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In this paper the existence of admissible trajectory control-pairs for an impulsive
problem driven by a multidimensional differential equation with a nonlinear
Balakrishnan-Taylor type damping term, is investigated. This purpose is achieved
rewriting the impulsive problem in an abstract form governed by a semilinear second
order differential inclusion in which the nonlinear term also depends on the first
derivative. The method used leads to a preliminary study of the existence of mild
solutions for a non-impulsive multivalued problem on a closed and bounded interval,
stating two new results in non reflexive Banach spaces. Then, the mild solution
in [0,00) for the impulsive abstract multivalued problem is obtained glueing the
solutions defined on the bounded intervals. This approach allows to not require the
continuity on the impulsive functions. Applying the abstract impulsive multivalued
results we achieve the desired existence of admissible trajectory control-pairs for the
impulsive phenomena described by the multidimensional differential equation. The
paper concludes with the study of an instant-controllability relatively to a suitable
functional for the impulsive problem in exam. The established results improve recent
theorems present in the literature and obtained in reflexive Banach spaces and

assuming the continuity on the impulsive functions.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The discussion addressed in this paper deals with the study of the existence of admissible trajectory-

control pairs for an impulsive problem governed by the following multidimensional differential equation in

which is present a nonlinear Balakrishnan-Taylor type damping term
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where the control action is given by the condition

v(t,§) € V(1)

being V' : [0,00) — P(R) a suitable multimap and the impulses happen in the fixed instants ¢, k € N, with
tp — 00.

It is important to note that the existence of admissible trajectory-control pairs is necessary to obtain the
well-poseness for the study of controllability, as it is underlined in the last part of the paper.

A recent result about the existence of mild solutions for an impulsive problem monitored by (E), but
without the action-control and in a compact interval, is obtained in [36]. There some results for equations
with damping term, usually proven in the setting of one-dimensional spaces (see [2], [23], [31]), are extended
to the case of a strongly elliptic linear part in R™.

As precised in [306], if the linear operator reduces to the Laplacian and the integral term is substituted with
the first-order time derivative, equation (E) represents the multidimensional telegraph equation. Rutkas
and Vlasenko in [38] underline the importance of the impulsive problems driven by telegraph equations to
investigate impulsive circuits with transmission lines. Indeed the currents and the voltages of lines satisfy
partial differential telegraph equations and the outputs of the lines are exposed to pulse perturbations at
discrete times tg < t; < ... = 0.

The damping term, that appears in the model in hand, was initially proposed by Balakrishnan and Taylor
in [3] and Bass and Zes in [5]. Starting from these papers, many authors have treated this topic (see,
for example, [21], [22], [35], and [45]). In particular, this damping term permits to investigate models that
describe flexible structure problems involving infinitely many independent vibrational modes (the “spillover”
model).

On the other hand, the theory about impulsive problems started with the pioneering papers [33] and [34]
of Milman and Myshkis. Since the impulsive problems driven by differential equations/inclusions describe
the dynamics of many evolution processes subjected to sudden changes (inherent to the process described
or aimed at modifying it) in fixed istants, they are a natural mathematical model to represent several
phenomena in physics, biotechnology, pharmacokinetics, population evolutions, industrial robotics, ecology,
reproduction of microorganisms, economics, and so on. This great variety of application fields has led many
mathematicians to deep this argument (see, for example, [2], [8], [14], [15], [36]) producing a significant
development of the impulsive theory, culminated with the monograph [20].

As it emerges in [38], the study of (E) in the unbounded interval [0, c0) is deemed important. Therefore, we
have investigate the existence of impulsive mild solutions for a problem governed by (E) in this framework,
instead of in the bounded interval considered in [36].

In order to obtain this result, we have rewritten the impulsive problem in an abstract form driven by a
semilinear second order differential inclusion

(DY)  2"(t) € Az(t) + F(t,z(t),2'(t))

and we initially have studied the existence of mild solutions for a non-impulsive Cauchy problem, guided
by (DI), in a bounded interval [b, ¢, requiring on A and F' suitable assumptions which allow to examine the
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impulsive problem.

The proof of our first result (see Theorem 4.1) relies on the Glicksberg fixed point theorem. Taking inspiration
from [36], we are able to require only a hypothesis about the weak compactness instead of the strong one
thanks to the use of projections, which allow us to work in a finite dimensional setting (see Theorem 4.1).
However, our approach differs from the one presented in [36] in the construction of the approximating
operators sequence. Indeed in [36] a sequence of this type is built by associating a sequence of projected
problems to the problem studied, while we define a sequence of approximating operators directly linked with
the solution operator of the problem in exam. This enables us to establish the existence of a mild solution
q € C([b,c]; X), by achieving the existence of a B-measurable selection for the multimap F(-,q(-),q'(+))
through a multivalued version of Fatou’s Lemma (see Proposition 2.7). This result improves an analogous
theorem proven in [36] in reflexive Banach spaces, since we remove the reflexivity condition (see Remark 4.2).
Moreover we obtain another result in which the existence of mild solutions for the abstract mentioned
problem is obtained without assumptions on the values of the multimap F' (see Theorem 4.3)

Then, following the well-established demonstrative approach in [14] and [15], we discuss the existence of
mild solutions for an impulsive problem governed by (DI) on the real half-line [0, 00), where the jumps
happen in an increasing sequence of times converging to oo (see Theorems 5.1 and 5.2). Building upon our
Theorems 4.1 and 4.3, where impulsive effects were not considered, we succeed in proving the existence of
mild solutions for the impulsive problem. A great advantage of this method is that the new results are proven
in Banach spaces not necessary reflexive and without the continuity property on the impulsive functions.
Let us recall that the literature related to the existence of mild solutions to the second order impulsive
problems is widely spread in the case in which the right hand side does not depend on the first derivative
(see [42], [44], [6] [20], and the references therein) while only a few authors have studied the case in which
the first derivative is present (see, for example, [36]).

The abstract impulsive multivalued existence theorems obtained enable us to achieve the desired existence
of an admissible trajectory-control pair for the impulsive phenomena described by (E).

Starting from the impulsive problem in exam we proceeded to introduce the notion of instant-controllability
monitored by a coercive and lower semicontinuous functional. The results on the existence of admissible
pairs led us to claim that the instant-controllability problem under consideration is well posed. In our setting
it was then possible to achieve optimality results (see Section 6.2).

In our opinion, the study of this type of controllability can be helpful to monitor the impulses, for example
in order to achieve a minimization of the signal distortion or the maximization of the distance reached by
the signal, when the model describes the telegraph behaviour.

The paper is structured in the following manner. In Section 2, we gather some well-known contents as
definitions, propositions, and theorems useful in the sequel. The problem setting is introduced in Section 3.
Section 4 is devoted to the study of existence of mild solutions for a non-impulsive problem governed by (DI)
in a bounded interval, considering two situations. On one side, we require that the values of the multimap
F are convex (see Theorem 4.1). On the opposite side we remove this assumption, working with different
hypotheses on F' (see Theorem 4.3). Then we compare our results with the recent existence theorem proven
in [36] (see Remark 4.2). In Section 5 we establish the existence of mild solutions for the impulsive problem
in the real half-line [0, 00), both assuming convexity on the values of F' (see Theorem 5.1) and omitting this
property (see Theorem 5.2). In Section 6, as a consequence of the obtained abstract impulsive multivalued
existence theorems, we study the instant-controllability relatively to a suitable functional for an impulsive
problem driven by (E). Finally we conclude our paper in Section 7.

2. Preliminaries

In this section we collect notations and properties that we use in all the paper. If (X, |- ||x) is a normed
space, with X* its dual space, and 7, the weak topology on X. It is well-known that the weak topology on
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X is completely regular and locally convex (see [16], Proposition 3.4.3) and, on a finite dimensional space,
the weak topology and the strong topology coincide.

A normed space X (or the norm || - ||x on X) is said to be locally uniformly convexr (LUR, for short) if for
every € >0 and x € X, ||z||x = 1, there exists d(e,x) > 0 such that (see [29], Definition 0.2)

% < 1-6(c,z), whenever ||z +y|x > ¢ and |Jy]x = 1.
On the other hand, || - ||x is said to be a weak-Kadec-Klee norm on X if for every sequence (x,), weakly
convergent to z in X such that lim, o ||Zn]|x = ||z]x, then lim, o ||z, — 2||x = 0. If X is a separable

Banach space then X admits an equivalent LUR norm ([25]). Additionally, a Banach space X admits an
equivalent LUR norm if and only if it admits an equivalent weak-Kadec-Klee norm ([40]). If X admits a
weak-Kadec-Klee norm then B(X) = B(X,7,), where B(X) denotes the Borel o-field on X and B(X,7,)
stands for the Borel o-algebra generated by weakly open sets (see [18], Theorem 1.1).

In that follows, Bx(0,r) refers to the closed ball in (X, || - ||x) centred at the origin with radius r > 0,
while 4” symbolizes the weak closure of a set A C X. Moreover, a subset A of X is said to be relatively
weakly sequentially compact if every sequence in A has a subsequence that converges weakly in X (see
[32]). According to the Eberlein-Smulian Theorem, this property is equivalent to the notion of relative weak
compactness, as established in [16] (see Theorem 3.5.3). In the upcoming sections, we will make use of this
version of a result originally attributed to H. Vogt

Proposition 2.1 ([/3], Theorem 3). Let A be a relatively weakly compact subset of a Banach space. Then A
is weakly closed if and only if A is weakly sequentially closed.

Now, if J is a closed and bounded interval in R, the notation M(J) represents the collection of all Lebesgue
measurable subsets of J, while p is usual Lebesgue measure on J and (J, M(J), ) is the relative measure
space. Moreover, C(J; X) stands for the space of all continuous functions provided with the norm || - [l¢(;x)
of uniform convergence. We recall that a sequence (f,), in C(J; X) weakly converges to g € C(J; X) if and
only if (f, — g)» is uniformly bounded and f,(t) — g(¢), t € J ([27], Theorem 4).

Now, C1(J; X) denotes the Banach space of all continuously differentiable functions provided with the norm

luller(7,x) = max{|ullesx): | llerx)}s w € CHJT; X). (1)

If X,Y are two Banach spaces, a function v : Y — X is said to be weakly sequentially continuous if for every
sequence (Yn)n in Y, y, — y € Y, then u(y,) — u(y). A function v : J — X is said to be (M(J), B(X))-
measurable if, for all A € B(X), u=1(A) € M(J) (see [16], Definition 2.1.48), while u : J — X is said to be
Bochner-measurable (B-measurable, for short) if there is a sequence of simple functions which converges to
u almost everywhere in J (see [16], Definition 3.10.1 (a)).

Taking into account what has been said above, we are able to state the following result

Lemma 2.2. Let X be a separable Banach space. A map u: J — X is (M(J), B(X, 1y))-measurable if and
only if u : J = X is B-measurable.

