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We analyse the subsonic propagation of a crack along
the interface between two different quasicrystals in
a two-dimensional (2D) ambient setting and small
strain regime. In the absence of a phason self-action,
we provide a closed-form solution of the related
Riemann-Hilbert problem. Then, we use such a
result as a benchmark for a numerical analysis of
the influence of a phason self-action on the crack
propagation, which is the focus of our work. In
addition to the special attention to quasicrystals, our
work extends the classical analyses of interface cracks
in linear elasticity to more general elastic bodies
with ‘active’ microstructure described by vector phase
fields.

1. Introduction

We consider a fracture between two adherent dissimilar
elastic quasicrystals. We analyse its equilibrium and
subsonic propagation in different conditions.

Attention to the emergence of fractures at interfaces
is in general justified by the frequent recurrence of the
phenomenon in solids and its influence on the gross
behaviour [1-3].

In the case of quasicrystals, there are more specific
reasons. Quasicrystals are Al-Mn-based alloys whose
atomic aggregates have point group symmetry that is
inconsistent with lattice translation. They were revealed
first in 1984 [4]. Their atomic lattice is intrinsically
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quasi-periodic. It differs from a periodic atomic array by the presence of topological alterations
determined by clusters of atoms with point group symmetry different from the prevailing
one. Local rearrangements, owing to jumps of atoms between neighbouring places and/or
collective atomic modes, generated by the flipping of crisscrossing alterations needed to maintain
matching rules [5-7], determine quasi-periodicity. They do not have specific location. “Even if
a quasicrystal is energetically stabilized representing a ground state, it was shown numerically
that above some critical temperature the system is in a random-tiling-like phase or unlocked
phase’ [5]. Quasicrystals display a much lower toughness than metals, approximately two orders
of magnitude smaller. They have scarce resistance to crack propagation at temperatures below
450°C [8], where their behaviour is essentially brittle, while at elevated temperatures they show
extensive ductility, apparently with no significant hardening. They are predominantly used as
surface coatings or composites owing to their hardness, low thermal conductivity, low surface
energy and low friction; mechanical integrity is provided by the substrate or matrix, whereas
the quasicrystal offers supplemental functions such as hardness, protection against corrosion,
optical absorbance, etc. In the case of surface coatings, their use combines wear resistance with
low friction and/or low adhesion, so that they are competitive with Teflon (their hardness is in
fact greater than that of Teflon). They allow the use of normal cutlery with quasicrystal coatings.
In particular, for cookware, quasicrystal coatings can advantageously replace Teflon, since their
low thermal conductivity leads to even surface heating [8]. In this technological ambient setting,
interfacial cracks are recurrent.

Our analysis extends results concerning interfacial cracks between dissimilar simple elastic-
brittle bodies. We clarify further the difference between a complete formulation of the linear
elasticity of quasicrystals and its simplification based on neglecting the phason self-action.
Indeed, quasicrystals cannot be considered simple bodies in the traditional sense of Noll. Instead,
their representation falls within the class of materials that we can call complex because they
experience observable internal degrees of freedom with related bulk and contact actions.

A well-known example of planar quasi-periodic covering is Penrose tiling; it replicates in
dual way the structure of a quasi-periodic lattice, which can be considered as the projection
of a higher-dimensional periodic lattice over an incommensurate low-dimensional subspace.
A simple example that we find often repeated is to consider in the plane a square lattice and
a line inclined by an irrational angle with respect to the symmetry axes of the square. If we
consider a wide strip around the line and project the mass points inside it orthogonally over
the line itself, we obtain a one-dimensional lattice. This picture has an analytical basis. In fact,
if we expand in Fourier series the mass distribution of a three-dimensional (3D) quasi-periodic
lattice, the resulting wave vectors are six-dimensional [9].

The additional degrees of freedom revealed by the Fourier analysis must be considered at the
continuum scale as internal to every material element, which—identified with a point at the scale
considered—has only three degrees of freedom in the 3D physical space. This scenario can be
profitably represented by two space-time dependent differentiable fields:

— the displacement (y, t) — u:=ii(y, t) € R%; and
— the so-called phason field (y,t)— v:=7(y,t) € R3, which collects the inner degrees of
freedom evidenced by the Fourier analysis on quasi-periodic lattices.

