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Periodic solutions to relativistic Kepler problems:
a variational approach*'

Alberto Boscaggin, Walter Dambrosio and Duccio Papini

Abstract

We study periodic non-collision solutions to relativistic Kepler problems in the plane. At first,
using non-smooth critical point theory, we show that under a general time-periodic external force of
gradient type there are two infinite families of T-periodic solutions, parameterized by their winding
number around the singularity. The first family is a sequence of local minima, while the second
one comes from the application of a new min-max variational principle a la Ghoussoub for non-
smooth singular functionals. Secondly, we investigate the minimality of the circular and non-circular
periodic solutions of the unforced problem. For this purpose, we combine level estimates of the action
functional with an explicit computation of the Morse index of the circular solutions, relying, in turn,
on the Conley-Zehnder index of the associated Hamiltonian systems.

AMS Subject Classification: 34C25, 58E05, 58E30, T0H40
Keywords: relativistic Kepler problem, periodic solutions, non-smooth critical point theory, Morse
index.

1 Introduction

The motion of a relativistic particle in a Kepler potential can be described by the equation

d ma x
— ] = —a—3, r € R?\ {0}, 1.1
dt( = I:z‘:|2/c2> af? VO -
where | - | stands for the Euclidean norm of a two-dimensional vector, m is the mass of the particle, ¢ is
the speed of light and « > 0 is a constant. Indeed, equation (1.1) is the Euler-Lagrange equation of the
Lagrangian

L(z,2) = K(&) = V(x),

where

is the relativistic kinetic energy and
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is the usual gravitational potential energy. Such a model, providing the simplest relativistic correction for
the classical Kepler problem and therefore usually called relativistic Kepler problem, has been proposed
and analyzed in several papers and books of mathematical physics (see, among others, [3, 9, 12, 16, 18,
20, 24] and the references therein).

The interest for problem (1.1) from a mathematical analysis perspective seems to be much more recent
and, to the best of our knowledge, only very few references can be quoted, all of them dealing with the
existence of periodic solutions for different time-dependent perturbations of (1.1). More precisely, in the
papers [26, 27] the equation

d mi x

= ) =M

dt ]_—|$|2/c2 |LE|
where M is a positive and periodic function, is considered and the existence of periodic (and quasi-
periodic) solutions is proved via topological degree theory. On the other hand, in [13] an abstract

perturbation theorem of variational nature is used to establish the existence of nearly-circular periodic
solutions for the perturbed problem

d mi x
pn (W) = am?’ +eV, Ut ), (1.2)
with U a periodic function in its first variable, when the parameter ¢ is small enough. Finally, in the
recent paper [7] a higher-dimensional version of the Poincaré-Birkhoff fixed point theorem is applied to
(1.2) to ensure the existence, again for ¢ sufficiently small, of periodic solutions bifurcating from non-
circular solutions of the unperturbed problem. More precisely, according to [7, Theorem 1.1], a threshold
T* := (2ma)/(mc?) > 0 can be given so that, whenever the period 7' of the external potential U is larger
than T, there exist an integer k*(7T") > 2 and £*(k) > 0 such that equation (1.2) has T-periodic solutions
with winding number k, for every integer k with |k| > k*(T) and for every || < e*(k).

Especially motivated by the results in [7], in this paper we continue the investigation about periodic
solutions of relativistic Kepler problems, in two different, yet related, directions.

In the first part of the paper, we investigate the existence of T-periodic solutions for the forced

problem
d mi x
— | =] = —a—F + V.U(t,x 1.3

dt( 1—a;~|2/c2> s V202 -
again with U a potential which is T-periodic in the time variable. Our result, which can be seen as a
sort of non-perturbative generalization of the ones in [7, 13], reads as follows.

Theorem 1.1. Let U : R x R? — R be a potential which is smooth enough and T-periodic with respect
to the first variable. Then, for each k € Z with k # 0, there exist at least two T-periodic solutions of
(1.3) that have winding number k around the origin.

In particular, problem (1.3) has infinitely many T-periodic solutions: such a conclusion is new also
in a perturbative setting, since it does not follow from the results in [7, 13]. The precise smoothness
assumption on U will be given later, see Assumption 3.1; notice however that no other hypotheses on
the external potential U (and on its period T') are needed. We also mention that more general equations,
like for instance a forced relativistic /N-center problem, could be considered, see Remark 3.11.

The proof of Theorem 1.1 is of variational nature, relying on the fact that problem (1.3) is, formally,
the Euler-Lagrange equation of the action functional

T T
I(z) = /O Llw, &) dt+ /0 Ut ) dt,



where L(x,2) = K(2)—V(z) is, as already observed, the Lagrangian of the (unforced) relativistic Kepler
problem. More precisely, by following a well-established point of view since the pioneering paper by
Gordon [17], one of the T-periodic solutions of Theorem 1.1 is found by minimizing the functional I on
the class of T-periodic loops with winding number equal to k; the second solution, on the other hand,
is provided by a min-max argument, relying again on the topology of the punctured plane.

To rigorously implement this strategy, two main difficulties have to be faced. The first one, of course,
is due to the singular nature of the Kepler potential —V(2) = «/|x|, which in principle can lead, as
it is typical in problems of celestial mechanics, to the occurrence of collisions for a minimum point of
the functional I. The second difficulty comes from the non-differentiability of the kinetic part of the
relativistic Keplerian lagrangian, K (i) = mc?[1 — (1 — ||?/c?)'/?], making the functional I not smooth
on any natural space of functions and the usual critical point theory not directly applicable. To overcome
these difficulties, we borrow some results from the recent paper [4], where a variational formulation is
provided for the Lorentz force equation

d (x) = E(t,z) + & AB(t,z), x€R? (1.4)

di \ \T=TaP

with £ and B smooth functions having the role of electric and magnetic fields, respectively. The key
point for this variational formulation is the choice of the Sobolev space W%’OO of Lipschitz continuous
and T-periodic functions as the domain for the associated action functional, allowing for the use of
Skzulin’s version [25] of non-smooth critical point theory. As carefully explained in the introduction of
[4], the choice of this functional space is forced by the presence of the term @ A B in equation (1.4).
However, quite surprisingly, it turns out to be very convenient also when applied to equation (1.3),
which corresponds (after normalization of constants) to (1.4) for B = 0 but, on the other hand, presents
a singularity in the term E(t,z) = —az/|z|3 + V. U(t,z) (the fact that = is two or three-dimensional
does not play a role). Indeed, if 2 € W%’Oo7 the Keplerian term

T
/ Lt
o |zl
of the relativistic action functional is finite if and only if £ never vanishes; moreover, with some more
care, the behavior of the functional I along sequences {x,} C W%’Oo approaching the singularity can
be successfully controlled: exclusion of collisions thus turns out to be much simpler than in the non-
relativistic regime, cf. [8].

Using these ideas, the existence of the minimal solution is easily given. Obtaining the second solution
requires a considerable amount of extra-work. Indeed, the natural min-max principle to be used is a
non-smooth version of the celebrated Ghoussoub’s min-max principle [14, 15], which however, to the best
of our knowledge, has been established only when the smooth part of the functional is globally defined
(see [21]). We thus provide an extension of this result which is suited for our more general setting, see
Theorem 2.4. This variational principle is expected to have further applications: in a forthcoming paper
we plan to use it, together with Lusternik-Schnirelmann category theory, to study perturbations of the
relativistic Kepler problem in higher dimensions. We also refer to the discussion after the statement for
more comments.

Another difficulty comes from the fact that, as already observed in [4], the usual Palais-Smale
condition is not available for the action functional in the space W%’Oo. Indeed, our Palais-Smale sequences
are precompact only with respect to the (weaker) L topology and, as a consequence, a careful argument
has to be used when the min-max level coincides with the minimal level.



The second part of the paper is again of variational nature, but it is concerned with the unforced
problem (1.1). Of course, Theorem 1.1 can be applied also in this situation (corresponding to U = 0 of
problem (1.3)), providing, for any integer k > 1, a T-periodic solution to (1.1), obtained as a minimum
point for the action functional I among the T-periodic loops with winding number k£ around the origin
(incidentally, notice that here, due to the autonomous nature of the equation, the second solution is
nothing but a time-translation of this minimal solution, see Remark 3.10; moreover we can assume
k > 0, since negative values of k give rise to the same orbits, just run in the clockwise sense). As shown
in [7],if k=1, orif k > 2and T < uf, with u} a suitable positive constant, problem (1.1) does not
have non-circular T-periodic solutions with winding number equal to k: thus, we conclude that the
solution provided by Theorem 1.1 is the (unique, up to time-translation) circular periodic solution of
minimal period T in the former case and of minimal period T'/k in the latter one (these solutions exist,
cf. Proposition 4.1). On the other hand, if & > 2 and 7' > u# problem (1.1) possesses both circular and
non-circular T-periodic solutions with winding number k (cf. Proposition 4.3), and a natural question
is which of these solutions turns out to be the one provided by Theorem 1.1.