Proof. The separability implies that the Banach space X admits an equivalent LUR norm and then X has
also a Kadec-Klee equivalent norm. Therefore B(X) = B(X, 7). So the (M(J), B(X, 7,))-measurability
and the (M(J), B(X))-measurability are equivalent. Hence, by using Corollary 3.10.5 of [16], the thesis
holds. O

Now, we denote with L!(J; X) the space of all X-valued Bochner integrable functions on J with norm
lullrrix) = [ llu(t)|| x dt. If X =R, the B-integrability is the L-integrability and we put [|-[[1 = ||| .1 (s;r)»
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while L} (J) stands for the subset of all non negative functions of L'(J). In the sequel we denote with
L11°¢(]0, 00); X) the set of all B-integrable functions on the compact intervals of [0, 00).

As a consequence of the sequential continuity and of the Dominated Convergence Theorem (see [1]), we
have the following result.

Proposition 2.3. Let (2, %, u) be a positive measure space, (M, d) be a metric space, X be a Banach space,
and u: M x Q — X a function such that

j) u(t,-) is B-measurable, for everyt € M;
5i) u(-,s) is continuous on M, a.e. s € Q;
Jii) there exists ¢ € LY () such that |[u(t,s)||x < ¢(s), t € M, a.e. s € Q.
Then the function U(t) = [, u(t,s)ds, t € M is continuous on M.
Moreover, by assuming a stronger regularity on the function u, defined on J x J, J = [a, ], we also state
Proposition 2.4. Let X be a Banach space and u:J x J — X be a function such that
i) u(t,-) is B-measurable for everyt € J;
ii) u(-,s) € CH(J; X), a.e. s€ J;

iii) there exists ¢ € L1 (J) such that |lu(t,s)||x + || Zu(t,s)||x < ¢(s), t € J, ace. s € J.

Then, the function U : J — X, U(t) = f:u(t, s)ds, t € J, is continuously differentiable on J and we have

b
U'(t) = / 2u(t,s) ds, t e J. (2)

u(t+ =) —u(t, s)

,tedJ, ae seJ

1yt
Clearly, fixed t € J, from i), we have that (M) is a sequence of B-measurable functions
n

n

converging a.e. in J. So the function %u(t, -) is B-measurable and, from iii), it is B-integrable too.
Now, to prove (2) we fix to € [a,b], t, € [a,b] \ {to}, n € N, such that ¢, — to for n — oo, and we consider
the sequence

(1) uttn)) ®)

tn *tO

Now, for every s € J\ N, where N is the null measure set for which ii) and iii) hold, and for every n € N,
we can apply the Mean Value Theorem to the function

gn : [min{tg, t, }, max{to, t,}] = X

gn(t) = u(t,s)

and then there exists #* € [min{to, t,, }, max{to, t, }] such that (see iii))



6 T. Cardinali, G. Duricchi / J. Math. Anal. Appl. 553 (2026) 129824

Hu(tn78) _u(t078)||X 0 -n
—u(t

< o(s).

X

u(tn,)—u(to,")
tn—1to

Since all the hypotheses of the Dominate Convergence Theorem are satisfied by the sequence (3) of B-

Moreover, from ii) we can say that the sequence ( ) is a.e. convergent in J to the map %(to, ).
n

measurable maps, we can write

b
lim Ul(tn) — Ulto) ~ lim /u(tn,s)
n— oo tn, —to n— o0 t

n

b
B u(to, S) o g
_—m ds = / atu(to, s)ds. (4)

a

Since (4) is true for every sequence (t,), converging to tg, we have that (2) holds in tg.
Hence, by the arbitrariness of ty € J we deduce that (2) is true.
Finally, since the map %—1; satisfies j), jj), and jjj) of Proposition 2.3 we can conclude that U’ € C(J; X),

therefore U € C1(J; X). O

Then, a set A C L(J; X) (or a sequence (f,)n, fn € L*(J; X)) has the property of equi-absolute continuity
of the integral if for every € > 0 there exists 6. > 0 such that, for every E € M(J), u(F) < ., we have
S 1 f )]l x dt < e, whenever f € A (for every f € {f,: n € N}), while A C L'(J; X) is integrably bounded
if there exists v € L1 (J) such that || f(?)]|x < v(t), a.e. t € J, for every f € A.

Clearly every integrably bounded set has the property of equi-absolute continuity of the integral. The
following result establishes that the equi-absolute continuity of the integral is important to characterize the
relative weak compactness of bounded sets in L'(J; X).

Proposition 2.5 (/1] Corollary 9). Let A be a bounded subset of L'(J; X) having the property of equi-absolute
continuity of the integral and, for a.e. t € J, the set A(t) = {f(t): f € A} is relatively weakly compact.
Then A is relatively weakly compact.

In our discussion we will use multimaps having the following properties.

First of all, if (X,X) is a measurable space, Y a topological space, and P(Y) denotes the family of all
nonempty subsets of Y, a multimap F : X — P(Y) is said to be measurable if for every open set V. C Y
onehas F-(V)={z e X: Flx)NV #£2} €X.

Theorem 2.6 (/16], Theorem 4.53.1). If (X, %) is a measurable space, Y is a Polish space and F : X — P(Y)
is a measurable multimap assuming closed values, then F has a (3, B(Y"))-measurable selection.

Now, for every sequence (Ay)n, An C X, the weak-Kuratowski limit superior of (A,), is defined as (see
[24], Definition 7.1.3)

w—limsup A, ={z € X: a,, 2, Tp, €EAp,, N1 <Nag < - <N <--+}

n—oo

Proposition 2.7 ([2/], Proposition 7.3.9). Let X be a Banach space, 1 < p < oo and F : J — P(X) be a
multimap assuming weakly compact values. If (fp)n, fn € LP(J;X), is a sequence such that

i) there exists f € LP(J; X) with f, — f;
i) fn(t) € F(t) ae.t€J, neN,

then

f(t) € o w —limsup{f,(t)}, a.e. t€J,

n—oo
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where ¢o denotes the closure of the convex hull of a set.

If X,Y are normed spaces a multimap F': X — P(Y) is weakly semi-compact if it maps bounded sets onto
relatively weakly compact sets.

A multimap F : J — P(X) has a continuous selection if there exists a continuous function f : J — X
such that f(t) € F(¢), t € J. A multimap F : J — P(X) has a B-measurable selection if there exists a
B-measurable function f : J — X such that f(t) € F(t), a.e. t € J. A multimap F': J x X — P(X) has a
Carathéodory selection if there exists a function f: J x X — X such that

i) for every t € J, f(¢,-) is continuous on X;
ii) for every z € X, f(-,x) is (M(J), B(X))-measurable;
iii) for a.e. t € J and every z € X, f(t,z) € F(t,x).

In the sequel we will use the following selection result.

Proposition 2.8 (/9], Theorem 4.4). Let J be a closed and bounded interval and X be a Banach space. Let
Gn,G : J = P(X) be such that the following holds:

1. a.e. t € J, for every (up)n, un € Gp(t), there exists a subsequence (un, )i of (un)n and v € G(t) such
that u,, — u;

2. there exists a sequence of functions (Yn)n, yn : J — X, having the property of equi-absolute continuity
of the integral, such that y,(t) € Gn(t), a.e. t € J, for alln € N.

Then there exists a subsequence (Yn, )k Of (Yn)n such that yr, — y in L*(J; X), and, moreover, the limit
function satisfies y(t) € ©oG(t), a.e. t € J.

In the previous proposition with (s-w)sequentially closed graph we mean that for every (z,)n, , € M,
xn — x and every (Yn)n, Yn € F(xn), yn — y, then y € F(x). In particular if M coincides with the Banach
space X and the sequence (z,), weakly converges to x, we shortly say that the multimap F' has “weakly
sequentially closed graph”. Moreover, if X and Y are normed spaces, a multimap F' : X — Y having weakly
closed graph has also weakly sequentially closed graph. Analogously the “(w-w) sequential continuity” is
named “weak sequential continuity”.

In this work we will use the following fixed point theorem proved by Glicksberg for multimaps.

Theorem 2.9 ([19], page 171). Let X be a locally convex Hausdorff space and S a convex and compact subset
of X. Let F : S — P(S) be a multimap such that

J) F(x) is convez, for every x € S;
Ji) F has closed graph.

Then there exists T € S such that T € F(T).

In conclusion, we recall the concept of Schauder basis and we collect some important properties that will
be useful in the sequel.

A sequence (e, ), of vectors in a Banach space X is a Schauder basis for X if for every z € X, there exists
a unique sequence (o; = a;(x)); of real numbers, such that (see [36], Definition 1)

00
xr = E Q;€;.
i=1
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If X is a n-dimensional vector space then the basis of X is a Schauder basis for the space.

Note that if the Banach space has a Schauder basis, then it is separable (see [36], Remark 1).

If (en)n is a Schauder basis for X, we denote with X,, = span{ey,...,e,} the n-dimensional Banach space
generated by the first n vectors of the Schauder basis and with P,, : X — X, the natural projection of X
onto X,, so defined

e n
Pn E ;€4 = E Q5 €;.
i=1 i=1

In particular, the projections P, : X — X, are bounded linear operators (shortly P, € £(X, X)) and
sup,, [|Pullzix,x,) < 00, where [Py ||z(x,x,) = sup{||Pnz|x, : [|2]x =1} (see [28], Proposition 1.a.2).

In the sequel we assume, w.l.o.g., that sup,, [|P,[/z(x x,) < 1, i.e. (IP,), is monotone (see [28], p. 2).
Finally, we present a result describing some interesting properties of the operators P,,.

Proposition 2.10 (/7], Lemma 2.1, 2.2, [30], Proposition 2.4). The projection P,, : X — X,,, n € N, satisfies
the following properties:

a) P, : (X, 7,) = X, is continuous;

b) if v, — x, then Pp(x,) — ;

c) if fo— fin L (J; X), then P, f, — f in L'(J; X);
d) if x, = x, then P,(z,) — x;

e) for every x € X, |Py(z) — x| x — 0.

3. Problem setting

First of all, we recall that a one parameter family {C(¢)};cr of linear bounded operators mapping the
Banach space X into itself is named a strongly continuous cosine family if (see [39] or [17])

Cl) C(t+s)+C(s—t)=2C(t)C(s), t,s € R;
C2) C(0) =TI,
C3) the map t — C(t)z is continuous in R, for every x € X.

If {C(t)}ier is a strongly continuous cosine family, then there exists M > 1 and w > 0 such that
IC@llecx) < Melt, te R, o)

where || - ||z(x) denotes the norm of the space £(X,X) (shortly £(X)). In the sequel we consider a linear
closed operator A : D(A) C X — X, D(A) dense in X, generating a strongly continuous cosine family
{C(t)}+er, i.e. the operator A : D(A) C X — X is defined by

d2
Az = EC('”t:va x € D(4), (6)

where D(A) is described by the family {C(t)};cr as follows
D(A) ={x € X : C(-)x is twice continuously differentiable in R}. (7)
Moreover, we will use the set so defined

E={xecX: C()z is continuously differentiable in R} (8)
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and we will consider the one parameter family {S(¢)};cr associated with {C(t)};er, where S(t) : X — X
is a linear and bounded operator defined by

t
/C Jrds, x € X, (9)
0

for every ¢ € R. In literature this family is called the strongly continuous sine family associated to {C(t) }1er-
Clearly S(0) = 0. Additionally, the families {S(¢) };cr and {C(t)};cr have the properties presented in the
following proposition.