The word ‘phason’ recalls that v describes in time and space the potential local phase
rearrangement of the atomic clusters needed for assuring quasi-periodicity. Since v represents
degrees of freedom that are inner to every material element at continuum scale (see the sketch in
figure 1), they are insensitive to Galilean (that is, translational) changes of observers in physical
space, while they are sensitive to the rotational changes of observers. True interactions are
associated with the phason field; they are defined by the power that they perform in the time rate
of v. They are subdivided as usual into bulk and contact families. Their balance equations—which
complement those of standard (deformational) forces—can be derived by imposing invariance of
the power exerted on a generic body part (so, the external power) under rigid-body type changes
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phason field — microscale

Displacement — macroscale

Figure 1. Distinction between displacement (also called phonon field) and phason field; they act at different scales; v is
approximately 1/100 of u.

of observers, as shown in [10,11]. They can be also derived from a d”Alembert-Lagrange principle,
which allows one to also include dissipative effects [12]. In this case, however, we put on the
same level balances of interactions and constitutive prescriptions (at least with respect to the
specification of state variables), while we know that the former are independent of the latter.
Another path to be followed in a purely dissipative setting is to require structure invariance
of the Clausius-Duhem inequality (written including the external power and not the internal
one) under generic diffeomorphim-based changes of observer; the choice allows one to obtain the
representation of contact actions in terms of stress, the local balance equations and constitutive
restrictions; this approach, based on covariance, has been proposed for general complex bodies
in [13]. From all these viewpoints, the insensitivity of v to Galilean changes of observers—those
determined only by rigid translations in the physical space—implies the existence of a phason
self-action. It is often neglected in the elasticity of quasicrystals only for analytical convenience
(several examples are available; we just mention the treatise [14] and, for the specific analysis
of fractures, references [15-19]) but this is only a particular constitutive choice—and surely an
admissible one, but a special choice, in fact. However, a conservative component of the phason
self-action may have non-trivial influence on the material stability, as shown in [20]. To investigate
further its role, we focus here on the small strain regime and comparatively evaluate how
the presence of a conservative component of the phason self-action influences the description
of interfacial cracks between dissimilar quasicrystals. Various analyses on interfacial cracks in
quasicrystals have been proposed [15,16,19,21-26]; however, they do not include a discussion
on the occurrence and effects of the phason self-action. This last aspect is the main focus of the
present paper. Providing this type of comparative analyses establishes a ground for laboratory
experiments aiming at recording the distribution of stresses, possibly by means of photoelastic
procedures. These kind of experiments might determine whether the special choice of neglecting
a conservative phason self-action could have a universal character or not.

We act in a two-dimensional (2D) ambient space filled by a bi-material planar body: two
different quasi-crystalline alloys, one for each half-plane. The two materials are attached along
a planar coherent interface where there is a semi-infinite crack C. Figure 3 describes the situation.
A frame of reference is chosen as in figure 3. It is attached at the crack tip and refers to material
axes; in particular, the x1-axis corresponds to a ‘plane’ of pentagonal symmetry for both the
quasicrystals on either side of the interface. Our attention is focused on the elastic behaviour in
linearized setting. Dissipation can occur only at the crack tip when it proceeds along the interface.

First, we consider the absence of phason self-action. In this case, we provide a closed-form
solution of the stress profiles around the crack tip when the crack margins are not loaded
and the bulk actions are neglected; the analysis is developed using Stroh formalism [27], a
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complex variable representation of balance equations in 2D linear elasticity. From an analytical
viewpoint, the bi-material character of the body implies a degenerate eigenvalue problem, which
requires modifications of the Stroh approach [28] (see also [29-31] for the way to tackle analytical
difficulties in the presence of bi-material bodies).

Then, we consider the presence of a conservative self-action and analyse the mechanical
response around the tip in mode I conditions, using finite elements. Comparison with the
analytical results shows qualitatively and quantitatively the incidence of the phason self-action
on the overall mechanical behaviour. Finally, we discuss the structure of configurational actions
at the crack tip along the interface.

Regarding notation, an interposed dot is used for the scalar product between elements
of a linear space, whatever its nature. A superposed dot denotes the time derivative, while
the superscript T indicates standard transposition. For simplicity, we refer all analyses to
orthonormal frames of reference, so that we do not distinguish between covariant and
contravariant components of the linear operators, that is, between vectors and covectors.