The answer to this question is provided by Theorem 4.9, that is: if £ > 2 and T > u} the T-periodic
solution of problem (1.1) minimizing the action functional (in the class of T-periodic loops with winding
number k around the origin) is a non-circular solution and, precisely, it is the (unique, up to time-
translations and space-rotations) non-circular periodic solution with winding number &k and such that
|z| has minimal period equal to T

The proof of Theorem 4.9 relies on the following strategy. At first (see Theorem 4.7) an explicit
formula for the Morse index of the circular solution of minimal period T'/k is provided: such a formula is
found by first computing the Conley-Zehnder index of the associated Hamiltonian system (as similarly
done in [19] for the classical Keplerian orbits) and then using the Morse index theorem, in the version
for general Lagrangian systems given in [2]. As a consequence of this analysis, the Morse index of the
circular solution of minimal period T'/k is zero only when k =1 or k > 2 and T < u’f In these cases,
since there are no non-circular periodic solutions, the circular solution is the minimal one. On the
other hand, for & > 2 and T > u¥, the fact that the Morse index is non-zero implies that the minimal
solution has to be non-circular. To establish which non-circular periodic solutions is the minimal one (by
Proposition 4.3, depending on T multiple non-circular solutions with winding number %k can exist, being
distinguished by the minimal period of their radial component |x|), a direct action level comparison is
performed (see Proposition 4.6), implying that the solution with lowest action is the one such that |x|
has minimal period equal to T'. It seems natural to conjecture that the Morse index of the non-minimal
non-circular periodic solutions with winding number k is related to the minimal period of their radial
component, but a proof of this fact seems to be hard.

The plan of the paper is the following. In Section 2 the abstract variational setting is presented and
the statement of the min-max principle is given: its proof, which is closely adapted from the one in
[21], is developed in the Appendix. Then, in Section 3 the proof of Theorem 1.1 is provided. Finally,
in Section 4 we describe the periodic solutions of the unforced problem (1.1) and we give the proof of
Theorem 4.9.

Acknowledgements. The authors wish to thank Susanna Terracini for the fruitful conversations and
her encouragment to pursue this research.

2 The abstract variational setting

Let X be a Banach space. According to the seminal paper by Szulkin [25], we are going to consider
functionals I : X — (—o0, +0o0] that are the sum of a convex functional ¢ and a smooth one ®; however,



due to the presence of a singularity in equation (1.3), we will allow the functional ® to be singular in
a suitable sense. Even if assuming ® of class C' would be enough for our application, for the sake
of generality throughout this section we just suppose that ® is locally Lipschitz continuous, as in the
theory developed by Chang [10]. Summing up, we introduce the following basic set of assumptions.

Assumption 2.1. I: X — (—o0, +00] is a functional which can be decomposed as
I(z)=¢(z)+ ®(z), VzelX,
where, denoting by Dy = {z € X : ¢(z) < 400} and Dy = {z € X : ®(x) < +o0},
1. Dg is open in X and D; = Dg N Dy, # 0;

2.9 : X - RU{+o0} is convex and lower semi-continuous; moreover, 1 is continuous on any
nonempty compact set A C X such that sup 4 ¥ is finite;

3. @: X - RU{+oo} is locally Lipschitz continuous in Dg, i.e. every x € Dg has a neighbourhood
V; C D¢ in which ® is Lipschitz continuous;

4. for any sequence {z,} in Dy = Dg N Dy, such that dist(z,,0Dg) — 0, it holds that I(z,) — +oc.

The last condition, controlling the behavior of the functional near the boundary of the set Dg, is the
crucial one to use tools from critical point theory also in the case Dg # X. We also observe that, by
the convexity of 1, Dy, is a convex set.

For functionals that satisfy a Lipschitz condition near a point x € Dg, like ® in Assumption 2.1, it
is possible (see [11, §2.1]) to define a directional derivative ®°(z,u) at = with respect to any direction
u € X by setting

d - o
®°(z;u) = limsup (w + tu) (w)

w—x,t—0t t

Of course, if ® is of class C', then
®(z;u) = & (2)[u], Vz€Dg, ucX.
We now recall some basic definitions from [23, §3.2].
Definition 2.2. Let I : X — (—o0, 400] satisfy Assumption 2.1.
1. A point x € Dy is a critical point of I if

O(z;2 —a) +h(z) —h(x) >0, VzeX,

2. A Palais-Smale (abbreviated PS-) sequence for I at level ¢ is a sequence {x,} in X such that
I(z,) — cand

O (232 — ) +(2) — W(2n) > —€nllz — 0], YVneNandze X, (2.1)
for some sequence €, — 0.
Proposition 2.3. Let I : X — (—o0,+00] satisfy Assumption 2.1. Then:

1. if x € Dy is a local minimum of I, then x is a critical point of I;



2. if x € Dy is a limit point of a PS-sequence for I at level ¢ € R, then x is a critical point of I and
I(z) =c.

Proof. 1. If x € Dy is a local minimum of I, the convexity of ¢ implies that

0<I(z+t(z—uz))—I(z)
<Oz +t(z — ) = (z) + (1 = Oy (x) + tP(2) — ¥ (x)
=Pz +t(z — x)) — D(2) + H((2) — ¥(2))
for all z € X and all positive ¢ which are small enough. Hence the thesis follows by dividing by ¢ and
recalling Definition 2.2.
2. Without loss of generality, we may assume that {z,} is a PS-sequence for I at level ¢ such
that x, — = € X. Item 4 in Assumption 2.1 and the fact that I(z,) — ¢ grant that © ¢ 0Dg

and, thus, € Dg. Since ®° is upper semi-continuous (see [11, Proposition 2.1.1]) and —) is upper
semi-continuous, we have

(DO(‘T;Z =) +9(z) — ¥(z) > limsup [@O(l‘n;z —xpn) +P(2) — 1/)(1’77)] >0, VzelX.

n—oo

Choosing z = z in (2.1), we obtain

() < liminf(x,) < limsup¢(z,) < ®°(z,,z — x,) + () + enllz — znl| = ¥ (2)

n—oo n— oo
and, hence, I is continuous at x. O

In our application of Section 3, we will find two families of critical points for I: the first one will be
made by local minima. In order to find the second one, we will use the following non-smooth version of
the celebrated Ghoussoub’s min-max principle [14, 15].

Theorem 2.4. Let I =+ @ be a functional satisfying Assumption 2.1, let B be a closed set in X and
F be a family of compact sets in X such that:

1. F is homotopy stable with extended boundary B, that is, for each A € F and each continuous
deformation n € C°([0,1] x X, X) such that

n(t,z) =z, VY (t,z)e ({0} x X)U([0,1] x B) and  1([0,1] x A) C Dag,
one has that n({1} x A) € F;

2. ¢:= inf supI(x) < +o0;
AEF z€A

3. there exists a closed set F' in X such that

(ANF)\B#0, VAeF and sup]ﬁirl}f[;
B

Then, for any sequence {A,} in F such that lim supl = ¢, there exists a PS-sequence {x,} C X at

n—oo A,

level ¢ such that dist(z,, A,) — 0. If moreover infr I = ¢, then also dist(z,, F)) — 0.



We remark again that Theorem 2.4 extends both the results of Ghoussoub [14, 15] and Livrea-Marano
[21, Theorem 3.1], in two different directions. On one hand, with respect to the works of Ghoussoub,
we do not require the smoothness of the term ¢ in the funtional I; on the other, with respect to the
works of Livrea-Marano, we consider the situation when the term @ in the functional I is not globally
defined. This extension is motivated by the application to singular potentials. Moreover, let us notice
that, due to the restriction of the domain of ®, we need to consider families F of compact sets which are
stable only with respect to homotopies n such that 7([0,1], A) C Dg for any set A € F (see assumption
1 in 2.4): this requires some small, but non-trivial, adjustments of the proof by Livrea and Marano.
Since the whole argument in [21] is itself quite delicate, we provide a complete proof of Theorem 2.4 in
the Appendix.

Remark 2.5. As well-known, if any PS-sequence possesses a convergent subsequence, the functional I
is said to satisfy the Palais-Smale condition. Thus, if a functional I in the assumptions of Theorem
2.4 also satisfies the PS-condition, a critical point of I at level c is directly obtained, in view of the
second statement in Proposition 2.3. In our application, however, we will not make direct use of this
strategy. Indeed, in spite of the fact that the PS-sequence provided by Theorem 2.4 will be checked
to be bounded, due to the specific form of the functional it seems hard to prove that it is relatively
compact in the (strong) topology of X. Nonetheless, we will manage to prove that, in our setting, the
relative compactness in a weaker topology is enough to obtain a critical point at level ¢ (cf. Proposition
3.5).

3 The forced problem: multiple solutions

In this section we deal with the forced problem
df__mi ) T VU, xR\ {0} (3.1)
at \ - ap /e EE | ‘

and we give the proof of Theorem 1.1. More precisely, in Section 3.1 we first reformulate the T-periodic
problem associated with (3.1) as a critical point problem for a non-smooth action functional I, so as to
enter the abstract setting developed in Section 2. Then, for any integer k # 0, in Section 3.2 we prove
the existence of a first T-periodic solution to (3.1) with winding number k, arising as a local minimum
of I. Finally, in Section 3.3 we prove the existence of the second T-periodic solution, again with winding
number k, by the use of the min-max principle introduced in the previous section.

From now on, m, ¢, > 0 are fixed and the potential U satisfies the following

Assumption 3.1. U : R x R?2 — R is such that:
1. There exists T' > 0 such that U(t + T,z) = U(t,z), V (t,z) € R x R?
2. U(t,) is differentiable in R?, for every t € R

3. U and V,U satisfy the L'-Carathéodory condition, i.e. they are measurable in ¢, continuous in z
and for every r > 0 there exists 7, € L*(0,T) such that

Ut )] + [V Ut )] < e (t)

for a.e. t € [0,T] and every z € R? with |z| < r.



