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A B S T R A C T

We study some closed connected orientable 3–manifolds obtained by Dehn surgery along the oriented
components of the 3-chain link. For such manifolds, we describe exceptional surgeries related to some results
from Audoux et al. (2018) and Martelli and Petronio (2006). Then we construct a related family of hyperbolic
knots in the 3-sphere, which admit two consecutive Seifert fibered surgeries and two toroidal fillings at distance
3. Such additional examples are not mentioned in the quoted papers.
1. Introduction

Dehn surgery provides a nice method to relate the topology of ori-
entable 3-manifolds and knot theory. By Thurston [1], Dehn surgery on
a framed hyperbolic knot in the oriented 3-sphere almost always gives
rise to a hyperbolic closed orientable 3-manifold. A non-hyperbolic
Dehn surgery is called exceptional. Thanks to the positive solution to
the Geometrization Conjecture [2], any exceptional surgery is either
reducible, toroidal, or a small Seifert fibered space. Brittenham and
Wu [3] determine all exceptional surgeries on 2-bridge knots. Remark-
able results on the classification of exceptional surgeries on hyperbolic
pretzel knots, Montesinos knots and alternating knots can be found
in Meier [4], Wu [5], and Ichihara and Masai [6], respectively. For
Seifert manifolds (notation and classification) see Montesinos [7] and
Orlik [8].

In this paper we study some closed connected orientable 3–manifolds
obtained by Dehn surgery along the oriented components of the 3-chain
link. For such manifolds, we find finite balanced group presentations of
the fundamental group which correspond to their spines, and describe
exceptional surgeries related to some results from Audoux et al. [9] and
Martelli and Petronio [10]. Then we construct a new infinite family of
hyperbolic knots in the oriented 3-sphere arising from the 3-chain link,
which admit two consecutive Seifert fibered surgeries and two toroidal
fillings at distance 3. Such additional examples are not mentioned in the
quoted papers. The proofs are based on the combinatorial group theory
and the representations of closed manifolds by spines and surgery
on framed links. Spines and surgery descriptions of graph manifolds
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(including Seifert fibered spaces and lens spaces) are discussed in a
recent paper of the authors [11], which is most valuable to derive the
results presented here. Such results are correctly confirmed by using
SnapPea program from Weeks [12].

2. Main results

Let 𝑁 be the complement in the oriented 3-sphere S3 of the 3-
chain link depicted in Fig. 1(a). Let 𝑁(𝑝∕𝑞 , 𝑚∕𝑛) denote the Dehn
filling of 𝑁 with one boundary component. As usual, the surgery
coefficients (𝑝, 𝑞) and (𝑚, 𝑛) are pairs of coprime integers. For the geo-
metrical classifications of such manifolds (particularly, their hyperbolic
structure) we refer to Martelli and Petronio [10]. Here we discuss
additional examples which are not mentioned in the cited paper. Fur-
thermore, we reobtain some results from Audoux et al. [9] by using
very different techniques based on combinatorial group theory and
spine representations of manifolds.

Combining results from [13,14] gives

Proposition 2.1. The fundamental group of the cusped surgery manifold
𝑁(𝑝∕𝑞 , 𝑚∕𝑛) admits the finite group presentation with generators 𝑎 and
𝑏 and one relation 𝑎𝑞 𝑏𝑚+𝑛 𝑎𝑞 𝑏−𝑛 𝑎−𝑝−𝑞 𝑏−𝑛 = 1. Such a presentation is
geometric in the sense that it corresponds to a spine of the manifold.
Furthermore, the peripheral meridian and longitude are given by 𝑎𝑝 𝑏𝑛 and
𝑎−𝑞 𝑏−𝑚−2𝑛 𝑎−𝑞 𝑏𝑛 𝑎𝑝 𝑏𝑛, respectively.
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Fig. 1. (a) The 3–chain link. The manifold 𝑁(𝑝∕𝑞 , 𝑚∕𝑛) with one boundary component.
The manifold 𝑀(𝑝∕𝑞 , 𝑚∕𝑛, 𝑟); (b) The hyperbolic knot 𝐾2 in S3 with complement
𝑁(1∕2, 3∕2).