2. A summary of the mechanics of quasicrystals in long-wavelength
approximation

(a) Displacement and phason fields

Consider two identical copies of the 3D real space, say R> and R3; the former is a reference
space, the latter is the physical space. In R3, we select a reference configuration B, which is an
open, bounded, connected set with surface-like boundary oriented by the outward unit normal
to within a finite number of corners and edges. With x we indicate a generic point in B. Deformed
configurations at every time f € R are determined in the physical space R? by deformations that
are one-to-one, orientation preserving, differentiable maps:

(x, t) —> y:=1j(x,t) e R,
The displacement field i is defined by
(xl t) U= ﬁ(x/ t) = g(xl t) - [(X),

where ¢ : R® —> R3 is the identification map between R3 and R3. The condition ||Du|| <<1 at

any x and t, where || - || is the Frobenius norm, characterizes the small strain setting to which we
refer our analyses, so that we can avoid distinguishing between reference, 55, and current y(53, t)
configurations.

A differentiable vector field

(x, 1) — v(x, t) e R®

describes in time at every body point the phason degrees of freedom. We indicate by N the spatial
derivative Dv evaluated at x and t; R® is also isomorphic to R3. However, the two spaces are
considered to be distinguished as R% and R? (in essence, the three copies of the 3D real space are
analogous to the choice of three different coordinate systems in the same space).

Remark 2.1. Looking at quasi-periodic (atomic) lattices as the projection of a periodic higher-
dimensional lattice over an appropriate subspace implies considering the additional degrees
of freedom revealed by the Fourier analysis as observable entities. An observer—we know—is
defined by the assignment of frames of reference in all spaces adopted to describe the morphology
of a body and its motion. In what we discuss here, these spaces are RS, R3, R® and the time scale.
Consider two such observers, say O and ', and presume that they record the same reference
space R? and time scale while they are distinguished in the physical space R* and phason space
R3 by rigid-body motions. Thus, if y is the current placement of a material element as recorded
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by O, the transition O — O’ implies

y—y =w()+ Q)Y — yo),

where 1/ is the placement recorded by O’ while w(f) € R® and Q(f) € SO(3) depend smoothly on
time and yyp is a fixed point chosen arbitrarily. Consequently, u will change as 1+ ' =1o(t) —
(%) + Q) (y — yo) and the velocity i := dii(x, t)/dt as i — @/ =to(f) + Q(t)(y —10) + Q(t)u. Thus,
the pull-back of i/’ into the frame of reference that defines O is

u® = QT (i = c(t) +q(t) x (y — yo) + it,

where c(t) := QT (Hw(t) and q(t) is the axial vector of the skew-symmetric tensor QT (HQ(H). Since
the phason vector v is insensitive to rigid relative translations of the observers, for reasons already
recalled, in the phason space R3 the transition © —> O’ implies v+ V' =Q(f)v, so that the
velocity v :=di(x, t)/df changes as v +—> V' = Qv + Q(t)v. Its pull-back in the frame of reference
that defines O leads to

v°=QT () =q(t) x v.

These relations are expressed in Lagrangian representation because this has been the above choice
in defining motions. They have the obvious analogous counterparts in the Eulerian representation
of the velocities.

(b) Interactions and their balance equations

Bulk and contact actions perform power in the displacement time rate. The former are subdivided
into non-inertial (b) and inertial (b™) components; the latter component is such that b = —pii,
where p is the density of mass, presumed here to be constant. Since we restrict our analysis to the
small strain regime, we do not distinguish the reference configuration B from the current one, that
is, (B, t). Thus, we avoid distinguishing between the acceleration ii from its Eulerian counterpart
and will continue to write x as a space variable. In this setting, the Cauchy stress tensor o and
the first Piola—Kirchhoff stress P coincide up to leading-order terms and the same holds for the
relation between non-inertial bulk actions in Lagrangian and Eulerian representations.

Phason actions perform power in the time rate of v. They are also distinguished into bulk and
contact families. In the former class, we exclude external bulk actions because no external fields
act directly on phasons and we record only three sound-like branches in experiments [32], so
that we exclude phason inertia, while we include a phason self-action (¢) that is not postulated;
rather its existence is derived (see [11] for the proof). Contact phason actions are represented by a
microstress (S), also called phason stress. Pertinent balance equations are as follows:

dive + b = pii,
divS =¢
and skew(e +v® ¢ +STVy)=0,

where skew(-) indicates the skew-symmetric part of its argument.

