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ABSTRACT

We introduce consistent estimators for the number of shocks driving large-dimensional dynamic factor
models. Our estimator can be applied to single frequencies and specific frequency bands, making it suitable
for disentangling shocks affecting dynamic models with a factor model representation. Noticeably, our
estimator requires the time-series and cross-section sizes to diverge simultaneously without any constraint
and it is free of nuisance parameters, such as penalization terms. Our methodology appears ideal for
macroeconomic analysis, as one can investigate how many shocks drive the business cycle or the long run,
although the applicability of our methods is much wider, given the popularity of GDFMs in economics and
finance. Its small-sample performance in simulations is excellent. We apply our estimator to the FRED-QD
dataset, finding that the U.S. macroeconomy is driven by two shocks: an inflationary demand shock and a
deflationary supply shock. Our methodology permits one to accurately estimate the number of shocks that
drive medium-sized DSGE models despite their moderate cross-sectional size. Supplementary materials for
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1. Introduction

Real Business Cycle (RBC) models postulate the existence
of a single supply shock that drives variables related to real
economic activity (Kydland and Prescott 1982). In contrast,
modern Dynamic Stochastic General Equilibrium (DSGE)
models feature several shocks (Smets and Wouters 2007).
The task of choosing between these rival models raises two
fundamental empirical questions: How many shocks are there
in the economy overall? And, even more importantly, how many
shocks drive the business cycle, and how many, instead, do so
over the long run? Addressing these questions sheds light on
which approach to macroeconomic modeling appears more
appropriate.

Inspired by this empirical challenge, this article advances
a methodological contribution proposing novel consistent
estimators for the number of common shocks in the vein of
Ahn and Horenstein (2013), within the realm of the Generalized
Dynamic Factor Model (GDFM): the Dynamic Difference Ratio
estimator (DDR), the Dynamic Eigenvalue Ratio estimator
(DER), and the Dynamic Growth Rate estimator (DGR).

Static versus Dynamic Factors. To better introduce and motivate
our work, let us recall briefly the main features of the static and
the dynamic factor models to which we refer. In the static factor
model the variables x;, i = 1,. .. n, follow the relation

.
Xit = Qit + €ir = Z AixFj + €ir,
j=1

where the “idiosyncratic component” €;; is orthogonal to the r
latent “static factors” Fj; and therefore to the “common compo-
nent” ¢;.! In this model the r largest eigenvalues of the variance
covariance matrix of the first n observables (xi¢, -« ,Xu) g0
to infinity as n gets larger, whereas the other eigenvalues are
bounded.? Hence, the ratio of the rth eigenvalue to the r + 1th
eigenvalue goes to infinity. Two prominent estimators for the
number of static factors r, the Eigenvalue Ratio (ER) and the
Growth Ratio (GR) estimators of Ahn and Horenstein (2013)
(AH henceforth) are based on this property. The advantage of
such estimators over alternative ones is that they perform well
in small samples and, being free of nuisance parameters, do not
require discretionary choices on the researcher’s part.

In the dynamic factor model, the variables follow the relation

q
Xit = it + e = Y hik(L)fer + eir
k=1

where L is the lag operator, the “dynamic factors” f; are serially
and mutually uncorrelated and e;; is orthogonal to the g dynamic
factors, and therefore to the common components x;;, at all leads
and lags.?
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The dynamic factor model may have a static representation.*
In particular, Stock and Watson (2005), Bai and Ng (2007),
Amengual and Watson (2007) and Forni et al. (2009) assume
a static factor model where the factors Fj; follow a VAR whose
residuals are the dynamic factors f, that is B(L)F; = f;. In this
case we have both a static and a dynamic factor representation,
where ¢y = xit and €; = ej. Hence, we have Z;:l AixFjr =
AQB(L)_lj} = ZZ=1 Aik(L)fxe. It is easily seen that the rank
of the covariance matrix of the common components xj,i =
1,...,n,is r, whereas the rank of the spectral density matrix of
the same common components (which is equal to the rank of
the covariance matrix of the VAR residuals f;) is g < r.

The dynamic model is well suited to represent macroeco-
nomic variables: the dynamic factors can be interpreted as the
structural shocks; the dynamic loadings A;x(L) are the impulse-
response functions and e;; is either a measurement error or
a sectoral component. Hence, if we want to find how many
structural shocks drive the macroeconomy we have to estimate
the number of dynamic factors q.

Our Estimators of q. AH observes that “it might be interesting to
investigate whether the ER and GR methods can be generalized
to estimation of the number of dynamic factors” (p.210). Our
estimators DER and DGR are precisely the dynamic analogues of
ER and GR, respectively, based on the eigenvalues of the spectral
density matrix, rather than the variance-covariance matrix, of
the observable x’s.

In addition, we introduce a third criterion, DDR, which is
defined as the ratio of two consecutive eigenvalue differences.’
DDR is close in spirit to DER and DGR, whereby all these esti-
mators are designed to exploit the different asymptotic behavior
of the g largest eigenvalues from that of the following ones and
are free of nuisance parameters. The analytical relationship link-
ing DDR to DER and DGR is discussed in the online supplement
(Section S.1.6). DDR is our preferred estimator, because of its
excellent small sample performances in our simulation exercises.

All our estimators can be applied to single frequencies and
specific frequency bands of interest. This appears ideal for
macroeconomic analysis, as one can investigate how many
shocks drive the business cycle or the long run. However, the
applicability of our methods is much wider, given the popularity
of GDFMs in economics and finance (see, e.g., Giannone and
Matheson 2007; Altissimo et al. 2010; Hallin and Ligka 2011;
Luciani 2014; Barigozzi and Hallin 2017, 2020).

Related Literature. This article belongs to the literature on
methods for estimating the number of latent factors, initiated
by Bai and Ng (2002) for the static setting and Hallin and Liska

4The relation between the static and the dynamic factor models is studied
in detail in Gersing, Rust, and Deistler (2023). Large factor models, either
in their static or dynamic representation, have been applied successfully
to analyzing big macroeconomic and financial panels. Early theoretical
contributions not cited above are Forni and Reichlin (1998), Forni et al.
(2005), and Bai and Ng (2007). A partial list of early applications include
forecasting in Stock and Watson (2002), and Boivin and Ng (2006), structural
macroeconomic analysis in Bernanke and Boivin (2003), and Forni et al.
(2009), as well as nowcasting and business cycle indicators in Forni and
Lippi (2001), and the analysis of financial markets in Ludvigson and Ng
(2009).

SDDRis closely related to the test statistic of Onatski (2009), although its use
in our context is different.

(2007) (hereafter HL) for the dynamic setting. In a sense, HL
adapt the methodology of Bai and Ng (2002) to the GDEFM, just
like we adapt AH to the GDFM.

Bai and Ng (2007) and Amengual and Watson (2007) propose
methods to determine the number of dynamic factors which are
based on time domain techniques. Such methods rely on the
existence of a static factor representation and require prelimi-
nary estimation of the number of static factors r. Working in the
frequency domain is more general, in that the existence of a static
representation is not needed; moreover, it enables us to apply our
estimator to the full (—x, 7] band, to single frequencies and to
frequency bands of interest.