Let 𝑀(𝑟) = 𝑁(𝑝∕𝑞 , 𝑚∕𝑛, 𝑟) be the closed connected orientable 3-
manifold obtained by Dehn filling of 𝑁(𝑝∕𝑞 , 𝑚∕𝑛) with an integer
urgery coefficient 𝑟 ∈ Z. See Fig. 1(a). We determine conditions on
he parameters for which the manifolds 𝑀(𝑟) are Seifert fibered spaces
including lens spaces) or toroidal. An orientable Seifert fiber space is of

type (𝑂 0 𝑜 ∶ 𝑏 (𝛼1, 𝛽1) (𝛼2, 𝛽2) (𝛼3, 𝛽3)) if it has a Seifert fibration over the
2–sphere S2 with Euler number 𝑏 and three exceptional fibers of indices
𝛼𝑖, 𝛽𝑖), for 𝑖 = 1, 2, 3. See [7, §4]. This representation also includes
ens spaces as a particular subclass. A compact orientable 3–manifold

is called a graph manifold if it can be obtained by gluing several copies
f the manifolds 𝐷 × S1 and 𝐴 × S1 together by homeomorphisms of
ome components of their boundaries. Here 𝐷 is the 2–disc and 𝐴 is
n annulus. A closed connected 3–manifold is said to be toroidal if it
ontains an incompressible torus.

By definition of Dehn surgery, Proposition 2.1 directly implies the
following result, which also relates with the arguments discussed in
14, §1]:

Proposition 2.2. For any 𝑟 ∈ Z, the fundamental group of the surgery
manifold 𝑀(𝑟) = 𝑁(𝑝∕𝑞 , 𝑚∕𝑛, 𝑟) admits the finite geometric presentation
with generators 𝑎 and 𝑏 and two relations 𝑎𝑞 𝑏𝑚+𝑛 𝑎𝑞 𝑏−𝑛 𝑎−𝑝−𝑞 𝑏−𝑛 = 1 and
(𝑎𝑝 𝑏𝑛)𝑟 𝑎−𝑞 𝑏−𝑚−2𝑛 𝑎−𝑞 𝑏𝑛 𝑎𝑝 𝑏𝑛 = 1.

Note that the fundamental group of 𝑀(∞) = 𝑁(𝑝∕𝑞 , 𝑚∕𝑛,∞) has the
eometric presentation with generators 𝑎 and 𝑏 and relations 𝑎𝑝𝑏𝑛 = 1

and 𝑎𝑞 𝑏𝑚+𝑛 𝑎𝑞 𝑏−𝑛 𝑎−𝑝−𝑞 𝑏−𝑛 = 1. This is equivalent to the geometric
presentation ⟨𝑎, 𝑏 ∶ 𝑎𝑝𝑏𝑛 = 1, 𝑎𝑞𝑏𝑚 = 1⟩. By Theorem 1.2 of [11], it
ollows that 𝑀(∞) is the lens space 𝐿(𝜆, 𝑘), where 𝜆 = |𝑞 𝑛 − 𝑚𝑝| and
≡ 𝑛′ (mod 𝜆) with 0 ≤ 𝑘 < 𝜆. The integer 𝑛′ is completely determined

s in [11].

Proposition 2.3. If 𝑞 𝑛−𝑚𝑝 = ±1, then the surgery manifold 𝑁(𝑝∕𝑞 , 𝑚∕𝑛)
is the complement of a knot in the oriented 3–sphere. This knot is hyperbolic
except a finite number of cases listed in Theorem 1.2 from [10].

The following general theorem implies the results in Tables 1 and
 of Audoux et al. [9] as particular cases (for which the condition

𝑞 𝑛−𝑚𝑝 = ±1 is satisfied). For the proof we use the group presentations
(written with bold exponents) in the statements of Theorems 1.3 and
2.3, and Corollary 1.10 from [11].

