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Introduction

In any image reconstruction problem, the data at one’s disposal are the result of an

interaction between the desired image and an acquisition system that transforms the

image itself in some kind of available information. One of the most popular examples

in this framework is the deblurring problem, in which the measured information is a

degraded version of the real image resulting from both the action of the acquisition

system point spread function (PSF) and the presence of statistical noise typically due

to measurement errors. On the other hand, in many applications the acquisition system

hardware encodes the information needed to restore the unknown image in a different

space. This happens, for examples, in optical interferometry, where the use of separated

telescopes allows to estimate amplitude and phase of the image Fourier components

corresponding to some specific fringe spatial frequencies. A similar approach occurs also

in several medical applications, as Computerized Tomography or Magnetic Resonance

Imaging, in which Fourier samples are achieved by means of the Radon Transform and the

Fourier Slice Theorem. Common denominator of these problems is that the relationship

between the measured data and the desired image is mathematically given by a Fredholm

integral equation of the first kind, in which the kernel function is given by the PSF of the

imaging system. A huge amount of literature is available on this topic when the PSF is

completely known, especially in the case of a space-invariant system, where the integral

relation becomes a convolution operator.

The problem becomes more difficult when the degraded image has to be found without

prior knowledge of the system PSF, which is a generally frequent situation in several

areas, due to restrictions imposed by the system hardware, high costs or limited time at

one’s disposal. This problem is typically known as blind deconvolution and, in this case,

the problem must be reformulated by introducing as far as possible all available a-priori

information on both the object and the PSF. A halfway situation occurs when the system

response is not perfectly known, but a parametrized version of the PSF is provided.

For this reason, this kind of problem is also called semi-blind or myopic deconvolution

(in our thesis, we will use the term “blind” even in this cases). A common strategy
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6 Introduction

to address the solution of a blind deconvolution problem leads to the minimization of

a fit-to-data function, where the unknowns are both the target and a version of the

instrumental model, which contains some information about it. The numerical difficulties

that characterize this problem are the typical ones of a discrete inverse problem. In fact,

the continuous mathematical model is typically a severely ill-posed inverse problem, i.e.

the solution might lack in existence, uniqueness or continuous dependence on the data.

The ill-posedness can drop once the continuous model is discretized. Unfortunately, the

discretization of the problem does not avoid the ill-conditioning pathology, that amplifies

the noise affecting the data with the result of a meaningless reconstructed solution. Due

to the presence of noise, any naive inversion of the measured data would lead to a

numerically unstable solution, making the use of appropriate regularization techniques

necessary to recover a physically meaningful reconstructed solution. In this thesis we

consider blind deconvolution problems in which the fit-to-data term is given by the

classical least-squares functional. In particular, we make the assumption that the blurring

operator can be described through a model function depending on some parameters to be

estimated. The resulting set of optimization variables is thus naturally partitioned into

two groups: the linear variables of the object and the nonlinear parameters describing

the blurring operator. For this kind of problems, referred as separable least squares, it’s

reasonable to perform the minimization over the grouped subsets of variables, in order

to exploit the separability by replacing the original joint optimization with sequences

of easier subproblems over the partitioned variables. The methods typically used in

literature to address separable least squares are Variable Projection and Alternating

Optimization.

The Variable Projection method consists of explicitly eliminating a set of variables,

in our case the linear one, which depends on the other, in order to obtain a new objec-

tive function only on the second nonlinear variables. One obvious advantage is that the

iterative nonlinear algorithm used to solve the resulting minimization problem works in

a reduced space than the original one. On the other hand, Alternating Optimization

iteratively builds up a sequence of subproblems over the two groups of unknowns, which

eventually converges to a stationary point of the original problem. In particular, each

subproblem restricts the minimization over a set of variables, leaving fixed the other,

making Alternating Optimization preferable to joint optimization due to the smaller di-

mension and, moreover, to the possibility of solving each subproblem inexactly. The

main research goal of this thesis concerns the constrained formulation of separable least

squares; in particular, due to the nature of the imaging application, our interest is espe-

cially dedicated to nonnegative constraints imposed on the object. In order to handle the
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nonnegative case, an original formulation of the Variable Projection method has been

proposed, together with a new formula for the computation of the Jacobian matrix.

A further contribution is a both theoretical and numerical comparison between Vari-

able Projection and Alternating Optimization for the resolution of blind deconvolution

modeled as a separable least squares problem. Since the two approaches seek for the

minimization of different objective functions, the key difference lays in the Jacobian ma-

trices of the related residual vectors. For this reason, the Jacobian computation, and

its possible approximation, reveals a crucial role and strongly affects the performance of

each method. Moreover, the kind of regularization the methods can handle represents a

substantial difference between them: indeed, Variable Projection allows just direct reg-

ularization, while for Alternating Optimization both direct and iterative regularization

are permitted.

The thesis is organized in four chapters. In Chapter 1, the theoretical features of Vari-

able Projection and Alternating Optimization methods are described, focusing on their

nonnegatively constrained formulation. By exploiting the closed formula for the non-

negative least squares solution, an original extension of the Variable Projection method

to this nonnegative case is proposed. A simple example of Gaussian fitting provides an

initial and small-scale comparison of the performance of the methods.

Once introduced the image restoration framework, a regularized descent method for

linear least squares problems is proposed in Chapter 2. With the aim of giving special

attention to the large-scale aspect, Generalized Cross Validation together with Lanczos

bidiagonalization are employed in order to compute a regularized descent direction.

In Chapter 3 blind deconvolution stated as a separable problem has been approached

through both Variable Projection and Alternating Optimization. Numerical tests vali-

date the constrained formulation; indeed, significant improvements in the reconstructions

are achieved by nonnegative blind deconvolution with respect to the unconstrained case;

moreover, numerical results show that, in presence of nonnegative constraints, the Vari-

able Projection objective function behaves fairly better than in the unconstrained case.

In Chapter 4 we approach a real-world application of a blind deconvolution problem,

namely the restoration of an image starting from samples of its Fourier Transform, when

only partial information about the data frequencies is provided. The uncertainties on the

spatial frequencies characterize the problem as a blind deconvolution problem, since the

frequencies represent the nonlinear unknowns and allow the formulation as a separable

least squares. An application to the imaging of high-energy radiation emitted during a

solar flare through the analysis of the photon counts collected by the NASA RHESSI

satellite is considered. Since a gradient method has been specifically proposed for solving
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the RHESSI deconvolution problem, i.e. when the blurring operator is known, and

due to its performed iterative regularization, blind deconvolution is approached only

through Alternating Optimization. Also for this application, numerical experiments on

simulated data show that the nonnegative blind deconvolution approach provides some

improvements in the reconstructions.



Chapter 1

Separable least squares problems

Separable least squares occur when the variables of a, in general, nonlinear least squares

problem can be grouped in two or more subsets in order to exploit a particular property

of the variables themselves. A typical example occurs when the residual is linear with re-

spect to a subset of components. This particular structure makes the variable separation

well suited since it allows to restrict a first subset, where linear optimization techniques

can be employed, and a second one of still nonlinear variables, but of smaller dimension

than the original problem.

The two most common methods to address separable problems are Variable Projec-

tion and Alternating Optimization. A constrained formulation can be handled by both

of these approaches; we discuss them in detail, giving special attention to the particular

case of nonnegative constraints imposed on the linear variable. An original extension

of the Variable Projection method to this nonnegative case and a new formula for the

computation of the Jacobian matrix are proposed.

This chapter is organized as follows. In section 1.1 we first outline general properties

of least squares; later in section 1.2 we turn to the special case of separable problems.

In section 1.3 the Variable Projection method is analyzed, first in the unconstrained

and then in the constrained formulation. In 1.3.2 special attention is dedicated to the

nonnegative case and a new formula for the computation of the Jacobian matrix is

proposed. In section 1.4 we describe the Alternating Optimization approach, both for

the constrained and unconstrained case. Finally in section 1.5 we compare the previously

described methods, giving a simple numerical experiment.
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10 Chapter 1. Separable least squares problems

1.1 Least squares problems

In this section we make a general introduction to least squares problems and briefly

discuss their main properties, distinguishing between the linear and nonlinear case. A

least squares problem can be stated as

min
z
f(z) = ‖r(z)‖22 =

q∑

j=1

r2j (z) (1.1)

where r : Rp −→ R
q is the residual function and rj : R

p −→ R is the j-th component.

According to the form of the residual function, problem (1.1) has different properties that

makes a method more suitable than others to solve it. If r(z) is a linear function, then

(1.1) becomes a linear least squares problem; on the other hand, when r(z) is nonlinear,

(1.1) is a nonlinear least squares problem.

A classical example of least squares is parameter identification in data fitting, which

consists of describing some data bj , j = 1, . . . , q through a nonlinear model function

m(z) depending on some unknown parameters. In this case, the objective function is

the discrepancy between model and data and r(z) = m(z)− b. Linear least squares are

really common and they also appear often as subproblems in several algorithms, thus in

section 1.1.1 we will briefly introduce them before discussing the more general nonlinear

case in 1.1.2.

1.1.1 Linear least squares

In a linear least squares problem, the residual is a linear function. If we assume r(z) =

Az− b, equation (1.1) becomes

min
z
f(z) = ‖Az− b‖22 = zTATAz− 2zTATb+ bTb , (1.2)

where A ∈ R
q×p, z ∈ R

p and b ∈ R
q. The gradient and Hessian matrix of f are

respectively

∇f(z) = 2AT (Az− b), ∇2f(z) = 2ATA.

The objective function f(z) in (1.2) is convex. This property is fundamental in uncon-

strained optimization, since it ensures that any local minimum must be a global minimum

and that any stationary point is a global minimum. Thus the solution of the linear least

squares problem (1.2) satisfies the so-called normal equations

ATAz = ATb. (1.3)

By taking into account that the system matrix ATA is symmetric, appropriate direct or

iterative methods can be used to solve (1.3).
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1.1.2 Nonlinear least squares

In this section we discuss the nonlinear least squares problem and describe the different

classes of methods to solve them. Given the Jacobian of r(z)

J(z) =
∂rj
∂zi

=




∂r1
∂z1

. . .
∂r1
∂zp

...
...

∂rq
∂z1

. . .
∂rq
∂zp



, (1.4)

one can define the gradient of f(z) in (1.1) as

∇f(z) = 2

q∑

j=1

rj(z)∇rj(z) = 2J(z)T r(z) (1.5)

and the Hessian matrix as

∇2f(z) =2

q∑

j=1

∇rj(z)∇rj(z)T + 2

q∑

j=1

rj(z)∇2rj(z) = (1.6)

=2J(z)TJ(z) + 2

q∑

j=1

rj(z)∇2rj(z) .

The Jacobian J is a q × p matrix, whose i-th column is
∂r

∂zi
, while the j-th row is ∇rj .

J has a crucial role when solving nonlinear least squares, since by using the Jacobian we

can easily calculate the gradient ∇f(z) with (1.5) and an approximation of the Hessian

matrix ∇2f(z). Indeed, in (1.6) we can see that the Hessian contains two terms:

• 2JTJ, which involves just the first order derivatives;

• S = 2
q∑
j=1

rj(z)∇2rj(z), whose evaluation requires the second order derivatives of

the residual.

In the so-called small residual case, S is relatively smaller than 2JTJ. Thus by approxi-

mating the Hessian with the first term in (1.6), we keep most of the information, saving

computations at the same time. On the other hand, for large residual problems the

second term may be too significant to be ignored.

Small residual

In the following we describe iterative methods to solve equation (1.1), when the residuals

rj or ∇2rj are relatively small. In this case we can solve (1.1) by using a Newton-like
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method, where the Hessian can be approximated through the only Jacobian matrix. The

fundamental difference between the methods concerns the computation of the descent

direction. The standard Newton direction is obtained by solving at each iteration k the

linear system ∇2f(zk)dk = −∇f(zk). By taking advantage of the two additive terms

in (1.6), the computation of the q second-order derivatives ∇2rj(zk) can be avoided and

the search direction can be determined as 2JTk Jk dk = −∇f(zk). Since, from (1.5),

∇f(zk) = 2JTk rk, the direction dk is the solution of the linear least squares problem

min
d

‖Jkd+ rk‖22 .

The resulting method is the Gauss-Newton algorithm:

Gauss-Newton algorithm

choose initial z0

for k = 0, 1, 2, . . .

1. compute the residuals

rk = r(zk)

2. compute the Jacobian

Jk = J(zk)

3. compute the direction by solving

2JTk Jk dk = −2JTk rk

4. update the solution

zk+1 = zk + dk

end

The Gauss-Newton algorithm is locally convergent [38, 43]; for this reason a line search

in the direction dk is usually performed to ensure global convergence. The solution is

then updated as

zk+1 = zk + τkdk ,

where the steplength τk has to satisfy the Wolfe conditions.

An alternative to Gauss-Newton in the small residual case is the Levenberg-Marquardt

algorithm, which can be considered as a modification of the Gauss-Newton method. In-

deed it uses a similar Hessian approximation, involving only the 1-st order derivatives,
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but requires a parameter λ ≥ 0 for the computation of the direction: dk is the solution

of the linear system

(2JTk Jk + 2λI)dk = −2JTk rk

or, equivalently, as the solution of the linear least squares

min
d

∥∥∥(Jk +
√
λ)d+ rk

∥∥∥
2

2
.

Adding a positive constant to the diagonal of 2JTk Jk is really convenient when the Jaco-

bian is rank-deficient or ill-conditioned. In [43] Nocedal and Wright analyze the method

using the trust-region framework.

Since similar Hessian approximations are used in each case, the local convergence

properties of Levenberg-Marquardt are similar to those of Gauss-Newton.

1.2 Separable least squares

In this section we investigate nonlinear least squares problems of the form

min
z∈Rp

f(z) = ‖F (z)‖22 (1.7)

whose unknowns can be partitioned into two subsets, so that

z =

[
x

y

]
, x ∈ R

n, y ∈ R
m and n+m = p

where we can assume m≪ n. Equation (1.7) thus becomes

min
x,y

f(x,y) = ‖F (x,y)‖22 (1.8)

and in this work will be referred to as a separable nonlinear least squares problem. Every

kind of variable separation is possible, but it’s reasonable as well as desirable to exploit

the separability in order to simplify the original problem (1.7). The most useful situations

for variable separation occur when

1. F is linear with respect to x. In this case the residual F in (1.7) becomes

F (x,y) = A(y)x− b

where x ∈ R
n, y ∈ R

m, b ∈ R
q and A : Rm → R

q×n. By exploiting the separability,

(1.7) becomes a linear least squares problem with respect to x.
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2. Both x and y occur linearly on F so that (1.7) can be written as

min
x,y

‖yxT −B‖22

where x ∈ R
n, y ∈ R

m and B ∈ R
m×n.