On the other hand, HL and Onatski (2009) (hereafter O)
are the main procedures to determine the number of factors
in a dynamic factor model without assuming the static repre-
sentation; whereas HL assume that », T diverge simultaneously
without any constraint, O’s test requires that T diverges faster
than n.° Being able to relax this condition is relevant as in
most macroeconomic and financial dataset T and # have similar
sizes. Just like AH, we do not need to show the convergence of
the smoothed periodogram to the population spectral density
matrix and, like them, require the condition n/T — ¢ for a
positive bounded constant ¢ (see our key results in Lemmas
S.3-8.5 of the online supplement). A basic advantage of our
estimators over both HL and O is that, being essentially free of
nuisance parameters, just like AH, they do not require discre-
tionary choices which might influence the results.

Regarding the empirical results, our article is related to a
scant literature concerning the number of shocks driving the
macroeconomy. Our finding of two main shocks is in line with
Sargent and Sims (1977), Giannone, Reichlin, and Sala (2005),
Onatski (2009), Granese (2024), and Forni et al. (2025). Bai
and Ng (2007) and HL, using their proposed criteria for the
number of dynamic factors, find four shocks. Our article is also
related to a wide array of literature about the role of demand
and supply shocks. A few prominent papers are Kydland and
Prescott (1982), Blanchard and Quah (1989), King et al. (1991),
Gali (1999), Beaudry and Portier (2006), Bloom (2009), and
Angeletos, Collard, and Dellas (2020). Given the strong analo-
gies between GDFM and DSGE models, our paper contributes
to the vast DSGE literature (see Smets and Wouters 2007; Jus-
tiniano, Primiceri, and Tambalotti 2010; Angeletos, Collard,
and Dellas 2018; Onatski and Ruge-Murcia 2013, among many
others), providing a sound way to estimate the number of shocks
driving DSGE models, thereby providing a taxonomy in terms of
their effect per frequency band.

Finite-Sample Performance. ~We evaluate the finite-sample per-
formance of DDR, DER, and DGR, and compare it with three
existing criteria, namely the ones proposed by HL, O, and AH,
using Monte Carlo simulations. Particularly, we run five experi-
ments. For the first three, we evaluate our estimators, along with
the competing estimators, on the whole interval [0, 7 ]. We find
that DDR performs better than, or comparably with, DER, DGR,
HL, and O for all experiments. The comparison with ER and GR
allows us to study the behavior of the static factors estimator in

60 assumes thatn/m — ¢ € (0, 00) and m = o(T), where m is the bandwidth
used to compute the smoothed periodogram.



our dynamic framework, making the use of dynamic estimators
more compelling in a dynamic environment. In experiment four,
the spectral density matrix of the common components has
reduced rank g — 1 at frequency zero. The economic interpreta-
tion is that when one considers only real activity variables and
there is a shock, such as a demand or monetary policy shock, the
latter has only transitory effects on all variables, inducing a rank
reduction in the spectral density matrix of the x’s.” We show that
DDR can detect such rank reduction.

We perform a further Monte Carlo exercise, tailored to assess
the ability of our criteria to disentangle the number of struc-
tural shocks in medium-scale DSGE models, given the strong
analogies between the GDFM and the reduced form of DSGE
models, as they can both be represented as singular Vector
Autoregressive models (VARs) of finite order. We show how the
DDR criterion is extremely reliable in correctly identifying the
number of structural shocks driving two popular DSGE models
(see Justiniano, Primiceri, and Tambalotti (2010) and Angeletos,
Collard, and Dellas (2018)), even if this number is relatively
large. DDR performs better than ER and GR for the case of the
DSGE model of Onatski and Ruge-Murcia (2013), although it
is not always accurate due to the small degree of heterogeneity
in the loadings to the common shocks. We conjecture that our
methodology applies to any DSGE model that admits a singular
VAR representation (around steady-state).

Empirical Application. Our analysis is based on a quarterly U.S.
macroeconomic dataset: FRED-QD (McCracken and Ng 2020).
DDR provides a clear-cut result: two dominant shocks drive the
U.S. macroeconomy. This result holds both on specific frequency
bands and the entire [0, 7] interval. Moreover, it holds both for
the whole sample period and at several sub-periods. We find
that two common shocks are sufficient to capture the bulk of
the variance of the main macroeconomic aggregates, both at
cyclical frequencies and in the long term. Full estimation of
the model is not necessary to obtain the decomposition of the
spectral density produced by the dynamic eigenvalues and the
corresponding eigenvectors. This decomposition corresponds
to one of the many possible identification schemes, namely
the one in which the first shock maximizes the sum of the
explained variances of all variables in the panel (Brillinger 1981).
It turns out that this identification, although based on a statistical
criterion, produces shocks that are economically interpretable.
The first shock explains almost nothing of the long-run vari-
ance of GDP, consumption, investment, unemployment rate,
and hours worked. Furthermore, it induces a positive covariance
between GDP growth and inflation changes. Therefore, it has the
salient features of a demand shock. This demand shock explains
most of the cyclical fluctuations in GDP and other variables
related to real economic activity. In addition, it explains most
of the variance in inflation and the federal funds rate at the

7Economists usually believe that demand shocks or monetary policy shocks
have only transitory effects on macroeconomic variables such as GDP, con-
sumption, investment, labor productivity, industrial production, etc. If one
considers a dataset made up of variables like these (variables representing,
say, real economic activity), transformed to achieve stationarity, we could
then have the factor (1 — L), where L is the lag operator, in the IRFs of
the macroeconomic variables to such demand shocks and thus have a rank
reduction in the spectral density matrix of the observed variables at zero
frequency.
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lower frequencies, including only the longer cyclical fluctuations
(about four years and longer). The second shock has instead
the typical traits of a supply shock, explaining the bulk of the
long-term variance of the real activity variables and inducing
negative covariance between GDP growth and inflation changes.
The supply shock explains a minor, but not negligible, part of
cyclical fluctuations of real activity variables, but it explains little
about inflation and the federal funds rate at all frequencies.
These results are in line with Blanchard and Quah (1989) and
King et al. (1991) and in sharp contrast with the RBC model.
Moreover, they confirm the finding of Angeletos, Collard, and
Dellas (2020) that the transitory shock drive the bulk of business
cycle fluctuations in real activity variables. On the other hand,
the finding of Angeletos, Collard, and Dellas (2020) that the
“Main Business Cycle” shock is disconnected from inflation is
not confirmed by our results.

Exposition. The article is organized as follows. Section 2
presents the factor model setup along with our estimators
of the number of shocks, our consistency result, and the
required regularity assumptions. Section 3 presents a summary
of the Monte Carlo exercises. Section 4 presents the empirical
application based on the large-dimensional dataset of the U.S.
economy. Section 5 concludes. The online supplement (Sections
S.1-S.5) presents the proofs of main and auxiliary lemmas
together with the proof of the Theorem (Section S.1), full
details on the Monte Carlo experiments (Section S.2), and
additional material related to the empirical application: some
guidelines on how to calibrate the window size (Section S.3);
the transformations of the observables used in the empirical
application (Section S.4); the adopted variance decomposition in
the frequency domain (Section S.5). The online material further
includes the code to reproduce the empirical application and the
simulation results.