Remark 2.2. The validity of the previous system of balance equations is based on a proof
provided in [11] (see also [20,33]). We sketch here essential aspects of it. To this aim, it is expedient
to make an excursion in the large strain regime. We refer to a reference configuration B that is a
fit region in the standard sense. Then, we can pass to an exterior domain progressively enlarging
B in a sequence and computing a limit in a procedure such that the results obtained hold at every
step of the sequence. Take an arbitrary subset b of B that is still, as 3, a bounded, open, connected
set with surface-like boundary db oriented by the outward unit normal n to within a finite number
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of corners and edges. Dividing as usual the external actions exerted on b into bulk and contact
families, their power Pg"t is formally given by

P, v) == /b(b}t{ “u+fr-v)dx + /ab(ta i+ Ty - 0)dH2(x),

where dH?(x) is the area measure; the referential vector of body forces bﬁ is such that bﬁ =b+
b"; fr is a formal external phason bulk action; tj is the standard traction and 5 is a phason contact
action—the contact actions depend on x, t and the boundary db, as indicated by the subscript .
We require objectivity of the external power. Formally, the requirement is Pg*(iz, v) = PgX(it°, v°)
for any choice of b and the vectors ¢(f) and 4(f) in the expressions of #° and ¥° in remark 2.1.
Integral balances of actions are immediate consequences; they are the standard integral balance
of forces:

/ bl dx + / ty dH2(x),
b ob

and a non-standard integral balance of couples:
[ @0 x vk +vxeeidss [ (- x+ ) ).

Common assumptions of boundedness of ||b§cz || and regularity of t(-,t) imply the Cauchy
theorem, that is, the validity of the relations t;(x, t) = t(x, t, n) = —t(x, t, —n) = P(x, t)n, where P is,
as already mentioned, the first Piola—Kirchhoff stress. When P(., ) is CY(B) N C(B), the overbar
denoting set closure, the local balance of forces in terms of P follows. Also, since B is bounded,
we can choose 1/g in a way such that the boundedness of ||b£|| implies the one of ||(y — yo) x bli2 [l

Then, assuming that Hfﬁll is also bounded, with regularity assumptions on 7,(-,f) analogous
to those for tj(-, 1), a Cauchy theorem for 73 holds and leads to the existence of a microstress
Sr such that 7y(x, t) = 7(x,t,n) = —t(x,t, —n) = S (x, t)n. When Sg(-,t) € C}(B) N C(B) at every t,
there exists 3 such that for F:= Vu + I, with I the second-rank unit tensor (a shifter between the
reference and current spaces) and det F > 0, we have

divSg — 3 + fliz =0 and skew(PFT +v®j;+ SI—{VU).

As already mentioned, we set fr =0 because we have no evidence of external bulk direct actions
on the phason field, including inertial effects. The Eulerian counterparts of the remaining actions
in the above relations are

o =(detF)"'PFT, ¢=(detF) '3, S=(detF) 'SgF'.

Remark 2.3. Before the formal proof of existence in [11], the phason self-action was postulated
in [34] but only with dissipative nature, which leads to diffusion. Later, after the formal existence
proof, which is independent of constitutive choices, it does not exclude the possible presence of
a conservative component, and the phason self-action has been accepted [35] with its structure
potentially involving both conservative and dissipative components.

(c) Constitutive structures

As already mentioned, our analysis remains confined to the linearized elastic setting. Thus, we
attribute to o, S and ¢ only conservative nature and they are presumed to be given by an energy
of the type e =é(x, Vu, v, Vv), so that [10,11]

de de de
0'27, = -, C:—
oVu aVv v

In a small strain regime, the one considered here, we can assume a quadratic form for the energy,
that is,

2.1)

1 1 1
e(x, Vi, v, Vv) = E(<c(x)W) Vi + E(K(x)vU) -V + (K(x)'Vv) - Vi + Ea|u|2,
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where C, K and K’ are fourth-rank constitutive tensors and a is a positive constant; C is the
standard elastic tensor with major and minor symmetries; K’ describes the coupling between
gross deformation and phason field; K is peculiar of the phason degrees of freedom. These
constitutive tensors are constant in each half-plane considered; the constant values in the two
half-planes are different. Appropriate explicit structures of the constitutive tensors are given in
[6,11,36].