3.1 Definition and properties of the action functional

As already mentioned in the introduction, in what follows we take advantage of some results proved by
Arcoya, Bereanu and Torres in [4], where a (non-smooth) variational formulation for the Lorentz force
equation (1.4) is provided. Some extra work is needed due to the singularity of the nonlinear term.
Let us consider the Banach space

X ={zeWh>(0,T;R?) : 2(0) = 2(T)},

endowed with its usual norm ||z|| = ||z e + ||Z]/0c. We set, for every s € R? with |s| < c,
2 |2
F(s)=me*[1—4/1— = | (3.2)

and we introduce the functional ¢ : X — (—o0, +00] defined by

T
/O F(i(t)dt i i <

P(z) = (3:3)
“+o0 otherwise.
Moreover, we define the functional ® : X — (—o0, +00] as
T, T
B(z) = / LI +/ Ut z(t))dt, Ve X. (3.4)
o |=(t)] 0

Of course, @ is finite on the open subset
A={re X :z(t)#0forallte[0,T]}

while, due to the singularity of the integrand «/|z|, it could be infinite elsewhere. The simple, but
crucial, observation, is that in fact ®(x) is always infinite outside A: indeed, if a function x € X
vanishes somewhere in [0, 7], due to its Lipschitz continuity the integral fOT a/|xz(t)| dt is infinite, and
so ®(x) = 4o0. Since this will be often used in what follows, we state it as a Lemma.

Lemma 3.2. For every x € X, ®(x) < +oo if and only if x € A: that is, with the notation of
Assumptions 2.1, D = A.

We then define I : X — (—o0, +0o0] as
I(x) =¢(z) + &(x), VzelX.

In the next proposition we show that the functional I is suitable for the abstract setting introduced in
Section 2; moreover, we highlight a further important property of the functional 1.

Proposition 3.3. The functional I = ¢+ ®, where ¢ and ® are defined in (3.3) and (3.4), respectively,
satisfies Assumptions 2.1. Moreover, the functional ¥ is lower semicontinuous with respect to uniform
convergence, namely: if v € X and {x,} is a sequence in Dy, such that x,, — x uniformly on [0,T],
then x € Dy and

Y(z) < liminf(z,). (3.5)

n—4oo

Proof. First, we are going to verify separately each point in Assumptions 2.1.



1. By Lemma 3.2 we have Dg = A which is open in X. On the other hand, Dy, = {z € X : ||&||oc < ¢}
so that clearly Dy, N Dg # 0.

2. The convexity of v follows directly from the convexity of the function F'. Moreover, the restriction
Y|p, of ¥ to Dy is continuous, as it is easily checked using the dominated convergence theorem
(cf. [4, Lemma 2]). Since D, is closed, the lower semicontinuity of ¢ on X follows.

3. The functional ® is actually of class C! (and, hence, locally Lipschitz continuous) on the open set
Dfp = A, with

¥l = 9(wi) = [ (~arton 4 VU000 dr (3.6)

0
for any x € A and y € X (see, for instance, [22]).
4. At first, we notice that
0Dy = X \A={ze X :x() =0 for some t € [0,T]}.

So, let us consider a sequence {z,,} in DgeND,;, such that d,, := dist(x,,, 0Dg¢) — 0 and, accordingly,
let y,, € dDg be such that ||z, — y,| < 2d,. Since ||Z,]|c0 < ¢ for any n, we find that

[Jnlloc <+ 9n — Fnlle S c+llyn —2nll <c+dy <ec+1

for n large enough. Moreover, since y, (t,) = 0 for some ¢,, € [0,T], we have
[Ynlloe < (c+ 1T

and thus the sequence {y,, } is bounded in X. Since ||z, —y,| < 2d,, the sequence {x,,} is bounded
in X as well. Therefore, the Ascoli-Arzela theorem yields the existence of a continuous function
z such that, up to subsequence, z,, — z and y,, — z uniformly on [0,7T]. Hence, z(0) = z(T) and
z(t) = 0 for some t € [0, T], limit point of the sequence t,,. Moreover, passing to the limit in the
Lipschitz-continuity condition

2 (t2) — zn(t1)] < cfta — 1], for every t1,¢2 € [0,T],

we easily see that z € Dy, C X and so, by Lemma 3.2,

T
o
dt = +o00.
/0 |2(t)]

Hence, by Fatou’s lemma

T T T
liminf/ LdtZ / liminfidt:/ Ldt: +00.
n=too Jo |2 (t)] o ot [z ()] o [2(0)]

Since 0 < ¥(x,,) < mc?T and fOT U(t, zn(t))dt remains bounded by the uniform convergence of z,,
to z, we finally conclude that I(x,) — +oc as desired.

Finally, for the proof of the lower semincontinuity property (3.5) we refer the reader to [4, Lemma 3]
(dealing with Dirichlet boundary condition; the periodic problem is taken into account in Section 4 of
the same paper). O



Remark 3.4. Notice that, while proving the fourth condition in Assumption 2.1, we have also established
the following property: if {z,} C D¢ N D, is a sequence which converges uniformly to a limit point
x € 0Dy, then I(x,) — +o00. Note that this differs from item 4 in Assumption 2.1 since, on one hand,
the convergence is not required to be in the topology of X, but, on the other hand, the existence of a
limit for the sequence {x,} is required.

The following proposition establishes a compactness property of the functional I.

Proposition 3.5. Let {x,} C X be a bounded Palais-Smale sequence at level c. Then, up to subse-
quence, T, — x uniformly on [0,T], with x a critical point of I satisfying I(x) = c.

Proof. We follow closely the arguments in [4, Lemma 5], with just some more care due to the presence
of the singularity. Let {z,} C X be a bounded Palais-Smale sequence at level ¢ and notice that this
implies {z,,} C Dy N Dy, (otherwise I(x,) = 400). Using the Ascoli-Arzela theorem as in the proof of
the fourth point of Proposition 3.3, we thus infer the existence of z € D,, such that, up to subsequence,
Zn, — x uniformly on [0, T]; moreover, by (3.5),
< lim1i . .
() < liminfe)(zn) (3.7)
On the other hand, by the observation in Remark 3.4 we have that ¢ dDg, since otherwise it would
be I(z,) = ¥(z,) + ®(x,) — +oo, contrarily to I(z,) — c¢. Thus, recalling that 0D = X \ A, we
conclude that x € A and, hence,
— 3 4 _ — 1 / —
O(x) = nkrf@@(xn) and @' (x)[z — x] nllglooq) (xn)|z —xn], VzeX, (3.8)
where the last equality is easily obtained by using the explicit formula (3.6). By the above relations
together with (3.7), passing to the limsup in the inequality characterizing the PS-sequence we thus find

U(z) = P(x) + ()2 — 2] 20, VzeX,

proving that x is a critical point of I. It remains to show that I(z) = c¢. For this, we choose z = z in
the inequality of the PS-sequence so as to obtain

Y(xn) < P(x) + (I)/(xn)[x — Tp] + €|z — 20 |-

Thus, limsup,, , . ¥ (x,) < ¢(x) which together with (3.7) yields ¥(x) = lim, 4o ¥(2y). Recalling
(3.8), we finally find
I(z)= lim I(z,)=c,

n—-+o0o

thus concluding the proof. O

The rest of the section is devoted to the proof that critical points of the functional I correspond to
T-periodic solutions of (3.1) (see [4, Theorem 6] for the case when D¢ = X). With this purpose, we
first notice that the difficulties in establishing this result come from the fact that, a priori, a critical
point © € Dy could satisfy ||Z|l.c = ¢: to exclude this, an ad-hoc argument is thus required. On the
other hand, the singularity of the nonlinear term does not play a real role, since a critical point satisfies
x € Dg by definition and the notion of critical point is of local nature. Following [5, 6], let us consider
the auxiliary problem

d mu ;
G (m) S0 .

w(0) — u(T) = 0 = u(0) — a(T)

10



with f € L1(0,7), and the related functional J : X — (—oo, +00] defined by

T
J(u)zw(u)—i—/ (f(t),u)ydt, VuelX. (3.10)
0
The relation between solutions of (3.9) and points of minimum of the functional J is established in the

following Lemma.

Lemma 3.6. The following statements hold:

1. problem (3.9) has a solution if and only if fOT f@&)dt = 0; in this case, the set of solutions is given
by {uo + ¢} where ug is a fized solution and c is any constant vector;

2. the functional J has a global minimum if and only if fOT f (&) dt = 0; in this case, the set of minima
is given by {ug + ¢} where ug is a minimum and ¢ is any constant vector;

3. w is a solution of (3.9) if and only if it is a global minimum of J.
Proof. Tt is convenient to introduce the following notation. Define, for s € R? with |s| < ¢,

p(s) =

ms
VI-[sP/c
d

so that the equation in (3.9) becomes % (p(u)) = f(t). It is readily verified that ¢ is a global homeo-
morhism of B.(0) C R? onto R? and, moreover,

VFE(s)=¢(s), VY seB0),
where F' is defined in (3.2). We are now in a position to prove the various parts of the statement.

1. Integrating the equation and using the fact that ¢ is a global homeomorhism of B.(0) onto R?
we find

uw(t) =t (<p(u(0)) + /Ot f(s) ds> , Ytelo,T).

Hence, since it has to be 4(0) = 4(T), the condition fOT f(t)dt =0 is easily seen to be necessary
for the solvability of problem (3.9).

On the contrary, suppose that such a condition is satisfied. A further integration yields

u(t):u(0)+/0t ! ((p(?l(O))—i—/Osf(T) dr) ds, Ytelo,T].