Proposition 3.1 (/39], Propositions 2.1, 2.2). The families {S(t)}ier and {C(t)}1er satisfy the following
properties:

a) C(t)=C(—t), t e R;

b) S(t) = —-S(—t), t € R;

c) for every x € X, the map t — S(t)z is continuous;

d) S(s+1t)+ S(s—t) =2S5(s)C(t), t,s € R;

e) S(s+1t)=95(s)C(t)+St)C(s), t,s € R;

) 15(t) = S@)||zx) < M| fit e“l*lds|, t,t € R, where w and M are the constants presented in (5);
g) C(s),5(s),C(t),S(t) commute, for everyt,s € R;

h) St)xre E, te R,z € X;

i) S(t)x € D(A), hmt_)o AS(t)z =0, £C(t)z = AS(t)z, and ;t2S( Je =AS(t)x, teR, z € E;
j) C(t)z € D(4), dt2C( Yo = AC(t)x = C(t) Az, and AS(t)x = S(t)Az, v € D(A), t € R;

k) C(t+s) —C(t —s) =2A5(t)S(s), t,s € R.

We note that, from f), for every ¢ € R, we have

wlt]
M 0
1S lex) < © o (10)
CO= M, w=o.
Then, taking into account (10) and (5), for every compact interval J C R we can write
IS®)llex) < LT, ICONex) < Ly, t € J, (11)

where L{, Lj are two positive constants.
Additionally, for every z € X, by using the Fundamental Theorem of Calculus for vector valued functions
we have (see (9) and C3))

S(-)z € C*(R; X) (12)
and
Stz =C(t)z, tER. (13)

Remark 3.2. In Lemma 4 of [36] is proved that if A is the generator of a cosine family {C(¢)};cgr, then A
generates a Co-semigroup {7'(t)}¢>0 and {C(t)};cr satisfies (5) if and only if || T'(t)]|zx) < 2Me’t ¢ > 0.
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Now, we give the concept of mild solution for the Cauchy problem

2"(t) € Az(t) + F(t,z(t),2'(t)), t € I = [b,d]

where A is the operator defined in (6)-(7), I = [b,c], 0 < b< ¢, F:Ix X x X — P(X) is a multimap,
y1 € E (see (8)), and y2 € X.

Definition 3.1 (/36], Proposition 2). A function = : I — X is said to be a mild solution for (PC)y, if x is a
C'-function such that

¢
x(t) = C(t—b)y1+5t—byg+/8t—s s)ds, tel (14)
b

where f € St )y ={1f €LULX) : f(t) € F(t,x(t),2'(t)), ae. t €1}

Let us note that, for every f € L'(I; X) and every y; € E, a map defined as in (14) is actually a C!-function
in I, as it is possible to deduce from the following version, in the case b > 0, of Lemma I1.4.2 proved in
[17], where {C(¢)}+cr is a strongly continuous cosine family and {S(t)}:cr is defined as in (9) (see i) of
Proposition 3.1, (13) and proof of Lemma 11.4.1 of [17]).

Proposition 3.3. If X is a Banach space, f € L*(I;X), y1 € E, and y2 € X, then the function v : [ — X
so defined

t
z(t) =Ct—byr + St —0b yz—l-/St—s s)ds, tel
b

is continuously differentiable in I, with

a:’(t):AS(tfb)y1+C(tfb)y2+/0(tfs)f(s)ds, tel.
b

Next, we present the following results that describes some properties of the operators €¢, &g : L (I; X) —
C(I; X) respectively so defined

Cof(t) = / Ot — $)f(s)ds, t € I, f € L'(I;X), (15)
Gsf(t) /St—s s)ds, tel, fe L'I;X), (16)
b

where {C(t)};er is the cosine family and {S(t)};cr is the sine family.

Proposition 3.4. Let {C(t)}1er be a cosine family and {S(t)}ier be a sine family, I = [b,c], 0 < b < ¢,
then the operators €c, &g : LY(I; X) — C(I; X) are linear, bounded, weakly continuous, and so weakly
sequentially continuous.
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Proof. We prove the result for the operator €¢.
Clearly €¢ is linear. Moreover, taking into account (11) we have that

t
Iec Flecron =max|| [ Ot = s)5(s)dslx < Ly, £ € LX),
b

i.e. €¢ is bounded. Hence we can conclude that €¢ is weakly continuous (see [10], Theorem 3.10) and so it
is also weakly sequentially continuous (see [4], Definition 1.1).
Analogously we obtain the properties for the operator &g. 0O

Finally, we enunciate the following existence theorem for the Cauchy problem (PC)y, proved by M. Pavlack-
ova and V. Taddei.

Theorem 3.5 ([36], Theorem 1). Let X be a reflexive Banach space having a Schauder basis, A : D(A) C
X — X be a infinitesimal generator of a strongly continuous cosine family {C(t)}ier, 11 € E, where the
set E is defined in (8), and yo € X. Let F : I x X x X — P(X) be a multimap satisfying

Fl)s for every (t,z,y) € I x X x X F(t,x,y) is nonempty, convex, closed, and bounded;

F2) for every (z,y) € X x X, F(-,x,y) has a B-measurable selection;

F3)s fora.e tel, F(t,-,:): (X, 7w) X (X, Tw) = (X, Tw) is upper semicontinuous (shortly F(t,-,-) weakly
u.s.c.);

F4) for every n € N, there exists ¢, € L (I) such that

lim inf —”(anl
n— o0 n

=0
and
|t Bx (0,n), Bx(0,m)]l < ¢n(t), ace. t 1.
Then the problem (PC)y, has at least one mild solution.
4. Mild solutions for non-impulsive problems on a bounded interval

In this section we study the existence of mild solutions for the Cauchy problem (PC)y driven by a
semilinear second order differential inclusion perturbed by a weakly semi-compact multimap.
Drawing inspiration from [36], we use the projections P, : X — X,,, n € N, to obtain the existence of mild
solutions for (PC)p, but with a different approach. Instead of considering, as in [36], a family of projected
problems linked to (PC)j, we associate a sequence of approximating operators to the solution operator of
(PC)p. This allows us to establish the existence of a mild solution q € C!(I; X), by achieving directly the
existence of a B-measurable selection for the multimap F(-,¢(+),¢’(:)) via a multivalued version of Fatou’s
Lemma (see Proposition 2.7).

Theorem 4.1. Let X be a Banach space having a Schauder basis, I = [b,c] CRS, A: D(A) C X — X be a
infinitesimal generator of a strongly continuous cosine family {C(t)}1er, y1 € E, where the set E is defined
in (8), andys € X. Let F: I x X x X — P(X) be a multimap satisfying

F1) for every (t,z,y) € I x X x X, F(t,x,y) is nonempty and conve;
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F2) for every (z,y) € X x X, F(-,x,y) has a B-measurable selection;
F3) for a.e.t€l, F(t,-, ) : X x X = P(X) has weakly sequentially closed graph;
F4) for every n € N, there exists ¢, € L1 (I) such that

lim inf 7”%1“1
n—o00 n

=0
and
|F(t, Bx(0,n), Bx(0,n))| < ¢n(t), a.e. t €.
F5) for a.e. t € I, the multimap F(t,-,-) is weakly semi-compact.
Then the Cauchy problem (PC)y has at least one mild solution.

Proof. First of all, we have that
(I) F(t,x,y) is closed, for a.e. t € I and every z,y € X.

Indeed, denoted by N the null measure set such that F3) and F5) hold in 7\ N, we fix t € I\ N and
x,y € X. Clearly, from F5) F(t,z,y) is relatively weakly compact. By virtue of F3) the set F'(¢,x,y) is also
weakly sequentially closed. So Proposition 2.1 and F1) imply that F(¢,x,y) is closed.

From now on we assume w.l.o.g. that the Schauder basis on X is monotone and we split the proof into
steps.

Step 1. Characterization of a sequence of approximating operators for the solution operator of (PC)y,.
For every n € N, we consider the operator T, : C1(I, X,,) — P(C*(I,X,,)) so defined

T ={y € CH(I; X,) : y(t) = Pu[C(t — b)an] + Pu[S(t — b)ys]
+ /IP’n[S(t —s)f(s)lds, te I, f€Spg0yanh (17)
b

where S};(_,q(,)’q,(,)) ={f e L\MI;X) : f(t) € F(t,qt),d(t)), ae. t € I}, X,, = spaniey,...e,}, and
P, : X — X, is the natural projection.

Let us prove that the operator ', is well posed. Fixed g € C'(I; X,,), we show that I',,g # @.

First of all, since g € C!(I; X,,), there exists 7 € N such that

[allercrxy = ma 70, 17 (0 1x, ) < 7o (18)
Put
Mq = EX (07 7"6)7 (19)

we show that Firar,xar, @ I X Mg x Mg — P(X) satisfies all the assumptions of Theorem 4.2 of [12], by
considering on Mgz x Mgz the metric induced by the norm.
Clearly, a) and b) of Theorem 4.2 of [12] hold (see F1) and F2)).
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In particular, from F3) we have that for a.e. t € I, Firyar, xar,(t, -, ) has (s-w)sequentially closed graph, i.e.
c) of Theorem 4.2 of [12] is true.

Next, also d) of Theorem 4.2 of [12] holds. Indeed, fixed ¢t € I\ N, where N is the null measure set relative to
F5), if ((@k, yx))r is a convergent sequence in Mz x Mg, the set |, F (¢, xr, yx) is relatively weakly compact,
being a subset of F'(t, Mz, M7) (see (19) and F5)).

To prove e) of Theorem 4.2 of [12], we note that from F4) there exists ¢, € LL (I) such that

| F(t, Mg, Mg)|| < @r,(t), ae. t € 1.

Thanks to Theorem 4.2 of [12], fixed the B-measurable map w : I — Mgz x Mg, u(t) = (q(t),7'(t)), t € 1,
there exists a B-measurable function fz: I — X such that

fa(t) € F(t,q(t),7' (1)), ae t €I
Now, from (18) and F4) we can say that fg is B-integrable. Therefore,
Ja € St a0 (20

Next, we consider the map gz : I — X so defined
t
gq(t) = C(t—b)y1+St—by2+/St—s s)ds, tel.
b
Since y; € E, we can say that g7 is continuously differentiable on I and we have (see Proposition 3.3)
gh(t) = AS(t — D)y + C(t — bys + / Clt— s)fs(s)ds, t € I.
b

Now, if yz : I — X, is so defined yg(t) = P,,[g5(t)], being P, linear and bounded, we can deduce

t

Yz(t) = Pulgg(t)] = P [AS(t — b)yn] + Pu[C(t — b)y2] +/]P’ [C(t =) fz(s)]ds, t €. (21)
b

Hence y; € C*(I; X,,) (see C3) and i) of Proposition 3.1) and so, recalling (20), I',,g # @. Therefore T, is
well posed.