Remark 2.4. Another excursion in the large strain regime further clarifies the presence of v in
the list of entries of é(-). Consider an elastic energy density of the type

e=e(u,F,v,Vv).

Physics requires that e be objective, that is, the elastic energy density is insensitive to rigid-body
type changes of observers. According to the relations in remark 2.1, objectivity requires

e(u, F,v, Vv) =e(w + Qy — yo), F, Qv, QVv)

for every Q € SO(3) and w := ro(t) — ¢(x). The arbitrariness of tv implies that é(-) cannot depend on
u, while it can depend on v. Structures of the form

F'E v, (Vv)TVv) or eF'F,F 'y, Flvy)

are objective. Other choices are available.

(d) Two-dimensional ambient setting

We reduce our analyses to the 2D ambient setting. We thus consider the explicit expressions of
the constitutive tensors given in [36]. They are as follows:

Cija = Ao + n@Bixdjt + udjk),

Kijki = k1881 + k2(8i8k1 — Surdjx)
and Kijg =ks(8i1 — 8i2)(8ij8a — Sicdji + irdji)-
The indices take values 1 and 2. No summation over repeated indices is assumed in the last
equation; A and p are the standard Lamé constants; k1 and k, are associated only with the
inhomogeneity of v, that is, with Vv; k3 is a coupling coefficient.

We presume that é(-) is non-negative for any choice of Vu and Vv, with e=0 only for rigid
rotations. These conditions lead to the following limitations for the elastic constants:

An>0, kisky k2> (ke - 20 + ks

3. Analysis in the absence of phason self-action

For simplicity, in what follows, we exclude external non-inertial bulk actions; that is, we set b =0.

First, we consider the case in which ¢ = 0. Under this condition, the model structure reduces
to a higher-dimensional version of the traditional linearized elasticity of simple bodies. Thus, we
are able to provide a closed-form solution that can be adopted as a benchmark in more articulated
numerical analyses.

(@) Aformulation based on the Stroh formalism
In the plane, we fix a reference frame Ox1x. Set
u:=(u1, U, v1, v2).

During steady-state crack propagation along the xq-axis, the second time derivative of u can be
expressed as
i=cPuq,
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where c is the propagation speed and the comma denotes differentiation with respect to the space
components indicated by the indices after the comma itself.
Set also
s:=(011,021,811,821) and  t:= (012,022, S12, S22).

The constitutive relations can be rewritten as

(=L )

where
2u+ir 0 ks O 0 A 0 ks
0= 0 uw 0 k3 Re | A 0 —k3 O
k3 0 ki 0] 0 —ks 0 ko
0 ks 0 Kk ks 0 -k O

and
" 0 —ks 0
T— 0 2u+r 0 —k3

—k3 0 kq 0
0 —k3 0 k1

Thus, under steady-state conditions, the balance equation is
$1+ta=pc?Duyy,

where D =diag(1, 1,0, 0). Equivalently, we can write

U GIR+RT) Qg fur) _ (O
up Y —I 00 uo —\0)’ 31
A 2

where | is the identity in M4, the space of 4 x 4 real matrices, and Qy =Q — pc2D. The properties
of the 8 x 8 coefficient matrix in equation (3.1) have been analysed in [28]. We adopt a change of
variable u — g provided by the generalized eigenvectors of this matrix and given by

ui) [E E|[9) _ Eg
(-6 =4

where the overbar denotes complex conjugation, g is a four-dimensional vector,

r m? 2 0 200+ ) + pv? ]
1 —m% 2 dx(n+ )
2 2
m 20 _
i P 0 (A +p) —pv
1—m2 4x(A +p)
E:=
' 4 —3m? (pv?)?
XL —xa-md) 1 - S
1—m2 2 8xks(r + 1)
4 — 3m?
—ix(d—md) —iy———% i -1
2
L 1 —mj3 i
and )
B . . 2004 ) + pv= 7]
2 2 2
im im5,/1—m o —F
1 A PG
20+ pn) —pv
2/ 2 2
—mi,/1—m —m 0 i————
P 1 1 2 dx(tpw) |,

2)2
i —3m?)  —ivd—mD) 12 i )T
ix(4—3mj) ix(4 —m3) my i Sxka(i+ 1)

x4 —nd) 1 —m? X (& —3m2) 1 0 |
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with 7 the imaginary unit and