We will focus on applications belonging to the first kind of problems, widely treated

in literature in two different approaches, which are Variable Projection and Alternating

Optimization.

The Variable Projection method has been proposed by Golub and Pereyra in 1973

[26] and it is based on the explicit elimination of the x variable in order to obtain a new

function depending only on the other variable y. In particular, for every fixed y, the

subproblem

x(y) = argmin
x

‖F (x,y)‖22 (1.9)

becomes a linear least squares and x(y) can be inserted into the original problem (1.7)

obtaining a new reduced minimization problem depending only on y:

min
y∈Rm

ϕ(y) = f(x(y),y) . (1.10)

On the other hand is the Alternating Optimization method, widely investigated

in literature from different research groups. In this work we will follow the approach

proposed by Bedzek et al. in 1987 in [9], at first referred to as Grouped Coordinate

Minimization. The method defines an iterative sequence {(xℓ+1,yℓ+1)} ∈ R
n × R

m

where

xℓ+1 = argmin
x

f(x,yℓ)

yℓ+1 = argmin
y

f(xℓ+1,y)

that, under certain conditions, convergences to a local minimizer (x∗,y∗) of f .

In the rest of this chapter we will describe in detail the two methods, pointing out the

main differences between them, their related pros and cons and for which applications it

is preferable to apply one method rather than the other.

1.3 Variable Projection

The Variable Projection method has been proposed by Golub and Pereyra [26] in the

case where x is a linear subset of variables, but its basic idea can be extended to any

arbitrary variable partitioning. The main contributions given in [26] are:
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• the proof that the original and the separated problems have the same solutions;

• the differentiation of the pseudoinverse matrix, required for the evaluation of the

gradient of the objective function and, consequently, of the Jacobian matrix.

A simplified version of the Jacobian has been proposed in [36] by Kaufman, who observed

that in the small residual case a term of the Jacobian can be neglected. Moreover,

Kaufman and Pereyra dealt with a constrained formulation of separable nonlinear least

squares problems in [37]. They showed that, when equality constraints are imposed, one

can reduce the problem to an unconstrained separable nonlinear least squares problem

that can be solved with the Variable Projection method. Several implementations of this

method have been developed during the years. Extensions to the general nonlinear case

of two arbitrary sets of variables are due to Ruhe and Wedin [50].

In this work we will describe separable nonlinear least squares problems where the

parameters can be divided into two sets: a set of nonlinear variables y and a set of

linear variables x, which are dependent on the other. For instance, you can imagine a

nonlinear data fitting problem, where the model can be written as a linear combination

of nonlinear functions.

Separable nonlinear least squares problems can be stated as

min
x,y

ϕ0(x,y) = ‖A(y)x− b‖22, (1.11)

where b ∈ R
q is a measured noisy data vector, y ∈ R

m is a vector of nonlinear parameters,

x ∈ R
n is a vector of linear variables and A is a nonlinear operator that maps y into a

q × n matrix.

The variable projection method [26, 25, 36, 37, 44, 50, 52] applied to (1.11) consists

of projecting the linear variables x and obtaining a reduced cost functional depending

only on y. In particular, if x is determined by solving the linear least squares problem

xls(y) = argmin
x

‖A(y)x− b‖2 (1.12)

then (1.12) can be inserted into (1.11) obtaining

min
y
ϕ(y) = ϕ0(x

ls(y),y) . (1.13)

The linear least squares solution (1.12) can be written through a closed formula as

xls(y) = A(y)†b , (1.14)

where the symbol † denotes the pseudoinverse matrix. By replacing (1.14) in (1.13), the

objective function becomes

ϕ(y) = ‖rϕ(y)‖22 = ‖A(y)A(y)†b− b‖22 , (1.15)
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where rϕ(y) = A(y)A(y)†b − b is the residual function of (1.15). The minimization

of (1.15) can be solved with classical nonlinear least squares methods, such as Gauss-

Newton or Levenberg-Marquardt algorithm.

Gauss-Newton Algorithm to solve: min
y
ϕ(y)

choose initial y0

for ℓ = 0, 1, 2, . . .

xℓ+1 = A(yℓ)
†b

rℓ = A(yℓ)xℓ+1 − b

dℓ = argmin
d

‖Jℓd+ rℓ‖2, where Jℓ is the Jacobian of rϕ

determine steplength τℓ

yℓ+1 = yℓ + τℓdℓ

end

The main advantages of this approach are that (1.12) can be solved by a linear

method and that the remaining nonlinear problem (1.13) is of smaller dimension than

the original (1.11). On the other hand every evaluation of the residual vector or of the

objective function requires the solution of the n-dimensional problem in (1.12).

In [26] Golub and Pereyra proved that the problems in (1.11) and (1.13) have the

same solutions. More precisely, they stated the following

Theorem 1. Let A(y) have a locally constant rank. Then

• if (x∗,y∗) is a global minimizer of ϕ0(x,y), then y∗ is a global minimizer of ϕ(y)

and ϕ(y∗) = ϕ0(x
∗,y∗).

• if y∗ is a critical point (or global minimizer) of ϕ(y) and x∗ = A(y∗)†b, then (x∗,y∗)

is a critical point (or global minimizer) of ϕ0(x,y) and ϕ0(x
∗,y∗) = ϕ(y∗).

The proof of Theorem 1 requires to compute the gradient ϕ(y), which involves the

Jacobian of the residual function and, consequently, differentiation of the pseudoinverse

matrix.
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Computing the Jacobian

From [26] we know that the differentiation of the pseudoinverse is

∂A†

∂y
=− (ATA)−1

(
∂AT

∂y
A+AT ∂A

∂y

)
A† + (ATA)−1 ∂A

T

∂y
= (1.16)

=(ATA)−1∂A
T

∂y

(
I−AA†

)
−A†∂A

∂y
A†

Thus the k-th column of the Jacobian matrix Jϕ can be written as [26]

(Jϕ)k =
∂rϕ
∂yk

=
∂A

∂yk
A†b+A

∂A†

∂yk
b

=
∂A

∂yk
A†b+A

(
(ATA)−1∂A

T

∂yk

(
I−AA†

)
−A† ∂A

∂yk
A†

)
b

=
(
I−AA†

) ∂A
∂yk

A†b+A(ATA)−1 ∂A
T

∂yk

(
I−AA†

)
b (1.17)

In [36] Kaufman proposed an algorithm for separable nonlinear least squares problems,

with a simplified version of the Jacobian, J̃ϕ(y), here referred to as Kaufman’s simplifi-

cation. It can be obtained by ignoring the second term of (1.17), which means that its

k-th column can be written as:

(J̃ϕ)k =
(
I−AA†

) ∂A
∂yk

A†b . (1.18)

1.3.1 Constrained variable projection

We are interested in an extension of the variable projection method in the case of simple

constraints imposed on the linear and/or nonlinear variables. How do the constraints

modify the method?

Constraints on the nonlinear variable y do not affect the computation of x through

(1.12). However, the classical Gauss-Newton or Levenberg-Marquardt algorithms

have to be replaced by an opportune constrained method.

Constraints on the linear variable x affect widely the computation of the Jacobian

of the objective function and linear projection methods must be applied in order

to determine x.

However, both kinds of constraints save the separability of the variables, obtaining an

outer nonlinear (constrained) optimization problem in y and an inner linear (constrained)

least squares problem in x.
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In [37] Kaufman and Pereyra proposed a method for separable nonlinear least squares

problems for separable equality constraints. They reduced the original problem to an

unconstrained separable problem, for which Theorem 1 still holds.

In the following we will do the same for the particular case of nonnegative constraints

on the linear variable.

1.3.2 A special case: nonnegative constraints on x

When nonnegative constraints are imposed on x, the original separable problem is

min
x,y

ψ0(x,y) = ‖rψ(y)‖22 subject to x ≥ 0 , (1.19)

that, once the variable has been projected, becomes

min
y
ψ(y) = ψ0(x

∗(y),y) , (1.20)

where x∗(y) is the nonnegative least squares solution, that is

x∗(y) = argmin
x≥0

‖A(y)x− b‖2 . (1.21)

Once defined the residual vector rψ(y) = A(y)x∗(y)−b, problem (1.20) can be solved

with a classical nonlinear least squares method, such as the Gauss-Newton algorithm [43],

here rewritten as:

Gauss-Newton Algorithm to solve: min
y
ψ(y) = ψ0(x

∗(y),y)

choose initial y0

for ℓ = 0, 1, 2, . . .

Compute the gradient gℓ = ∇yψ(yℓ)

Compute the Jacobian Jℓ of rψ

dℓ = −(2JTℓ Jℓ)
−1gℓ

determine steplength τℓ

yℓ+1 = yℓ + τℓdℓ

end
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In the presence of constraints on the linear variable x, the evaluation of the gradient

of ψ(y) and of the Jacobian matrix of rψ(y) requires further discussion. We proceed step

by step, starting with the closed formula for the nonnegative least squares solution, then

introducing the residual vector and finally obtaining the Jacobian and the gradient.

Closed formula for nonnegative least squares

Like in any nonnegatively constrained optimization problem, for any x ≥ 0 we can define:

• the active set by A(x) = {i |xi = 0};

• and a diagonal matrix D(x) by

D(x)ii =




1 if i /∈ A(x)

0 if i ∈ A(x)
. (1.22)

In the following we will use the notation D∗ = D(x∗(y)).

Therefore the solution of (1.21) can be written by a closed formula as in [4]:

x∗(y) =
(
A(y)D∗

)†
b . (1.23)

Let us briefly comment on the computation of the pseudoinverse (AD∗)†. We may

suppose that the active set contains n− r elements and, without loss of generality, that

D∗ =

[
Ir 0

0 0

]
.

If we partition the first r and the remaining n− r columns of A, that is A = [A1 A2 ],

then AD = [A1 0 ]. Now, the pseudoinverse can be defined as follows [4]

(AD∗)† =

[
A

†
1

0

]
.

Evaluate the residual vector

In least squares problems, as (1.20), the residual vector plays a crucial role, since its

definition allows the evaluation of the objective function, the Jacobian matrix and the

gradient vector. The advantage of having the solution (1.21) in the closed formula (1.23)

is that now it can be explicitly inserted into (1.20) to obtain

min
y
ψ(y) =

∥∥∥A(y)
(
A(y)D∗

)†
b− b

∥∥∥
2

2
. (1.24)
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The previous equation allows to define the residual vector r : Rm −→ R
n as

r(y) = A(y)
(
A(y)D∗

)†
b− b (1.25)

and consequently the objective function as ψ(y) = ‖r(y)‖22.
At this point, the role of D∗ needs some comment. As we can see in (1.23), x∗(y)

depends onD∗; but in the meanwhile, D∗ = D(x∗(y)) thusD∗ depends on x∗(y) itself. In

order to avoid this concept to be confusing, we discuss it more in details. The expression

of the nonnegative solution through the closed formula (1.23) implicitly depends on x∗(y).

One might ask: is it still useful? And for what? The answer to these reasonable questions

is that the closed formula (1.23) is fundamental in order to define ψ as depending only

on y and, as we will see later, in order to compute the Jacobian. But, actually, it

can’t be used to compute the solution and must be replaced by the iterative solution of

min
x≥0

‖A(y)x− b‖22.
From this discussion it follows that, for the evaluation of the residual (1.25) at each

Gauss-Newton iteration ℓ = 0, 1, 2, . . . , we have

xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

rℓ = A(yℓ)xℓ+1 − b ,

that is, we need to previously perform a projection method to obtain the nonnegative

solution (1.21). An approximation of D∗ can be obtained through a convergence property

of the projection methods. In [38] and [7] the authors prove that the gradient and the

Newton projection methods, respectively, identify the binding constraint at the solution

x∗ in a finite number of iterations. That is, there exists a j∗ such that the active set

A(x∗) = A(xj) for each j > j∗. Since D is defined by the active set, this ensures that

D(x∗) = D(xj) for each j > j∗.

This property is definitely useful, as we will see later, in the computation of the Jacobian,

where D∗ occurs. Indeed, during the Gauss-Newton iteration ℓ, once the projection

method is used to compute xℓ+1, one can determine D∗ as D(xℓ+1).

Computing the Jacobian

In this section we compute the Jacobian matrix of the residual vector (1.25). In or-

der to simplify the notation, let us first denote AD∗ with B. Since the residual is

rψ(y) = A(y)B(y)†b− b, the k-th column of the Jacobian matrix can be thus obtained
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by vectorizing (Jψ)k, which has the following expression:

(Jψ)k =
∂rψ
∂yk

=
∂A

∂yk
B†b+A

∂B†

∂yk
b

=
∂A

∂yk
B†b+A

(
(BTB)−1∂B

T

∂yk

(
I−BB†

)
−B† ∂B

∂yk
B†

)
b (1.26)

Now we replace B with AD∗; furthermore we recall that (AD∗)†b = x∗ and that

∂(AD∗)

∂yk
=

[
∂A

∂yk
D∗ +A

∂D∗

∂yk

]
.

Equation (1.26) can be thus continued as

(Jψ)k =
∂A

∂yk
(AD∗)†b

+A
(
(AD∗)T (AD∗)

)−1 ∂(AD∗)T

∂yk

(
I− (AD∗)(AD∗)†

)
b

−A(AD∗)†
∂(AD∗)

∂yk
(AD∗)†b

=
∂A

∂yk
(AD∗)†b

+A
(
(AD∗)T (AD∗)

)−1
[
∂A

∂yk
D∗ +A

∂D∗

∂yk

]T (
I− (AD∗)(AD∗)†

)
b

−A(AD∗)†
[
∂A

∂yk
D∗ +A

∂D∗

∂yk

]
(AD∗)†b

=
∂A

∂yk
(AD∗)†b

+A
(
(AD∗)T (AD∗)

)−1
[
∂A

∂yk
D∗

]T (
I− (AD∗)(AD∗)†

)
b

+A
(
(AD∗)T (AD∗)

)−1
[
A
∂D∗

∂yk

]T (
I− (AD∗)(AD∗)†

)
b

−A(AD∗)†
[
∂A

∂yk
D∗

]
(AD∗)†b−A(AD∗)†

[
A
∂D∗

∂yk

]
(AD∗)†b

=
(
I−A(AD∗)†

) ∂A
∂yk

(AD∗)†b

+A
(
(AD∗)T (AD∗)

)−1
[
∂A

∂yk
D∗

]T (
I− (AD∗)(AD∗)†

)
b

+A
(
(AD∗)T (AD∗)

)−1
[
A
∂D∗

∂yk

]T (
I− (AD∗)(AD∗)†

)
b

−A(AD∗)†
[
A
∂D∗

∂yk

]
(AD∗)†b . (1.27)
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We observe that D∗ is not continuously differentiable with respect to y. Hence the term
∂D∗

∂yk
in (1.27) can only be approximated with finite differences.