Now, by using Theorem 2.9, we prove the existence of a fixed point for I',.
Step la. There exists p € N such that
FN(Fcl(I;Xn)(Qﬁ)) - Ecl(I;Xn)(Ovﬁ)' (22)
Assume, by contradiction that
3 g, € CHI; X,), lapller(rx,y <P 3 yq, € Lngp with [lyg, ller(r:x,,) > p, p € N. (23)

Then, for every p € N, there exists ¢, € I such that (see (1))
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(A) 1ya, (o)l x, > p

or

(B) llyg, to)llx., > p-

First of all, taking into account that y; € FE and of i) of Proposition 3.1, we deduce that

< oty

< max
- dt

=L, tel. (24)
tel

J45(0mllx = 50O )

X

Now, in case (A), since ||P, | z(x,x,) < 1 and y,, € I'ngp, we can write (see (11))

tp
P < [19g, &) x, < [PaC(tp = b)unllx, + [PuS(tp — b)y2llx, + / 1P S(tp = 5) fo, (s)]x,, ds
b
tP
< Ll + Elsllx + 24 [ 13, (9 s (25)
b
where f, € S},(, an (s () Next, since llapller(r:x,) < p (see (23)), by F4) there exists ¢, € L} (I) such that
’ dp
1fap ($)l[x < 0p(s), ae. s €I
Then, from (25), we have
P < llya, (t)l1x, < Lallynllx + Lilly2llx + Lilleplh,

and so

_ Lalpllx + Lillyallx _ Lilleplls

1 26
p D (26)
Analogously, in the case (B), by using (24), (11) and F4), from (21) we obtain
L+ L L
| L+ Dl _ Ml o

p p

Since at least one between (26) and (27) is true for infinitely many p € N, by using the first part of F4),
we obtain one of the following contradictions

LI
1 < liming Flepl _ g
p*)OO p
or
LI
1< i inf 21wl _ o
p*)OO p

Therefore, (22) is true.
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Step 1b. The set @FH(ECI(I;XH)<O,ﬁ)) is a convex and compact subset of Fcl(l;xn)(O,ﬁ), where p € N is
fixed as in Step 1la.

To this aim we first establish that ', (Be1(s,x,,)(0,P)) is relatively compact.

Fixed (yi)r a sequence in T'y(Bei(r,x,)(0,D)), we will prove that exists a subsequence that uniformly
converges to a function y in C*(I; X,,).

For every k € N, since y; € Fn(P@U;Xn)(O,ﬁ)) there exist g € §C1(1;Xn)(0,ﬁ) and fj € S%F(.,ch),q;(-)) such
that

t

yi(t) = Po[C(t — b)y1] + Pp[S(t — b)y2] + /Pn[S(t —8)fx(s)]ds, tel
b

and
Yy (t) = Po[AS(t — b)y1] + P,[C(t — b)y2] + /]P’n [C(t—s)fx(s)]ds, t €. (28)
b

Now, taking into account the monotonicity of P,, of (11), (24), and of F4), the following inequalities hold

max{Z,t}

n® - w@lx, < [l

min{Z,t}

x, ds < (L + L|lya|lx + Lallepl)[T —tl, t,7 € I, k € N.

Thus, (yx)x is equicontinuous and equibounded in I. Hence, by the classical Ascoli-Arzela Theorem there
exist a subsequence (y,, )m of (yx)r and y € C(I; X,,) such that

yk,, =y in C(I; X)) (29)

On the other hand, since every y;,, is continuously differentiable on I, we can show that there exists a
subsequence of (yj, ), that uniformly converges to z € C(I; X,,).

To this aim, we first prove that there exists a subsequence of (fx, )m, weakly converging to a function in
LY(I; X).

Let us consider the set

A={f, : meN}c LYI;X). (30)
Since ¢, € §c1(1;xn)(0,;5), m € N, we write
fon(t) € F(t,qu,, (t), 4k, () C F(t, Bx, (0,p), Bx, (0,D)), ae. t €1, (31)
then, by F4) there exists ¢ € L1 (I) such that
[ fr D)l x < 5(t), ae. t €I, meN.
Therefore A is integrably bounded, that implies the boundedness in L!(I; X) and the property of equi-
absolute continuity of the integral of A.

Next, fixed ¢ € I\ N, where N is the null measure set for which (31) and F5) hold in I \ N, we have the
inclusion
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A(t) = {fr,.(t) : m e N} C F(t,Bx,(0,p), Bx,(0,p))

and, from F5), the relative weak compactness of A(t). Therefore, by using Proposition 2.5 we conclude that
the set A is relatively weakly compact. So there exist a subsequence of (fx, )m, named again (fx, )m, and
f € LY(I; X) such that

Jir = I (32)

Now, thanks to the weak sequential continuity of €- (see Proposition 3.4) we have (see (15))

t
/Ct—sfk ds—\/C’t—s f(s)ds, tel.
b

Recalling that the projection P, is linear and bounded, being dim X,, < 400, we can write

t

/]P’n[C'(t—s)fkm(s)} ds — /IP’H[C'(t—s)f(s)] ds, m — o0, t€l,
b

b

therefore, from (28), we deduce

¢
y;cm (t) — Pn[AS(t - b)yl] + Pn[c(t - b)yZ] + /Pn[o(t - S)f(S)] ds = Z(t)v tel (33)
b

Then, put ¢t* € I such that maxer ||y, (t) — 2(t)[|x, = llyg,, (*) — 2(t")[|x,,, by using (33) at the point ¢*,
we can write

y;cm — zin C(I; Xp). (34)
Taking into account (29) and (34), we conclude that z = y’. So

Y, — vy in CY(I; X,,).

Therefore the set 'y, (Ber(r,x,(0,D)) is relatively compact in C*(I; X,,). Hence we can deduce that the set
col'n(Bei(1;x,,)(0,P)) is convex, compact, and a subset of Bei(r,x,,(0,D).

Step lc. The restriction of the multioperator I'yp : B — P(B) has closed graph, where B =
col'n(Bei(r;x,,)(0,P)) (see Step 1b.).

To this aim it is sufficient to show that I',|p has sequentially closed graph.
Now, fixed two sequences (qx)r and (yx)x in B such that gz — ¢, yx, — y in C1(I; X,,) with

Yk € I'n|par, k €N, (35)

we want to prove that y € Fn|Bq.
At first, the convergence of (gx)x to ¢ in C1(I; X,,) implies

qr(t) = q(t), q.(t) = ¢'(t), t € I. (36)
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Now, we establish that the multimaps Gy : I — P(X), k € N and G : I — P(X), respectively so defined

Gr(t) = F(t,qu(t), a(t), t € I, (37)
G(t) = F(t,q(t),qd'(t), t 1, (38)

satisfy all the assumptions of Proposition 2.8.
If N is the null measure set for which F3) and F5) hold, let us fix ¢ € I\ N and a sequence (ug), such that

up € Gi(t), k € N. (39)

Now, we have that qx(t),q,(t) € Bx,(0,p), k € N. So we can say that the set {uy : k € N} is
relatively weakly compact, being a subset of F(t, Bx,(0,p), Bx, (0,p)) (see (39), (37) and F5)). Hence
there exists a subsequence (ug, ), weakly convergent to u € X. Moreover, since, for every m € N;

ug,, € F(t,qx,, (t),q, (t), from F3) and (36) we can conclude that u € F(t,q(t),q'(t)) = G(t) (see (38)).

So 1. of Proposition 2.8 holds.

Then, from (35), we note that for every k € N, there exists f;, € Sll,(

k(s () such that

Uk (£) = PolC(t — B)ys] + Pu[S(t — bya] + / PL[S(t — 5)fu(s)]ds, t € 1. (40)
b

The sequence (fx)x satisfies 2. of Proposition 2.8. Indeed (see (37))
Jr(t) € Gr(t) = F(t,qi(t), q,(t)), ae. t €1
and, from F4), there exists 5 € L! (I) such that
If®)x < @p(t), ae. t €I, k€N

i.e. (fi)r is integrably bounded. Then it has the property of equi-absolute continuity of the integral.
Since all the hypotheses of Proposition 2.8 are satisfied by the multimaps Gy, G : I — P(X), k € N, there
exist a subsequence (f, )m of (fi)x and f € L'(I; X) such that

Jew — 1, (41)
and
f(t) € e0G(t) = eoF(t,q(t),q'(t)), a.e. t € I. (42)

Next, if N* is a null measure set such that the property (I) and (42) hold in I\ N*, we have f(t) €
F(t,q(t),q'(t)), for every t € I \ N* (see F1) and (I)). Hence, since f € L'(I; X), we can conclude that

1
f €Sk a0 (43)

Now, recalling the weak continuity of the operator &g : L!(I; X) — C(I; X) (see (16) and Proposition 3.4),
from (41) we write

Ss(fr,.) = Gs(f),

then, since P, is linear and bounded and dim X,, < 400, we obtain for m — oo
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/ L[St — 5)f. ()] ds — / P [S(t — 5)f(s)] ds, t € I.
b b

Therefore, we can say that there exists § € C!(I; X,,) such that (see (40))
t
Yk (1) = Pp[C(t = s)ya] + Pr[S(t — s)y2] + /E”n[s(t —s)f(s)lds :==5(t), t € 1. (44)
b

On the other hand, since yx — y in C*(I; X,,), we have yi, (t) — y(t), for all t € I. From the uniqueness of
the limit implies that the functions y, ¢ : I — X, are the same.

Finally, recalling the definition of T',,, from (44) and (43) we deduce y € I'y|gq. Therefore I',| 5 has (sequen-
tially) closed graph.

Clearly, from F1), the multimap I';,| 5 assumes convex values.

The arguments above presented, allow us to say that all the hypotheses of Theorem 2.9 hold. Hence, for
every n € N, the map I',|p has a fixed point ¢, € B = Efn(ﬁcl(hxn)((),ﬁ)) C Ecl(l;xn)(o,p?).
As a consequence of the technique used, the sequence of fixed points (g, ), is such that

Gn € E@(I;X)(Qﬁ)? n € N. (45)

Step2. Limiting procedure.

We want to prove that the sequence of fixed points (g, )n, satisfying (45), admits a subsequence that weakly
converges to a fixed point g for the solution-operator relative to the Cauchy problem (PC)y, i.e. ¢ € C!(I; X)
is a mild solution for (PC)y.