X=
The scalars
2 2 2 2
c c c c
m% - - and m% =7 =
2u+r—xks of w—xks  cg

are the Mach numbers, with ¢; and cg the longitudinal and shear wave speeds, respectively. We
consider only subsonic crack propagation occurring for values of the crack-tip speed c¢ smaller

than the lower wave speed of the two materials.
Owing to the structure of E and F, we have
E[[W+N O
F 0 WHN|’

Q' R+RT) QT |E
I 0 ||F

where N is the nilpotent matrix

- m

-l mi
| |
Il

0 0 0 O
0 0 0 O
“=lo 0 0 1 (3:3)
0 0 0 O
and
W= diag(a)l, Wy, w3, w3),
with
i i .
W =——, W= w3=|
1-— m% 1-— m%
and N2 =0. Inserting equation (3.2) into equation (3.1), we obtain
91+ W+N)g2=0, (34)

and its complex conjugate. A general solution to the differential system equation (3.4) has the
form

9=4(2) — 5 M), (35)

where the prime indicates differentiation with respect to the argument of the function considered,
and q(z) is a four-dimensional vector with components qx(zy), where

Ze=x1+ix/1—m?, k=1,2,3,4,

with m3 =my =0, so that z3 =z4 =x1 + ixp. Once q and ¢ have been determined, by considering
the boundary conditions of the specific problem at hands, we get

u1=2Re[fg] and t=2Re[Hg],

where
H=RTE 4+ TF.

(b) Aninterface crack between two different quasicrystals

Consider two distinct planar quasi-crystalline materials joined along a straight line that we
identify with the xq-axis, indicated below simply by x for conciseness because x, does not
explicitly enter into the derived expressions. The origin of the coordinate system is placed at
the crack tip (figure 2).

The index [ =, II distinguishes the two quasicrystals in the following analyses. We choose [ =1
to indicate the upper half-plane, while [ =II refers to the lower half-plane.

80905207 281 Y 205§ 204g edsy/jeuinof/iobuysiigndiaaposiefos



QCI

X2

Figure 2. Geometry of the problem considered.

We indicate by f; the analytic vector function

i
fi=a() - 52Nq), (3.6)
which coincides with g; = h;(z) — éZNh;(z), for Im[z] = 0. Then, we have
U = Efy(x) + Efi(x) (3.7)

and
t = Hify(x) + Hify(x), (3.8)

with x real; from now on, we simply write x instead of x; for conciseness.
At the interface, we have

u(@) =up(x), @) =tgx), forx>0 (3.9)

and
ti(x) =ty(x) =0, forx <D0. (3.10)

Using equation (3.8), the stress continuity at the interface also reads as
Hifr(x) — Hirfir (x) = Hfin(x) — Hify (). (3.11)

Thus, both sides of equation (3.11) must coincide with the same entire function, say p, depending
on z, such that

fir(x) =y (Hifi(2) — p(z)) and fi(z) =Py (Hufu(2) — p(2))- (3.12)

Since the tractions are assumed to be finite at large distance from the crack tip, the functions f
and fiy must be bounded as |z| — +o00. Thus, the function p must be constant by the Liouville
theorem and we indicate the constant value again with p.

Let d be the jump of u at the interface, defined by

d(x) :==ut(x) — u (%),
where u™ and u™ are the upper and lower limits of u at the interface. We have
d'(x) = (EIHI_ 1o Ellﬁﬁl) Hifi(x) — (EHHﬁl — EHp 1) Hirfr (x) — (EIHI_ ' EHHI_Il) p. (3.13)
Set Yy :=iErH; " and Yy := ifgHy; ' We define Z as
Z:=V+ V1.

The matrices Y1, Yj and Z are Hermitian for subsonic crack-tip speed, as shown in [28], so that
Z=2".Thus, the expression equation (3.13) can be rewritten as

id (x) = ZHif (x) — ZHif(x) + (1 + Y)p. (3.14)
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The interface condition equation (3.9); implies d’(x) = 0 for x > 0; so, from equation (3.14), always
for x > 0, we get

ZHifr(x) = ZHyfu(x) + (Y1 + Y)p.

