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Abstract

Wall-turbulent flows are of great interest for both industrial and envi-
ronmental applications. Their dynamics is governed by the combined role of
inner and outer self-sustaining mechanisms involving different scale motions.
The near-wall region is the site of a high rate of turbulent energy produc-
tion, and its dynamics is governed by motions scaling in inner units. On the
other hand, for high Reynolds numbers, the outer overlap layer is thought to
become relevant, being the site of self-sustaining mechanisms of large flow
structures following mixed inner/outer scaling. The complex interactions
involved, which determine the overall momentum transfer, are not yet fully
understood, and their understanding underpins the development of more
reliable turbulence models and new control strategies. In wall-turbulent
flows, the strong inhomogeneity and anisotropy imposed by the presence of
the wall deeply modify the classical picture of turbulence. The near-wall
region is in fact the site of a strong reverse energy transfer process in the
wall-parallel directions, feeding long and wide scales that dissipate energy
through sharp gradients in the wall-normal direction. A similar scenario, al-
beit more moderate in intensity, is observed in the Turbulent/Non-Turbulent
Interface (TNTI) region. In the present work, we make use of both classi-
cal statistical tools and dynamic numerical experiments aimed at shedding
light on the observed phenomena. The multiscale nature of the mechanisms
involved requires the use of two-point formalisms such as the one provided
by the second-order structure function. Furthermore, the rotational and
dissipative nature of turbulence makes enstrophy an appealing observable,
especially for the study of the TNTI region and of the vortex stretching
mechanism that is connected to the energy cascade process. The main focus
of the work is the assessment of the two-point energy and enstrophy budgets
in a turbulent boundary layer, with particular attention on the near-wall and
TNTI regions. Furthermore, a dynamical approach is also proposed in order
to establish the role of the inner and outer cycles. This approach consists in
using different scalar fields transported by modified velocity fields in which
the inner and outer cycles are alternatively suppressed. Both the analysis
and the numerical experiments are conducted on the flow setup of a tem-



porally evolving boundary layer via direct numerical simulations up to a
friction Reynolds number of Reτ = 1500. This flow configuration, charac-
terised by the presence of a wall and of a TNTI, exhibits spatial homogeneity
in two directions (streamwise and spanwise), while retaining a qualitatively
unaltered dynamics with respect to the one observed in the spatially evolving
boundary layer.
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Guide for the Reader

The experienced reader may consider skipping some parts of the thesis
concerning the theoretical background and introduction. For this reason,
we report here on the location of the main results.

Section 2.3 shows the results obtained by applying the generalized Kol-
mogorov equation and the two-point enstrophy budget frameworks on direct
numerical simulations of homogeneous isotropic turbulence. Chapter 3 de-
scribes the flow configuration and the simulation settings of the temporal
boundary layer (on which most of the analyses contained in this thesis work
are carried out). In this chapter, the main flow features are also described
and some of the main topics concerning wall turbulence are briefly inves-
tigated. Chapters 4 and 5 contain the main novelty of the thesis work,
addressing the generalised Kolmogorov equation and the two-point enstro-
phy budget formalisms on the temporal boundary layer (after the analysis
of the corresponding single-point budgets). Finally, the dynamical experi-
ments which try to establish the role of the inner and outer cycles in the
temporal boundary layer are presented in appendix A.





Chapter 1

Introduction

The phenomenon of turbulence affects our daily lives, with its benefits
and drawbacks. Thanks to its mixing nature, turbulence helps us in speeding
up processes that would otherwise require a remarkably long time. Among
these processes are the dilution and dispersion of contaminants, such as the
pollution emitted by factories, exhaust pipes or ashes ascending from a vol-
canic plume, which, without the process of turbulent entrainment, would
travel in concentrated harmful clouds, taking a huge time to dilute in the
surrounding air. Analogously, turbulent entrainment is exploited in internal
combustion engines, where fuel is mixed with fresh air at a rate that would
not be achievable through laminar diffusion alone. At a more macroscopic
scale, turbulence plays a fundamental role in the climatic balance of our
planet’s atmosphere and oceans and, further widening the picture, is even
deeply connected with star formation and the dynamics of the interstellar
medium in galaxies. Turbulence also gives us spectacular views, such as
the wrinkled edges of clouds or the fine structures generated by the waves
breaking as they approach the coast. Nevertheless, the phenomenon of tur-
bulence also constitutes a problem for many applications. Just to name a
few, it is sufficient to think that in many cases turbulence causes an increase
in aerodynamic drag, it greatly increases the power required to move a fluid
through a pipeline and its chaotic nature makes it extremely difficult to
make predictions (such as weather forecasting) and to control a turbulent
flow. But one of the most fascinating things about turbulence is that, de-
spite the enormous effort spent on the subject, it is still an unsolved problem
in physics.

The lack of a unifying theory, however, has not stopped engineers, physi-
cists and mathematicians from producing knowledge, also based on empirical
observations, deductions and heuristic arguments. The need to be able to
estimate the drag coefficient of a car, the aerodynamic loads acting on a
building or bridge, and to be able to make weather forecasts or to predict
the effect of a certain change on the urban climate of a certain city, has
prompted the development of feasible models. These include reduced-order
models such as the LES and RANS approaches, in which the dynamic of
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turbulence is partially or completely modelled. The discriminator of what is
modelled and what is resolved in these models is based on dimension of the
scale motions considered, with the RANS context being the extreme, where
all the scales of a turbulent motion are modelled. The models used in these
two contexts benefit from an understanding of the fundamental dynamics of
turbulence at all its scales, which is primarily accessible through direct nu-
merical simulations and experiments. In the former, the main limiting factor
is the computational cost, while experiments present challenges in the set-up
and suffer from limitations in measurement accuracy, but with the obvious
advantage of dealing with real flows. The investigations carried out in this
thesis work are completely performed by means of numerical simulations,
as they allow a complete access to the velocity and pressure fields at every
instant and in every region of the fluid domain. Another advantage of the
numerical approach is the possibility of performing experiments in which the
physics of the problem is modified, observing how the applied modifications
(impossible to implement in a real experiment) affect the development of the
flow studied. In other words, simulations allow one to play with the physics
of the problem.

Many of the flows of engineering and environmental interest are char-
acterized by the presence of a solid wall, which may be represented by the
fuselage of an aircraft, the wall of a hydraulic duct or by the earth’s sur-
face for the atmospheric motions. This simple constraint can already pose
a challenge for the reduced order models mentioned above, as the presence
of a solid boundary profoundly changes the classical picture of turbulence.
In fact, in the near-wall region it is possible to observe the injection of
energy in small-scale fluctuating motions that is eventually transferred to-
wards motions with larger characteristic scales. This phenomenon may pose
a problem for LES models as it would require the modelling of a source of en-
ergy arising from unresolved scales. In addition to this complexity, the mode
of energy dissipation itself is also changed by the presence of a solid wall.
These challenges, together with its implications on practical applications,
make wall turbulence a case of great interest.

Similarly, in many flows of interest for applications, it is common to
encounter the coexistence of flow regions that are in a turbulent regime,
with others that are non-turbulent. These two regions are separated by the
Turbulent/Non-Turbulent Interface (TNTI), in the proximity of which it is
possible to observe some confinement effects that, in some sense, resemble
the dynamics observed in the presence of a solid wall.

The present thesis work mainly focuses on how some of the features of
turbulence are modified in the presence of a solid wall and in the proximity of
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a TNTI. In particular, the study is conducted by means of direct numerical
simulations and numerical experiments on the flow configuration of the tem-
poral boundary layer, characterised by the simultaneous presence of the wall
and of the TNTI. Particular focus is placed on the multiscale phenomena at
the basis of energy transfer and production, together with the scale-by-scale
dynamics of enstrophy, that is linked to energy dissipation. These topics are
addressed through the study of the generalized Kolmogorov equation and
its equivalent two-point enstrophy budget. Finally, a dynamic approach is
also proposed aimed at establishing the role of the different scales involved
in the near-wall and outer cycles of wall turbulence.

The thesis is organized as follows. In chapter 2, the framework of the
generalized Kolmogorov equation and of the two-point enstrophy budget
are presented together with some basic notions regarding wall turbulence
and the TNTI. In this chapter, we also present the results derived from
the two-point energy and enstrophy budgets framework applied to direct
numerical simulations of homogeneous and isotropic turbulence at different
Reynolds numbers. This is intended to both facilitate the understanding
of the phenomena described by starting with one of the most basic flow
configurations and to set a reference before diving into the study of the a
more complex flow configuration. In chapter 3, the temporal boundary layer
is described, by presenting the flow settings used and by showing some of the
main flow features commonly investigated in wall turbulence. In chapters 4
and 5 we address the main topics mentioned above on the flow configuration
of the temporal boundary layer. In particular, chapter 4 is dedicated to the
study of energy transfers and production mechanisms, with a focus on the
confinement effects given by the wall and by the TNTI. Chapter 5 follows in
the wake of the previous chapter, providing another view of the phenomena
observed through the investigation of the enstrophy dynamics. Concluding
remarks are given in chapter 6. Finally, numerical experiments aimed at
understanding the role of inner and outer cycles in the temporal boundary
layer are presented in appendix A, while appendix B contains an off-topic
on High Performance Computing topics that I dealt with during the first
part of my PhD, following my previous work.
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Chapter 2

Theoretical framework

Since the seminal work of Kolmogorov (1941), no revolutionary steps
have been made in the development of a universal theory of turbulence.
Many of the theoretical results concern isotropic homogeneous turbulence,
while a unique theory capable of explaining most of the phenomena occur-
ring in every day flows is completely missing. This lack results in an ad-
vancement of the knowledge in this field that is sustained also by the study
of individual cases of interest. Considerable effort has been certainly spent
in investigating the canonical flows, which consist in relatively simple flow
configurations that allow to grasp some essential features and concepts that
are also applicable to more general cases. Among this family of flow config-
urations, it is possible to identify a group of cases of interest for the study of
wall turbulence. The main flows investigated in this context are the channel
flow, the pipe flow and the boundary layer. Among these three configura-
tions the only one presenting a Turbulent/Non-Turbulent Interface (TNTI),
across which the turbulent entrainment phenomenon occurs, is the boundary
layer. This thesis work will mainly focus on this flow configuration, applying
the framework of the Generalized Kolmogorov Equation (GKE) in order to
try to shed light on the complex phenomena occurring in wall turbulence
and near the TNTI region. This same framework will also be extended to
enstrophy, which constitutes a more appropriate observable for the study
of the TNTI and which can provide additional information regarding the
constrained dynamics in the wall- and interface-normal direction.

In the present chapter we give some brief notions useful for the compre-
hension of the thesis work presented. In section 2.1, we briefly recall some
basic concepts of turbulence in Richardson’s and Kolmogorov’s perspective,
derive the GKE and show some of the main theoretical results. This frame-
work will be extended to turbulent enstrophy in section 2.2. The classical
results, mainly concerning Homogeneous Isotropic Turbulence (HIT), will be
shown by using a data set of HIT simulations at different Reynolds numbers
for both the GKE and for the two-point enstrophy budget in section 2.3.
These results will also serve as a reference before analysing the more com-
plex boundary layer setup presented in chapters 4 and 5. Finally, the present
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

chapter will conclude by reporting some notions regarding wall turbulence
and TNTI in sections 2.4 and 2.5.

2.1 Richardson’s energy cascade and
Kolmogorov’s theory

The concept of the energy cascade probably has its roots in Richard-
son’s (Richardson, 1922) phenomenological view. In particular, through the
observation of clouds, Richardson came to develop his view of turbulence,
which can be summarized by quoting his memorable poem:

Big whirls have little whirls
that feed on their velocity,
And little whirls have lesser whirls
and so on to viscosity.

The idea behind this phenomenological interpretation is that turbulent
motions can be thought as composed by a variety of eddies of different
size. The larger scale fluctuations are unstable and break up feeding smaller
eddies. This process is repeated up to a scale at which the viscous stresses
are sufficient to stabilise the fluid motions.

Subsequently, Kolmogorov succeeded in developing a mathematical frame-
work that was able to incorporate this phenomenological view into a more
rigorous framework. His work led to one of the only exact theories in the
field of turbulence. This mathematical framework, together with some re-
sults will be briefly reported in the following subsections.

2.1.1 Self-similarity assumptions

A turbulent motion can be considered as composed by eddies of differ-
ent sizes ℓ, and the related velocity scales uℓ. The associated scale Reynolds
number can be defined as Reℓ = uℓℓ/ν. In general, the larger scale motions
are of the order of the problem size L0 and are dependent on the bound-
ary conditions of the problem. The related velocity is of the order of the
characteristic velocity of the flow considered U0. Kolmogorov argued that,
contrary to these large scale motions, the small scales of any turbulent flows
can be thought to as universal and isotropic:

Kolmogorov’s hypothesis of local isotropy. At sufficiently high
Reynolds number,the small-scale turbulent motions (ℓ≪ L0) are statistically
isotropic.
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

A consequence of this first hypothesis is that the directional information
contained in the large anisotropic scales are gradually lost in the chaotic pro-
cess of the energy cascade. In accordance with this hypothesis, Kolmogorov
formulated the first similarity assumption:

Kolmogorov’s first similarity assumption. In every turbulent flows
at sufficiently high Reynolds numbers, the small scale statistics (ℓ/L0 ≪ 1)
have an universal form that is uniquely determined by ν and ⟨ϵ⟩,

being ϵ the rate of dissipation of turbulent kinetic energy into heat.
Accordingly to this similarity assumption, a unique length, time and velocity
scales can be defined:

η =

(
ν3

⟨ϵ⟩

)1/4

, τη =

(
ν

⟨ϵ⟩

)1/2

, uη = (ν⟨ϵ⟩)1/4 . (2.1)

These three scales constitute the Kolmogorov scales and the associated
scale Reynolds number is of the order of unity: uηη/ν = 1. The ratio
between the smallest and the largest scale present in the flow can be than
determined with the Reynolds number:

L0

η
= Re3/4,

U0

uη
= Re1/4,

τ0
τη

= Re1/2. (2.2)

Hence, as a consequence of the first similarity assumption, an increase in the
Reynolds number results in the generation of a larger and larger separation
between the scales of motion. As a consequence of this, we can say that,
for a sufficiently high Reynolds number, there exists a range of scales such
that L0 ≫ ℓ ≫ η. These scales will be simultaneously too large to be
significantly affected by viscous phenomena, and too small to be directly
affected by the boundary conditions of the problem. Kolmogorov’s second
similarity assumption follows:

Kolmogorov’s second similarity assumption. In every turbulent
flow at sufficiently high Reynolds number, the statistics of the motions of
scale l in the range L0 ≫ ℓ ≫ η have a universal form that is uniquely
determined by ϵ and independent of ν.

This hypothesis introduces the concept of inertial range, in which the
main physical phenomena are dominated but inertial forces that transfer
energy towards smaller scales without any appreciable dissipation. This
range is only determined by dissipation ϵ which is also equal to the flux of
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

energy, since this range can be seen as a connection between the large scales,
at which energy is injected, at a rate ϵ ≈ U3

0 /L0 , and the Kolmogorov scales,
at which energy is dissipated at a rate of ϵ. Through purely dimensional
arguments and by applying Kolmogorov’s second similarity assumption, it
is already possible to derive a scaling law linking the characteristic scale
velocity and length in the inertial range:

u2ℓ = C ′⟨ϵ⟩2/3ℓ2/3. (2.3)

2.1.2 Generalized Kolmogorov equation

In the following, we provide a few technical details about second-order
structure function and its evolution equation with the aim of better defin-
ing their features. The present subsection is taken and adapted from the
appendix of Cimarelli et al. (2024b). This subsection is mostly devoted to
a formal analysis of two-point statistics and of their equations, and aims to
provide a clearer physical understanding of the results reported in chapters
4 and 5. To this purpose, the theoretical framework of the generalized Kol-
mogorov equation is also used to show how well-known results in turbulence
theory are recovered.

Second-order structure function

By recalling the definition of the second-order structure function,

⟨δq2⟩ ≡ ⟨δuiδui⟩ (2.4)

it is clear that the velocity increment between two points δui ≡ ui(x
′
i, t) −

ui(x
′′
i , t) is a central object, being ui the fluctuating velocity. The statisti-

cal features of the second-order structure function are better expressed by
considering the two-point separation vector ri = x′i − x′′i and the midpoint
vector xci = (x′i + x′′i )/2, i.e. ⟨δq2⟩ = ⟨δq2⟩(xci , ri, t). As shown in figure
2.1, the dependence of ⟨δq2⟩ on the midpoint xci is related to the statistical
inhomogeneity of the flow while the dependence on the separation vector ri
is related to the multiscale features of the flow.

From the definition of the second-order structure function (2.4), we can
write

⟨δq2⟩(xci , r, t) = 2⟨k⟩(xc + r/2, t) + 2⟨k⟩(xc − r/2, t)

−2⟨ui(xc + r/2, t)ui(xc − r/2, t)⟩
(2.5)
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

where k = uiui/2 is the turbulent kinetic energy. It is then clear that
the second-order structure function is strictly related with the two-points
correlation function,

R(xc, r, t) ≡ ⟨ui(xc + r/2, t)ui(xc − r/2, t)⟩ (2.6)

For statistically homogeneous flows, the dependence on the mid-point posi-
tion xc vanishes and the relation between second-order structure function
and two-points correlation function reduces to

⟨δq2⟩(r, t) = 4⟨k⟩ − 2R(r, t) (2.7)

Periodic boundary conditions can be applied in such homogeneous conditions
and the kinetic energy spectrum can be also defined

E(k, t) ≡ 1

(2π)3

∫
R(r, t)e−jk·rdr (2.8)

where j =
√
−1 is the imaginary unit and k is the wavenumber. The above

definition highlights that the second-order structure function is strictly re-
lated also to the kinetic energy spectrum as

⟨δq2⟩(r, t) = 4⟨k⟩ − 2

∫
E(k, t)ejk·rdk (2.9)

Equations (2.7) and (2.9) suggest that in statistically homogeneous turbu-
lence, the three statistical observables carry the same kind of information.
The main difference is indeed the support provided for the definition of scales
that is the physical space r for the second-order structure function and for
the two-points correlation function and the spectral space k for the kinetic
energy spectrum.

Finally, we conclude this section by showing the well-known scaling law
of the structure function and its analogue for the energy spectrum valid in
the inertial range. By simply applying equation 2.3, it is possible to write:

⟨δq2⟩ = C ′⟨ϵ⟩2/3r2/3, (2.10)

or equivalently, in the spectral space:

E = C ′′⟨ϵ⟩2/3k−5/3, (2.11)

where r = |r| and k = |k|. Equations 2.10 and 2.11 are are respectively
known as the two-third and the five-third laws.
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

Figure 2.1: Sketch of the quantities involved in the definition of the two-point velocity

increment δui = ui(x
′, t) − ui(x

′′, t). Image taken with permission of Cimarelli et al.

(2024b)

Derivation of the generalized Kolmogorov equation

The generalized Kolmogorov equation is the exact equation for the evo-
lution of the second-order structure function ⟨δq2⟩. Contrary to the equation
for the kinetic energy spectrum E(k, t) that can be written only for statis-
tically homogeneous flows that feature periodic boundary conditions, the
generalized Kolmogorov equation applies to any flow and, hence, also in
strongly inhomogeneous and anisotropic turbulence. The exact form of the
equation is due to the fact that it can be directly derived from the Navier-
Stokes equations. The procedure for its derivation has been introduced by
Hill (2002) without considering the Reynolds decomposition. This latter has
been introduced later by Marati et al. (2004) for the derivation of the second-
order structure function equation applied to the statistical symmetries of a
turbulent channel.

We report here the main steps of derivation of the second-order structure
function equation in its most general form by considering also the Reynolds
decomposition of the flow fields. The asterisk symbol ·∗ will be used to
denote total quantities, capital letters for average quantities and lower case
letter for fluctuating quantities (e.g. u∗i = Ui + ui, where u∗i is the total
velocity field, while Ui = ⟨u∗i ⟩ and ui are respectively the mean and fluc-
tuating velocity fields, being ⟨·⟩ the average operator). The first step is
to derive the evolution equations for the fluctuating velocity increment δu.
These equations can be obtained by subtracting the Navier-Stokes equa-
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

tions for the velocity fluctuations written at the two points of the increment
x′ and x′′. Then, by considering that the two points x′ and x′′ are in-
dependent variables, e.g. ∂ui(x

′, t)/∂x′′j = 0, all the flow variables can be
written as two-point increments. Finally, a change in the coordinate system
from (x′,x′′, t) to (xc, r, t) can be performed by considering the following
differential relations

∂

∂x′i
=

1

2

∂

∂xci
+

∂

∂ri
∂

∂x′′i
=

1

2

∂

∂xci
− ∂

∂ri

∂2

∂x′i∂x
′
i

+
∂2

∂x′′i ∂x
′′
i

=
1

2

∂2

∂xci∂xci
+ 2

∂2

∂ri∂ri

(2.12)

The resulting equations for the fluctuating velocity increments read

∂δui
∂t

+
(
ũj + Ũj

)∂δui
∂xcj

+
(
δuj + δUj

)∂δui
∂rj

+ ũj
∂δUi

∂xcj

+δuj
∂δUi

∂rj
− ∂δ⟨uiuj⟩

∂xcj
= −1

ρ

∂δp

∂xci
+
ν

2

∂2δui
∂xcj∂xcj

+ 2ν
∂2δui
∂rj∂rj

(2.13)

where we recall that δ· and ·̃ denote the two-point difference and the two-
point average operators. From here on, we will refer to fluctuating velocity
and pressure with the lower case letters ui and p, and to average velocity with
upper case Ui. The second-order structure function equation can be finally
obtained by multiplying equation (2.13) by 2δui, by applying the average
operator ⟨·⟩ and by rearranging the viscous terms in order to highlight the
dependence of the equation on the behaviour of the pseudo-dissipation ϵ.
The resulting final form of the generalized Kolmogorov equation reads

∂⟨δq2⟩
∂t

+
∂⟨δq2δuj⟩

∂rj
+
∂⟨δq2ũj⟩
∂xcj

+
∂⟨δq2⟩δUj

∂rj
+
∂⟨δq2⟩Ũj

∂xcj
+

2⟨δuiδuj⟩
(̃
∂Ui

∂xj

)
+ 2⟨δuiũj⟩ δ

(
∂Ui

∂xj

)
=

−2

ρ

∂⟨δpδui⟩
∂xci

+ 2ν
∂2⟨δq2⟩
∂rj∂rj

+
ν

2

∂2⟨δq2⟩
∂xcj∂xcj

− 4⟨ϵ̃⟩

(2.14)

where the solenoidal condition of the velocity field is repeatedly applied
in its derivation, i.e. ∂δui/∂ri = ∂δui/∂xci = ∂ũi/∂ri = ∂ũi/∂xci = 0.
This equation represents an exact equation that statistically describes all

10



2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

the degrees of freedom of turbulence by addressing the augmented space of
scales and positions, r and xc respectively. Hence, the multiscale nature of
turbulence also in strongly inhomogeneous conditions is formally described
by this theoretical framework.

It is useful now to highlight the conservative form of the generalized
Kolmogorov equation by rewriting it as,

∂⟨δq2⟩
∂t

+ ∇6 · ϕ = S (2.15)

where

S = −2⟨δuiδuj⟩
(̃
∂Ui

∂xj

)
− 2⟨δuiũj⟩ δ

(
∂Ui

∂xj

)
− 4⟨ϵ̃⟩ (2.16)

is the source term of a 6-dimensional hyperflux ϕ occurring in the compound
6-dimensional augmented space of scales r and positions xc,

ϕ =

[
ϕr

ϕc

]
=



⟨δq2δu⟩ + ⟨δq2⟩δU − 2ν
∂⟨δq2⟩
∂rx

⟨δq2δv⟩ + ⟨δq2⟩δV − 2ν
∂⟨δq2⟩
∂ry

⟨δq2δw⟩ + ⟨δq2⟩δW − 2ν
∂⟨δq2⟩
∂rz

⟨δq2ũ⟩ + ⟨δq2⟩Ũ +
2

ρ
⟨δpδu⟩ − ν

2

∂⟨δq2⟩
∂xc

⟨δq2ṽ⟩ + ⟨δq2⟩Ṽ +
2

ρ
⟨δpδv⟩ − ν

2

∂⟨δq2⟩
∂yc

⟨δq2w̃⟩ + ⟨δq2⟩W̃ +
2

ρ
⟨δpδw⟩ − ν

2

∂⟨δq2⟩
∂zc



(2.17)

and

∇6 =
[
∇r,∇c

]
=

[
∂

∂rx
,
∂

∂ry
,
∂

∂rz
,
∂

∂xc
,
∂

∂yc
,
∂

∂zc

]
(2.18)

It is then possible to interpret the generalized Kolmogorov equation as an
exact statistical theoretical framework for the assessment of how kinetic
energy produced at large scales is dissipated at small scales also in fully
inhomogeneous conditions (Danaila et al., 2001). Indeed, by tracing back
the hyperfluxes from the small scales r and regions xc where turbulence
dissipation ϵ is physically accomplished, it is possible to reconstruct the
paths followed by scale energy and the large scales r and regions xc at

11



2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

which have production mechanisms inject energy. In this context, the three-
dimensional field of fluxes ϕr identifies the energy cascade process among
scales while three-dimensional field of fluxes ϕc locates the flow regions
statistically involved.

It is finally worth noting that the generalized Kolmogorov equation ex-
hibits a well-defined asymptotic behaviour at very large scales. Indeed, from
equation (2.7) it is clear that by considering a separation vector r in sta-
tistical homogeneous directions such that |r| ≫ ℓ with ℓ the correlation
length, the two-point correlation function vanishes R(|r| ≫ ℓ, t) = 0 and
the second-order structure function reduces to

⟨δq2⟩(r, t) = 4⟨k⟩ (2.19)

The same reasoning can be applied to all the terms of the generalized Kol-
mogorov equation (Marati et al., 2004) to show that the large-scale asymp-
tote of equation (2.14) is, within a factor 4, the single-point turbulent kinetic
energy budget.

Classical theory of turbulence

As mentioned in the previous subsections, for sufficiently high Reynolds
numbers, turbulence develops scales small enough to be considered not af-
fected by the boundary conditions of the problem. In this condition, the
small scales of turbulence are assumed to recover all the statistical sym-
metries and can be thought as universal. In such statistical homogeneous
and isotropic conditions, the generalized Kolmogorov equation (2.14) sig-
nificantly simplifies. In particular, thanks to statistical homogeneity, the
dependence on the mid-point vector xc vanishes, e.g. ⟨δq2⟩ = ⟨δq2⟩(r, t),
and the generalized Kolmogorov equation reduces to

∂⟨δq2δuj⟩
∂rj

+
∂⟨δq2⟩δUj

∂rj
+ 2⟨δuiδuj⟩

∂Ui

∂xj
= 2ν

∂2⟨δq2⟩
∂rj∂rj

− 4⟨ϵ⟩ (2.20)

where a statistical steady condition is also considered. Because of homo-
geneity, the mean velocity gradient in the production term of turbulence by
mean shear has to be understood as constant, i.e. ∂Ui/∂xj = const in homo-
geneous shear flows and ∂Ui/∂xj = 0 in homogeneous shear free turbulence.
Equation (2.20) unequivocally highlights that the prominent feature of sta-
tistically homogeneous turbulence is the transfer of energy in the space of
scales. Furthermore, by considering small scales such that |r|/ℓS ≪ 1 where
ℓS is the shear scale, the energy injection by mean shear can be neglected as

12



2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

well as the contribution to scale transport from the mean velocity increment.
In these conditions, the generalized Kolmogorov equation further reduces to

∂⟨δq2δuj⟩
∂rj

− 2ν
∂2⟨δq2⟩
∂rj∂rj

= −4⟨ϵ⟩ (2.21)

thus showing that the small scales of homogeneous turbulence develop an
equilibrium range where scale energy is transported among scales at a con-
stant rate prescribed by the rate of energy dissipation, i.e.

∇r · ϕr = −4⟨ϵ⟩, (2.22)

where ϕr = ⟨δq2δuj⟩ − 2ν∂⟨δq2⟩/∂rj .
The absence of effects from mean shear in this equilibrium range allows

also to assume an isotropic recovery at small scales, i.e. ⟨δq2⟩ = ⟨δq2⟩(r)
where r = |r|. To better express the generalized Kolmogorov equation
under statistical isotropic conditions, it is useful to recast equation (2.21) in
a spherical coordinate system,

1

r2
d

dr

(
r2⟨δq2δur⟩

)
− 2ν

1

r2
d

dr

(
r2
d⟨δq2⟩
dr

)
= −4⟨ϵ⟩ (2.23)

where δur is the radial velocity increment (also called longitudinal velocity
increment) and the terms depending on the azimuthal and polar angles
cancel out due to the statistical isotropy assumption. In order to address
the flux of scale energy, it is possible now to perform a spherical volume
integral and the generalized Kolmogorov equation under isotropic conditions
becomes

⟨δq2δur⟩ − 2ν
d⟨δq2⟩
dr

= −4

3
⟨ϵ⟩r (2.24)

thus showing that the essential feature of turbulence in statistically homo-
geneous isotropic conditions is the single process of flux of scale energy from
large to small scales, see the sketch reported in figure 2.2. This flux is radial
in the space of scales, linear with the separation r and proportional to the
turbulent dissipation rate ⟨ϵ⟩. Notice that a similar result can be obtained
also under the sole statistical homogeneity assumption as shown in Nie and
Tanveer (1999).

By limiting equation 2.24 to the very small scales of the viscous range
(where ⟨δq2δur⟩ ≈ 0) and by integrating in r, it is possible to obtain a
viscous scaling of the structure function:

⟨δq2⟩ =
1

3ν
⟨ϵ⟩r2. (2.25)

13



2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

Figure 2.2: Sketch of the picture of turbulence provided by the generalized Kolmogorov

equation in statistically homogeneous turbulence. The eddies are drawn only for improving

the graphical readability of the sketch but are not intended to convey any insights about

the flow physics provided by the generalized Kolmogorov equation. Figure taken from

Cimarelli et al. (2024b).

The isotropic version of the generalized Kolmogorov equation (2.24) can
finally be used to recover the famous 4/5th law (Kolmogorov, 1991). Indeed,
in statistically isotropic conditions, the second- and third-order structure
function tensors are completely determined by a single scalar field given by
the second- and third-order moment of the longitudinal velocity increment,
⟨δu2r⟩ and ⟨δu3r⟩ respectively (Robertson, 1940). Accordingly, it is possible
to re-express equation (2.24) as a function of longitudinal increments as

1

3r3
d

dr

(
r4⟨δu3r⟩

)
− 2ν

d

dr

[
1

r2
d

dr

(
r3⟨δu2r⟩

)]
= −4

3
⟨ϵ⟩r (2.26)

By considering now a very high Reynolds number, an inertial range of scales
can be assumed where the viscous contribution can be neglected. In this
range, the generalized Kolmogorov equation for isotropic turbulence ex-
pressed as a function of longitudinal increments, equation (2.26), reads

⟨δu3r⟩ = −4

5
⟨ϵ⟩r (2.27)

which is the famous four-fifth law.
In conclusion, the generalized Kolmogorov equation provides a full de-

scription of the augmented space of turbulence (xc, r, t) by addressing the
source and sink mechanisms and the hyperflux connecting them. By consid-
ering statistical homogeneity, the complex problem of turbulence reduces to
its essential features that the generalized Kolmogorov equation recognizes in
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

(a)

(b)

Figure 2.3: Sketch of the picture of turbulence provided by the generalized Kolmogorov

equation in inhomogeneous turbulence with a forward cascade (a) and a combined reverse

and forward cascade (b). The eddies are drawn only for improving the graphical readability

of the sketches but are not intended to convey any insights about the flow physics provided

by the generalized Kolmogorov equation. Figure taken from Cimarelli et al. (2024b).
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2.1. RICHARDSON’S ENERGY CASCADE AND KOLMOGOROV’S THEORY

the single process of transport of energy among scales, see equation (2.21).
Hence, homogeneous turbulence develops a spectrum of scales where large
and small scales are in equilibrium through a process of energy cascade in
accordance with equation (2.24), see also the sketch in figure 2.2.

In the more general conditions of inhomogeneous turbulence, the formal-
ism of the generalized Kolmogorov equation is still valid and allows again to
assess the processes that occur before turbulent energy is dissipated at small
scales. As unequivocally shown by the generalized Kolmogorov equation in
its full form, equations (2.14) and (2.15), both the source by mean shear
and dissipation by viscous mechanisms are defined in the augmented space
(xc, r, t) and are connected by the hyperflux, sum of a spatial and a scale
transport. The presence of a spatial flux greatly complicates the problem.
Because of that, the rate of energy dissipation at the small scales of a given
flow region is fed by turbulence production by shear occurring at the large
scales of other flow regions. In other words, the large and small scales of a
given region of the flow are no more in a local statistical equilibrium because
of inhomogeneity.

In this context two possible scenarios are envisaged by the generalized
Kolmogorov equation. The first one is sketched in figure 2.3(a) and consists
in a small scale turbulent dissipation fed by a large-scale production occur-
ring in another region of the flow through a spatial flux combined with a
forward cascade. The second scenario is sketched in figure 2.3(b). Again,
small-scale dissipation of a given region of the flow is fed by turbulence pro-
duction occurring at the large scales of another region. However, the spatial
flux is combined with both reverse and forward cascades. Qualitatively, this
is the scenario observed in the inner region of wall turbulence as shown in
the present work. The presence of an inverse energy cascade is supported by
the generalized Kolmogorov equation only because of the presence of spatial
fluxes. In fact, when dissipation acts at small scales, only the non-locality
(in space) of the budget induced by spatial fluxes can allow the presence of
an inverse energy cascade. This is different in flow cases where dissipation
occurs at large scales, e.g. 2-D turbulence. In this case the inverse energy
cascade directly feeds dissipation and hence can also occur locally in space
as in homogeneous turbulence.

Let us finally notice that in the two scenarios depicted in figure 2.3(a)
and (b), statistical anisotropy has not been considered. In fact, a third
scenario is also supported by the generalized Kolmogorov equation that is
given by the fact that both the mechanisms sketched in figure 2.3(a) and (b)
can simultaneously occur in strongly anisotropic turbulence. In other words,
from the turbulence production scales and regions, energy while moving in
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2.2. TURBULENT ENSTROPHY

other flow region can be continuously transferred to larger scales in some
scale-directions while to small scales in the other scale-directions. This third
scenario is qualitatively representative of the energy transport phenomena
observed in the near-wall and outer region of wall turbulence as shown in
the present work.

In conclusion, let us point out that some authors refer to equation (2.14)
as the Kármán-Howarth-Monin-Hill equation. In fact, Kármán and Howarth
(1938) were the first to write an equation for the second- and third-order
two-point correlation for homogeneous isotropic turbulence while Monin and
Yaglom (1975) were first to extend it to non-isotropic but still homogeneous
conditions. Thanks to equation (2.7) and others similar, it is clear that such
equations can be readily re-expressed in terms of second- and third-order
structure functions thus leading to the reduced forms of the generalized
Kolmogorov equation (2.21) and (2.23). On the other hand, the fully in-
homogeneous anisotropic form of the generalized Kolmogorov equation has
been derived for the first time by Hill (2002) directly using the formalism
of the second- and third-order structure functions, in the same spirit of the
original work of Kolmogorov on the theory for isotropic turbulence. Under
this respect, we name equation (2.14), the generalized Kolmogorov equation.

2.2 Turbulent enstrophy

Turbulent enstrophy is defined as the square of vorticity fluctuations:

ξ = ωiωi, (2.28)

being vorticity the curl of the velocity ω = ∇ × u. This observable is of
interest in the field of turbulence as, by its definition, it is related to some
of the fundamental properties of turbulence, namely its rotational nature
and the rate of dissipation of turbulent kinetic energy into heat. While the
former is obvious by its very definition, the latter can be demonstrated in
the following few steps. The total dissipation rate is defined as

ϵ∗ = 2νSijSij = ν
∂ui
∂xj

∂ui
∂xj

+ ν
∂ui
∂xj

∂uj
∂xi

= ϵ+ ν
∂ui
∂xj

∂uj
∂xi

, (2.29)

where Sij = 1/2 (∂ui/∂xj + ∂uj/∂xi) is the rate of deformation tensor, and
ϵ is the pseudo-dissipation. The pseudo dissipation can be rearranged as

ϵ = ν
∂ui
∂xj

∂ui
∂xj

= ν (Sij + Ωij) (Sij + Ωij) =

νSijSij + νΩijΩij =
ϵ∗

2
+
ν

4
eijkωkeijkωk =

ϵ∗

2
+
ν

2
ωkωk,

(2.30)
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2.2. TURBULENT ENSTROPHY

being Ωij = 1/2 (∂ui/∂xj − ∂uj/∂xi) the rotation tensor. In conclusion, by
using equations 2.29 and 2.30, we obtain:

ϵ∗ = νξ + 2ν
∂ui
∂xj

∂uj
∂xi

,

ϵ = νξ + ν
∂ui
∂xj

∂uj
∂xi

,

(2.31)

thus highlighting that enstrophy represents a fundamental mechanisms at
the basis of dissipation. This is even more evident in statistically homoge-
neous flows where

⟨∂ui
∂xj

∂uj
∂xi

⟩ = ⟨ ∂
2uiuj

∂xi∂xj
⟩ =

∂2⟨uiuj⟩
∂xi∂xj

= 0, (2.32)

hence being pseudo dissipation and dissipation equal to enstrophy times
viscosity on average:

⟨ϵ∗⟩ = ⟨ϵ⟩ = ν⟨ξ⟩ (2.33)

(from the lecture notes of the course “Turbulence” held by Prof. Andrea
Cimarelli). It must be pointed out that, despite being equal on average,
their topology and their dynamics is not necessarily equal (Carbone and
Bragg, 2020).

2.2.1 Two-point enstrophy budget

Identically as in equation 2.4, is is possible to define the second-order
structure function related to enstrophy as:

⟨δξ2⟩ ≡ ⟨δωiδωi⟩ (2.34)

being ωi the fluctuating vorticity and δωi its two-point increment. The same
formalism and the same definitions shown in subsection 2.1.2 and in figure
2.1 are used here.