Since, for every n € N, g, is a fixed point of ', we have that ¢, € C*(I; X,,) (see (17))

qn(t) = P [C(t — b)y1] + Po[S(t — b)ya] + /]P’n[S(t —8)fn(9)]ds, t €1,
b

whete fo € S, ()40
At first, we consider the set A = {f, : n € N} C L'(I; X). Reasoning as in Step 1b. (see from (30) to
(32)), from Proposition 2.5 we have that A is relatively weakly compact. So there exist (fn, )r C (fn)n and

f € L*(I; X) such that

fo = 1 (46)
Now, we prove that
/}P’nk[S(t — 8) fn,(s)]ds — /S(t —3s)f(s)ds, tel. (47)
b b

First of all, thanks to Proposition 3.4, we claim that (see (46))

6ank - 65’f7

hence, fixed ¢ € I, we have (see [27], Theorem 4)
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¢
/S 8) [, (s sé/St—s
b

and by using b) of Proposition 2.10 we can write

t
/S 8) fn (s A/St—s
b

So, from the linearity of the integral we conclude that (47) holds.
Therefore, again from b) of Proposition 2.10, there exists ¢ : I — X such that

t
Gny (&) = Ct=b)yn + St —b y2+/St—s s)ds :=q(t), tel (48)
b

and, by Proposition 3.3 we have ¢ € C1(I; X) with

q'(t):AS(tfb)yl+C(t—b)y2+/C(t75)f(s)ds, tel.
b

Moreover, reasoning as before, it is possible to prove that
0, (1) = q'(t), te L. (49)

Finally, in order to prove that ¢ : I — X is a mild solution for (PC)p, we have only to show that
f(t) € F(t,q(t),q' (t), a.e. t € I. To this aim, let N* be the null measure set such that

S () € F(t,qn, (t),q,, (t), te I\N*,k e N (50)

and F5) holds in 1\ N*.
We want to apply Proposition 2.7 to the sequence (f,,)r and to the multimap ® : I — P(X) defined as

o= (DA €11 )

{0}, teN*

Taking into account (45) we have that, for every ¢t € I \ N*, the set ®(¢) satisfies

— UF(t g (.4, (1) € F(t.Bx(0,5). Bx(0.5)) -

hence it is a weakly closed subset of a weakly compact set (see F5)). Therefore ® assumes weakly compact
values. Moreover, we note that hypotheses i) and ii) of Proposition 2.7 are obviously satisfied by (fy, )x and
O (see (46) and (50), (51) respectively).

Therefore, we can conclude that

f(t) € @0 w — limsup{ fy, (¢)}, a.e. t € I. (52)

k— o0
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Denoted by N the null measure set for which (50), (52), (I), and F3) hold in I\ N, from (50) we can write

@ w — limsup{ f,, (t)} C @0 w — limsup F(t,qn, (t),q}, (1)), t € I\ N. (53)

k—o0 k—o0

Now, we want to prove that

w — limsup F(t, qn, (), 4}, (t)) C F(t,q(t),q (), t € I\ N. (54)
k—o0
Fixed t € I\ N and z € w — limsup,_,o, F(t,qn,(t),q}, (), there exists zny,, € F(t, qny, (t),q;lkp (t)) such
that

Zny,, = 2

So, taking into account (48) and (49), F3) implies that z € F(t,q(t), ¢ (t)). From the arbitrariness of z we
conclude that (54) is true.

Moreover, in virtue of F1) and (I) the set F(¢,q(t), ¢ (t)) is closed and convex in X. So, since (54) holds for
every t € I \ N, we can claim

0 w — limsup F(t, g, (t), 4, (1) C F(t,q(t),q (1)), t € I\ N. (55)
k—o0
Finally, thanks to (52), (53), (55), we say that the map f € L(I; X) satisfies f(t) € F(t,q(t),q'(t)) a.e.
tel, ie.

1
f€58pa0ra ()
Therefore the map ¢ : I — X is a fixed point for the solution-operator I' : C1(I; X) — P(C'(I; X))

Tz ={y e C'(I;X): y(t) = C(t — by + S(t — b)y2
t
b

i.e. ¢ is a mild solution for the Cauchy problem (PC),. O

Remark 4.2. Let us note that Theorem 4.1 improves Theorem 3.5 of [36].

First of all, the reflexivity on the Banach space X is omitted. Moreover, from F5), for us the values of F
are bounded only a.e. on I, instead of everywhere on I (see F1)g of Theorem 3.5). Then hypotheses F1)g
and F3)g of Theorem 3.5 imply F3) of Theorem 4.1. Indeed, since the weak topology of a normed space is
regular, taking into account [24], Proposition 2.17, we deduce that for a.e. t € I, F(t, -, ) has weakly closed
graph and so it has weakly sequentially closed graph.

In the setting of reflexive Banach spaces, considered in Theorem 3.5, we highlight that F4) implies F5) of
Theorem 4.1. Indeed, fixed t € I \ N (where N is the null measure set for which F4) holds) and a bounded
set B C X x X, there exists n € N such that B C Bx(0,n) x Bx(0,n). Then, from F4), there exists
¢n € L1 (I) such that

F(t, B) C F(t,?x(o, n) X Ex(o, n)) C Ex(o, (,On(t))

Therefore, from the weak compactness of Bx(0,,(t)) in the reflexive Banach space X, we deduce the
relative weak compactness of F'(t, B).
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Moreover, the following example shows that, even in reflexive Banach spaces, Theorem 4.1 may work while
Theorem 3.5 does not.

Example. Let X = R2, [ =[0,1] and F : [0,1] x R? x R? — P(R?) be a multimap so defined

{(s,5V/l|zllr2) = s €[0,1]}, ¢ €]0,1]

F(t, (2,y), (z,w)) = {[O, 50) % [0, 00) ,t=0

Let us note that F' satisfies all the assumptions of Theorem 4.1.

Indeed, clearly F1) holds. Moreover, for every ((x,y),(z,w)) € R? x R? the map f : t — f(t) = Ogs,
t € [0,1], is a B-measurable selection of F (-, (z,y), (z,w)), i.e. F2) is true.

Now, to say that F3) holds let us fix t €]0,1] and (((Zn, Yn); (2n, Wn)))n a sequence in R? x R? such that

((@nsyn), (20 wn)) = ((2,9), (2,w)) € R x R% (56)

Let ((kn, hn))n be a sequence such that (ky,, hy) € F(t, (n,yn), (zn,wy)), n € N, and
(kn, hn) = (K, h). (57)
Now, for every n € N we have h,, = k, \/W . Then, from the convergence of (z,,), and (k). respectively
to z and k (see (56) and (57)), we deduce that (kn, hn) — (k, k+v/||2|lr2) € [0,1] X R. By the uniqueness of

the limit we conclude that (k,h) = (k, k+v/||z||r2) € F(t,(x,y), (z,w)). Therefore F3) is proved.
Next, for every n € N, we consider

F(t,Br2(0,n), Brz(0,n)) = {(s,sV/||z|[r2), (%,9),(z,w) € Br2(0,n), s €[0,1]}
{(s, 5V ]|z|lr2), ||z|lrz < n, s €10,1]}, t €]0,1].

So we have that there exists ¢, : [0,1] — R such that

|F'(t, Br2(0,n), Br2(0,n))]| = sup (s, sV llzllr2)llo0 < V= n(t), t €]0,1].

llzllgz<n, s€[0,1]

Moreover, the sequence (), satisfies

liminfM = lim @ =0.

n—00 n n—o0 N

Therefore, F4) is also true.
Finally, F5) holds too. Indeed, fixed t €]0,1] and B x C a bounded subset of R? x R?, there exists R > 0
such that

F(t,B x C) = {(s,5V/||z|lrz) : ((z,9),(z,w)) € Bx C, s€[0,1]} C[0,1] x Bg(0, R).

Hence F(t, B x C) is relatively compact.
In conclusion, the multimap F fulfils all the assumptions of Theorem 4.1, but not the ones of Theorem 3.5
(clearly F has not the property F1)g).

Finally we would also like to point out that, again in the setting of reflexive spaces, if the multimaps have
closed and convex values and satisfy F4), as required in Theorem 3.5, it is possible to state that F3)g of
Theorem 3.5 and F3) of Theorem 4.1 are equivalent. Taking into account what has been stated above, it
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is sufficient to show that F3) of Theorem 4.1 implies F3)g of Theorem 3.5. Indeed fixed t € I \ N, where
N is the null measure set for which F3) and F4) hold, and (Z,7) € X x X, there exists n € N such that
(Z,7) € B = Bxxx((0,0),n). Clearly, being F(t, B) a subset of the weakly compact set Bx (0, p,(t))
(see F4)), the multimap Fig(t,-,-) : B — P(X) is locally weakly compact and assumes weakly compact
values (see F1)g). Furthermore, by using F3) of Theorem 4.1, thanks to the reflexivity of X we can say
that Fig(t,-,-) has weakly closed graph (see Proposition 2.1). Hence, Theorem 1.1.5 of [26] implies that
Fip(t,-,-) is weakly upper semicontinuous in (Z,%). From the arbitrariness of (Z,7) € X x X we conclude
that F3)g holds.

In the sequel we achieve the following result where we obtain the existence of mild solutions for the Cauchy
problem (PC)},, without assumptions on the values of the multimap F.

Theorem 4.3. Let X be a Banach space having a Schauder basis, I = [b,c] CR{, A: D(A) C X — X be a
infinitesimal generator of a strongly continuous cosine family {C(t) }1er, y1 € E, where the set E is defined
in (8), andys € X. Let F: I x X x X — P(X) be a multimap satisfying the following properties

(I-SD) Ve > 0 there exists a compact K. C I such that pu(I \ K.) < € and Fig_xxxx is weakly lower
semicontinuous;

(M) for every weakly closed set Z C I x X x X such that F|z is weakly lower semicontinuous, there exists
a weakly continuous selection of F on Z;

F4) for every n € N, there exists ¢, € L (I) such that

lim inf M
n— o0 n

=0 (58)
and
|F(t, Bx(0,n), Bx(0,n))| < on(t), a.e tecI;
F5) for every t € I, the multimap F(t,-,-) is weakly semi-compact.
Then the Cauchy problem (PC)y has at least one mild solution.
Proof. To begin, let us consider the topological Hausdorff spaces (X x X, 7, X 7) and (X, 7y), where
Tw X Tw and T, are respectively the weak topologies on the Banach spaces X x X and X. Since (X, 7,) is

a regular topological space, in virtue of (I-SD) and (M) we are in a position to apply Theorem 3.1 of [13],
hence there exists a function f: I x X x X — X satisfying

for every t € I, f(t,-,-) is weakly continuous; (59)
for every z,y € X, f(-,z,y) is (M), B(X,Ty)) — measurable; (60)
ft,z,y) € F(t,z,y), ae. t €1, Vo,y € X. (61)

Now, X is separable, having a Schauder basis. Hence, by using Lemma 2.2, (60) implies

for every z,y € X, f(-,z,y) is B-measurable, (62)

and so f(-,z,y) is B-integrable (see F4)).
Now, by using Theorem 4.1, we can prove that the following Cauchy problem
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2(0) = 11 (63)

where F: I x X x X — P(X) is so defined

Ft,z,y) ={ftz,y)} tel, z,y€X, (64)

has one mild solution.
To ensure clarity, we will use the notations F1), F2), F3), F4), and F5), to represent the assumptions of
Theorem 4.1 regarding the multimap F.

First of all we note that, the multimap F clearly satisfies F1) and F2) of Theorem 4.1 (see (64) and (62)).
Moreover F has also property FS) of Theorem 4.1.
Fixed t € I, we consider ((,,Yn))n, (n,¥n) € X x X, and (2p)n, 2n € F(t, 20, yn), sequences such that

(@n,yn) = (2,9) (65)
and
Zn — 2 (66)

where ,y,z € X. We have to show that z € F(t, z,y).
Now, being z, = f(t,zn,yn), n € N (see (64)), from (65) and (59) we have

Zn — f(t,x,y). (67)

Hence, by the uniqueness of the weak limit, (66) and (67) imply that z = f(t,z,y) € F(t,z,y). By the
arbitrariness of the sequences, we conclude that F3) is true.
Next, to establish that F' has the property F4) of Theorem 4.1, let us consider a fixed value ¢t € J \ N*,
where N* is the null measure set referred to (61) and F4). Thanks to hypothesis F4) there exists (¢ )n,
¢n € L1 (I), satisfying (58) and such that (see (61) and (64))

”F(tv EX (O’ TL), EX (Oa n))” - Hf(t7 EX (Oa Tl), EX (Oa 77,)) ”

< ||F(t,Bx(0,n), Bx(0,n))| < ¢n(t), n € N.

