth

sech6(u)(︃
1 +

I0R
2ηVth

sech2(u)
)︃5 (A20)
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with
u =

∆VIN − R∆IOUT
2ηVth

. (A21)

Eventually, after having put in explicit form:

d3(∆IOUT)

d∆V3
IN

= − I0

4(ηVth)3

2 sech2
(︃

∆VIN − R∆IOUT
2ηVth

)︃
tanh2

(︃
∆VIN − R∆IOUT

2ηVth

)︃
− sech4

(︃
∆VIN − R∆IOUT

2ηVth

)︃
(︄

1 +
I0R

2ηVth
sech2

(︃
∆VIN − R∆IOUT

2ηVth

)︃)︄5

− I0

4(ηVth)3

2 I0R
Vth

sech4
(︃

∆VIN − R∆IOUT
2ηVth

)︃
tanh2

(︃
∆VIN − R∆IOUT

2ηVth

)︃
+ I0R

2ηVth
sech6

(︃
∆VIN − R∆IOUT

2ηVth

)︃
(︄

1 +
I0R

2ηVth
sech2

(︃
∆VIN − R∆IOUT

2ηVth

)︃)︄5

(A22)

we can calculate the third derivative for ∆VIN = 0 as follows:

1
6

d3∆IOUT

dV3
IN

⃓⃓⃓⃓
⃓
∆VIN=0

= − I0

4(3!)(ηVth)3

1 + I0R
2ηVth(︄

1 +
I0R

2ηVth

)︄5 (A23)

= − I0

24(ηVth)3
1(︄

1 +
I0R

2ηVth

)︄4

Appendix B. Calculation of VIN,knee

It is possible to estimate the input differential voltage ∆VIN corresponding to the
maximum output differential current ∆IOUT .

To derive this value, Equation (18) can be used, as it represents the slope of the tangent
at the origin. The tangent Equation is given by the following:

∆IOUT =

I0

2ηVth

1 +
RI0

2ηVth

∆VIN (A24)

The maximum value of ∆IOUT is obtained when ∆IOUT = I0. By substituting this
condition into the previous Equation and solving for ∆VIN , the following result is obtained:

I0 =

I0

2ηVth

1 +
RI0

2ηVth

∆VINknee

1 =

1
2ηVth

1 +
RI0

2ηVth

∆VINknee

∆VINknee =

1 +
RI0

2ηVth
1

2ηVth

= 2ηVth + RI0 (A25)
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The quantity ∆VINknee , therefore, corresponds to the input differential voltage for
which ∆IOUT reaches its maximum value, according to the first-order Taylor approximation
of the curve.

Appendix C. About Complex Solutions in Equations (94)–(96)
Equations (94)–(96) can be put in the generic form y3 − k = 0 with k > 0. According

to the Fundamental Theorem of Algebra, first stated by Albert Girard (1595–1632) in 1629
[68], the equation has three solutions. Nevertheless, already in 1545 Gerolamo Cardano
(1501–1576) proved that a cubic algebraic equation has one real solution and two further
solutions that may be complex [69]. With reference to a cubic equation in the form y3 +

py + q = 0, known as the depressed one, Cardano classifies different solutions on the basis

of the quantity ∆ ≜ q2

4 + p3

27 . In our case, the depressed cubic equation simplifies further

into y3 + q = 0 with q = −k < 0 and the quantity ∆ reduces to q2

4 , which is a positive
number. Under this conditions, according to Cardano, the real solution y1 is − 3

√
q = 3

√
k,

corresponding to the values of R1 calculated from Equations (94)–(96), while the two

complex solutions y2 and y3 are 3
√

k
(︂
− 1

2 ± j
√

3
2

)︂
; note indeed that

(︂
− 1

2 ± j
√

3
2

)︂3
= 1.
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