Therefore, u is a solution of (3.9) if and only if w(0) = u(T), that is

/ o (gow(o» <[ f(T)dT> ds =0,

and, in such a case, the function @ = u + ¢ is still a solution for every ¢ € R2. To conclude the
proof, we thus need to show that, for any fixed f € L'(0,T) with fOT f =0, the equation

T s
/go_l <d+/ f(T)dT)dSZO, d e R?,
0 0

admits a unique solution: this is proved in [6, Lemma 2] (see also [6, Example 2]).

11



2. We first notice that, if fOT f()dt # 0, then

T
ﬂ@:<A ﬂﬂﬁm>

for any constant function u(t) = ¢ € R?; hence, the functional J is unbounded below (and above).

Then, fOT f(t)dt =0 is a necessary condition for the existence of global minima of .J. Second, we
prove that if u;, us are both global minima of J, then @; = 42 a.e. on [0,T]. Indeed, if @3 # s
on a positive measure set S C [0, 7], then from the strict convexity of F' it holds

F(Auy(t) + (1 = Nae(t)) < AF(41(t)) + (1 = M) F(ue(t)), a.e. in [0,T],
with strict inequality when ¢ € S. Then
J()\ul + (1 — )\)UQ) < )\J(ul) + (1 — )\)J(Ug),

contradicting the fact that u,,us are global minima. From w; = 1o a.e, it follows of course that
up — uy = c for some ¢ € R?, proving the desired characterization of the set of global minima. It
thus remains to prove the existence of global minima when the condition fOT f(t) dt = 0 is satisfied.
For this, we refer to the next point 3, showing in fact that solutions of (3.9) (which exist, by point
1, in such a case) are global minima of J

3. Let u be a solution of (3.9) and take v € X. We can assume ||9]|o < ¢, otherwise the conclusion
is obvious; recalling that VF(s) = ¢(s), the convexity of F' gives

F(0(t)) > F(u(t)) + ((u(t)),o(t) —a(t)), a.e. in [0,T].

Then, using the above equality together with the fact that u solves (3.9), we obtain

T
> [ (i), 60— ) + (7(0,000) = ute)

T d ) B
= [ (- (G (ot o0 = it ) + 01, 000) = u(o) ) e =

proving that u is a global minimum of J. The fact that any global minimum of J is a solution of
(3.9) is now an obvious consequence of what we have proved so far. Indeed, let us take @ solution
of (3.9) and, thus, global minimum of J. Since any other global minimum w of J is of the form
u = i + ¢ for some ¢ € R?, we immediately see that u is a solution of (3.9), as well. O

Now, taking into account Lemma 3.6, we are in a position to prove the final result of this section (cf.
[4, Theorem 6]).

Proposition 3.7. Any critical point of I, according to Definition 2.2, is a T-periodic solution of (3.1).

Proof. Let x € Dy be a critical point of I and define

z(t)
|z(8)?

f(t) = —a F VUt a(t), Ytelo,T].

12



Since V, U is L'-Carathéodory, we deduce that f € L'(0,T). Recalling (3.6), the fact that z is a critical
point of I reads as

A<ﬂmu@—w®Mpmwo—M@2& Vuex

which means that z is a global minimum of the functional J defined in (3.10).
Hence, Lemma 3.6 applies and the proposition is proved. O

Remark 3.8. Let us mention that the converse of Proposition 3.7 also holds true: that is, T-periodic
solutions of (3.1) are critical points of the functional I. This however can be proved with standard
arguments, since the functional I is smooth on the interior of its domain Dj.

3.1.1 Homotopy classes of paths

Since we are interested in finding periodic solutions with prescribed winding number, for any integer k
we define the set
Ay ={z e A:i(zx) =k}, (3.11)

where i(z) is the winding number of = (z,,,,) as a closed path in R? \ {0}, that is

i(x)

1 udv — vdu T[T 2 ()i (t) — 2y (t)dy (1)
- /x _ dt.

w42 271 ), Ty (8)% + 1, (1)
Some useful properties of the set Ay are collected in the next lemma.
Lemma 3.9. The following hold true:

(1) Ay is open with respect to the topology of uniform convegence, and so, a fortiori, Ay is an open
subset of X; in particular, for any x € Ay, it holds that

{lye X ly— 2o < min |z(t)|} C Ag. (3.12)

(2) AN Dy # 0 and, for k #0,

|z||oo < T, for every x € Ay N Dy. (3.13)

Proof. (1) The assertion, as well as the inclusion (3.12) (coming from the so-called Rouché’s property
of the winding number), is well known.

(2) It is easily checked that the path
B(t) = ™ e [0,T),

belongs to Ay N Dy as long as 0 < p < ¢I'/(2wk), showing that Axy N Dy # 0. To prove (3.13), we
suppose on the contrary that |xz(%)| > ¢T for some ¢ € [0, T]. Then, for every ¢ € [0,T] we find

/ttm(s) ds

so that x([0,T]) C Ber(z(f)) € R?\ {0}. Since the ball is contractible, we have thus reached a
contradiction with the fact that x € Ay, with k& # 0. O

< T,

|z (t) — 2(8)] <
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3.2 The first solution: minimization

Let us fix k # 0. We are going to prove that the minimization problem

:ce}&.lr?Dw I(x) (3.14)

has a solution, that is, there exists £ € Ay N Dy, such that
I(z) < I(z), forevery x € AN Dy.

Since, by Lemma 3.9 the set Ay is open in X and I(x) = +oo if © ¢ Dy, we easily see that Z is a local
minimum of I. Then, by Proposition 2.3 Z is a critical point of I and Proposition 3.7 finally implies
that Z is a T-periodic solution to (3.1), with winding number equal to k. So, let us define

= inf [T
Tk :IZE/%EQD#, (ZE)

and consider a minimizing sequence {z,} C Ax N Dy, that is, I(z,) — mg. Since ||z,] < T by
estimate (3.13) and, moreover, ||Z,|lcc < ¢, the sequence {z,} is bounded in X. Hence, using the
Ascoli-Arzela theorem as in the proof of the fourth point of Proposition 3.3, we infer the existence of
z € Dy, such that, up to subsequence, z,, — & uniformly on [0, T']; moreover, by (3.5),

P(z) < liminf (). (3.15)

n—-+oo

Similarly as in the proof of Proposition 3.5, we have that Z ¢ 0Dg, since otherwise, by item 4 in
Assumption 2.1, it would be I(z,) = ¥ (z,) + ®(x,) — 400 contrarily to I(z,) — my. Thus, recalling
that 0Dg = X \ A, we conclude that z € A and, by (3.15) together with the smoothness of ® on A,

I(z) < liminf I(x,) = my.

n—-+4oo
Since x,, — Z uniformly and Ay is open w.r.t. the topology of uniform convergence, T € Ay, as well.
Then, Z € Ay N Dy, is a solution of the minimization problem (3.14), as desired.

3.3 The second solution: a min-max argument

Let Z € AN Dy, for k # 0, be a solution of the minimization problem (3.14) considered in the previous
section. We are going to apply the min-max principle given in Theorem 2.4. To this end, we define

B ={z}

and
F ={~([0,1]) : v € C(T*, A1), 7 is not nullhomotopic and v(0) = z},

that is, the set of the images of all non nullhomotopic loops based at Z in the topological space Ay (here
T! is meant as the quotient space R/Z, so that v(0) = v(1) = ). Of course B is closed in X and F is
a family of compact sets of X. Notice that F is non empty since the compact set

A:=75([0,1]), with¥(s) =2(Ts+-) € Ay, (3.16)

belongs to F. We now verify the other assumptions of Theorem 2.4.
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First, we prove that F is homotopy stable with extended boundary B. So, let us consider A =
v([0,1]) € F and a continuous function 7 : [0,1] x X — X such that

n(t,z) =z, V(t,z)e ({0} x X)U([0,1] x B) and n([0,1] x A) C Deg.

Preminarily, we observe that, for any s € [0, 1], the function ¢ — n(t,y(s)) € Dg provides an homotopy
of the path ~(s) (which is obtained at ¢t = 0) in the punctured plane R?\ {0}: since v(s) € Ay, by the
homotopy invariance of the winding number it has to be n(t,v(s)) € Ay for any ¢t € [0,1]. Now, let us
set y:(s) = n(t,v(s)) for every (t,s) € [0,1] x [0,1]. It is easily checked that, for every ¢ € [0,1], ; is
a loop of base T in the topological space Ax. Moreover, by construction all these loops are homotopic:
since yg = 7 is not nullhomotopic, we deduce that 7, is not nullhomotopic as well. We have thus proved
that n(1, 4) = n(1,~v([0,1]) € F, as desired.
Second, recalling the definition of A € F given above, we have

c:= inf sup I(z) < supI(x) = sup I(Z(sT +")) < +o0
AEF zeA z€A s€[0,1]
since Y(Z(sT +-)) = ¥(Z) and ®(Z(sT + -)) is bounded, due to the fact that the functions Z(sT + ) are
uniformly bounded and uniformly bounded away from the singularity.

Finally, we define
F={zeX:|z—ZT|w=r}

with 7 € (0, min; |Z(¢)|) arbitrarily chosen. We stress that, in the above formula, the sup norm || - || is
considered, even if the norm in the ambient space is X is the one of W1*°; since uniform convergence is
implied by convergence in X, the set F'is closed in X. Let us also notice that, by the Rouché’s property
(3.12), the set {z € X : ||z — Z||oo < 7} is entirely contained in Ay; hence we have

supl = I(z) <infI.
B F

We claim that AN F # 0 for every A = ~([0,1]) € F. Indeed, if otherwise ||y(s) — Z||oc < r for every
s € [0,1], the convex deformation v(A,s) = AZ + (1 — A)y(s) (with A € [0,1]) would imply that v is
homotopic in A to the constant loop of base Z, against the assumption. Since F N B = (, the condition
(AN F)\ B # 0 of Theorem 2.4 thus follows.