Computing the gradient

Like in any least squares problem, the gradient vector of ψ is g(y) = 2JT r(y); there-

fore, at iteration ℓ of Gauss-Newton, the gradient gℓ and the descent direction dℓ are

respectively

gℓ = 2JTℓ rℓ

dℓ = −(JTℓ Jℓ)
−1JTℓ rℓ = argmin

d

‖Jℓd+ rℓ‖2

After all these clarifications, we rewrite now the Gauss-Newton algorithm:

Gauss-Newton Algorithm to solve: min
y
ψ(y)

choose initial y0

for ℓ = 0, 1, 2, . . .

xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

rℓ = A(yℓ)xℓ+1 − b

D∗ = D(xℓ+1)

compute the Jacobian Jℓ by (1.27)

dℓ = argmin
d

‖Jℓd+ rℓ‖2
determine steplength τℓ

yℓ+1 = yℓ + τℓdℓ

end

1.4 Alternating Optimization

In 1987 Bezdek et al. proposed the so-called Grouped Coordinate Minimization based on

an alternating optimization of two subproblems, one over x and the other over y. This
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scheme has been later renamed as Alternating Optimization in [10], where the problem

has been stated in a more general form, i.e. the objective function is a real valued function

subject to nonlinear constraints and the variables have been partitioned in more than two

subsets. In this thesis our discussion is restricted to two grouped subsets, both because

this case can be easily extended to the more general and because it is of more interest

for our applications. The method defines an iterative sequence {(xℓ+1,yℓ+1)} ∈ R
n×R

m

where

xℓ+1 = argmin
x

f(x,yℓ)

yℓ+1 = argmin
y

f(xℓ+1,y)
(1.28)

that, under certain conditions, convergences to a local minimizer (x∗,y∗) of the objective

function.

Computing an exact minimum point of f(·,xℓ+1) and f(yℓ+1, ·) is sometimes imprac-

tical, for instance for large scale problems. A typical way to overcome this issue consists

of computing an approximation of those minimum points by applying an iterative method

to both subproblems, stopping the iterations when some criterion is satisfied. For this

reason, later formulations of the alternating approach investigate the accuracy required

to solve the two subproblems in (1.28): in [33] one of the subproblems, let’s say the one

over y, has been computed through one iteration of Newton’s method; in [11] both xℓ+1

and yℓ+1 are obtained as inexact least squares solutions.

As a special case of the Alternating Optimization described in [9], we consider the

least squares problem

min
x,y

f(x,y) = ‖F (x,y)‖22 = ‖A(y)x− b‖22 (1.29)

where b ∈ R
q is a measured noisy data vector, y ∈ R

m is a vector of nonlinear parameters,

x ∈ R
n is a vector of linear variables and A is a nonlinear operator that maps y into a

q × n matrix. Thus the iterative alternating scheme (1.28) becomes

xℓ+1 = argmin
x

‖A(yℓ)x− b‖2

yℓ+1 = argmin
y

‖A(y)xℓ+1 − b‖2
(1.30)

In [9] Bezdek and Hathaway showed results about the convergence of the alternating

scheme to the solution of the original problem. In particular, they pointed out that:

• by defining the sets of points that solve the least squares problem as

S0 = {(x∗,y∗) ∈ R
n × R

m solutions of (1.29)}
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and the limit points of the alternating scheme as

S = {(x∗,y∗) ∈ R
n × R

m solutions of (1.30)}

then S0 ⊆ S. That is, the Alternating Optimization method can converge to a

point that is not a solution of the original problem;

• in order to ensure global convergence of the Alternating Optimization, the iterates

xℓ+1 and yℓ+1 in (1.30) must be in compact sets.

In the following we rewrite the results obtained in [9] for the least squares problem (1.29).

The entire discussion about global convergence of the Alternating Optimization requires

a crucial assumption, that is the existence and uniqueness of global minimizers for each

of the subproblems. More precisely,

Assumption 1 (Existence and Uniqueness). Let f : R
n+m −→ R and let (x,y) ∈

R
n × R

m. We assume that

h1(x) = f(x,y)

h2(y) = f(x,y)

have a unique global minimum.

Each subproblem defined by the alternating scheme is usually solved by an iterative

method. Those algorithms are commonly based on the equations related to the first

order necessary conditions, thus they seek stationary points of the objective function.

By defining

E0 = {z∗ ∈ R
n+m such that ∇fz(z∗) = 0}

and

E = {z∗ = (x∗,y∗) ∈ R
n+m such that ∇fx(z∗) = 0,∇fy(z∗) = 0}

one can see that both the sets contain points for which ∇zf =

[
∇xf

∇yf

]
= 0. It follows

that E0 = E, that is the stationary points for the original problem (1.29) are the same as

those for the subproblems in (1.30). Moreover, the set of points to which the Alternating

Optimization converges, that is the set of stationary points for (1.30), contains vectors

that behave like a global minimum when looking along one of the grouped subset of

variables. Of course these vectors may not be global minimizers for f .

Before stating the following theorem, which describes the conditions necessary to ensure

global convergence of the Alternating Optimization method and the set of its solutions,

let us introduce the iteration function T : Rn+m → R
n+m, which generates a sequence

{(xℓ+1,yℓ+1) = T (xℓ,yℓ)} of approximations of (x∗,y∗).
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Theorem 2. Let assumption 1 hold and let (x,y) ∈ K1×K2, where K1,K2 are compact

sets in R
n and R

m respectively. By assuming (x0,y0) ∈ K1 ×K2 and by denoting with

M = {z = (x,y) ∈ R
n+m such that (x,y) = T (x,y)}, then

• if z ∈M then z∗ = (x∗,y∗) with

x∗ = argmin
x

‖A(y∗)x− b‖2

y∗ = argmin
y

‖A(y)x∗ − b‖2

• f(xℓ+1,yℓ+1) < f(xℓ,yℓ) and f(xℓ+1,yℓ+1) = f(xℓ,yℓ) if and only if (xℓ,yℓ) ∈M

• either

- exists (x∗,y∗) ∈ M and exists ℓ0 ∈ N such that (xℓ+1,yℓ+1) = (x∗,y∗) for all

ℓ > ℓ0

or

- the limit of every convergent subsequence of {(xℓ+1,yℓ+1)} is in M .

1.4.1 Constrained Alternating Optimization

As we will see later, our interest concerns simple constraints imposed on one or both the

subsets of variables. The Alternating Optimization method is affected by the constraints

just for the iterative method used to solve the subproblems, which must take into account

the constrained formulation. The original problem will be

min
z∈Ω

f(z)

where Ω ⊆ R
p is the feasible region, which for simple constraints can be written as

Ω = {(x,y) ∈ R
n × R

m such that lx ≤ x ≤ ux, ly ≤ y ≤ uy}

By making the separability explicit, the original problem becomes

min
x∈Ω1,y∈Ω2

‖A(y)x− b‖22 ,

where Ω1 = {x : lx ≤ x ≤ ux}, Ω2 = {y : ly ≤ y ≤ uy}, while the alternating scheme is
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Alternating Optimization to solve: min
x,y

f(x,y)

choose initial y0

for ℓ = 0, 1, 2, . . .

xℓ+1 = argmin
x∈Ω1

‖A(yℓ)x− b‖2

yℓ+1 = argmin
y∈Ω2

‖A(y)xℓ+1 − b‖2

end

Theorem 2 can be rewritten as

Theorem 3. Let assumption 1 hold and let (x,y) ∈ Ω1×Ω2, compact sets in R
n and R

m

respectively. By assuming (x0,y0) ∈ Ω1 × Ω2 and by denoting with M = {z = (x,y) ∈
Ω1 × Ω2 such that (x,y) = T (x,y)}, then

• if z ∈M then z∗ = (x∗,y∗) with

x∗ = argmin
x∈Ω1

‖A(y∗)x− b‖2

y∗ = argmin
y∈Ω2

‖A(y)x∗ − b‖2

• f(xℓ+1,yℓ+1) < f(xℓ,yℓ) and f(xℓ+1,yℓ+1) = f(xℓ,yℓ) if and only if (xℓ,yℓ) ∈M

• either

- exists (x∗,y∗) ∈ M and exists ℓ0 ∈ N such that (xℓ+1,yℓ+1) = (x∗,y∗) for all

ℓ > ℓ0

or

- the limit of every convergent subsequence of {(xℓ+1,yℓ+1)} is in M .

We recall that, as in the unconstrained case, the points to which Alternating Opti-

mization converges can be global minimizers of f , but also local minimizers or saddle

points.
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1.5 Comparison between the two approaches

In this section we compare the Variable Projection and the Alternating Optimization

methods, pointing out common features and main differences. The key idea on which

both methods are based is to exploit the separability of the initial variable z ∈ R
p

in order to simplify the original problem: the initial joint optimization is replaced by

reduced easier subproblems. In particular, we focus on the special case when one of the

subsets of variables is linear and subject to nonnegative constraints. The advantage given

by the linear dependence of F (x,y) = A(y)x− b over x is to obtain, for both methods,

a linear least squares subproblem, which is obviously preferable both from a numerical

point of view and because its solution can be written through a closed formula.

The first difference between the two approaches is that Variable Projection, through

an explicit elimination of the linear variable x, modifies the objective function, which

becomes dependent only on the other subset of variables y:

min
x,y

f(x,y) 7−→ min
y
ψ(y) = f(x(y),y)

This makes the main least squares problem, in Variable Projection, the one over the y

variable, thus a nonlinear least squares. An inner linear least squares still occurs though,

implicitly due to the residual evaluation (as seen in (1.25) in section 1.3.2). On the

other hand, in Alternating Optimization one splits the minimization of f(x,y) over the

two separated variables, x and y, thus leading to a linear and a nonlinear least squares

problem.

We gather again the algorithms of the two methods:
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Variable Projection to solve: min
y
ψ(y) = f(x(y),y)

choose initial y0

for ℓ = 0, 1, 2, . . .

xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

rℓ = A(yℓ)xℓ+1 − b

D∗ = D(xℓ+1)

compute the Jacobian Jℓ by (1.27)

dℓ = argmin
d

‖Jℓd+ rℓ‖2
determine steplength τℓ

yℓ+1 = yℓ + τℓdℓ

end

Alternating Optimization to solve: min
x,y

f(x,y)

choose initial y0

for ℓ = 0, 1, 2, . . .

xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

yℓ+1 = argmin
y

‖A(y)xℓ+1 − b‖2

end

The main difference between Variable Projection and Alternating Optimization lays

on the related objective functions and, consequently, their derivatives. In fact least

squares are commonly solved by iterative methods, based on necessary conditions and

consequently on zeroing the gradient of the objective function. Thus:

Variable Projection: the evaluation of ∇yψ requires an implicit differentiation of

x(y) = (A(y)D∗)†b;
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Alternating Optimization: in order to solve the subproblems in (1.30) we need sep-

arately ∇xf(x,y) and ∇yf(x,y).

In chapters 3 and 4, xℓ+1 will be computed through projection methods; on the other

hand, as regarding Alternating Optimization, yℓ+1 will be obtained through one step

of Gauss-Newton algorithm. Especially in this case, the differences between the two

approaches could be confusing; in order to explain them clearly, the following scheme

contains each step of Variable Projection - on the left - and Alternating Optimization

(with one step of Gauss-Newton for the y subproblem) - on the right.

Variable Projection Alternating Optimization

given y0

for ℓ = 0, 1, 2, . . .

1. xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

2. rℓ = A(yℓ)xℓ+1 − b

3. JV P = Jy(ψ(y)) = J(f(x(y),y))

4. dℓ = argmin
d

‖JV Pd+ rℓ‖2
5. determine τℓ

6. yℓ+1 = yℓ + τℓdℓ

end

given y0

for ℓ = 0, 1, 2, . . .

1. xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

2. rℓ = A(yℓ)xℓ+1 − b

3. JAO = Jy(f(x,y))

4. dℓ = argmin
d

‖JAOd+ rℓ‖2
5. determine τℓ

6. yℓ+1 = yℓ + τℓdℓ

end

It’s clear that the crucial point is in the Jacobian matrix. For the Alternating Optimiza-

tion method, given the residual r(y) = A(y)x− b, the k-th column of the Jacobian JAO

is

(JAO)k =
∂r(x,y)

∂yk
=
∂A(y)x

∂yk
. (1.31)

For the Variable Projection, as already seen, the computation of the Jacobian is more

complicated. Indeed, due to the implicit dependence of x over y, the product rule makes

the differentiation of the residual r(y) = A(y) (A(y)D∗)† b− b composed by two terms.
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The k-th column of JV P is

(JV P )k =
∂r(y)

∂yk
=

∂

∂yk

(
A(y) (A(y)D∗)† b

)
= (1.32)

=
∂A(y)

∂yk
(A(y)D∗)† b+A(y)

∂ (A(y)D∗)† b

∂yk
.

The second term involves the differentiation of the pseudoinverse matrix, while the first

is in a certain sense comparable to JAO.

A further difference is that the linear solution xℓ+1 in step 1 can be inexact for the

Alternating Optimization, while the computation of D∗ in Variable Projection requires

the solution of the linear least squares to be exact.

We summarize now the differences between Variable Projection and Alternating Op-

timization:

Objective function: Variable Projection modifies the objective function, thus there

is a sensitive difference in the computation of the derivatives with Alternating

Optimization.

Accuracy of x: xℓ+1 in step 1 may be inexact in Alternating Optimization method,

while in Variable Projection, in order to compute D∗, must be the exact solution

of min
x

‖A(yℓ)x− b‖22.

y dimension: When y is relatively large the computation of JV P could be really ex-

pensive. In this case the Alternating Optimization method may be preferable.

On the other hand, when y is small, the Variable Projection approach performs

computationally better.

1.5.1 A numerical experiment

We have implemented a simple Gaussian fitting example, taken from [44] and modified

by adding nonnegative constraints on x. Given x ∈ R
n, y ∈ R

m and t is a n-vector

of equispaced sample points between 0 and 1, let us assume that the model function

describing the data b ∈ R
q is

η(x,y; t) = x1 exp(−y1t) + x2 exp(−y2(t− y5)
2)+

+ x3 exp(−y3(t− y6)
2) + x4 exp(−y4(t− y7)

2) ,
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where n = 4, m = 7 and q = 64. Thus the residual is r(x,y) = η(x,y; t) − b or,

equivalently, r(x,y) = A(y)x− b, where A is the q × n matrix defined by

A(y) =




exp(−y1t1) exp(−y2(t1 − y5)
2) exp(−y3(t1 − y6)

2) exp(−y4(t1 − y7)
2)

...
...