To derive the two-point budget enstrophy budget equation, we start by
reporting the vorticity equation:

∂ω̄i

∂t
+ ūj

∂ω̄i

∂xj
= ω̄j

∂ūi
∂xj

+ ν
∂2ω̄i

∂xj∂xj
, (2.35)

where superscript ·̄ indicates total quantities. We highlight the presence of
the vortex stretching term ω̄j∂ūi/∂xj which will represent a fundamental
difference to what we have seen in the previous section. As before, we start
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2.2. TURBULENT ENSTROPHY

by deriving the equation for the two-point vorticity increment δωi. After
writing equation 2.35 in the two points x′i and x′′i , applying the Reynolds
decomposition and considering the relations 2.12, we obtain:

∂δωi

∂t
+

(
ũj + Ũj

)∂δωi

∂xcj
+

(
δuj + δUj

)∂δωi

∂rj
+ ũj

∂δΩi

∂xcj
+ δuj

∂δΩi

∂rj

−∂δ⟨ωiuj⟩
∂xcj

=
(
ω̃j + Ω̃j

)∂δui
∂xcj

+
(
δωj + δΩj

)∂δui
∂rj

+ ω̃j
∂δUi

∂xcj

+δωj
∂δUi

∂rj
− ∂δ⟨uiωj⟩

∂xcj
+
ν

2

∂2δωi

∂xcj∂xcj
+ 2ν

∂2δωi

∂rj∂rj

(2.36)

By multiplying equation 2.36 by 2δωi and by taking the average we finally
obtain the two-point enstrophy equation:

∂⟨δξ2⟩
∂t

+
∂⟨δξ2δuj⟩

∂rj
+
∂⟨δξ2⟩δUj

∂rj
+
∂⟨δξ2ũj⟩
∂xcj

+
∂⟨δξ2⟩Ũj

∂xcj
+

2⟨δωiδuj⟩
(̃
∂Ωi

∂xj

)
+ 2⟨δωiũj⟩δ

(
∂Ωi

∂xj

)
=

2Ω̃j⟨δωiδ

(
∂ui
∂xj

)
⟩ + 2δΩj⟨δωi

(̃
∂ui
∂xj

)
⟩ + 2⟨δωiω̃j⟩δ

(
∂Ui

∂xj

)
+2⟨δωiδωj⟩

(̃
∂Ui

∂xj

)
+ 2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩

+2ν
∂2⟨δξ2⟩
∂rj∂rj

+
ν

2

∂2⟨δξ2⟩
∂xcj∂xcj

− 4⟨ϵ̃ξ⟩

(2.37)

Compared to the generalized Kolmogorov equation 2.14, this equation con-
tains an additional source term, constituted by the vortex stretching. The
other terms and their interpretation remain consistent with the terms in
the GKE. On the left-hand side we reported respectively the time variation,
the inertial transport among scales and in the physical space (in which the
pressure contribution is now missing) through both the average and the fluc-
tuating velocity fields and the production terms by mean vorticity gradient.
On the right-hand side, we reported the vortex stretching term, transport
due to diffusion both in the scales and in the physical space and finally the
enstrophy destruction term, defined as

ϵξ = ν
∂ωi

∂xj

∂ωi

∂xj
(2.38)
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that acts as a sink of enstrophy by smoothing out the vorticity gradients.
While the turbulent kinetic energy dissipation has a more familiar physical
interpretation, as it converts kinetic energy into heat (i.e. from a coherent
component of the molecular motion to a completely disorganised one), the
destruction of enstrophy may be less familiar. Similarly to the dissipation
of energy, this term arises from the homogenising effect of the diffusion
process that tends to make the field uniform. In the case of vorticity, this
translates in the dampening of the local peaks. In a simplified system with
no vorticity flux from the boundaries, the total vorticity content is constant,
while the enstrophy content can be increased through the generation of local
accumulations of vorticity against which the homogenising effect of diffusion
is opposed. In a nutshell, this term, removes the “energy” contained by
the vorticity “signal” in the domain volume V (

∫
V |ω|2 dV ) increasing the

entropy of the system, as well dissipation does it for the velocity field.
Equation 2.37 can be expressed in terms of a net source and divergence

of fluxes:
∂⟨δξ2⟩
∂t

+ ∇6 · ϕξ = Sξ (2.39)

where

Sξ = −2⟨δωiδuj⟩
(̃
∂Ωi

∂xj

)
− 2⟨δωiũj⟩δ

(
∂Ωi

∂xj

)
+ 2Ω̃j⟨δωiδ

(
∂ui
∂xj

)
⟩

+2δΩj⟨δωi

(̃
∂ui
∂xj

)
⟩ + 2⟨δωiω̃j⟩δ

(
∂Ui

∂xj

)
− 4⟨ϵ̃ξ⟩

(2.40)

is the source term, and

ϕξ =

[
ϕξr

ϕξc

]
=



⟨δξ2δu⟩ + ⟨δξ2⟩δU − 2ν
∂⟨δξ2⟩
∂rx

⟨δξ2δv⟩ + ⟨δξ2⟩δV − 2ν
∂⟨δξ2⟩
∂ry

⟨δξ2δw⟩ + ⟨δξ2⟩δW − 2ν
∂⟨δξ2⟩
∂rz

⟨δξ2ũ⟩ + ⟨δξ2⟩Ũ − ν

2

∂⟨δξ2⟩
∂xc

⟨δξ2ṽ⟩ + ⟨δξ2⟩Ṽ − ν

2

∂⟨δξ2⟩
∂yc

⟨δξ2w̃⟩ + ⟨δξ2⟩W̃ − ν

2

∂⟨δξ2⟩
∂zc



(2.41)
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are the fluxes of enstrophy in the compound space (r,xc).
As for the GKE, at large scales, each term of the two-point enstrophy

budget will approach twice the value of the corresponding single-point term.
In homogeneous isotropic conditions, the large-scale asymptotic of the struc-
ture function will be

⟨δξ2⟩ = 2⟨ϵ⟩. (2.42)

2.2.2 Two-point enstrophy in homogeneous isotropic
turbulence

In the present subsection, we apply equation 2.37 to the homogeneous
isotropic case in order to obtain some reference scaling laws as previously
done in section 2.1.2 for the GKE. In statistically steady homogeneous and
isotropic conditions, equation 2.37 reads

∂⟨δξ2δuj⟩
∂rj

− 2ν
∂2⟨δξ2⟩
∂rj∂rj

=

2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩ − 4⟨ϵξ⟩

(2.43)

By rewriting this equation in a spherical coordinate system, we obtain

1

r2
d

dr

(
r2⟨δξ2δur⟩

)
− 2ν

1

r2
d

dr

(
r2
d⟨δξ2⟩
dr

)
=

2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩ − 4⟨ϵξ⟩

(2.44)

with r = |r| as before. The vortex stretching terms have been left in the
original Cartesian formulation, as we could not obtain simplifications from
their spherical formulation, which would considerably complicate the writing
without bringing benefits. It is obvious, however, that the vortex stretching
contribution in homogeneous isotropic stationary conditions is only statis-
tically dependent on r, despite its analytical formulation not being trivial.
By performing the integral over a spherical volume, we obtain a formulation
highlighting the fluxes of enstrophy:

⟨δξ2δur⟩ − 2ν
d⟨δξ2⟩
dr

=
1

4πr2

∫
Br

VSr2 sin(θ)drdθdψ − 4

3
⟨ϵξ⟩r (2.45)

where VS refers to the vortex stretching terms, Br is the spherical volume of
radius r and θ and ψ are respectively the polar and azimuthal angles. The
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present equations (2.44 and 2.45) are identical to the one obtained for the
second-order structure function of velocity (equation 2.23) except for the
source contribution given by the vortex stretching, which does not vanish
in HIT conditions. Indeed, the vortex stretching mechanism is connected to
the energy cascade itself, which by definition is active in the inertial range.
Hence, it can never be neglected except in the viscous range. This will be
more clearly visualized in the following subsection 2.3.

By limiting equation 2.44, to very small scales, we obtain the viscous
scaling of the enstrophy structure function:

⟨δξ2⟩ =
1

3ν
⟨ϵξ⟩r2 (2.46)

Finally, it should be mentioned that, by means of estimates, in Davidson
et al. (2008) the authors derive a scaling for the inertial enstrophy flux in the
inertial range to be ∼ ⟨ϵ⟩/r2. We can adapt this conclusion to our framework
as in the following. From equation 2.3, we may approximate δur ∼ ⟨ϵ⟩1/3r1/3
and, analogously, δωr ∼ ⟨ϵ⟩1/3r−2/3. From these estimates, it follows the
inertial flux of enstrophy in the inertial subrange to be approximatively:

⟨δξ2δur⟩ ∼ ⟨ϵ⟩⟨δu
3
r

r2
⟩ ∼ ⟨ϵ⟩r−1, for η ≪ r ≪ L0 (2.47)

Similarly, by applying the small-scale asymptotic, we can derive an es-
timated scaling of the inertial enstrophy transport in the viscous range. In
particular, by exploiting equation 2.46, and the relation for the second-order
longitudinal velocity increments in the viscous range

⟨δu2||⟩ =
1

15ν
⟨ϵ⟩r2 (2.48)

we may obtain the näıve estimate

⟨δξ2δur⟩ ∼
⟨ϵξ⟩
3ν

√
⟨ϵ⟩
15ν

r3 ∼ r3 (2.49)

by using the rough approximation δur ∼
√

(⟨ϵ⟩/15ν)r from equation 2.48.
In conclusion, the framework at the basis of the GKE was extended to

enstrophy in order to expand the study of its dynamics also in the space
of scales as well as in physical space. The present framework provides ac-
cess to the entire compound space of scales and physical space through an
exact mathematical formulation with no limits of applicability (such as the
requirement of periodic boundary conditions for spectral budgets). The two-
point enstrophy budget, as shown in the following chapters, will provide an
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alternative perspective on topics such as the confinement effects in the prox-
imity of a solid wall and a turbulent/non-turbulent interface. It will also
allow a deeper insight into the dynamics of enstrophy generation, and thus
related to how dissipation originates.

2.3 Essential features of turbulence

In the present section we will make use of data of statistically steady
homogeneous isotropic Direct Numerical Simulations (DNS) at different
Reynolds numbers in order to show and discuss the main theoretical results
from the previous sections 2.1 and 2.2. Furthermore, the present section is
meant to provide a reference of what should be expected in the most fun-
damental and simplified flow paradigm able to embrace the features of 3D
turbulence before analysing the more complex flow settings of the temporal
boundary layer.

The simulations used are those presented in Ghira et al. (2022) for
which we sincerely thank the authors, and in particular Professor Car-
los da Silva for the support and the help. In particular, our analysis is
limited to the three simulations with a Taylor-based Reynolds number of
Reλ ≈ (140, 240, 400). The direct numerical simulations of statistically sta-
tionary homogeneous isotropic turbulence are carried out with tri-periodic
boundary conditions and a forcing scheme described in Alvelius (1999). The
cubic domain is discretized in a number of collocation points of N3 = 5123,
N3 = 10243 and N3 = 20483 respectively, evenly distributed among the
three directions. The resulting resolution is kmaxη ≥ 2.0 for all simulations.
For further details we refer the reader to Ghira et al. (2022).

2.3.1 Structure functions

We start by showing in figure 2.4 the shape of the structure functions
of both turbulent kinetic energy ⟨δq2⟩ and turbulent enstrophy ⟨δξ2⟩ at the
three Reynolds number considered. The theoretical scaling laws for the
viscous and inertial ranges are reported as dashed lines together with the
profiles. As already pointed out, it is not possible to observe a purely iner-
tial transport-dominated range in the enstrophy structure function in figure
2.4(b), hence, only the viscous scaling ⟨δξ2⟩ = ⟨ϵξ⟩r2/3ν is reported. All
profiles are made dimensionless with Kolmogorov scales. As expected, the
viscous scaling appears to approximate very well the curves at very small
scales for all Reynolds numbers. In particular, this scaling appears to con-
stitute a reasonable approximation for ⟨δq2⟩ up to r ≈ 5η, while the profile
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(a) (b)

Figure 2.4: Second-order structure functions in HIT of energy ⟨δq2⟩ (a) and of enstrophy

⟨δξ2⟩ (b) at Taylor-based Reynolds numbers of Reλ ≈ 140 (solid red lines), Reλ ≈ 240

(solid blue lines) and Reλ ≈ 400 (solid black lines). In both (a) and (b) the viscous scaling

laws are reported in dotted black lines starting from the origin of the graphs. In (a) also

the inertial scaling law for ⟨δq2⟩ is reported in black dotted line. All the curves are made

dimensionless by using Kolmogorov scales.

of ⟨δξ2⟩ starts to deviate from its viscous scaling already at r ≈ 3η. In figure
2.4(a) it is possible to note the widening of the validity range of the inertial
scaling ⟨δq2⟩ ∼ ⟨ϵ⟩2/3r2/3 as the Reynolds number increases. At the highest
Reynolds number reported Reλ ≈ 400, it is possible to observe a full decade
of scale separation in this range. On the contrary, the enstrophy structure
function is already saturated at those scales, reaching the asymptotic value
⟨δξ2⟩/⟨ϵ⟩ = 2. Enstrophy is related to velocity gradients, hence being, in a
sense, a “small-scale quantity”. Since small-scales are thought to be univer-
sal and independent on the large-scale problem-dependent motions, it is not
surprising that its structure function collapses at all the considered Reynold
numbers (figure 2.4(b)).

2.3.2 Two-point budgets

Following the analysis of the structure functions, we move on to anal-
yse the budget that governs their dynamics. In figure 2.5, the terms of the
budget equations 2.23 and 2.44 are reported respectively. In the well-known
budget of ⟨δq2⟩, in figure 2.5(a), it is possible to observe the profile of dif-
fusive and inertial transports in the space of the scales and the dissipation
that, in equation 2.23, represents a constant value. In statistically steady
conditions, the two transports plus the forcing term (active at large scales
and not shown as it depends on arbitrary choices and is beyond the scope of
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(a) (b)

Figure 2.5: Budgets of ⟨δq2⟩ (a) and ⟨δξ2⟩ (b) at Taylor-based Reynolds numbers of

Reλ ≈ 140 (red lines), Reλ ≈ 240 (blue lines) and Reλ ≈ 400 (black lines). (a) Dissipation

4⟨ϵ⟩ (dashed lines), diffusive transport (dotted lines) and inertial transport (dash-dotted

lines). (b) Enstrophy destruction 4⟨ϵξ⟩ (dashed lines), diffusive transport (dotted lines),

inertial transport (dash-dotted lines) and vortex stretching (solid lines). The two vortex

stretching contributes are also reported: 2⟨δωiω̃jδ (∂ui/∂xj)⟩ (dash-dash-dotted lines) and

2⟨δωiδωj
˜(∂ui/∂xj)⟩ (loosely dash-dash-dotted lines). All the curves are made dimension-

less by using Kolmogorov scales.

this chapter) sum up to the dissipation and perfectly balance at all scales.
While the diffusive transport nicely collapses for all the Reynolds numbers
(being active at small-scales), the inertial transport shows a wider and wider
range of activity as the Reynolds number increases, connecting the regions
of injection of energy to the region where diffusive phenomena are relevant.

A lesser-known budget, on the other hand, is the ⟨δξ2⟩ budget reported
in figure 2.5(b). Its constituent terms (equation 2.44) all show a shape,
relevance and range of activity that is not affected by the increase of the
Reynolds number. The cause of the non-perfect collapse of the curves will be
investigated in future works to establish whether it is a lack of convergence
or an actual Reynolds number dependence.

At first glance, it is possible to note that the budget is dominated either
by vortex stretching or diffusive transport at all scales. The inertial trans-
port of enstrophy shows a good collapse at all Reynolds numbers, without
increasing its relevance as the separation of scales increases. Indeed, this
observation should not surprise us. The vortex stretching mechanism (act-
ing as a source in the enstrophy budget) is connected to the energy cascade
process, so it is reasonable to expect it to be active from the scales at which
the inertial transport of energy begins to be dominant, which can be con-
firmed by comparing figure 2.5(a) and (b). By definition, at scales smaller
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than these, viscosity starts to be relevant, and with it also the diffusive
transport. These observations imply that, independently on the Reynolds
number, there cannot be a region in which the inertial transport of enstrophy
is dominant with respect to both vortex stretching and diffusive transport.
In figure 2.5(b), we separately report the two vortex stretching contributions

2⟨δωiω̃jδ (∂ui/∂xj)⟩ and 2⟨δωiδωj
˜(∂ui/∂xj)⟩. The first contribution can be

expressed as

2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ = 2⟨δωiω̃j

∂δui
∂xcj

⟩. (2.50)

The operator ·̃ (applied to the vorticity ωj) has an effect similar to a low-pass
filter, being more influenced by the scales larger than the separation length
r considered. Furthermore, this term contains the gradient of the velocity
increment with respect to the midpoint

(
∂δui/∂xcj

)
. Since we know that

the term δui is, in a sense, more closely related to a change in r than to a
change in xc, it is not surprising that its trend is not peaked at a specific
scale, but that is slowly increasing until reaching the single-point asymptotic
value. On the other hand, the second contribution can be expressed as

2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩ = 2⟨δωiδωj

∂δui
∂rj

⟩ (2.51)

and is the vortex stretching contribution given by the velocity increment
gradients in the space of scales. The two-point increment operator δ· has
the effect of highlighting motions with a scale similar to the separation length
r considered. Hence, the peak exhibited around r ≈ 10η can be interpreted
as a high vortex stretching activity at these scales.

Finally, it is possible to notice that the scales at which the inertial trans-
port of enstrophy is active are similar to those at which the diffusive trans-
port of ⟨δq2⟩ is active and that the diffusive transport of enstrophy decays
much faster than the one of energy. It appears that the ”inertial“ dynamics
of enstrophy is active at scales that are viscosity dominated for the velocity
field, which may be surprising. We conjecture that the inertial enstrophy
transport observed at such small scales (in the range of 1 ≲ r/η ≲ 10) is not
to be interpreted as a fully turbulent cascade process caused by the inertial
interactions of the velocity field. Rather, it could be the result of a stirring
process of surfaces at constant ξ that, under the effect of the shear of the
velocity field, come close together. This scenario resembles a Batchelor-like
process which (in scalar fields with a Schmidt number Sc > 1) allows the
generation of scales smaller than the one contained in the velocity field itself.
In this process, the uniform velocity shear performs a stirring of the scalar
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iso-surfaces, allowing the generation of scales smaller than the Kolmogorov
scale η (i.e. the scale below which the velocity field is linear) (Batchelor,
1959).

2.3.3 Inertial fluxes

In concluding the present section, we report the inertial fluxes of energy
and enstrophy (⟨δq2δur⟩ and ⟨δξ2δur⟩) in figure 2.6.

(a) (b)

Figure 2.6: Inertial fluxes of ⟨δq2⟩ (a) and ⟨δξ2⟩ (b) at Taylor-based Reynolds numbers

of Reλ ≈ 140 (red lines), Reλ ≈ 240 (blue lines) and Reλ ≈ 400 (black lines). In (a) the

theoretical scaling law of ⟨δq2δur⟩ = −4/3⟨ϵ⟩r is reported in dashed black line. In (b) the

estimates ⟨δξ2δur⟩ ∼ r3 (left) and ⟨δξ2δur⟩ = −⟨ϵ⟩/r (right) are reported in dashed black

lines. All curves are made dimensionless by using Kolmogorov units.

The scaling of the inertial flux −⟨δq2δur⟩ = 4/3⟨ϵ⟩r is obtained by sim-
ply neglecting the diffusive transport in equation 2.24, since in the inertial
range, by definition, both viscous phenomena and production mechanisms
(constituted by the forcing, in the present set-up) are negligible. Conse-
quently, this scaling is found to be valid from scales r ≳ 40η up to the
scales at which energy injection has a direct effect. On the other hand,
the scaling of the inertial enstrophy flux −⟨δξ2δur⟩ ≈ ⟨ϵ⟩/r is obtained by
means of estimates. Nevertheless, it shows a good accordance with the data
(figure 2.6(b)), approximating the slope of the two highest Reynolds curves
in the inertial range. This result is in good agreement with what is ob-
served in Baj et al. (2022). Both scaling laws appear to be approached as
the Reynolds number increases, with the simulation at the highest Reynolds
number Reλ ≈ 400 showing a good range of validity.

27



2.4. WALL-BOUNDED FLOWS

2.4 Wall-bounded flows

The presence of a solid boundary strongly modifies the classical picture
of turbulence described in previous sections. The strong inhomogeneity and
anisotropy imposed by the presence of a wall and of a mean shear challenges
the development of a complete theory able to explain and predict the inter-
play between the elementary phenomena governing the flow. In the family
of wall turbulent flows it is common to identify different regions based on
their features. One of the categorisations distinguishes a near-wall region,
a bulk region and an overlap region in between. In the near-wall region,
the production of turbulent fluctuations exceeds their dissipation rate. The
excess is transported towards the wall and towards the bulk region, where
is finally dissipated. The overlap region lying between these two layers con-
stitutes a region of local equilibrium between production and dissipation.
The near-wall layer is certainly crucial to the dynamics of attached shear
flows: it is dominated by intense interacting structures (Townsend, 1976;
Robinson, 1991) and is the seat of the highest rate of turbulent energy pro-
duction and of the highest turbulent intensities. In this region, turbulence
is sustained by a self-sustaining and autonomous cycle (Jiménez and Pinelli,
1999). However, for high Reynolds numbers, also the outer overlap layer is
thought to become relevant (see Smits et al. (2011) for a detailed review)
being the site of self-sustaining mechanisms of large flow structures following
mixed inner/outer scaling (Mizuno and Jiménez, 2013).

The strong inhomogeneity not only causes the phenomena mentioned
above, but also affects the energy cascade mechanism itself. In fact, in wall
turbulence, the classic energy cascade (dependent only on the scalar parame-
ter ⟨ϵ⟩) is replaced by anisotropic and inhomogeneous turbulence production
and spatial fluxes. Such processes are strongly scale and position dependent
and lead to a geometrically complex redistribution of energy where reverse
energy cascade processes from small to large scales (Piomelli et al., 1991;
Domaradzki et al., 1994; Härtel et al., 1994; Dunn and Morrison, 2005) play
a fundamental role as shown in Cimarelli et al. (2013, 2016). Several fun-
damental features of wall turbulence have been unveiled by applying the
generalized Kolmogorov equation to channel flows, see e.g. Danaila et al.
(2001); Marati et al. (2004); Cimarelli et al. (2013, 2015b, 2016); Hamba
(2018, 2019); Gatti et al. (2020); Zimmerman et al. (2022); Apostolidis et al.
(2023)

Despite the relevance of the results obtained, when dealing with bound-
ary layers, wall turbulence is characterized also by entrainment phenomena
at the turbulent/non-turbulent interface (da Silva et al., 2014) whose phys-
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ical features cannot be addressed in channel flows. Such phenomena make
the study of boundary layers of a more general relevance for industrial and
geophysical problems. However, the spatial inhomogeneity in the stream-
wise direction renders boundary layers more challenging for their study in
comparison with streamwise-homogeneous channels especially when dealing
with the generalized Kolmogorov equation. It should be noted that the
Fourier transform is not applicable in the streamwise direction due to the
inhomogeneity in such direction, thus strongly limiting also the use of the
formalism given by the spectral energy budget often used in channel flows
as a spectral counterpart of the generalized Kolmogorov equation, see e.g.
Mizuno (2016); Cho et al. (2018); Lee and Moser (2019); Wang et al. (2021).
A method to circumvent all these issues is to consider a temporally evolving
boundary layer Kozul et al. (2016, 2020); Zhang et al. (2018, 2023), which
has been shown to present statistical features very similar to those of the
spatially evolving boundary layer.

The scenario outlined above sees energy and momentum as central quan-
tities. However, it is not the only possibility. In fact, a picture based on
vorticity is at least an equally interesting perspective. Vorticity is generated
at the wall, due to the no-slip condition that allows the wall to generate
tangential stresses, and is immediately injected in the fluid domain through
diffusion. This injection of vorticity into the domain is called the “boundary
vorticity flux”. This flux in the near-wall region is in the opposite direction
to the momentum flux (Eyink, 2008; Bechlars and Sandberg, 2017; Kumar
et al., 2023). In particular, Lighthill (1963) introduced the idea that vorticity
is generated at the wall through tangential pressure gradients (and eventual
accelerations of the wall), causing a wall-normal vorticity flux in the fluid
domain. Subsequently, this concept has been extended to curved walls by
Lyman (1990). Lighthill and Lyman proposed two different formulations of
the boundary vorticity flux, whose formulation cannot be unambiguously de-
termined, although Lyman’s interpretation is the most accepted at present
(see Morton (1984); Wu and Wu (1993a, 1996, 1993b); Eyink (2008); Ter-
rington et al. (2021) for a complete review). These two formulations of the
boundary vorticity flux have recently been extended to enstrophy, thus to
the boundary enstrophy flux, in Terrington et al. (2023).

Furthermore, vorticity dynamics also plays a role in the energy cascade
process. Indeed, by applying the filtering formalism (as in Germano (1992)),
it is possible to express the kinetic energy cascade rate in terms of the sub-
grid stresses and of the velocity field gradient, which in turn can be de-
composed into a symmetrical (pure strain) and an anti-symmetrical (pure
rotation) component (see Meneveau (2011) and Johnson and Wilczek (2024)
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for a detailed review). In Johnson (2020) and Johnson (2021), the author
evaluate the magnitude of the two contributions, finding that, in homoge-
neous isotropic conditions, strain-rate self-amplification accounts for a bit
more than half of the intensity of the energy cascade, with vortex stretch-
ing accounting for the remaining part. These characteristics make vorticity
statistics interesting as they can both give an insight into the topology of the
structures involved in wall turbulence (as in Bechlars and Sandberg (2017);
Kumar et al. (2023)) and a different view into areas where the energy cascade
process is profoundly modified.

In the following, we briefly outline some of the notions that will be used
throughout the thesis. In particular, we mention the different regions of a
wall-turbulent flow, providing a few basic relations, and some of the features
of the turbulent/non-turbulent interface which characterises the outer region
of the boundary layer.

2.4.1 Flow regions

Many of the studies on wall turbulence are conducted on three canonical
flows, which, in their simplicity, allow the possibility of capturing many of
the features of wall turbulence. These paradigmatic flows are the channel
flow, the pipe flow, and the boundary layer. In all these flows, it is possible
to distinguish an internal dynamic (near the wall), and an external dynamic
(far from the wall).

The mean velocity profile in the inner layer, as first postulated by Prandtl
(1925), is independent of outer quantities such as, for the boundary layer,
the external velocity U0 and the boundary layer thickness δ, but is only
dependent on friction units. For high Reynolds numbers, the inner layer
can be defined as the region z/δ ≪ 1, e.g. z/δ < 0.1 (Pope, 2000). From
the streamwise momentum flux equation it can be derived that universal
friction velocity and friction length scales can be defined as:

uτ =

√
τw
ρ
, ℓν =

ν

uτ
, (2.52)

where ρ is the density of the fluid, ν is the kinematic viscosity and the wall
shear stress:

τw = µ
dU

dz
, (2.53)

being µ = ρν the dynamic viscosity and dU/dz the mean velocity gradient
in the wall-normal direction z. The resulting non-dimensional velocities and
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lengths are denoted with the superscript ·+:

u+ =
u

uτ
, z+ =

z

ℓν
. (2.54)

It is now possible to define the friction Reynolds number:

Reτ =
δuτ
ν
, (2.55)

where δ corresponds to the boundary layer thickness, or equivalently, the
half-width of the channel for the channel flow or the internal radius for the
pipe flow.

In the inner layer it is possible to distinguish the viscous sublayer (z+ <
5) where the Reynolds stresses are negligible with respect to the viscous
stresses and the buffer layer (5 < z+ < 30). In the viscous sublayer, for
small z+, by applying the Taylor-series expansion to the “law of the wall”
(Pope, 2000) it is possible to obtain:

U+ = z+, (2.56)

which is found to be a reasonable approximation up to z+ < 5.
The outer layer, on the other hand, can be defined as the region in which

the direct effects of viscosity on the mean profile are negligible, hence for
z+ ≫ 1, e.g. z+ > 100 as reported in figure 2.7. For high Reynolds numbers,
an overlap region between 100 < z+ < 0.1Reτ emerges (being z+ = 0.1Reτ
equivalent to z/δ = 0.1). This region is called the overlap layer and is a
region of the flow in which both the inner and outer asymptotic are satisfied
(meaning that both viscous effects and the dependence on the wall distance
can be neglected). Many results and models concern this range of distances
from the wall, which are of crucial importance for reduced order models.
We briefly report some of them in the following.

The first relation that we report is the famous log-law

U+ =
1

κ
ln z+ +B, (2.57)

where B is a constant and κ is the von Kármán constant. The second result
applicable in the overlap layer regards the turbulent shear stresses:

−⟨uw⟩+ = 1. (2.58)

An interesting aspect that can be observed in the overlap layer is that the
production and dissipation of turbulent kinetic energy almost balance each
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Figure 2.7: Inner, outer and overlap layers in wall turbulence for different Reynolds

numbers. The conditions z/h ≪ 1 and z+ ≫ 1 for the existence of the overlap layer are

settled to z/δ < 0.1 and z+ > 100 and denoted with the red vertical and horizontal lines,

respectively. Image taken and adapted from the lecture notes of the course “Turbulence”

held by Prof. Andrea Cimarelli.

other out −⟨uw⟩dU/dz ≈ ⟨ϵ⟩ = u3τ/(κz). For this reason, the overlap layer
is also referred to as the “equilibrium layer”. Through this observation and
by applying theoretical arguments, it is possible to derive a scaling law for
the Kolmogorov scale in the overlap layer, that in inner units reads:

η+ = (κz+)1/4, (2.59)

indicating that the dissipative small scales increase in size as we move away
from the wall. On the other hand, it is also possible to derive a scaling law
for a scale that is linked to the energy-containing eddies, the shear-scale ℓS
(Marati et al., 2004). In fact, by exploiting the equilibrium assumption and
the scaling laws |δu| ∼ |r|(dU/dz) (velocity increment induced by shear)
and |δu| ∼ ⟨ϵ⟩1/3|r|1/3 (inertial cascade scaling), it is possible to obtain the
cross-over scale between the production-dominated and cascade-dominated
eddies ℓS . This scale is found to vary with the wall distance as:

ℓ+S = κz+. (2.60)

Hence, despite the fact that both η+ and ℓ+s increase with the distance from
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the wall, the scale of the energy-containing eddies ℓ+s grows faster than the
dissipative scale, which also increases the separation of scales and enables
the presence of an inertial range in the overlap layer.

The most widely accepted phenomenological interpretation of what is
observed in the overlap layer is certainly Townsend’s attached eddy hy-
pothesis (Townsend, 1951, 1961, 1976). We refer the reader to Marusic
and Monty (2019) for an exhaustive review of the subject. The attached
eddy hypothesis applies to inviscid, asymptotically high–Reynolds number
wall-bounded flows. From this hypothesis derives the attached eddy model
(Townsend, 1976), subsequently refined by Perry and Chong (1982). These
models are based on the idea that the overlap layer is populated by a hi-
erarchy of structures attached to the wall that are similar in size to their
distance from it ℓ ∼ z. Therefore, the velocity at a wall-distance of z, will
be influenced by the velocities of the attached eddies of size ℓ > z. These
eddies transfer their energy to smaller scales (detached eddies) at a rate ⟨ϵℓ⟩.
As explained in Nikora (1999), this effect, combined with the equilibrium
assumption −⟨uw⟩dU/dz ≈ ⟨ϵ⟩ ∼ u3τ/z ∼ u3τk lead to the following. The
energy dissipation at a certain distance z can be considered as the sum of
the contributions of all the superimposed cascades with rate ⟨ϵℓ⟩. Hence,
starting with the largest scale present in the flow, corresponding to k ∼ 1/δ,
the flux ⟨ϵ⟩ increases with the wavenumber k until it reaches 1/z and then
stabilizes to ⟨ϵℓ⟩. This fact leads to the following scalings:

Eii(ki) ∼ ⟨ϵ(ki)⟩2/3k−5/3
i ∼ u2τk

−1
i , for (1/δ) ≤ ki ≤ 1/z (2.61)

and the conventional Kolmogorov scaling for the direct cascade of detached
motions:

Eii(ki) ∼ ⟨ϵ(ki)⟩2/3k−5/3
i ∼ ⟨ϵℓ(ki)⟩2/3k

−5/3
i , for ki ≥ 1/z. (2.62)

The above scaling relations (equations 2.61 and 2.62) only hold in the
streamwise and longitudinal directions (i = x, y).

2.5 Turbulent/non-turbulent interface

The outer region of the boundary layer is governed by the turbulent
entrainment phenomenon, which is a process that naturally occurs when
a turbulent region faces a non-turbulent one from one or more sides, or
more generally, it can take place between regions with different turbulent
intensities. Through the turbulent entrainment, these two regions exchange
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mass, momentum, and scalars, determining the growth, spreading and mix-
ing of the flow considered. Taylor first hypothesised that the entrainment
velocity is constant and proportional to a characteristic velocity of the flow
⟨ue⟩ = γU0, where ⟨ue⟩ is the mean velocity of the fluid towards the inter-
face and γ is the entrainment coefficient. In boundary layers, this process
is univocally related to drag. In fact, from the von Kármán integral equa-
tion we obtain Cf = dθ/dx (for spatially evolving boundary layers), where
Cf is the friction coefficient and θ is the momentum thickness, whose rate
of change is determined by the entrainment occurring at the edge of the
boundary layer. More precisely, the entrainment process takes place across
the Turbulent/Non-Turbulent Interface (TNTI)(see da Silva et al. (2014)
for a detailed review). Given its relevance for a wide range of applications,
the TNTI, first examined by Corrsin and Kistler (1955), has been thor-
oughly studied and characterized in jets (Westerweel et al., 2005; da Silva
and Taveira, 2010), wakes (Bisset et al., 2002; Zhou and Vassilicos, 2017),
turbulent boundary layers (Borrell and Jiménez, 2016; Zhang et al., 2018,
2023), shear layers (Watanabe et al., 2015) and other flow configurations.
The most distinctive feature characterizing either sides of a TNTI is vor-
ticity (Corrsin and Kistler, 1955), which is the most natural metric to use
in defining this interface. Through the vorticity equation it is possible to
obtain: ∫

∂V (t)
ωiue dS = −

∫
∂V (t)

ν
∂ωi

∂xj
n̂j dS (2.63)

indicating that the increase in turbulent volume V (t) due to entrainment
is accomplished by viscous diffusion through the volume boundary ∂V (t),
being n̂j the normal to it. This result is to be expected since the only way in
which an initially irrotational particle can acquire vorticity is through a vis-
cous process, dictating the presence of a viscous layer (named the “viscous
superlayer”) in between the turbulent and the non-turbulent regions. Below
this laminar layer of thickness on the order of a few Kolmogorov scales η,
a region of high turbulent intensity can be observed, called the “turbulent
sublayer”. The thickness of this layer is larger than the one of the viscous
superlayer and has been measured in several flows, exhibiting a thickness on
the order of one Taylor microscale λ (Ruban and Vonatsos, 2008) or from
10 to 20 Kolmogorov scales η (see Silva et al. (2018); Zecchetto and da Silva
(2021) and references therein). However, the debate on the scaling units of
this layer is still open. Although the entrainment process is ultimately com-
pleted by diffusion, the turbulent motions underneath the TNTI certainly
have a great influence on it. Indeed, such turbulent motions impose both
the gradients at the interface and its surface area, which together are the
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2.5. TURBULENT/NON-TURBULENT INTERFACE

only two factors that prescribe the diffusion rate. From a local perspec-
tive, the processes of diffusion and turbulent stirring can be seen as having
two opposing effects on the gradients and thus contrast each other. Molec-
ular diffusion causes homogenization of the considered field, thus eroding
the gradients and the effectiveness of the diffusion itself. On the contrary,
the turbulent stirring induced by the fluctuating velocity field sustains the
gradients by distorting and pushing toward each other the iso-concentration
surfaces (Sreenivasan, 2019). Analogously, the concurrent effect of turbulent
motions and diffusion also imposes the area Sℓ over which diffusion acts. In
fact, the TNTI has the topology of a fractal surface (as well as other iso-
surfaces in a turbulent flow (Sreenivasan et al., 1989)) with a theoretical
dimension D ≈ 7/3 with an upper cut-off coinciding with the largest scale
present in the flow L0 and a lower cut-off dictated by the smallest scale
allowed by diffusion ℓ (i.e. the Kolmogorov scale for the velocity field ℓ = η,
and Batchelor scale for a scalar field ℓ = ηθ):

Sℓ = S0

(
ℓ

L0

)2−D

(2.64)

where S0 is a reference area.
The turbulent stirring is usually distinguished in large-scale engulfment

and small-scale nibbling (Mathew and Basu, 2002; Westerweel et al., 2005;
Westerweel et al., 2009; Watanabe et al., 2015; Borrell and Jiménez, 2016;
Jahanbakhshi and Madnia, 2016). The process of entrainment is initiated by
the large-scale coherent structures of turbulence by engulfment and is then
further processed by nibbling mechanisms at smaller and smaller scales pro-
duced by the turbulent cascade where, finally, molecular diffusion completes
the turbulent entrainment and mixing (Cimarelli and Boga, 2021). It is
then evident that turbulent mixing is a spatially evolving cascade process
involving the full spectrum of scales (Sreenivasan, 1996; Schumacher and
Sreenivasan, 2005; Schumacher et al., 2005; Cimarelli et al., 2015a, 2021)
and different flow regions. More specifically, at the TNTI it is possible
to observe the simultaneous presence of forward cascade processes for the
normal-to-the-interface scales and reverse cascade processes for the parallel-
to-the-interface scales. This has been observed both using classical statistics
(Cimarelli et al., 2015a, 2021) and through local approaches by means of
conditional averages (Watanabe et al., 2020; Zhou and Vassilicos, 2020).
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Chapter 3

Temporal boundary layer

In the present chapter, we describe the flow configuration on which most
of the analyses contained in this thesis work are carried out, the Turbulent
Temporal Boundary Layer (TTBL). In addition, some of the main topics
concerning wall turbulence are briefly investigated. With respect to the
investigated themes, the TTBL has shown to qualitatively have the same
features as the spatially developing boundary layer. The results presented
in this chapter have been published in Cimarelli et al. (2024a).

3.1 Flow settings

The TTBL consists of an initially stationary fluid with a solid wall at
the bottom (z = 0) moving with constant velocity Uw. Differently from
the more classical spatially developing boundary layer, this flow evolves in
time, presenting spatial homogeneity both in the spanwise (y) and in the
streamwise directions (x). This simulation set-up has already been used in
previous works (Kozul et al., 2016, 2020; Zhang et al., 2018, 2023), showing
qualitatively similar features as the spatially evolving temporal boundary
layer. In figure 3.1, an instantaneous snapshot showing the topology of the
flow is reported.