Summing up, we can apply Theorem 2.4. Thus, fixed a sequence {4} in F such that sup, [ —c
we can find a PS-sequence {z,} in X, at level ¢, such that dist(x,, A,) — 0; moreover, if infp I =
¢, then dist(x,, F) — 0. Now, let us recall that A, C Aj and observe that, since I(z) = oo if
x ¢ Dy and supy [ — ¢, it must be A, C Dy, as well. Hence, A,, C Dg N Dy, so that the fourth
condition in Assumption 2.1 implies that dist(A,,, 9Ax) remains bounded away from zero. Hence, from
dist(xy, A,) — 0 we can infer that x, € Ay if n is large enough. Using the inequality (3.13), we thus
find that {z,} is bounded. Then, Proposition 3.5 applies, providing the existence of a critical point z*
of I at level ¢, obtained as the uniform limit of a subsequence of {x, }. By the first assertion in Lemma
3.9, z* € Ay.

Ifinfp I < ¢, since I(Z) < infp I < ¢ = I(z*) by assumptions 2 and 3 of Theorem 2.4 (see its proof
in the appendix), we get «* # Z. If, otherwise, infr I = ¢, then we also know that dist(z,, F) — 0.
Then, since distoo (2, F) := infyep [|[2n — ylloo < dist(zy, F), we have distoo(2p, F) = 0. On the other
hand, disteo (2, F)) — disteo(2*, F') and so dist(z*, F) = 0. Hence

r = distoo (Z, F) < | — 2|00 + distoo(z*, F) = ||Z — 2| 0o,
implying «* # Z. Hence, in both the cases, a second T-periodic solution to (3.1), with winding number

equal to k, is found.
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Remark 3.10. We observe that the equality I(Z) = ¢ holds for the autonomous equation

d me
— | ] = + VU
dt< 1—|j:|2/02> “ |3 (@)
Indeed, in this case the functional [ is invariant under time-translation and hence, recalling the definition
n (3.16),
c= inf sup I(x) < supI(x) =I1(Z).
nh sup I(2) < sup I(2) = 17

In this situation the functional I possesses the continuum of local minima A.

Remark 3.11. With minor modifications of the arguments used in this section, Theorem 1.1 could be
extended to more general equations. For instance, it is possible to obtain a similar result for a forced
relativistic N-center problem of the type

d mi

— | — a; + V. Utz r € R? e , 3.17

dt ( 1- ] /02> Z J| 5 ‘3 (¢, ), \{&, .- 6w} (3.17)
where 1, ... &y are fixed points in R? and a; > 0, for every j = 1,..., N (clearly, equation (3.17) reduces

to (3.1) for N =1 and & = 0). In this more general setting, the existence of T-periodic solutions can
be proved in any non-trivial homotopy class T' € m (R? \ {£1,...,&,}) such that I'N D, # 0. Notice
that, in the case of N > 2 centers, this requirement is essential: indeed, the natural bound |z| < ¢ for
any x € Dy, implies that
max |z(t) —x(s)| < T

max_a(t) —a(s)] < .
and, thus, solutions = to problem (3.17) cannot belong to a class I' containing loops with non-zero
winding number around §; and §;, if |§ — &;| > T

4 The unforced problem: minimal solutions

In this section we deal with the unforced problem

d m x 9
pm (W) = 04|$|37 xz € R\ {0}. (4.1)
More precisely, in Section 4.1 we first give a complete description of the set of circular and non-circular
T-periodic solutions of (4.1) with winding number k, for an arbitrary 7' > 0 and an arbitrary integer
k # 0. Then, in Section 4.2 and Section 4.3 we provide explicit formulas for the action level of non-
circular solutions and for the Morse index of the circular solutions, respectively. Finally, using these
preliminaries, in Section 4.4 we give the statement of our main result, Theorem 4.9, and we provide its
proof.

Due to the invariances of (4.1), in what follows the uniqueness of a periodic solution will always
be meant up to time translations and space rotations around the origin. Moreover, without loss of
generality we consider only solutions having positive winding number k around the origin (equivalently,
with positive angular momentum, see (4.13)), that is, solutions belonging to the set Ay defined in (3.11),
with & > 1.
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4.1 Circular and non-circular periodic solutions

As we will see, problem (4.1) can have circular or non-circular periodic solutions. As far as circular
solutions are concerned, we notice that a circular T-periodic solution belongs to Ay if and only if its
minimal period is T'/k; moreover, circular solutions have constant angular velocity. With this in mind,
by direct computations it is easy to prove the following result.

Proposition 4.1. For every T > 0 and k € N, with k > 1, problem (4.1) possesses a unique circular
T-periodic solution xc € Ay, given by

(1) = Re R LvVL2c? — o? ma?c
X = e = - W=
C ’ mac ’ 12 /7‘[/202 — o2 )

where (the angular momentum) L > 0 is the solution of

(4.2)

2

2122 —a2="%Cp (4.3)

21k

On the other hand, the existence of non-circular periodic solutions of (4.1) can be proved by means of
a phase-plane analysis, on the lines of the recent paper [7], which presents a precise description of the
solutions, for a given energy and angular momentum.

It is important to observe, as it will be clear from the proof of Proposition 4.3, that problem (4.1)
does not have non-circular periodic solutions in A;. Moreover, for k > 2, non-circular periodic solutions
in Ay can be classified according to the following definition.

Definition 4.2. Let T > 0, k € N, with £k > 2, and n € {1,...,k — 1}. A non-circular T-periodic
solution x of (4.1) is said to be a solution of type (n, k) if x € Ay and |x| has minimal period T'/n.

Let us define
_ 2T

L= 4.4
3 (4.4)
and, for every ke N, k£ > 1
nk3
— T, ifnef0,....,k—1}
uk = (k2 — n2)3/2 (45)
+00 ifn==%.

We are now in position to state the result on the existence of non-circular periodic solutions of (4.1).
Proposition 4.3. Let T >0, k € N, with k > 2, and ir € {0,...,k — 1} such that
k k
wp, <T < ug . (4.6)
Then:

1. if ir = 0 problem (4.1) does not admit non-circular T-periodic solutions in Ay

2. ifip > 0 problem (4.1) has exactly ir non-circular T-periodic solutions in Ay and they are of type
(17 k)a cey (iTa k)
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Proof. The proof is based on the phase-plane analysis given in [7, Sect. 2]. In that paper the existence
of periodic solutions of (4.1) is studied depending on the values of the energy

m62 «

ho—me o (4.7)

V1 #2/E |z

and of the angular momentum

0 1 ma
L= (z,Jp), where J = ,P= Y 4.8
(z,Jp) <_1 0) p /1 — [2[2/c2 (4.8)
More precisely, it is shown that non-circular periodic solutions exist if and only if (h, L) belongs to the
set
a? a’m?c?
Z:{(h7L)ER20<h<m02762<L2<1’n264h2}

Moreover, when (h, L) € X, the radial component |z| of a solution x of (4.1) is always periodic and its
period T}, depends on the energy h according to the relation

2ram?c®

=

(4.9)

(see [7, Prop. 2.1]). On the other hand, the angular component 6 of z has a total variation in the

interval [0,T},] given by
2
A= (4.10)

O[2

1= L2¢?
(see [7, Formula (2.25)]). Observing that A > 2r, it is immediate to conclude that (4.1) does not
admits non-circular periodic solutions in Aj.

For k > 2, from the previous discussion we deduce that x is a T-periodic solution of (4.1) in Ay if
and only if there exist n € {1,...,k — 1} and (h, L) € ¥ such that

T =nTy, nAb=2rk. (4.11)

Notice that (4.11) implies that periodic non-circular solutions in Ay are necessarily solutions of type
(n,k), for some n € {1,...,k — 1}. Now, recalling (4.9) and (4.10), it is easy to see that (4.11) is

equivalent to
2 (27ram203n>2/3 12 _ o® kK .
T ’ c? k% —n?
From these relations we then obtain that (h, L) € X if and only if
a2 k2 Q/3m2/372/3

- < ,
c? k%2 —n? (27rn)2/3

i.e.
2rak3n

med (k2 — n2)3/2"

From (4.4) and (4.5), we can write this condition as 7' > u¥. Therefore, (4.1) has a T-periodic solution
if and only if T > uk, for some n € {1,...,k — 1}, and this solution is of type (n, k). This is sufficient
to conclude. 0

T >
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The aim of the next sections is to study the minimality of the circular and non-circular periodic solutions
of (4.1) given in Propositions 4.1 and 4.3, depending on the values of T > 0. In particular, we plan to
detect which is the minimal solution whose existence has been proved in Section 3.2. To this end, we will
be able to explicitly compute and compare the action levels of the non-circular solutions (see Section
4.2). The computation of the action level of circular solutions is still possible, but it it not evident how
this level is related to the levels of non-circular solutions for any 7' > 0. However, computing the Morse
index of circular solutions (see Section 4.3) will be sufficient to conclude (Section 4.4).

4.2 Action level of non-circular solutions

In this section we prove the following result on the action level of non-circular solutions.