Therefore F4) holds.

Finally also F5) of Theorem 4.1 is satisfied. Indeed, put N the null measure set for which (61) and F5)
hold, let us fix ¢t € I\ N. Then, for every bounded set B C X x X, we have (see (64))

F(t,B) = [(t,B) C F(t, B),
which implies the relative weak compactness of F(t, B) (see F5)).

In conclusion, since all the hypotheses of Theorem 4.1 are fulfilled, there exists at least one mild solution
for (63). Clearly, it is also a mild solution for the Cauchy problem (PC),. O

Obviously Theorem 4.3 extends in a broad sense Theorem 3.5 of [36].
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5. Impulsive mild solutions on an unbounded interval

In this section we discuss the existence of mild solutions for the impulsive problem governed by a semi-
linear autonomous second order differential inclusion

2" (t) € Ax(t) + F(t, z(t), ' (1)), ae. t € [0,00)\ {ty: k€ N}

x(0) = g
(PI) § 2/(0) = o
z(th) = x(ty) + In(z(ty), 2 (tr)), k=1,2,...

2 (t) = o' (ty) + Tu(a(ty), ' (t)), k=1,2, ..

where the jump points are an increasing sequence of times (tk);?;o such that tg = 0 and limg_, . tx = 00,
and, for every k € Ny, x(t), 2’(t]) [z(t;), 2'(t; )] denotes respectively lim, .+ x(t) and lim,_,,+ ' (tg)
[hmtﬁt; x(tg), lim,_,, - 2’ (t)], and I, I : X x X — X are the functions producing the impulses.

To introduce the concept of mild solution for the impulsive problem (PI), we consider the following set

Qe = {JZ : [0,00) — X Z|[0,t1] € Cl([O,tl];X), Z|)tw,tura] € Cl(]tk,tk+1];X), k=1,2,..
and there exist x(t]),2'(t{) € X, k=1,2,..}. (68)

In the sequel, for simplicity, we use the symbols
Io = [0,t1], I =Jtw, trsr], b =1,2, ...
and we put
T[] = |1, x{k] = xilk, kE=0,1,2..
Definition 5.1. A function z : [0,00) — X is said to be an impulsive mild solution for the problem (PI) if

r € Qe and

z(t) = C(t)zo + S(t)To + / S(t—s)f(s)ds
0

+ Z [C(t - tk)Ik(x(tkL l'l(tk)) + S(t - tk)fk(x(tk), {L‘l(tk))], t e [0, OO)7 (69)

O<tp<t

where
fe S}D’(lf))';(,m,(,)) ={fe LUOC([O, 00), X): f(t) € F(t,x(t),2'(t)), ae. t €[0,00)}.

Ift=0weput o, [Ct—ti)lk(x(tr), 2’ (t)) + St - ti) Ik (2(te), o' (tk))] = 0

Thanks to the theorems achieved in the previous section without taking impulsive effects into account,
we manage to establish the existence of mild solutions to the impulsive problem (PI). These results are
obtained without requiring either hypotheses of compactness or continuity on the functions that produce
the impulses at the fixed instants on the half-line [0, 00).
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Theorem 5.1. Let X be a Banach space having a Schauder basis, A : D(A) C X — X be a infinitesimal
generator of a strongly continuous cosine family {C(t) }ier, o € E, where the set E is defined in (8), and
ToeX. Let I, : X x X - X, k=0,1,2,..., be an impulse map such that

IM) Ii(e,y) € E for everyece E, y € X

and F :[0,00) x X x X = P(X) be a multimap satisfying F1)-F5) of Theorem /.1 for I = [0,00).
Then the problem (PI) has at least one impulsive mild solution x € Q¢ .

Proof. To obtain the thesis it is suitable to split the proof into three steps.
Stepl. Existence of a mild solution for the non-impulsive Cauchy problem in Iy = [0, ¢1]

2" (t) = Az(t) + F(t,z(t),2'(t)), ae. t € Iy
x(0) = xg (70)
2’ (0) = Zo.

Recalling that zo € F, we are in a position to apply Theorem 4.1 in the desidered interval Iy. So, there
exists at least a mild solution x| € CY(Iy, X) for problem (70) satisfying

t

Z[o) (t) = C(t)xo + S(t)To + /S(t — S)f[o] (s)ds, t €[0,t] (71)
0
and
2oy (£) = AS(H)o + C(1)T0 + / C(t — 8)foy(s) ds, ¢ € [0, 4], (72)
0

where fig € L' (Iy, X) and fio)(t) € F(t, z[ (), @y (8)), ae. t € [0, 4]
Step2. Existence of a mild solution for the non-impulsive Cauchy problem in I = [ty to]

2 (t) = Ax(t) + F(t,z(t),2' (), ae. t € I;
x(tl) = ZL’[O] (tl) -+ .[1 (IE[()] (tl), SUEO] (tl)) (73)
l”(tl) = Ifo] (tl) + fl(x[o] (t1)7$f0] (t1)>.

In order to apply again Theorem 4.1 in the interval I;, we note that all the hypotheses on the multimap F'
are clearly satisfied. Therefore, we have only to prove that x(t1) = @[o)(t1) + I1(z()(t1), 2] (t1)) € E.
Firstly, by (71) we can write

x[o] (tl) = C(tl)xo + S(tl)fo + / S(tl - S)f[O] (S) ds. (74)

0

Clearly S(t1)To € E (see h) of Proposition 3.1). Moreover, we have also C(t1)xg € E. Indeed, since z € E,
we can say that the map (see C1))

CO)C(t1)xo] = S[C(- +t1) + C(- — t1)]xo

DN | =
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is twice continuously differentiable in R, so recalling (8), we deduce that C(¢;)xg € E.

Finally we have to prove that fotl S(t1 — s) fio)(s) ds € E.

For every t € R, taking into account that C(t) is a bounded linear operator and of the properties of the
Bochner integral, we write (see d) of Proposition 3.1)

c®) [ St~ 5)fs)ds = [ CS( - ) fo(s)ds
0 0
1] 1]
== [ S(ti—s+t)fo(s)ds+ = | St — s —t)fo(s) ds. (75)
2 0/ 20/

Let us show that the map g : Iy x Iy — X so defined
g(t,s) = S(t1 — s +1)flg(s), t,s € Io

verifies all the hypotheses of Proposition 2.4.

First of all we note that, for every ¢t € Iy, g(¢,-) is B-measurable. This is a consequence of [26], Theorem
1.3.5, since we can consider g(t,-) = p(, flo(-)), where p : Iy x X — X, p(s,z) = S(t1 — s +t)x. Then,
taking into account ¢) of Proposition 3.1, boundedness and linearity of the operators S(¢; +t — s), s € I,
and B-measurability of the function fig), we can conclude that g satisfies i) of Proposition 2.4.

On the other hand, for a.e. s € Iy, the map g(-,s) = S(t1 — s + ) fig1(s) € C*(Io; X) (see (12)), i.e. ii) of
Proposition 2.4 is true.

Finally, iii) of Proposition 2.4 is satisfied, indeed we can write (see (11) and (13))

latt )l + | gpote.0)] < EP U + LUl = ols)

where ¢ € L (I).

Therefore, Proposition 2.4 implies that the map ¢ fot " S(ty — s+1) fio)(s) ds is continuously differentiable
in Iy.

Analogously the map ¢ — fotl S(t1 — s — 1) fio)(s) ds is continuously differentiable in Iy too.

Hence, from (75) we have C(-) fgl S(t1 — s) fio)(s) ds € C' (Ip; X).

Thus fotl S(t1 — s) fio](s) ds € E (see (8)).

Then, taking into account that E is a linear subspace of X, we obtain that

t1

Z[o] (t1) = C(t1)zo + S(t1)To + / Sty — S)f[o] (s)ds € E.
0

Now IM) implies that Iy (zo (tl),x'[o] (t1)) € E, so xjg)(t1) + I1 ([ (tl),xfo] (t1)) € E.
Reasoning as in Stepl., there exists a mild solution of (73) x1) € C* (11, X) defined as

zpy(t) = Ot — t1) [z (t1) + (@) (t1), 2oy (11))]

+ S(t — t1) [y (£1) + L1 (w0) (1), 2]y (11))] + / St —s)f(s)ds, t € [t1, L], (76)

where fj] € LY(I;,X) and Ty (t) € F(t, zp (t),x'm (1)), a.e. t € I.
Moreover, we note that (see (72))
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&gy (tr) = AS(t1)zo + C(t1)To + / C(ty — 5) fio)(s) ds. (77)
0

Now, taking into account (74) and (77), from (76) we can write

zy(t) = C(t — t1)[C(t1)zo + S(t1)To + / S(tr — s) foy(s) ds + I1 (z () (tr), 2] (t1))]

+ S(t — tl)[AS(t1)$0 + C(tl)fo + /O(tl — S)f[o](s) ds + I~1 (CC[O] (tl), xfo] (tl))} + / S(t — S)f[l](s) ds
0 t1

=[C({t—t1)C(t1) + St —t1)AS(t1)]xo + [C(t — t1)S(t1) + S(t — t1)C(t1)]To

/ St — ) fo(s) ds] +S(t—t)

0

+C(t—t)

/ Cltr — 5) oy (s) ds

+ / S(t — 5) fuy(s) ds + C(t — t2) L1 (w() (t1), @]y (t1))] + S (¢ — t1) [ (o) (12), gy (£2))]-

Now, recalling that S(t;)xg € D(A) (see i) of Proposition 3.1 and zg € E), by using C1) and a), j), g), k),
e) of Proposition 3.1 we have

z(t) = %[C(f) + C(t — 2t1)]wo + [AS(t — t1)S(t1)]zo + [S(t1)C(t — t1) + S(t — t1)C(t1)]T0o

+ /[C(t —t1)S(t1 —8) + S(t — t1)C(t1 — 5)] fio(s) ds + /S(t —5)fuy(s)ds

0 ty1

+C(t = t) [ (o) (1), 2oy (11))] + S(t = t1)[11 (w0 (1), @]y (11))]

_ %[C(t) + Ot — 2120 + %[O(t)xo — Ot - 2]z

+ S(t)To + /S(t - S)f[o] (s)ds+ / S(t— S)f[l] (s)ds
0 t1

+CO(t = t) [ (o) (1), o) (t2))] + St — t1) 1 (g (1), 2oy (£1))]-

Then, denoting by fij,¢, : [0,t2] = X the map so defined

fion(®), t €[0,t]
t) =
i10,21(2) {f[l] (t), t € (t1,12]

we are in a position to introduce an impulsive mild solution z on the interval [0, ¢2] as

Z|[0,4,] (1) = w0, £e 00
- zp)(t), t € (t1,ta).