The initial condition set for the streamwise velocity has been chosen so
that it mimics the wake of a wall-mounted trip wire (widely used to trigger
transition to turbulence in wind tunnel experiments):

u∗d(xd, yd, zd, td = 0) = (1 + c)
Uw

2

[
1 + tanh

(
D − zd

2h

)]
, (3.1)

where D is the diameter of the wire, while h = 54ν/Uw is the momentum
thickness associated with the shear layer imposed. A white noise of intensity
0.1Uw (such that c(xd, yd, zd) ∈ [−0.05, 0.05]) is superimposed to the initial
condition in order to achieve a faster transition. The Reynolds number based
on the tripping thickness is set to ReD = UwD/ν = 500. In the above initial
conditions, the subscript “d” (·d) is used to denote dimensional quantities.
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3.1. FLOW SETTINGS

Figure 3.1: Instantaneous snapshot of the enstrophy field ξ = ωiωi of the temporal

boundary layer at Reτ = 1500. Respectively slices in logarithmic scale in the background

(from yellow, indicating low values, to purple, indicating higher values), portion of iso-

surface of enstrophy ξ = 1.4 · 10−6⟨ξ⟩|w (grey) and volume rendering of enstrophy (from

transparent yellow, indicating low values, to opaque blue, indicating higher values). Fig-

ure taken from Cimarelli et al. (2024b).

In the rest of the paper, equations and quantities, unless otherwise specified,
are expressed in dimensionless form by using D and Uw. We recall that the
asterisk (·∗) denotes total quantities.

In the streamwise and spanwise directions, periodic boundary conditions
are imposed. In the wall-normal direction, a Dirichlet boundary condition
for the velocity is used at the wall, by imposing u∗(x, y, z = 0) = 1 and
v∗(x, y, z = 0) = w∗(x, y, z = 0) = 0, while at the top of the domain (Lz),
a free-slip impermeable condition w∗(x, y, z = Lz) = 0 and (∂u∗/∂z)|Lz =
(∂v∗/∂z)|Lz = 0 is used. In Figure 3.2, the temporal evolution of the flow
is shown by reporting slices of modulus of instantaneous spanwise vorticity
|ω∗

y | at different time instants corresponding to different values of friction
Reynolds number Reτ .

The simulations have been carried out using the DNS code CaNS (Costa,
2018), that employs a standard pressure-projection method and a staggered
second-order finite-difference scheme for the spatial discretization. Time in-
tegration is carried out using a mixed approach. In particular, the viscous
terms in the wall-normal direction are integrated implicitly through the use
of a Crank–Nicholson scheme, while all the other terms are integrated explic-
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3.1. FLOW SETTINGS

Figure 3.2: Instantaneous contours of modulus of span-wise vorticity |ω∗
y | at three

different time instants corresponding (from top to bottom) to Reτ = 500, 1000 and 1500.

Darker colour indicates a greater intensity.

itly by using a three-step Runge–Kutta method with a CFL = 0.95. The do-
main size in the vertical direction is chosen in order to have a final boundary
layer thickness that is 1/3 of the domain height in order to avoid confinement
effects, see again Kozul et al. (2016). On the other hand, the wall-parallel
dimensions of the numerical domain are chosen in order to be able to ac-
commodate the long and wide structures classically known to occur in wall
turbulence. The resulting domain size is (Lx, Ly, Lz) = (924, 462, 220)D,
discretized by using a number of grid points (Nx, Ny, Nz) = (3072, 3072, 768)
that leads to a spatial resolution in the spatially homogeneous directions of
(∆x+,∆y+) = (5.8, 2.9) at the final Reynolds number reached by the sim-
ulations. The grid is chosen in order to have a good resolution also at the
time instant in which the viscous length is minimum. This instant occurs
in the early stage of the simulation (as shown in figure 3.3(a) from the
peak in the friction coefficient Cf ), and even at this stage the resolution is
(∆x+,∆y+,∆z+w ) = (8.7, 4.4, 0.13), being ∆z+w the resolution in the wall-
normal direction at the wall. The grid is homogeneous in x and y directions
and is stretched in the wall-normal direction using a standard error function
clustering with a stretching parameter αz = 2.25 (reference in chapter 2 in
Orlandi (2000)). Additional information are reported in table 3.1.

In order to improve the statistical convergence of the results, four in-
dependent simulations have been carried out by changing the seed of the
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3.2. MAIN FLOW FEATURES

Table 3.1: Domain size and spatial resolution evaluated at three time instants corre-

sponding to Reτ = 500, 1000 and 1500. ∆zδ is the wall-normal resolution at z = δ, being

δ the boundary layer thickness.

Reτ (Lx, Ly, Lz) /δ ∆x+ ∆y+ ∆z+w ∆z+δ ∆zδ/η

500 42.5, 19.6, 10.1 6.7 3.4 0.10 4.2 0.66
1000 18.5, 9.3, 4.4 6.1 3.0 0.09 7.1 0.95
1500 11.9, 5.9, 2.8 5.8 2.9 0.09 9.2 1.13

pseudo-random noise c in the initial condition (equation 3.1). Averages
quantities are indicated with ⟨·⟩ and are computed by spatial averaging in
the wall-parallel homogeneous directions (x and y) and by ensemble aver-
aging between the four independent realizations of the flow. The standard
Reynolds decomposition is adopted and denoted as u∗i = Ui + ui, where u∗i
is the total velocity field, while Ui = ⟨u∗i ⟩ and ui are respectively the mean
and fluctuating velocity fields.

3.2 Main flow features

The flow configuration of the temporal boundary layer has been less
thoroughly investigated in the literature with respect to the more classical
spatially evolving boundary layer and most of the works on the TTBL are
relatively recent (see again Kozul et al. (2016, 2020); Zhang et al. (2018,
2023)). For this reason we start our analysis by characterizing this flow and
by addressing some basic topics commonly pursued in boundary layers.

As a first step, we start by analysing the evolution of some basic in-
tegral quantities as the friction coefficient Cf and the friction Reynolds
number Reτ . In figure 3.3 (a), the temporal evolution of these two quanti-
ties is reported as a function of the momentum thickness Reynolds number
Reθ = Uwθ/ν together with the classical scaling of the zero pressure gra-
dient turbulent boundary layer. The friction coefficient appears to follow

the classical relation Cf ∼ 0.024Re
−1/4
θ that has been extensively verified

in the spatially evolving turbulent boundary layer through both DNS and
experimental investigations (Schlichting and Kestin (1961); Schlatter et al.
(2010), to provide some examples). The scaling of the friction Reynolds

number Reτ ∼ Re
7/8
θ is also found to be in good agreement with the theory.

In our simulations the proportionality factor between these two quantities is
measured to be 0.93, which is quite similar to the fitting Reτ ≈ 1.13Re0.843θ

obtained in Schlatter and Örlü (2010) for the spatial boundary layer. In fig-
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3.2. MAIN FLOW FEATURES

(a) (b)

Figure 3.3: (a) Evolution of the friction Reynolds number Reτ (solid line) and of the

friction coefficient Cf (dash-dotted line) as a function of the Reynolds number based on

the momentum thickness Reθ . The two respective fitting laws have been reported in

dotted line. (b) Evolution of the Reynolds number based on the displacement thickness

Reδ∗ (solid line), and of the shape factor H (dash-dotted line). In the inset, the shape

factor is shown in a different scale.

ure 3.3(b), the evolution of the shape factor H = δ∗/θ and of the Reynolds
number based on the displacement thickness Reδ∗ = Uwδ

∗/ν are reported.
Also the trend of H as function of Reθ is again in good agreement with
the results of the spatial boundary layer found in the literature (Monkewitz
et al., 2007). Equivalently, the trend of Reδ∗ is reported, being the shape
factor H = Reδ∗/Reθ equal to the slope of this curve.

We now proceed to analyze the mean velocity profiles at three values of
Reτ , shown in figure 3.4(a). The diagnostic function Ξ (z) = z+∂U+/∂z+

is also reported, in order to better visualize the value of the von Kármán
constant κ in the overlap region. In order to recover the classical view of wall
turbulence, figure 3.4(a) we reported the velocity difference with respect to
the velocity of the wall, being Uw non-null. In the viscous sublayer, up to
z+ ≈ 5, the linear relation u+ = z+ provides a good approximation. Another
fundamental law in wall turbulence is the relation u+ = 1/κ ln z+ +B, valid
in the overlap region. From the diagnostic function, it appears that the
Reynolds number is not high enough to show a properly extended plateau
region (corresponding to a purely logarithmic curve), but the logarithmic
law is found to approximate reasonably well the lower part of the overlap
layer, for 40 < z+ < 0.1Reτ , using the fitting values of κ = 0.436 and
B = 5.75. It should be pointed out that, by using the values obtained
by Marusic et al. (2010) on high Reynolds numbers data (κ = 0.384 and
B = 4.173), we obtain a reasonable fitting in the outer overlap region of
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(a) (b)

Figure 3.4: (a) Mean velocity profiles (Uw − U) (black lines) and relative diagnostic

function Ξ (blue lines) at different time instants corresponding to friction Reynolds number

of Reτ = 500 (solid lines), Reτ = 1000 (dash-dotted lines) and 1500 (dashed lines). The

linear and logarithmic behaviour are reported in dotted lines. (b) Profiles of Reynolds

shear stresses compared with u2
τ (dotted line) at Reτ = 500 (solid line), Reτ = 1000

(dash-dotted line) and 1500 (dashed line).

profile at the highest Reτ in the present results. In particular, these values
are found to better approximate the interval 120 < z+ < 0.16Reτ . Another
consequence of the separation of the scales of motions involved, can be seen
in the profile of the Reynolds shear stresses reported in figure 3.4(b), that,
for high Reynolds numbers should reach the asymptotic limit −⟨uw⟩+ = 1.

One of the important topics under debate in the wall-turbulence con-
text regards the anomalous inner scaling of the turbulent fluctuations. In
figure 3.5(a), the turbulence intensity in its three components is reported
at different Reynolds numbers. The highest turbulent fluctuations can be
observed in the buffer layer. In particular, the predominant component is
constituted by the streamwise velocity fluctuations. The main subject of de-
bate regards the inner scaling of these components of the Reynolds stresses.
In particular, a Reynolds number dependence is observed in these near-wall
quantities, despite the universality verified in the mean flow, once rescaled
in inner units with the kinematic viscosity ν and the wall shear stress τw
(i.e. with uτ for velocities and ν/uτ for lengths). In fact, as shonw in figure
3.5(b), an increase is observed in the intensities of the streamwise and span-
wise turbulent fluctuations as the Reynolds number increases. Mainly, two
scaling laws were proposed in order to correct the trend of the streamwise
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(a) (b)

Figure 3.5: (a) Turbulence intensities ⟨uu⟩ (black lines), ⟨vv⟩ (blue lines) and ⟨ww⟩
(red lines), at three different time instants corresponding to friction Reynolds number of

Reτ = 500 (solid lines), Reτ = 1000 (dash-dotted lines) and 1500 (dashed lines). The

fitting laws are reported in dotted lines. (b) Evolution of the streamwise turbulence

intensity inner peak value (solid line) as a function of the friction Reynolds number. The

scaling laws from equation 3.2 are reported in dash-dotted line (logarithmic law) and in

dotted line (power law). In the inset, the same quantity is reported in a different scale.

turbulence intensity peak ⟨uu⟩+peak:

⟨u2⟩+peak ∼ A ln (Reτ ) +B,

⟨u2⟩+peak ∼ α
(

1/4 − βRe−1/4
τ

)
.

(3.2)

The first proposed scaling results from the inner-outer interaction between
near-wall and outer eddies (Marusic et al., 2017), while the second scaling
reported is based on the constraint provided to dissipation by the maximum
asymptotic value of turbulence production (Chen and Sreenivasan, 2021).
These two scaling laws present a similar behaviour for low and intermediate
Reynolds numbers, but their trend start to deviate more significantly at high
Reynolds numbers. The present data, can be reasonably fitted with both
the two scaling laws (figure 3.5(b)), since the Reynolds numbers involved
are not high. The parameters used are respectively A = 0.65 and B = 3.40
for the logarithmic law and α = 41.1 and β = 0.32 for the power law. This
measured values are roughly consistent with those found in the literature for
other more classical wall-bounded flows: being A = 0.63, B = 3.80, α = 46
and β = 0.42.

Another feature of the turbulent intensities profiles that deserves atten-
tion, is their trend in the overlap layer. According to Townsend’s original
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work (Townsend, 1976), the overlap layer can be viewed as an equilibrium
layer, in which the shear stress is constant and equal to ρuτ , and where tur-
bulence production and dissipation almost balance. This layer is thought to
be populated by a hierarchy of self-similar eddies attached to the wall. As
a consequence, the characteristic lengths of these eddies must proportional
to the distance from the wall. The so-called attached eddy model (Marusic
and Monty, 2019) is based on these arguments. This model appears capable
of giving a physical explanation to several statistical features of wall tur-
bulence while also providing quantitative predictions in the overlap layer.
Among these predictions, the attached eddy model provide the scaling laws
for the three turbulence intensities:

⟨u2⟩+ ∼ B1 −A1 ln (z/δ) ,

⟨v2⟩+ ∼ B2 −A2 ln (z/δ) ,

⟨w2⟩+ ∼ B3.

(3.3)

Both experiments and numerical simulations at high Reynolds numbers have
shown a good agreement with these laws (for a more extensive overview see
Marusic and Monty (2019) and references contained therein). As shown in
figure 3.5(a), the data from the present temporal boundary layer simulations
are also in good accordance, although the limited Reynolds number, made
exception for the law of ⟨uu⟩+. The values of the constants measured in
the present results are respectively B2 = 1.16, A2 = 0.39 and B3 = 1.32.
From figure 3.5(a), a logarithmic region may appear to be present also in the
profile of ⟨uu⟩+, but its range of extension is inconsistent with the overlap
layer region. In order to observe a fully developed logarithmic behaviour in
the profile of ⟨uu⟩+, a much higher Reynolds number is required. Another
important prediction resulting from the attached eddy model concerns the
scaling law for the turbulent spectra in the overlap layer. In fact, the su-
perposition of Kolmogorov’s like energy cascade, triggered by eddies whose
size is proportional to the wall distance within an equilibrium layer where
production follows the law of the wall and balances dissipation, leads to the
following scaling of the energy spectra (as shown in Nikora (1999)):

Euu (kx) ∼ u2τk
−1
x for

1

δ
< kx <

1

z
,

Euu (kx) ∼
(
u3τ
κz

)2/3

k−5/3
x for kx >

1

z
,

(3.4)

where Euu is the energy spectrum of streamwise velocity fluctuations and kx
is the streamwise wavenumber. Therefore, for scales smaller than the local
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(a) (b)

Figure 3.6: Longitudinal energy spectra of streamwise velocity fluctuations Euu in the

streamwise wavenumber kx evaluated in the overlap layer at (a) z+ = 100 and (b) z+ = 200

for three different friction numbers Reτ = 500 (solid lines), Reτ = 1000 (dash-dotted

lines) and Reτ = 1500 (dashed lines). The scaling laws k−1
x (dotted lines) and k

−5/3
x

(loosely dotted lines) are reported together with the respective cross-over scales 1/z and

1/δ (vertical solid lines).

wall distance (i.e. detached eddies), a classical energy cascade with the

scaling k
−5/3
x is expected, while for scales of the same order or larger than

the wall distance, a k−1
x scaling is expected. In figure 3.6, the streamwise

energy spectra in the streamwise wavenumber obtained by the present data
is reported and compared with the scalings predicted by the attached eddy
model at two different wall distances in the overlap layer. In the two higher
Reynolds number cases, in which the separation of scales is sufficiently high,
it is possible to observe a good agreement with this model. The cross-over
scale between the two scaling laws is also found to be of the order of the
wall distance, corresponding to a wavenumber kx = 1/z.
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Chapter 4

Turbulent kinetic energy

In the present chapter, we address the issues of energy transfer and pro-
duction applied to the previously described Turbulent Temporal Boundary
Layer (TTBL) setup. In section 4.1, the view provided by the single-point
budget of Turbulent Kinetic Energy (TKE) is presented. This view is then
expanded to the space of scales via the GKE in section 4.2. In this section,
the results are presented on some subspaces of the compound space offered
by the GKE, allowing for more macroscopic or more detailed views depend-
ing on the purpose. The data of a channel flow at equal friction Reynold
number (Reτ = 1500) are exploited to highlight the effect of the presence of
the TNTI in the TTBL. The results contained in the present chapter have
been published on Cimarelli et al. (2024a,b)

4.1 Single-point budget

Before addressing the Generalized Kolmogorov Equation (GKE), we
start by analyzing the single-point budget of turbulent kinetic energy k =
uiui/2. These budget will be useful to have a general picture of the different
regions of the flow before investigating the scale-by-scale behaviour. For the
symmetries of the temporal boundary layer, the turbulent kinetic energy
budget equation reads:

∂⟨k⟩
∂t

= T + Tp +D + P − ⟨ϵ⟩,

T = −∂⟨kw⟩
∂z

, Tp = −1

ρ

∂⟨pw⟩
∂z

, D = ν
∂2⟨k⟩
∂z2

,

P = ⟨uw⟩∂U
∂z

, ⟨ϵ⟩ = ν⟨∂ui
∂xj

∂ui
∂xj

⟩.

(4.1)

Tp is the pressure transport term, T and D are respectively the turbulent
and diffusive transport terms, P is the production and ⟨ϵ⟩ is the dissipation.
The behaviour of the different terms is reported in figure 4.1. At a first
glance, it is possible to notice that transport terms appear to be relevant
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4.1. SINGLE-POINT BUDGET

Figure 4.1: Turbulent kinetic energy budget in viscous units at a friction Reynolds

number Reτ = 1500. Turbulent production P is reported in solid lines, turbulent transport

T in dash-dotted lines, diffusive transport D in dotted lines, pressure transport Tp in

loosely dash-dotted lines and dissipation −⟨ϵ⟩ in dashed lines. In the bottom inset the

budget terms are reported on a larger scale to show the outer region. In the top inset the

production P peak at different Reynolds numbers is reported, Reτ = 500 (solid red line),

1000 (solid blue line), 1500 (solid black line).

only in the near-wall region, while the outer region appears to be in a local
equilibrium between turbulent production and dissipation, as shown in the
lower inset. The region very close to the wall is dominated by diffusive
transport and dissipation, while turbulent production appear to become
relevant for z+ > 5. In the upper inset of figure 4.1, the peak of production
at different Reynolds numbers is shown. As the Reynolds number increases,
the value of this peak should asymptotically reach the value of 1/4 at a wall
distance of z+ = 11 (Laadhari, 2002). The two highest Reynolds numbers
shown, Reτ = 1000 andReτ = 1500, seem to approach this limit as expected.

In order to obtain a more concise and easy-to-understand picture of what
is shown in figure 4.1, it is possible to rewrite equation 4.1 in term of a net
source s and of the divergence of fluxes ψ. In the temporal boundary layer
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flow configuration, this equation reads:

∂ψ

∂z
= s,

s = −∂⟨k⟩
∂t

− ⟨uw⟩∂U
∂z

− ⟨ϵ⟩,

ψ = ⟨kw⟩ +
1

ρ
⟨pw⟩ − ν

∂⟨k⟩
∂z

.

(4.2)

In figure 4.2, the net source s and the fluxes ψ are reported at different
friction Reynolds numbers. From this first macroscopic view, it is already
possible to identify two regions of great importance for wall turbulence. The

(a) (b)

Figure 4.2: (a) Extended source s+ (black lines) and spatial flux ψ+ (blue lines) of

turbulent kinetic energy for three different evolution times corresponding to Reτ = 500

(solid), 1000 (dash-dotted) and 1500 (dashed). The two insets report an enlarged view of

the near-wall behaviour. (b) Enlarged view of the second-outer source of turbulent kinetic

energy. Figure taken and adapted from Cimarelli et al. (2024a)

source term s identifies the buffer layer region (approximately 5 < z+ < 60),
where turbulent net production is positive, and a viscous sublayer (z+ < 5)
that acts as the main sink of turbulent kinetic energy. As expected from
equation 4.2, the spatial flux show a flex point in the peak location of the
source term (located in z+ = 11, at a value of s+max = 0.11, as in accordance
with Cimarelli et al. (2015b)). From the proximity of this flex point, the flux
diverges, exhibiting also a change in sign. In fact, from this region of high
production, the flux feeds both the viscous sublayer and the outer region.
The flux reaches a peak around z+ = 35 from where it start decreasing,
as the net source becomes negative. By taking a look at the net source
on an enlarged scale, as shown in figure 4.2(b), it is possible to observe
a slightly positive peak, meaning that what appeared to be an equilibrium
layer in figure 4.1 actually constitutes a slightly positive outer energy source.
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Although weaker in intensity with respect to the inner one, this source is
expected to become dominant at high Reynolds numbers. In fact, its mixed
scaling in inner/outer units, makes its contribution increase as the Reynolds
number increases. In the present results we measure its extension to be
approximately 100 < z+ < 0.55Reτ . Accordingly, the spatial flux in this
region is energized by the outer source and increases reaching its maximum
near the end of the outer source extension, i.e. z+ ≈ 0.55Reτ . The value of
the outer peak in the flux also increases as the Reynolds number increases,
as a result of the increasing energy introduced by the outer source. Energy
is finally released and dissipated at z+ > 0.55Reτ . At the same time, the
increasing contribution given by the outer energy source, also limits the
spatial fluxes coming from the near-wall region toward the outer region.
The result of this can be seen in the lower inset in figure 4.2(a), where the
decrease of the inner peak of the flux with Reτ is shown. As conjectured
in Cimarelli et al. (2015b), the repulsion effect of the outer source that acts
as a confinement for the near-wall dynamics, could have a connection with
the anomalous scaling with Reτ observed in the inner peak of turbulence
intensities show in figure 3.5(b).

It is possible to notice that the spatial flux is still active at wall dis-
tances higher than the mean interface position, i.e. z+ > Reτ . This is due
to the presence of potential fluctuations in the irrotational region (Zecchetto
et al., 2024). These fluctuations are the result of non-local phenomena of
displacement of otherwise quiescent fluid performed by the large-scale struc-
tures populating the turbulent core of the boundary layer (Cimarelli et al.,
2021). Accordingly, the fluctuations of the external region are non-turbulent
and irrotational in nature and the spatial flux feeding them is non-diffusive,
ψ ≈ ⟨kw⟩ + ⟨pw⟩/ρ.

The picture depicted by the turbulent kinetic energy budget illustrated
above conforms well with the results observed in other more classical flow
configurations, such as channel and pipe flows (see e.g. Bernardini et al.
(2014); Lee and Moser (2015); Pirozzoli et al. (2021)).

4.2 Two-point budget

After the brief description that led us to identify the different regions of
the flow and its main features, we can go into greater depth by investigating
the processes of energy transfer and production in the space of scales in addi-
tion to the physical space. To this aim, we must employ a tool that allows us
to capture the multiscale nature of the processes involved. In this perspec-
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tive, the use of two-point statistics is demanding. Several works in the past
have shown that the generalized Kolmogorov equation (Hill, 2002) represents
a sufficiently general statistical formalism to address the multidimensional
cascade processes of turbulence from its production to its dissipation. Ex-
amples of its application in wall turbulence are Danaila et al. (2001); Marati
et al. (2004); Cimarelli et al. (2013, 2016); Chiarini et al. (2022); Yao et al.
(2022); Zimmerman et al. (2022), in thermally driven turbulence are Rincon
(2006); Togni et al. (2015), in separated and reattaching flows are Mollicone
et al. (2018); Gatti et al. (2020) and in turbulent jets and wakes are Bu-
rattini et al. (2005); Gomes-Fernandes et al. (2015); Portela et al. (2017);
Cimarelli et al. (2021).

As described in chapter 2, the generalized Kolmogorov equation is writ-
ten in terms of the second-order structure function of the fluctuating velocity
field

⟨δq2⟩ = ⟨δuiδui⟩, (4.3)

where δui = ui (x′, t)− ui (x′′, t) is the increment of the fluctuating velocity.
Hereafter, we will often refer to the second-order structure function as the
scale energy even if such an interpretation is somewhat arguable especially
in inhomogeneous flows for large separations, see the discussion in Cimarelli
et al. (2016) and the possible alternative expression derived in Hamba (2018).
Here, we develop the formalism for the symmetries of a temporal evolving
turbulent boundary layer. In these settings, the generalized Kolmogorov
equation, in symbolic form reads

∂⟨δq2⟩
∂t

= Tr +Dr + Tc + Π − E,

Tr = −∂⟨δq
2⟩δU

∂rx
− ∂⟨δq2δui⟩

∂ri
, Dr = 2ν

∂2⟨δq2⟩
∂ri∂ri

,

Tc = −∂⟨δq
2w̃⟩

∂zc
− 2

ρ

∂⟨δpδw⟩
∂zc

+
ν

2

∂2⟨δq2⟩
∂zc2

,

Π = −2⟨δuδw⟩
(̃
∂U

∂z

)
− 2⟨δuw̃⟩δ

(
∂U

∂z

)
, E = 4⟨ϵ̃⟩

(4.4)

where U = U(z, t) is the mean streamwise velocity, r = x′ − x′′ is the
two-point separation vector, xc = (x′ + x′′)/2 is the position vector of the
mid-point and ·̃ denotes the two-point average. Finally,

⟨ϵ⟩ = ν⟨∂ui
∂xj

∂ui
∂xj

⟩ (4.5)
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is the turbulent pseudo-dissipation. Tr and Dr are the scale-energy ex-
changes among different scales respectively due to inertial and viscous diffu-
sion mechanisms, Tc is the scale-energy exchange among different wall dis-
tances and Π and 4⟨ϵ̃⟩ are the source and sink terms of turbulence related
with production due to mean shear and turbulent dissipation, respectively.

To highlight its conservative form, equation (4.4) can also be rewritten
as

∂⟨δq2⟩
∂t

+ ∇4 · ϕ = S, (4.6)

thus emphasizing that the Kolmogorov equation represents an exact and
formally precise formalism for the study of the hyperflux of scale energy in
the compound space of scales through the three-dimensional flux

ϕri = ∂⟨δq2δui⟩ + ⟨δq2δU⟩δi1 − 2ν
∂⟨δq2⟩
∂ri

(4.7)

and physical space through the one-dimensional flux

ϕcz = ⟨δq2w̃⟩ +
2

ρ
⟨δpδw⟩ − ν

2

∂⟨δq2⟩
∂zc

(4.8)

from the production to the dissipation regions of the augmented space of
turbulence identified by the source term

S = −2⟨δuδw⟩
(̃
∂U

∂z

)
− 2⟨δu w̃⟩ δ

(
∂U

∂z

)
− 4⟨ϵ̃⟩ . (4.9)

In the following subsections we will only consider the data at the highest
Reynolds number reached in the present simulations (i.e. Reτ = 1500). We
will begin our analysis by investigating the 3D compound space constituted
by the streamwise and spanwise separation lengths rx, ry for the space of
scales and by the wall distance zc for the physical space at rz = 0 in subsec-
tion 4.2.1. In subsection 4.2.2, the analysis will proceed by taking a deeper
insight in the simplified 2-D subspace constituted by the ry, zc space, which
is thought to be to some degree characterizing for canonical wall turbulent
flows. In this subsection, data from a channel flow at the same Reynolds
number (Reτ = 1500 from Cimarelli et al. (2015b)) will be exploited in order
to better study the effect of the presence of a free Turbulent/Non-Turbulent
Interface (TNTI) and to be able to compare how the multiscale phenom-
ena change in the region of the TNTI itself with respect to the centreline
of the channel. Finally, the analysis will be concluded in subsection 4.2.3
with a more quantitative view of the multiscale phenomena observed by fur-
ther limiting the analysis to profiles in the ry scale at some selected wall
distances.
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4.2.1 Paths of scale energy and sources in the (rx, ry, zc)
compound space

In the 3D subspace constituted by (rx, ry, zc), equation 4.6 can be rewrit-
ten in the form

∂ϕrπ
∂rπ

∣∣∣∣
rz=0

+
∂ϕcz
∂zc

∣∣∣∣
rz=0

= ζrz=0, (4.10)

where π = x, y denotes the statistically homogeneous streamwise and span-
wise directions and ζrz=0 is the extended source term that together with
production and dissipation takes into account also the time variation of the
local scale-energy content and the scale-energy exchange with the rz ̸= 0-
space,

ζrz=0 = −∂⟨δq
2⟩

∂t

∣∣∣∣
rz=0

− 2⟨δuδw⟩
(
∂U

∂z

)∣∣∣∣
rz=0

− 4⟨ϵ⟩ − ∂ϕrz
∂rz

∣∣∣∣
rz=0

, (4.11)

being ϕrz = ⟨δq2δw⟩ − 2ν∂⟨δq2⟩/∂rz. In this space, the streamwise scale
transport due to the mean velocity field is zero ∂⟨δq2δU⟩/∂rx since δU =
0 for rz = 0. Analogously, the turbulence production due to the mean
shear increment is zero, −2⟨δuw̃⟩δ (∂U/∂z) = 0, being δ (∂U/∂z) = 0 for
rz = 0. Equation 4.10 highlights that the generalized Kolmogorov equation
represents an exact and formally precise formalism for the study of the
cascade processes in the space of wall-parallel scales through the flux

ϕrπ = ⟨δq2δuπ⟩ − 2ν
∂⟨δq2⟩
∂rπ

(4.12)

and the flux of scale energy between different flow regions through the spatial
flux

ϕcz = ⟨δq2w̃⟩ +
2

ρ
⟨δpδw⟩ − ν

2

∂⟨δq2⟩
∂zc

(4.13)

from the production to the dissipation regions. In figure 4.3(a), the near-
wall behaviour of the cascade and spatial fluxes of scale energy are reported.
The fluxes are indicated with the streamlines and are coloured with the ex-
tended source term ζ that, as shown in equation 4.15 denotes the amount
of scale-energy locally drained and released. From here on, we will make
use of the concept of forward/reverse energy cascade to denote whether
the fluxes in the space of scales are going towards smaller (ϕrx,z < 0) or
larger scales (ϕrx,z > 0) respectively. Analogously, we will make use of
the terms descending/ascending to indicate the spatial fluxes going towards
or away from the wall (ϕcz < 0 and ϕcz > 0 respectively). The field of

51



4.2. TWO-POINT BUDGET

Figure 4.3: Source and fluxes of scale energy in the near-wall (a) and outer (b) regions

of the turbulent boundary layer at Reτ = 1500. The scale-energy paths (ϕrx , ϕry , ϕcz ) are

coloured with ζ+ and the scale-energy source S+ = 0.46 and S+ = 0.01 are reported with

a green and orange iso-surface, respectively. Figure taken from Cimarelli et al. (2024a)

fluxes takes origin from a singularity point
(
r+x , r

+
y , z

+
c

)
= (0, 70, 16) located

well within the near-wall scale-energy source region (green iso-surface). The
fluxes are energized by the near-wall source (see the streamlines colour) and
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diverges feeding both longer and wider fluctuations before bending towards
the wall and towards the bulk of the flow. By considering the branch of
fluxes towards the bulk, a spiraling behaviour consisting of spatially ascend-
ing reverse and forward cascades is observed in agreement with results first
reported in Cimarelli et al. (2013) for channel flows and confirmed by Yao
et al. (2022) for boundary layers undergoing bypass transition. The be-
haviour consists of reverse cascades intercepting longer and wider structures
away from the wall followed by a forward cascade feeding the small-scale
range at still higher wall distances where scale energy is eventually dissi-
pated. By extending the analysis to larger scales and higher wall distances,
it is possible to clearly see the presence of an outer scale-energy source. As
shown in figure 4.3(b), the field of fluxes feeding the zc-distributed small-
scale dissipative sink in the outer region of the flow are strongly influenced
by the outer source of scale energy (orange iso-surface). In particular, the
field of fluxes emerging from the near-wall region is found to be energized
by the outer source (see the streamlines color) and within it further diverges
feeding even longer and wider structures before eventually converging to-
wards smaller scales. Compared with the near-wall source peak located at(
r+x , r

+
y , z

+
c

)
= (0, 40, 11) with intensity S+

inn = 0.73, the peak value of the

outer source is weaker S+
inn = 0.014 and involves significantly larger scales(

r+x , r
+
y , z

+
c

)
= (0, 0.26Reτ , 0.1Reτ ).

In the framework of wall-bounded flows, the peculiarity of boundary lay-
ers is the presence of entrainment phenomena at the edge of the boundary
layer itself. The field of fluxes that feeds this region of the flow is shown in
figure 4.4. Similar to the family of fluxes feeding the zc-distributed dissipa-
tive range of small scales of the outer region, the branch of fluxes feeding
the interface is energized by the outer scale-energy source (see the stream-
lines colour). Again a divergent pattern of the flux streamline is observed
towards longer and wider structures but, in this case, it is not followed by
convergence towards the small scales. Instead, the field of fluxes is almost
aligned with the zc-direction with a small but non-negligible reverse cascade
both in the streamwise and spanwise scales. In other words, the turbulent
core of the boundary layer is found to sustain a variety of large wall-parallel
structures at the boundary layer interface region. Interestingly, this phe-
nomenology is fully consistent with recent findings on the TNTI of free
shear flows reported in Cimarelli et al. (2015a); Zhou and Vassilicos (2020);
Cimarelli et al. (2021).
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Figure 4.4: Branch of scale-energy fluxes towards the interface dissipative sink of the

turbulent boundary layer at Reτ = 1500. The scale-energy paths (ϕrx , ϕry , ϕcz ) are

coloured with ζ+ and the scale-energy source S+ = 0.46 and S+ = 0.01 are reported with

a green and orange iso-surface, respectively. Figure taken from Cimarelli et al. (2024a)

4.2.2 Effect of the TNTI in the (ry, zc) compound space

Although the dynamic shown in the previous subsection has 3D charac-
teristics, much of the information reported can also be deduced by looking at
the sole (ry, zc) subspace, which qualitatively shows the same main features
of the fluxes and is able to capture the two source regions. These source
regions, in fact, show a peak of activity in the rx = 0 plane and appear
elongated in the rx scales. For this reason we will now limit our analysis
to the subspace (ry, zc) |rx,z=0. This simplification will allow us an easier
to understand and more quantitative analysis, for example of some scaling
quantities related to the reverse energy transfer. The analysis will now pro-
ceed taking a closer look to the effect of the presence of a free TNTI when
compared to a bounded flow such as the channel flow and of the phenomena
that are observed in the vicinity of the TNTI region itself.

The DNS channel flow data used as a comparison have already been used
for studies of wall turbulence in Cimarelli et al. (2015b), to which the reader
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is referred for further details on the main flow features and on the numerics.
As a brief summary of the DNS set-up, the channel flow simulation at the
friction Reynolds number at Reτ = 1500 has been performed using a pseu-
dospectral code based on Fourier expansions in the homogeneous directions
and Chebyshev polynomials in the wall-normal direction. Time is advanced
using a mixed Runge–Kutta and Crank–Nicolson scheme, while the nonlin-
ear terms are calculated in physical space with aliasing errors removed by the
3/2-rule. Full details of the algorithm can be found in Chevalier et al. (2007).
The domain size is (Lx, Ly, Lz) = (37.7, 10.5, 2) δ in the streamwise (x),
spanwise (y) and wall-normal (z) directions, respectively. The number of
modes used for the spatial discretization is (Nx, Ny, Nz) = (6144, 3456, 577)
thus leading to a physical space resolution (∆x+,∆y+) = (9.2, 4.5) in the
spatially homogeneous directions and

(
∆z+w ,∆z

+
δ

)
= (0.02, 8) in the wall-

normal direction, respectively at the wall and at the channel centreline z = δ.
The channel flow exhibit the same homogeneities of the TTBL, with the ad-
dition of a reflection symmetry around the centreline and of the stationarity
∂⟨·⟩/∂t = 0. For this reason all the equations derived for the TTBL equally
apply to the channel flow with these two additional simplifications.

By further restricting equation 4.10 to the case rx = 0, we obtain

∂ϕry
∂ry

∣∣∣∣
rx,z=0

+
∂ϕcz
∂zc

∣∣∣∣
rx,z=0

= ζrx,z=0, (4.14)

where

ζrx,z=0 = −∂⟨δq
2⟩

∂t

∣∣∣∣
rx,z=0

− 2⟨δuδw⟩
(
∂U

∂z

)∣∣∣∣
rx,z=0

−4⟨ϵ⟩ − ∂ϕrx
∂rx

∣∣∣∣
rx,z=0

− ∂ϕrz
∂rz

∣∣∣∣
rx,z=0

,

(4.15)

is the extended source term taking into account the scale-energy exchange
with the rx ̸= 0 and rz ̸= 0 dimensions through the terms −∂ϕrx/∂rx|rx,z=0

and −∂ϕrz/∂rz|rx,z=0 respectively. Notice that in the case of the temporal
boundary layer, a gate of scale-energy exchange is also open for the time
dimension being ∂⟨δq2⟩/∂t|rx,z=0 ̸= 0. To simplify the notation, |rx,z=0 will
be dropped in what follows. Analogously to the previous subsection, we
will refer to the concept of forward/reverse cascade to denote fluxes in the
spanwise space of scales towards smaller and larger scales ry, i.e. ϕry < 0
and ϕry > 0, respectively. In figure 4.5, the source term S and the fluxes(
ϕry , ϕzc

)
are reported in the space of spanwise scales and wall distances

(ry, zc) for both the TTBL, in figure 4.5(a), and the channel flow, in figure
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(a) (b)

Figure 4.5: Fluxes of scale energy (black lines with arrows) in the compound space

of spanwise scales and wall distances (ϕ+
ry , ϕ

+
cz )(0, r

+
y , 0, z

+
c ) and isocontours of the scale

energy source S+(0, r+y , 0, z
+
c ) for the turbulent boundary layer (a) and the turbulent

channel (b) at Reτ = 1500. Figure taken from Cimarelli et al. (2024a).