2. Frequency-Band Estimation of the Number of
Shocks

2.1. The GDFM Setup

The GDFM is a countably infinite set of observable stochastic
processes x; (Forni et al. 2000; Forni and Lippi 2001) with the
following decomposition:

xXip = Xit + eir = A (D fir + 2oL for + -+

+ Aig(D)fgt +eir, €N, teZ, (2.1)

where f; = (fi; - - fq,)’ is a g-dimensional orthonormal® unob-
servable vector and the impulse-response functions A (L),i €
N, k = 1,...,q, are absolutely summable functions in the lag
operator L. Detailed assumptions on the common component
xit and the idiosyncratic component ey are given below. Let us
only recall here that the common shocks fi;, k = 1,..., g, often
called dynamic factors in the literature and loaded through one-
sided linear filters, that is, the impulse response functions (IRFs),
Aij(L), where L is the lag operator, and the e;; are uncorrelated

8With “orthonormal” we mean that E(fy) =
Cov(ft, f;) = 0gxq forevery t #s.

0g,Var(f) = 1Ig, and
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with the fj; at any lead and lag. Moreover, the idiosyncratic com-
ponents are weakly cross-correlated, uncorrelatedness (across
units) being an extreme case. Weak cross-correlation essentially
means that simple and weighted averages, suchas n™1 Y"1, ej,
dissipate (in probability) when n becomes large.

A restriction that we do not impose in this article, but one
often assumed in the literature is that the common components
are contemporaneous linear combinations of r > g unobservable
variables F;, h = 1,. .., r, often called “static factors” (see Stock
and Watson 2002; Bai and Ng 2002). In such a case, we say
that the model admits a static factor representation; the dynamic
nature of the model comes from the fact that the static factors
have a dynamic representation in the common shocks.

The shocks and the corresponding impulse-response func-
tions in (2.1) are not identified. This is best seen by writing the
model in matrix form as

Xnt = An(D)f (2.2)

where X,y = [x11 - Xl Xpe = Dt -+ xwel's € =
leir -+ en] , and A,(L) is the n x g matrix [Ag(L) : i =
1,...,mk =1,...,q], and the prime (') denotes transposition.
It is easily seen that x,,; has the alternative representations

Xt = An(L)QQ/ft +en =

where A%(L) = A,(L)Qand f] = Q'f;, Q being any orthogonal
matrix (i.e., a matrix such that QQ' = I,)).

Forni et al. (2015, 2017) show that the GDFM is tightly
connected to VARs because, by assuming rational IRFs, the
common components and the observables in (2.2) have the VAR
representations

Au(L)X e = Rufy A (L)xpy

where A, (L) is a block-diagonal polynomial matrix of finite
order, R, is a n x q matrix, and the components n; = A, (L)ey
are idiosyncratic. Clearly the autoregressive filter in (2.4) and the
moving average filter in (2.2) are related by A, (L) = A;l (L)R,,.
As this paper focuses on estimation of the number of common
shocks, we rely on representation (2.2), whereas identification of
the structural shocks and estimation of the corresponding IRFs
can be carried out by estimating the VAR representation (2.4),
along the lines of Forni et al. (2015, 2017).

Xnt = Xt + €nt>

AL(DE + en, (2.3)

= Rnft —|— nnt’ (24)

2.2. Estimators of the Number of Shocks in the
Frequency-Domain

Define the periodogram-smoothing estimator of the spectral
density matrix of the x,;

Mr

Z

—Mr

3 (o) = n (004) (2.5)

2M+

at the Fourier frequency —n < wy = 27¢/T < m, assuming
T even without loss of generality (see Brillinger 1981, p. 132)
where, hereafter, {Mr} is a sequence of positive integers and
Z,(-) denotes the periodogram of the x,,

T T
T, (w) = [% meeiwt:| [LT Zx’meiwt:| , (26

with i in Roman font denoting the imaginary unit. Finally, let
fuk(w) denote the kth eigenvalue of X,,(w) in decreasing order
of magnitude, with 1 < k < #, here denominated as the dynamic
eigenvalues, to distinguish them from the static eigenvalues (i.e.,
the eigenvalues of the variance-covariance matrix of x,)

To construct our estimators, we need to evaluate X #(+) within
any given frequency band (wg¢,wj), satisfying at minimum
-7 < wg < wj < 7, yielding our DDR criterion’

DDR! (k)

Zf;g (Ank(@e) = finkr1(we))

L (R ©0) = fimer2(@0) ¥ X0y fiman(@e)
2.7)

setting m = 2M7 + 1. Then, our DDR estimator of the number
k of common shocks is

/k\DDR = arg max DDRZ k),

1§k§Qmax

(2.8)

where gmax is an upper bound for g chosen by the researcher.
To provide an intuition for the DDR estimator, let us recall an
important result in GDFM theory: a g-dimensional dynamic
factor structure is characterized by the behavior of the eigenval-
ues of the spectral density matrix X, (w) of the first n variables, as
n — 00.19 The g largest eigenvalues diverge, whereas the others
are bounded.!! We show that, under suitable assumptions, sim-
ilar properties hold for the sample analogue of such eigenvalues,
that is k().

Now view the sample eigenvalues [i as a function of k and
the piecewise linear curve, often indicated as a polyline, linking
the points (k, finx) (dotted line, Figure 1). DDR is the ratio of the
slopes of two adjacent segments; it measures the curvature of the
polyline at k 4 1. The larger DDR is, the smaller the angle above
the polyline is at k+ 1. By maximizing DDR we identify the point
k + 1 where the steep descent ends and the slight slope begins.
The basic idea is that when k = ¢, the descent must be steep,
because /i, is large whereas [i,,4+1 is small. On the other hand,
at k = g+ 1 the slope becomes small because it is the difference
between small eigenvalues.

Notice that the computation of DDR does not require
discretionary preliminary choices of tuning parameters by the
researcher, apart from the size of the spectral window (the
bandwidth) used in the estimation of the spectral density matrix
(this cannot be avoided when using nonparametric estimators).
This is an advantage over both HL and O, which, besides
the window size, require making additional choices, that may
influence the results.!?

9We correct the denominator of the_ DDR criterion by taking, for each
k, the maximum between Zﬁzﬁ (Angs1 (@) — finks2(wg)) and

Zﬁ:e finm(wy¢), to avoid the denominator being very close to zero.
Notice that we allow the frequency band to reduce to a single frequency
when w; = wy.

19See Forni et al. (2000) and Forni and Lippi (2001).

Similarly, the existence of a static factor representation is linked to the
behavior of the eigenvalues of the covariance matrix of the first n variables
(Chamberlain and Rothschild 1983), and not of their spectral density matrix.