Theorem 2.1. For any 𝑟 ∈ Z, let us consider the closed orientable surgery
anifold 𝑀(𝑟) = 𝑁(𝑝∕𝑞 , 𝑚∕𝑛, 𝑟). Then we have
(𝐢) If 𝑟 = 0, then 𝑀(𝑟) is homeomorphic to the graph manifold

(𝐷 (2, 1) (3,−1)) ∪
⎛

⎜

⎜

⎝

0 1
1 0

⎞

⎟

⎟

⎠

(𝐷 (𝑛, 3𝑛 + 𝑚) (𝑞 , 𝑝 + 𝑞)).

(𝐢𝐢) If 𝑟 = −1, then 𝑀(𝑟) is the Seifert fibered space of type
 f

2 
(𝑂 0 𝑜 ∶ −1 (𝑚 + 3𝑛,−𝑛) (𝑝 + 3𝑞 ,−𝑞) (2,−1)).

In particular, if 𝑝 = −5, 𝑞 = 2, 𝑚 = 1 − 2𝑘 and 𝑛 = 5𝑘 − 2, 𝑘 ≠ 0, then
𝑀(−1) is the lens space 𝐿(49𝑘 − 19, 49) ≅ 𝐿(49𝑘 − 19, 31𝑘 − 12).

(𝐢𝐢𝐢) If 𝑟 = −2, then 𝑀(𝑟) is the Seifert fibered space of type

(𝑂 0 𝑜 ∶ −1 (𝑚 + 2𝑛,−𝑚 − 𝑛) (𝑝 + 2𝑞 , 𝑞) (3,−1)).

In particular, if 𝑝 = −5, 𝑞 = 2, 𝑚 = 1 − 2𝑘 and 𝑛 = 5𝑘 − 2, 𝑘 ≠ 0, then
𝑀(−2) is the lens space 𝐿(49𝑘 − 18, 49) ≅ 𝐿(49𝑘 − 18, 19𝑘 − 7).

(𝐢𝐯) If 𝑟 = −3, then 𝑀(𝑟) is homeomorphic to the graph manifold

(𝐷 (2, 1) (𝑝 + 𝑞 , 𝑞)) ∪
⎛

⎜

⎜

⎝

0 1
1 0

⎞

⎟

⎟

⎠

(𝐷 (2, 1) (𝑚 + 𝑛, 𝑛)).

In particular, if 𝑝 = −𝑛 − 1, 𝑞 = 𝑛 and 𝑚 = −𝑛 + 1, 𝑛 ∈ Z∖{±1, 0,±2},
hen 𝑀(−3) is the lens space 𝐿(4𝑛2 + 3, 2𝑛2 + 𝑛 + 2). If 𝑝 = −𝑛 + 1,
= 𝑛 − 2 and 𝑚 = −𝑛 + 1, 𝑛 ∈ Z∖{±1, 0, 2, 3}, then 𝑀(−3) is the lens

pace 𝐿(4𝑛2 − 8𝑛 − 1, 2𝑛2 − 3𝑛).

Proof. (𝐢) By Proposition 2.2, the fundamental group of 𝑀(0) has a
roup presentation with generators 𝑎, 𝑏 and relations 𝑎𝑞𝑏𝑚+𝑛𝑎𝑞𝑏−𝑛𝑎−𝑝−𝑞
−𝑛 = 1 and 𝑎−𝑞𝑏−𝑚−2𝑛𝑎−𝑞𝑏𝑛𝑎𝑝𝑏𝑛 = 1. The inverse of the first relation
oincides with the second relation (with bold exponents) in the state-
ent of Theorem 2.3 from [11] with p = 𝑛, n = 𝑝 + 𝑞, q = 𝑞, and
 p - m = −𝑚 − 𝑛. By cyclic permutation the second relation becomes
𝑛𝑎𝑝𝑏𝑛𝑎−𝑞𝑏−𝑚−2𝑛𝑎−𝑞 = 1, which coincides with the first relation of
heorem 2.3 from [11] with p = 𝑛, n - q = 𝑝, q = 𝑞, and p- m = −𝑚− 2𝑛,

hence m = 3𝑛 + 𝑚. Now the result follows from Theorem 2.3 of [11].
(𝐢𝐢) By Proposition 2.2, the fundamental group of 𝑀(−1) has a group