4.5(b). The source term is reported as isocontours ranging from negative
values (indicating a sink of scale-energy, in blue colours) to positive values
(indicating a source, in red colours), while the fluxes are visualized through
the streamlines. Streamlines tilted towards the right or towards the left
indicate a reverse or forward energy cascade in the spanwise scales respec-
tively. The overall picture conforms with a near-wall turbulence production
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region that feeds through spatial fluxes and forward/reverse cascade pro-
cesses the entire flow field. As shown by the isocontours of the source term
S reported in figure 4.5, the buffer layer region, in the range of spanwise
scales 20 < r+y < 80, is the site of the most intense sourcing mechanisms of
turbulence (see figure 4.6(a,b) for the near-wall close-up). From this source

(a) (b)

(c) (d)

Figure 4.6: Near-wall (a,b) and outer (c,d) zoom of the fluxes of scale energy

(black lines with arrows) in the compound space of spanwise scales and wall distances

(ϕ+
ry , ϕ

+
cz )(0, r

+
y , 0, z

+
c ) and isocontours of the scale energy source S+(0, r+y , 0, z

+
c ) for the

turbulent boundary layer (a,c) and the turbulent channel (b,d) at Reτ = 1500.

region, scale energy is radiated to feed both the wall and the outer regions
where it is finally dissipated. As shown by Cimarelli et al. (2013), a distin-
guishing feature of wall turbulence is that scale energy is transferred first
towards larger scales before bending to small scales where it is eventually
dissipated. Hence, reverse energy cascade processes take place that pose
strong difficulties for theories in wall turbulence and for its modelling. In
fact, energy emerges from small scales near the wall to drive the large-scale
quasi-coherent motions of the outer regions (Jiménez and Pinelli, 1999).
The latter undergo instability and by bursting generate smaller turbulent
motions where scale energy is eventually removed by viscous dissipation.
Hence, small and large scales are in equilibrium only by considering a non-
local and multidimensional coupling based on reverse and forward cascades
between scales and spatial fluxes between different flow regions. In figure 4.5,
it is possible to notice the rx = 0 cross-section of the outer source region
already highlighted in figure 4.3. The presence of this outer scale-energy
source, as shown in Cimarelli et al. (2015b), exhibits statistical features
that agree with the hypothesis of an overlap layer dominated by self-similar
structures attached to the wall. Such an increasingly relevant outer produc-
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tion cycle is then conjectured to be at the basis of the anomalous scaling
of near-wall quantities (Marusic et al., 2017; Chen and Sreenivasan, 2021).
The underlying physical mechanism is the repulsion of the fluxes emerging
from the near-wall region (Cimarelli et al., 2015b).

The multidimensional scenario of wall turbulence described so far is
shared by both turbulent boundary layer and channel flow thus suggesting
that the spatially evolving forward and reverse energy cascade is a robust
phenomenological feature of wall turbulence overall. The specific features
related to the presence of entrainment mechanisms in the turbulent/non-
turbulent interface region of boundary layers are addressed in the following.

Source of scale energy

By starting the analysis from the near-wall region, we observe that the
sourcing mechanisms of turbulence are essentially the same for channel and
boundary layer as shown by the isocontours reported in figure 4.6(a,b). In
particular, the peak activity is located at

(
r+y , z

+
c

)
= (40, 11) with an in-

tensity S = 0.73 for both flow configurations. Conversely, the turbulent en-
trainment at the interface affects the source mechanisms of the overlap and
outer regions of the flow. It consists in an enhancement and shift towards
smaller scales and wall distances of the sourcing mechanisms of the overlap
layer. In particular, we measure that the peak value of the source term in
the overlap layer is located at

(
r+y , z

+
c

)
= (400, 158) = (0.26Reτ , 0.1Reτ )

with an intensity S+ = 0.014 for the boundary layer and at
(
r+y , z

+
c

)
=

(442, 192) = (0.3Reτ , 0.128Reτ ) with an intensity S+ = 0.0086 for the chan-
nel. The location of the outer peak of the source term is reported using
both inner and outer units since the underlying flow structures are found to
agree with the self-similar scaling of attached eddies (Cimarelli et al., 2015b;
Marusic and Monty, 2019). The enhancement of the intensity of the outer
self-sustaining mechanisms in the settings of turbulent boundary layers is
at the basis of a more significant protrusion of the positive values of S to-
wards the outer region, see figure 4.5. In particular, we measure that the
production mechanisms of turbulence exceed dissipation up to z+c ≈ 1300
in the turbulent boundary layer compared with z+c ≈ 900 in the channel.
Interestingly, a change in topology of the source term is observed also in
the transitional region between the buffer and overlap layers. It consists in
a net separation of the near-wall and overlap source mechanisms by a sink
layer S < 0 that in the case of channel flows extend at all scales while for
boundary layers a bridge of positive source between the buffer and overlap
self-sustaining mechanisms is found for intermediate scales 100 < r+y < 250.
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Field of fluxes

In analogy of the source term, also the field of fluxes of scale energy(
ϕry , ϕzc

)
in the near-wall region is found to be substantially the same for

the two flow configurations. As shown in figure 4.6(a,b), the field of fluxes
takes its origin from the peak region of the scale-energy source and diverges,
locally feeding smaller and larger scales before bending towards the wall and
the outer region. The wall layer and the zc-distributed range of small scales
represent the two sink regions attracting the field of fluxes in wall turbulence.
The two branches of fluxes that connect the peak of scale energy source to
these two sink regions will be analysed separately in the following.

Branch of fluxes towards the dissipative sink at the wall
By considering first the branch of fluxes moving towards the wall, it is

possible to observe that after an initial reverse energy cascade the field of
fluxes bends towards the wall with a rapidly vanishing scale-space flux. In
particular, the near-wall asymptotic behaviour is

(ϕry , ϕzc) ∼ (0, 1) zc for zc → 0 (4.16)

since the near-wall scaling is such that δu, δv ∼ zc, δw ∼ z2c and δp ∼ δpw,
see the appendix in Cimarelli et al. (2013). Hence, the viscous sublayer of
both boundary layers and channels is characterized by a dissipative sink fed
by a field of fluxes aligned with the wall-normal direction that are homoge-
neously distributed at all scales. As shown by means of the scale-by-scale
budgets in section 4.2.3, this behaviour conforms with a viscous sublayer
where the dissipative mechanisms are characterized by a variety of hori-
zontal scales imposed by the variety of scales of the overlying turbulent
dynamics with only the wall-normal scales recovering the classical role of
dissipation at small scales.

Branch of fluxes toward the zc-distributed dissipative sink at small
scales

By considering now the branch of fluxes feeding the outer regions of the
flow, we remark again that both forward and reverse cascade processes are
present. The cross-over scale ℓb between these two phenomena, defined by
ϕry(ℓb, zc) = 0, is reported in figure 4.7. In agreement with the idea that the
large-scale motion attached to the wall is the flow pattern mostly intercepted
by the fluxes ascending from the near-wall region, the cross-over scale ℓb is
found to follow a linear scaling with the wall distance

ℓ+b ≈ 40 + 2.3z+c . (4.17)
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It is widely recognized that coherent structures are associated with strong
events of energy transfer (Piomelli et al., 1996; Hamba, 2019; Chan et al.,
2021; Wang et al., 2021; Chiarini et al., 2022). In the inner region of
wall-bounded turbulent flows these structures are thought to be self-similar
(Marusic and Monty, 2019) and to form a self-sustaining process (Jiménez
and Pinelli, 1999; Panton, 2001). The picture consists of pair of streamwise
vortices that create longer and wider streamwise velocity streaks. In turn,
the low-speed streamwise velocity streaks while growing become unstable
and burst thus creating smaller and smaller detached eddies. As shown in
Cimarelli et al. (2013, 2016), the spatially ascending reverse and forward cas-
cades conform with this scenario. In particular, from the turbulence produc-
tion processes associated with streamwise vortices the combined reverse cas-
cade and spatial flux agrees with the generation of longer and wider streaks
ascending from the wall. On the other hand, the subsequent combination
of forward cascade and spatial flux agrees with the generation of detached
eddies at progressively higher wall distance from the burst of the streaks
itself. Note that more recent studies of turbulent structures highlight that
coherent motions can also be generated by shear at any wall distance and
that by growing become attached to the wall (Lozano-Durán and Jiménez,
2014). Also this phenomenon finds support in the generalized Kolmogorov
equation through the positive value of the source term in the overlap layer,
see again figure 4.5. The source term energizes the field of fluxes in the over-
lap layer thus supporting the idea that coherent motions can be also locally
generated by shear. The self-similar scaling 4.17 gives further support to
all these phenomenological interpretations of the scale-by-scale energy ex-
change described by the generalized Kolmogorov equation. This self-similar
scaling holds in the overlap layer of both boundary layer and channel, the
only difference being the extension of its validity that for channels is for
z+c < 180 = 0.12Reτ while for boundary layers is z+c < 120 = 0.08Reτ .

By entering the outer region of the flow, this self-similarity of the flow
structures is lost and, consequently, the crossover scale b stops its growth.
This is the region where channels and boundary layers mostly differ from
each other. In particular, in a turbulent channel the crossover scale sat-
urates by oscillating around the value ℓ+b ≈ 700 = 0.46Reτ and goes to
infinity at the channel centreline, see again figure 4.7. Hence, the outer flow
structures involved in the reverse energy cascade in channels scale with the
channel height rather than the distance from the wall. However, as shown
in figure 4.5(b), the intensity of the reverse energy flux is very weak thus
suggesting that the outer region of channels is barely influenced by reverse
energy cascade processes. Accordingly, the outer region can be thought as
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Figure 4.7: Crossover scale ℓ+b (z
+
c ) as a function of the wall distance in the turbulent

boundary layer (solid line) and turbulent channel (dotted line). The dashed line reports

the self-similar scaling 4.17. Figure taken from Cimarelli et al. (2024b).

the region of the channels where a Richardson energy cascade scenario is
recovered when generalized by taking into account spatial fluxes. The gen-
eralized Richardson energy cascade consists in spatially ascending cascade
processes that transfer energy from the energy containing scales identified
by the crossover scale ℓb at a certain distance from the wall to the small
scales of higher wall distances where it is finally dissipated. Since ℓb → ∞
for z+c → Reτ , we also have that the core region of the channel is uniquely
characterized by a forward cascade towards small scales. Notice that the
small-scale asymptotic behaviour of fluxes both for channels and boundary
layers is

(ϕry , ϕzc) = (1, 0)|r| for |r| → 0 (4.18)

and is dominated by the viscous scale-space flux since δui ∼ |r| and δp ∼
|r|, see the appendix in Cimarelli et al. (2013). Hence, the fluxes become
asymptotically normal to the zc-axis by approaching the dissipative range
of small scales.

Contrary to channel flows, in the outer region of boundary layers the
cross-over scale ℓb decreases monotonically with the wall distance, see again
figure 4.7. This behaviour is confirmed by the scale-energy paths shown in
figure 4.5(a). The monotonic decrease of ℓb is such that we can expect that
for sufficiently high wall distances the cross-over scale reduces to the Kol-
mogorov scale, ℓb → η, and, hence, all the scales of the interface region are
expected to undergo a reverse energy cascade. This scenario is confirmed
by the zoom of the scale-energy paths reported in figure 4.6(c). The range
of scales of forward cascade gets progressively smaller for increasing wall
distance contrary to channels where forward cascades dominate the entire
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range of scales. This behaviour of the interface region of boundary layers
conforms with the scale-by-scale phenomenology of the interface of shear-less
flows and jets reported in Cimarelli et al. (2015a, 2021) and Zhou and Vassil-
icos (2020). It consists in a physics of turbulence confined to two dimensions,
where reverse cascade processes from the turbulent core feed long and wide
flow interface structures thus sustaining the turbulent entrainment and the
propagation of the turbulent front. A forward cascade survives only in the
normal to the interface direction. Hence, the scenario conforms with long
and wide interface structures where dissipation is accomplished by normal to
the interface gradients over a very thin layer of the order of the Kolmogorov
scale. As better shown by the scale-by-scale budgets reported in subsection
4.2.3, this phenomenology is consistent with what is found to characterize
the interface region of boundary layers. Notice that such mechanisms have
similarities with the almost 2-D dissipative processes of the viscous sublayer
analysed so far.

Coming back to the overall behaviour of the outer region of boundary
layers, it is worth noting that the reverse energy cascade is far more intense
than in channels, see again figure 4.5(a). Hence, analogously to the buffer
and overlap layers, the reverse cascade is recognized to play a fundamental
role also for the outer flow dynamics contrary to channels where we have
already shown to be essentially ineffective, see figure 4.5(b) for compari-
son. To note that such an enhancement of the reverse energy cascade with
respect to channels is found to occur also within the inner region, in the
overlap layer, compare again figure 4.5(a,b). An accompanying feature of
this stronger influence of the reverse energy cascade in boundary layers, is a
rather different topology of the scale-energy fluxes with respect to channels
also from the overlap layer region. By comparing figure 4.5(a,b), it is possi-
ble to observe that the field of fluxes in boundary layers exhibits a diverging
pattern contrary to the almost uniform topology of the fluxes in channels.
We remind the reader that in accordance with 4.14, we have

∇π · ϕπ = ζ (4.19)

with ∇π = (∂/∂ry, ∂/∂zc) and ϕπ = (ϕry , ϕzc). Hence, the divergence of the
fluxes is given by the extended source term. The behaviour of the extended
source term (not shown for brevity) resembles the one of the source term,
ζ ≈ S. As a consequence, the divergence of the fluxes almost follows the
behaviour of the source term S that, as shown in the previous paragraph,
exhibits some differences between channels and boundary layers. However,
such differences are not as significant as those observed in the pattern taken
by the field of fluxes. The reason is the most effective action of the source
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term on the pattern of fluxes rather than on their intensity. Let us try
to grasp the essential aspects by rewriting equation (4.19) in a curvilinear
coordinate system adapted to the flux vector field,

1

hτ

∂ϕτ
∂τ

+
ϕτ
ȷ

∂hn
∂τ

= ζ (4.20)

where τ and n denote the tangential and normal directions to the field
of fluxes, ȷ = hτhn is the Jacobian while hτ =

√
(∂ry/∂τ)2 + (∂zc/∂τ)2

and hn =
√

(∂ry/∂n)2 + (∂zc/∂n)2 are the scale factors. From (4.20) it
is evident how the divergence of the field of fluxes ζ takes the combined
effect of a change of the flux intensity ϕτ and of an opening/closing of the
field pattern hn. Evidently the former prevails on the latter in channel
flows while in boundary layers the opposite occurs thus leading to a more
divergent pattern of the field of fluxes. The associated enhancement of
reverse/forward cascade in boundary layers is such that a divergence line
appears in the overlap layer, see again figure 4.5(a). The dynamical relevance
of this divergence line is such that all the scales populating the outer flow
region, say for z+c > 400 = 0.26Reτ , are fed by fluxes that trace back to
this line. As for the cross-over scale ℓb, the divergence line intercepts scales
linearly increasing with the wall distance thus suggesting again self-similar
attached eddies as underlying flow structures. In particular, we measure
r+y ≈ 200 + 1.2z+c .

4.2.3 Scale-by-scale budgets

In the present section, a more quantitative view of the multi-scale pro-
cesses of wall-bounded turbulence with and without interfaces is provided by
means of the generalized Kolmogorov equation evaluated at fixed wall dis-
tances and as a function of the sole spanwise scale, i.e. by fixing rx = rz = 0.
The analysis will not address the field of fluxes but the overall transport
terms in the space of scales and wall distances as described by equation
(4.4).

Buffer layer

By starting the analysis from the buffer layer, it is possible to see from
figure 4.8(a) that the dynamics of the near-wall production region in bound-
ary layers and channels is essentially the same, in accordance with the pre-
vious analysis in subsection 4.2.2. It consists in a turbulence production
that dominates the budget by largely exceeding the amount of dissipation,
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Π − E > 0, i.e. the buffer layer is a net energy source region of turbulence.
As already noted in Cimarelli and De Angelis (2012), a distinguishing fea-
ture of wall turbulence is that the peak of turbulence production is not
located at the large scales but amid the spectrum of scales, r+y = 40, thus
leading to overwhelming difficulties for turbulence models (Cimarelli and De
Angelis, 2014). The clear matching of scales suggests a strong connection
of the production peak with quasi-streamwise vortices. The scale-energy
excess of this region, Π−E > 0, is eventually drained by inertial scale-space
transport Tr < 0 and by spatial transport Tc < 0 to feed both larger and
smaller scales (through forward and reverse cascades) of the other regions
of the flow (through spatial fluxes).

(a) (b)

(c) (d)

Figure 4.8: Scale-by-scale budgets of wall turbulence evaluated at different wall distances

z+c = 11 (a), z+c = 114 (b), z+c = 450 (c), z+c = 1000 (d) reported as a function of the

spanwise scale r+y for rx = rz = 0. Data from the turbulent boundary layer are reported

with lines while those from the turbulent channel are reported with symbols. Different

colours are used for the different terms of the generalized Kolmogorov equation (4.4): Π

(red), Tr (green), Dr (blue), Tc (orange), E (black, dashed line) and ∂⟨δq2⟩/∂t (black,

solid line). Figure taken from Cimarelli et al. (2024b)
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Overlap layer

Also the overlap layer is found to be substantially unaltered between
channel and boundary layer as shown in figure 4.8(b). In accordance with
the equilibrium assumption of the overlap layer, production and dissipation
almost balance each other Π − E ≈ 0 and consequently the role of spatial
fluxes is almost negligible Tc ≈ 0. An exception to this equilibrium assump-
tion is given by the range of intermediately large scales where a net source,
although weak compared the one in the buffer layer, is present. Such range
of production scales is at the basis of the outer scale-energy source already
described in subsection 4.2.2 and is responsible for the sustainment of the
reverse energy cascade processes of these region of the flow. Accordingly,
the inertial scale-space flux is negative Tr < 0 thus draining energy to feed
reverse cascade processes. This phenomenon is more intense in boundary
layers in accordance with the enhancement of the outer scale-energy source
and of the reverse cascade phenomena previously discussed in subsection
4.2.2.

Note that the shift to larger scales of the turbulence production processes
by increasing the wall distance allows for a larger separation of scales with
respect to the scale-space diffusion Dr. Hence, a small inertial sub-range
takes place in the overlap layer where the inertial scale-space flux sustains
turbulence Tr > 0. The emergence of an inertial subrange of scales can
be addressed by considering the behaviour of the cross-over scales between
production-dominated, cascade-dominated and viscosity-dominated scales,

Tr(ℓp, zc) = Π, Tr(ℓν , zc) = Dr. (4.21)

Accordingly, the inertial subrange is defined as the range of scale ℓν < ry <
ℓp. As shown in figure 4.9, both scales increases with the wall distance but
the steeper increase of the turbulence production scale ℓp allows for the de-
velopment of an increasingly large inertial subrange. Such scenario can be
formalized using scaling arguments typical of the overlap region. In this
region of the flow, turbulence production can be estimated as u3τ/(κz). By
invoking the equilibrium assumption, turbulent dissipation can be equiva-
lently written as ⟨ϵ⟩ = u3τ/(κz). By substituting this behaviour into the
definition of the Kolmogorov scale, we have the following scaling for the
smallest turbulent scales

η+ ∼ (κz+)1/4. (4.22)

On the other, the estimate for the scaling of the large-production scales can
be obtained by comparing the velocity increments induced by shear |δu| ∼
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|r|(∂U/∂z) from those related to the inertial cascade |δu| ∼ ⟨ϵ⟩1/3|r|1/3.
The result is the so-called shear scale ℓS =

√
⟨ϵ⟩/(∂U/∂z)3, see Marati

et al. (2004). By using again the scaling of shear and dissipation in the
overlap region, ∂U/∂z ∼ uτ/(κz) and ⟨ϵ⟩ = u3τ/(κz), we have that the shear
scale linearly increases with the wall distance

ℓ+S ∼ κz+. (4.23)

As shown in figure 4.9, these self-similar scaling are found to be a robust
formalism quantitatively describing the behaviour of the inertial subrange
in the overlap layer of wall turbulence. Notice that while the production
scale is directly described by the shear scale, ℓp ≈ ℓS , the viscous cut-off
scale of the energy cascade ℓν is found to be larger than the Kolmogorov
scale, ℓν ≈ 6.5η thus suggesting that the extension of the viscous subrange of
turbulence is of the order of 6.5 Kolmogorov scales. In closing this section,
let us notice that such self-similar scaling are followed within the overlap
layer for z+c < 300 = 0.2Reτ then the production scale ℓp is found to almost
saturate its growth in the outer region. It is then evident that the generation
of a larger separation of scales for the development of a sufficiently large
inertial subrange in the outer region of the flow is realized by an increase of
the extension of the overlap layer z+c = 0.2Reτ that in turn is given by an
increase of the friction Reynolds number.

z
c

+ 500 1000

50

100

150
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Figure 4.9: Inertial and viscous cross-over scales, ℓ+p (z
+
c ) (black line) and ℓ+ν (z

+
c ) (red

line), as a function of the wall distance in the turbulent boundary layer. The dashed

lines report the self-similar scaling ℓ+p = κ z+c and ℓ+ν = 6.5 (κ z+c )1/4. Figure taken from

Cimarelli et al. (2024b).
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Outer layer

The main differences between boundary layer and channel become ev-
ident when considering the outer flow region shown in figure 4.8(c,d). In
accordance with the previous analysis in section 4.2.2, it consists in an
enhancement of the turbulence production mechanisms and of the reverse
energy cascade processes in boundary layers with respect to channels. In
particular, the enhancement of production is such that an excess of scale
energy Π − E > 0 is observed also at z+c = 1000 = 0.66Reτ in the case of
boundary layers. On the other hand, the enhancement of the reverse energy
cascade is such that a significant large scale sink Tr < 0 is observed also
at z+c = 1000 = 0.66Reτ in the case of boundary layers. It is worth noting
the already mentioned increase of scale separation that enables the appear-
ance of a increasingly large inertial subrange in between production and
scale-space diffusion where the inertial scale-space transport dominates the
budget Tr > 0. Another important aspect related with the increasing of the
wall distance zc is the increase of non-equilibrium effects in temporal bound-
ary layers. In particular, for z+c = 1000 = 0.66Reτ the non-equilibrium
term significantly takes part on the budget by draining a significant portion
of scale energy to sustain the temporal growth of the boundary layer, i.e.
∂⟨δq2⟩/∂t > 0. The scale energy drained to sustain the propagation of tur-
bulence is made available locally by production processes since the spatial
transport term is almost negligible Tc ≈ 0. The opposite scenario occurs in
the interface region as shown in the following section.

Interface layer

The scale-by-scale budget at the mean interface position of the boundary
layer and at the channel centre is reported in figure 4.10(a). As already
mentioned, turbulence in this region of the flow is sustained by transport
processes both in the space of scales and physical space, Tr > 0 and Tc > 0,
being the production processes significantly smaller in boundary layers, Π <
Tc < Tr and, for symmetry reasons, null in channel, Π = 0. Analogously
to the external part of the outer layer, the scale energy provided by the
transport terms and by the local production in boundary layer, significantly
exceed the local dissipation Tr +Tc+P > E thus sustaining the propagation
of the turbulent interface that in the case of temporally evolving flows is
given by the non-equilibrium term, i.e.

∂⟨δq2⟩
∂t

≈ Tr + Tc + P − E > 0 (4.24)
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The scale-space distribution of the processes involved is such that the wide
flow structures are those generated first during the boundary layer growth.
It is then of relevance to address the nature of the transport phenomena
involved in turbulent entrainment.

(a) (b)

(c) (d)

Figure 4.10: Scale-by-scale budget of wall turbulence evaluated at z+c = 1500 (centre

of the channel and mean interface position of the boundary layer) reported as a function

of the spanwise scale r+y for rx = rz = 0. Data from the turbulent boundary layer are

reported with lines while those from the turbulent channel are reported with symbols.

Different colours are used for the different terms of the generalized Kolmogorov equation

(4.4): Π (red), Tr (green), Dr (blue), Tc (orange), E (black, dashed line) and ∂⟨δq2⟩/∂t
(black, solid line). The overall budget is reported in (a). The contributions to Tr are

shown in (b) where −∂⟨δq2δu⟩/∂rx (solid line and circle), −∂⟨δq2δv⟩/∂ry (dashed-dotted

line and diamond), −∂⟨δq2δw⟩/∂rz (dashed line and square). The contributions to Tc are

shown in (c) where −∂⟨δq2w̃⟩/∂zc (solid line and circle), −(2/ρ)∂⟨δpδw⟩/∂zc (dashed line

and square), (ν/2)∂2⟨δq2⟩/∂zc2 (dashed-dotted line and diamond). The contributions to

Dr are shown in (d) where 2ν∂2⟨δq2⟩/∂r2x (solid line and circle), 2ν∂2⟨δq2⟩/∂r2y (dashed-

dotted line and diamond), 2ν∂2⟨δq2⟩/∂r2z (dashed line and square). Figure taken from

Cimarelli et al. (2024b).
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As shown figure 4.10(c), the spatial transport providing scale energy at
the mean interface position is mainly due to turbulent transport phenom-
ena. Indeed, pressure transport is found to drain scale energy from this
region while the viscous transport is almost negligible. Hence, the scale en-
ergy provided from below by spatial transport in the boundary layer can be
modelled as

Tc ≈ −∂⟨δq
2w̃⟩

∂zc
− 2

ρ

∂⟨δpδw⟩
∂zc

(4.25)

Notice that the amount of scale energy drained by the pressure transport is
found to be released in the very external flow region of the boundary layer
(not shown) where the balance reduces to

∂⟨δq2⟩
∂t

≈ −2

ρ

∂⟨δpδw⟩
∂zc

> 0, for z+c > 1.3Reτ (4.26)

since the scale-space transport phenomena and hence dissipation are almost
null there in accordance with the irrotational and non-turbulent nature of
the fluctuations populating the external flow region. This behaviour fully
agrees with that observed in the external region of free-shear flows as shown
in Cimarelli et al. (2021). Hence, this behaviour of the pressure transport
phenomena is a peculiar feature of turbulent interfaces in general. As a
matter of fact, the pressure transport at the channel centre is found to
play a less relevant role and, hence, the spatial transport is found to be
determined solely by the turbulent transport, i.e. Tc ≈ ∂⟨δq2w̃⟩/∂zc > 0.

By considering now the behaviour of the scale-space transport at the
mean interface position, it is important to remind that the analysis of the
field fluxes reported in section 4.2.2 revealed that the most energized scales of
the interface region are the large ones. This is a result of the combined action
of spatial fluxes with reverse cascades, with the latter involving almost all the
range of scales of the interface region. The almost absence of forward cascade
mechanisms in the space of spanwise scales gives rise to very important
questions. How is dissipation accomplished in the interface region? What
are the turbulence phenomena involved? To address these issues in figure
4.10(b), the scale space transport term is split in its contributions related
with the cascade processes in the rx, ry and rz scales. It is evident that
the transport in the scales parallel to the mean interface (rx, ry) is weak
compared to that in the scales normal to the mean interface rz, hence

Tr ≈ −∂⟨δq
2δw⟩

∂rz
> 0 (4.27)
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By recalling that the scale-by-scale budget is reported for rz = 0 this result
tell us that a significant forward cascade is occurring in the rz space that
is almost homogeneous in the ry space. Hence, in this region, a forward
cascade across the scales normal to the mean interface is experienced by
a variety of motions with different spanwise scales, from narrow to wide.
On the contrary, scale-space transport in the spanwise scales is negative,
highlighting a draining of scale energy to feed wider motions near the in-
terface. Also the scale-space transport in the streamwise scales is negative
highlighting that a forward cascade towards the rx = 0 scales is absent at
the mean interface and supporting the existence of a reverse cascade to-
wards the rx ̸= 0 scales. These observations are consistent with the picture
of a propagating turbulent front where wide and long interface structures
are generated by spatially ascending reverse cascade processes whose thick-
ness is reduced by spatially ascending forward cascade mechanisms in the
normal to the interface scales. In this scenario, dissipation is accomplished
by vertical friction phenomena in a very thin interfacial layer over long and
wide interface structures. To note that such mechanisms of dissipation share
strong similarities with those commonly studied in 2-D turbulence (Boffetta
and Ecke, 2012). This phenomenology has been observed also in free-shear
flows by Cimarelli et al. (2015a, 2021); Zhou and Vassilicos (2020) thus pos-
sibly suggesting that the underlying physics is a robust and peculiar feature
of turbulent interfaces in general. As a matter of fact, the behaviour of
the scale-space transport at the channel centre is completely different and
conforms with a forward cascade in the entire three-dimensional space of
scales (rx, ry, rz) being the contributions to Tr all positive. Hence, the chan-
nel centre is characterized by the generation of progressively smaller eddies
that are eventually dissipated by classical small-scale viscous phenomena.

Viscous sublayer

The phenomena observed in the interface region have been found to have
some similarities with the cascade and dissipation processes classically oc-
curring in 2-D turbulence (Boffetta and Ecke, 2012). Wall turbulence is
characterized by another region where 2-D turbulence effects are present,
the viscous sublayer. Indeed, in this region of the flow the impermeabil-
ity condition of the wall constrains the flow dynamics to two dimensions.
Despite the flow dynamics in this region of the flow do not differ between
channels and boundary layers, we will analyse it in order to highlight the
similarities and the differences with respect to the scale-by-scale processes
of the interface region. The main difference of the viscous sublayer from the
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interface region is given by the fact that in the former the two-dimensional
behaviour of turbulence is imposed by the wall constraint while in the latter
by the dynamics of the interface. A second difference is also given by the fact
that the no-slip condition of the wall makes the viscous sublayer dominated
by viscous mechanisms contrary to the interface region where also inertial
processes are dominant.

To better understand the scale-by-scale behaviour of the viscous sublayer
with respect to the one at the interface, we perform a near-wall asymptotic
analysis similar to the one reported in Cimarelli et al. (2013). The near-wall
scaling of velocity and pressure is such that δu, δv ∼ zc, δw, w̃ ∼ z2c and
δp ∼ δpw where δpw is a characteristic pressure increment at the wall. By
considering these two useful relationships (Hill, 2002)

∂

∂ri
=

1

2

(
∂

∂x′i
− ∂

∂x′′i

)
∂

∂xci
=

(
∂

∂x′i
+

∂

∂x′′i

)
(4.28)

we can write the near-wall asymptotic behaviour of the terms of the gener-
alized Kolmogorov equation that for rz = 0 reads

∂⟨δq2⟩
∂t

∼ z2c , 2⟨δuδw⟩
(̃
∂U

∂z

)
∼ z3c , 4⟨ϵ̃⟩ ≈ 4ν⟨∂ui

∂z

∂ui
∂z

⟩,

∂⟨δq2δui⟩
∂ri

∼ z3c , 2ν
∂2⟨δq2⟩
∂rπ∂rπ

∼ z2c ,

2ν
∂2⟨δq2⟩
∂rz∂rz

≈ 2ν⟨∂ui
∂z

∂ui
∂z

⟩ + 2ν⟨∂u
′
i

∂z′
∂u′′i
∂z′′

⟩, ∂⟨δq2w̃⟩
∂zc

∼ z3c ,

2

ρ

∂⟨δpδw⟩
∂zc

∼ z2c ,
ν

2

∂2⟨δq2⟩
∂zc∂zc

≈ 2ν⟨∂ui
∂z

∂ui
∂z

⟩ − 2ν⟨∂u
′
i

∂z′
∂u′′i
∂z′′

⟩,

(4.29)

where π = x, y denotes the wall-parallel directions. Hence, we have that
both production and scale-space transport rapidly vanish approaching the
wall

Π ∼ z3c , Tr ∼ z3c (4.30)

and the budget reduces to a balance of spatial transport and scale-space
diffusion with dissipation,

Tc +Dr − E ∼ 0, (4.31)

whereDr is determined by the scale-space diffusion in the wall-normal scales,
Dr = 2ν∂2⟨δq2⟩/∂r2z , while Tc by the viscous diffusion, Tc = (ν/2)∂2⟨δq2⟩/∂zc2.
In particular, the asymptotic scaling suggests that in the limit of large scales
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Tc = Dr = E/2 while at small scales Tc = 0 and Dr = E. As shown in figure
4.11, these asymptotic scaling are found to fully describe the scale-by-scale
behaviour of the viscous sublayer.

(a) (b)

(c) (d)

Figure 4.11: Scale-by-scale budget of wall turbulence evaluated in the viscous sublayer

z+c = 1 reported as a function of the spanwise scale r+y for rx = rz = 0. Data from the

turbulent boundary layer are reported with lines while those from the turbulent chan-

nel are reported with symbols. Different colors are used for the different terms of the

generalized Kolmogorov equation (4.4): Π (red), Tr (green), Dr (blue), Tc (orange), E

(black, dashed line) and ∂⟨δq2⟩/∂t (black, solid line). The overall budget is reported in

(a). The contributions to Tr are shown in (b) where −∂⟨δq2δu⟩/∂rx (solid line and cir-

cle), −∂⟨δq2δv⟩/∂ry (dashed-dotted line and diamond), −∂⟨δq2δw⟩/∂rz (dashed line and

square). The contributions to Tc are shown in (c) where −∂⟨δq2w̃⟩/∂zc (solid line and

circle), −(2/ρ)∂⟨δpδw⟩/∂zc (dashed line and square), (ν/2)∂2⟨δq2⟩/∂zc2 (dashed-dotted

line and diamond). The contributions to Dr are shown in (d) where 2ν∂2⟨δq2⟩/∂r2x (solid

line and circle), 2ν∂2⟨δq2⟩/∂r2y (dashed-dotted line and diamond), 2ν∂2⟨δq2⟩/∂r2z (dashed

line and square). Figure taken from Cimarelli et al. (2024b).

In accordance with the near-wall asymptotic scaling and the scale-by-
scale budget shown in figure 4.11, the wall region is characterized by a
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spatially descending forward cascade in the sole space of wall-normal scales.
Hence, dissipation is accomplished by wall-normal velocity gradients occur-
ring in a very thin layer over a wide range of horizontal scales in analogy
with the 2-D phenomenology observed for the interface region. The main
difference is the physical nature of the two transports occurring in physical
and scale space that in the viscous sublayer is given by viscous diffusion
phenomena

Tc ≈
ν

2

∂2⟨δq2⟩
∂zc∂zc

, Dr ≈ 2ν
∂2⟨δq2⟩
∂rz∂rz

, Tr ≈ 0 (4.32)

while in the interface layer by inertial turbulence mechanisms

Tc ≈ −∂⟨δq
2w̃⟩

∂zc
, Dr ≈ 0, Tr ≈ −∂⟨δq

2δw⟩
∂rz

. (4.33)
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Chapter 5

Turbulent enstrophy

We now move to analyse enstrophy in the temporal boundary layer in or-
der to try to obtain a deeper insight about the confinement effects observed
in the previous chapter 4. In section 5.1, the characteristics of single-point
enstrophy and the budget that establishes its dynamics is investigated. Sub-
sequently, the second section 5.2 deals with its distribution and its dynamics
in the compound space of both scales and physical space.

5.1 Single-point budget

Turbulent enstrophy, defined as ξ = ωiωi, is an observable closely related
to the very nature of turbulence, given its close connection with dissipation
and with its rotational nature. Its mean profile is shown in figure 5.1(a)
where it is also compared with pseudo-dissipation ⟨ϵ⟩, showing only a small
discrepancy in a region between the viscous sublayer and the buffer layer. By
applying equation 2.31 and 2.32 to the symmetries of the temporal boundary
layer, we obtain:

⟨ϵ⟩ = ν⟨ξ⟩ + ν
∂2⟨ww⟩
∂z2

. (5.1)

Hence, the difference between the two terms is equal to the curvature of the
term ⟨ww⟩ multiplied by viscosity.

We start the analysis by investigating the single-point enstrophy budget
and its contributions ⟨ωxωx⟩, ⟨ωyωy⟩ and ⟨ωzωz⟩ in order to obtain additional
information on the confinement effect given by the wall and by the TNTI.
For the symmetries of the temporal boundary layer, the turbulent enstrophy
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budget equation reads:

∂⟨ξ⟩
∂t

= Tξ +Dξ + Pξ + VS − ⟨ϵξ⟩,

Tξ = −∂⟨ξw⟩
∂z

, Dξ = ν
∂2⟨ξ⟩
∂z2

, Pξ = −2⟨ωyw⟩
∂Ωy

∂z
,

VS = 2⟨ωxωz⟩
∂U

∂z
+ 2Ωy⟨ωi

∂ui
∂y

⟩ + 2⟨ωiωj
∂ui
∂xj

⟩,

⟨ϵξ⟩ = 2ν⟨∂ωi

∂xj

∂ωi

∂xj
⟩,

(5.2)

being Tξ and Dξ the turbulent and viscous transport of enstrophy. Pξ is
its production by mean vorticity gradient, VS is the vortex stretching term
that acts as a source by amplifying the vorticity through velocity gradients
and ϵξ the enstrophy destruction by vorticity gradients. The behaviour of
the different terms is reported in figure 5.1(b). The dynamics of enstrophy

(a) (b)

Figure 5.1: (a) Turbulent enstrophy ⟨ωiωi⟩ (dash-dotted lines) compared to turbulent

pseudo-dissipation ⟨ϵ⟩ (dotted lines). The two terms are reported in logarithmic scale in

the inset in order to better visualise the outer region. The vertical dotted line indicates the

mean interface region. (b) Turbulent enstrophy budget: vortex stretching VS is reported

in solid lines, turbulent transport Tξ in dash-dotted lines, diffusive transport Dξ in dotted

lines, production by mean vorticity gradient Pξ in loosely dash-dotted lines and enstrophy

destruction −⟨ϵξ⟩ in dashed lines. The VS contribution 2⟨ωiωj∂ui/∂xj⟩ is reported in red

solid lines. In the inset the budget terms are reported on a larger scale to show the outer

region. All curves are reported in viscous units and refer to the friction Reynolds number

Reτ = 1500.

appear to be more concentrated in the near-wall region with respect to
the one of the TKE (in figure 4.1) and its turbulent transport appears to
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5.1. SINGLE-POINT BUDGET

be more moderate in intensity. This can be explained by the fact that
enstrophy is a “small-scale quantity”, being related to velocity gradients, and
does not correlate well with large-scale velocity fluctuations, which instead
are the motions that more effectively accomplish the turbulent transport.
Transport by diffusion is predominant only very close to the wall, while in
almost all the rest of the domain, the enstrophy budget can be reasonably
approximated with just production by vortex stretching and destruction via
vorticity gradients. In particular, for z+ ≳ 40, only the purely fluctuating
contribution 2⟨ωiωj∂ui/∂xj⟩ to vortex stretching appears to be relevant.
This is even more pronounced in the outer region, reported in the inset in
figure 5.1(b). This concept can be referred to as a spatial locality. Hence, in
the outer region (z+ ≳ 40), the budget equation 5.2 may be approximated
as:

⟨ωiωj
∂ui
∂xj

⟩ ≈ −ν⟨∂ωi

∂xj

∂ωi

∂xj
⟩. (5.3)

Therefore, in order to understand the dynamics of enstrophy (linked to the
generation of dissipation), it is interesting to study the local distribution,
generation and destruction of enstrophy, which we will focus on in the fol-
lowing.