12More specifically, HL requires choosing the functional form for the penalty
termand a grid nj, T, j = 1,...,J, which is needed for its calibration. O is
a sequential-testing procedure, exhibiting a nonstandard distribution, and
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Figure 1. The dotted line is the plot of /i, (left y axis) as a function of k (x axis). The solid line is DDR(k) (right y axis). Estimates are obtained from data generated with the
ARMA specification of the third experiment in Section S.2.1 of the online supplement, (n, T) = (100, 200), g = 4. DDR;(k) reaches its maximum in k* when the maximum

slope change of the dotted line is in k* + 1.

We analyze two additional criteria that represent the dynamic
equivalents of the criteria AH propose to estimate the number
of static factors within a static factor model (i.e., the Eigen-
value Ratio and the Growth Ratio criteria). In analogy with
these denominations, we call these new estimators the Dynamic
Eigenvalue Ratio (DER) and the Dynamic Growth Ratio (DGR)
estimators, defined as follows. Set

l ~
Ze=£ k(@)
VRN >
> t—¢ Anjer1(wp)

DGRT (k) = In[VIk—1)/VIK] i+

In[VI(/VEt+ D] In(l+ak,.,)

_ 2N ~
L 122;}(.,_1 Zg:gﬂnl(wﬁ) and M:k =

L! ZL ¢ Pnic(we)/ VnT (k). The corresponding estimators are

DER! (k) =

where VI(k) =

/k\DER = arg max DERZ(k), (2.9)
lfqumax

kpr = arg max DGR! (k)., (2.10)
1§k5qmax

2.3. Assumptions

We now state the following Assumptions for the model intro-
duced in Section 2.1, required by the consistency result of The-
orem 1.13

Let A be a (n x m) matrix, with complex or real entries a;j;
in short A = laj : 1 =i <mnl <j< m]. When A is
Hermitian, p1(A) > u(A) > --- > u,(A) denote the (real)
eigenvalues of A in a decreasing order. The jth largest singular

value of the matrix A, 0j(A), is defined as , /14;(A” A). The prime

attached to a complex-valued matrix denotes the conjugate-
complex transpose of the matrix, or the transpose when the

matrix has real entries. The spectral norm | A || = /i1 (A’ A)

therefore it requires choosing the significance level; furthermore, it requires
choosing a grid of frequencies and a criterion for weighting the potentially
different results obtained for different frequencies. At any rate, both HL
and O do provide concrete recommendations on how to implement their
procedures.

13The proof of Theorem 1 is reported in the online supplement, together with
several technical lemmas.

is the largest singular value of A, whereas ||a|| is the Euclidean
norm of the vector a. We denote by B = diag{b11,...bu,} a
(n x n) diagonal matrix. We use a V b and a A b to denote the
maximum and the minimum of 4 and b, respectively, for any
scalars a and b.

For the double-indexed process {yis : 1 <i<mn,1 <t <T},
we write y,, = [y1t>...,Yn]’. The discrete Fourier transform
(DFT) of {yy--.»Y,r} at frequency wj is defined by y,; =
T2 Zthl y,(n)e” " where wj = 27j/T and T is assumed to
be even without loss of generality.

Assumption 1. The process f; is an orthonormal white noise.

Assumption 2. The coeflicients of the filter A, (L) = Ziio
AW are such that Yoolo IAY (1 + u) = On"?).

Assumption 3. Let ¢, j € N, t € Z, be independent
an identically distributed (iid) zero-mean random variables
with unit variance and E |8jt|4 < 00. Further, let u,; =
(1> -], with wy = Ci(L)gjy = Y pey Cjk€j—k where
sup;..g Yo klcik| < oo and min;|Cj(z)| > O for |z| < 1,
with Ci(z) = Yo cjkzk for z € C. We assume that the n-
vector of the idiosyncratic components of the data is such that
enr = Ay Uy, Where Ay, is a nonsingular lower triangular matrix
with || A, || uniformly bounded in .

Assumption 4. Cov(fjt, eis) = 0 for any i, j, ¢, s.

Assumption 5. The bandwidth parameter Mt satisfies n >
(2M7 + 1), and is a function of T such that 1/M7 — 0 and
M%/T = 0(1) as T — oo. Moreover, n/T — y € (0,00) as
n— ooand T — oo.

For a generic frequency wy, £ < £ < ¢, we consider the index
set

SW) ={t —Mr), —Mr+1),....,6,(L+1),...(¢ + Mr)}

(2.11)
The cardinality of S(£) is denoted by m = 2Mr + 1. Let s; be
a generic element of S(¢), s, = £ — Mr ands, = ¢ + Mr.
To simplify the notation, in the following, we will suppress the
dependence on ¢ by setting s = sy and S = S(£). Let F =
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A

. .,f;], with f, = f = T2 3L, fie@, and
Xn(s) =A, (e’iwf) =y, Aﬁ,”)e’i“*”, foranys € S.

Assumption 6. (i) For any £ < (¢ < £, let f):fk(wg) =
Ik (X,,(EYX,,(E)/n)(ﬁ/m)), fork=1,...,q. Then, for each
k, v]i((a)g) = plim, 7_, ﬁ:l(k(a)g) and 0 < v]f(wg) < o0. (ii)

v]f (wg) > U])((+1(w/g), forall¢ € [¢,€],andk =1,... ,q — 1. (iii)
q is finite.

The first and the fourth assumptions are standard in the
literature. Assumptions 2 and 3 are similar to Assumption 2(i)
and 2(ii)(a) in O. They imply regularity of the DFT’s of x,; and
ey, local to the frequency of interest wy.

Assumption 2 entails that, for n, T large, n~"/2¥,, is well
approximated by nil/zxn(ﬁ)fs (see Lemma S.1). This implies
that Assumption 6 could be restated in terms of the eigenvalues
of X'X/n,with X = [X s - - - » X nz]- We find the current formula-
tion more intuitive and easily comparable with Assumption A in
AH.'* Moreover, it suggests that XX /n, with X = Xns> - - - > Xz,
can be interpreted as a sample covariance matrix, and the g
dynamic factors in the data correspond to g static factors in
the X. We show that largest g eigenvalues of XX /n diverge, as
n, T — 00, and the remaining (2M7 + 1) — g largest eigenvalues
staying bounded and bounded away from zero.

For any s € §, E = [éng, €istls-- s éng] , with e, =
T2 Zthl ere ! and define E = A, Gn (E)g, where Gn (s) =
diag (Y00 crue %, .., Y00 ) cuue %) is a n x n diago-
nal matrix and £ = [Ens> Enst1s- - ->€ns] is @ n X m matrix.
Assumption 3, which can be seen as the dynamic counterpart
of Assumption C in AH, guarantees that, for #, T large n~/2E
is well approximated by n~"*E (see Lemma S.3). We show that
the first g eigenvalues of E/E/ n are bounded and bounded away
from zero (see Lemma S.4). The latter result is obtained by
using results from the large dimensional random matrix theory
(see Lemma S.17), requiring that n/T — y, as postulated in
Assumption 5 (see also Assumption C(i) in AH).