...
...

exp(−y1tq) exp(−y2(tq − y5)
2) exp(−y3(tq − y6)

2) exp(−y4(tq − y7)
2)


 .

The Gaussian fitting example can be thus written as a separable problem of the form

min
x,y

‖A(y)x− b‖22 subject to x ≥ 0

that in the following we solve by applying the Variable Projection and the Alternating

Optimization.

We know from (1.31) and (1.32) that to compute the Jacobian JAO we need
∂A

∂yk
; while

for JV P also
∂ (AD∗)†

∂yk
is required. Let us proceed by step. For a given index k,

∂A

∂yk
is

a q × n matrix, whose i-th column contains all zeros where (A)i (the i-th column of A)

does not depend on yk. Thus:

∂A

∂y1
=




−t1 exp(−y1t1) 0 0 0
...

...
...

...

−tq exp(−y1tq) 0 0 0




∂A

∂y2
=




0 −(t1 − y5)
2 exp

(
−y2(t1 − y5)

2
)

0 0
...

...
...

...

0 −(tq − y5)
2 exp

(
−y2(tq − y5)

2
)

0 0




∂A

∂y3
=




0 0 −(t1 − y6)
2 exp

(
−y3(t1 − y6)

2
)

0
...

...
...

...

0 0 −(tq − y6)
2 exp

(
−y3(tq − y6)

2
)

0




∂A

∂y4
=




0 0 0 −(t1 − y7)
2 exp

(
−y4(t1 − y7)

2
)

...
...

...
...

0 0 0 −(tq − y7)
2 exp

(
−y4(tq − y7)

2
)




∂A

∂y5
=




0 2y2(t1 − y5) exp
(
−y2(t1 − y5)

2
)

0 0
...

...
...

...

0 2y2(tq − y5) exp
(
−y2(tq − y5)

2
)

0 0



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∂A

∂y6
=




0 0 2y3(t1 − y6) exp
(
−y3(t1 − y6)

2
)

0
...

...
...

...

0 0 2y3(tq − y6) exp
(
−y3(tq − y6)

2
)

0




∂A

∂y7
=




0 0 0 2y4(t1 − y7) exp
(
−y4(t1 − y7)

2
)

...
...

...
...

0 0 0 2y4(tq − y7) exp
(
−y4(tq − y7)

2
)




It follows that the k-th column of JAO is the q-dimensional vector defined by

(JAO)k =
∂A

∂yk
x .

As regards JV P , equation (1.32) shows that it is composed by two terms: the first

involving
∂A

∂yk
, the second

∂ (AD∗)†

∂yk
. Here we don’t provide an explicit expression of

JV P , but just remind that the differentiation of a pseudoinverse M† is

∂M†

∂y
= (MTM)−1 ∂M

T

∂y

(
I−MM†

)
−M† ∂M

∂y
M† ,

and we recall equation (1.27). In conclusion, JV P can be computed by means of (A(y)D∗)†,
∂A

∂yk
and its transpose.

Here we create the test problem as follows. Set xtrue = (5, 18, 15, 10)T and ytrue =(
10,

1

0.015
,

1

0.03
,

1

0.015
, 0.25, 0.5, 0.75

)T

, the measured data are constructed as

b = A(ytrue)xtrue + η ,

where η is normally distributed random noise with standard deviation equal to 1.

We used the projected Landweber method to solve the linear problem and the

Levenberg-Marquardt to compute the nonlinear solution. For implementation details

on these methods we refer to [38]. We stopped the iterative schemes when a maximum

number of cycles ℓ = 10 has been performed. The reconstructed fittings in Figure 1.1

show that Variable Projection seems to provide a better solution. In Figure 1.2 the

relative errors on x and y at each iteration ℓ are given.
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Figure 1.1: Variable Projection (on the top) and Alternating Optimization (on the bot-

tom) reconstructions.
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Figure 1.2: Relative errors on x (on the left) and y (on the right) obtained with Variable

Projection (magenta dots) and Alternating Optimization (black triangles).





Chapter 2

Image deconvolution

The image formation process derives from the discretization of a Fredholm integral equa-

tion of the first kind, thus is severely affected by ill-posedness. Furthermore, the pres-

ence of noise in the measured data makes any naive inversion strategy useless, and only

an accurate study of the instability affecting each problem together with a choice of

an appropriate regularization technique to address its solution can lead to a physically

meaningful result.

This chapter is organized as follows: in section 2.1 we describe the image formation

process and how to overcome the deriving ill-posedness; later in section 2.1 we discuss

how imposing nonnegative constraints can improve the reconstruction; then we propose

a new Regularized Scaled Gradient Projection algorithm in section 2.3 and finally we

give some numerical results in section 2.4.

2.1 Ill-posedness and regularization

An image can be thought as a degraded signal of the original object, not directly ob-

servable [6]. During its acquisition and registration, the signal is corrupted by two kinds

of degradation. One is related to the instrumental setting and is referred to as blurring;

for example, in the case of an astronomical image, it is due to atmospheric turbulence or

related motion between camera and ground. The second one, the so-called noise, occurs

during the recording process and is due, for instance, to the analog to digital conversion

of the signal. Therefore the measured data image b ∈ R
n is obtained by adding the

noise contribution η ∈ R
n to the convolution between the point spread function (PSF)

K, describing the blurring effect, and the true object x ∈ R
n. One simple and common

35
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mathematical model to describe the image formation process is the convolution equation

b = K ∗ x+ η , (2.1)

which assumes that the blur is spatially invariant. For instance, the PSF for the blurring

caused by atmospheric turbulence can be described as the two-dimensional Gaussian

function. The convolution operator associated with the PSF can be discretized through a

structured matrixA ∈ R
n×n so that equation (2.1) in discrete form becomes [6, 29, 30, 31]

b = Ax+ η .

The problem of image reconstruction consists of recovering the unknown object x when

the measured data b is given and can be formulated as the solution of the equation

Ax = b . (2.2)

Sometimes the matrix A associated to the PSF can be estimated thus assumed to be

known: in that case equation (2.2) is referred to as deconvolution problem. But when

both the object and the PSF are unknown while the only data b is given, we talk about

blind deconvolution.

In both cases, (2.2) is a large scale problem thus it is numerically impossible to com-

pute the solution by inverting the matrix A. Moreover, even if we assume A nonsingular,

since A is typically severely ill-conditioned, the naive solution x = A−1b wouldn’t be

meaningful due to the presence of noise on the measured data. A typical way to overcome

this situation consists of considering the least squares problem

min
x

‖Ax− b‖22 (2.3)

and exploiting appropriate regularization techniques to address its solution in a numeri-

cally stable way.

A classical approach to regularization, the so-called direct regularization [29], is to

incorporate further a priori information about the expected solution. An example is the

well-known Tikhonov regularization scheme, which consists of adding, to the fit-to-data

term in (2.3), a smoothing assumption on the solution, thus leading to the optimization

problem

min
x

‖Ax− b‖22 + λ2‖x‖22 . (2.4)

The role of the regularization parameter λ is to balance the solution between the dis-

crepancy to the data and the smoothing request. Several rules to estimate λ have been

proposed in literature, such as the L-curve principle [32] and Generalized Cross Valida-

tion (GCV) [29, 30, 31, 55].
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Another regularization approach, referred to as iterative regularization [29, 55], con-

sists of iteratively building up a sequence of arrays that converges to the solution of (2.3),

and stopping the iterative procedure before the noise introduces artifacts and undesired

effects on the reconstructions. The choice of the iterative method to be used to solve

(2.3) strongly depends of the matrix A and the instability level of the problem, and

typically involves classical approaches like gradient algorithms or the Newton method.

A priori information on the unknown image can be easily handled in both these kinds

of regularization. For example, it is natural in many applications, like astronomical imag-

ing, to impose a nonnegativity constraint on the pixels content. In this case, problems

(2.3) and (2.4) can be turned into the corresponding constrained minimization problems,

which can be solved by descent methods including a projection step at each iteration.

2.2 Role of nonnegative constraints

In many imaging applications, nonnegative constraints are motivated by the fact that

the entries of the vector x are the components of a grayscale digital image, which must

be nonnegative. In this section we show how imposing nonnegative constraints to the

deconvolution problem (2.3) significantly improve the quality of the reconstructed image

[55]. We compare the unconstrained formulation (2.3), solved with CGLS [29, 31], with

the nonnegative formulation

min
x≥0

‖Ax− b‖22 ,

solved by performing the Scaled Gradient Projection (SGP) method proposed in [5].

In the following we show reconstructions of the satellite image from Restore Tools1,

corrupted by additive Gaussian noise with zero mean and variance equal to 1 and scaled

so that
||η||
||Ax|| = 0.01.

The results show that, despite the fact that the relative errors are similar (Figure 2.1),

the constrained formulation produces an improved reconstructed image, especially in the

background (Figure 2.2).

Moreover, we remark that in [4] the authors provide a theoretical explanation of

the well-known stabilizing effect given by the incorporation of nonnegative constraint in

image reconstruction. Indeed, reminding that the unconstrained problem is

min
x

‖Ax− b‖22

1http://www.mathcs.emory.edu/∼nagy/RestoreTools/
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Figure 2.1: Comparison between unconstrained and nonnegative formulations: relative

errors of CGLS and SGP.

while the nonnegative least squares can be formulated as

min
x≥0

‖Ax− b‖22 = min
x

‖(AD∗)x− b‖22,

with D∗ defined in (1.22), they prove that the condition number of A is higher than the

one of AD∗.

2.3 Projection methods for nonnegative linear least squares

In this section we present a scaled gradient projection method suitable for large scale

linear ill-posed problems, such as image deconvolution. In particular, our interest is to

address a nonnegative linear least squares formulation, such as

min
x≥0

h(x) = ‖Ax− b‖22 , (2.5)

where A ∈ R
n×n is nonsingular and x, b ∈ R

n. Given a current iterate xk, the Scaled

Gradient-Projection algorithm [8, 38, 55] is described by

xk+1 = P (xk − τkMkgk) ,

where:

• gk = ∇h(xk) = 2AT (Axk − b) is the gradient direction evaluated at the current

iterate;
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Exact image Blurred noisy image

CGLS SGP

Figure 2.2: First row: from the left, the exact image to recover and the measured

data. Second row: CGLS solution of the unconstrained formulation and nonnegative

reconstruction through SGP at the iteration corresponding to the minimum error.
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• τk is the steplength parameter that must ensure sufficient decrease of the objective

function h;

• Mk is a positive definite matrix scaling the gradient;

• P is the projection operator, here defined by P(xi) = max(0, xi) , i = 1, . . . , n.

There is a large variety of possibilities for choosing the scaling matrix Mk, whose main

contribution is to accelerate the slow convergence rate provided by the projected gradient

direction, by approximating in some way the inverse of the Hessian matrix H = 2ATA.

For this reason, the Scaled Gradient-Projection algorithm is also referred to as Quasi

Projected-Newton.

We point out that in order to obtain the Projected-Newton method, one cannot simply

choose Mk = (2ATA)−1. Indeed the Hessian must be replaced by the so-called reduced

Hessian HR
k = (HR)ij(xk), defined by

(HR)ij(x) =




δij if i ∈ A(x) or if j ∈ A(x)

(2ATA)ij otherwise

or, equivalently, by HR = 2DATAD+(I−D), where D is the diagonal matrix defined in

(1.22). Similarly, one can define the reduced gradient as gR(x) = Dg(x) = 2DAT (Ax−b).

In general, the Projected-Newton algorithm can be written as

xk+1 = xk + τkpk ,

where the descent direction is

pk = −(HR
k )

−1gk . (2.6)

The previous expression suggests the possibility to choose the direction by restricting

the computation to the r free variables and then extend the resulting vector by adding

n− r zeros corresponding to the non-free components. In the following we show that the

resulting vector pRk is a descent direction for h in (2.5).

Let us assume for simplicity that D =

[
Ir 0

0 0

]
; furthermore, let us partition the

Hessian into corresponding blocks, that is

H =

[
H1 H2

H3 H4

r n−r

]
r

n−r



Projection methods for nonnegative linear least squares 41

As a consequence, the reduced Hessian will be written as HR =

[
H1 0

0 In−r

]
. At the

same way as H, the gradient vector can be partitioned as g =

[
g1

g2

]
, which allows to

write the reduced gradient as gR = Dg =

[
g1

0

]
.

The proposed direction is

pRk = −(HR)−1
k gRk = −

[
(H1)

−1
k 0

0 In−r

][
(g1)k

0

]
= −

[
(H1)

−1
k (g1)k

0

]
. (2.7)

Due to the fact that any submatrix of a positive definite matrix obtained by deleting a

certain number of rows and corresponding columns is still positive definite, the assump-

tion of A positive definite ensures also H and H1 to be positive definite thus invertible.

It follows from trivial computation that (2.7) is a descent direction for h; indeed at each

iteration k it holds that

∇h(xk)TpRk = −
[
(g1)k (g2)k

] [(H1)
−1
k (g1)k

0

]
= −(g1)

T
k (H1)

−1
k (g1)k < 0 .

Furthermore, for the particular case of linear least squares problems (2.5), by denoting

the residual vector with r, i.e. r = b −Ax and by partitioning A as previously, that is

A =

[
A1 A2

A3 A4

]
, we point out that the following form for the reduced gradient can be

deducted

gRk = −2

[
(AT

1 )k

0

]
rk .

Hence (2.7) can be rewritten as

pRk = −
[
2(AT

1 A1)k 0

0 In−r

]−1 [
(g1)k

0

]
=

[
2(AT

1 A1)k 0

0 In−r

]−1 [
2(AT

1 )k

0

]
rk .

By restricting the computation to the r free variables, pRk can be obtained through the

following expressions:

(p1)k = (AT
1 A1)

−1
k (AT

1 )krk (2.8)

pRk =

[
(p1)k

0

]
(2.9)

Equation (2.8) suggests a least squares formulation for p1 at each iteration, which is

p1 = argmin
s

‖A1s− r‖2 .