5.1.1 Confinement effects

Vorticity, can only be generated by shear forces, which, in the presented
flow settings, can only be introduced by the wall. In particular, the solid
wall, whose normal is parallel to the z-direction, can only introduce stream-
wise ⟨ωxωx⟩ and spanwise ⟨ωyωy⟩ enstrophy contributions. Enstrophy is then
transported away from the wall, initially by pure diffusion (since w ∼ z2)
and then also via convective turbulent transport. Finally, the VS term,
which in addition to pure stretching is also responsible for vortex tilting,
accomplish the amplification and redistribution of the vorticity between its
various components. In order to distinguish the various mechanisms de-
scribed, we can start by analysing the three different contributions to en-
strophy (hereafter named ξx = ωxωx, ξy = ωyωy and ξz = ωzωz). In figure
5.2, we report the three contributions normalized over the total turbulent
enstrophy ξxi/ξ, in order to better highlight the anisotropy level (in isotropic
conditions ⟨ξx⟩/⟨ξ⟩ = ⟨ξy⟩/⟨ξ⟩ = ⟨ξz⟩/⟨ξ⟩ = 1/3). Furthermore, this allows
a clear view of the enstrophy distribution among its components at all the
wall distances, despite the enstrophy intensity changes of order of magni-
tudes while moving away from the wall. The picture that emerges can be
interpreted as follows. In the viscous sublayer, the dynamics appear to
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Figure 5.2: Distribution of the enstrophy content among its three contributions: stream-

wise ⟨ξx⟩/⟨ξ⟩ (dash-dotted line), spanwise ⟨ξy⟩/⟨ξ⟩ (dotted line) and wall-normal ⟨ξz⟩/⟨ξ⟩
(dashed line). The reference value of 1/3, corresponding to equal distribution is reported

as a solid line, while the vertical densely dotted vertical line indicates the mean interface

position z+ = Reτ = 1500. In the inset, an enlargement is reported to better highlight

the interface region.

be dominated by the generation and transport by diffusion (figure 5.1(b))
of enstrophy through wall-normal gradients, caused by the presence of the
wall. In fact, spanwise enstrophy ⟨ξy⟩, generated by streamwise near-wall
velocity fluctuations, appears to be predominant, with streamwise enstro-
phy ⟨ξx⟩ being the only other non-negligible contribution. On the other
hand, wall-normal enstrophy contribution ⟨ξz⟩ is negligible, being the only
contribution to enstrophy not including z-derivatives of the velocity. From
the buffer layer to just before the interface region, the streamwise vorticity
is slightly more intense than the spanwise and the wall-normal, which are
comparable in intensity. This may be due to the fact that, in the boundary
layer, the turbulent motions tend to be elongated in the streamwise direction
x, causing more moderate velocity gradients in this direction. As a result,
the only enstrophy contribution that does not contain velocity gradients in
x (i.e. ⟨ξx⟩) is the most intense one. Near the TNTI region, it is possible to
observe scenario similar to the one observed in the viscous sublayer, albeit
more moderate in intensity. In fact, as shown in the inset of figure 5.2,
spanwise vorticity is once again dominant, with wall-normal vorticity being

77



5.1. SINGLE-POINT BUDGET

the lowest among the three contributions. This scenario is in accordance
with the idea that, near the TNTI, as in the near-wall region, the flow tends
to generate long and wide structures that dissipate energy through sharp
gradients in the wall- and interface-normal direction.

By writing an equation for each of the three contributions of enstrophy,
for the temporal boundary layer configuration we obtain:

∂⟨ξx⟩
∂t

= Tξx +Dξx + VSx − ⟨ϵξx⟩,

Tξx = −∂⟨ωxωxw⟩
∂z

, Dξx = ν
∂2⟨ωxωx⟩
∂z2

,

VSx = 2⟨ωxωz⟩
∂U

∂z
+ 2Ωy⟨ωx

∂u

∂y
⟩ + 2⟨ωxωj

∂u

∂xj
⟩,

⟨ϵξx⟩ = 2ν⟨∂ωx

∂xj

∂ωx

∂xj
⟩,

(5.4)

∂⟨ξy⟩
∂t

= Tξy +Dξy + Pξy + VSy − ⟨ϵξy⟩,

Tξy = −∂⟨ωyωyw⟩
∂z

, Dξy = ν
∂2⟨ωyωy⟩
∂z2

,

Pξy = −2⟨ωyw⟩
∂Ωy

∂z
, VSy = 2Ωy⟨ωy

∂v

∂y
⟩ + 2⟨ωyωj

∂v

∂xj
⟩,

⟨ϵξy⟩ = 2ν⟨∂ωy

∂xj

∂ωy

∂xj
⟩

(5.5)

and

∂⟨ξz⟩
∂t

= Tξz +Dξz + VSz − ⟨ϵξz⟩,

Tξz = −∂⟨ωzωzw⟩
∂z

, Dξz = ν
∂2⟨ωzωz⟩
∂z2

,

VSz = 2Ωy⟨ωz
∂w

∂y
⟩ + 2⟨ωzωj

∂w

∂xj
⟩, ⟨ϵξz⟩ = 2ν⟨∂ωz

∂xj

∂ωz

∂xj
⟩.

(5.6)

In particular, since the dominant terms in the turbulent enstrophy budget
(figure 5.1(b)) appear to be its amplification by vortex stretching VS and
its destruction by vorticity gradients ϵξ, we will take a closer look to the
decomposition of these two components of the budget in their contribution
VSx, VS y, VS z and ⟨ϵξx⟩, ⟨ϵξy⟩ and ⟨ϵξz⟩. In figure 5.3(a) and (b), we
report the distribution of the contributions normalized over the total VS
and ⟨ϵξ⟩ respectively. For the sake of clarity we do not show all the sep-
arate contributions, but only the most relevant terms, reported in red. In
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(a) (b)

Figure 5.3: Distribution among the vortex stretching contributions VSx (dash-dotted

line), VSy (dotted line) and VSz (dashed line) (a) and enstrophy destruction contributions

⟨ϵξx⟩ (dash-dotted line), ⟨ϵξy ⟩ (dotted line) and ⟨ϵξz ⟩ (dashed line) (b). In (a) the term

2Ωy⟨ωy
∂v
∂y

⟩ + 2⟨ωyωy
∂v
∂y

⟩ is reported in dashed red line. In (b) the terms 2ν⟨(∂ωx/∂z)
2⟩

(dash-dotted), 2ν⟨(∂ωy/∂z)
2⟩ (dotted) and 2ν⟨(∂ωz/∂z)

2⟩ (dashed) are reported in red

lines. The reference value of 1/3, corresponding to equal distribution are reported as

black solid lines, while the vertical densely dotted vertical lines indicate the mean interface

position z+ = Reτ = 1500.

the viscous sublayer, the only active vortex stretching term is the one am-
plifying spanwise vorticity, mainly by “pure” stretching of the mean and
fluctuating spanwise vorticity 2Ωy⟨ωy

∂v
∂y ⟩ + 2⟨ωyωy

∂v
∂y ⟩, reported in red in

figure 5.3(a). On the other hand, the streamwise vorticity generated at the
wall, on average, is not amplified locally, but is just transported by diffusion
and dissipated locally, mainly by wall-normal gradients (as shown in figure
5.3(b) in red dash-dotted line). For this reason, we can consider that the
fully 3-D dynamics of turbulence is only recovered from outside of the vis-
cous sublayer onward. From the overlap layer onwards, the vortex stretching
distribution among its contributions recover a similar trend to the one ob-
served in the enstrophy contributions itself, suggesting a recovery of isotropy
of the dynamics in the limits of the intrinsic anisotropies given by the shear.
In figure 5.3(b), the rate of destruction of the three enstrophy contributions
⟨ϵξx⟩, ⟨ϵξy⟩ and ⟨ϵξz⟩ is reported. It is immediately possible to notice that in
the near-wall region, most of the enstrophy destruction is accomplished by
gradients in the wall-normal direction (reported in red). Despite the lower
value of streamwise enstrophy contribution ⟨ξx⟩ with respect to the span-
wise one ⟨ξy⟩ in the very near-wall region (figure 5.2), its destruction rate
appears to be higher. In between the viscous sublayer and the buffer layer,
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these two contributions to enstrophy destruction swap, recovering the trend
of enstrophy distribution itself, observed in figure 5.2, again indicating a
recovery of a fully 3-D dynamics.

In conclusion, turbulent enstrophy has shown a local dynamic mainly
composed by production and destruction except for the very near-wall re-
gion, where the diffusive transport is relevant. By looking at its composition
between the three contributions ⟨ωxωx⟩, ⟨ωyωy⟩ and ⟨ωzωz⟩, it is possible to
observe some confinement effects in the proximity of the wall and near the
TNTI region as both of these regions have shown a predominance of span-
wise vorticity. In particular, the near-wall dynamics appear to be dominated
by the vortex stretching of spanwise vorticity, while in the bulk region, from
after the buffer layer, the fully 3-D dynamic is quickly recovered.

5.2 Two-point budget

We can now proceed in analysing enstrophy and its dynamics by also
expanding its behaviour in the space of scales. In order to achieve this, we
apply the framework presented in section 2.2 to the temporal boundary layer.
We start by recalling the second-order structure function of the fluctuating
vorticity

⟨δξ2⟩ = ⟨δωiδωi⟩, (5.7)

where δωi = ωi (x′, t) − ωi (x′′, t) is the increment of the vorticity fluctua-
tions. By applying equation 2.37 to the flow configuration of the temporal
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boundary layer, we obtain

∂⟨δξ2⟩
∂t

= Trξ +Drξ + Tcξ + VS δξ + Πδξ − Eδξ,

Trξ = −∂⟨δξ
2⟩δU

∂rx
− ∂⟨δξ2δuj⟩

∂rj
, Drξ = 2ν

∂2⟨δξ2⟩
∂rj∂rj

,

Tcξ = −∂⟨δξ
2w̃⟩

∂zc
+
ν

2

∂2⟨δξ2⟩
∂z2c

,

VS δξ = 2Ω̃y⟨δωiδ

(
∂ui
∂y

)
⟩ + 2δΩy⟨δωi

(̃
∂ui
∂y

)
⟩ + 2⟨δωxω̃z⟩δ

(
∂U

∂z

)
+2⟨δωxδωz⟩

(̃
∂U

∂z

)
+ 2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩,

Πδξ = −2⟨δωyw̃⟩δ
(
∂Ωy

∂z

)
− 2⟨δωyδw⟩

(̃
∂Ωy

∂z

)
,

Eδξ = 4⟨ϵ̃ξ⟩.

(5.8)

As before, ω̃i = 1/2 (ωi (x′, t) + ωi (x′′, t)) is the two-point average of the vor-
ticity and Ωy is the mean spanwise vorticity. Equation 5.8 closely resembles
the generalized Kolmogorov equation 4.4 except for the missing transport
contribution due to pressure and for the additional production term consti-
tuted by the vortex stretching. Trξ and Drξ are the inertial and diffusive
transport terms in the space of scales respectively, Tcξ is the transport in the
physical space, Πδξ and VS δξ are production terms by mean vorticity gradi-
ent and by vortex stretching and Eδξ = 4⟨ϵ̃ξ⟩ is the enstrophy destruction,
with

⟨ϵξ⟩ = 4ν⟨∂ωi

∂xj

∂ωi

∂xj
⟩. (5.9)

This equation can be rewritten once again in its conservative form, high-
lighting the source terms and the fluxes. Similarly to equation 4.6, we get

∂⟨δξ2⟩
∂t

+ ∇4 · ϕξ = Sξ. (5.10)

As in equation 4.6, the fluxes in the compound space constituted by (rx, ry, rz)
for the space of scales and by zc in the physical space are

ϕξri = ∂⟨δξ2δui⟩ + ⟨δξ2δU⟩δi1 − 2ν
∂⟨δξ2⟩
∂ri

(5.11)
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and

ϕξcz = ⟨δξ2w̃⟩ − ν

2

∂⟨δξ2⟩
∂zc

(5.12)

respectively. The net source term reads

Sξ = Πδξ + VS δξ − Eδξ. (5.13)

The results are organized as follows. In subsection 5.2.1, the two-point
enstrophy is decomposed into three contributions ⟨δω2

x⟩,⟨δω2
y⟩ and ⟨δω2

z⟩.
The results are reported in the (ry, rx)|rz=0 space at different wall distances
zc. We then proceed to analyse the budget terms grouped by net source
and fluxes, first in compound space (rx, ry, zc)|rz=0 in section 5.2.2 and then
in the subspaces (ry, zc)|rx,rz=0 and (ry, zc)|rx,rz=0 in section 5.2.3. Finally,
the chapter is concluded with a more detailed view, showing the individual
terms of the scale-by-scale budgets in the spanwise scales ry at different
wall-distances zc.

5.2.1 Structure function

Before addressing the terms of the two-point enstrophy budget equa-
tion, we start the analysis by showing how the enstrophy structure func-
tion ⟨δξ2⟩ is distributed among its three contributions ⟨δξ2x⟩ = ⟨δωxδωx⟩,
⟨δξ2y⟩ = ⟨δωyδωy⟩ and ⟨δξ2z ⟩ = ⟨δωzδωz⟩. Our analysis is limited to the sub-
space rz = 0 and, for the sake of clarity, we only show these distributions
in the (ry, rx) plane at some wall distances zc that are representative of the
behaviour in the main regions of the flow.

Starting with the very near-wall region, we report the distribution of
enstrophy at a wall distance of z+c = 0.5 in figure 5.4. We recall that
at such a wall distance, in the single-point view (figure 5.2), ⟨ξy⟩ is the
dominant contribution, followed by ⟨ξx⟩, about half its intensity and ⟨ξz⟩
which is negligible compared to the first two. The distribution of enstrophy
in the wall-parallel scales, is very reminiscent of the footprint given by the
structures lying at higher wall distances. In particular, in figure 5.4(a), it
can be observed a peak of the streamwise enstrophy contribution ⟨δξ2x⟩ at
spanwise scales ry that are compatible with the dimension of the quasi-
streamwise vortices populating the buffer layer (i.e. ry ≈ 50). This peak
may be due to the spanwise velocity v induced by those vortices in the
very near-wall region, that in turn generate a streamwise vorticity by no-
slip condition, through ∂v/∂z|w gradients. Analogously, in figure 5.4(b), it
is possible to observe the footprint of the streamwise velocity fluctuation,
namely the streaks. In fact, these very large structures, elongated in the
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(a) (b) (c)

Figure 5.4: Second-order structure functions of streamwise ⟨δξ2x⟩+ (a), spanwise ⟨δξ2y⟩+

(b) and wall-normal ⟨δξ2z⟩+ (c) enstrophy contributions in viscous units at a wall-distance

of z+c = 0.5.

rx scales, give rise to a similarly elongated spanwise vorticity near to the
wall (mainly by ∂u/∂z|w). Finally, the wall-normal vorticity component,
depicted through ⟨δξ2z ⟩ in figure 5.4(c), exhibit a much lower intensity (as
already pointed out in section 5.1) and a peak at spanwise separation lengths
ry comparable, albeit smaller, to the one observed in ⟨δξ2x⟩. This feature may
be the footprint of a region present in the buffer layer that will be commented
on in the following. Throughout the extension of the viscous sublayer, the
situation is consistent with what observed in figure 5.4, with an increasing
intensity of ⟨ξ2z ⟩.

Transitioning to the buffer layer, a different scenario emerges. In partic-
ular, the streamwise enstrophy contribution at z+c = 11, reported in figure
5.5(a), begins to recall the shape that would be expected in an isotropic sce-
nario, i.e. slightly elongated along the rx axis (since the separation length
in rx is a longitudinal increment for δωx). We briefly recall that, in an
isotropic scenario, one should expect to observe a slightly elongated longitu-
dinal structure function with respect to the transverse ones. In the present
case, this translates in ⟨δξ2x⟩ being slightly elongated in rx, ⟨δξ2y⟩ slightly
elongated in ry and ⟨δξ2z ⟩ radially distributed in the (rx, ry) plane (and
elongated in the rz scales, which are not visible here). The impossibility of
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(a) (b) (c)

Figure 5.5: Second-order structure functions of streamwise ⟨δξ2x⟩+ (a), spanwise ⟨δξ2y⟩+

(b) and wall-normal ⟨δξ2z⟩+ (c) enstrophy contributions in viscous units at a wall-distance

of z+c = 11.

identifying a characteristic scale by looking at the streamwise enstrophy con-
tribution ⟨δξ2x⟩ at this wall distance, where we know that quasi-streamwise
vortices are present, may indicate that most of the enstrophy is contained in
disorganized motions, thus saturating the structure function, making their
contribution not visible over the already high enstrophy content of the other
chaotic motions. On the other side, the spanwise enstrophy contribution,
in figure 5.5(b), still shows an elongated shape in the transverse separation
lengths rx (i.e. being far from the isotropic case). The effect of the longitu-
dinal velocity fluctuations appears to be still dominant at this wall distance.
Finally, the peak of wall-normal vorticity ⟨δξ2z ⟩ depicted in figure 5.4(c) is
still present in the buffer layer, in figure 5.5(c), with a much stronger in-
tensity. The mechanism causing this seems to be the only one visible both
locally, where it takes place, and close to the wall, where it leaves its foot-
print. In fact, the mechanisms that we know to be active in the buffer layer,
such as the quasi-streamwise vortices and the streaks, have so far been vis-
ible mainly very close to the wall and not directly in the region where they
are most intense. To try to provide an explanation of what is observed, we
report in figure 5.6 the isosurface representing this high ⟨δξ2z ⟩ value together
with the high values of the different contributions to the vortex stretching.
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Figure 5.6: Isosurfaces of ⟨δξ2z⟩+ = 0.08 (transparent blue), 2Ω+
y ⟨δωiδ

(
∂ui
∂y

)
⟩+ = 0.05

(transparent white), 2⟨δωxδωz⟩+ ∂U+

∂z+
= 0.028 (red), 2⟨δωiω̃jδ (∂ui/∂xj)⟩+ = 0.017 (black)

and 2⟨δωiδωj
˜(∂ui/∂xj)⟩+ = 0.0156 (green) in the near-wall region.

The Πδξ production term is not reported as its maximum value Π+
δξ = 0.0044

(located in the buffer layer), is found to be smaller by one order of magni-
tude than all the vortex stretching contributions. In particular, the ⟨δξ2z ⟩
isosurface, in transparent blue, appears to be located near the region of max-
imum activity of the term 2⟨δωxδωz⟩∂U/∂z, while all the other three vortex
stretching contributions (in equation 5.14 and in the label of figure 5.6) act
either very near the wall, at similar wall-parallel scales, or in a completely
different region. This term links the mean gradient ∂U/∂z and the correla-
tion between the streamwise and wall-normal vorticity components δωx and
δωz. We therefore presume that the peak in ⟨δξ2z ⟩ located in the buffer layer
may be due to the tilting of the quasi-streamwise vortices, which, acquiring
a wall normal vorticity component, become the main vorticity contribute in
the z-direction, since this vorticity component is small in this flow region.
Furthermore, this term represents the largest contribution to the enstrophy
generation in the buffer layer, indicating that, possibly, dissipation in the
buffer layer is generated mainly by mechanisms linked to the tilting of quasi-
streamwise vorticity. On the other hand, the other main coherent structures
appear to generate dissipation mainly through their footprint at the wall,
and not locally at the wall distance at which they exhibit their maximum
energy content.

As we move toward the outer region, passing through the overlap layer,
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we can observe a gradual recovery of isotropy in all vorticity components.
As shown in figure 5.7, the distribution of enstrophy among its three con-
tributions is exactly as expected in an isotropic case. In fact, its intensity is
evenly distributed among all ⟨δξ2xi

⟩ and the shape is slightly elongated in the
longitudinal direction of the structure function considered. It is also worth
noting the increase in the size of the scales involved as we move away from
the wall, as expected.

(a) (b) (c)

Figure 5.7: Second-order structure functions of streamwise ⟨δξ2x⟩+ (a), spanwise ⟨δξ2y⟩+

(b) and wall-normal ⟨δξ2z⟩+ (c) enstrophy contributions in viscous units at a wall-distance

of z+c = 450.

Finally, in figure 5.8 we report the enstrophy distribution at the mean
interface location z+ = Reτ = 1500. In this region, the isotropy that was
recovered by the flow in the outer region, is again unbalanced, albeit less
intensively. In fact, it is possible to notice that ⟨δξ2y⟩ is spread over a wider
range of scales with respect to ⟨δξ2x⟩ and with a slightly higher intensity.
This observation is in accordance with the idea of long (in rx) and wide (in
ry) structures that dissipate energy through sharp gradients in the interface-
normal direction. In addition to being a less intense phenomenon than the
confinement given by the solid wall, it must be said that the statistical tool
we are exploiting makes use of the classical averages (as opposed to the
conditional averages), hence failing to follow the corrugated surface of the
instantaneous TNTI. Consequently, the observed effect is mitigated since we
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are calculating statistics in a plane parallel to the wall intersecting both pro-
truding bulges containing both turbulent motions and non-turbulent zones
(see figure 3.1). Furthermore, it must be noted that, given the intricate na-
ture of the TNTI, the direction normal to it can strongly differ with respect
to the wall-normal direction. Nevertheless, the framework used, despite its
inability to follow the intricate instantaneous isosurfaces characteristic of
a turbulent flow, is able to identify the overall effect of the fundamental
mechanisms and place it in a sound mathematical context.

(a) (b) (c)

Figure 5.8: Second-order structure functions of streamwise ⟨δξ2x⟩+ (a), spanwise ⟨δξ2y⟩+

(b) and wall-normal ⟨δξ2z⟩+ (c) enstrophy contributions in viscous units at a wall-distance

of z+c = Reτ = 1500.

5.2.2 Sources and paths in the (rx, ry, zc) compound space

In starting this subsection, we report the budget equation 5.8 applied to
the case rz = 0 that will be analysed in the following. By imposing rz = 0,
the two-point increments and averages of the average quantities simplify to

δ⟨·⟩ = 0 and ⟨̃·⟩ = ⟨·⟩ respectively. Consequently, the terms in equation 5.8
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reduce to:

Trξ = −∂⟨δξ
2δuj⟩
∂rj

, Drξ = 2ν
∂2⟨δξ2⟩
∂rj∂rj

,

Tcξ = −∂⟨δξ
2w̃⟩

∂zc
+
ν

2

∂2⟨δξ2⟩
∂z2c

,

VS δξ = 2Ωy⟨δωiδ

(
∂ui
∂y

)
⟩ + 2⟨δωxδωz⟩

∂U

∂z

+2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩,

Πδξ = −2⟨δωyδw⟩
∂Ωy

∂z
,

Eδξ = 4⟨ϵξ⟩.

(5.14)

As in chapter 4, we can express the budget as an extended source term and
the divergence of fluxes in the (rx, ry, zc) |rz=0 subspace:

∂ϕξrπ
∂rπ

∣∣∣∣
rz=0

+
∂ϕξcz
∂zc

∣∣∣∣
rz=0

= Srz=0, (5.15)

being

ϕξrπ = ⟨δξ2δuπ⟩ − 2ν
∂⟨δξ2⟩
∂rπ

(5.16)

the flux in the space of wall-parallel scales, and

ϕξcz = ⟨δξ2w̃⟩ − ν

2

∂⟨δξ2⟩
∂zc

(5.17)

the flux in the physical space, consisting of the wall distance. Again, π = x, y
denotes the statistically homogeneous streamwise and spanwise directions
and Srz=0 is the extended source term, which in addition to the production
by mean vorticity gradient, to vortex stretching and to the enstrophy de-
struction, takes into account the enstrophy exchange with the rz ̸= 0-space,

Srz=0 = −∂⟨δξ
2⟩

∂t

∣∣∣∣
rz=0

+ Πδξ|rz=0 +VS δξ|rz=0−4ν⟨ϵξ⟩−
∂ϕξrz
∂rz

∣∣∣∣
rz=0

, (5.18)

being ϕξrz = ⟨δξ2δw⟩ − 2ν∂⟨δξ2⟩/∂rz.
In figure 5.9, sources and sinks of enstrophy are reported through isosur-

faces, while fluxes are represented by streamlines. Red isosurfaces represent
a positive source of enstrophy, while blue and grey isosurfaces represent sinks
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of enstrophy with different intensities. In particular, it is possible to iden-
tify two intense source regions (Sξ > 0) in the near-wall region. As better
shown in figure 5.10, both isosurfaces are located in the buffer layer, which,
even without considering these two peaks, is the region with the highest
net enstrophy production rate. These isosurfaces are elongated in the rx
direction and are centred in the ry = 0 and rx = 0 planes respectively,
with the most intense being the one originating on the rx = 0 plane. The
maximum value reached by the source term in this region is S+

ξ = 0.0088,

located in
(
r+x , r

+
y , z

+
c

)
= (0, 43, 12). The second source region shows a sim-

ilar intensity S+
ξ = 0.0083, at the same distance from the wall, centred in(

r+x , r
+
y , z

+
c

)
= (145, 0, 12). Although the buffer layer represents the main

net amplifier of enstrophy, it should be remembered that all enstrophy fluxes
start from the wall and, while ascending, are deflected and amplified by the
vortex stretching and production mechanisms. On the contrary, we recall
that in the turbulent kinetic energy, production is embedded in the flow
system, which therefore shows a singularity point located in the buffer layer
from which the fluxes originate. The enstrophy fluxes starting from the wall
are initially purely diffusive and, as they move away from the wall, begin
to acquire an increasing convective contribution given by turbulence. At
the same time, the wall is also the region in which the rate of enstrophy
destruction is the highest, as shown by the solid blue isosurface in figures
5.9 and 5.10. A portion of enstrophy destruction is also accomplished at
all wall distances, at small wall-parallel scales, depicted by the grey iso-
surface in transparency. The latter extends across the entire thickness of
the boundary layer and appears to be fed mainly by fluxes diverging from
the source region with origin in the rx = 0 plane. The fluxes originating
near the rx = 0 plane, appear to split in two groups. The first group of
fluxes, generated at a scale smaller than a certain threshold (shown in more
details in the next subsection) end up destroying enstrophy at small scales
while moving away from the wall in a slightly helical ascent. In contrast,
the second group, constituted by fluxes that are generated at scales larger
than this threshold, ascend vertically with a slight deviation towards larger
spanwise scales. As it can be noted from the enlargement reported in figure
5.10, these fluxes show an initially predominant vertical component and, in
the proximity of the source region, diverge toward larger and smaller span-
wise scales ry. On the other hand, the fluxes lying on the ry = 0 plane
present an initially strong direct enstrophy cascade in the streamwise scales
rx. Hence, the source region lying on the ry = 0 plane mainly acts as a
repulsion towards lower and higher wall distances in the physical space.
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Figure 5.9: Sources and fluxes of scale-enstrophy. Isosurfaces of positive net source

of enstrophy S+
ξ = 0.008 (red) and negative net source S+

ξ = −0.05 (solid blue) and

S+
ξ = −5× 10−6 (transparent grey). The fluxes are reported as black lines and arrows.

Finally, it is possible to note the presence of a spanwise scale ry that
discriminates between the two different behaviours observed in the vicinity
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Figure 5.10: Sources and fluxes of scale-enstrophy in the near-wall region. Isosurfaces

of positive net source of enstrophy S+
ξ = 0.008 (red) and negative net source S+

ξ = −0.05

(solid blue) and S+
ξ = −5 × 10−6 (transparent grey). The fluxes are reported as black

lines and arrows.

of the two planes rx = 0 and ry = 0 respectively. In figure 5.11, the fluxes
arising from the wall are shown. The fluxes generated at a scale r+y ≲ 55
end up being confined below the buffer layer due to the repulsion exerted
by the source region lying on the ry = 0 plane. These fluxes continue their
direct cascade in the streamwise scales and end up dying on the zc-axis.
The dynamics of enstrophy generated at r+y ≲ 55 scales can be considered
as local, since, after being generated at the wall and diffused in the viscous
sublayer, it undergoes a simple and spatially local direct enstrophy cascade.
On the other hand, the fluxes generated at a spanwise scale r+y ≳ 55, man-
age to get through the buffer layer, feeding the outer region of the flow.
The isosurface of enstrophy destruction in figure 5.11, is coloured by the
intensity of the structure function ⟨δξ2⟩, highlighting that the enstrophy
that remains confined under the buffer layer is quite low in intensity and
may be generated by local small-scale velocity fluctuations. On the other
hand, the high enstrophy content generated at the wall by the footprint of
the structures populating the buffer layer and the overlap layer, manage to
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Figure 5.11: Sources and fluxes of scale-enstrophy highlighting the presence of a diving

spanwise scale. Isosurfaces of positive net source of enstrophy S+
ξ = 0.008 are reported in

red. The main sink of enstrophy S+
ξ = −0.05 is coloured by intensity of ⟨δξ2⟩+ and the

weaker sink S+
ξ = −5 × 10−6 is reported in transparent grey. The fluxes are reported as

black lines and arrows.

reach the outer region, probably since its characteristic scale is coherent with
the dimension of the turbulent motions that most effectively accomplish the
spatial transport, thus efficiently correlating with them. In this way, the
large structures r+y ≳ 55 that populate the outer region not only show their
footprint at the wall (which represent the dominant enstrophy feature in
the viscous sublayer), but also interact with the wall itself. This view seems
to be consistent with the picture depicted by the “wall cycle” described in
Jiménez and Pinelli (1999), where the mechanism of generation of secondary
streamwise vorticity at the wall subsequently transferred towards the buffer
layer is firstly described.

The presence of a scale qualitatively separating the two behaviours, that
is in first approximation constant with respect to rx such that r+y ≈ 55,
makes the study of the separate (ry, zc) and (rx, zc) dynamics worthwhile.
For this reason, we proceed in the following section by investigating these
two dynamics, with particular focus on the (ry, zc) dynamics, which appears
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to be more rich and more representative of the phenomena occurring.

5.2.3 Sources and fluxes in the (ry, zc) and (rx, zc) compound
space

In order to simplify the interpretation of what we saw in the previous
section, we will now focus on the topology of sources and fluxes in the planes
rz = rx = 0 and rz = ry = 0, which we will henceforth refer to as the (ry, zc)
and (rx, zc) subspaces. In figure 5.12(a) and (b), the source term S+

ξ and
the field of fluxes are reported on these two planes respectively. From a first
macroscopic view, it is possible to observe some differences. In particular,
the fluxes on the (ry, zc) plane, undergo an initial reverse enstrophy transfer
towards larger spanwise scales ry as they ascend until they pass the high
production zone located in the buffer layer, better shown in the enlargement
reported in figure 5.13(a). It is then possible to identify two groups of fluxes.
The first one, originating at the wall at spanwise scales r+y ≲ 110, undergo
a direct enstrophy cascade while moving away from the wall and ends up
dissipating at small scales. On the other hand, the second group of fluxes,
generated at scales r+y ≳ 110, ascends almost vertically after passing the
buffer layer and slightly deviates towards larger scales while approaching
the interface region.

The fluxes lying on the (rx, zc) plane, on the other hand, present a very
strong direct cascade component towards small rx scales in the buffer layer
(figure 5.12(b) and 5.13(b)). As they move towards smaller scales, the fluxes
are energised by the source term that extends up to r+x ≈ 50 and acts as
a repulsion by accelerating them (increasing ϕξrx and by deflecting them
towards the wall and away from it). Since the enstrophy fluxes always
start at the wall and with an initially vertical direction, the fluxes deflected
towards smaller wall distances with respect to the buffer layer do not end
up at the wall, but they reach the rx = 0 axis. To note that the fluxes
entering the domain from the right (i.e. large rx scales), in the enlargement
shown in figure 5.13(b), are not generated in the buffer layer, but are simply
generated at the wall at large streamwise scales which do not fit in the plot.
In particular, it is found that all the streamlines that reach the zc-axis at a
wall distance z+c > 3(diverging from the buffer layer as they approach small
rx scales), are generated at the wall around a streamwise scale r+x ≈ 710.
At the same time, the fluxes that are ascending starting from the wall at
scales smaller than r+x ≈ 710, reported in figure 5.13(b), are strongly affected
by the repulsion of the buffer layer source and immediately bend towards
smaller scales, ending up dissipating at small scales.
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(a) (b)

Figure 5.12: Sources S+ and fluxes ϕ+ of scale-enstrophy in the subspaces

(r+y , z
+
c )|rz ,rx=0 (a) and (r+x , z

+
c )|rz ,ry=0 (b). Negative values of S+ < 0 are reported on

scale of blues, while positive values S+ > 0 on scale of reds. The fluxes ((ϕ+
ry , ϕ

+
cz )(r

+
y , z

+
c )

in (a) and (ϕ+
rx , ϕ

+
cz )(r

+
x , z

+
c ) in (b)) are reported as black lines and arrows.

As for the turbulent kinetic energy in chapter 4, the spanwise dynamic
provides a richer and more indicative picture, with also the presence of re-
verse enstrophy transfer phenomena. In figure 5.13(a), it is possible to note
the (ry, zc) cross-section of the high production region observed in figure
5.10. This source region strongly deflects the ascending fluxes and its topol-
ogy is such that the fluxes originated at the wall at a spanwise scale r+y ≲ 50
undergo a direct enstrophy cascade while moving away from the wall, while
those generated at a r+y ≳ 50 grow in size while ascending and begin a di-
rect cascade only at higher distances from the wall. Again, this picture is
consistent with the idea that quasi-streamwise vortices generate a secondary
streamwise vorticity ωx by inducing a spanwise velocity v near the wall as

94



5.2. TWO-POINT BUDGET

(a) (b)

Figure 5.13: Sources S+ and fluxes ϕ+ of scale-enstrophy in the near-wall region re-

ported in the subspaces (r+y , z
+
c )|rz ,rx=0 (a) and (r+x , z

+
c )|rz ,ry=0 (b). Negative values of

S+ < 0 are reported on scale of blues, while positive values S+ > 0 on scale of reds. The

fluxes ((ϕ+
ry , ϕ

+
cz )(r

+
y , z

+
c ) in (a) and (ϕ+

rx , ϕ
+
cz )(r

+
x , z

+
c ) in (b)) are represented by lines and

arrows and are coloured by the intensity of fluxes,
√
ϕ2
ry + ϕ2

cz

+

in (a) and
√
ϕ2
rx + ϕ2

cz

+

in (b).

in the “wall cycle” described in Jiménez and Pinelli (1999). This vorticity
is subsequently transported away from the wall towards the buffer layer.

Analogously as in section 4.2.2, we can define a cross-over scale ℓξb such
that ϕξry (ℓξb , zc) = 0 that separates the direct and the reverse enstrophy
transfer. Despite the different topology of the fluxes ϕξ|rz ,rx=0 and ϕ|rz ,rx=0,
this cross-over scale is found to scale linearly and in a very similar way to
that exhibited by the analogous lb (separating the direct and reverse energy
transfer). The scaling of these two quantities is reported in figure 5.14. The
cross-over scales are compared with the injection scale of energy (defined
as the scale ℓΠmax such that Π (ℓΠmax , zc) = max (Π (ry, zc))) and are found
to scale similarly up to z+c ≈ 200. This similarity indicates that the split
energy cascade observed in the dynamics of the scale-energy, presumably
due to the presence of the attached eddies is also present in the enstrophy.
This may be interpreted as follows. The process of a direct energy cascade,
connected to the detached eddies breakage, leads to the generation of finer
scales, both in terms of energy and in term of enstrophy. On the other hand,
the reverse ry energy transfer, linked to the growth of the attached eddies as
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Figure 5.14: Crossover scales of scale-enstrophy ℓ+ξb(z
+
c ) (dashed line) and scale-energy

ℓ+b (z
+
c ) (dash-dotted line) as a function of the wall distance. The energy injection scale

ℓΠmax is reported in solid line. The dotted line reports the self-similar scaling 4.17.

we move towards higher wall distances, also leads to the generation of more
relaxed velocity gradients composing enstrophy. In this respect, enstrophy
seems to behave as a tracer of turbulent energy that, in a sense, mimics its
behaviour.

5.2.4 Scale-by-scale budgets

We conclude the present chapter by analysing the scale-by-scale spanwise
budgets that can provide us with a more quantitative and precise view of
what has been described above. As for the analysis of the enstrophy struc-
ture function in section 5.2.1, we limit the analysis to few wall-distances
that are representative of the flow region in which they are located.