Proposition 4.4. Let T > 0, k € N, with k > 2, ir € {1,...,k — 1} such that (4.6) is satisfied and
let x be a solution of (4.1) of type (n, k), for some n € {1,... ir}. Then, the action level I(x) of x is
given by

. 2 T 2 2/
I¥ = mc®T + T VR —n2 - = <m2/302 - <m> ) . (4.12)
c c

Remark 4.5. Let us point out some relations for the radial and angular components (r, §) of solutions x
of (4.1), which have been proved in [7]: denoting again by h and L the energy and angular momentum
of x, respectively (see (4.7) and (4.8)), we then have

L1 P
. 2
f=——< 413
m|z|? ( )
and 1 1
o) = —, (4.14)
a
where \/
ah a?m?ct 4+ (h? — m2ct) L322 e
b= oy €= T L E=1. (4.15)
Proof. Let us first recall that
T 12 T 12 T
I(x):/ me* [ 1— —@ +g:mczT—mc2/ \/1—@—&—/ =<
0 ¢ || 0 ¢ o |zl
From the conservation of the energy (see (4.7)) we infer that
|| mc?
l-—F=— 4.16
2 h+af|z| (4.16)

which implies that

T 2 T
I(:c):mczT—mcz/ L—i—/ @
o htaflzl  Jo |zl
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Now, let us notice that from (4.13) we deduce that 6 is monotone; hence, it is possible to change the
variable of integration setting ¢ = ¢(), where (6) is the inverse function of §. Taking again into account
(4.13) and (4.16), we infer that the function t satisfies

d 1 mz? _ hjz* + ajz|

a5 22 L2
I
c

On the other hand, recalling (4.10), (4.11) and assuming without loss of generality 6(0) = 0, we have
0(T) = 2rk. Using (4.16) and (4.14), we then obtain

orka?  m2c2 [k 1
I(z) = mc®T — do
(z) = me™T + Lc2 b2 /0 > 2
<1+ECOS< 1_L2029>>
2k
1
4 ok / do.
bLe? J, o2
1+ Ecos 1_L2029

Now, from (4.10) and (4.11) we know that /1 — a?/L?c> = n/k; hence, via the change of variable
u = nf/k, we obtain

onka?  m2c2k [T 1 ahk [T 1
I(z) = mé®T — d du. 4.17
(@) =meT+ =73 L /0 (11 Beosuy " bLe2 /O 1+ Ecosu © (4.17)

The integrals in (4.17) can be computed using the residue theorem, obtaining

2 1 o' 27 1 2
du = ———, o= e
o 14+ Ecosu (1 - E2)Y/ o (1+ FEcosu) (1-E2)%

We then deduce
2rka? 2wkm?c? 2rkah

I(z) = mc*T - : 4.1
@) =me T+ o ~ i - me t hLea - B (4.18)
From (4.10), (4.11), (4.15) it is easy to prove that
2 _ 2 2.4 12
LZEL, b:ﬁk‘ 7’?/7 (1—E2)1/2:E u
c VE2 = n2 a n? h k2 — n?
Replacing in (4.18) we obtain
2T« 2ranh3
2
I(x) = me T—i—T k2_n2_m. (4.19)

Taking into account (4.9) and (4.11), we deduce that

T 2ram?2c®

n c(m2ct — h2)3/2;
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this implies that

1/2
2/3 ( 2/3 2 (270471)2/3) !
h=m*"c | m*/°c* — T .

From (4.19) and the relation we conclude that

2\ 3/2
9 2ra T 2/3 2 2man’\
Iz)=mc’T+ — Vk2—n2— = [m*°c — | —— . O
c c

T

In order to study the minimality of non-circular solutions, it will be useful to compare the action levels
of the solutions corresponding to different integers n. This is the result of the following proposition.

Proposition 4.6. Let T >0, k € N, with k > 2, ip € {1,...,k — 1} such that (4.6) is satisfied and let
IF be given in (4.12) forn € {1,...,ir}. Then, we have

If<ry<...<If.

Proof. Let us first define 7 : [0, k] — R by

T

3/2
5 2T T 2/3 2 2mas ) ¥? /
T(S):ch-|-7 kQ—SQ—Z m*2c” — | —— , Vse[0,k].

From Proposition 4.4 we know that
Y(n)=1IF, Vnec{l,... i} (4.20)

A simple computation shows that

1/2
Ti(s) — (2ma)?/3 TV/3 m?/3¢c? 2ma\ /3 2ra\ /3 s
(8)=—7 a1 \7) ==

for every s € (0, k]. From this relation we deduce that

m2/3¢2 2T 2/3 2mo 2/3 52
P 0 o (o) (o)

52/3 T T

A straightforward computation proves that

2/3
2
T'(s) >0 <= m?32s%+ (?) k2523 —m23c2k2 <0 (4.21)
Define now
2ra 2/3
C(s) = m?/3c2s% + (T) K% —m?B3RPk?, Vse [0, k]; (4.22)

the function ( is clearly strictly increasing in [0, k] and satifies

2/3
2
C(0) = —m2/32k2 <0, C(k) = (;O‘) k2 k23 > 0.
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Hence, ¢ has a unique zero (y in [0, k] and

((s) <0 <= 0<s<(.
Taking into account (4.21) and (4.22), we then obtain that

T'(s) >0 <= 0<s<(.

Recalling (4.20), to prove the thesis it is now sufficient to show that ir < (o, i.e. ((ir) < 0. Indeed,
this is a consequence of assumption (4.6): if T > u¥ , from (4.4) and (4.5) we deduce that

1T

iT k‘3 2T
On the other hand, from (4.22) we have

2T 2/3 2/3

mﬂzmméﬁ+(T) K2y — m?5ek?,
Now, (4.23) implies
3 (k2 _ 2)3/2 2/3
Clir) < m*/3c2(i% — k2) + (2ma)?/3 (;’g (zlkg)) k2% = 0. 0
T

4.3 Morse index of circular solutions

The minimality of the circular solution z¢ given in (4.2) can be studied by computing its Morse index
t(x¢), which can be defined by using the lagrangian structure of (4.1). Indeed, as already noticed
problem (4.1) is the Euler-Lagrange equation corresponding to the Lagrangian

N 2 |$|2 «
L(z, &) =mc (1— _c2>+x|'

Given a circular solution x¢ of (4.1), linearizing the equation at z¢ and taking into account that

%L

=0

01 Ox ’

we obtain J
7 (A9 = B(t)g, (4.24)
where 3/2 12
m e () [Ec(®)*)

and

B(t) = 3alzc(t)| P zo(t) @ zo(t) — alzc(t)| 73 1d,

for every t € [0, T]. Here z ® y = 2y " when 2 and y are column vector of the same dimension. We now
observe that (4.24) is the Euler-Lagrange equation of the quadratic Lagrangian

Lo(t:a,4) = (AW )+ 5(B(0a,a),
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which induces the quadratic form 7¢ : W%’Q — R (here by W%’z we mean the Sobolev space of W12

functions z : [0, T] — R? satisfying x(0) = x(T')) defined by

T
1c(q) = /0 Le(t,q(t),q(t)dt, Vqe W%’Q.

Noticing that A(t) is positive definite, for every ¢ € [0, T], the Morse index jo of 7¢ is well-defined (cf.
[1, Par. 3.4]) and the Morse index ¢(z¢) of the circular solution z¢ is defined as je.
In the following theorem we give the result on the computation of ¢(z¢).

Theorem 4.7. Let T >0, k € N, with k > 1, and ip € {0,...,k — 1} such that (4.6) is fulfilled. Then,
we have

t(zc) = 2ip.

Proof. At first, following [7] we notice that (4.1) can be written as the Hamiltonian system associated

to the Hamiltonian function
21 ®2/p2
H(r,9,1,®) = mc*(/1 + %Q/T — g,
m2c r

where the variables (r,9,1,®) € (0,+00) x T! x R? are related to (z,) via the symplectic change of
variable 1o
) ) d . L2\~
z =re?, p=1e" + —ie”, with p=mi (1 — Wl) )
r c
Then, the circular solution z¢ given in (4.2) corresponds to ¢(¢) = (R,wt,0, L), t € [0,T], where L is as
in (4.3).
According to the Morse index theorem [1, Cor. 3.4.2], we have

Wze) = i%%(¢;[0,77), (4.25)

where ( is the fundamental matrix solution of the linearized Hamiltonian system at ¢ and i“%(¢; [0, T)])
is its Conley-Zehnder index on the period [0,7] (see [19] and the references therein). A standard
computation shows that the linearized Hamiltonian system at ¢ is the linear system w = Mw, where

0 0 A O

B 0 0 C
M=

D 0 0 -—-B

0 0 O 0

where

= VIL?¢? — a? B am?(a® — 2L2c?) o a’my/L2c? — o? D= a‘mie

mLc L3(L2%c? — a?) Loc CIAVIZE — o2
The matrix M has the eigenvalues {0, 0, +-iw’}, where
a’m
W = 5 (4.26)

Following [19, Sect. 4.1], using the direct sum property of the Conley-Zehnder index we find
i9%(¢[0,T]) = % (n; [0, T)) +i“%(&: [0, 7)), (4.27)
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where
=1 " o f 0
= N = eX 5
K 0 1 PVl o
for every ¢ € [0,T]. Taking into account the fact that sz > 0, from [19, Lemma 3.7] we deduce that
9% (n;0,T)) = —1. (4.28)

On the other hand, from Lemma 3.5 in [19] we infer that

/ !
2T2°" 1 i T; eN
A (UNHER S T (4.29)
2| S| +1 i g
T 2

Now, recalling (4.3) and (4.26), we have

Tw Ta?*m _ kVL2c? —a? 1 o? <k
2r  2wL3 Le -y L2c? ’

As a consequence, for n € {0,...,k — 1} by means of an easy computation we deduce that
1 a? ]f2 042 k2
n < <n+1 < — 55 L2 <5 575"
- 27 2 k?2—n? " 2 k?2—(n+1)2