presentation with generators 𝑎, 𝑏 and relations 𝑎𝑞𝑏𝑚+𝑛𝑎𝑞𝑏−𝑛𝑎−𝑝−𝑞𝑏−𝑛 = 1
nd 𝑏−𝑛𝑎−𝑝𝑎−𝑞𝑏−𝑚−2𝑛𝑎−𝑞𝑏𝑛𝑎𝑝𝑏𝑛 = 1. The latter becomes 𝑎−𝑞𝑏𝑛𝑎−𝑞𝑏−𝑚−2𝑛 =
, which coincides with the second relation in Theorem 1.3 of [11]

with 𝑦 = 𝑎, 𝑥 = 𝑏, n = −𝑞, m = 𝑛, r = 1, and m + p s = −𝑚 − 2𝑛.
Substituting 𝑎𝑞𝑏−𝑛 = 𝑏−𝑚−2𝑛𝑎−𝑞 into the first relation of the initial
roup presentation gives 𝑎𝑞𝑏𝑚+𝑛𝑏−𝑚−2𝑛𝑎−𝑞𝑎−𝑝−𝑞𝑏−𝑛 = 1, or equivalently
𝑞𝑏−𝑛𝑎𝑞𝑎−𝑝−3𝑞𝑏−𝑛 = 1, hence 𝑏−𝑚−2𝑛𝑎−𝑝−3𝑞𝑏−𝑛 = 1, i.e., 𝑏𝑚+3𝑛𝑎𝑝+3𝑞 = 1.

This relation coincides with the first relation in Theorem 1.3 of [11]
with 𝑥 = 𝑏, 𝑦 = 𝑎, p = 𝑚 + 3𝑛 and q = 𝑝 + 3𝑞, hence s = −1. The result
ollows from Theorem 1.3 of [11].

For the particular case in (𝐢𝐢), 𝑀(−1) is the Seifert manifold of type
(𝑂 0 𝑜 ∶ −1 (13𝑘 − 5,−5𝑘 + 2) (1,−2) (2,−1)), which is homeomorphic to
(𝑂 0 𝑜 ∶ 𝑏 (𝛼1, 𝛽1) (𝛼2, 𝛽2)), where 𝑏 = −1, (𝛼1, 𝛽1) = (13𝑘 − 5,−5𝑘 + 2)
nd (𝛼2, 𝛽2) = (2,−1). This is homeomorphic to the lens space 𝐿(𝜉 , 𝜂),
here 𝜉 = |𝑏𝛼1𝛼2 + 𝛼1𝛽2 + 𝛼2𝛽1| = | − 49𝑘 + 19|, 𝜂 = 𝑚̄𝛼2 + 𝑛̄𝛽2 and

̄ 𝛼1 − 𝑛̄(𝑏𝛼1 + 𝛽1) = 1, hence 𝑚̄ = 18, 𝑛̄ = −13 and 𝜂 = 49, as requested.
(𝐢𝐢𝐢) By Proposition 2.2, the fundamental group of 𝑀(−2) has a group

presentation with generators 𝑎, 𝑏 and relations 𝑎𝑞𝑏𝑚+𝑛𝑎𝑞𝑏−𝑛𝑎−𝑝−𝑞𝑏−𝑛 = 1
nd (𝑎𝑝𝑏𝑛)−2𝑎−𝑞𝑏−𝑚−2𝑛𝑎−𝑞𝑏𝑛𝑎𝑝𝑏𝑛 = 1. The last relation is equivalent to
𝑚+2𝑛𝑎𝑝+2𝑞 = 1, which coincides with the relation 𝑥p𝑦q = 1 in Theorem
.3 of [11] with 𝑥 = 𝑏, 𝑦 = 𝑎, p = 𝑚 + 2𝑛 and q = 𝑝 + 2𝑞. Substituting

𝑎−𝑝−𝑞 = 𝑎𝑞𝑏𝑚+2𝑛 into the first relation of the initial group presentation
yields (𝑎𝑞𝑏𝑚+𝑛)2𝑎𝑞𝑏−𝑛 = 1, which coincides with the second relation
(𝑦n𝑥m)r𝑦n𝑥m + ps = 1 in Theorem 1.3 of [11] with 𝑥 = 𝑏, 𝑦 = 𝑎, n = 𝑞,