Assumption 6 implies that the f; are strong dynamic factors,
as opposed to the case of weak (i.e., the eigenvalues of X, (wg) are
uniformly bounded) and semi-strong ( (i.e., the eigenvalues of
Y 1 (wg) are o(n)). The case of weak factors is attracting attention
in the literature (see, e.g., Onatski 2012; Lettau and Pelger 2020;
Gersing, Rust, and Deistler 2023 among others). We do not
consider the case of weak factors here.

2.4. Main Result

We are now ready to state our main theoretical result.

“From a technical standpoint, the spectral techniques used here are sig-
nificantly different from those used in the static framework of Ahn and
Horenstein (2013). A key step here achieved is to bound the smaller and
largest eigenvalues of the estimated spectral density matrix of the idiosyn-
cratic component deploying results of the random matrix literature, whilst
imposing realistic restrictions on the relative speed of divergence of n and
T.

Theorem 1. Suppose that Assumptions (1)-(6) hold for some
q > 1. Then,

lim Pr(kpgr =q) = 1, 2.12
Jim P (Fom = 9) @1
n}lgloo Pr (kDGR = q) =1, (2.13)
lim Pr (EDDR - q) -1 (2.14)
n,T—00
for any gmax € (¢,2M1 — q — 1].
Proof. See the online supplement, Section S.1.5. O

3. Monte Carlo Simulations

In this section, we provide a summary of the thoughtful Monte
Carlo experiments described in Section S.2 of the online supple-
ment in detail, to which we refer, including tables reporting the
numerical results.

3.1. Simulations: Econometric Models

We evaluate the finite-sample performance of our estimators,
DDR, DER, and DGR, and we compare them with that of HL
and O. We also consider the eigenvalue ratio (ER) and growth
ratio (GR) estimators proposed by AH to show that estimators
designed for the static model do not work properly within a
dynamic setting. We do not consider the methods proposed by
Bai and Ng (2007) and Amengual and Watson (2007), in part
because of space constraints and assume a factor model that can
be written in the static form, which is a restriction that we do not
impose here, and in part because they are analyzed in HL and O.

We consider several data-generating processes (DGPs) to
demonstrate the validity of our methodology. We run four
experiments. In the first three, we evaluate the competing
estimators on the whole interval [0, 7 ]. The fourth experiment is
devoted to checking the ability of DDR to detect a rank reduction
in the spectral density matrix at specific frequencies of interest
(see below).

Experiments one and two are based on DGPs already pro-
posed in the econometric literature, namely in HL and in O.
Experiment three is our own DGP. In experiment four we focus
on DDR. The DGP is such that the spectral density matrix of the
variables has reduced rank at frequency zero. One of the shocks
is a supply shock and has permanent effects on several variables.
The other is a demand shock having transitory effects on all
variables, which are supposed to be real activity variables. DDR
should detect two shocks when evaluated on large frequency
bands and just one shock when evaluated at frequency zero.

To compute DER, DGR, and DDR, we use the periodogram
smoothing estimator (2.5) with the bandwidth parameter M7 =
[0.75+/T], and we take the average of the eigenvalues evaluated
in the frequency grid wy = 27¢/T, £ = —7,..., 7,7 = |[(T —
1)/2]).15 Concerning HL, we use the log information criterion
ICZTm with penalty p;(n, T) and the Bartlett lag window with

15 Although the results are fairly robust to the choice of the My, we explain
in detail how we select the bandwidth for the empirical application (see
Section S.3 of the online supplement).



parameter M7 = [0.75+/T], which yields the best performance
in the authors’ simulations. The method requires evaluation of
the loss function over a grid nj, Tj, j = 1,...,]; we stick to the
one proposed by the authors (i.e., nj = n — 105, T; = T — 10j,
j = 0,1,2,3). When dealing with O, we use the procedure
described in sec. 5.3 of O. We find that the results are sensitive
to the choice of the bandwidth m. For the second experiment,
we stick to O’s choice, which is very effective im = 30 for
(n, T) = (70,70), m = 40 for (n, T) = (100, 120), m = 65 for
(n, T) = (150, 500)). For the first DGP, we use m = 15; for the
third experiment, we use m = 15,20,30 for T = 80, 240, 480,
respectively. These values produce better results than the larger
ones suggested in O. For all the experiments and all estimators,
we set gmax = 8 and we generate 500 artificial datasets. We
evaluate the results in terms of the percentage of times we find
the correct number of shocks.

The results are the following. For experiment one, DDR and
HL perform similarly and dominate the other estimators. For
experiment two, with MA loadings, O ranks first among the
estimators for dynamic factors, and does slightly better than
DDR; with AR loadings, DDR dominates all other estimators.
Somewhat surprisingly, both the ER and the GR estimators show
excellent performance in the second experiment.'® The compar-
ison with the results in the first experiment (MA loadings) and
the third experiment suggests that the AH’s estimator performs
well in a dynamic framework only if the coefficients of the filter
Aik(L) are mildly heterogeneous across “i". For experiment three,
in the version with small idiosyncratic components, DDR and
DGR perform similarly and dominate the other estimators; in
the version with large idiosyncratic components, DDR outper-
forms the other estimators. Finally, in experiment four, we show
that with DDR, when evaluated at a single frequency (or small
frequency bands around this frequency) in which the spectral
density matrix of the variables has reduced rank g — 1, the
number of shocks at this frequency is g— 1. Overall, we conclude
that DDR is an excellent alternative to existing criteria in finite
samples across different DGPs.

3.2. Simulations: Macroeconomic Models (DSGE)

Strong analogies exist between certain DSGE models and the
GDEFM, particularly for the DSGE models of Angeletos, Col-
lard, and Dellas (2018) (ACD henceforth), of Justiniano, Prim-
iceri, and Tambalotti (2010) (JPT henceforth) and Bouakez,
Cardia, and Ruge-Murcia (2014) (BCR henceforth), which is
a multi-sectoral DSGE model studied in Onatski and Ruge-
Murcia (2013). In fact, these DSGE models and GDFMs admit
a finite-order VAR representation with a singular covariance
matrix of the error term, implied when the number of shocks
is smaller than the number # of observables.!” Given this com-
monality, we explore how our methodology can dissect (by fre-

'%|ndeed, with MA loadings, the model has 6 static factors, but both estima-
tors detect just two factors.

7For the DSGE models this is given by their reduced form, obtained by the
standard practice of log-linearizing the models around their steady state
(see (S5.35)-(S.36) and (S.37)—(5.38) in Section S.2.3 of the online supple-
ment whereas for GDFMs the VAR representation (2.4) holds under suitable
assumptions on the IRFs (see Forni et al. 2015).
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quency) the number of structural shocks driving DSGE models
using a Monte Carlo experiment.

The aim of this experiment is twofold: test our estimators
with a DGP from a macroeconomic model, and verify whether
our criteria capture a relatively large value of g. The ACD model
has g = 8 shocks and n; = 10 variables; the JPT has g = 7
shocks and n; = 11 variables. In contrast, the ORM has only
q = 3 shocks although the challenge here is related to the (low)
degree of heterogeneity of the loadings to the common shocks.
This exercise is developed in a Monte Carlo setting, with the
DGPs for these variables reported in Section S.2.3 of the online
supplement.