The Reduced Projected-Newton method is detailed in the following algorithm:
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Reduced Projected-Newton Algorithm to solve: min
x≥0

‖Ax− b‖22

choose initial x0

for k = 0, 1, 2, . . .

rk = b−Axk

(p1)k = argmin
p1

‖A1p1 − r‖2

pRk =

[
(p1)k

0

]

Choose steplength τk

xk+1 = xk + τkp
R
k

end

The Projected-Newton direction in (2.6) can be rewritten by means of the previous

partitioning as

p = −(HR)−1g = −
[
(H1)

−1 0

0 In−r

][
g1

g2

]
= −

[
(H1)

−1g1

g2

]
,

revealing that it differs from the reduced direction (2.7) just in the free components. In

particular, since the n − r free entries correspond to the xk components in the active

set, once that (xk)i has been projected, the proposed direction pRk will not move it away

from zero. In general, this feature may reveal a stagnant behavior of the algorithm, but

it is well suited to the particular case of blind deconvolution application.

Let us now focus on the imaging framework. In order to overcome the severe ill-

posedness affecting such problems, we present here an algorithm with a regularizing

effect. In particular, we insert Tikhonov regularization in the pRk computation step:

(pλ1)k = argmin
p1

∥∥∥∥∥

[
A1

λkI

]
p1 −

[
r

0

]∥∥∥∥∥
2

pRk =

[
(pλ1 )k

0

]
.

It’s important to remark that in the imaging framework, when spatially invariant

blurring is assumed, A is a block structured matrix; for instance, if periodic boundary
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conditions are assumed, A is a block circulant matrix with circulant blocks.

Unfortunately, when considering the reduced matrix A1 the block structured feature is

solely lost. We discuss how to overcome this difficulty in 2.3.2.

Due to its balancing role between the requests of fidelity to the data and smoothing

assumption of the solution, the choice of an appropriate regularization parameter λ is

crucial. Classical methods to estimate λ are the L-curve principle [32] and Generalized

Cross Validation (GCV) [29, 30, 31, 55]. In the following sections we briefly describe the

GCV method and propose an efficient way to compute the regularization parameter λ

for large scale application.

2.3.1 Regularization through GCV

GCV is a statistical method whose basic idea is that a good λ should be able to predict

missing data values. Hence by leaving out each component of the data in turn, we define

the so-called GCV function

G(λ) =

r

∥∥∥∥∥∥
r−A1

[
A1

λI

]† [
r

0

]∥∥∥∥∥∥

2

2
trace


I−A1

[
A1

λI

]†





2 =
r
∥∥r−A1p

λ
1

∥∥2
2

trace


I−A1

[
A1

λI

]†





2 (2.10)

which measures the prediction error. Since the regularized solution, defined by means

of λ, is expected to well predict the missed value, we seek for the minimum of G(λ).

Equation (2.10) can be rewritten by means of the SVD of A1 = UΣVT , where U =

[u1, . . . ,un], V = [v1, . . . , vr] and Σ is a diagonal matrix with entries σ1 ≥ σ2 ≥ · · · ≥ σr:

G(λ) =

r

(
r∑
i=1

λ2

σ2i + λ2
uTi r

)
+

n∑
i=r+1

(uTi r)
2

(
(n− r) +

r∑
i=1

λ2

σ2i + λ2

)2 . (2.11)

Problems of small dimensions can be thus addressed to the following Regularized Reduced

Projected-Newton algorithm:
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Regularized Reduced Projected-Newton Algorithm to solve: min
x≥0

‖Ax− b‖22

choose initial x0

for k = 0, 1, 2, . . .

rk = b−Axk

Compute λk by performing GCV as in (2.11)

(pλ1 )k = argmin
p1

∥∥∥∥∥

[
A1

λkI

]
p1 −

[
r

0

]∥∥∥∥∥
2

pRk =

[
(pλ1)k

0

]

Choose steplength τk

xk+1 = xk + τkp
R
k

end

2.3.2 Lanczos bidiagonalization

For large-scale applications, like image deblurring, computing the SVD of A1 at each

iteration of the projected method is computationally very expensive. A common way to

overcome this situation consists of approaching the least squares problem

min
p1

∥∥∥∥∥

[
A1

λI

]
p1 −

[
r

0

]∥∥∥∥∥

2

2

(2.12)

through an iterative procedure based on Lanczos bidiagonalization (LBD). Given A1 ∈
R
n×r and r ∈ R

n, the j-th iteration of Lanczos bidiagonalization produces a n× (j + 1)

matrix Wj, a r × j matrix Yj, an r-vector tj+1 and (j + 1) × j bidiagonal matrix Bj

such that

AT
1 Wj = YjB

T
j + γj+1tj+1e

T
j+1 (2.13)

A1Yj = WjBj , (2.14)
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where ej+1 is the (j + 1)-st vector of the canonical basis and Bj is

Bj =




γ1

β2 γ2
. . .

. . .

βj γj

βj+1




.

An interesting property of Bj is that its singular values are a good approximation of

certain singular values of the initial matrix A1. In particular, when A1 derives from

the discretization of ill-posed problem, the singular values of Bj generated at the first

iterations of the bidiagonalization process approximate really well the largest σi. This

special feature allows to replace, during the evaluation of the GCV function (2.11), the

SVD decomposition of A1 with that of Bj , which is definitely cheaper.

Hence at each iteration j of Lanczos bidiagonalization, the least squares problem

(2.12) is replaced with

min
p̃1

∥∥∥∥∥

[
Bj

λjI

]
p̃1 −

[
r

0

]∥∥∥∥∥

2

2

,

where λj is chosen by evaluating the so-rewritten GCV function:

G̃(λ) =

r

∥∥∥∥∥∥
r−Bj

[
Bj

λI

]† [
r

0

]∥∥∥∥∥∥

2

2
trace


I−Bj

[
Bj

λI

]†





2 =

=
r ‖r−Bj p̃1‖22

trace


I−Bj

[
Bj

λI

]†





2 (2.15)

We remark that Bj is of really small dimension, even in the large scale case, thus the

computation of B†
j through its SVD is really cheap. For the stopping criteria of Lanczos

bidiagonalization procedure, we refer to [17].

2.3.3 A LBD-Regularized Reduced Projected-Newton method

Now that we have gathered all of the necessary tools, we describe in detail the pro-

posed projection method for linear least squares subject to nonnegative constraints. The

descent direction is computed through an Hessian approximation AT
1 A1 generated by
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restricting to the free variables; Tikhonov regularization is added, whose regularization

parameter is estimated through GCV. Moreover, due to the large scale, the GCV func-

tion is evaluated through the singular values of the matrix bidiagonalizing AT
1 A1. We

summarize the proposed method in the following algorithm.

LBD-Regularized Reduced PN Algorithm to solve: min
x≥0

‖Ax− b‖22

choose initial x0

for k = 0, 1, 2, . . .

rk = b−Axk

for j = 1, 2, . . .

Compute Bj through (2.13)

Compute λj by evaluating (2.15)

(p̃1)k = argmin
p1

∥∥∥∥∥

[
Bj

λjI

]
p1 −

[
r

0

]∥∥∥∥∥
2

end

pRk =

[
(p̃1)k

0

]

Choose steplength τk

xk+1 = xk + τkp
R
k

end

2.4 Numerical experiment

This section contains some numerical results achieved by the proposed Reduced Projected-

Newton algorithm when nonnegative constraints are imposed. In particular we distin-

guish between problems of small and large dimension; for the first case we applied the

algorithm referred to as Regularized Reduced Projected-Newton (RR-PN), while for large

scale we performed the LBD-Regularized Reduced Projected-Newton (LBD-RR-PN).

The steplength τk has been chosen through the Cauchy rule, that is

τk = argmin
τ

h(xk + τpRk ) ;

in addiction, a line search on the arc has been performed in order to ensure convergence

[8]. The iterative scheme has been stopped when one of the following criteria has been
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reached:

• the residual satisfies ‖b−Axk‖2 ≤ ‖b‖2 δ1;

• the normal equation residual satisfies ‖ATb−ATAxk‖2 ≤ ‖ATb‖2 δ2;

• a maximum numerical MaxLS of line search reductions has been reached;

• a maximum numerical MaxIter of iterations has been reached.

2.4.1 Small case examples

We report here simple numerical experiments showing the effectiveness of the proposed

technique in comparison with non-regularized Gradient-Projection algorithm. The eval-

uation of the results will be carried out through the test problems presented in the

Regularization Tools [28]:

Phillips is the discretization of a Fredholm integral equation of the first kind

b(s) =

∫ 6

−6
a(s, t)x(t)dt

where the kernel is

a(s, t) =




1 + cos

(π
3
(s − t)

)
if |s− t| < 3

0 if |s− t| ≥ 3

x(t) =




1 + cos

(π
3
t
)

if |t| < 3

0 if |t| ≥ 3
,

b(s) = (6− |s|)
(
1 +

1

2
cos

(π
3
s
))

+
9

2π
sin

(
π|s|
3

)
.

Among the possible choices, we choose x(t) = t and b(s) =
1

6
(s3 − s).

Shaw is a one-dimensional image restoration problem deriving from the discretization

of a Fredholm integral equation of the first kind, where the kernel is

a(s, t) = (cos(s) + cos(t))2
sin2(u)

u2
, u(s, t) = π(sin(s) + sin(t))

and the solution is

x(t) = 2 exp
(
−6(t− 0.8)2

)
+ exp

(
−2(t+ 0.5)2

)
,

with s, t ∈ [−π/2, π/2].
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Deriv2 is the discretization of the Fredholm integral equation of the first kind

b(s) =

∫ 1

0
a(s, t)x(t)dt

where s ∈ [0, 1], the kernel is

a(s, t) =




s(t− 1) if s < t

t(s− 1) if s ≥ t
.

Among the possible choices, we choose x(t) = t and b(s) =
1

6
(s3 − s).

Baart is the discretization of the Fredholm integral equation of the first kind

b(s) =

∫ π

0
a(s, t)x(t)dt

where s ∈ [0, π], the kernel is a(s, t) = exp(s cos(t)), the solution is x(t) = sin(t)

and the right-hand side is b(s) = 2
sinh(s)

s
.

Heat is an inverse heat equation using the Volterra integral equation of the first kind

with kernel a(s, t) = k(s− t), where

k(t) =
t−3/2

2
√

(π)
exp(−1/4t) t ∈ [0, 1] .

Gravity is a one-dimensional gravity surveying model problem deriving from the dis-

cretization of a Fredholm integral equation of the first kind, where the kernel is

a(s, t) =
1

4

(
1

16
+ (s − t)2

)−3/2

and the solution we use is

x(t) = sin(πt) + 0.5 sin(2πt) ,

with t ∈ [0, 1].

For each test problem, the data can be constructed with the simple MATLAB state-

ment: [A, b true, x true] = TestProblem(n); where is not specified, btrue is ob-

tained as btrue = Axtrue. Moreover, we assume n = 256 and Gaussian noise with zero

mean and variance equal to 1 and scaled so that
‖η‖
‖Ax‖ = 0.1; we set δ1 = 10−6, δ2 = 10−6,

MaxLS = 20 and MaxIter = 1000. Figure 2.3 contains the reconstruction provided by the

proposed Regularized Reduced Projected-Newton; compared with a Gradient-Projection

method without any regularization, the proposed algorithm seems to avoid the classical

semiconvergent behavior due to ill-posedness (Figure 2.4).
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Figure 2.3: Reconstructions of the solution provided by the Regularized Reduced

Projected-Newton method (RR-PN, magenta dashed), compared with the true object

(blue solid) and the noisy data (red dashdot).
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Figure 2.4: Relative errors achieved by non-regularized Gradient-Projection (GP, red

dashed) and the Regularized Reduced Projected-Newton method (RR-PN, blue solid).



Numerical experiment 51

2.4.2 Deblurring application

The large-scale problem comes from the Restore Tools iterative image deblurring package

and we consider the satellite image (256 × 256 pixel). For the implementation of both

the GCV method and Lanczos bidiagonalization, we refer to HyBR tool2. In particular,

for the large scale case, a specific implementation of the matrix-vector multiplication

involving AD is necessary in order to exploit the particular structure of the matrix.

The blurred image btrue has been corrupted by 10% Gaussian noise with zero mean and

variance equal to 1. Moreover we set δ1 = 10−6, δ2 = 10−6, MaxLS = 20 and MaxIter

= 1000. In addition, we introduce a further criteria that stops the iterative procedure

when ‖xk+1 − xk‖2 ≤ 10−6.

Figure 2.5 contains the relative errors of the Gradient-Projection method without any

regularization and the proposed LBD-Regularized Reduced Projected-Newton. The min-

imum errors achieved are, respectively, 0.399436 (iteration 624) and 0.407314 (iteration

161).
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Figure 2.5: Relative errors achieved by non-regularized Gradient-Projection (GP, red

dashed) and the LBD-Regularized Reduced Projected-Newton method (LBD-RR-PN,

blue solid).

2http://www.math.vt.edu/people/jmchung/hybr.html





Chapter 3

Blind deconvolution as separable

problem

3.1 Blind deconvolution model problem

In order to model the image formation process, let us consider the following convolution

equation,

b(s, t) = K(s, t) ∗ x(s, t) + η(s, t) ,

where x(s, t) is a function representing the true image, which is convolved with a point

spread function (PSF), K(s, t), and after including η(s, t), to model additive noise, we

obtain the observed image, b(s, t). Although we could use a general integral equation to

model the image formation process, because data are given in discrete form, we prefer

to move directly to the discretized equation

b = K ∗ x+ η ,

where

• b is a vector representing the observed, blurred and noisy image;

• x is vector representing the unknown true image we wish to reconstruct;

• K is the PSF;

• η is a vector that represents unknown additive noise in the measured data. Gen-

erally η is a combination of background and readout noise, where the background

noise is modeled as a Poisson random process with fixed Poisson parameter, and

the readout noise is modeled as a Gaussian random process with zero mean and

fixed variance [1, 2, 53, 54].

53
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Blind deconvolution occurs when, given only the blurred noisy image, one attempts

to recover both the PSF and the true image. There are many existing algorithms to

solve blind deconvolution, based on the alternating minimization over the PSF K and

the image x [14, 15, 57, 58], resulting in the optimization problem

min
K,x

∥∥K ∗ x− b
∥∥2
L2 . (3.1)

This idea corresponds to the procedure underlying Alternating Optimization, thus the

following scheme is built:

Kℓ = argmin
K

∥∥K ∗ xℓ−1

∥∥2
L2

xℓ = argmin
y

∥∥Kℓ ∗ x
∥∥2
L2

(3.2)

As the blind deconvolution problem is ill-posed with respect to both the image and the

blurring function, regularization on both K and x must be applied, thus (3.1) becomes

min
K,x

∥∥K ∗ x− b
∥∥2
L2 + λ1R1(K) + λ2R2(x) , (3.3)

with the related alternating scheme. Different choices of regularization functionals R1

and R2 can be considered, such as Total Variation [48, 49]. In [15] the convergence

of the Alternating Optimization for blind deconvolution has been proved; in [14] Total

Variation blind deconvolution has been addressed.