Thus, we can introduce an analytic vector function h supported on the whole complex plane but
the crack (Im[z] = 0 and Re[z] < 0) and defined by

minus instead of plus
Hifi(z), for Im[z] > 0,

h(z) = ” — A 3.15
@ Z~Y(ZHufi(z) + (Yu & Y)p),  for Im[z] < 0. (3.15)

Using equations (3.12) and (3.15), from equation (3.8) we obtain
(@) =h* @) + 271 (Zh™ (@) = (fn + Yimp), (3.16)

where the superscript ‘+" denotes the restriction of h to the half-plane Im[z] >0, and the
superscript ‘—’ refers to the lower half-plane. Moreover, equation (3.14) becomes

id' (x) = Z[hT — h ™ ](x).
In terms of h, the traction free condition along the crack margins reads
Zht(x) 4+ Zh=(x) = (Y + Yp)p, for x <O. (3.17)
So, h satisfies a Riemann-Hilbert problem. A special solution is
h@) = (Z +2)~ (i + Ym)p.
In particular, we presume for h the following structure:
h(z) =z%w,
where w is a constant four-dimensional vector and « is a complex number with
—1 <Rel[a] <0.

Both w and o need to be determined. Therefore, the assumed expression for h(z) admits the
following limits in both sides of the negative real axis, that is, for z = —x exp(%in):

hE (x) = (—x)® exp(Eima)w, forx <0.
Insertion of such an expression into equation (3.17) yields
(Z + exp(—i2ma)Z)w =0, (3.18)

which is an eigenvalue problem. For subsonic crack-tip speed, the matrix Z is Hermitian, as
proven in [28]. Thus, it can be written as

Z=D+iW,

where D is symmetric and W is skew-symmetric; both matrices have real entries. Then,
equation (3.18) becomes

(D~'W +ilw=0,
where | has been already introduced and
B=—icotma. (3.19)

In particular, since W is of even order and skew-symmetric, we have detW > 0. In the specific
case considered here, we also have detW « 1. The eigenvalues § are roots of the characteristic
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equation
det(D™'W +iBl) =0,
that is,
Bt —2bB% +c=0, (3.20)
with

1 2 detW
b.——ztl‘((WD ) ) and c:= @.

Thus, if D is positive definite, owing to the already recalled properties of W, we have b > 0. The
roots of equation (3.20) are thus

pr=—\Vb—vVP2—c,  pr=—\b+ VP2 —c

Bs=—-PB1, Ba=—-p.

For subsonic crack propagation, we have 0 <c <b, so that 0 < || <1, k=1,2,3,4. Also, since
—1 < Re[ag] <0, from equation (3.19) we obtain

1 Br—1
_7.11171
2wi B+ 1

The oxs are complex conjugate, that is, o3 = @1 and a4 = @;. Since in the considered conditions
0 < |Bk| <1, as recalled above, we find

and

A =

k=1,2,3,4.

1 1
o1 = —5 =+ i)/l and oy = _E + iVZI (321)
where
1 1+m 1 1+b+VB2—c
yp=—Ihnh——— and p=—Mn—"F—"-—-——

-V S N Y-

are real positive numbers: they are the oscillation indices of the displacement and phason fields.
The corresponding eigenvectors are complex conjugate pairs: if w; and wy correspond to o1 and
oy, their conjugate counterparts w; and W, are determined by a3 =@ and ay = @y, respectively.
Then, from equations (3.18) and (3.21), we obtain

Zw; = exp(2ry;)Zw; and Zw; = exp(—2my))Zw;, i=1,2.

Equation (3.18) and the Hermitian character of the matrix Z imply that the eigenvectors must
satisfy the orthogonality conditions

W« Zw =Wj - Zw =W; - Zg =W; - Zw =0, for Im[e;] £0, i,k=1,2, (3.22)
and
\7\/]' . ZWk =Wj . Zwk =W]' . ZWk =W]' . ZWk =0, for i#k, j,k: 1,2. (3.23)
Then, the singular solution of the Riemann-Hilbert problem equation (3.18) is
2
h(z) =) (rezw + sez% W) + D™ 'Re(Yip)p, (3.24)
k=1

where r; and s are undetermined complex constants. Since the traction tj(x) in equation (3.16)
must be real along the interface at x > 0, as stated previously, we have

2

ti(x) = Z(rkx“k(l — exp(—i2may))wi + ?kx&k(l — exp(—i2m ay))Wi) (3.25)
k=1

and
s = —exp(—i2may)ry, i=1,2.