We evaluate the results in terms of the percentage of times we
find the correct number of shocks.

Regarding ACD and JPT models, for almost all configura-
tions DGR and DDR dominate DER, with no clear ranking
between the DGR and DDR. When measurement errors are
relatively small (1/11 of total variance, about 9%) both criteria
capture the correct number of shocks in most cases, even if there
are seven or eight shocks. With T = 240 both criteria detect
the correct number of shocks even when the errors are large
(1/6 of total variance, about 17%). The BCR case differs because,
despite being characterized by a small g (¢ = 3), estimating
the correct number of shocks remains challenging for the low
degree of heterogeneity in the corresponding loadings (see also
(Onatski and Ruge-Murcia 2013, sec 5.)); DDR comes closer to
the correct result than DGR and DER, detecting 2 factors in most
replications.

Summarizing, DDR and DGR detect correctly the number
of shocks driving DSGE models even if the number of shocks
is relatively large (seven and eight in the ACD and JPT models,
respectively) when compared with the cross-sectional size.

4. Empirical Application: Dissecting the U.S. Economy

How many shocks drive the economy? And, more specifically,
how many shocks affect the macroeconomic variables in the
long run, and how many, instead, are the ones driving the
business cycle? Finally, do demand or supply shocks dominate
the economy?

The scant available evidence on the number of shocks is
mixed. Sargent and Sims (1977), using a small-dimensional
dynamic factor model, find that two shocks fit U.S. macroeco-
nomic data reasonably well. Giannone, Reichlin, and Sala (2005)
argue informally in favor of two shocks, based on the explained
variances of the principal-component series of a large factor
model. Bai and Ng (2007), using their information criteria, find
seven static factors and four shocks. On the other hand, Stock
and Watson (2005), using Bai and Ng (2007) criteria, finds seven
shocks, suggesting lack of robustness of Bai and Ng method
with actual data. Amengual and Watson (2007) find seven static
factors and seven shocks. HL fails to find a clear-cut result: four
shocks, but perhaps only one. Forni et al. (2009) and Forni and
Gambetti (2021), by using HL, find a range of shocks between
2 and 5, confirming that the method may produce ambiguous
results.'8

'8Hallin and Liska (2007) and Onatski (2009) demonstrate the fragility of Bai
and Ng (2007) with several Monte Carlo experiments for a variety of data-



8 M. AVARUCCI ET AL.

For our empirical analysis, we use the US. quarterly
macroeconomic dataset recently developed by McCracken
and Ng (2020) (FRED-QD). Of this dataset, we consider the
n = 216 series starting from the first quarter of 1960. The
final date of the sample is the first quarter of 2020. As for
the transformations, we deviate from those McCracken and
Ng (2020) suggest for the interest rates, which we take in
levels rather than in differences; furthermore, we take prices
and other nominal variables in log-differences, rather than
in double differences of the logs. The reason is that we want
to avoid a possible over-differentiation, which enhances high
frequencies, of little interest for macroeconomic analysis. The
complete list of variables and transformations is in Section S.4 of
the online supplement. After the transformations, the number
of observations over time is T = 240. Section S.3 explains
how to calibrate the window size Mt required to compute our
estimators. For robustness, we also use the FRED-MD monthly
dataset (see McCracken and Ng 2016). Precisely, we use the
122 series starting from 1960M1. The final date is 2020M3. The
treatment is the same as used for the quarterly dataset.

We find a clear-cut result: two common shocks drive the U.S.
economy. These two shocks explain the bulk of the variance
in the main macroeconomic variables, both at business-cycle
frequencies and in the long term. We also find that the first
dynamic factor behaves like a demand shock and the second one
like a supply shock.

Finding (i): The Number of Shocks Driving the U.S. Economy.
We consider the entire quarterly sample and nine sub-samples:
the five 40-year sub-samples 1960Q2-2000Q1, 1965Q2-2005Q1,
1970Q2-2010Q1, 1975Q2-2015Q1, and 1980Q2-2020Q1, and
the four 30-year sub-samples 1960Q2-1990Q1l, 1970Q2-
2000Q1, 1980Q2-2010Q1, and 1990Q2-2020Q1. To estimate
g, we compute DDR on three frequency bands: the entire [0, 7]
band, the [0, 277/6] band, excluding fluctuations of less than 18
months, which are of little interest for macroeconomic analysis,
and the [27/32, 2m/6] cyclical band, which includes waves
ranging from 18 months to eight years. The DDR estimator
for the [0,27/6] band is named DDRa; the one relating to the
cyclical band is named DDRbc. For comparison, we consider
also DER, DGR, HL, and O (only on the whole [0, 7] band).!
For DER, DGR, and DDR we set the bandwidth parameter
My = [0.754/T] for the whole sample and M1 = [+/T] for all
subsamples, according to the results of the simulation exercise
reported in Section S.3. For all estimators, we set gmax = 8.
Results are reported in Table 1. Our main estimator DDR
selects two shocks; this finding is reasonably consistent across
sub-samples. The same holds for DDRa, which excludes the
short-run frequencies, and DDRbc. DER and DGR behave sim-
ilarly, except for the sub-samples 1960Q2-2000Q1 and 1965Q2-
2005Q1, for which they select one dynamic factor only. By
contrast, HL selects five factors, whereas O is in favor of three
factors. As for the sub-samples, HL oscillates between two and

generating processes, and Stock and Watson (2005) echo a similar finding
in empirical applications.

"HL is calculated as in the simulations, with My = [0.75+/T] (see the online
supplement, Section S.2.1 for details). For O, we use m = 20 for the whole
sample and for the 40-year sub-samples, and we use m = 15 for the 30-year
sub-samples.

Table 1. Number of factors detected by the competing criteria for the whole sample
and nine sub-samples (quarterly data) and the FRED-MD sample (monthly data).

Sample DDR DDRa DDRbc DER DGR HL 0

FRED-QD
1960Q2-2020Q1
1960Q2-2000Q1
1965Q2-2005Q1
1970Q2-2010Q1
1975Q2-2015Q1
1980Q2-2020Q1
1960Q2-1990Q1
1970Q2-2000Q1
1980Q2-2010Q1
1990Q2-2020Q1

FRED-MD
1960M1-2020M3 2 2 2 2 2 2 4

NN = =2 NNNNNN
NW=NNNNNNN
NW=NNNNNNN
NN = 2NN = =N
NN = 2NN = =N
WNDAWSADMDMDMDdDO
WNAUNUNNNW

NOTE: DDR: Dynamic Difference Ratio Estimator. DDRa: Dynamic Difference Ratio
Estimator evaluated on the [0, 277/6] frequency band. DDRbc: Dynamic Dif-
ference Ratio Estimator evaluated on the cyclical band [27 /32,27 /6]. DER:
Dynamic Eigenvalue Ratio estimator. DGR: Dynamic Growth Ratio estimator. HL:
Hallin and Liska (2007) estimator. O: Onatski (2009) estimator.

four factors, with a prevalence of four factors, and O varies
between two and five, with a prevalence of two factors. Overall,
DDR, DDRa, and DDRbc are more parsimonious than HL and
O, and more consistent across sub-samples.