Step3. Existence of a mild solution for the impulsive Cauchy problem (PI).
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Recalling that Iy = [0, t1] and Iy, =]tk, trt1], kK = 1,2, ..., proceeding iteratively in Iy, k > 2, we can construct
the functions z : [0,00) — X and f : [0,00) — X so defined

x(t) = z)(t)x,, (t) + Zw , t€1[0,00)

and

f@) = fio(®)x,, (t +Zf[k )Xs, (£), t € [0, 00),

where X, Is the characteristic function for the interval Iy, k € Ny.
By the construction we have that f € S},éo‘;( 3.ar(y) and z satisfies equation (69).
Therefore x : [0,00) — X is a mild solution for the impulsive Cauchy problem (PI). O

Reasoning as in the proof of Theorem 5.1, but using Theorem 4.3 instead of Theorem 4.1, we also have the
following result

Theorem 5.2. Let X be a Banach space having a Schauder basis, A : D(A) C X — X be a infinitesimal
generator of a strongly continuous cosine family {C(t) }ier, xo € E, where the set E is defined in (8), and
To€X. Let I, : X x X — X, k=0,1,2,..., be an impulse map such that

IM) Ii(e,y) € E for everyee E, y € X

and F : I x X x X — P(X) be a multimap satisfying F4), F5), (M) of Theorem 4.5 on I = [0,00), and
having the following property

(1-SD)1oc for every k € No and every e > 0 there exists a compact set K.y, C Iy such that p(Iy \ Ko ) < €
and Fii_, xxxx s weakly lower semicontinuous.

Then the impulsive problem (PI) has at least one impulsive mild solution x € Qe .

Remark 5.3. Let us note that in the theorems presented above the continuity property on the impulsive
functions is omitted, unlike [6], [8], [23], and [36] where this assumption is required.

6. On a generalization of the telegraph equation with impulses
6.1. Existence of admissible trajectory-control pairs

In this section we study the existence of admissible trajectory-control pairs for the following impulsive
problem



T. Cardinali, G. Duricchi / J. Math. Anal. Appl. 553 (2026) 12982/ 29

wii(t.€) = 202 1%]'(5)55 96 (t, &) + > bi(€) Z(tg) +c(Owl(t, €)
+d(t,€) f ([o K (& s)wi(t, s)ds) +v(t,€), t € [0,00) \ {tr}tren, a.e. £ €Q

w(0,&) = wp(§), ae &€ Q

wi(0,8) = wo(§), ae. £€Q

w(t,&) =0, t €[0,00), a.e. & € IN

w(tf, €) = w(ty, &) + prw(ty, €), k€N, ae £ €Q

Wit €) = wi(tr, €) + gr(w(ty, €)) + hi(w)(ty, €)), k € N, ae. £ € Q

v(t, &) € V(t), t €[0,00), a.e. £ €9,

(CP-V)

where the jump points are an increasing sequence of time (tx)52, such that to = 0 and limy_,o tx = o0,
Q C R" is a bounded domain with smooth boundary 99, a;; : @ — R, b;,c: Q@ = R, 4,5 € {1,...,n},
d:[0,0)xQ =R, fRoR, K:QxQ >R, V:[0,00) > PR), pr €R, gk, b : R = R are bounded
and continuous ke N, wyg € WhP(Q)NCo (), and wy € LP(Q), 1 < p < 0o, being WHP(Q) = {u € LP(Q) :
there exists 2% ¢ € LP(Q)} and Co(Q) = {u € C(Q) : supp u is compact}.

Let us start by rewriting problem (CP-V) in the abstract form (PI), defining in an appropriate way the
Banach space X, the set E presented in (8), the operator A, and the multivalued term F'.

First of all we put X = LP(£2). Further we consider the operator A : D(A) = W2P(Q) N W, P(Q) — LP(Q)
defined, for every u € D(A), as follows

=2 o ) paa(€)+ S h(€) g ©) (), ae. €< -

where the functions a;; :  — R and b;, ¢ : Q — R satisfy the following assumptions

al) a;; € C(Q), bi,c € L®(Q), a;;(€) = aji(€), for every £ € Qand i,j =1,...,n
a2) there exists H > 0 such that .7
Eeq.

i =1 @ig(§)zizi > H|z||&., for every z = (z1,...,2,) € R™ and a.e.

From al) and a2) we have that the operator A is symmetric strongly elliptic (see [37], p. 214), it generates
a cosine family {C(t)};er (see [36] and, if p = 2, [17], Section IV.8), and the set presented in (8) is
E=wWh(Q)NCy(Q).

Moreover we assume the following hypotheses on the functions K : @ x Q@ — R, d : [0,00) X Q@ — R,
f:R = R, and on the multimap V : [0,00) — P(R)

k) K(-,s) is continuous, for a.e. s € Q, K(£,-) is measurable for every ¢ € ), and there exists K > 0:
|K(¢,8)] < K, for every £ € Q, a.e. s € ()

f1) feCR);
£2) there exists 3 : [0,00) — [0, 00) not decreasing with

lim @

t—oo

=0
and

lF@)] < B(It]), t € R;
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dl) d:[0,00) x Q — R is measurable;

d2) there exist « : [0,00) — [0,00) L-integrable and v € L% () such that [d(¢,€)| < a(t)y(£), t € [0,00),
a.e. £ €

V1) V(t) is closed and convex, for every t € [0, 00);

V2) for every y € LP(2), the function ¢ — inf.cy ) (g {y( - % b df)% is (M([0,00)), B(R))-measurable;

V3) there exists o € L! ([0,00)) such that ||V (¢)|| < o(t), a.e. ¢ E [0, 00).

We want to prove the existence of an admissible mild pair {w, v} for problem (CP-V), where w,v : [0, 00) x
Q — R are such that w(t,-),v(t,:) € LP(Q), t € [0,00). Let us note that, since we want to establish the
existence of a mild solution, it is not necessary to have w(t,-) € D(A) = W2P(Q) N W, *(Q). To rewrite
problem (CP-V) in the abstract form we reinterpret the maps w, v as two functions w : [0,00) — LP(€2) and
0 :]0,00) = LP(Q) respectively so defined

w(t) (&) = w(t,§), ae. £€Q (79)
o(t)(§) = v(t,§), ae. £€Q,

for every ¢ € [0, 00).
Moreover, we define the multimap V : [0, 00) — P(LP(Q)) as

V(t)= |J {u:Q=>R: )= g ae. £€Q}, tel0,00). (80)
zeV(t)

Clearly V is well posed, since V(t) C LP(Q), t € [0,00). Thanks to V1) we obtain that V(t) is convex and
closed for every t € [0, 00).

Additionally, from V2) and from the separability of the space LP(f2), Proposition 4.2.4 of [16] allows us to
conclude that V is a measurable multimap.

Now we consider the multimap F' : [0,00) x LP(2) x LP(Q)) — P(LP(Q)) defined as

F(t,y,2)(§) =  d(t,€) f /K(&S)Z(S) ds | o +V(1)(E), ae £€Q (81)
Q

for every ¢ € [0,00), y,z € LP(Q).

Let us note that F' is well defined. First of all, fixed ¢t € [0,00), y, z € LP(Q), for every £ € Q, K(&,-)z(:) €
LY(Q) (see k), the boundedness of €2, and z € LP(Q)) Moreover7 since V (t) C LP(R), to say that F(t,y,z) €
LP(Q) it is sufficient to prove that d(t,-) f ([, K (s)ds) € LP(Q). Taking into account d2), £2), and k),
the Holder inequality implies for a.e. f € Q (see d2))

4t9f | [ K€ s):90ds || <ar©8 (K [1a6)la-ds | <ar©)s (Ru@)'F)l,) . 62

Now by Proposition 2.3 we have the continuity on Q of the map £ — fQ ) (s)ds (see k)), hence by
f1) and d1) we deduce the measurability of the function & — d(¢, &) f ( fQ $)z(s) ds). Therefore, from
(82) we conclude that F(t,y,z) € P(LP(Q)).

Finally, for k € N, we introduce the maps gy, hi : LP(Q) — LP(€2) respectively so defined

ar(y)(€) = gr(y(§)), hr(y)(€) = he(y(§)), ae. £ €, (83)
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for every y € LP(Q).

Now, recalling (78), (79), (80), and (81) problem (CP-V) can be rewritten in the abstract form

w(ty) = w(te) + prd(te), k €N
@' (tF) = @' (tg) + Gr(0(te)) + he (@' (), k € N.

Our goal is to prove that all the assumptions of Theorem 5.1 are satisfied.

First of all we note that X = LP(2), 1 < p < oo has a Schauder basis (see [10], p. 146), wg € F =
WLP(Q) N Co(Q) and wy € X. Moreover the operator A generates a strongly continuous cosine family
{C(t)}+er (see [17], Section IV.8).

Now, let us show that hypotheses F1)-F5) hold.

Obviously, since V has convex values, F1) of Theorem 5.1 is satisfied.

Next we prove that, fixed (y,z) € LP(Q) x LP(Q), F(-,y,2) has a B-measurable selection. At first, the
multimap V has a B-measurable selection. Indeed V is measurable and assumes closed values in the Polish
space LP(Q), hence there exists u : [0, 00) — LP(Q) (M([0,00)), B(LP(2)))-measurable such that u(t) € V (t)
for a.e. t € [0,00) (see Theorem 2.6). Then, thanks to the separability of LP(2), we have the B-measurability
of the selection u. So hy,.y : [0,00) = LP(£2) defined as

By () = d(t, ) f / K(8)2(s)ds | +u(®)
Q

is a sum of two B-measurable maps and h, .\ (t) € F'(t,y, z) for a.e. t € [0, 00). Therefore F2) of Theorem 5.1
holds.

Now, to achieve that F3) of Theorem 5.1 is satisfied, we fix ¢ € [0, 00) and the sequences (Yn)n, (2n)n, (hn)n
in LP(Q) such that y, — y, 2n — 2, hyy — h, y,z,h € LP(Q), with h,, € F(t,Yn,2n), n € N. We want to
prove that h € F(t,y, z). From (81), for every n € N, there exists u,, € V(t) such that

ho = d(t,)f /K(~,s)zn(s)ds e (84)

Now, we prove that the weak convergence of (z,,), to z implies that

fl [ K| 1| [KEss ). cen (55)
Q Q
To this aim, we fix £ € Q and we note that the linear operator l¢ : LP(€2) — R so defined
le(w) = [ K(€s)uls) ds, we L(®)
Q

is also bounded (see k)). So, being l¢ € (LP(2))’, we have l¢(z,) — l¢(z). Then the continuity of f (see f1))
implies (85). So we have
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dit,§)f | | K(&s)zn(s)ds | = d(t,E)f | [ K(&,5)z(s)ds |, § €L
/ /

Next, from the weak convergence of the sequence (z,),, there exists L > 0 such that | z,||, < L, for every
n € N. Hence, recalling (82), the following inequality holds

a(t.6)f / K(€8)2n(s) ds | | < a(ty(€)BELu(Q) ), ae. £€Q, neN,

with a(t)fy(~)6(FL,u(Q)177) € LP(Q) (see d2)).
Hence, by the Dominate Convergence Theorem (see [11], Proposition 3.36) we deduce

/K(,s)zn(s) ds | —d(t,-)f /K(,s)z(s) in LP(Q). (86)
Q Q

Now, from (86) and recalling that h,, — h, the sequence (u,), satisfies (see (84))
n—h—d(t /K =u € LP(Q).