Using (4.3) and recalling (4.5), we conclude that

/
n <

<n+l = uﬁ§T<un+1.
s

As a consequence, from (4.29) we deduce that

2n—1 if T =uk
-CZ n
710, T) = , 4.30
P& 0.T]) {2n—|—1 ifT e (uz,uzﬂ). ( )
From (4.25), (4.27), (4.28) and (4.30) we obtain the result. O

Remark 4.8. Let us notice that if «(z¢) > 1 then z¢ is not minimal. Indeed, let us observe that
t(x¢) > 1 implies (and, actually, is equivalent to) the fact that the principal eigenvalue

T . . T
e ADED.G©)d [ BOAOa) s el
seWi\(0) ST a2 at sewi o) [T lg(t)[? dt
of the periodic problem
d

7 (A1) = B(t)g — Ag (4.31)

q(0) = ¢(T), ¢(0) = 4(T).
is strictly negative. So, let us consider an associated eigenfunction g € W%’z; by integrating the equation

in (4.31), we easily find
7e(g) < 0. (4.32)
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Moreover, by regularity ¢ € C'([0,T]), thus implying that zc + €7 € Dy N Ay, if € is sufficiently small
(cf. Section 3.1 for the notation). Hence, from Taylor’s formula we deduce that

1
IHxe+eq)— I(zc) = 5 7c(q) € —|—0(€2), e — 0.

Taking into account (4.32), we conclude that ¢ is not minimal.

4.4 Minimality and asymptotic level estimates

We are now in a position to prove the result on the minimality of solutions of (4.1).
Theorem 4.9. Let T >0 and k € N, with k > 1. Then, we have:
1. if k=1, for every T > 0 the minimal solution is the circular solution defined in (4.2);
2. if k>2 and T < u¥, the minimal solution is the circular solution defined in (4.2);

3. if k> 2 and T > u¥, the minimal solution is the non-circular solution of type (1,k) given in
Proposition 4.5.

Proof. We have already observed that for £ = 1 the unique T-periodic solution in Ay is the circular
solution. This is the situation also when k& > 2 and 7' < u¥, which corresponds to the case ir = 0 in
Proposition 4.3.

In the case k > 2 and i > 0, from Theorem 4.7 and Remark 4.8 we deduce that the circular solution
cannot be minimal. Hence, the minimal solution is one of the non-circular solutions; Proposition 4.6
allows to conclude that the minimal solution is the solution of type (1, k). O

Remark 4.10. Let us observe, as a complement of the study of the values of the action functional, that
when k£ > 2 the action level of the circular solution is greater of all the levels of the existing non-circular
solutions, at least for T sufficiently large.

Indeed, let us first fix &k > 2 and observe that if T" > UZ—I then (4.1) has k — 1 solutions of type
(1,k),...,(k —1,k) (cf. Proposition 4.3). As a consequence, we can consider the action level of the
solution z of type (n, k), for every n € {1,...,k — 1}, which is given in (4.12). Now, let us notice that

3/2
2man\ %/? 2ran\?* 1 /
m2/3c2 _ =me [ 1= I
T mc? T2/3
a3 (2man\*T 1 15 (2man) VP 1 of !
—me 2 \mé 7578 md i TO\7=) )

as T — 4o00. Substituting this relation in (4.12) we obtain

2
IﬁzchT—l—ﬂ\/kQ—nz
c

3/2

o (3 (2man 231 15 2man\Y? 1 of
— me 2\ me3 T2/3 + 8 \ me3 T4/3 * T2 (4.33)
3 o3 1/3 3, 270 e 15 (2man)*/® 1 1

25



On the other hand, recalling (4.2) and (4.3), the action level of the circular solution z¢ given in Propo-
sition 4.1 is

I(xc) = mc*T — / me \ll—w—g—mQT / mc? 4/ 1 - =
© 2z L202

(4.34
27 mcT T202 2+ mea®T 2p mcaT2+2 L )
=mc’T — — -« =mc’T — 0
L LQCQ — a2 27T]€
Now, from (4.3) we deduce that
2.2 4
4,72 2 2y _ mrean o
L (L cCT —« ) = WT,
hence, x = L? is a solution of the equation
4r?kP e’ — An?k?al2® — m*ctatT? = 0. (4.35)
The substitution
y = 1212k?Pa — 4n’k%o? (4.36)

transforms (4.35) in the form
VY 4py+q=0, p=—-481'k*a?, ¢=—167"k*a*(2Tm3* S T? 4 8n%k*a?).
An application of Cardano’s formula gives

y = 67r4/3k4/3a4/3m2/302T2/3U(T),

where

vy = i1t 8m2k2a2 N 167T2k2a2 8m2k2a2 v 16m2k202
o 27m2c8T2 27m2c6T2 27m2c6T2 2Tm2c8T2"

As a consequence, recalling (4.36), we obtain

2 2/3,.2712/3
_ g2 o (3m7PcT
v=L"=23 <27r2/3k2/3a2/3 u(r) + 1)

and

I «@ 3m2/3c272/3 U(T) + 1 1/
- V3e 272/312/302/3 (T) +
From (4.34) we then deduce that
-3/2
_ 9 m2c2a? [ /3¢ 9 3m?2/3:272/3
I(zc) = mc™T — 5k ( - ) T (2#2/3k2/3a2/3U(T)+1

3m2/3:272/3 1/2

7 (MW v+ 1)
3vV3m2cP T2 3m2!/302’TQ/3K UT) +1 N 2rka 3m2!/302‘TQ/3K
2mko 272/3k2/302/3 V3c \2m2/3:2/302/3

+ 27k ——

—3/2
= mc®T —

U(T) + 1) 1/.2
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Let us now recall that the circular solution z¢ exists for every T' > 0. Hence, it is possible to study the
asymptotic behaviour of I(x¢) when T — 4o00; to this end, let us first observe that

- 16m2k2a2 1+ 8m2k2a2 32mtktat L0 1 T
N SonTRTAr _ L 50
27m2c8T2 2Tm2e8T2  272mAcl2T4 T8 )’ ’

321/37T4/3k4/30t4/3 1 < 1
+0

thus implying

— 3 —_—
U(T) - \@+ 9m4/3c4 T4/3 T2

By means of standard computations we can thus obtain

), T — +o0.

I(zc)

_ 2 il =
=meT 2wk 33/2me3 T 2m?2/3¢2 T2/3 24mA/3c4 T4/3 T2

Imka 31/2m1/30 13 22/3772/3k'2/30(2/3 1 24/3774/3k‘4/30(4/3 1 1
T 1+ + +0 | =
V3c 21/371/31/31/3 6m2/3¢2 T2/3 QA mA/B3 A T4/3 T2

3v3m2cd e 2rka 1 ( _22/37r2/3k2/3a2/3 1 2437 /3kA/3a4/3 1 +O( 1))

_3 2/3 1/3p1/3 | L (2mak)*/® 1 1
(4.37)
Comparing (4.33) and (4.37), recalling that non-circular solutions x exist for n = 1,...,k— 1, we obtain

that the relation
Ixe)>If > ... > I7

holds true asymptotically for T" — +oo.

5 Appendix: proof of the min-max principle

We begin by stating a deformation-type result which is easily adapted from the corresponding [21,
Theorem 2.2].

Theorem 5.1. Assume that I : X — R U {+oo} satisfies Assumption 2.1, and that B,C C X are
nonempty closed sets such that C is compact, C C Dy and BNC = (). If there is ¢ > 0 such that

VeeC 3§ eX: ¢O($;§z—$)+¢(§z)—¢(ﬂ?) <—6||£$—3;‘H, (5'1)

then, for every k > 1 there exist to € (0,1], a € C°([0,1] x X, X) and ¢ € C°(X, [0, +0o0)) which satisfy
the following

1. a(t,Dy) C Dy, Vitel0,ty); alt,z)== V (tz)e€l0,ty) x B;
2. |la(t,x) —z|| < kt, V (t,z) €[0,ty) X X;

3. I(a(t,z)) — I(z) < —ep(x)t, V (t,z) €[0,t9) X Dy;

4. p(x)=1, VzeC.
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Proof. First, we observe that (5.1) implies that, actually, & € Dy and &, # «x for all z € C. Next,
the proof follows the argument of [21, Theorem 2.2] which, in fact, develops in a neighborhood of the
compact set C. It is enough to observe that, for each fixed &, the function 7" : Dg x X — R defined by

T(Z7w) = éo(z;gm - w) +"/}(§I) - w<w) +5||€w - wH’ v (va> € Do x X,

is upper semicontinuous on Dg x X and, by (5.1), negative for (z,w) = (z,z) € C x C. Therefore, for
each x € C it is possible to find a positive d, < ||, — || such that ® is Lipschitz continuous in B(z, d,)
(see item 3 in Assumption 2.1) and still

(236 —w) + (&) — P(w) +ellé —wl| <0, ¥ (2,w) € B(x,0,).
From here one can continue as in the proof of [21, Theorem 2.2]. O

We now observe that we do not need the full extent of Assumption 2.1 to prove Theorem 5.1. In fact,
item 4 in Assumption 2.1 and the continuity of 1) on the compact sets in which v is bounded, in item
2 in Assumption 2.1, are not used in the proof above. Moreover, we remark that the third statement of
the deformation theorem grants that a(t, Dy) C Dy for all ¢t € [0, to).