In general, in any blind deconvolution problem it is necessary to impose some assump-

tions about the blur and the image, because the minimization problem (3.3) may not

have a unique solution thus it does not always yield a meaningful solution. Common

assumptions are the nonnegativity on K and x or the flux of the PSF to be 1.

In general, the PSF is represented by a matrix A, typically sparse and/or structured.

In this work we make the assumption that the blurring operator can be described

through a model function depending on unknown parameters, i.e. A = A(y). Such

problems are sometimes referred to as semi-blind or myopic deconvolution. The resulting

blind deconvolution model is an inverse problem of the form

b = A(y true)x true + η (3.4)

where b ∈ R
n is the measured, blurred and noisy image, η ∈ R

n models the noise and

x true ∈ R
n represents the unknown true image. The vector y true ∈ R

m is unknown and

A(y) is a nonlinear operator modeling the blurring, which maps y into an n×n matrix.

The matrix A(y) is typically severely ill-conditioned, with singular values that cluster at

zero.
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Equation (3.4) is a separable inverse problem because the measured data depend linearly

on the unknown vector x and nonlinearly on the unknown vector y. In addition to blind

deconvolution, separable inverse problems arise in many applications, such as super-

resolution (which is an example of image data fusion) [16, 35], cryo-EM microscopy

imaging [18, 24, 34, 39, 45, 51], and in seismic imaging applications [27].

Given the data b and the mappingA(·), the aim is to compute approximations x and y

of, respectively, x true and y true. Generally this is done by defining an objective function,

f(x,y), and then using an optimization algorithm to solve the separable problem

min
x,y

f(x,y) , (3.5)

that will have different expressions for Variable Projection and Alternating Optimization,

depending on the chosen regularization approach. Indeed, as already mentioned in section

1.5, in Variable Projection the linear solution x must necessarily be computed exactly.

By this we mean that to overcome ill-posedness a direct regularization approach must be

used. On the other hand, Alternating Optimization does not have such accuracy request,

thus iterative regularization is preferable in terms of computational cost.

We remark that in many applications, especially in image processing, a nonnegativity

constraint on x is used to obtain physically meaningful solutions (i.e., when x contains

pixels intensity values, these should be nonnegative). Since our interest concerns the

nonnegative formulation, we state blind deconvolution as the following nonnegative sep-

arable least squares problem

min
x,y

‖A(y)x− b‖22 subject to x ≥ 0 . (3.6)

3.1.1 Variable Projection

By applying the Variable Projection method to solve the nonlinear problem (3.6), a

reduced cost functional is obtained

ψ(y) = ‖A(y)x(y)− b‖22 , (3.7)

which depends only on y, with

x(y) = argmin
x≥0

‖A(y)x− b‖2 . (3.8)

In order to solve the previous nonnegative linear least squares, we apply the LBD-

Regularized Projected-Newton algorithm proposed in section 2.3.

In general, computing a minimum of ψ is difficult because it may not have a well

defined global minimum, and there are many local minima in which an iterative solver,



56 Chapter 3. Blind deconvolution as separable problem

such as a standard Gauss-Newton method [38, 43], can become trapped. In the following

we discuss the effectiveness of imposing nonnegative constraints in order to obtain a

smoother objective function.

3.1.1.1 Objective function investigations

Our aim is now to explain why the results obtained with the nonnegative model are

better than the results of the unconstrained formulation. In order to face ill-posedness,

we add Tikhonov regularization to both formulations. By this we mean that we compare

between the regularized nonnegative problem

min
x,y

ψβ10 =

∥∥∥∥∥

[
A(y)

β1I

]
x−

[
b

0

]∥∥∥∥∥

2

2

subject to x ≥ 0 (3.9)

and the regularized unconstrained problem

min
x,y

ϕβ
2

0 =

∥∥∥∥∥

[
A(y)

β2I

]
x−

[
b

0

]∥∥∥∥∥

2

2

. (3.10)

Once applied the Variable Projection, we make a comparison between the nonnegative

objective function deriving from (3.9)

ψβ1(y) = ‖A(y)x(y)− b‖22 , (3.11)

with

x(y) = argmin
x≥0

∥∥∥∥∥

[
A(y)

β1I

]
−
[
b

0

]∥∥∥∥∥
2

. (3.12)

and the unconstrained one, deriving from (3.10),

ϕβ2(y) = ‖A(y)x(y)− b‖22 , (3.13)

with

x(y) = argmin
x

∥∥∥∥∥

[
A(y)

β2I

]
−
[
b

0

]∥∥∥∥∥
2

. (3.14)

We consider a simple example of Gaussian PSF defined by

K(s, t) =
1

2πσ2
exp


−1

2

[
s t

] [ σ2 0

0 σ2

]−1 [
s

t

]
 . (3.15)

In this case the nonlinear parameter vector is y = (σ, σ, 0) = (2, 2, 0), that is, the

objective function depends on only one parameter. We compare the objective functions
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ψβ1(y) in (3.11) and ϕβ2(y) in (3.13), recalling that the only difference between them is

the computation of the solution x(y) of the deconvolution step.

We first evaluate ϕβ2(y) for various values of y and we obtain the plot shown in figure

3.1. For this example we see that the objective function does not have a minimum at
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Figure 3.1: Plot of the objective function ϕβ2(y). The regularization parameter needed

to compute x(y) is chosen using a weighted generalized cross validation method. The

red dot indicates f(y true).

the desired solution y true = 2. We next investigate how the accuracy of computing x(y)

in our deconvolution step affects the behavior of the objective function. Recall that to

obtain the objective function shown in Figure 3.1 we used Tikhonov regularization to

compute x(y), using a weighted GCV scheme to choose regularization parameters [17].

It is possible that an alternative parameter choice method will result in an objective

function with a well defined global minimum. However, rather than testing the plethora

of other parameter choice methods, we instead find the “optimal” β2 that results in an

x(y) that minimizes the error,
‖x(y)− x true‖2

‖x true‖2
. (3.16)

Of course this is not possible in a realistic situation when the true object is not known,

but it does provide us with an idea of what is potentially possible. Using this approach

to find the “optimal” β2 at each iteration, the objective function for various values of y

is shown in Figure 3.2.

In this case, the objective function has a global minimum. But unfortunately the

value of y at which the objective function reaches its global minimum is not the desired
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Figure 3.2: Plot of the objective function ϕβ2(y). The regularization parameter needed

to compute x(y) is chosen to minimize ‖x(y) − x true‖2/‖x true‖2. The red dot indicates

ϕβ2(y true).

value y true. Moreover, the objective function is very flat near the global minimum, which

can make it difficult to recognize. We could go one step further and suppose we are lucky

to have a deconvolution method that always computed the exact solution, x(y) = x true.

In this extremely unrealistic case, we obtain the objective function shown in Figure 3.3.

Although it is impossible to have a deconvolution solver that always computes x(y) =

x true, this, along with the case when we computed x(y) with an optimal regularization

parameter, does suggest that we can help the optimization method by using a deconvolu-

tion solver that computes more physically realistic approximations of x true. One simple

example to do this is to include a nonnegativity constraint within the deconvolution

solver and compute the objective function ψβ1(y) instead of ϕβ2(y).

To test the constrained solver, we begin by using the optimal regularization param-

eters for the unconstrained problem, and compare them with more appropriate values

for the constrained problem, found through experimentation1. The results are shown in

Figure 3.4.

We observe that the nonnegativity constraint, along with well chosen regularization

parameters, is very effective in producing an objective function ψβ1(y) whose global

minimum is near ψβ1(y true). However, we note that ψβ1(y) has several local minima,

and the optimization algorithms should avoid to be trapped in one of these, believing a

global optimal solution has already been reached.

1We started with β1 = β
opt
2

and reduced them systematically, eventually by a factor of 200, until we

observed values that produced an objective function whose global minimum occurs near y
true

.
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Figure 3.3: Plot of the objective function ϕβ2(y). Here we use x(y) = x true. The red dot

indicates ϕβ2(y true).
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β1 = βopt2 β1 = βopt2 /200

Figure 3.4: Plot of the objective function ψβ1(y), where x(y) is obtained by solving, to

high accuracy, the nonnegative constrained Tikhonov regularized deconvolution problem.

The red dot indicates ψβ1(y true). The plot of ψβ1(y) on the left was obtained by using

β1 = βopt2 , the optimal β2’s for the unconstrained problem (see Figure 3.2), and the plot

on the right was obtained using β1 = βopt2 /200.
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3.1.1.2 Importance of the nonnegative formulation

We illustrate here how imposing nonnegative constraints on x provides better results for

both the linear and nonlinear variables. Hence we compare equations (3.11) and (3.13).

We begin by using Tikhonov regularization in the deconvolution problem for the

computation of x(y) in (3.14). The first consideration is to determine what to use for

the regularization parameter β2. Since the “optimal” value depends not only on the

data b but also on the matrix A(y), it makes sense to use different values for different

y. It would be difficult to specify these values a priori, and thus it is appropriate to

attempt to use a regularization parameter choice method, such as weighted generalized

cross validation (WGCV) [17].

Then we consider including a nonnegativity constraint in the deconvolution; that is,

we compute x(y) as in (3.12). To solve this constrained deconvolution problem we use

the gradient projection method proposed in [5]. Although methods have been developed

to select regularization parameters for constrained problems directly from the data (see,

e.g., [3]), they are less developed than in the unconstrained case. In our tests, the

regularization parameter has been selected heuristically.

We consider the Gaussian PSF, defined as

K(s, t) =
1

2π
√
δ
exp


−1

2

[
s t

] [ σ21 ρ2

ρ2 σ22

]−1 [
s

t

]
 (3.17)

where δ = σ21σ
2
2 − ρ4 > 0. Moreover we consider as a true object the satellite image

from the Restore Tools, blurred by the Gaussian PSF (3.17) defined by the parameter

ytrue = (σ1, σ2, ρ) = (1.5, 2, 0.5) and corrupted by 5% white Gaussian noise.

In figure 3.5 we compare the relative errors obtained by computing, in the blind

deconvolution process, x(y) as the nonnegative solution (3.12) (solid line, red squares)

and the unconstrained solution (3.14) (dashed line, blue triangles).

From these results we see that imposing nonnegative constraints allows to better

eliminate the noise, especially in the black background; see figure 3.7, where we display

surface mesh plots of a portion of the reconstructed images, compared with the truth.

From the figures, it is evident that the constrained approach gives better approximations

of both the x and y parameters. The left plot of figure 3.5 shows that the y error

curve of the Gauss-Newton method has a semiconvergent behavior in both the cases,

but it is flatter when imposing the nonnegative constraints. When a good solution is

computed, the objective function becomes flat, as shown in figure 3.6. To make the
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method automatic, we propose stopping the Gauss-Newton iterations when

|ψ(xk+1)− ψ(xk)|
ψ(xk+1)

≤ γ

2
.

We used as a good value for γ the level of noise in the observed data.
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Figure 3.5: Plots of the relative errors . Left is the error of the nonlinear parameter y

during the Gauss-Newton iterations; right is the error of the image x.
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Figure 3.6: Objective function behavior
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Figure 3.7: Surfaces of portions of the true object and the reconstructed images x: Top is

the satellite image. In the second row is the image solution of the unconstrained problem.

Bottom is the image obtained by imposing nonnegative constraints.
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3.1.2 Alternating Optimization

Also Alternating Optimization can be applied to solve the separable problem (3.6), mod-

eling blind deconvolution. As previously said, the subproblem over x needs regular-

ization. Unlike Variable Projection, Alternating Optimization allows both direct and

iterative regularization, since the subproblem over x can be solved with any kind of ac-

curacy. Clearly in order to save computational cost, an inexact solution, corresponding

to iterative regularization, is preferable.

By iterative regularization we mean that the number of iterations plays the role of

regularization parameter [29, 55]. Indeed iterative methods build up a sequence of vectors

that first approaches the regularized solution but then converges to the naive solution

of (2.3), which, as we already mentioned, is corrupted by noise. This behavior is known

as semiconvergence and the way to obtain a meaningful solution consists of stopping

the iterative procedure before the noise introduces artifacts and undesired effects on the

reconstructions.

We repeat the experiment made in section 2.2 increasing the number of iterations to

show the semiconvergent behavior in the plot of the relative error. In Figure 3.8 you can

see as the curve reaches its minimum and then increases, both for the unconstrained and

the constrained solver.
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Figure 3.8: Semiconvergent behavior of iterative methods for the deconvolution problem

min
x≥0

‖Ax− b‖2

A common rule to choose the stopping iteration k is the discrepancy principle [42].

It requires an estimation of the noise level δ = ‖η‖; then the regularization parameter

k should be chosen so that the norm of the residual vector is smaller or equal than the
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noise level. By this we mean that one should choose the smallest k such that

‖Axk − b‖ ≤ δ . (3.18)

For large scale problems, like in imaging, iterative regularization can be favorable

mostly because the structure of the coefficient matrix A is efficiently used for the matrix-

vector products. Indeed for spatially invariant image deblurring, A is a block structured

matrix; for instance, if periodic boundary conditions are assumed, A is a block circulant

matrix with circulant blocks. The spectra decomposition of these special matrices makes

matrix-vector multiplications really efficient, because they can be performed through

FFT (Fast Fourier Transform) [31].

3.2 Numerical comparison between the two methods

In this section we perform both Variable Projection and Alternating Optimization to

solve a blind deconvolution problem, stated as (3.6). Like in Chapter 1, in the scheme of

Alternating Optimization we solve the subproblem over y through just one step of Gauss-

Newton algorithm. We briefly recall that, especially in this case, the crucial difference

between Variable Projection and Alternating Optimization concerns the computation of

the Jacobian matrix. For a detailed comparison of the algorithms we refer to section

1.5; here we restrict ourselves to a summary of the algorithms, pointing out that the

optimization problems, thus the objective functions, are different.

Furthermore, xℓ+1 will be computed through the proposed LBD-Regularized Reduced

Projected-Newton method, described in section 2.3. We already mentioned that the

algorithm does not move away from zero the components of the solution already in the

active set. This is not a good feature when the aim is to well recover the image with

its details; on the other hand, it can be suitable for blind deconvolution, where at each

iteration ℓ a new blurring operatorA(yℓ) is defined and consequently a new deconvolution

problem must be solved.
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Variable Projection to solve Alternating Optimization to solve

min
y
ψ(y) = ‖A(y)x(y)− b‖22 min

x≥0,y
f(x,y) = ‖A(y)x− b‖22

given y0

for ℓ = 0, 1, 2, . . .

1. xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

2. rℓ = A(yℓ)xℓ+1 − b

3. JV P = Jy(ψ(y)) = J(f(x(y),y))

4. dℓ = argmin
d

‖JV Pd+ rℓ‖2
5. determine τℓ

6. yℓ+1 = yℓ + τℓdℓ

end

given y0

for ℓ = 0, 1, 2, . . .

1. xℓ+1 = argmin
x≥0

‖A(yℓ)x− b‖2

2. rℓ = A(yℓ)xℓ+1 − b

3. JAO = Jy(f(x,y))

4. dℓ = argmin
d

‖JAOd+ rℓ‖2
5. determine τℓ

6. yℓ+1 = yℓ + τℓdℓ

end

In the whole section, we consider the Gaussian PSF, defined as

K(s, t) =
1

2π
√
δ
exp


−1

2

[
s t

] [ σ21 ρ2

ρ2 σ22

]−1 [
s

t

]
 (3.19)

where δ = σ21σ
2
2 − ρ4 > 0. In this case the parameter vector y contains only three values,

σ1, σ2 and ρ, describing respectively the width along the 2 directions and the orientation

of the PSF. In particular we consider as a true objects the satellite and the grain images

from the Restore Tools, blurred by the Gaussian PSF (3.19) defined by the parameter

ytrue = (σ1, σ2, ρ) = (1.5, 2, 0.5) and corrupted by 1% white Gaussian noise. The PSF is

shown in figure 3.9.

Figure 3.10 contains the relative errors on the image x and the parameters y achieved

by Variable Projection and Alternating Optimization for both satellite and grain test

problems. In both the examples, Alternating Optimization seems to provide a smoother

relative error behavior and to reach smaller error values, both for x and y reconstruc-

tions. We remark that both the Jacobian matrices JAO and JV P are computed through

finite differences and that Variable Projection seems more sensitive than Alternating

Optimization to the Jacobian approximation. The reconstructed images are shown in

Figures 3.11 and 3.12.
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Figure 3.9: A Gaussian PSF as given in equation (3.19) with y true = [σ1, σ2, ρ]
T , where

σ1 = 1.5, σ2 = 2, and ρ = 0.5.
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Figure 3.10: Relative error on x and y during the iterative procedure of Variable Projec-

tion (magenta dots) and Alternating Optimization (black triangles). First row is related

to satellite image, second row to grain image.
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Figure 3.11: Results relative to satellite image. First row: true image and data. Second

row: reconstructed image at iteration corresponding to the minimum error achieved by

Variable Projection (on the left) and Alternating Optimization (on the right). Third

row: difference between the true image and the reconstructed by Variable Projection (on

the left) and Alternating Optimization (on the right).
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Figure 3.12: Results relative to grain image. First row: true image and data. Second

row: reconstructed image at iteration corresponding to the minimum error achieved by

Variable Projection (on the left) and Alternating Optimization (on the right). Third

row: difference between the true image and the reconstructed by Variable Projection (on

the left) and Alternating Optimization (on the right).



Chapter 4

Blind deconvolution for

Fourier-based image restoration

In this chapter we address the image reconstruction problem from Fourier data with

uncertainties on the spatial frequencies corresponding to the measured data. By consid-

ering such dependency on the frequencies as unknown, we obtain a blind deconvolution

problem that can be formulated as a separable least squares problem.

An application to the framework of astronomical imaging of high energy radiation

emitted during a solar flare is given; in particular, we address the hardware of the NASA

RHESSI satellite, which provides some Fourier components of the unknown image at

specific frequencies depending on the spacecraft rotation around its axis.

In a recent paper [12], Bonettini and Prato proposed a non-scaled gradient method

as iterative regularization algorithm for solving the deconvolution problem when the

PSF is given, showing significant improvements with respect to the other visibility-based

image reconstruction methods developed for the RHESSI data analysis. In force of the

results of the proposed method, in this work we use the same settings to solve the

image reconstruction subproblem. Due to the performed iterative regularization, the

Alternating Optimization approach results more useful for the RHESSI application than

the Variable Projection.

4.1 Problem formulation

Image reconstruction in many fields, such as X-ray diffraction, electron microscopy, and

diffraction optics, can be interpreted as the problem of estimating a function from its

Fourier transform values.

69
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Let us consider the n-vector image in the space domain as x, evaluated at a set of

grid points (ξ, ζ), and the measured data b ∈ R
m, with the related available frequency

sampling (u, v). The operator A : Rn −→ R
m is linear and arises from the discretization

of the Fourier transform, thus the k-th element of the vector resulting from its product

with x is1

(Ax)k =

n∑

j=1

xj exp (2πi(ξjuk + ζjvk)) , k = 1, . . . ,m . (4.1)

For some applications, the spatial frequencies y = (u, v) ∈ R
2m can be considered as

parameters to be estimated. In this case we write the discrete Fourier transform as

A = A(y).

Fourier-based image restoration can be thus modeled as a separable inverse problem

of the form

b = A(y)x+ η , (4.2)

where

• b ∈ C
m contains the available complex data;

• x ∈ R
n is the unknown true image. Since the pixels content in general refers to a

physical quantity, we assume the entries of x to be real and non-negative;

• y ∈ R
2m are the unknown spatial frequencies. It is realistic to assume a certain

range of variability [ymin,ymax] to be provided by the specific application;

• A is the discrete Fourier transform, which can be explicitly written as a m × n

matrix

A(y) = exp



2πi




ξ1u1 + ζ1v1 . . . ξnu1 + ζnv1

ξ1u2 + ζ1v2 . . . ξnu2 + ζnv2
...

...

ξ1um + ζ1vm . . . ξnum + ζnvm







;

• η is a vector modeling additive noise on the measured data.

It follows from (4.2) that the problem of image and frequency reconstructions from

Fourier data can be formulated as the following optimization problem

min
x,y

f(x,y) =
∥∥A(y)x− b

∥∥2
Cm subject to x ≥ 0, ymin ≤ y ≤ ymax . (4.3)

1Coherently with the definition given in [40, 47], we define the Fourier transform with a positive sign

in the exponent.
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Equation (4.3) is a separable least squares problem, which can be approached by the two

methods we discussed in the previous chapters of this work.

The problem in (4.3) is a nonlinear, in general nonconvex, optimization problem, with

f(·,y) convex for any y. Moreover, the variables are naturally grouped in two separate

convex sets and therefore the solution of (4.3) can be approached by the two methods

we discussed in the previous chapters. We recall that Variable Projection requires the

linear solution x to be exact; on the other hand, Alternating Optimization allows to

compute inexactly both the x and y solutions. For this reason in section 4.2, when

dealing with an application to Fourier-based blind deconvolution on simulated data from

the RHESSI satellite, we prefer the Alternating Optimization approach, consisting of an

iterative minimization with respect to each grouped variable:

xℓ+1 = argmin
x≥0

f(x,yℓ) (4.4)

yℓ+1 = argmin
ymin≤y≤ymax

f(xℓ+1,y) (4.5)

In order to avoid the expensive computation of an exact minimum point of f(xℓ, ·)
and f(·,yℓ), a common strategy in the blind deconvolution framework [19, 23] consists

of the application of an iterative method to both subproblems (4.4) and (4.5), stopping

the iterations when some criterion is satisfied.

Driven by the proposal given in [33], where the subproblem over y is solved through

just one step of Newton’s method, in order to solve (4.5) we perform one step of the

Gauss-Newton algorithm, motivating this choice with the smaller computational costs.

Indeed the Gauss-Newton requires the computation of the Jacobian matrix, thus avoiding

the 2nd-order derivatives.

The Jacobian related to the residual of f is J =
∂A(y)

∂y
x; in particular, since

∂A(y)

∂yk
is

a 2m × n matrix with null rows except for the k-th one, the Jacobian results to be a

diagonal matrix, whose non-zero entries given by

Jkk =





∑n
j=1 2πiξj exp(2πi(ξjuk + ζjvk)xj if 1 ≤ k ≤ m

∑n
j=1 2πiζj exp(2πi(ξjuk + ζjvk)xj if m+ 1 ≤ k ≤ 2m

.

In the next section we describe the hardware of the NASA RHESSI satellite and then

provide some numerical results on simulated data.

4.2 Imaging with RHESSI

The solar satellite RHESSI [21] has been launched by NASA on February 5 2002 with

the aim of providing new insights for the comprehension of the acceleration mechanisms
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Figure 4.1: Schematic representation of a rotating modulation collimator.

occurring during solar flares [22]. Thanks to the spacecraft imaging system, RHESSI

may provide both X-ray two-dimensional images with an angular resolution from 2 to 7

arcseconds and X-ray one-dimensional spectra with a spectral resolution from 0.5 to 2

keV. For the first time, with this mission an imaging-spectroscopy analysis of solar data is

possible, whereby high resolution spectroscopy at each point of the X-ray image will allow

spectral changes to be measured as the electrons propagate along the magnetic field in

the flaring loop. Instead of the typical approaches for focusing optics wavelengths, which

are impractical when dealing with X-rays, RHESSI exploits a bi-grid collimator strategy,

which allows a partial transmission of the incident photons depending on their incident

direction. More precisely, RHESSI observes X-ray emission from the Sun through a set

of nine co-aligned pairs of rotating modulation collimators (RMCs) [20], and the trans-

mitted radiation is recorded on a set of cooled HPGe detectors (see Figure 4.1). The raw

data provided by RHESSI are, therefore, nine count profiles of the detected radiation as

a function of time, modulated by the grids pairs. Several reconstruction algorithms have

been developed since RHESSI’s launch for recovering the X-ray image from the count

profiles, such as CLEAN and Pixon [20]. However, a growing interest has been devoted

recently to an alternative approach, which consists of a) exploiting the combination be-

tween rotation and modulation in order to estimate some image Fourier components at

specific spatial frequencies, and b) using Fourier-based inversion algorithms to restore the

image [12, 13, 40]. In the following we summarize the ideas at the basis of this approach

and we propose an innovative strategy for the image recovery.

4.2.1 From counts to visibilities

In this section we want to give an idea about how the modulated count profiles measured

by RHESSI can lead to an estimate of the unknown image’s Fourier transform values, also
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Figure 4.2: RHESSI imaging geometry. At each moment, the roll angle y and the aspect

phase β are defined according to the imaging axis and the grids position.

called visibilities [41], in a set of spatial frequencies. A more detailed review about the

concept of visibility within the RHESSI mission and the related available reconstruction

algorithms is beyond the purpose of this thesis and has being carried out in parallel.

We define a reference system (Ξ, Z) on the Sun and we consider a flux distribution x(ξ, ζ),

where (ξ, ζ) belongs to the image domain G. The center of the image will be denoted by

M = (ξM , ζM ). Moreover, we restrict our analysis to a single collimator and we denote

by I(t) = (ξI(t), ζI(t)) the known time-dependent projection onto the solar disk of a

reference point fixed with respect to the grids (also called imaging axis). With these

settings, at time t the following two quantities are defined (see Figure 4.2):

• the roll angle, denoted by y(t), which is the angle between the Ξ axis and the

direction orthogonal to the grids orientation. Such angle is independent on the

pixels of the image and represents the rotation of the spacecraft around its axis;

• the aspect phase, denoted by β(t), which is the component orthogonal to the grids

of the vector linking I(t) with the map center M . Such angle depends on the grid’s

pitch p (i.e., the width of the couple slit+slat) and can be expressed as

β(t) =
2π

p
{(ξI(t)− ξM) cos(y(t)) + (ζI(t)− ζM) sin(y(t))}. (4.6)

Following [20], the modulation of the incident radiation leads to a measured count

profile in the form

C(t) = K

∫

G

x(ξ, ζ)(a0 + a1 cos(φ(ξ, ζ, t)))dξdζ, (4.7)
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where K,a0, a1 are known hardware-dependent constants and

φ(ξ, ζ, t) =
2π

p
{(ξ − ξI(t)) cos(y(t)) + (ζ − ζI(t)) sin(y(t))}. (4.8)

If we introduce the visibility function

V (u, v) =

∫

G

x(ξ, ζ) exp (2πi(u(ξ − ξM ) + v(ζ − ζM))) dξdζ, (u, v) ∈ R
2 , (4.9)

and we consider the split

φ(ξ, ζ, t) = φ′(ξ, ζ, t)− β(t), (4.10)

with

φ′(ξ, ζ, t) =
2π

p
{(ξ − ξM ) cos(y(t)) + (ζ − ζM ) sin(y(t))}, (4.11)

then from equations (4.7) and (4.9) it follows that the relation

C(t) = Ka0

∫

G

x(ξ, ζ)dξdζ +Ka1ℜ(y(t)) cos(β(t)) +Ka1ℑ(y(t)) sin(β(t)) (4.12)

holds, where ℜ(y), ℑ(y) are the real and imaginary part of V (uy, vy) and

(uy, vy) =

(
cos(y)

p
,
sin(y)

p

)
. (4.13)

4.2.2 The data stacking

In the previous section we introduced the continuous relation linking the count profiles

with the visibilities at some specific spatial frequencies. Since in practice we have to deal

with discrete quantities, the following procedure to translate counts into visibilities is

adopted (see Figure 4.3):

• each count bin detected by RHESSI is labeled with the corresponding roll angle

and aspect phase. For a given time range, a plot of the counts as functions of y

and β is generated;

• the roll angle and aspect phase values are discretized into two vectors

(y0, . . . , ym) , (β0, . . . , βℓ)

and a matrix is created by summing up all the counts belonging to the same cell

generated by the discretization;
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Figure 4.3: Schematic representation of the data stacking process: a) counts are dis-

cretized into time bins; b) a roll angle y versus aspect phase β map is populated; c) the y

and β ranges are discretized in bins; d) for each roll bin, the stacked counts as a function

of β are fitted with equation (4.14).

• for each roll bin [yk−1, yk] (k = 1, . . . ,m), the corresponding row of the matrix is

fitted with the function

F +R cos(β) + I sin(β), (4.14)

with β = (β1, . . . , βℓ), βi ∈ [βi−1, βi] (i = 1, . . . , ℓ), and, since the parameters K,a1

are known, from R, I and by means of equation (4.12) the value of V (uyk , vyk)

follows, where yk ∈ [yk−1, yk] (k = 1, . . . ,m).