Very near-wall region

We start our analysis with the very near-wall region. In figure 5.15(a),
the enstrophy budget in the spanwise scales ry at a wall distance z+c = 0.5
is reported. As expected at such a wall distance, the dominant mecha-
nisms are the viscous ones. In fact, the main contributions to the budget
in this location are the diffusive transports both among scales and in the
physical space. However, the vortex stretching term is already active with
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a non-negligible intensity. From figure 5.15(b), where the vortex stretch-
ing term is decomposed in its four contributions, it appears that the main
contribution responsible for this comes from the term 2Ωy⟨δωiδ (∂ui/∂y)⟩,
which can be interpreted as the stretching and tilting of the mean vor-
ticity Ωy. In particular, this term exhibits a peak at scales compatible
with the quasi-streamwise vorticies living in the buffer layer, suggesting
that this effect could be caused by the stretching of Ωy due to the span-
wise velocities with alternating sign induced near the wall by the counter
rotating quasi-streamwise vortices, corresponding to the 2Ωy⟨δωyδ (∂v/∂y)⟩
term. On the contrary, the term 2⟨δωxδωz⟩∂U/∂z, appears to be negative
with a similar shape but with a lower intensity. This anti-correlation may
be explained by comparing it term-by-term with the first contribution. In
fact, near the wall we may expect 2Ωy⟨δωxδ (∂u/∂y)⟩ to be the only other
relevant component of 2Ωy⟨δωiδ (∂ui/∂y)⟩. If this is true, it can be de-
duced that 2Ωy⟨δωxδ (∂u/∂y)⟩ ≈ −2⟨δωxδωz⟩∂U/∂z, since Ωy = ∂U/∂z,
and δωz = δ (∂v/∂x− ∂u/∂y) ≈ −∂u/∂y near the wall. In correspondence
with the mild peak observed in the vortex stretching at r+y ≈ 40, it is pos-
sible to observe a valley in the diffusive scale transport which takes charge
of draining the scale-enstrophy injected by transporting it towards smaller
scales. As shown in figure 5.15(c), this transport is mainly constituted by
the transport across wall-normal scales rz, reaffirming that, at such wall dis-
tances, enstrophy is transported toward smaller rz scales, corresponding to
sharp wall-normal gradients. Thus, in the very-near wall region, the budget
may be approximated as:

−2ν
∂2⟨δξ2⟩
∂r2z

− ν

2

∂2⟨δξ2⟩
∂z2c

= 2Ωy⟨δωiδ

(
∂ui
∂y

)
⟩ − 4⟨ϵξ⟩. (5.19)

Finally, we report the inertial transport of enstrophy in figure 5.15(d),
which, despite being negligible in intensity, shows features which are to some
degree similar to those observed in the interface region, again emphasising
the similarities of the phenomena occurring in these two regions. In par-
ticular, the spanwise transport ∂⟨δξ2δv⟩/∂ry shows a typical pattern of a
direct enstrophy cascade, draining enstrophy from the injection scale and
introducing it at smaller scales. This term corresponds to the longitudi-
nal component of the inertial transport and, like the longitudinal diffusive
transport 2ν∂2⟨δξ2⟩/∂r2y, has a negative peak near the injection scale. On
the other hand, the wall-normal inertial transport ∂⟨δξ2δw⟩/∂rz appears to
inject enstrophy at all ry scales, indicating that also the inertial transport
in the wall-normal scales is performing a direct enstrophy transfer.
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(a) (b)

(c) (d)

Figure 5.15: Scale-by-scale budget of turbulent enstrophy in the spanwise scales r+y eval-

uated at z+c = 0.5. The complete budget is reported in (a). The terms of equation 5.14

are represented with different colours: T+
rξ (green), D+

rξ (blue), T+
cξ (cyan dash-dotted line

for the turbulent transport and cyan dotted line for the diffusive one), VS+
δξ +Π+

δξ (red),

E+
δξ (dashed black line) and ∂⟨δξ2⟩/∂t computed as residue (thin solid black line). The

source terms are reported in (b): total VS+
δξ + Π+

δξ (solid line), 2Ω+
y ⟨δωiδ (∂ui/∂y)⟩+

(dash-dotted line), 2⟨δωxδωz⟩+∂U+/∂z+ (dotted line), 2⟨δωiω̃jδ (∂ui/∂xj)⟩+ (dashed

line), 2⟨δωiδωj
˜(∂ui/∂xj)⟩+ (loosely dotted line) and Π+

δξ (loosely dashed line). Diffu-

sive transport among scales is reported in (c): total D+
rξ (solid line), 2ν(∂2⟨δξ2⟩/∂r2x)+

(dash-dotted line), 2ν(∂2⟨δξ2⟩/∂r2y)+ (dashed line) and 2ν(∂2⟨δξ2⟩/∂r2z)+ (dotted line).

Inertial transport among scales is reported in (d): total T+
rξ (solid line), −(∂⟨δξ2δu⟩/∂rx)+

(dash-dotted line), −(∂⟨δξ2δv⟩/∂ry)+ (dashed line) and −(∂⟨δξ2δw⟩/∂rz)+ (dotted line).

Buffer layer

In the buffer layer, the overall budget (reported in figure 5.16(a) at a
wall distance of z+c = 11) quickly recovers the macroscopic characteristics
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observed in the HIT case shown in chapter 2, but with some differences.
Among these differences, we can observe that in this region the budget re-
sults in an overall net source of enstrophy. We can also observe a peak in the
vortex stretching at r+y ≈ 40, with the resulting negative valley in the inertial
transport draining scale-enstrophy from the injection scale. By examining
the composition of the various terms, the differences with respect to HIT
are more evident. The vortex stretching term, depicted in figure 5.16(b), is
dominated by the 2⟨δωxδωz⟩∂U/∂z term. As already pointed out in section
5.2.1, this term may be interpreted as the vortex tilting given by the mean
velocity gradient, that appears to be the most relevant contribution acting
in the buffer layer. Apparently, the production of enstrophy (hence dissi-
pation) in the buffer layer is sustained by the combined effect of the mean
velocity shear and of vorticity tilted at an angle, hence retaining both a
streamwise and a vertical component. The diffusive scale transport, shown
in figure 5.16(c), appears to be still dominated by the transport across wall-
normal scales. Finally, in figure 5.16(d), the inertial transport contributions
are shown. As already mentioned, the local minimum in the inertial trans-
port is found to correspond with the enstrophy injection scale r+y ≈ 40. The
presence of a slight negative turbulent transport in the single-point budget,
constrains the inertial transport to recover that value at large scales. In
particular, ∂⟨δξ2δui⟩/∂ri = ∂⟨δξ2δw⟩/∂rz = ∂⟨δξ2w̃⟩/∂zc = ∂⟨ξw⟩/∂z, at
ry large enough for the two points x′ and x′′ to be decorrelated.

As a first approximation, we may express the budget in the spanwise
scales (at rx = rz = 0) as:

∂⟨δξ2⟩
∂t

+
∂⟨δξ2δuj⟩

∂rj
− 2ν

∂2⟨δξ2⟩
∂r2z

= 2⟨δωxδωz⟩
∂U

∂z

+2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩ − 4⟨ϵξ⟩.

(5.20)

This equation resembles the budget in the isotropic homogeneous case (equa-
tion 2.43) with the additional 2⟨δωxδωz⟩∂U∂z contribution to vortex stretching
and with the simplification that diffusive scale transport is mainly active in
the rz scales.

Outer region

Moving from the buffer layer to the outer region, the flow fully recovers
the scenario observed in homogeneous isotropic turbulence, with the only ex-
ception being a positive net source of enstrophy. In figure 5.17, this scenario
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(a) (b)

(c) (d)

Figure 5.16: Scale-by-scale budget of turbulent enstrophy in the spanwise scales r+y

evaluated at z+c = 11. The complete budget is reported in (a). The terms of equation 5.14

are represented with different colours: T+
rξ (green), D+

rξ (blue), T+
cξ (cyan dash-dotted line

for the turbulent transport and cyan dotted line for the diffusive one), VS+
δξ +Π+

δξ (red),

E+
δξ (dashed black line) and ∂⟨δξ2⟩/∂t computed as residue (thin solid black line). The

source terms are reported in (b): total VS+
δξ + Π+

δξ (solid line), 2Ω+
y ⟨δωiδ (∂ui/∂y)⟩+

(dash-dotted line), 2⟨δωxδωz⟩+∂U+/∂z+ (dotted line), 2⟨δωiω̃jδ (∂ui/∂xj)⟩+ (dashed

line), 2⟨δωiδωj
˜(∂ui/∂xj)⟩+ (loosely dotted line) and Π+

δξ (loosely dashed line). Diffu-

sive transport among scales is reported in (c): total D+
rξ (solid line), 2ν(∂2⟨δξ2⟩/∂r2x)+

(dash-dotted line), 2ν(∂2⟨δξ2⟩/∂r2y)+ (dashed line) and 2ν(∂2⟨δξ2⟩/∂r2z)+ (dotted line).

Inertial transport among scales is reported in (d): total T+
rξ (solid line), −(∂⟨δξ2δu⟩/∂rx)+

(dash-dotted line), −(∂⟨δξ2δv⟩/∂ry)+ (dashed line) and −(∂⟨δξ2δw⟩/∂rz)+ (dotted line).

is depicted at a wall distance z+c = 450. The vortex stretching composi-
tion, reported in figure 5.17(b), is identical to the one observed in figure
2.5(b), with the only relevant contributions being the fully fluctuating com-
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5.2. TWO-POINT BUDGET

ponents 2⟨δωiω̃jδ (∂ui/∂xj)⟩ and 2⟨δωiδωj
˜(∂ui/∂xj)⟩. The diffusive scale

transport also appears to be evenly split between the three components.
As expected in isotropic conditions, only a different behaviour of the ry
transport is observed, since it represent the transport among the longitudi-
nal scales. The only qualitative difference with respect to the homogeneous
isotropic case lies in the inertial scale transport distribution. In fact, its
distribution among the transversal scales rx and rz appears different, with
the wall-normal transport (in rz) being more active, and the streamwise one
(in rx) being negligible. Thus, the enstrophy budget in the outer region of
the boundary layer can be approximated with the unsteady homogeneous
isotropic one:

∂⟨δξ2⟩
∂t

+
∂⟨δξ2δuj⟩

∂rj
− 2ν

∂2⟨δξ2⟩
∂rj∂rj

=

+2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩ − 4⟨ϵξ⟩.

(5.21)

Interface region

In conclusion, the interface region, whose budget is reported in figure
5.18(a), also shows a good similarity with the homogeneous isotropic case,
with a main difference being the presence of a non-negligible spatial trans-
port at large scales. This transport is due to the temporal growth of the
boundary layer, which, as expected, is mainly accomplished by large scales
through turbulent transport (Cimarelli and Boga, 2021). The distribution
of the vortex stretching contributions shown in figure 5.18(b) appears qual-
itatively equal to the homogeneous isotropic case, as well as the diffusive
scale transport in figure 5.18(c). Finally, the inertial transport among wall-
normal scales (dotted line in figure 5.18(d)), appears to be the major inertial
transport contribution at all scales, indicating that the enstrophy cascade
in the wall-normal direction is more intense with respect to those in the
wall-parallel scales. This observation is in good agreement with the physical
interpretation of interface region described so far as it provides a further
indication in support of the idea that enstrophy, and thus dissipation, in-
creasingly relies on wall-normal gradients as it is transported towards the
TNTI region.

In the TNTI region, the budget may be approximated as an unsteady
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(a) (b)

(c) (d)

Figure 5.17: Scale-by-scale budget of turbulent enstrophy in the spanwise scales r+y eval-

uated at z+c = 450. The complete budget is reported in (a). The terms of equation 5.14

are represented with different colours: T+
rξ (green), D+

rξ (blue), T+
cξ (cyan dash-dotted line

for the turbulent transport and cyan dotted line for the diffusive one), VS+
δξ +Π+

δξ (red),

E+
δξ (dashed black line) and ∂⟨δξ2⟩/∂t computed as residue (thin solid black line). The

source terms are reported in (b): total VS+
δξ + Π+

δξ (solid line), 2Ω+
y ⟨δωiδ (∂ui/∂y)⟩+

(dash-dotted line), 2⟨δωxδωz⟩+∂U+/∂z+ (dotted line), 2⟨δωiω̃jδ (∂ui/∂xj)⟩+ (dashed

line), 2⟨δωiδωj
˜(∂ui/∂xj)⟩+ (loosely dotted line) and Π+

δξ (loosely dashed line). Diffu-

sive transport among scales is reported in (c): total D+
rξ (solid line), 2ν(∂2⟨δξ2⟩/∂r2x)+

(dash-dotted line), 2ν(∂2⟨δξ2⟩/∂r2y)+ (dashed line) and 2ν(∂2⟨δξ2⟩/∂r2z)+ (dotted line).

Inertial transport among scales is reported in (d): total T+
rξ (solid line), −(∂⟨δξ2δu⟩/∂rx)+

(dash-dotted line), −(∂⟨δξ2δv⟩/∂ry)+ (dashed line) and −(∂⟨δξ2δw⟩/∂rz)+ (dotted line).

isotropic case with the addition of spatial transport:

∂⟨δξ2⟩
∂t

+
∂⟨δξ2δuj⟩

∂rj
+
∂⟨δξ2w̃⟩
∂zc

− 2ν
∂2⟨δξ2⟩
∂rj∂rj

=

+2⟨δωiω̃jδ

(
∂ui
∂xj

)
⟩ + 2⟨δωiδωj

(̃
∂ui
∂xj

)
⟩ − 4⟨ϵξ⟩.

(5.22)
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(a) (b)

(c) (d)

Figure 5.18: Scale-by-scale budget of turbulent enstrophy in the spanwise scales r+y eval-

uated at z+c = Reτ = 1500. The complete budget is reported in (a). The terms of equation

5.14 are represented with different colours: T+
rξ (green), D+

rξ (blue), T+
cξ (cyan dash-dotted

line for the turbulent transport and cyan dotted line for the diffusive one), VS+
δξ + Π+

δξ

(red), E+
δξ (dashed black line) and ∂⟨δξ2⟩/∂t computed as residue (thin solid black line).

The source terms are reported in (b): total VS+
δξ +Π+

δξ (solid line), 2Ω+
y ⟨δωiδ (∂ui/∂y)⟩+

(dash-dotted line), 2⟨δωxδωz⟩+∂U+/∂z+ (dotted line), 2⟨δωiω̃jδ (∂ui/∂xj)⟩+ (dashed

line), 2⟨δωiδωj
˜(∂ui/∂xj)⟩+ (loosely dotted line) and Π+

δξ (loosely dashed line). Diffu-

sive transport among scales is reported in (c): total D+
rξ (solid line), 2ν(∂2⟨δξ2⟩/∂r2x)+

(dash-dotted line), 2ν(∂2⟨δξ2⟩/∂r2y)+ (dashed line) and 2ν(∂2⟨δξ2⟩/∂r2z)+ (dotted line).

Inertial transport among scales is reported in (d): total T+
rξ (solid line), −(∂⟨δξ2δu⟩/∂rx)+

(dash-dotted line), −(∂⟨δξ2δv⟩/∂ry)+ (dashed line) and −(∂⟨δξ2δw⟩/∂rz)+ (dotted line).

In conclusion, the TNTI and the very near-wall regions are the only ones
where the spatial transport has been found to be non-negligible.
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Chapter 6

Conclusions

Some of the most groundbreaking results in the field of turbulence re-
search date back to Kolmogorov’s seminal intuitions. Particularly successful
were Kolmogorov’s assumptions concerning the universality of small scale
motions in flows with a sufficiently high Reynolds number. These assump-
tions, extensively tested, made it possible to separate the dynamic of the
large-scale motions, dependent from the boundary conditions of the prob-
lem considered, from the small-scale dynamic. Kolmogorov’s pioneering
work also led to the derivation of some of the only exacts results in turbu-
lence, which are valid under the assumptions of homogeneity and isotropy.
The theoretical framework he used was expanded over the years to allow its
application to more general flow configurations, until reaching the general
formulation of the Generalized Kolmogorov Equation (GKE) (Hill, 2002),
applicable to fully inhomogeneous, anisotropic and unsteady flows. This
equation constitutes an exact framework to study the multi-scale nature of
turbulent flows as it expands the momentum balance equation to the com-
pound space of both scales and physical space, allowing the access to the
full dynamics constituted by production and transfer mechanisms among
different regions of the flow and among scales of different dimensions.

In the present thesis work, we apply the framework of the generalized
Kolmogorov equation to the study of the dynamics of a turbulent boundary
layer, with particular focus on the confinement effects given by the presence
of the solid wall, and given by the presence of a Turbulent/Non-Turbulent
Interface (TNTI), over which the turbulent entrainment phenomenon oc-
curs. The framework provided by the GKE is then expanded to study the
dynamics of turbulent enstrophy. The latter represents an interesting ob-
servable to gain a deeper insight in the confined dynamics and in the reverse
energy transfer phenomena observed in the near-wall and TNTI regions.
Enstrophy is in fact related to energy dissipation and also to the energy
cascade phenomenon through the vortex stretching term.
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Homogeneous isotropic turbulence

In chapter 2, after a brief presentation of the theoretical framework, we
apply the energy and enstrophy two-point budget equations to direct numer-
ical simulations of statistically steady, homogeneous and isotropic turbulence
at different Reynolds numbers, up to Reλ ≈ 400. This first step allowed us
to set a reference (mainly for the lesser known two-point enstrophy bud-
get) before diving in the complex dynamic exhibited by the boundary layer.
During this preliminary analysis it was possible to note that, unlike en-
ergy, enstrophy cannot have a range in which its budget is dominated by
the inertial transport. In fact, the vortex stretching mechanism, acting as
a source of enstrophy, is very active until the scales at which diffusion is
relevant, given its connection with the energy cascade process. Indeed, the
inertial enstrophy transport has shown a region of activity at scales that cor-
respond to a viscosity dominated regime in the energy budget. Therefore,
this transport is not to be understood as turbulent transport, but rather as
performed by a homogeneous shear. We conjecture that this may be caused
by a “Batchelor-like” process (Batchelor, 1959), allowing the generation of
scales smaller than those present in the velocity field itself.

Temporal boundary layer

The analysis of the temporal boundary layer, up to a friction Reynolds
numberReτ = 1500, begins in chapter 3 with the presentation of the flow set-
tings and the characterisation of its main features. In this chapter, some of
the most commonly investigated features in boundary layers are addressed.
The temporal boundary layer showed characteristics in good accordance
with those of the more common spatially evolving boundary layers, proving
to be a good candidate for the study of the main features of wall turbulence
and of the TNTI, while retaining the statistical homogeneity in both the
streamwise and spanwise directions. These homogeneities simplify the set-
up and reduce the dimensionality of the two-point budgets by one dimension.
After this necessary assessment, the analysis proceeds by investigating the
multiscale phenomena, respectively addressing the turbulent kinetic energy
and the turbulent enstrophy dynamics in chapters 4 and 5 respectively.

Generalized Kolmogorov equation

The picture emerging from the GKE applied to the temporal boundary
layer depicts the presence of a peak of scale-energy source in the buffer layer
from which the field of fluxes diverges to feed the two dissipative sinks of the

105



flow, the viscous sublayer at the wall and the zc-distributed range of small
scales. The branch of fluxes feeding the dissipative sink at the wall starts
from the singularity point in the buffer layer and exhibits an in-plane forward
and reverse energy cascade before bending towards the wall. By approaching
the wall, the fluxes become progressively aligned with the wall-normal di-
rection. Indeed, the cascade mechanisms in the space of wall-parallel scales
rapidly vanish with the wall distance and only a cascade towards progres-
sively smaller wall-normal scales survives. Accordingly, the high rates of
dissipation in the viscous sublayer are realized by the vertical shearing in
a very thin layer of motions mainly confined along two directions covering
a wide range of wall-parallel scales, i.e. the near-wall footprint of the va-
riety in size of eddies populating the entire boundary layer. On the other
hand, the branch of fluxes feeding the zc-distributed small scale dissipative
sink form spatially ascending reverse energy cascades through self-similar
eddies growing in size with the wall distance. This pattern is followed by
spatially ascending forward cascades through detached eddies thus reaching
sufficiently small scales where eventually scale energy is dissipated. Hence,
small scales in wall turbulence are found to be in equilibrium with large
scales only when spatial fluxes induced by the inhomogeneity of the flow are
taken into account. In other words, a generalized Richardson energy cascade
takes place where large scales are in equilibrium with small scales at higher
wall distances trough a combined forward cascade and spatial flux.

The results obtained on the boundary layer are then compared with those
of a turbulent channel at the same friction Reynolds number Reτ = 1500,
allowing to evaluate the effect of the presence of the TNTI. The turbulence
process of entrainment in the boundary layer is found to modify but not to
completely alter the described scenario. In particular, the main difference
exhibited by the boundary layer with respect to channel flow consists in an
increase of the intensity of the reverse energy cascade processes. In fact,
their role is found to become relevant also in the outer region contrary to
channels where they are almost irrelevant from a dynamical point of view.
An additional repercussion of the increased reverse energy cascade intensity
in the boundary layer consists in the appearance of a divergence line of
fluxes in the overlap layer representing a specific set of self-similar eddies
growing with the wall distance. Their relevance is given by the fact that all
the fluxes feeding the outer region of the flow are found to pass through this
set of “attached eddies”.

The process of turbulent entrainment in the boundary layer is found to
markedly modify the dynamics as we approach the interface region, with
respect to the centreline of the channel. In fact, the latter is characterized
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by a local forward energy cascade, as expected due to symmetry reasons.
On the contrary, the TNTI region is found to be characterized by a re-
verse energy cascade that, although weak, involves the almost entire range
of wall-parallel scales. Hence, the propagation of the turbulent front and
the intensity of turbulent entrainment are sustained by a spatially ascend-
ing reverse cascade in the wall-parallel directions, with a simultaneous direct
energy cascade in the wall-normal scales. This behaviour of the fluxes de-
notes that the boundary layer growth is sustained at the TNTI region by
means of ascending large scale motions that become longer and wider while
approaching the interface and squeeze in the wall-normal direction, thus
sustaining sharp vertical gradients, through which dissipation and diffusion
are sustained. This picture shows clear similarities with what was observed
in the viscous sublayer.

Single- and two-point enstrophy budgets

The insight gained from the turbulent enstrophy statistics seems to con-
firm this interpretation. Already from the single-point statistics, by de-
composing the individual enstrophy contributions, it was possible to see
a completely confined dynamic in the near-wall region, characterized by a
prevalent spanwise vorticity component, amplified by pure stretching. The
fully 3-D dynamics appears to be recovered after the viscous sublayer, reach-
ing a more isotropic scenario in the overlap region. Once again, the spanwise
vorticity component begins to gain relevance as we approach the TNTI re-
gion, indicating the emergence of a confinement effect, as the one observed
in the near-wall region.

Through two-point statistics it was possible to observe that the struc-
tures populating the buffer layer and the outer region have an effect on
enstrophy mainly through their footprint at the wall rather than through
an action localised at the wall-distance at which they reside. In fact, vor-
ticity is generated at the wall with patterns that clearly recall the streaks
(visible in ⟨δω2

y⟩) and the quasi-streamwise vortices (visible in ⟨ω2
x⟩). En-

strophy is transported from the wall towards the rest of the domain through
fluxes that are initially vertical and purely diffusive. It is observed that the
behaviour of these fluxes is very different depending on the spanwise scale
at which they are generated. In particular, fluxes of enstrophy generated
at a spanwise scale r+y ≲ 55 undergo a strong direct enstrophy cascade in
the streamwise direction without being able to reach the outer region above
the buffer layer. In fact, the buffer layer is shown to be the seat of the
most intense positive net source of enstrophy, hence acting as a repulsion
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for the fluxes. The dynamics of the branch of fluxes generated at r+y ≲ 55
is completely local and regards the enstrophy generated at a scale too small
to effectively correlate with the turbulent motions that more efficiently ac-
complish the turbulent transport. These scales are also found to be the
ones with a lower enstrophy content. On the other hand, the enstrophy
generated at a spanwise scale r+y ≳ 55 is able to reach and feed the outer
region of the boundary layer, ascending through the positive source region
in the buffer layer (which causes a reverse enstrophy transfer in the spanwise
scales). This view is consistent with the “wall-cycle” described in Jiménez
and Pinelli (1999). While in the near-wall region, the enstrophy dynamics is
dominated by the pure stretching of spanwise vorticity through spanwise ve-
locity fluctuations induced by the quasi-streamwise vortices, the buffer layer
appears to be dominated by the vortex tilting due to the mean velocity gra-
dient 2⟨δωxδωz⟩∂U/∂z. This phenomenon appears to be the only one that
is active locally where the coherent structures reside. We therefore deduce
that this is the main phenomenon of enstrophy (hence dissipation) produc-
tion to which coherent structures contribute with a local action rather than
a footprint at the wall. The outer region of the boundary layer exhibits
an isotropic behaviour of enstrophy, that is lost as we approach the TNTI
region. In this region, in fact, the distribution of enstrophy is again uneven,
with the spanwise contribution increasing its relevance and being distributed
among large wall-parallel scales. Accordingly, a mild reverse wall-parallel en-
strophy transfer, combined with a direct wall-normal one is observed, again
highlighting the anisotropy of the TNTI region, characterized by dissipa-
tion occurring over a range of wide wall-parallel scales with sharp gradients
normal to it.
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Appendix A

Dynamical experiments

One of the topics debated in the context of wall turbulence concerns the
dynamic interaction between the inner and outer cycles, acting respectively
in the buffer layer and in the overlap layer. These two cycles are thought
to be autonomous and self-sustaining (Jiménez and Pinelli, 1999) and the
effect of their combined action determines the overall momentum and heat
exchange. Many of the studies conducted in the field of turbulence research
(including the analyses presented in the previous chapters 3, 4 and 5) deal
with flow realization snapshots, thus losing possible information about the
dynamic causality of the phenomena that naturally occur over time. In or-
der to try to overcome this limitation, we propose an approach that aims
at dynamically establish the separate role of these two layers through the
temporal evolution of passive scalars transported by artificially modified ve-
locity fields. In particular, three passive scalars are respectively evolved
under the separate action of the complete velocity field (for reference) and
of two velocity fields in which the near-wall and the outer cycles are alter-
natively suppressed. The choice of addressing the scalar field evolution is
crucial to decouple the effect of the two layers, otherwise concealed by the
non-linearity of the flow evolution. This approach has already shown inter-
esting results when applied to the study of the role of large and small scales
in the entrainment process in a temporal planar jet in Cimarelli and Boga
(2021).

The application of this approach to study the role of the inner and outer
cycles in the temporal boundary layer was tested through preliminary sim-
ulations presented in Boga et al. (2024). The methodology is presented in
section A.1, while the results are reported and discussed in section A.2. The
results of an alternative approach, intended to show the robustness of the
method used, are reported in section A.3. The appendix is concluded with
final remarks in section A.4.
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A.1. Simulations and experimental set-up

A.1 Simulations and experimental set-up

In the following section we present the methodology used to carry out the
experiments, starting with the presentation of the chosen flow configuration,
the description of the experimental set-up and a final brief section regarding
the filtering operation used in the experiments.

A.1.1 Flow settings

The flow selected for the numerical experiments is a temporal boundary
layer, already presented in chapter 3 to which we refer the reader for further
details. The setup of the simulation is the same as the one adopted in the
previous chapters, with the addition of the passive scalar field. Furthermore,
since the topics analysed here are less demanding in terms of resolution
compared to the dynamics of enstrophy addressed in chapter 5, a coarser
grid has been used.

The scalar concentration at the wall is fixed and equal to Θw, while the
fluid in the domain has an initially null scalar concentration. The initial
scalar profile is analogous to the one used for the velocity 3.1,

θ∗d(xd, yd, zd, td = 0) =
Θw

2

[
1 + tanh

(
D − zd

2hθ

)]
(A.1)

with hθ = 54α/Θw and α being the scalar diffusivity. The Schmidt number
is set to Sc = ν/α = 1. As in section 3, the asterisk is used to denote dimen-
sional quantities. Analogously, unless otherwise specified, scalar quantities
are expressed in dimensionless form by using Θw.

Consistently with the previous chapters, the standard Reynolds decom-
position is adopted also for the scalar field and denoted as θ∗ = Θ+θ, where
θ∗ is the total scalar field, while Θ = ⟨θ∗⟩ and θ are respectively the mean
and fluctuating scalar fields.

Periodic boundary conditions are applied in the streamwise and span-
wise directions also for the scalar field. The domain extension is unchanged
(Lx, Ly, Lz) = (924, 462, 220)D discretised with (Nx, Ny, Nz) = (1536, 1536, 576)
points. The resulting resolution in terms of friction units is reported in table
A.1.

The code and numerical schemes used are the same as those used for the
simulations in section 3.1, to which we refer the reader. The mixed time
integration described above is applied also for the scalar field. The diffusive
terms are integrated implicitly while all others explicitly with a three-step
Runge–Kutta method with a CFL = 0.7. We verified that, despite the lower
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(a)

(b)

(c)

Figure A.1: Sections of the scalar field θ∗ at different time instants corresponding re-

spectively to (a) Reτ = 500, (b) Reτ = 1000 and (c) Reτ = 1500. The scalar concentration

increases from light to dark colours. Figure taken from Boga et al. (2024).

Table A.1: Grid resolution in friction units for three different time instants corresponding

to three different friction Reynolds numbers. The subscript ·|w and ·|δ indicates a quantity

measured respectively at the wall (z = 0) and at z = δ.

Reτ ∆x+ ∆y+ ∆z+w ∆z+δ
500 13.6 6.8 0.14 5.7
1000 12.3 6.2 0.13 9.5
1500 11.6 5.8 0.12 12.1

resolution used, the classical statistics obtained are reliable when compared
to those obtained in chapter 3.

A.1.2 Numerical experiments

As mentioned above, the present work aims to dynamically establish
the role played by the inner and outer cycles by analysing the evolution of
two additional passive scalars transported by two modified velocity fields
where the near-wall and outer cycles are alternatively suppressed. The two
modified velocity fields are obtained through a filtering operation performed
at runtime. It is important to underline that the filtering operation is not
directly applied to the scalar fields, but it is only used to obtain the two
modified velocity fields transporting the two alternative scalars. These ve-
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A.1. Simulations and experimental set-up

locity fields are not integrated over time but are obtained at each time-step
from the total velocity. The resulting set of equations is:

∂u∗i
∂xi

= 0

∂u∗i
∂t

+
∂u∗iu

∗
j

∂xj
= − ∂p

∂xi
+

1

Re

∂2u∗i
∂xj∂xj

∂θ∗

∂t
+
∂θ∗u∗j
∂xj

=
1

ReSc

∂2θ∗

∂xj∂xj

∂θ∗out
∂t

+
∂θ∗outu

∗out
j

∂xj
=

1

ReSc

∂2θ∗out
∂xj∂xj

∂θ∗inn
∂t

+
∂θ∗innu

∗inn
j

∂xj
=

1

ReSc

∂2θ∗inn
∂xj∂xj

(A.2)

where θ∗ is the passive scalar transported by the complete velocity field
u∗i , θ

∗
out is the scalar transported by the velocity field retaining the sole

outer cycle u∗outi and θ∗inn is the scalar field transported by the velocity
field retaining the sole inner cycle u∗inni . A schematic representation of the
method adopted is reported in figure A.2.

Figure A.2: Schematic representation of the procedure implemented for the numerical

experiments.

The initial condition for the two scalar fields θ∗out and θ∗inn is taken from
the reference case θ∗ at a time instant corresponding to Reτ = 500.
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A.2. Results

A.1.3 Filtering

Two different filtering approaches have been tested. For the sake of
clarity, in the present subsection we only describe the first approach, the
results of which are presented in subsection A.2. The description and the
results of the second approach, based on a filtering operation applied only
to sub-portions of the domain, are reported in section A.3. The filter used
in both approaches is a 2-D Gaussian filter applied in the homogeneous
directions x and y,

ū∗i (x, y, z, t) =

∫ +∞

−∞

∫ +∞

−∞
u∗i (x+ rx, y + ry, z, t)G (rx, ry) drxdry, (A.3)

G (rx, ry) =
1

2π∆x∆y
e
− 1

2

(
r2x
∆2
x
+

r2y

∆2
y

)
(A.4)

where ū∗i is the resulting filtered velocity and ∆x and ∆y are the charac-
teristic lengths of the filter in the streamwise and spanwise directions. The
velocity field retaining the sole outer cycle is defined as u∗outi = ū∗i and,
hence, it contains only the large-scale motions, which are those mainly con-
tributing to the outer cycle dynamics. On the other hand, the velocity field
retaining the sole inner cycle u∗inni is defined as u∗inni = u∗i − ū∗i + Ui, and
hence, it contains only the small-scale motions that are dominant in the
near-wall cycle, being large-scale motions merely an imprinting from the
outer flow. The action of the average velocity Ui(z, t) is added explicitly,
since ⟨u∗i − ū∗i ⟩ = 0. The filter lengths are chosen on the basis of the premul-
tiplied spectra shown in figure A.3 and are respectively set to ∆+

x = 600 and
∆+

y = 100. The portions of the spectra filtered out in the spanwise direction
to obtain u∗inni and u∗outi are shown in shaded grey in figure A.3(a) and (b),
respectively measured in the buffer layer and in the outer region. Note that
the shaded grey areas shown in figure A.3 are merely indicative since the
Gaussian filter does not prescribe a sharp cut-off scale in spectral space.

A.2 Results

Let us start analysing the scalar field topology at the final friction
Reynolds number Reτ = 1500 reached during the experiments. In figure
A.4 the instantaneous scalar contours are shown on a wall-normal (x, z) sec-
tion. The trace of the large engulfing scales is clearly visible in θ∗out and, at
first glance, the thickness of the boundary layer seems comparable to that of
the reference case θ∗. Concurrently, the effect of the lack of the small scales
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A.2. Results

(a) (b)

Figure A.3: Premultiplied spectra of the turbulent kinetic energy Ek in the spanwise

wavenumber ky respectively (a) in the buffer layer at z+ = 20 and (b) in the outer region

at z = 0.3δ. The shaded areas are indicative of the filtered regions of the spectra (a) in

u∗inn and (b) in u∗out, being k+cy = 2π/∆+
y the wavenumber corresponding to the spanwise

filter length in inner units. Figure taken from Boga et al. (2024).

(a)

(b)

(c)

Figure A.4: Sections of the scalar fields of the three experiments at the same time

instant, corresponding to Reτ = 1500. Respectively (a) θ∗, (b) θ∗out and (c) θ∗inn. The

reference case (a) is duplicated here in order to simplify the comparison. Figure taken

from Boga et al. (2024).

can be seen in the presence of large unmixed regions. On the contrary, the
field θ∗inn appears to be more mixed and exhibits a slower growth rate, which
can be attributed to the lack of large-scale engulfment events.

We now proceed to analyse the data from a statistical point of view,
starting with the temporal evolution of two integral quantities, namely the
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Stanton number

St = − 1

ReSc

∂Θ

∂z

∣∣∣∣
w

(A.5)

and the boundary layer thickness based on the scalar concentration δθ, de-
fined such that Θ(δθ) = 0.01Θw, reported in figure A.5(a) and (b) respec-
tively.

(a) (b)

Figure A.5: (a) Temporal evolution of the Stanton number and its theoretical law

St = 0.0125Re
−1/4
θ in loosely dotted line and (b) temporal evolution of the boundary layer

thickness based on the scalar concentration δθ. Figure taken from Boga et al. (2024).

The Stanton number St (reported in figure A.5(a)) shows a significant
reduction in both the experiments when compared to the reference case. In
particular, the scalar field θ∗out exhibits an abrupt decrease in the wall scalar
transfer as soon as the experiment starts, settling immediately afterwards.
On the contrary, the field θ∗inn shows a gradual and sustained decrease in St.
Indeed, the decrease in scalar transfer at the wall observed in the field θ∗out
may be explained as the direct effect of the suppression of the main turbulent
motions involved in the near-wall cycle. This hypothesis is supported by
the fact that the probability density function of θ∗out in the viscous sublayer
(reported in figure A.6(a)) shows a lower anisotropy level (visualized as a
limited extension of the left tail). This more symmetrical profile compared
to the reference case indicates that, by suppressing the near-wall cycle, we
also suppressed the high-intensity scalar fluctuations near the wall. On the
other hand, the field θ∗inn preserves the scales directly contributing to the
wall scalar transfer. In this case, the reduction in St can be attributed to the
increase in the mean scalar concentration caused by the suppression of the
outer cycle. In fact, the suppression of the outer cycle leads to a reduction in
scalar flux, which acts as a bottleneck on the near-wall region. This idea is
supported by the fact that the field θ∗inn shows a probability density function
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in the viscous sublayer (figure A.6(a)) with a shape qualitatively similar to
that of the reference case θ∗, but shifted towards higher scalar values. This
similarity suggests a similar physics of the scalar fluctuations, but with a
gradual saturation due to the reduced scalar flux sustained by the outer
cycle. This dynamic is consistent with the gradual reduction in St observed
in figure A.5(a).

(a) (b)

Figure A.6: Probability density function of θ∗ (a) at z+ = 5 and (b) at z = δθ at the

final Reτ = 1500. The vertical lines in (a) indicate the respective mean values of the

scalars. Figure taken from Boga et al. (2024).

We now consider the temporal evolution of the boundary layer thickness
δθ reported in figure A.5(b). After an initial readjustment, the trend of δθout
resumes a growth rate similar to that of the reference δθ. This almost unal-
tered growth rate can be explained through the following two considerations.
The first is that large-scale anisotropic motions that mainly contribute to
the entrainment process (Cimarelli and Boga, 2021) are preserved in u∗outi ,
whose trace can be seen in the right tail of the θ∗out pdf reported in figure
A.6(b). The second consideration regards the measured observable δθ. In
fact, the position of the mean interface is not very sensitive to the thresh-
old used. For this reason, the reduction in the scalar concentration flux
supplied by the inner region in θ∗out has little influence on the evolution of
this observable. On the contrary, the suppression of the large anisotropic
motions in u∗inni directly acts on the entrainment process at the interface
of the boundary layer, resulting in a slower growth rate of δθinn

. Similar
results have been obtained when analysing the entrainment process in tur-
bulent jets with an approach similar to the one presented here (Cimarelli
and Boga, 2021).

For a deeper understanding of the dynamics observed so far, we now
move to examine the mean profiles and the variances of the scalar fields
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(a) (b)

Figure A.7: (a) Mean scalar profiles, respectively Θ in the main panel and 1 − Θ in

semi-logarithmic axes in the inset panel and (b) variances at Reτ = 1500. Figure taken

from Boga et al. (2024).

reported in figure A.7. Both profiles Θout and Θinn show a higher scalar
concentration in the near-wall region, for z+ < 20. This is in accordance
with the reduction observed in the St for the two reasons explained above,
namely: the reduced scalar flux towards the outer region caused by the
suppression of the inner cycle in θ∗out and the blockage effect caused by the
suppression of the outer cycle in θ∗inn (that will be shown in figure A.8).
Despite a different distribution of the scalar concentration Θout, a region
resembling a logarithmic behaviour can still be observed as shown in the
inset of figure A.7(a). The lower scalar flux supplied by the near-wall region
does not seem to influence the outer dynamics of θ∗out. On the other hand,
θ∗inn presents a qualitatively different profile. The suppression of the outer
cycle, with the associated reduction of the mean scalar flux, results in a
high scalar concentration region extending from the near-wall up to a good
portion of the outer region.

In order to quantify the reduction of the fluxes, we introduce the follow-
ing equation:

St = ⟨θw⟩ − 1

ReSc

∂Θ

∂z
+ β with β =

d

dt

∫ z

0
Θdz (A.6)

obtained by integrating in the wall-normal direction the equation for the
mean scalar concentration. To note that, for z ≫ δθ the above equation
simply reads

St = β (z → ∞) (A.7)

where β (z → ∞) is the rate of entrainment of scalar concentration. The
terms of equation (A.6) of the two experiments are shown and compared with
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(a) (b)

Figure A.8: Mean fluxes of (a) θ∗out and (b) θ∗inn compared with θ∗ at Reτ = 1500.