Let us come now to the proof of Theorem 2.4 and fix a few pieces of notation, in order to avoid the
singularity of the functional. Thanks to item 4 in Assumption 2.1, there is dg > 0 such that I(x) > c+1
whenever x € Dy and dist(x,0Dg) < 20g. We set Dy = {x € Dg : dist(x,0Dg) > 2§p}: hence, z € Dy
whenever I(z) <c+ 1.

From now on, the argument is almost identical to that of [21, Theorem 3.1] and we only need to
check that it can be adjusted with the new assumptions on F and the singularity of I (see item 4 in
Assumption 2.1). It is enough to show that, if we fix any € and any A. € F such that

2
0 <e<min{l,dp} and chupI<c+%<c+ 1, (5.2)

=

then there exists x. € X such that

Oz 2 — x) +p(2) = P(ze) 2 —Bel|z —ael, VzeX;

dist(z., Ae) < %;
2
)
c—% <I(z.)<c+ 582;

dist(ze, F) < € if, moreover, irl}fI =c.

In particular, (5.2) guarantees that A. C Dy N Dy. Assumptions 2 and 3 of the theorem imply that
infp I < ¢ and, thus, we split the argument into two cases.

The first case: infrl = c.

We denote N.(F) = {z € X : dist(z, F) < ¢} and G, = ({0} x X) U ([0,1] x ((Ac \ N(F)) U B)). Let
7(t,z) = x for all (¢t,z) € [0,1] x X and

L. = {77 € C’O([O, 1] x X, X) :n(t,x) =z V(t,x) € G and p(n,7) < 60} ,
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which is a complete metric space with respect to the distance p(n1,n2) := sup{||m (¢, z) — n2(t, z)| :
(t,x) € [0,1] x X}. Observe that, by construction, n([0,1] x A.) C Dg for all n € L., that ({0} x X)U
([0,1] x B) C G and, thus, n(1, A.) € F by hypothesis 1 of the theorem. We define for z € X:

fi(z) = max{0,e* — e dist(z, F)}
fo(z) = min {“':,edist(x, (A.\ N.(F))U B)}
9(x) =I(z) + fi(z) + f2(2)
and consider the functional J : £, — R U {400} given by

J(m)= sup g(z) = sup g(n(l,z)), VneL..
zen(l,A;) TEA,

Let us observe that J is l.s.c. since it is the supremum of a family of L.s.c. functions.
For every n € L., there exists zg € n(1, Ac) N F by assumption 3, since n(1, A.) € F, and, thus

J(n) > g(z0) = I(20) + f1(z0) = I(20) + &> > i%fl-i—fz =c+e’.

Hence,
2 .
e < inf J(n).
cte’ < inf (n)

On the other hand, by (5.2) we have:

2 2 2
. _ € 9 € ) €
< = < — — < —. .
nlenﬁfEJ(n)fJ(n) sgf(f+f1+fz),c+ gt Ty fnlenﬁfEJ(n)Jr 1 (5.3)
By Ekeland’s variational principle, there exists 19 € L. such that
_ _\ _ € €
Jno) < J(m; - plno,m) < 53 J(n) = J(1m0) = 5p(n,10), V11 € Le. (5.4)

—~

We have that 1 is bounded from above on 79(1, A.), since

sup v < sup I— inf &< J — min ®<J(M)— min P,
T A R Lt e 8

and, thus, ¢ is continuous on ny(1,4.) by item 2 in Assumption 2.1. In particular, the function
x — g(no(1,z)) is continuous on A. and the set C' = {w € no(1, A:) : g(w) = supg(no(l, A4.))} is
non-empty and compact.

Now, let 2 € no(1, A.) N F satisfy I(2) = sup I(no(1, Ac) N F): either 2 € B or we have

I2) <supI <infI<I(z)< sup I, Vze(m(l,A)NF)\B.
B F m0(1,A:)NF

In both cases there is zg € (1n9(1, A:) N F) \ B such that I(z9) = sup I(no(1, Ac) N F') and, thus,

rgaj‘( )9 > g(20) = I(20) + & + fa(20) > ¢+ &° + fa(z0) > ¢ + &2,
To(l,Ae

where we used the fact that fa(z0) > 0 and I(z9) > ¢, since zg € F'.
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On the other hand, we have that:
&2
z2€AN\NA(F) = g(2)=1(z) <supl <c+ 5
Ae

2€B = g(2) =1(2) + fi(z) <supl+e* <c+e2
B
Hence, C N [(A: \ No(F)) U B] = . We make the following:

Claim. There exists z. € C such that: ®%(z.;2 — x.) + ¥(2) — ¥(z.) > —bellz — x|, Vze X.

Assuming that the claim is proven, we have that x. ¢ B. Moreover, x. = 1o(1, &) for some & € A.: in
fact, & € N.(F) because, otherwise, we would have & € A, \ N.(F) and, thus, z. = &, since ny € L.,
that is a contradiction with C'N [(A; \ Ne(F)) U B] = 0. Therefore, we deduce that

. . R _ €
dist(ze, Ae) < [Ino(1,2) — 2| < p(no, M) < 5?
€ 3
dist(ze, F) < |lno(1,2) = 7(1, 2)| + dist (2, F) < p(10,7) + 5 < 5e.
Finally, from (5.3) we infer
_ 5,
I(z.) < g(ze) = J(mo) < J(0) = supg < e+ e
and
' , & g2
I(z.) = J(no) — fi(xe) — falwe) > lng —& -3 >c— R

Let us finally prove the remaining claim. By contradiction, if the claim is false, we have that (5.1)
holds with 5e in place of € and we can apply Theorem 5.1 with B’ = (A, \ N.(F)) U B in place of B
and any k € (1,2). We fix any t; € (0,19) such that ¢; < e/(2k), too, and define

m(t,z) = a(Mt,no(t,z)), V (¢,z)€[0,1] x X, VX €[0,t].

Using statements 1 and 2 of Theorem 5.1 it is straightforward to check that ny (¢, 2) = « for all (¢,z) € G.
and all A € [0,¢1]. Moreover, we have

g
||77)\(t,$)—:L‘|| < ||a()‘t7770(t7w))_UO(t7$)||+||770(tvx)_m” < kt1+§ < 617 V(t,.%‘) € [07 1]><X7V)‘ € [0,t1]7

again by statement 2 of Theorem 5.1 and the choiches for ¢; and e.
Therefore we can deduce that ) € L. and that p(nx,n0) < Ak, for every A € [0,41]. Hence, by (5.4)

we have that

ek

T(n) > J(10) = =p(na,m0) = T (110) — VA € [0, 41]. (5.5)

2
By statement 3 in Theorem 5.1, we deduce that

I(na(1,2)) < I(no(1,x)) — bedp(no(1,x)), Vze A, VAe0,t],
and, thus,

sup I < J(no) —BeA min ¢ < 4o0.
nx(1,Ae) no(1,Ac)
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Arguing as above, this guarantees that ¢ is continuous on 7,(1, A;) and that also the function = —
g(nx(1,z)) is continuous on A.: let x\ € A, be such that g(nx(1,zx)) = J(ny). Inequality (5.5) implies
that

eXk elk
—_ >

gma(1,zx)) — g(no(1,2)) > J(no) — g(no(1,2)) — 5 25 Ve A, Y A€0,t]. (5.6)

Now, recalling that the functions f; and f; have both Lipschitz constant ¢, we deduce that

)
I(nx(1,2x)) = I(no(1,23)) 2 (A (1,23)) = g(n0(1, 2x)) = 2e[[na(L, 25) =m0 (L, 2x)l| 2 =5k,
for all A € [0,t1]. Moreover, again by statement 2 of Theorem 5.1, we have that

I(na(1,20)) = I(no(1,2x)) < =5eXp(no(1, 1))
The last two inequalities together give that

e(mo(L,zx)) < g <1 (5.7)

On the other hand, if we denote by # € A. any cluster point of {z) : A € [0,¢;]} as A\ — 0", we
observe that, again, the map (\, z) — g(nx(1,)) is continuous on the closure of {(A\,z) : A € [0,#1]} C
[0,¢1] x A and we let A — 0" in (5.6) to obtain:

9(770(1@))—9(7]0(1’@) 207 V.IEAE;

this means that, actually, 79(1, %) € C and, thus, ¢(no(1,2)) = 1 by statement 4 of Theorem 5.1. This,
however, contradicts (5.7) and the claim is proved.

The second case: infy I < c.

The argument in this case can be simplified since we do not seek a PS-sequence that approaches F
anymore. We set

L={neC([0,1] x X,X): nt,z) ==z, V(tz)e ({0} xX)U([0,1] x B); p(n,M) < do}.

Again, we have that (£, p) is a complete metric space and (1, A.) € F for all n € L. The functional
J: L — (—o0,+00], given by J(n) = sup f(n(1, Ac)), is L.s.c. and satisfies
g2 g2
<i < J(n — < —.
c_1%fJ_J(77)<c+ 1 _IIEfJJr 1

Thus, there exists 79 € £ such that (5.4) holds with £ in place of £.. As in the previous case, 9 is
bounded from above on (1, A.) and, using item 2 in Assumption 2.1, we can consider the nonempty
and compact set C' = {w € no(1, A:) : f(w) = maxI(ny(1,A:))}. Moreover, BN C = {) since

supl <infl <c<infrl
B B C

and we can use again Theorem 5.1 to show that there exists x. € C such that
(I)O(xsazfxs)*kw(z)*w(xe)2*5”275%”3 VzeX.

The first inequality in (5.4) ensures that
2
e<infl < I(x) = J(m) < J(@) < e+

while the second one implies that dist(z., A.) < e/2.
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