The last row of Table 1 reports results for the FRED-MD
monthly dataset.?’ All criteria point to two factors, except for O,
which selects 4 factors. Hence, DDR, DER, and DGR produce
the same estimate for the quarterly and the monthly datasets,
whereas HL and O do not.

Why do DDR and HL differ so much? One possible explana-
tion is that there are two large factors and three smaller factors
and that the latter are elusive to DDR but not to HL. This
interpretation contrasts, however, with the simulation of Table
S.1, reported in the online supplement, Section S.2, where there
are factors of different variance and DDR has a performance
similar to that of HL.

For the subsequent empirical analysis, we focus solely on our
main estimator, DDR. Figure 2 shows the number of estimated
factors by DDR for each single Fourier frequency in the inter-
val [0,77/4] and each one of the frequency bands [0,2m/80]
(long-run), [27r/80,2m/32] (long cycles), [2/32,2m/6] (busi-
ness cycle), and [277/6, 7] (short-run). At frequency-zero DDR
selects two factors; the estimator is somewhat unstable when
evaluated at single frequencies, fluctuating between one and four
factors. Its value, however, stabilizes at two when averaging the
eigenvalues on the four bands above.

Figure 3 shows the number of factors estimated with DDR,
DDRa, and DDRbc with a rolling sample of 40 years starting
in 1960Q2, 1960Q3,...,1980Q2. We see that the number of esti-
mated factors is reasonably stable across time, especially for
DDRa and DDRbc.

We conclude that two major shocks are driving the U.S.
economy. This is true both for the whole band [0, 7] and at
business cycle frequencies. The finding of two shocks is in line

2with monthly data the cyclical band is defined as the interval
[27r/96, 27 /18] and the band excluding high frequencies, that is, the
long-run frequencies, is defined as the interval [0,27/18]. For HL, DER,
DGR, and DDR the bandwidth parameter is My = [0.75+/T]. For O, we use
m = 20.
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Table 2. Percentage of variance explained by the first two dynamic factors and the following three for a few selected variables, by frequency band.

PC All Long run Long cycles Medium cycles Short cycles Bus. cycle

series freq. > 20 years 8-20 years 4-8 years 1.5-4 years 1.5-8 years
GDP first 2 73.1 84.6 85.7 84.5 823 83.1
next 3 16.4 8.1 5.9 7.1 9.3 8.6
Cons. first 2 56.8 709 73.8 726 66.7 68.7
next 3 16.6 15.1 13.3 14.9 1.1 129
Inv. first 2 73.1 74.7 78.6 87.1 853 85.7
next 3 8.8 16.7 11.2 4.6 3.0 37
Urate ffirst 2 80.7 80.3 79.1 86.7 91.7 89.7
next 3 85 14.0 15.4 8.9 23 4.7
Hours first 2 773 84.7 853 914 91.2 91.1
next 3 8.6 10.0 10.3 5.5 2.0 34
Inflation first 2 84.5 91.6 91.1 91.3 63.2 86.0
next 3 7.9 5.7 6.2 6.1 18.3 85
FFR first 2 78.6 789 79.2 81.8 66.5 79.7
next 3 16.1 18.1 17.2 13.6 20.1 14.1

NOTE: All frequencies: [0,7]; Long run: [0,27/80); Long cycles: [277/80,2m/32); Medium cycles: [27r/32,27/16); Short cycles: [27r/16,27/6); Business cycle:

[27/32,27/6).

o 0.2 0.4 X o.8 1 1.2 1.4 1.6

Figure 2. Number of factors estimated by DDR when evaluated at each frequency
(blue solid line) and on four frequency bands (red dotted line with circles).

All frequencies (DDR)
O Excluding high frequenciecies (DDRa)
+ Business cycle frequencies (DDRbc)

1960 1962 1964 1966 1968 1970 1972 1974 1976 1978 1980

Figure 3. Number of factors estimated by DDR, DDRa, and DDRbc with a rolling
sample of 40 years from 1960Q2 to 1980Q2.

with Sargent and Sims (1977), Giannone, Reichlin, and Sala
(2005), and O, as cited above.

Finding (ii): Common Variance. In this paragraph, we use vari-
ance decomposition in the frequency domain, outlined in Sec-
tion S.5 of the online supplement, to estimate, for seven key
macroeconomic variables, the variance explained by the firstand
second dynamic factors along with the variance explained by
the subsequent three factors (from the third to the fifth factor).
The aim is to quantify the size of the explained variance for
these variables when retaining only two factors, and the size of
the variance that is not accounted for when g = 5 suggested
by HL. Table 2 shows the result. From the table, one can see
that on the bands of macroeconomic interest, namely the long
run, the long waves, and the business cycle, two factors capture
about 85% of GDP growth fluctuations, 70% of consumption,

75%-85% of investment, 80%-90% of the unemployment rate
variation, 85%-90% of hours worked, 85%-90% of inflation, and
80% of the federal funds rate. The variance not accounted for by
selecting g = 2 instead of g = 5 is not negligible, particularly
for consumption and the interest rate. Nevertheless, we conclude
that two factors are enough to capture the bulk of the variance
in the main macroeconomic aggregates on the frequency bands
of the main macroeconomic interest.

Finding (iii): Cyclical Shock versus Long-Run Shock. We now
investigate how much the first and second shocks explain the
variance in the above variables for each frequency band, based
on the variance decomposition in the frequency domain, out-
lined in Section S.5 of the online supplement.

The explained variances are shown in Table 3. The first shock
accounts for almost nothing of the variance of GDP in the long
run and, more generally, over the long cycles band, which is
instead explained by the second shock. The same result applies to
all real activity variables. We, therefore, find ourselves, without
having imposed it, in front of an identification 4 la Blanchard
and Quah (1989): the first factor is a transitory shock, while the
second one is a permanent shock. It is very much tempting to
interpret the transitory shock as a demand shock and the long-
run shock as a supply shock. To confirm this interpretation, we
look at the covariances of GDP growth and inflation changes
induced by the two shocks and find that, in fact, such covariance
is positive for the transitory shock, which therefore has the
features of a demand shock, and it is negative for the permanent
shock, which can then be regarded as a supply shock (see the
lower-right panel of Figure 4).2!

In the last column of the table, we report the explained
variances at business cycle frequencies. The demand shock is
the most important cyclical shock for real activity variables. It
accounts for 62% of GDP growth fluctuations, 42% of consump-
tion, 63% of investment, 71% of unemployment, and 68% of

2'The variance decomposition reported in Table 3 is reminiscent of results
presented by Mark Watson in his comment on Giannone, Reichlin, and Sala
(2005). Watson showed similar findings for Sargent and Sims (1977) and
Giannone, Reichlin, and Sala (2005).
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Table 3. Percentage of variance explained by the first and second factor for a few selected variables, by frequency band.