Finally, since U, belongs to the weakly closed set V(t), n € N, we deduce that u € V(t). Therefore
h(-) ) (fo K (s)ds) +u(-) € F(t,y,z). Then F3) is true.

Next we prove that the multlmap F satisfies also F4).

First of all, put ¢t € [0,00) \ N*, where N* is the null measure set for which V3) holds, n E N Y,z €
Bry(o)(0,n), we fix h € F(t,y, z). Then, there exists u € V(t) such that h(-) W (o K (s)ds) +
u(-). Denoting w € V (t) such that u(§) = &, a.e. £ € Q (see (80)), we can write (see (82), f2) and V3))

bl < |ldct, ) £ / K(s)z(s)ds | || + Jully
Q

p

1 1
p P P

= Q/d(t,g)f Q/K(g,s)z(s)ds a | + Q/‘g‘ dg§

< | [ [atr©s (Ru@=+a1,)] dg |+ S

Q

< a8 (K@) #n) Il + A2 () = u)

where ¢, : [0,00) — R is an L) -map (see d2)).
By the arbitrariness of h € F(¢,y,2) and y, z € EL;D(Q)(O7 n), we deduce

IF'(t, Bro()(0,n), Bro()(0,m)]| < ¢@n(t), t € [0,00).

Moreover, from f2) we also have
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ol 8 (Ku(@)' =5 n) Il lal + o(t)u(©)?
lim inf —/—— = lim inf

n—o00 n n— 00 n

=0.

Therefore F4) holds.

Clearly, taking into account the reflexivity of LP(2) and of the property F4), recalling Remark 4.2 we can
conclude that F5) is satisfied too.

Finally, for every k € N, we define Iy, I, : LP(Q) x LP(Q) — LP(Q) respectively as

In(y, 2) = pry, Te(y,2) = gr(y) + he(2).

Let us note that, for every k € N and (y, z) € LP(Q) x LP(Q), I;(y, z) € LP(f) since, by using the continuity
of gi, and hy, the map i, (y)+hx(2) is measurable and, being g and hy, bounded, ||Gx () +hy(2) 15 < Crp(S2),
where Cj, = sup,cg |gx(t) + hi(t)| < oo (see (83)). On the other hand, it is obvious that I(y,z) € E =
WP (Q) N Co(), for every y € E, z € LP(£2), so IM) of Theorem 5.1 is satisfied.

Taking into account the arguments above presented, we are in a position to apply Theorem 5.1 and so there
exists at least one impulsive mild solution @ : [0,00) — LP(Q), @ in Q¢ (see (68)), such that

t

w(t) = C(t)wo + S(t)wo + / S(t—s)g(s)ds
0

+ > (O = ti)I(@(t), @ (8)) + S(t = 1) T (0 (t), @' (1)), ¢ € [0, 00), (87)

0<trp<t

where § € 5 loc w().a()) = 19 € LY1ec([0,00), LP()) = g(t) € F(t,w(t),d'(t)), a.e. t € [0,00)}.
In partlcular from (87), we have (see C1) and (9))

w(0) = C(0)wo + S(0)wy = wo (88)
and there exists @' (0) (see (68)) such that (see i) of Proposition 3.1, (9), (13), and C2))
V) d d _ o
#'(0) = 2 Ct)wo li=o + 2 S(8)Wo |1=o= AS(0)wo + C(0)Wo = Wo (89)

being wy € E.
Now we define the B-measurable map uy : [0,00) — L?(Q2) as follows

ua () = §(0) ~ e, )f | [ K(os) foe)(s)ds | e € [0.00) (90)

and we show that uy(t) € V(t), a.e. t € [0, 00).
To this aim let us fix ¢t € [0,00) \ N, where N is the null measure set such that §(t) € F(¢,w(¢t), ' (t)).
Then, from (81), there exists u; € V() so characterized

9()() /K di (t)(s)ds | +us(-).

On the other hand, from (90) we have



34 T. Cardinali, G. Duricchi / J. Math. Anal. Appl. 553 (2026) 129824

JO0) = d(t,)f ( [xes dtuxs)ds) (), ¢ € [0,00),
Q

Therefore uy(t) = us for a.e. t € [0,00). Hence uy(t) € V(t), a.e. t € [0,00). Then by (80) we have that
ug(t)(€)e! € V(t), ae. t €[0,00), a.e. £ € Q. (91)
At this point, we can consider the functions w and v defined respectively

w(t, €) = w(t)(€), v(t, &) = ua(t)(§)e', t € [0,00), ae. £ € (92)
From (91) we have
v(t,€) € V(1), ae. t €[0,00), ae. & €. (93)
Moreover, let us note that
v(-,€) is B-measurable, a.e. £ € Q. (94)

Indeed, from the B-measurability of u; there exists a sequence of simple functions (s,), converging to wu,
in [0,00). So, w.l.o.g. $,(t)(§) = uw(t)(€), a.e. £ € Q. Then, for a.e. £ € Q the sequence of simple functions
(s ()(&))n converges to uy(-)(€) in [0, 00). Therefore (94) holds (see (92)).

Hence taking into account (87) we can conclude that {w,v} is an admissible pair for (CP-V).

What has been proven leads the following existence result (see (87), (88), (89), (94), and (93)).

Theorem 6.1. In the framework above described, there exists an admissible trajectory-control pair {w,v} for
(CP-V), i.e. there exist w,v : [0,00) X Q@ — R having the following properties

(wl) for every t € [0,00), w(t,-) € LP(Q);

(w2) for every t € [0,00), there exists wi(t,-) € LP(2);
(w3) for a.e. £ € Q, w(0,&) = wo(§);

(wd) for a.e. £ € Q, %—15(0,5) =wo(&);

(v1) for everyt € [0,00), v(t,-) € LP(§2);

(v2) for a.e. £ €Q, v(-, &) is B-measurable;

(v3) for a.e. t € [0,00), a.e. £ € Q, v(t,§) € V(t),

and satisfying the equality

w(t, &) = [C(t)wo + S(t)wo](§) + [/ St — s)g(s,-) ds] (©)

0

+ > O = to)lprw(tr, )] + S = ti)lgi (w(t, -)) + ha(w) (tr, ) HE),

0<trp<t

t€[0,00), a.e. £ €Q,

where g : [0,00) X & —= R is so defined

g(t,&) =d(t, &) f (/K(ﬁ,s)wg(t,s) ds) +o(t, &), t€]0,00)\ {tr: k€ N}, ae. £€Q.
Q
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6.2. Instant-controllability relatively to a suitable functional

Now we are in a position to study the instant-controllability, introduced in the sequel in Definitions 6.1-6.2,
for the impulsive problem (CP-W) relatively to a functional I : LP(Q2) x L?(2) — R and to a control-
multimap W : [0,00) — P(R) satisfying the following assumptions

(W1) W (t) is closed, for every t € [0, 00);
(W2) W is measurable;
(W3) there exists o € L1 ([0,00)) such that ||[W(t)|| < o(t), a.e. t € [0,00).

In our opinion the study of this type of controllability can be helpful to monitor the impulses. For example,
when the model describes the telegraph behaviour, the instant-controllability can be useful to achieve a
minimization of the signal distortion or the maximization of the distance reached by the signal, depending
on the meaning given to the functional 1.

First of all let us note that, for every (M([0,0)), B(R))-measurable selection 7 : [0,00) — R of W, which
there exists by virtue of Theorem 2.6, we can consider V5 : [0,00) — P(R) defined as

Va(t) = {0(t)}, t € [0,00).

Clearly V4 has the property V1) and V3) (see (W3)). On the other hand, for every y € LP(Q2), the map

z

tosinfevin | [ | - 2 (95)
Q

Tae| = Hy(-) o

is (M([0,00)), B(R))-measurable. Indeed p, : [0,00) = LP(Q), p,(t) = y(-) — i(f), is L-measurable, being
T a L-measurable map (see [16], Corollary 3.10.5). So there exists a sequence (s, ), of simple functions,
sp 1 [0,00) = LP(Q), such that s, (t) — py(t), a.e. t € [0,00). Then, taking into account the continuity of

the norm || - ||, we deduce

180 (O)llp = [lpy (B)[lp a-e. t € [0, 00),

where, for every n € N, ¢t — ||s,,(t)]|,, is a simple function. Therefore the map defined in (95) is £L-measurable
too. Since the space LP() is separable we obtain the desired (M([0, 00)), B(R))-measurability of (95) (see
[16], Corollary 3.10.5).

Now, if the maps a;; Q=R b Q=R K:QxQ =R, d:[0,00)xQ— R,and f: R — R satisfy the
same assumptions presented in the previous subsection 6.1, from Theorem 6.1 there exists an admissible
trajectory-control pair {ws, vz} for (CP — Vy), having the properties (wl)-(v3).

Next, for every t € [0,00), we define the set

Uy = {(wy(t, ), v5(t, ) = T is (M([0,00)), B(R))-measurable selection of W}, (96)

where {wy, v5} is an admissible trajectory-control pair for (CP — V).
From the previous arguments we can claim that the set I, is a nonempty subset of LP(Q2) x LP ().
Hence we are in a position to introduce the definitions

Definition 6.1. The impulsive problem (CP-W) is said to be instantly controllable from below by I, if for
any t € [0, 00), there exists an admissible trajectory-control pair {w*, v*} such that

’l&f I(w(t, ), v(t, ")) = I(w"(t,-),v*(t ).

(w(t,"),v(t,))EU:
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Definition 6.2. The impulsive problem (CP-W) is said to be instantly controllable from above by I if, for
any t € [0,00), there exists an admissible trajectory-control pair {w*,v*} such that

sup ](w(t7')av(t7')) = I(w*(ta')av*(ta'))-
(w(t7')1v(t7'))eut

Let us note that the instant-controllability by I for (CP-W) is well posed.
Now, we assume on the functional I : LP(Q2) x LP(Q)) — R the following properties
i) for every ¢ € [0, 00), [ lu, is coercive and lower semicontinuous,
where U, is a topological space endowed with the induced topology of LP(Q)) x LP(£2).

Next, fixed ¢ € [0,00), thanks to Theorem 1.3.19 of [16], applied to Iy, we obtain that there exists an
admissible trajectory-control pair {w*, v*} such that

inf
(w(t,),v(t,))EU
So (CP-W) is instantly controllable from below by I.
Clearly, if the functional —I satisfies i), we have that (CP-W) is instantly controllable from above by I.

Remark 6.2. Let us note that if F is a family of (M([0,00)), B(R))-measurable functions then we can
consider the problem (CP — F), where is present the condition

veF,

instead of v(t,£) € W(t) a.e. t € [0,00), a.e. £ € Q. In this case with the same arguments we can achieve
the instant-controllability for the problem (CP — F) relatively to I.

7. Conclusions

The novelty of our paper is the study of instant-controllability for a multidimensional differential equation,
on an unbounded interval, subjected to a damping term and impulses. Since the study of controllability
has a great relevance in the applied sciences and it is important taking into account the damping term to
describe many models, such as the “spillover” model, we expect that our research may stimulate further
investigations.
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