The key point of our work is that the actual value of the roll angle yk is unknown,

since only the existence of such a value in the interval [yk−1, yk] is theoretically ensured

(essentially for the First Mean Value Theorem for Integration). What is typically done in

the existing reconstruction algorithms is to associate arbitrarily the computed visibility

to the frequencies (uyk , vyk) defined by equation (4.13), where yk is the middle point of

[yk−1, yk].

In the following we will remove such assumption, and the value of yk ∈ [yk−1, yk] will

be treated as a further unknown of the reconstruction problem. Figure 4.4 represents a

typical example of frequencies samples.
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Figure 4.4: Example of a typical sampling of RHESSI data in the frequency plane

4.2.3 Formulation of the RHESSI blind deconvolution problem

Following the remarks observed in the previous section, we want to reformulate the

RHESSI image restoration problem from visibilities proposed in [12] and resulting in the

minimization problem

min
x≥0

f(x) =
∥∥Ax− b

∥∥2
Cm , (4.15)

where:

1. the vector x represents the image of the emitted flux, corresponding to the flux

distribution x(ξ, ζ) evaluated at a set of grid points (ξj , ζj) (j = 1, . . . , n). Since

the pixels content refers to a physical quantity, the entries of x have to be real and

non-negative;

2. the vector b contains the computed complex visibilities provided by the stacking

and fitting process described in the previous section, for all the detectors (thus, ifmi

is the number of roll bins selected for the i-th collimator, then m = m1+ . . .+m9);

3. the linear operator A arises from the discretization of the Fourier transform and,

for a given x ∈ R
n, is defined as

(Ax)k =

n∑

j=1

xj exp (2πi(ξjuk + ζjvk)) , k = 1, . . . ,m, (4.16)

with (uk, vk) =

(
1

pk
cos

(
yk−1 + yk

2

)
,
1

pk
sin

(
yk−1 + yk

2

))
. Here pk is the pitch

of the detector corresponding to the frequency (uk, vk).

If we take into account of the unknown dependency of the spatial frequencies on the

roll angle vector y = (y1, . . . , ym), and we make it explicit in the problem formulation,
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then equation (4.15) assumes the form

min
x ≥ 0

ymin ≤ y ≤ ymax

f(x,y) =
∥∥A(y)x− b

∥∥2
Cm , (4.17)

where ymin = (y0, . . . , ym−1), y
max = (y1, . . . , ym), and the linear operator A(y) is now

defined by the relation

(A(y)x)k =

n∑

j=1

xj exp

(
2πi

pk
(ξj cos(yk) + ζj sin(yk))

)
, k = 1, . . . ,m. (4.18)

As we already mentioned in chapter 1, the presence of constraints on the nonlinear vari-

able y does not affect the Alternating Optimization method, except for the employment

of an appropriate projection method for the solution of the subproblem over y.

The Jacobian matrix J of the residual of f in (4.17) is diagonal, with diagonal elements

equal to

Jkk =

n∑

j=1

2πi

pk
(− sin (αk) ξj + cos (αk) ζj) exp

(
2πi

pk
(ξj cos (αk) + ζj sin (αk))

)
.

4.3 Numerical experiments

In this section we want to investigate the effectiveness of the blind deconvolution approach

in reconstructing X-ray images of solar flares from RHESSI data. The evaluation of the

results will be carried out in comparison with the Space-D algorithm proposed in [12],

which solves the single deconvolution problem where y is set equal to the middle point

of the roll bins. To this aim, we built up three simulated datasets by following a strategy

similar to the one proposed in [12]. In particular,

• we considered a real flare event (23 July 2002, 00:29:10–00:30:19 UT) and, start-

ing from the radiation collected by RHESSI in three different energy ranges, we

reconstructed the corresponding images with the CLEAN algorithm [20], available

within the solar software (SSW) of the mission. Such images, suitably cleaned up by

possible artifacts introduced by the reconstruction method, have been considered

as our target distributions;

• we considered the detectors from 3 to 9, which is a usual choice when dealing with

RHESSI images (see e.g. [46, 47, 56]), and for the k-th subcollimator (k = 3, . . . , 9)

we simulated a typical uniform discretization (y0,k, . . . , ymk,k
) of the roll angle
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values. In particular, (m3, . . . ,m9) has been set equal to (32, 32, 32, 30, 22, 12, 6),

thus leading to a total number of m = 166 visibilities;

• in order to mimic the RHESSI data stacking process, for each roll bin [yi−1,k,

yi,k] (i = 1, . . . ,mk), we chose a random roll angle yi,k and we calculated the

corresponding visibilities through numerical integration of the Fourier transform

by means of the SSW routine hsi vis map2vis.pro. We will denote the resulting

three synthetic datasets as Sim1, Sim2 and Sim3. The visibilities in such datasets

will be characterized by the presence of a systematic source of noise only, due to

the fact that in the inversion procedure the exact values of yi,k are unknown;

• finally, we corrupted such visibilities by realistic statistical noise through the SSW

routine hsi vis randomize.pro. These latter datasets will be denoted by Sim1 N,

Sim2 N and Sim3 N.

We first consider the Sim1, Sim2 and Sim3 cases, in which no statistical noise is

present on the simulated visibilities. Besides all the parameters described in the previ-

ous section, the Alternating Optimization scheme is initialized with a vector y(0) equal

to the middle points of each roll bin. In these settings, the image reconstructed by the

Space-D algorithm is exactly x(1).

In Figures 4.5, and 4.8, we report the target images, and frequencies respectively, (first

row) and the reconstructions obtained with Space-D (second row) and the blind deconvo-

lution formulation (third row). Moreover, in Figure 4.6 we show the relative reconstruc-

tion errors in Euclidean norm of the image (first row) and the roll angle array (second

row), as functions of the cycle number. From the results obtained we can see that the

blind deconvolution approach is able to improve the image quality with respect to the

Space-D algorithm in all the considered datasets, thanks to a better estimate of the un-

derlying roll angle array y. Although the restored images appear to be very similar, a

better separation of the two strongest sources in Sim2 can be noticed, together with a

higher resolution in the two Northern compact sources in Sim3 (see Figure 4.5). Further

considerations can be done by analyzing the results obtained in presence of statistical

noise, which are reported in Figures 4.7, 4.9 and 4.10. In particular, we can see that:

• for the Sim1 N and Sim2 N datasets, the blind deconvolution formulation still leads

to some improvements in the final image, attested by a lower reconstruction error

with respect to an approach with a fixed roll angle array;

• the blind deconvolution approach does not lead to significant improvements in the

Sim3 N simulation. We point out that, in this case, the target image is the one
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Figure 4.5: Results of the three simulated tests considered in the paper with noise-free

data: Sim1 (first column), Sim2 (second column) and Sim3 (third column). From the

first to the last row, the theoretical image and the reconstructions with Space-D and

Alternating Optimization (AO) are presented, respectively.
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Figure 4.6: Relative reconstruction errors on the image (top row) and y (bottom row)

as a function of the number of cycles for the Alternating Optimization method, in the

case of noise-free data. The left (resp., central, right) column refers to the Sim1 (resp.,

Sim2, Sim3) dataset. The analogous values for the Space-D algorithm correspond to the

first point of each plot.
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Figure 4.7: Results of the three simulated tests considered in the paper with noisy data:

Sim1 N (first column), Sim2 N (second column) and Sim3 N (third column). From the

first to the last row, the theoretical image and the reconstructions with Space-D and

Alternating Optimization (AO) are presented, respectively.
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Sim1 Sim2 Sim3

Figure 4.8: Frequencies reconstructions in the noise free case: plot of u versus v (4 of

the 9 circles). Red points are the true values; black crosses are the values fixed as for

SpaceD; blue triangles are the reconstructed values.
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Figure 4.9: Relative reconstruction errors on the image x (top row) and the frequencies

y (bottom row) as a function of the number of cycles for Alternating Optimization

method, in the case of noisy data. The left (resp., central, right) column refers to

the Sim1 N (resp., Sim2 N, Sim3 N) dataset. The analogous values for the Space-D

algorithm correspond to the first point of each plot.
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Sim1 N Sim2 N Sim3 N

Figure 4.10: Frequencies reconstructions for noisy data: plot of u versus v (4 of the 9

circles). Red points are the true values; black crosses are the values fixed as for SpaceD;

blue triangles are the reconstructed values.

with the lower radiation. Therefore, the corruption of the Sim3 N input visibilities

introduced by the Poissonian-like statistical noise overcomes the systematic error

related to a bad choice for y. As a result of this, the regularizing effect achieved

by Space-D algorithm provides already the best reconstruction. It is worth to

point out that our semi-blind approach seems to “recognize” such situations, and

automatically arrests the iterations at the second cycle.

Tables 4.1 and 4.2 resume all the relative errors on the image and the frequencies.

Sim1 Sim2 Sim3 Sim1 N Sim2 N Sim3 N

SpaceD 0.166498 0.153648 0.232621 0.160479 0.163671 0.337099

Alternating

Optimization
0.162563 0.133225 0.211914 0.154544 0.159393 0.337087

Table 4.1: Relative errors on the reconstructed images x

Sim1 Sim2 Sim3 Sim1 N Sim2 N Sim3 N

SpaceD 0.025931 0.025931 0.025931 0.025931 0.025931 0.025931

Alternating

Optimization
0.007331 0.005895 0.009926 0.009483 0.020791 0.032859

Table 4.2: Relative errors on the reconstructed frequencies y





Conclusions

In this thesis we discuss separable nonlinear least squares problems and give both a

theoretical and numerical comparison of the two approaches commonly used in literature

to address them. An application in the imaging framework is considered, that is the

blind deconvolution problem. Our interest concerns constrained separable least squares;

in particular, due to the features of the imaging application we deal with, we focus our

attention on the case of nonnegative constraints imposed on a subset of variables.

The Variable Projection and Alternating Optimization methods are described, giving

special attention to a constrained formulation, handled by both of these approaches. An

original extension of the Variable Projection method to the special case of nonnegative

constraints and a new formula for the computation of the Jacobian matrix are proposed.

Furthermore, the main differences between the two methods are analyzed in details and,

in order to concur to this aim, a simple numerical example is given.

Moreover we introduce to the image deblurring framework, pointing out the problem

ill-posedness and the consequent need of regularization. To this aim, a regularized opti-

mization algorithm for linear least squares problems is proposed; two different versions,

for small and large scale examples, are provided. Due to the nature of the algorithm, we

point out that it is particularly suited for blind deconvolution applications.

Furthermore, we state blind deconvolution as a separable problem and approach it

through Variable Projection and Alternating Optimization. The numerical results show

the significant improvement achieved by the nonnegative blind deconvolution formula-

tion; moreover, Alternating Optimization seems to provide smaller errors than Variable

Projection in the variables reconstructions.

From the numerical experiments conducted we can conclude that, when the exact

Jacobian is available, Variable Projection performs better than Alternating Optimiza-

tion; but, due to the fact that Variable Projection seems more sensitive to the Jacobian

approximation, for application allowing the computation of the Jacobian just through

finite differences, Alternating Optimization results preferable.

Finally, we address the blind deconvolution problem deriving from Fourier data with
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uncertainties on the spatial frequencies corresponding to the measured data and give an

application to the framework of astronomical imaging of high energy radiation emitted

during a solar flare. Numerical tests on simulated data show that the blind deconvolution

approach, corresponding to unknown spatial frequencies, provides some improvements in

the reconstruction with respect to the formulation with fixed frequencies.



Bibliography

[1] J. Bardsley and C.R. Vogel. A nonnegativly constrained convex programming

method for image reconstruction. SISC, 25(4):1326–1343, 2004.

[2] J. M. Bardsley and J. G. Nagy. Covariance-preconditioned iterative methods for

nonnegatively constrained astronomical imaging. simax, 27:1184–1197, 2006.

[3] J.M. Bardsley and J. Goldes. Regularization parameter selection methods for ill-

posed Poisson maximum likelihood estimation. Inverse Problems, 25(9), 2009.

[4] J.M. Bardsley, J. Merikoski, and R. Vio. The Stabilizing Properties of Nonnegativity

Constraints in Least-Squares Image Reconstruction. IJPAM, 43(1):95–109, 2008.

[5] F. Benvenuto, R. Zanella, L. Zanni, and M. Bertero. Nonnegative least-squares

image deblurring: improved gradient projection approaches. Inverse Problems,

26:025004, 2010.

[6] M. Bertero and P. Boccacci. Introduction to inverse problems in imaging. IoP, 1998.

[7] D. P. Bertsekas. Projected newton methods for optimization problems with simple

constraints. SIAM J. Control and Optimization, 20:221–246, 1982.

[8] D. P. Bertsekas. Nonlinear Programming. Athena Scientific, 2nd edition, 1999.

[9] J. C. Bezdek, R. J. Hathaway, R. E. Howard, C. A. Wilson, and M. P. Windham. Lo-

cal convergence analysis of a grouped variable version of coordinate descent. Journal

of Optimization Theory and Applications, 54:471–477, 1987. 10.1007/BF00940196.

[10] J.C. Bezdek and R.J. Hathaway. Some Notes on Alternating Optimization, volume

2275 of Lecture Notes in Computer Science. Springer Berlin / Heidelberg, 2002.

[11] S. Bonettini. Inexact block coordinate descent methods with application to non-

negative matrix factorization. IMA Journal of Numerical Analysis, 31(4):1431–1452,

2011.

87



88 Bibliography

[12] S. Bonettini and M. Prato. Nonnegative image reconstruction from sparse Fourier

data: a new deconvolution algorithm. Inverse Problems, 26:095001, 2010.

[13] S. C. Bong, J. Lee, D. E. Gary, and H. S. Yun. Spatio-spectral maximum entropy

method: I. Formulation and test. Astrophys. J., 636(2):1159, 2006.

[14] T. F. Chan and Wong C. K. Total variation blind deconvolution. IEEE Transactions

on image processing, 7:370–375, 1998.

[15] T. F. Chan and C. K. Wong. Convergence Of The Alternating Minimization algo-

rithm for Blind Deconvolution. Linear Algebra Appl, 316:259–285, 2000.

[16] J. Chung, E. Haber, and J. Nagy. Numerical methods for coupled super-resolution.

Inverse Problems, 22(4):1261–1272, 2006.

[17] J. Chung, J.G. Nagy, and D.P. O’Leary. A Weighted GCV Method for Lanczos

Hybrid Regularization. Elec. Trans. Num. Anal., 28:149–167, 2008.

[18] J. Chung, P. Sternberg, and C. Yang. High performance 3-D image reconstruction

for molecular structure determination. International Journal of High Performance

Computing Applications, 24(2):117–135, 2010.
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