= 𝑚 + 𝑛, r = 2, and m + ps = −𝑛, hence s = −1. Then the result
ollows from Theorem 1.3 of [11]. The particular case in (𝐢𝐢𝐢) can be
erived similarly as in (𝐢𝐢).
(𝐢𝐯) By Proposition 2.2, the fundamental group of 𝑀(−3) has a group

resentation with generators 𝑎, 𝑏 and relations 𝑎𝑞𝑏𝑚+𝑛𝑎𝑞𝑏−𝑛𝑎−𝑝−𝑞𝑏−𝑛 = 1
nd (𝑎𝑝𝑏𝑛)−3𝑎−𝑞𝑏−𝑚−2𝑛𝑎−𝑞𝑏𝑛𝑎𝑝𝑏𝑛 = 1. The last relation is equivalent to
𝑝+𝑞𝑏𝑛𝑎𝑝+𝑞𝑏𝑚+2𝑛 = 1, which coincides with first relation in the statement
f Corollary 1.10 from [11] with 𝑥 = 𝑎, 𝑦 = 𝑏, p = 𝑝 + 𝑞, q = 𝑛, and
n + q = 𝑚 + 2𝑛. Substituting 𝑏𝑛𝑎𝑝+𝑞𝑏𝑛 = 𝑎−𝑝−𝑞𝑏−𝑚−𝑛 into the inverse of
the first relation in the initial presentation yields 𝑏𝑚+𝑛𝑎𝑞𝑏𝑚+𝑛𝑎𝑝+2𝑞 = 1,
which coincides with the second relation in Corollary 1.10 of [11] with
𝑥 = 𝑎, 𝑦 = 𝑏, n = 𝑚 + 𝑛, m = 𝑞, and m + p = 𝑝 + 2𝑞. Then the result
ollows from Corollary 1.10 of [11].
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For the first particular case in (𝐢𝐯), 𝑀(−3) is the graph manifold

(𝐷 (2, 1) (−1, 𝑛)) ∪
⎛

⎜

⎜

⎝

0 1
1 0

⎞

⎟

⎟

⎠

(𝐷 (2, 1) (1, 𝑛)),

which is homeomorphic to (𝑂 0 𝑜 ∶ −1 (2, 1) (1,−𝑛) (2𝑛+ 1, 2)) or, equiva-
lently, (𝑂 0 𝑜 ∶ −𝑛 (2, 1) (2𝑛+ 1,−2)). This is the lens space 𝐿(𝜉 , 𝜂), where
= |𝑏𝛼1𝛼2 + 𝛼1𝛽2 + 𝛼2𝛽1|, 𝜂 = 𝑚̄𝛼2 + 𝑛̄𝛽2 and 𝑚̄𝛼1 − 𝑛̄(𝑏𝛼1 + 𝛽1) = 1, being

𝑏 = −𝑛, (𝛼1, 𝛽1) = (2, 1) and (𝛼2, 𝛽2) = (2𝑛 + 1,−2). Then it follows that
𝜉 = 4𝑛2 + 3, 𝑚̄ = 𝑛, 𝑛̄ = −1 and 𝜂 = 𝑛(2𝑛 + 1) − (−2) = 2𝑛2 + 𝑛 + 2, as
claimed. The second particular case can be derived similarly. □

Now we discuss an infinite family of hyperbolic knots in S3, which
is not considered in [9,10]. Then we have

Theorem 2.2. For every integer 𝑛 ≥ 2, there are infinitely many hyperbolic
knots 𝐾𝑛 in the oriented 3–sphere whose 0- and (−3)-surgeries give toroidal
graph manifolds, and (−1)- and (−2)-surgeries give Seifert fiber spaces over
S2 with exactly three exceptional fibers

Proof. For every 𝑛 ∈ Z, 𝑛 ≥ 2, let 𝐾𝑛 be the hyperbolic knot in S3
with complement 𝑁((𝑛 − 1)∕𝑛, (𝑛 + 1)∕𝑛). For example, the hyperbolic
knot 𝐾2 is depicted in Fig. 1(b). Now the result follows by using
Theorem 2.1. □
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