All Long run Long cycles Medium cycles Short cycles Bus. cycle
Shocks freq. > 20 years 8-20 years 4-8 years 1.5-4 years 1.5-8 years
GDP 1st 47.2 14 33 341 774 62.2
2nd 25.9 83.2 82.5 50.3 49 20.8
Cons. 1st 29.5 1.2 1.9 24.8 57.0 423
2nd 27.3 69.7 71.9 47.8 9.7 26.4
Inv. 1st 43.2 4.0 5.2 35.7 79.4 63.1
2nd 29.9 70.7 733 514 59 22.6
U rate 1st 51.8 9.9 11.8 40.6 87.6 70.8
2nd 289 70.4 67.3 46.1 4.1 18.9
Hours 1st 44.2 0.8 4.8 37.3 88.3 68.5
2nd 33.1 83.9 80.4 54.0 3.0 226
Inflation 1st 783 91.3 89.7 81.8 309 72.8
2nd 6.2 0.3 1.4 9.5 323 13.2
FFR 1st 75.2 78.7 78.6 76.4 52.7 729
2nd 34 0.2 0.6 54 13.8 6.8

NOTE: All frequencies: [0,7]; Long run: [0,27/80); Long cycles: [277/80,2m/32); Medium cycles: [27r/32,27/16); Short cycles: [27r/16,27/6); Business cycle:

[27/32,27/6).

hours worked. The contribution of the permanent supply shock
is still sizeable, particularly for consumption, but much smaller;
for real activity variables, it varies between 19% (unemploy-
ment) and 26% (consumption).

Figure 4 illustrates the same points by showing the spectral
density of the seven variables above, along with the spectra of
the common components driven by the two shocks. The upper-
left panel refers to GDP growth. The supply shock accounts for
the long run and the long- medium cycles but explains almost
nothing of short cycles and short-run frequencies as if it were
cut by a low-pass filter canceling waves of periodicity shorter
than five years. By contrast, the demand shock explains almost
all cycles of four years or fewer and almost nothing of longer
cycles. A similar result holds for the other variables related to real
activity: consumption, investment, unemployment, and hours
worked.

Demand shocks, both at business cycle frequencies and in
the long run, almost exclusively explain the interest rate. The
demand shock is therefore closely related to monetary policy,
whereas the supply shock is not. A possible explanation is that
an expansionary supply shock reduces inflation so that the Fed
does not react to it.

Demand shocks explain most of the inflation fluctuations,
especially in the long run. This result, coupled with the previous
one, explains why our criterion detects two shocks around fre-
quency zero. If we want to explain long-run fluctuations of real
activity variables, the supply shock is sufficient; but if we want to
explain long-run fluctuations of all variables, including nominal
variables and interest rates, we need two shocks.

The bottom-right panel of Figure 4 shows the co-spectra
of GDP growth and inflation changes relative to the transi-
tory shock (red line) and the permanent shock (blue line). As
anticipated, the transitory shock induces a positive covariance
between GDP growth and inflation changes, whereas the oppo-
site is true for the permanent shock.??

The above results are in line with Blanchard and Quah (1989)
and King et al. (1991) and in sharp contrast with the RBC model.
Moreover, they confirm the finding of Angeletos, Collard, and
Dellas (2020) that the long-run shock does not drive the bulk of
business cycle fluctuations. On the other hand, the hypothesis
put forward by Angeletos, Collard, and Dellas (2020) that there
is just one non-inflationary demand shock affecting real activity
variables at business cycle frequencies is not in line with our
results, since the demand shock is closely related to inflation.
The implication for macroeconomic modeling is that our anal-
ysis does not rule out standard demand shocks of the textbook
type.

The finding of one demand shock and one supply shock
is in line with Giannone, Reichlin, and Sala (2005), Granese
(2024), and Forni et al. (2025). In these papers the result is based
on informal consideration rather than a statistical criterion.
The present paper can be viewed as complementary to Forni
et al. (2025) in that it provides a statistical justification for the
identification of demand and supply shocks through economic
criteria, which is carried out in that paper.

The fact that the macro economy is well described by just
two shocks is not necessarily in contrast with the existence of a
plurality of sources of fluctuations, such as the ones extensively
analyzed in the literature: monetary and fiscal shocks, financial
shocks, technology shocks, news shocks, noise shocks, uncer-
tainty shocks, to cite a few of the most important ones. Rather,
we think that such shocks can be grouped into the broader
supply and demand categories: for instance, technology, and
news shocks are supply shock, whereas uncertainty, noise and
credit shocks are best seen as demand shocks. Our idea is that
shocks having different nature but belonging to the same group,
demand or supply, do exhibit similar propagation dynamics for
most macroeconomic aggregates, so that they cannot be easily
distinguished from one another on the basis of our dataset.??

2We consider inflation changes in place of inflation because the latter
exhibits a large negative co-spectrum with GDP growth for all of the first
five dynamic factors, owing to the 1970s and the early 1980s, characterized
by low growth and high inflation.

20f course, a researcher interested in a specific shock should not reduce the
number of shocks but estimate a standard structural VAR, a CCSVAR as in
Forni et al. (2020), or a large VAR as in Banbura, Giannone, and Reichlin
(2010).
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Figure 4. The estimated spectral density functions of seven variables (black line) and the components are driven by the first factor (red line) and the second factor (blue
line). The variables are GDP growth, consumption growth, investment growth, unemployment rate changes, hours worked changes, GDP deflator inflation, and federal
funds rate. Bottom-right panel: co-spectrum of GDP growth and inflation changes produced by the first factor (red line) and the second factor (blue line). Lilac shadowed

area: long-run frequencies; pink shadowed area: business cycle frequencies.

5. Conclusions

Determining the number of different sources of fluctuations
affecting the economy is a fundamental quest for macroe-
conomic modeling and the business cycle debate. However,
existing methods to estimate the number of shocks are not
entirely satisfactory, mainly because they do not focus on specific
frequencies and cycles. Motivated by this empirical challenge,
in this article, we study a novel criterion for single frequencies
and selected frequency bands of interest. Our estimator does
not require pre-selecting penalty functions and nuisance
parameters.

We establish the consistency of this estimator and evaluate
its small-sample performance with Monte Carlo exercises. Our

estimator works even when applied to data stemming from
DSGE models where the number of shocks is relatively large.
Our methodology appears relevant for a variety of applications
in economics and finance when dissecting the effect of economic
shocks for specific frequency bands (i.e., for specific economic
cycles).

We apply DDR to the FRED-QD database and find a clear-cut
result: two major shocks drive the U.S. economy. They account
for the bulk of the variance in the main macroeconomic aggre-
gates at both business-cycle and long-run frequencies. The first
factor appears to be a demand shock and the second factor a
supply shock. The demand shock explains most of the business
cycle fluctuations in real activity variables, as well as inflation
and interest rate volatility.
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Supplementary Materials

The Supplemental Material provides the code and data necessary to repli-
cate the simulation studies and the empirical analysis. It also includes the
proofs of the main and auxiliary lemmas, the proof of Theorem 1, details of
the Monte Carlo experiments, additional material related to the empirical
application, and the variance decomposition in the frequency domain.
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