Figure taken from Boga et al. (2024).

the reference case in figure A.8. At first glance, one can see a macroscopic
similarity in the shape of the fluxes with a global reduction in accordance
with the reduction observed in the St. Taking a closer look to the turbulent
flux, it can be seen that ⟨θoutwout⟩ appears to be more active at a higher
distance from the wall, while ⟨θinnwinn⟩ appears to be more active closer to
the wall, as expected. Since ⟨θw⟩ and β must sum up to St in the outer re-
gion (where − 1/(ReSc)∂Θ/∂z is negligible), these different profiles of ⟨θw⟩
determine also the shape of β. The high activity of ⟨θoutwout⟩ in the outer
region results in a steep profile of βout, meaning that the scalar flux is mainly
sustained by the entrainment process occurring away from the wall and near
the interface. On the contrary, the lower activity of ⟨θinnwinn⟩ in the outer
region results in a less steep profile of βinn, suggesting that the main scalar
flux is sustained by the homogenization in the core of the boundary layer,
thus by the mixing effect of the small quasi-isotropic scales. Despite the
similarity between the mean profiles Θout and Θ, their variances, reported
in figure A.7(b), present different characteristics. In particular, ⟨θoutθout⟩
exhibits a more pronounced peak located at a greater distance from the wall
with respect to ⟨θθ⟩. This difference can be attributed to the presence of
large unmixed regions initiated by the large-scale anisotropic motions and
left unmixed by the absence of the small mixing scales. Conversely, the
profile of ⟨θinnθinn⟩ resembles the reference profile, although it appears to
be damped, indicating a more uniform field. Both ⟨θoutθout⟩ and ⟨θinnθinn⟩
present lower values in the near-wall region with respect to the reference
case.

In order to take a closer look into the dynamics of the scalar fluctuations
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we introduce the scalar variance budget equation:

∂⟨θθ⟩
∂t

+
∂

∂z
(Φu + Φα) = Πθ − ϵθ, (A.8)

where the turbulent production Πθ and dissipation ϵθ terms are defined as:

Πθ = −2⟨θw⟩∂Θ

∂z
and ϵθ =

2

ReSc
⟨ ∂θ
∂xj

∂θ

∂xj
⟩ (A.9)

and the turbulent Φu and diffusive Φα fluxes as:

Φu = ⟨θθw⟩ and Φα = − 1

ReSc

∂⟨θθ⟩
∂z

(A.10)

(a) (b)

Figure A.9: Scalar variance (a) production Πθ, dissipation ϵθ and (b) turbulent and

diffusive fluxes Φu and Φα at Reτ = 1500. Figure taken from Boga et al. (2024).

The picture shown by the scalar variance budget in figure A.9 can be in-
terpreted as follows. Both the scalar variance production and the turbulent
flux towards the near-wall region are strongly reduced in θ∗out, thus justifying
the lower scalar variance observed in the near-wall region. In addition to
this reduction, a shift to higher wall distances can also be observed, reinforc-
ing the idea that large-scale motions are not directly active in the near-wall
region, beside the imprinting they give on the flow and the modulation with
which they act on the small scales. The diffusive flux and the dissipation
adapt themselves to this scenario. On the other hand, the inner dynamics
of θ∗inn appear qualitatively similar to the reference case, even if lower in
intensity. This is in accordance with the idea that the inner cycle finds itself
in a condition bounded by the outer dynamics but remains qualitatively un-
altered. In particular, the suppression of the outer cycle limits the turbulent
flux of fluctuations directed toward the wall, and the increase of the mean
scalar value limits the possibility of a large variance because of the intrinsic
limitation θ∗ ≤ 1.
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A.3 Effects of the filtering procedure

In order to show the robustness of the present results on the type of
filtering procedure adopted, we show in the present section the results ob-
tained through a different filtering approach. This second approach tested
uses the filtering operation only in sub-portions of the domain to obtain the
two modified velocity fields. The field u∗outi is obtained by lowpass filtering
the near-wall region (z+ < 60 = z+f ) in order to suppress the inner cycle

and leave the outer cycle motions unaltered. On the other hand, u∗inni is
obtained by lowpass filtering the outer region (z+ > 60 = z+f ) and leav-
ing the velocity in the near-wall region unchanged. The filter lengths vary

(a) (b)

Figure A.10: Premultiplied spectra of the turbulent kinetic energy Ek in the spanwise

wavenumber ky respectively (a) in the buffer layer at z+ = 20 and (b) in the outer region

at z+ = 200. The shaded areas indicate the filtered regions of the spectra (a) in uout

and (b) in uinn, being k
+
cy = 2π/∆+

y the wavenumber corresponding to the spanwise filter

length in inner units. In (b), k+cy is reported at the initial Reτ = 500 and final Reτ = 1000.

gradually among the two regions through the use of a smoothing function
∆̃i = ∆i0.5(1±tanh(zf/(2h∆))(1−z/zf )) with ∆i being the reference Gaus-
sian filter lengths used in the streamwise and spanwise directions. In both
experiments the width of the hyperbolic tangent is set to h∆ = 0.2. In the
experiment θ∗out (where the inner cycle is suppressed) ∆i is expressed in in-
ner units, while in the experiment θ∗inn (where the outer cycle is suppressed),
∆i is expressed in outer units. The filter lengths are chosen to remove most
of the energy content in the region where they are applied. By looking at
the premultiplied spectra, they have been respectively set to ∆+

x = 600 and
∆+

y = 100 for u∗outi , and ∆x = 1.5δ and ∆y = 0.5δ for u∗inni . In order to en-
sure uinni and u∗outi to be divergence free, the pressure projection method is
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applied to the two velocity fields after the filtering operation. The portions
of the spectra filtered out in the spanwise direction to obtain u∗inni and u∗outi

are shown in shaded grey in figure A.10(a) and (b), respectively measured
in the buffer layer and in the outer region.

This second approach has been tested on a smaller domain, with a
lower resolution and up to a friction Reynolds number of Reτ = 1000.
The results reported should be interpreted only as qualitative and aimed
at validating what is presented in section A.2. The domain extension is
(Lx, Ly, Lz) = (600, 300, 150)D discretized in (Nx, Ny, Nz) = (512, 512, 384)
points leading to the spatial resolution parameters reported in table A.2.
All other parameters and numerical schemes used are as in section A.1.1.

Table A.2: Grid resolution in friction units for two time instants corresponding to dif-

ferent friction Reynolds numbers. The subscript ·|w and ·|δ indicates a quantity measured

respectively at the wall (z = 0) and at z = δ.

Reτ ∆x+ ∆y+ ∆z+w ∆z+δ
500 26.7 13.4 0.14 7.9
1000 23.8 11.9 0.13 12.5

We now proceed to present the results of the experiments. All the figures
reported are maintained as in section A.2 in order to have a clear comparison
between the two. In figure A.11, the instantaneous scalar contours are shown
on a wall-normal section. The scalar fields of the two experiments θ∗out and
θ∗inn show a very different topology compared to those obtained with the
approach presented in section A.2 (figure A.4). In particular, θ∗out looks
macroscopically similar to the reference θ∗, with a rescaling toward lower
scalar values. By taking a closer look, in the near-wall region (which is
difficult to distinguish) it is possible to note substantial differences resulting
from the absence of small-scale motions. On the contrary, the field θ∗inn
appears completely different with respect to the reference case due to the
application of the filtering operation with large filter lengths (∆x = 1.5δ
and ∆y = 0.5δ). Despite this topological difference, we will show that the
statistics of interest for this work and the main conclusions obtained in
section A.2 remain consistent.

As shown in figures A.12(a) and A.5(a), the Stanton number evolutions
resulting from the two approaches are qualitatively similar. Accordingly,
also the pdf profiles measured in the viscous sublayer reported in figures
A.13(a) and A.6(a) describe a similar scenario. A similarity can also be
found in the temporal evolution of the boundary layer thickness as shown in
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(a)

(b)

(c)

Figure A.11: Sections of the scalar fields of the three experiments at the same time

instant, corresponding to Reτ = 1000. Respectively (a) θ∗, (b) θ∗out and (c) θ∗inn. The

reference case (a) is duplicated here in order to simplify comparisons.

(a) (b)

Figure A.12: (a) Temporal evolution of the Stanton number and its theoretical law

St = 0.0125Re
−1/4
θ in loosely dotted line and (b) temporal evolution of the boundary

layer thickness based on the scalar concentration δθ.

figures A.12(b) and A.5(b) and in the respective pdf profiles measured at the
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(a) (b)

Figure A.13: Probability density function of θ∗ (a) at z+ = 5 and (b) at z = δθ at

the final Reτ = 1000. The vertical lines in (a) indicate the respective mean values of the

scalars.

mean scalar interface (figures A.13(b) and A.6(b)). One notable difference
is in the pdf distribution of θ∗inn (dotted line). The presence of an extended
right tail in the pdf of θ∗inn in figure A.13(b) is caused by the intersection
between the plane located at the mean scalar interface position and the
protruding bulges generated by the large anisotropic fluctuations. These
bulges contain a wide range of scalar values and remain unmixed due to the
absence of the small scales. The extension of this tail is more pronounced
than in the first approach because of the larger filter lengths used. A minor
change can also be observed in the evolution of δθinn

(reported in figure
A.12(b)) which is nearly identical to that of the reference case δθ. In the
present approach, in fact, the velocity field in the outer region is not modified
(u∗inni = u∗i ) and the small difference between δθinn

and δθ is only the result
of the lower scalar concentration flux coming from the inner cycle. This
effect is comparable to a threshold change in the definition of the mean
interface position, which is therefore negligible.

The mean profiles reported in figure A.14 show a behaviour in accordance
with the one observed in figure A.7, while the scalar variances describe a
scenario opposite to the one observed in section A.2 and in accordance with
what is shown in figure A.11. The highly unmixed outer region of θ∗inn causes
a peak in ⟨θinnθinn⟩ that has a great impact on the scalar variance fluxes,
as we will see.

The mean fluxes reported in figure A.15 are in good accordance with
what is observed in figure A.8.

Finally, the scalar variance budgets show some macroscopic differences
due to the more intrusive nature of the approach presented in this section.
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(a) (b)

Figure A.14: (a) Mean scalar profiles and (b) variances at Reτ = 1000. The solid

vertical line is located at z+c = 60.

(a) (b)

Figure A.15: Mean fluxes of (a) θout and (b) θinn compared with θ at Reτ = 1000. The

solid vertical line is located at z+c = 60.

However, if we limit our analysis far enough from the region directly affected
by the filtering operation (i.e. z+ ≪ 60 for θ∗inn and z+ ≫ 60 for θ∗out) we
can note that the main conclusions drawn in section A.2 find support in
these graphs.

In conclusion, despite the topological differences shown by the corre-
sponding scalar fields of the two presented approaches, the results obtained
lead to the same considerations. Confirmation of this can be found in the
similarities between the evolution of the integral quantities, in the mean pro-
files, in the turbulent fluxes of both the mean scalar concentration and its
variance and the production and dissipation of the fluctuations (if confined
in the regions of interest, namely the inner region for θ∗inn and the outer
region for θ∗out).
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(a) (b)

Figure A.16: Scalar variance (a) production Π, dissipation ϵθ and (b) turbulent and

diffusive fluxes Φu and Φα at Reτ = 1000. The solid vertical line is located at z+c = 60.

A.4 Concluding remarks

An attempt to decouple the dynamics of the inner and outer cycles in the
flow configuration of a temporally evolving boundary layer is carried out.
The attempt is based on studying the evolution of two additional passive
scalars driven by two modified velocity fields. The use of the two scalar
fields is the key point that allows us to separate the two effects, as it allows
us to study a field on which no direct manipulation has been applied. The
velocity fields used to transport these two additional scalars are obtained
at each timestep by manipulating the total velocity u∗i in order to retain
only features of the inner (u∗inni ) and outer (u∗outi ) cycles respectively. More
specifically, the two velocity fields are obtained by suppressing scales that
are mostly contributing to the inner or outer cycle activities based on their
dimension.

The outer cycle dynamics observed through θ∗out show many similarities
with the reference case θ∗. In both approaches tested, it seems possible to
identify a logarithmic-like region in the mean profile Θout. Furthermore,
the growth rate of the scalar boundary layer thickness δθout is unaltered,
indicating that the entrainment process at the boundary layer interface is
not very sensitive to the near-wall region dynamics. At the same time, in
the region directly affected in this experiment (i.e. the inner region), the
effect of inner cycle suppression can be observed. In this region, both a
reduction in the scalar transfer at the wall (caused by the damping of the
scalar fluctuations) and a reduction of turbulent production and transport
mechanisms occur. In particular, the reduction of the mean scalar flux in
the near-wall region also implies a reduction in the whole domain due to the
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conservation law. Summarising, by suppressing the small scales, the outer
cycle appears to maintain its dynamics unaltered and simply rescales the
scalar flux according to what is supplied by the flux coming from the inner
cycle. From a modelling perspective, this conclusion may be relevant for
reduced-order approaches such as wall-modelled LES and RANS.

The inner cycle, on the other hand, is confined on both sides, facing
the wall at its lower boundary and the outer cycle on the other side. The
suppression of the outer cycle appears to have the effect of a bottleneck
for the inner cycle. This interpretation is supported by the fact that the
pdf of θ∗inn in the near-wall region shows a similar distribution but with a
shift towards higher values (reason for the gradual reduction of the Stanton
number). Other symptoms of an almost unchanged dynamic can be found
in the production and turbulent transport mechanisms in the near-wall re-
gion. Despite appearing rescaled, these profiles show a very similar shape
to the reference case θ∗. In the outer region of θ∗inn, the suppression of large
anisotropic scales has the effect of reducing the rate of entrainment and the
generation of a more homogeneous scalar field.

In conclusion, both the inner and outer cycles appear to have quite
independent dynamics, with the difference being that, the outer cycle simply
rescales to lower scalar values depending on what is supplied from the inner
cycle, facing a free region on its top bound. On the other hand, the inner
cycle dynamics is confined to operate in between the wall and the outer cycle,
whose suppression can act as a bound, limiting the inner cycle to operate in
a narrower and narrower range of scalar values due to the intrinsic limitation
θ∗ ≤ 1.
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Appendix B

On floating point precision in
computational fluid
dynamics using OpenFOAM

Before starting my PhD, I got interested in topics concerning super-
computing. This interest started during my work experience at the High-
Performance Computing (HPC) centre at CINECA. Some of the topics cov-
ered include the impact of using reduced computational accuracy on perfor-
mance using the OpenFOAM code. The causes of the observed results have
been explained by means of an ad hoc theoretical model. These activities
were finalised during my first year of PhD. The present appendix contains
the main results regarding this topic, taken from Brogi et al. (2024).

B.1 Introduction

An increasingly wider community is choosing the open source software
OpenFOAM (2022a,b) as a flexible tool to perform numerical simulation in
continuum mechanics including fluid dynamics, solid mechanics and elec-
tromagnetics. OpenFOAM’s modular structure allows end users to easily
build new solvers and developers to add new features, constantly enlarg-
ing the range of possible applications of interest for both the academy and
industry (Di Paolo et al., 2021; Rauter et al., 2021). However, made an
exception for a recent coordinated effort (www.exafoam.eu), relatively less
attention has been paid by OpenFOAM developers to computational per-
formances. In particular, aspects such as its parallel efficiency on massively
parallel machines remain challenging (Axtmann and Rist, 2016). Individual
research groups have managed to resolve implementation bottlenecks and
improve the performance of OpenFOAM, (see Bná et al. (2020) and refer-
ences therein) but, often the lack of generality of their implementations has
prevented their direct inclusion in the official OpenFOAM distributions.

Tailored optimization strategies are indeed required for any application
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to exploit the computational power of current and next-generation super-
computing systems (e.g. Folch et al. (2023)). Modern HPC machines typi-
cally achieve their full computational power using heterogeneous hardware
(e.g. CPU-GPU) and a huge number (up to millions) of computing units.
Optimizing and reducing data movement, including memory access and I/O,
is therefore a basic requirement to reach peak performances. The strong
imbalance between the computational power and memory bandwidth still
remains a major issue and it has not been attenuated by the latest technolog-
ical trends. Performing arithmetic operations remains indeed several orders
of magnitude faster than accessing data in memory, or performing commu-
nications between different computational nodes of a cluster machine. From
this perspective, most of the real applications, including OpenFOAM, are
and will become more and more memory-bound (Abdelfattah et al., 2021;
Succi et al., 2019).

Changing algorithms can help to significantly improve the communication-
to-computation ratio (i.e. the operational intensity) of an application but it
may be a challenging and time consuming exercise, especially for complex
general-purpose codes such as OpenFOAM. Reducing floating point preci-
sion arithmetic is instead often a simple but effective way of cutting down
data movement and increasing the computational speed for most applica-
tions. On modern CPUs, performing operations in single precision (32-bit)
is twice as fast as in double precision (64-bit), since the amount of data
moved in memory is halved and arithmetic operations are twice as fast
as double precision (Baboulin et al., 2009). When considering less con-
ventional hardware such as NVIDIA GPU Tensor Cores the computational
gain becomes even more attractive. These architectures in fact support
half precision arithmetic with dedicated functional units (accelerators) in
the hardware that makes low precision much faster than higher precision
(Haidar et al., 2018). With this hardware, half precision arithmetic has a
theoretical speedup of 16× instead of the expected 4×, with respect to dou-
ble precision (Abdelfattah et al., 2019). Moreover, the use of low-precision
arithmetic may also be an effective way to reduce power and energy con-
sumption (Sakamoto et al., 2020), one of the main factors to be considered
in using and designing current and next-generation high-performance com-
puting machines. In reduced precision, energy saving is mainly due to the
overall shortening of the execution time Sakamoto et al. (2020), which is in
turn related to the combined effect of the lower cost per arithmetic oper-
ation and decreased memory communication. However, using low floating
point precision is not always possible. Traditionally, CFD codes work with
double precision since for complex fluid problems linear algebra solvers may
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not converge or not provide the solution with the required degree of ac-
curacy. Several studies have proposed using mixed precision algorithms to
unleash the power of multi-precision hardware without sacrificing accuracy
or numerical stability (Abdelfattah et al. (2021) for a review).

In OpenFOAM, a mixed precision feature has been released with ver-
sion v1906. It is implemented in its complex framework following a rather
simple idea: all the code is compiled in single precision except for the lin-
ear algebra solvers, which work in double precision. The reduced memory
consumption alleviates the bandwidth bottleneck of OpenFOAM, thus in-
creasing the computational speed of almost any application. However, to our
knowledge, there are no systematic studies on the use of reduced precision
computations in CFD applications in the literature, making an exception
for more specific case studies such as the recent work on fluid the lattice
Boltzmann method based fluid solvers (Lehmann et al., 2022). Let us also
note that in OpenFOAM, the fluid governing equations are discretized using
the finite volume method (Ferziger et al., 2002) and the fluid solvers have
in general low order of accuracy in space and time (below or up to the sec-
ond order). From this perspective, therefore, it is interesting to understand
whether a precision reduction (from single to double) significantly impacts
the accuracy and stability of such low-order solvers.

In this work, we analyse and discuss the impact of floating point precision
reduction (single and mixed with respect to double) on real CFD applica-
tions using OpenFOAM. In particular, we consider two important aspects
such as the convergence and accuracy of computed solutions, the computa-
tional performance on both CPU and hybrid CPU-GPU hardware as well
as the parallel efficiency of CFD applications. With the aid of theoreti-
cal and experimental analysis, we describe how precision reduction affects
the individual parts of the applications that are commonly present in CFD
solvers. To try to keep our results as much as possible of general interest,
both incompressible and compressible solvers have been selected for testing,
since they may represent the basis for any more complex solver to be built
on (e.g. multiphase solvers). The quality of computed solutions (accuracy
and convergence) of these solvers are tested considering important flow phe-
nomena in laminar and turbulent flow regimes as well as the presence of
shock wave discontinuities. Performance gain and change in the scaling be-
haviour of applications on parallel machines due to precision reduction are
also considered. A theoretical model for the strong scaling of applications
is also developed, which allows us to explain and better understand the
changes observed with reduced floating point precision and different hard-
ware specifics. Finally, we demonstrate how significant can be the effect
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of mixed precision on computational performance, with a speedup of 2.4×,
when considering the hybrid CPU-GPU implementation of OpenFOAM that
has been recently made available to users. Let us also note that, in this
work, we do not directly discuss power and energy consumption aspects for
which the interested reader is referred to one of the few dedicated works
(e.g. (Sakamoto et al., 2020)). However, any improvement in the computa-
tional performance in reduced precision may be related to a shortening of
the computational time and hence, decreased energy consumption.

B.2 Impact of precision reduction on the quality
of computed solutions

Most CFD solver algorithms, such as those implemented in OpenFOAM,
can be divided into two main steps: the assembly of a matrix that results
from the discretization (Finite Volumes, in OpenFOAM) of the governing
partial differential equations, and the solution of the linear algebra system
that brings to the numerical solution of the equations. When OpenFOAM is
compiled in single/double precision means that all floating point numbers,
hence for both the matrix assembly and the linear algebra solver, are in sin-
gle/double precision. When using a mixed precision built of OpenFOAM,
all floating point numbers are in single precision for the matrix assembly
but are converted in double precision before solving the linear algebra. Here
we analyse the impact of reduced floating-point precision (single and mixed)
on two important aspects of CFD applications: the accuracy and conver-
gence of computed solutions. Given the large number of CFD applications
available in OpenFOAM, we limit our study to solvers for single-phase in-
compressible and compressible flows. It is well known in fact that these
solvers face different computational challenges and represent the ground for
almost any more complex solver (e.g. multiphase). Here, and in the rest of
the paper, we use OpenFOAM v1912 for our tests, if not otherwise stated.
The classical icoFOAM (incompressible) and rhoPimpleFOAM (compressible)
solvers have been selected to solve radically different benchmarks: the lam-
inar 3D lid-driven cavity, the decay of isotropic turbulence, the shock tube
and the starting compressible jet. The lid driven cavity is a well known
benchmark for incompressible solvers (Shankar and Deshpande, 2000), es-
pecially when considering the laminar steady state regime. The isotropic
turbulence benchmark (Pirozzoli and Grasso, 2004) is also a standard test
and it is well suited to evaluate the effect of reduced precision on numer-
ical simulations with turbulence, here in the weakly compressible regime.
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The Sod shock tube test (Sod, 1978) is instead used to understand whether
discontinuous solutions are affected by floating point precision representa-
tion. The fully compressible dynamic of a starting jet (high Mach and high
Reynolds number) is used to test the behaviour of the numerical solver with
reduced precision for transient compressible problems. Finally, as an ex-
ample of a complex real-case application, we consider the simulation of a
compressible, multiphase turbulent volcanic plume with the OpenFOAM-
based solver ASHEE (Cerminara et al., 2016).

B.2.1 Lid-driven cavity

In this benchmark, an incompressible fluid is initially at rest in a cubic
cavity. A tangential velocity is imposed on the top boundary and no-slip
conditions (wall) are enforced on all the other boundaries. The flow regime in
the cavity depends only on the dimensionless Reynolds number (Re = UL/ν,
with U , the velocity of the moving lid, L the length of the cavity and ν
the kinematic viscosity). The interested reader may refer to Shankar and
Deshpande (2000) for a complete review. Here we consider the laminar
steady state regime for two different Reynolds numbers (Re = 100, 1000).
For this benchmark, we used the incompressible icoFOAM (v1912) solver
compiled in single, mixed and double precision. We refer the reader to
Appendix E of the original paper (Brogi et al., 2024) for details of the
simulation setup (boundary conditions and numerical schemes).

All the simulations converge to physical solutions (figure B.1) and re-
gardless of the precision, they are consistent with a well-known reference
study (Ku et al., 1987). In particular, our results demonstrate that the
single precision is sufficient for the fluid solver to provide accurate velocity
profiles along the cavity centerlines (figure B.1), with a mesh size of 1003.
We then also tested the order of accuracy, that is how the accuracy of the
numerical solution varies with increasing mesh size, in both single and dou-
ble precision for Re = 100. Our test shows that the order of accuracy is
rather low, less than 1 for all variables (Appendix B.C, figure BA4, table
B.4). However, the convergence is almost the same in double and single
precision. In other words, it seems that precision reduction has no effect on
grid convergence, at least for such a low-order fluid solver.
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(a) Re = 100. (b) Re = 1000.

Figure B.1: Lid-driven cavity benchmark solved with icoFOAM solver, using a mesh size

of 1003 cells, in single (SP), double (DP) and mixed precision (SPDP). Velocity profiles of

Ux along y-axis centreline (left vertical axis) and Uy along x-axis centreline (top horizontal

axis) are compared with those extracted from the figures of Ku et al. (1987). Figure taken

from Brogi et al. (2024).

B.2.2 Compressible decaying homogeneous and isotropic
turbulence

Turbulence is one of the main non-linear complexities of fluid dynamics.
For a comprehensive review of such an important topic, the interested reader
may refer, among many other classical textbooks, to Pope (2000). In brief,
turbulent flows are characterized by a wide range of spatial and temporal
scales, due to the presence of large eddies (defining the integral scale L)
that continuously break into smaller and smaller eddies, until the dissipa-
tion scale is reached. This is the smallest scale and is called the Kolmogorov
micro-scale η. The ratio between the integral and the dissipation scale grows
with the Reynolds number L/η ∝ Re

3
4 . A simulation that is able to capture

all the scales (from the largest integral one, down to the smallest dissipa-
tion scale) is called Direct Numerical Simulation (DNS). When the flow is
far from boundaries, the typical behaviour of turbulence is described by the
energy cascade of the kinetic energy spectrum. When it is impossible to re-
solve all the relevant scales, one of the possibilities is to use the Large Eddy
Simulations (LES) method, to take into account of the energy cascade in
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the sub-grid terms. A general description of the physical, mathematical and
numerical problem can be found in (Blaisdell et al., 1991; Wang and Maxey,
1993; Garnier et al., 1999; Pope, 2000; Honein and Moin, 2004; Pirozzoli
and Grasso, 2004; Lesieur et al., 2005; Liao et al., 2009; Bernardini and
Pirozzoli, 2009; Bernardini, 2014; Bernardini et al., 2021) and in references
therein. Homogeneous and isotropic decaying turbulence is a classic bench-
mark used to test the capabilities of numerical codes to solve turbulence far
from boundaries. Here, we are following the same procedure described by
Cerminara et al. (2016); Cerminara (2016), by using the ASHEE code in its
single-phase and mixed-precision configuration. The objective is to compare
the mixed-precision solution with the double-precision one, having already
validated the latter with the eight-order scheme by Pirozzoli and Grasso
(2004). Double precision is often needed in problems facing turbulence, to
solve as accurately as possible the non-linear advection terms present in the
Navier-Stokes equations. Indeed, these terms tend to grow with the spatial
scale, becoming larger than the (mainly linear) dissipation terms. For this
reason, double precision becomes even more important in LES, where the
smallest scale is much larger than the dissipation scale and its contribution
is taken into account using non-linear sub-grid scale turbulence viscosity
terms (Lesieur et al., 2005).

The DNS test is performed using a mesh size of 2563 cells in a cubic box
with side L = 2π and periodic boundary conditions. In this way, boundary
effects can be neglected. The initial spectrum is the same described in
Section 5.2 of Cerminara (2016), so that the root-mean-square Mach number
is Marms = 0.2, the initial Taylor microscale is λ = 0.5, the eddy turnover
time is τe = 3.66, the Reynolds number based on the Taylor micro-scale is
Reλ = 116, and the maximum wave-number is kmax = 127. In this way,
its product with the Kolmogorov micro-scale η = 0.023 is large enough to
have a proper DNS. The same initial condition is mapped into a 323 mesh
to perform a LES to be compared with the previous DNS results. LES are
executed by using the Moin’s model (Cerminara et al., 2016; Cerminara,
2016). We refer the reader to Appendix E of the original paper (Brogi
et al., 2024) for details of the simulation setup (boundary conditions and
numerical schemes). The comparison has been performed by using both
mixed and double precision. In single precision, the fluid solver does not
necessarily converge. For instance, the LES with mesh size 643 is unstable
(due to the divergence of linear algebra for the energy equation), but it is
stable for mesh size 323.For the smaller mesh size (larger cells) numerical
dissipation may be more effective in killing numerical noise that triggers
the instability. Therefore, in general, the fluid solver in single precision is
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more sensitive to the numerical noise at the high frequency that is caused
by the smallest turbulent scales that are near or smaller than the cell size.
In figure B.2, we report the spectrum of the kinetic energy for the DNS
and LES simulations in double and mixed precision. Mixed precision works
pretty well for this test case, with minor influence on the solution: the
relative error with respect to the double precision case is 6.0 · 10−7, and
7.2 · 10−7, for the DNS and LES, respectively. 90% of the error is contained
in the region k < 10, and k < 5, respectively for DNS and LES. By using a
different LES sub-grid model, the effect of precision can have a larger impact.
For example, by using the dynamic WALE model (Cerminara et al., 2016;
Cerminara, 2016), the relative discrepancy increases to 1.4 · 10−4. Finally,
also for this test case, we analyzed the convergence of the error with the
increasing mesh size. The error for the kinetic energy spectrum is computed
for each mesh size with respect to the results obtained with a large mesh
(2563). The order of accuracy, also for this test case, is quite low but very
similar in mixed and double precision (Appendix B.C, figure BA5, table
B.4).
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Figure B.2: Kinetic energy spectrum of the DNS (noM) and of the LES (moin) in double

precision (dp) and mixed precision (spdp), after t = 5.5τe. The right panel is just a zoom

in the region resolved by the LES. Figure taken from Brogi et al. (2024).

B.2.3 Starting compressible square jet

A high-speed injection of a warm gas (330 K) into a static atmosphere
with a slightly lower temperature (300 K) is considered. For simplicity, the
jet fluid enters the atmospheric box through a square inlet (0.0635 m) re-
solved with a homogeneous structured mesh (no grid stretching). Given the
low gas viscosity (1.8 × 10−5 Pa s) and high velocity (364 m/s) of the in-
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jected fluid, the jet flow is unsteady and compressible, characterized by high
Mach number (> 1 locally) and Reynolds number. Non-linear instabilities
in the jet shear layer (such as Kelvin-Helmholtz instabilities), eddies, and
pressure waves contribute to the formation of a turbulent buoyant plume in
these conditions. As the jet enters the atmospheric box it forms a vortex
and pushes the static air outwards, producing an intense pressure wave that
propagates radially (figure B.3). In our setup, the simulation is stopped
when the first transient reaches the boundary of the computational domain
and hence before the turbulent plume develops. The solver rhoPimpleFOAM
for compressible laminar and turbulent flow is used for this test case. An LES
approach combined with a one-equation eddy viscosity model (Yoshizawa,
1986) is used to allow the solver to deal with the unresolved scales of the
turbulent flow. For testing, velocity and pressure probes are placed along
the jet centerline, in the jet shear layer and far from the flow field in the
atmosphere to record pressure waves. We refer the reader to Appendix E
of the original paper (Brogi et al., 2024) for details of the simulation setup
(boundary conditions and numerical schemes).

Single precision for this test case is not sufficient for linear algebra to
converge. Therefore, no numerical solution is available with this precision.
Mixed and double precision runs instead converge to physical solutions that
result to be very similar. In particular, for a test case with a coarse mesh, the
time series of pressure and velocity for all probes overlap almost completely
(figure B.4). When considering a test case with a refined mesh (double
number of cells in the jet diameter), double precision and mixed precision
start to be different. The differences are particularly evident in those parts
of the recorded signals where high-frequency content is present on all fluid
variables (e.g. Uy in figure B.4b). The system sensitivity to tiny differences
in the initial conditions may explain the changes observed in the numerical
solutions with reduced precision and refined mesh. The impact of mixed
precision on the accuracy of computed solutions can be evaluated by consid-
ering the statistical quantities of the fluid variables only (see section B.2.2).

B.2.4 Mixed precision in a real use-case: the simulation of
a volcanic plume

Moving to a geophysical scale problem, we present a numerical simula-
tion of the evolution of an explosive volcanic eruption in a still atmosphere.
Volcanic plumes are characterized by high Reynolds and Mach numbers.
The multiphase gas-particle mixture injected into the atmosphere by these
kinds of fascinating and catastrophic events is typically very hot (above
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Figure B.3: Screenshot of LES simulation of the supersonic starting jet using

rhoPimpleFOAM solver. The magnitude of the velocity field (in colour) and pressure fluc-

tuations δp = p− pref (black and white in log scale) are shown. Figure taken from Brogi

et al. (2024).

1000 K) and denser than the surrounding air (above 3 kg/m3). Shocks,
turbulence and acoustic fluctuations start to develop immediately after the
beginning of the eruption. The plume initially rises because of its initial mo-
mentum. Then, turbulent mixing decreases its density due to atmospheric
air entrainment and expansion and the plume may reach a level where the
buoyancy starts to be positive (buoyancy reversal). At this level, the col-
umn starts to behave as a proper plume, accelerating upwards due to its
buoyancy. From the neutral buoyancy level, the updrafting mixture deceler-
ates, to finally spread laterally into the umbrella cloud. More details on the
phenomenon can be found e.g. in Woods (2010); Cerminara et al. (2016);
Cerminara (2016); Neri et al. (2022). We now consider a test case to be
solved with the OpenFOAM-based solver ASHEE (Cerminara et al., 2016).
The ASHEE (ASH Equilibrium Eulerian) model, based on the dynamic LES
model and an asymptotic expansion strategy of the full non-equilibrium mul-
tiphase Eulerian model, solves gas-polydisperse particle turbulent flows that
characterize volcanic plumes. Although this approach is valid for dilute con-
centrations (volume fraction smaller than 1%) of ash, larger particles can be
also included in ASHEE using a Lagrangian approach with a two-way coupling
regime. For testing, we consider that the fragmented magma is injected into
a still atmosphere from a 500 m wide inlet, with an initial velocity, tem-
perature, and gas mass fraction equal to 236 m/s, 1050 K, and 5 wt.%,
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(a) (b)

Figure B.4: Times series of axial (Uz) and radial (Uy) components of the velocity field

as recorded by two probes placed in the computational domain along the jet centre-line

for: (a) coarse mesh (16384000 cells); (b) refined mesh (131072000 cells). Figure taken

from Brogi et al. (2024).

respectively. This results in a mass flow rate equal to 2× 108 kg/s, which is
representative of a Plinian eruption. Atmospheric stratification is modelled
by using the U.S. Standard Atmosphere. The computational domain is 50
km high and extends along the 2 horizontal directions for 100 km. It is dis-
cretised using 40 million cells with an orthogonal mesh with constant grading
both in the vertical and horizontal directions. The temporal discretization
is based on the second-order Crank-Nicolson scheme, with an adaptive time
stepping based on the Courant number (Co ≤ 0.2). Numerical schemes and
boundary conditions are described in detail in (Cerminara et al., 2016; Cer-
minara et al., 2016; Cerminara, 2016). The bottom of the domain is treated
as a thermally insulated slip wall, with a sink condition based on particle
settling velocity to allow pyroclasts to deposit. The atmosphere is treated as
an open boundary with input-output Dirichlet-Neumann conditions based
on the velocity direction and a total pressure condition. The inlet has a
prescribed velocity hyperbolic tangent profile to mimic conduit boundary
effects. All these characteristics have been implemented in ASHEE by using
the OpenFOAM infrastructure (OpenFOAM, 2022a).

In figure B.5a, we show a snapshot of the simulation 9 minutes after the
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onset of the eruption. The plume, described by an isosurface of ash concen-
tration, reaches a maximum altitude of 30 km. The entire simulation covers
50 minutes of plume dynamics. In figure B.5b, we show vertical profiles of
mass flow rate going upward inside the plume. They are obtained by av-
eraging in time and horizontally in space over a 30 minutes time window.
These profiles are used to compare the results in double and mixed precision.
Mixed precision presents a good level of accuracy to reproduce the averaged
properties of the simulated volcanic plume.

(a) (b)

Figure B.5: Numerical simulations of a volcanic plume with OpenFOAM-based solver

ASHEE (Cerminara et al., 2016): a) snapshot of the simulation 9 minutes after the onset

of the eruption; b) Comparison of vertically averaged profiles for the mass flow rate in

double (DP) and mixed precision (SPDP). Figure taken from Brogi et al. (2024).

B.3 Performance gain of reduced precision
computations

Most CFD solver algorithms, as those implemented in OpenFOAM, can
be divided into two main steps: the assembly of a matrix that results from
the discretisation (Finite Volumes, in OpenFOAM) of the governing partial
differential equations, and the solution of the linear algebra system that
brings to the numerical solution of the equations. The coupling between the
different equations (continuity, momentum, and energy) can be then treated
implicitly or explicitly. In the first case, all the coupled PDEs are written as a
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single linear system of equations that is solved at once with a linear algebra
solver. In the second case, each equation is written as a single linearized
system, that is solved separately (segregated strategy) and then the coupling
is obtained using well-known iterative pressure- or density-based procedures
(SIMPLE, PISO or PIMPLE; (Ferziger et al., 2002)). In particular, the
PISO algorithm is used to couple the continuity and momentum equation
for transient flow with a two-step iterative strategy. A predictor step, where
an intermediate velocity is solved using pressure at the previous time step, is
followed by a number of corrector steps that first solve for a pressure equation
(derived combining continuity and momentum equations) and then correct
the velocity accordingly until continuity is fulfilled. The coupling with the
energy equation is also achieved with small time steps with PISO or with
larger time steps using the PIMPLE algorithm (see Systems of equations
from (Greenshields and Weller, 2022)). The segregated solution strategy is
the one adopted in OpenFOAM, although more recently implicitly coupled
solvers have been developed (e.g. Oliani et al. (2023); Ferreira et al. (2019)).
In this work, we have used only more classical OpenFOAM solvers that adopt
a segregated solution strategy.

In the following, we will refer to ”matrix assembly” as the set of all
the operations necessary for the construction of the matrices. The other
main portion of the code, which we will refer to as ”linear algebra”, includes
the set of operations aimed at solving the linear system generated during
the ”matrix assembly” phase. Finally, the last portion of the code that we
will mention is the ”flux correction” phase. Passing from double to single
precision in an ideal world means that all computational and communication
costs involving floating point numbers are halved. Clearly, the parts of the
solver involving integer numbers are not affected by the lower precision.
When considering mixed precision, the computational gain is less obvious
to be predicted. In this case, only the matrix assembly is performed in
single precision whereas the linear algebra is still in double precision. The
fraction of time spent in linear algebra may vary considerably for different
applications (e.g. incompressible and compressible problems) as does the
speedup. Moreover, the actual gain obtained with reduced precision depends
on how much the application is memory bound and therefore on the details
of the numerical setup (e.g. mesh size). Here we consider the lid-driven
cavity and starting jet test cases to study and quantify the computational
gain associated with reduced precision for incompressible and compressible
CFD solvers (i.e. icoFOAM and rhoPimpleFOAM). The main reported metrics
are the time spent for each part of the code in single and mixed precision,
as compared to double precision.

140

https://doc.cfd.direct/notes/cfd-general-principles/systems-of-equations


B.3. Performance gain of reduced precision computations

A first analysis is conducted by changing the dimension of the computa-
tional domain and maintaining the number of cells per core constant (weak
scaling analysis). This approach has been chosen to test the consistency
of the observed gains while fixing the computational load and the memory
bandwidth available per core. Subsequently, the test is repeated with an
increased computational load to study its effect on the computational gain
with reduced precision. The minimum amount of allocated resources consid-
ered is one socket (24 cores, on CINECA’s Marconi machine (see (CINECA,
2022a) for hardware specifics) to keep a constant availability of DRAM band-
width per core.

The results are reported in Tables B.1 and B.2. The maximum gain
provided by single precision compared with double precision is 2×. For the
lid-driven cavity in single precision, the computational gain is near to 2×
(≈ 1.9×) for the test case with a larger computational load per processor
(166k cells/core). Instead, for the lower computational load (41k cells/core),
the gain obtained is smaller. A deeper inspection reveals that this low value
of the total gain is mainly related to the small gain of the linear algebra
part, that in this case takes more than 90% of the total time. Hence, as
recently well explained by Zounon et al. (2022), the 2× speedup for linear
algebra is only obtained for larger problems. In fact, the gain of linear
algebra is affected by the performance of the preconditioner, the Sparse
Matrix Vector Multiplication (SpMVM) kernel and by the weight of the MPI
communications and the slack time due to global synchronizations and not
perfect load balancing (in single precision the MPI time is reduced but not
halved and it is more than 30% of the total time in the XL case). Regarding
the SpMVM kernel, since it is memory bandwidth-bound, the speed-up in
theory is given by the ratio of the time required for matrix storage in double
precision with respect to the lower precision. For a symmetric ordered LDU-
COO matrix (native format in OpenFOAM) the speed-up (S) is given by
the following formula:

S =
2 ∗ nFaces ∗ size(int32) + (nCells + nFaces) ∗ size(real64)

2 ∗ nFaces ∗ size(int32) + (nCells + nFaces) ∗ size(real32)

=
2 + nCells

nFaces
1
2(3 + nCells

nFaces)
, (B.1)

where nCells and nFaces are the number of Cells and Faces respectively. For
the Lid-driven cavity, M the ratio is approximately 1.4. Our tests have shown
that the solver gain is above this theoretical value except for the S case.1

1For the lid-driven cavity, we used the Conjugate Gradient preconditioned by a
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This result is in line with the recent work of Zounon et al. (2022) where they
have studied the gain using single precision arithmetic in ILU and SpMVM
kernels for a large set of sparse matrices. They found performances below
1.5× in the solution phase of the application of the preconditioner and 1.5×
in the SpMVM kernel (using 10 cores).

As expected instead, for the mixed precision the gain obtained in matrix
assembly and correction of the fluxes (single precision) is near two, while
the gain in the resolution of the linear algebra (double precision) is near
1. Interestingly a small gain can also be observed in the solver phase for
both the lid-driven cavity and the starting jet. Overall, the total gains
(matrix assembly and solve) for the lid-driven cavity and starting jet are
significantly different (1.14× versus 1.40× respectively, in the M test case
with high computational load). The reason for this difference lies in the
fact that the two applications have completely different time distributions
between the matrix assembly and linear algebra phases (Figure B.6). For
the lid-driven cavity, most of the time (> 90%) is spent solving the linear
algebra (mostly for the pressure equation), while for the starting jet the time
is split roughly in half between the two phases. Hence, the gain obtained in
the lid-driven cavity is mainly due to the small gain obtained in the solver
phase. The total gain for the starting jet is mainly due to the halving of the
time spent in the assembly phase. Furthermore, from the Tables B.1 and
B.2, it can be noticed that the algebra solver phase percentage increases
by increasing the number of cores used. This could be attributed to the
increased weight of the communication as the number of cores increases. In
particular, this increase might be primarily ascribed to the global MPI calls
contained in the solver phase (i.e. MPIAllReduce). As expected, in mixed
precision an increase of the time spent in linear algebra causes the total gain
for both applications to decrease.

B.4 Parallel computations and precision
reduction

B.4.1 A theoretical model for strong scalability

We here discuss a relatively simple theoretical framework that can be
used to describe and analyse the scaling behaviour of an application on
parallel machines, including the effect of reduced precision and hardware

diagonal-based Incomplete Cholesky for symmetric equations and the Bi-Conjugate Gra-
dient preconditioned by an incomplete LU factorization for asymmetric equations.
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Table B.1: Lid-driven cavity: performance gain in weak scaling tests using Single and

Mixed precision vs Double precision, with a mesh size of 106 cells (S), 8x106 cells (M) and

64x106 cells (XL). Figure taken from Brogi et al. (2024).

specifics (e.g. memory bandwidth or processor). The main outcome here is
a model for the strong scalability, that is, the time gain (or the speedup)
obtained by increasing the number of processors for a fixed problem size.

Let’s start considering a generic numerical problem that is solved using a
variable number of processors P (MPI processes). On a first approximation,
the total time (T ) required by a single processor (p) to solve its own sub-
problem is a function of: the time to transfer the data from the RAM
memory of a process to another (intra-node and inter-node), the time to
transfer the data from the RAM memory of a process to the registries, the
time to process the data. Assuming that these three events occur in three
non-overlapped time phases (e.g. Succi et al. (2019)), the total time is then
given by the sum of three terms:

T =
F

Ḟ
+
B

Ḃ
+
C

Ċ
(B.2)

where F is the sum of floating point instructions done by the processor
in FLOP (both in single and double precision), Ḟ the processor speed in
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Table B.2: Starting jet: performance gain in weak scaling tests using Mixed precision vs

Double precision, with a mesh size of 2048000 cells (S), 16384000 cells (M), and 131072000

cells (XL). Figure taken from Brogi et al. (2024).

FLOP/s, B the amount of data, in Bytes, to be transferred from the RAM
to the registries, Ḃ the memory bandwidth in Byte/s, C the amount of data,
in Byte, to be transferred from the RAM memory of a process to another,
and Ċ the network bandwidth, in Byte/s. Now, in order to understand the
strong scaling behaviour of an application we need to understand how each
term in eq. B.2 scales with the number of processors.

The first term (F/Ḟ ) represents the time required for pure calculations
(no communication). Increasing the total number of cores simply reduces in
general the computational work (F ) assigned to the single processor. How-
ever, determining its exact behaviour is not an easy task. The actual load
balancing and the ratio between the number of internal and boundary cells
is a function of the algorithm used for domain decomposition. Moreover,
the number of iterations for the preconditioned linear solver to converge can
increase when switching from a serial to a parallel implementation. There-
fore here we simply consider that a perfectly robust solver is used (i.e. the
number of iterations does not change from the serial to the parallel case),
and the number of internal cells is much higher than boundary cells and is
the same among the processors (perfect load balancing). In this case, F can
be modelled simply as inversely proportional to the total number of MPI
processors (P ):

F =
kF
P

(B.3)

where kF is a constant expressing the total number of FLOP, in single and
double precision, required to solve the entire numerical problem. By defi-
nition, the processor speed (Ḟ ) is independent of the number of processors
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(a) Lid-driven cavity - Dimension M - 48 Cores.

(b) Starting jet - Dimension M - 96 Cores.

Figure B.6: CPU-time distribution and performance gain using Mixed precision in the

case M of the lid-driven cavity and the compressible starting jet. Figure taken from Brogi

et al. (2024).

and is expressed as the product of the average CPU frequency (fCPU in Hz)
and the Floating Point Instructions retired Per Cycle (kIPC)

Ḟ = kIPCfCPU = kḞ (B.4)

where kIPC and fCPU , hence also kḞ , are assumed to be constant.
For the same reasoning described for F , on a first approximation also B

can be modelled as inversely proportional to the number of processors:

B =
kB
P

(B.5)

where the constant kB represents the total amount of data for communi-
cations with memory for all processors. Regarding the memory bandwidth
(Ḃ), we need instead to distinguish the intra-node from the inter-node case.
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Within a computing node, the RAM memory channels are shared among
the cores and memory bandwidth contention cannot be avoided. In such
a case, the memory bandwidth increases with the number of cores until
saturation (Appendix Figure BA1a). The behaviour is almost linear for
a few cores and then starts to bend towards the asymptotic value. The
memory bandwidth per core slowly decreases until saturation and then drops
(Appendix Figure BA1b). We modelled this behaviour with an expression
for the inverse of the memory bandwidth equivalent to a first-order Taylor
polynomial function of the number of processors (eq. B.6).

When considering multi-node simulations, the RAM channels are still
shared inside the node but not among the nodes. Therefore, in an inter-
node strong scaling, we can assume that the memory bandwidth for each
processor is constant and equal to the value for the single node (considering
the full node as a reference and multiples of a single node to measure the
speedup). However, the presence of cache levels (L1, L2 and L3) increases
the value of Ḃ as the number of processors grows, due to an increase in the
cache efficiency due to an increase in the total cache size available in the
system (John and Damodaran, 2009). The bigger the number of processors,
the smaller the size of the data representing our discrete problem, until it fits
into the cache. In this limit case, we get the maximum memory bandwidth of
the system. We modelled this performance augmentation as a linear function
(Eq. B.7). As a result, for the intra-node and inter-node scaling test we have
two different equations expressing the memory bandwidth available for each
processor:

1

Ḃintra

=
1

kḂ(P )
= k1 + k2(P − 1) (B.6)

Ḃinter = kḂ(P ) = k3(1 + k4(
P

n
− 1)) (B.7)

where n is the number of cores in a node, kḂ is the memory bandwidth and
k1, k2, k3 and k4 are model constants. When P = 1 in the intra-node case
and P = n in the inter-node case, k1 and k3 coincides with the memory
bandwidth of the serial case.

Finally, we need to consider the third term of Eq. B.2, the time spent
by the single process in sending and receiving data from other processes. As
it is common in parallel CFD applications, OpenFOAM make use of MPI
(e.g. Open MPI) for both point-to-point and collective communications.
Asynchronous Point-to-Point communications are required for instance in
the assembly phase or in a matrix-vector multiplication, while collective
communications are used in MPIAllreduce functions required by linear al-
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gebra solvers. The total time spent in MPI communications depends on the
number of cores in a strong scaling experiment. Typically, as the number
of cores is sufficiently small, the wall-time fraction spent in the MPI library
(C
Ċ

in Eq. B.2) is very small, almost negligible. Instead, MPI overhead
starts to be significant for a large number of cores or, to be more precise
and general, when the number of cells per core is small. For instance, in our
simulations with OpenFOAM the MPI communications take less than the
5% of the total time if the number of cells per core is above around 150k.
However, when the number of cells per core approaches around 20k, MPI
communications become more and more important and may take up to 50%
of the total time for many cores (Figure BA3). However, even if the relative
weight of MPI increases as the number of core increases, the absolute total
time spent in MPI decreases. Indeed, in our test when the number of cells
per core is sufficiently small the time spent in MPI communications becomes
important and approaches an asymptotic value (Figure BA3). As a result,
we model the third term of Eq. B.2 as:

C

Ċ
≍ kC (B.8)

where kC is a constant. Let us enforce that this approximation cannot be
used in a strong scaling for runs with a large number of cells per core. How-
ever, in this case the time spent in MPI communications is not significant
with respect to the total time and as a first approximation can be simply
neglected. A more accurate approach would require to model the exact be-
haviour of the dominant type of MPI calls (e.g. MPIAllReduce) as a function
of the number of cores/cells per core as described in Appendix B.A. Here for

practical reasons we simply express
C

Ċ
≈ kCw(P ) where w(P ) is a weight

function that varies from zero to one passing from runs with large to small
number of cells per core.

Now, using eq. (B.3), (B.4) and (B.5) one can write the equation for the
time required to solve the problem by a single processor as a function of the
number of processors (P ):

Tintra(P ) =
kF
PkḞ

+
kB

PkḂ(P )
+ w(P )kC (B.9)

where kḂ(P ) = 1/(k1 + k2(P − 1)) for the intra-node and kḂ(P ) = k3(1 +
k4(nP −n)) for the internode. It is then straightforward, obtain the formula
for the speedup, (S(P ) = T (1)/T (P )) that is commonly measured in strong
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scaling experiments for both the intra and inter-node test cases:

S(P ) =
kF /kḞ + kB/kḂ(1) + w(1)kC

kF /(PkḞ (P )) + kB/(PkḂ(P )) + w(P )kC
(B.10)

The above equation is relatively general and, given that all the parameters
are known, could be used to predict the scaling behaviour of an applica-
tion, including the effect due to a change in floating point precision and
hardware specifics (e.g. memory bandwidth). In fact, a precision reduction
would change the value of most of the parameters appearing in the equation.
However, a precise determination of all these constants is beyond the scope
of the present work. Instead, in the next sections we will focus on show-
ing how this model can be used to provide qualitative description of the
speedup observed in strong scaling experiments of real CFD applications,
such as those implemented in OpenFOAM.

B.4.2 Intra-node scalability

We now demonstrate and analyse the beneficial effects of using reduced
precision on the scaling properties at the intra-node level. A scaling experi-
ment with the starting jet test case compiled in double and mixed precision
is considered. The size of the test case is relatively large to keep the number
of cells per core above the threshold of 40k. In this way, memory communi-
cations are expected to play a significant role whereas the contribution from
MPI communications should be negligible. The observed speedup deviates
quite quickly from the ideal behaviour for both double and mixed precision
(Figure B.7), clearly indicating an inefficient use of the computational re-
sources. However, reduced precision helps to improve both the scalability
and wall time of the application. In particular, the mixed precision scales
better than double precision and provides a computational gain (up to 1.6×)
that increases across the node.

To understand the reasons behind this behaviour, we now reconsider the
scaling model described in the previous paragraph (eq. B.10). Neglecting the
effect of MPI communications (w(P ) = 0) and applying the approximation
for kḂ described in Eq. B.6, after some algebraic manipulation we obtain a
simplified form of eq. B.10:

S(P ) =
1

1
P (1 + a(P − 1))

(B.11)

where the constant a is defined as

a = (kBk2)/(kF /kḞ (1) + kB/kḂ(1)) (B.12)
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Eq. (B.11) is plotted in Figure B.7 for different values of a. It is clear that
the lower the value of a the closer the curve is to the ideal speed-up. The
overall effect of decreasing the parameter a therefore is similar to the effect
of the precision reduction observed in our scaling tests (Figure B.7). In
other words, one may argue that mixed precision scales better than double
precision at the intra-node level thanks to a lower value of the parameter
a. The decreased value of this parameter with reduced precision can be
easily justified by the reduction of the amount of data to be transferred
during matrix assembly (lower value of kB) and the increase of the trans-
fer rate of data due to a reduction of memory stalls (lower value of k2),
as also confirmed by the level 1 of the Top-Down Microarchitecture Anal-
ysis Method (TMAM) analysis (Appendix B.A, Figure BA2). We instead
assumed that the other parameters of Eq. B.12 are not influenced by the
type of precision: the number of instructions is the same, as a consequence
of the same algorithm; the memory bandwidth and the CPU frequency are
identical due to the same hardware; IPC is also the same since we assume
that floating-point operations are implemented natively in the hardware for
both single and double precisions (and vectorization is not present). Thus,
the decrease of scalability observed at the intra-node level seems related
to memory communication and hence it can be improved by using reduced
precision.

B.4.3 Inter-node scalability analysis

Similarly to the previous section, we discuss the effect of precision re-
duction on the inter-node scalability by considering the starting jet case
compiled in double and mixed precision (OpenFOAM version v2006). In
the present scaling analysis, we consider the execution time of the applica-
tion without pre-processing (e.g. mesh generation) and initialisation time
delay at the beginning of the simulation. 2

The results are reported in (Figure B.8). Both full and reduced precision
runs display very similar speedup, with a clear superlinear behaviour up to
104 cells/core (Figure B.8a,b). Below this threshold, MPI communications
start to be more important, the scalability quickly deteriorates and double
precision scales better than mixed precision. Nonetheless, it is important
to notice that mixed precision is always faster than double precision. The
computational gain in fact steadily increases from 1.4× up to 1.6× at 204

2The initialisation time is usually very small compared with the total execution time,
especially for long production runs. However, for our setup, the execution time is also
quite small and therefore it might become comparable with the initialisation time.
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cells/core and then rapidly decreases to 1.2×, in the MPI-bounded region
(Figure B.8c). Hence, as expected, mixed precision does not directly improve
the parallel efficiency of the application as in the intra-node case, but it is
still computationally convenient up to the number of cells/core where the
application present a good parallel efficiency.

For the inter-node case, the MPI overhead cannot be neglected and has
to be considered. For simplicity here, in the third term of Eq. B.9, we set
w(P ) = 1 for multiple node runs and w(1) = 0 for the reference case (single
node). As a result, Eq. B.10 can be written as

S(P ) =
kF /kḞ (1) + kB/kḂ(1)

kF /(PkḞ (P )) + kB/(PkḂ(P )) + kC
. (B.13)

Then, assuming kḞ to be constant and using equation (B.7), after some
algebraic manipulation we get

S(P ) =
1

b1
P + b2

P (1+k4(
P
n
−1))

+ b3
(B.14)

where the following definitions hold

b1 =
1

1 +
kBkḞ

kḂ(1)kF

, (B.15)

b2 =
1

1 +
kF kḂ(1)
kḞ kB

, (B.16)

b3 =
kC

kF /kḞ (1) + kB/kḂ(1)
. (B.17)

Eq. (B.14) is plotted in Figure B.8d. A good agreement between the model
and the curve plotted in Figure B.8b) has been found for the Marconi cluster
using the parameters b1 = 0.3, b2 = 0.5, k4 = 0.003, b3 = 0.00032 for the
mixed precision and b1 = 0.22, b2 = 0.85, k4 = 0.002, b3 = 0.00025 for the
double precision. For the same reasons discussed for the intra-node case,
the constant b3 is higher in mixed precision with respect to double precision.
Regarding the variation of the parameters b1 and b2, it depends on the ratio
kBkḞ
kḂkF

. If the ratio kB
kḂ

decreases more than kF
kḞ

, the variation of b2 is negative

and of b1 is positive, and viceversa. Since we can reasonably assume that
the variation of kF

kḞ
is less pronounced than kB

kḂ
(in the previous paragraph

we assumed no variation for the term kF
kḞ

), b1 and b2 are higher and lower in
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the mixed precision case, respectively. Regarding the parameter k4, we can
expect a higher value of this parameter in mixed precision due to a stronger
cache effect when working with floats.

In conclusion, the two phenomena that influence the scaling plot are
super-linearity and MPI communication. The super-linearity is due to the
presence of levels of cache that, as the number of nodes grows, increasingly
reduces the memory bandwidth bottleneck and hence provides an additional
speedup. The super-linearity is slightly more pronounced in mixed precision
at a low number of cores. When the MPI communication starts to play a
significant role, the mixed precision scales worst. The reason is that the
MPI time is not affected by the mixed precision since most MPI calls are
from the linear algebra solvers which is double precision. Moreover, since
the MPI time is related to synchronization lags instead of the amount of
data to be exchanged by processors, the same conclusion may be valid also
if single precision is used everywhere in the code.

B.5 The role of mixed precision in a hybrid
CPU-GPU implementation

In the last decade, a number of GPU implementations of OpenFOAM
have been attempted by individual research groups with different strategies
and different results in terms of computational performance (e.g. Malecha
et al. (2011); Alonazi et al. (2015); Krasnopolsky and Medvedev (2016)).
However, none of these attempts have been included yet in the official Open-
FOAM distributions.

More recently, Bná et al. (2020) and Zampini et al. (2020) have devel-
oped an interface library named PETSc4FOAM that has been included in
the OpenFOAM official release as a module. PETSc4FOAM extends the list
of available linear solvers with the ones embedded in PETSc and other pack-
ages(e.g. HYPRE and ML), with and without GPU support. It basically
works with any OpenFOAM solver and allows the user to take advantage
of GPU hardware without requiring any change to the source code. Cer-
tainly, only the solution of the linear system can be offloaded to the GPU,
the assembly of the matrix is still performed on CPU using the original
OpenFOAM routines. Therefore this hybrid CPU-GPU strategy provide
a speedup that primarily depends on the fraction of time spent in linear
algebra by a specific application. For instance, roughly 90% of the compu-
tational work (”solve” in figure B.6a) can be accelerated on GPUs for the
Lid-driven cavity solved with icoFoam. This fraction reduces to 50% (fig-
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(a) (b)

(c) (d)

Figure B.7: Intra-node strong scaling for the starting jet using a mesh size of ≈ 2× 106

cells performed on Marconi machine (a,b,c). The speedup obtained with the theoretical

model (d), is also reported for a qualitative comparison with the experimental one (b).

Figure taken from Brogi et al. (2024).

ure B.6b) when considering the starting jet test case with rhoPimpleFoam.
Morevoer, one has also to consider the time spent in CPU-GPU commu-
nication that may have a significant cost. OpenFOAM applications use a
segregated solution strategy, that means that each equation is solved sep-
arately and then coupled through iterative procedures. The time spent in
periodic transfer of the LDU matrix values to the GPU, every time a lin-
ear system has to be solved, may therefore increase dramatically with the
number of equations to be solved. Nevertheless, the use of mixed precision
may come in to rescue this hybrid CPU-GPU strategy. Indeed, with the
mixed precision, the amount of data involved in CPU-GPU communication
is halved and matrix assembly on CPU becomes twice as fast. Moreover,
if the matrix sparsity pattern does not change from one iteration to the
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(a) (b)

(c) (d)

Figure B.8: Inter-node strong scaling for the starting jet using a mesh size of ≈ 16×106

cells performed on Marconi (a,b,c). The speedup obtained with the theoretical model (d),

is also reported for a qualitative comparison with the experimental one (b). The inter-

node speed-up from the theoretical model is computed with b1 = 0.3, b2 = 0.5, k4 = 0.003,

b3 = 0.00032 (line 1, green) and b1 = 0.22, b2 = 0.85, k4 = 0.002, b3 = 0.00025 (line 2,

violet). Figure taken from Brogi et al. (2024).

next one, it can be cached on GPU and only the matrix values have to be
offloaded (in single precision, in the SPDP case).

If we neglect the time spent for the data transfer and the conversion3,
we can approximately write the total time as the sum of the time spent in
the solution of the linear system and the time spent in the assembly of the
linear operators. The default in OpenFOAM is to use double precision for

3The matrix has to be converted from the native LDU-COO format to CSR each time
the solver is called. This operation is performed efficiently on GPU using the radix sort
algorithm.
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all the computations and a solver based on CPU. In the formula we have

Ttot = Tsolver CPU + Tassembly DP (B.18)

The fraction of time spent in the assembly is defined as

F =
Tassembly DP

Ttot
(B.19)

As we already said, the hybrid CPU-GPU approach has no impact on the
assembly loop in terms of computational time but it can be easily combined
with mixed precision. On the contrary, mixed precision has no impact on
the solution of the linear system but strongly influences the execution time
of the matrix assembly part. Therefore, by defining the speedup obtained
with the use of GPU linear algebra solvers and mixed precision as:

SGPU =
Tsolver CPU

Tsolver GPU
SP =

Tassembly DP

Tassembly SPDP
(B.20)

one can apply Amdahl’s law and predict the total speedup of mixed precision
and GPU linear algebra as:

S =
Tsolver CPU + Tassembly DP

Tsolver GPU + Tassembly SPDP
=

1
1

SGPU
(1 − F ) + 1

SP
F

(B.21)

In Table B.3 we report the total Execution Time and the total Gain
of the starting jet use-case using a different combination of precision and
number of equations offloaded to the GPUs. In particular, here we use a
recent extension of PETSc4FOAM (Martineau et al., 2021) that provides
the possibility to use NVIDIA algebra solvers with GPU support of the
AMGx library (Naumov et al., 2015). The best gain is achieved using the
mixed precision and the solution of all equations on GPU. The gain can
also be estimated using formula (B.21). In section B.3 we showed that a
reasonable value for F and SP is 0.5 and 2, respectively. Using these values,
the estimate of the total gain achieved using only the mixed precision is
1.333 (the same value in Table B.21 is 1.31). If the linear equations are
solved on GPU, a reasonable value for SGPU taken from our experiments is
3, which gives us an estimate of the total gain equal to 2.4 (compared to
2.43 in Table B.21).
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Mixed vs Double precision for CPU-GPU OpenFOAM

Solver Precision Execution Time Gain

PBiCG.DILU DP 1744 -
PBiCG.DILU SPDP 1329 1.31×

PBiCGStab.JACOBI L1
Equation (p) on GPU SPDP 1237 1.41×

PBiCGStab.JACOBI L1
Equation (p|U) on GPU SPDP 931 1.87×
PBiCGStab.JACOBI L1

Equation (p|U|e) on GPU SPDP 833 2.09×
PBiCGStab.JACOBI L1
All equations on GPU SPDP 733 2.38×

PBiCGStab.BLOCK JACOBI
All equations on GPU SPDP 718 2.43×

Table B.3: Execution time and gain of the starting jet benchmark using different types
of algebra solver and a single node of Marconi100 (CINECA, 2022b)

B.6 Discussions and conclusions

We have analysed the effect of reduced precision on different test cases
considering incompressible, compressible as well as multiphase flow prob-
lems. Overall, single precision provides numerical solutions that are in good
agreement with double precision or the theoretical ones for test cases where
the flow is laminar (the lid driven cavity and the shock tube benchmark).
Moreover, the low order of accuracy of the tested OpenFOAM solvers seems
not to be affected significantly by the precision reduction. Single preci-
sion therefore may be expected to be sufficiently accurate for most laminar
fluid problems except for those cases where the initial conditions require
double precision or the solution is required with a particular degree of ac-
curacy. When considering turbulent flows, single precision seems not to be
an option instead. In this case, the nonlinear terms in the governing equa-
tions amplify the numerical noise, and in some cases (e.g. depending on
the grid size) compromise the convergence of linear algebra solvers. In par-
ticular, rhoPimpleFoam and ASHEE solvers have not converged to physical
solutions when considering the dynamics of decaying isotropic turbulence,
starting compressible jet and turbulent multiphase flow of a volcanic plume.
However, for these cases, one may rely on the implementation of a mixed
precision concept in which linear algebra solvers work in double precision.
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In this case, all the aforementioned computations converge to consistent
physical solutions. The spectrum of the kinetic energy of decaying isotropic
turbulence in mixed precision results to be accurate with respect to double
precision (error ≈ 10−7) for both DNS and LES simulations. As well, in
complex volcanic plume simulations, the average properties of flow are well
recovered with mixed precision.

In general, the computational gain one may obtain in reduced precision
varies significantly depending on the characteristics of the CFD application
and the computational load per core of the test case. The latter, in partic-
ular, is directly related to how much the application is bounded by memory
or MPI related communications. Test with the lid-driven cavity in single
precision shows that a speedup near to the expected 2× is observed only for
the test cases with a larger computational load (166k cells/core). Smaller
test cases (40k cells/core) present much smaller gains (1.1-3×), due to the
smaller speedup of the linear algebra part of the fluid solver. Changing
the application may also affect the computational gain in reduced preci-
sion, since the fraction of time spent on different parts of the fluid solver
may change significantly. For instance, with respect to the lid-driven cav-
ity where the linear algebra takes more than > 90% of the total time, the
starting jet requires only half of the total time. This aspect becomes even
more important when considering the computational gain one may obtain
with OpenFOAM in mixed precision, for which only the matrix assembly
is done in single precision and linear algebra in double precision. The lid-
driven cavity solved with icoFoam presents indeed in general a much smaller
maximum gain (1.3×) than the starting jet with rhoPimpleFoam (1.7×) or
volcanic plume simulations with ASHEE. Despite all this variability, in re-
duced precision (single or mixed) the matrix assembly is observed to be
significantly faster for all test cases (1.7-2.2×). As well, in mixed precision
linear algebra is also a bit faster (1.1-1.3×).

Reduced precision has also an impact on scalability. This aspect has been
studied here interpreting the results of the scaling tests with the aid of an ad
hoc developed theoretical model. Despite the strong assumptions, the model
qualitatively reproduces the observed scaling behaviours when passing from
full to reduced precision and allows us to understand and generalise the test
outcomes. At the intra-node level, the use of reduced precision improves
the scalability, because the latter is affected by memory communications,
as also confirmed by the modelling results and TMAM analysis. This as-
pect seems to be relevant for OpenFOAM (v1912) which is characterised
by a low intra-node scalability performance. Moreover, the computational
gain of reduced precision increases with the number of cores since the mem-
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ory bandwidth per core decreases across the node. At the inter-node level,
the scalability is more complex since both memory and MPI communica-
tions need to be considered. Supported by our scalability model results,
we have shown that memory communications are mainly responsible for the
superlinear behaviour observed for both double and mixed precision up to
≈ 104 cells/core. In this memory bound region, the application is indeed
scaling better than in the ideal case since, as the number of nodes grows,
the total cache available in the system increases, thus reducing the memory
bandwidth bottleneck. The overall effect is that the application receives
an additional performance boost and hence an additional contribution to
the speedup. In the memory bound region of the speedup plot, mixed and
double precision present similar scalability, with mixed precision performing
slightly better. It is important also to note that the degree of super-linearity
in a speedup plot is related to how much the reference case (in our case the
one run on a single node) is bounded by memory bandwidth. Indeed, when
the reference case is not strongly affected by the bandwidth bottleneck (in
our case, on multiple nodes) the super-linear behaviour is not observed at
all. When MPI communications start to play a role (i.e., when the num-
ber of cells/core becomes too small), the parallel efficiency decreases quite
rapidly as more computational nodes are used and the full precision even
scales better than reduced precision. Nevertheless, the computational gain
in reduced precision with respect to the full precision is significant, up to
the number of cells/core for which the application presents good parallel
scalability. Although the conclusions regarding the scalability are based on
the comparison between double and mixed precision, we believe they can
apply also for the single precision case.

Finally, reduced precision computation is also desirable when working
with GPUs, given that efficient data communication is needed to properly
exploit the potential of such hardware. In the near future, all computa-
tionally intensive applications will be required to use GPUs, since they are
becoming an increasingly common and fundamental part of modern het-
erogenous cluster architectures. In this work, we have demonstrated the
power of using mixed precision for a hybrid CPU-GPU OpenFOAM imple-
mentation, which, at the moment, is the only option available to the end
user (from the up-to-date official OpenFOAM repository). In the hybrid
CPU-GPU approach, only the linear algebra part is offloaded on the GPU.
Therefore, the total speedup achievable is primarily a function of the fraction
of time spent by the application on the linear solver. The latter is applica-
tion dependent and, in our tests, it may vary from 90% for the lid-driven
cavity to 50% with the compressible starting jet. Neglecting CPU-GPU
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communication cost and applying Amdahl’s Law, it is easy to predict the
total speedup for an application. When considering the starting jet (i.e., the
worst-case scenario in terms of the time spent in the linear algebra solvers),
the combination of mixed precision with the hybrid CPU-GPU implemen-
tation may theoretically provide up to 2.4× speedup (w.r.t double precision
on pure CPU architecture). This value in fact matches the one measured in
our single node tests. Although preliminary, this result may represent a first
indication for the end user who wants to speed up CFD simulations with
hybrid CPU-GPU and mixed precision implementation. Multi-node GPU
scaling tests are left for future work. As well as more work remains to be
done to test the use of mixed precision linear algebra solvers with GPUs or
tensor cores that can even work in half precision (Haidar et al., 2018). Inter-
estingly, these solvers may further speed up the resolution of linear algebra
without compromising the convergence or accuracy of computed solutions.
Finally, in this study, we did not consider IO and power consumption, two
important aspects that we believe deserve dedicated works. Let us also recall
that all the fluid solvers used in this work use a segregated solution strategy
(explicit equation coupling), which is the one traditionally adopted in Open-
FOAM. Only, more recently, a few solvers with implicit coupling have been
developed (Oliani et al., 2023; Ferreira et al., 2019). Depending on the flow
problem type, the coupling strategy (explicit vs. implicit) may play a role
in determining the accuracy, stability, and computational performances of a
fluid solver (Oliani et al., 2023), and therefore may also change the impact
of a precision reduction. However, the evaluation of this aspect is left for
future investigations.

Appendices to the article

Appendix B.A: Top-Down Microarchitecture Analysis
Method (TMAM) of an OpenFOAM application

We performed Top-Down Microarchitecture Analysis Method (TMAM)
of the lid-driven cavity benchmark varying the number of cores (aka strong
scaling). According to the TMAM analysis (Supalov et al., 2014), a slot in a
CPU pipeline can be found in a binary state, stalled or not. Our analysis has
found that Retiring and Back End bound are the two most frequent states
in the first level of the TMAM. Bad speculation and Front End Bound can
be neglected. At the second level, Memory Bound is the dominant state and
Core Bound can be neglected. Figure BA2 shows the slot fraction of Retiring
and Memory Bound for the M-version of the lid-driven cavity run in double
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Figure BA1: Average and Peak Memory bandwidth registered in the MARCONI cluster

using the 3D Lid-driven cavity benchmark (case M). Figure taken from Brogi et al. (2024).

and mixed precision. Both intra-node and inter-node tests have shown that
the slot fraction of Retiring is shifted higher in the mixed precision than
the double precision. As a consequence, the complementary slot fraction
of Memory Bound is shifted lower. In other words, the mixed precision
increases the efficiency of the simulation but does not influence the trend
with the variation of the number of cores. This trend is characterized by
an increasing of the slot fraction of the memory stalls in the intra-node case
due to the memory bandwidth contention. In the inter-node case, due to
the increasing of the RAM and cache size of the system and the decreasing
of the problem size per node, the efficiency increases until saturation, see
Figure BA2.

Appendix B.B: Modelling MPI communication in strong
scaling experiment

Our profiler analysis has shown that in double precision the most expen-
sive and dominant MPI function is MPI Allreduce (see Figure BA3). The
same profiling analysis repeated with the code compiled in mixed precision
provides evidence that MPI Recv is the most used. However, we think that
this result is only due to the way the mixed precision code is implemented.

In (Hoefler et al., 2010) the authors have shown that the behaviour of
MPI All- reduce is asymptotically logarithmic. However, if the number of
cores is relatively low (P < P∗, where P∗ is in the order of thousands), the
time is constant. This behaviour has not been registered by our tests since
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Figure BA2: Retiring and Memory Bound slot fraction in the TMAM analysis of the

3D lid-driven cavity benchmark (case M) using double and mixed precision. Figure taken

from Brogi et al. (2024).

they include the slack time due to load unbalance; this term is not negligible,
as confirmed by our tests, but decreases of importance as the number of cells
per core decreases (see Figure BA3).

Appendix B.C: Convergence analysis and order of accuracy

Here, we report the order of accuracy (table B.4), that is the convergence
of the error with respect to the mesh size, for three different test cases:
the lid-driven cavity (figure BA4(a)), the shock tube (figure BA4(b)) and
isotropic turbulence (figure BA5). The error is computed as an L2-norm:

EL2 =

√√√√∑Ncells
i (Vi − V ref

i )2∑Ncells
i (V ref

i )2
(B.22)

where Vi is a generic fluid variable (density, velocity, pressure or temper-
ature) at ith cell. As a reference solution (V ref ), we used the theoretical
solution for the shock tube, and the solution with larger mesh size for the
lid-driven cavity (86 cells) and isotropic turbulence (2563 cells).
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Figure BA3: MPI walltime fraction and absolute walltime in the strong scaling test

(intra-node and inter-node) of the 3D lid-driven cavity benchmark (case M) using double

and mixed precision. Figure taken from Brogi et al. (2024).

Appendix B.D: Stability of computed solution and
maximum Courant number

Here, we report the test for the maximum Courant number with the
shock tube benchmark in single and double precision for two different grids
(figure BA6 (a) and (b)). In particular, here we tested the solver stability by
performing a finite set of simulations with increasing the maximum Courant
number but keeping the time step in each simulation fixed (using PIMPLE).
In this way, our test results are more general and not affected by the partic-
ular way the time step is adapted during the simulation, to keep the CFL
number below a predefined threshold (which in turn depends on the time
step used to start the simulation and the algorithm used to keep the CFL
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Cavity Ux Uy Uz p

DP 0.9639 0.95444 1.1649 0.4507
SP 0.96393 0.95439 1.1648 0.45057

Shock tube U p T

DP 0.43603 0.57843 0.37251
SP 0.43533 0.57767 0.37228

Iso. Turbulence kinetic energy spectrum

DP 0.51334
SP 0.54116

Table B.4: Order of accuracy of the fluid solvers used in this study for the lid-driven

cavity (icoFoam), shock tube (rhoPimpleFoam), isotropic turbulence (ASHEE).

number below the defined threshold). Given that the analytical solution for
the shock tube has a constant maximum velocity, fixing the time step, in
theory, implies that the maximum Courant number is also fixed. However, in
the simulations, the maximum Courant number deviates significantly from
the expected one due to the numerical error in the computed velocity in
a similar fashion for both single and double precision. In particular at the
very beginning of the simulations (few time steps), the maximum Courant is
much larger than the theoretical one. This is most probably due to a larger
numerical error related to the initial conditions to which the solver has to
adapt.
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(a) (b)

Figure BA4: Convergence test for the lid-driven cavity (Re = 100) (a) and for the shock

tube (b) in double precision. In single precision, both figures looks exactly the same since

the error values are very similar. Differences in the order of accuracy are reported in Table

B.4. Figure taken from Brogi et al. (2024).

Figure BA5: Convergence test for the isotropic turbulence test in double and single

precision. The order of accuracy is reported in Table B.4. Figure taken from Brogi et al.

(2024).
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Figure BA6: Evolution of the maximum Courant number in the shock tube simulations

with 400 cells, in single and double precision, with five different constant time steps. For

each simulation (a) and with 800 cells (b), the theoretical Courant number (dashed line),

computed using the theoretical maximum velocity, is also reported. The time axis is set

with a logarithmic scale to better visualize the beginning of the simulation (first few time

steps), that is when the numerical error is larger, especially for high Courant number

simulations. Figure taken from Brogi et al. (2024).
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