Notice that the vector p does not affect the expression of tj.
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On the basis of an analysis of interfacial cracks in simple elastic materials, as discussed in
[37,38], we consider two complex stress intensity factors, K1 = Ky + iKj and K = Ty + iTy, where
Ki and Kjj are the stress intensity factors of the standard stress o while Tt and T7y are those of the
phason stress S. The factors K; and Kj are such that

Ky

= , k=12
(1 — exp(2w o))/ 2m
Thus, from equation (3.24) we get
2
1 Kjez% Kz .
h(z) = D™ Re[Yyr]p. 3.26
@ V27 1; (1 - exp(imek) 1 — exp(zZnak) ) + elYulp (3.26)
The vector t; can be thus written as
1 & o 1 & , o
t(x) = —— Z(ka“kwk + Kipx®wg) = —— Z(ka”’kwk + Kpx ™y, (3.27)
V21 py 21 Py
for x > 0, and we also have
2 - — —
d'(x)= Z (—x)%i exp(—imoy)KeZwy + (—x)**i exp(—im o) Ky Zwy)
k=
2
\/7 Z(( — )7 exp( yi) K Zwg + (—x)7* exp(—m i) K Zig), (3.28)

for x <0. Both standard (phonon) and phason stresses display square-root singularity and
oscillatory behaviour in front of the crack tip, unless both y; and y» are vanishing small.
By integrating d’(x), we obtain

o [ (=)™ Kgowg (=)~ Ky
W=+ Z)\/; ;((1 + 2iyx) cosh wy + (1 — 2iyy) cosh 7y ) (3:29)

for x < 0. Moreover, since N2 =0, from equations (3.6), (3.15) and (3.3) we obtain a representation
vector g introduced in equation (3.5), given by

9@ =) + 5 - D@, 1=LIL (3.30)

where
fi(z) =H'h(z) and fi(z) =Hy'Z~1Zh(2). (3.31)

Introduction of equation (3.30) into equation (3.2) furnishes the expression of # and v over the
whole plane.

(<) Enerqgy release rate

We adopt an expression for the energy release rate G that is a direct extension to the description of
quasicrystals of the one proposed in [39]. It is given by
1 [ .
g:= tim o ["1(- 6)-d-)ds,
A—0 0
where A is an arbitrary length scale. At first glance, one could believe that the reason of our choice
is that, in the limit of vanishing phason self-action, the elasticity of quasicrystals is essentially
standard elasticity in a space with dimension higher than the ambient one. However, there is
a more subtle reason: if we look at the general analysis of configurational actions on cracks in
complex media, as quasicrystals are, we realize that the energy release rate at a crack tip into a
complex materials does not include directly the self-action (proofs are in [40,41]). The self-action has
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only an indirect influence because it appears in the balance of micro-actions (here they are the
phason ones), so the solutions take it into account.
By using equations (3.28) and (3.29), thanks to equations (3.22) and (3.23), we write

2 -
1 KKy _ -
=22 — W (Z+ 2w,
4 ]; cosh? Vi
after using the identity
/ (A _ ),yk —in de _m 1=2iy
~ 2 cosh Ty

and its conjugate [31,37]. Also, if we introduce a convenient normalization that prescribes
W - Dwp =1,
as suggested in [42], the energy release rate reduces to
1 KK
G=3> %k

2
2 = cosh® my,

The two complex stress intensity factors depend on the normalization condition.

(d) Non-oscillatory fields

Consider the case in which Z is a real matrix. Equation (3.17) reduces to
ht(x)+h~(x)=0, forx<0,

which admits the following normalized solution:

1
h(z) = k,
@ 2/2mz

where k is the vector

k= (Kir, K1, T1r, T1).

Thus, along the crack we have

tr= k, forx>0
2wz
and
—i
id' (—x) = Zk, forx <O.
(=) N —2mz

By integration, we obtain

d(—x) =2,/ 7k forx <0.
2w

Then, the energy release rate reduces to

G=—-k- Zk
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Figure 3. Variations of the oscillation indices )4 and y», with the ratio m; between the crack-tip speed and the shear wave
speed for material I.

(e) Aspecial concrete case

We adopt the following values for the constitutive coefficients [43,44]:
M =85GPa, u;=65GPa, kjj=84MPa, ky=36MPa, k3 =408MPa,
ram=749GPa, puyp=724GPa, kin=125GPa, kog=—50GPa,
ks =951 GPa.

The values of the coupling parameter k3 correspond to x1 = k31 /k11 = 4.85 and xy1 = kap1/kin =7.61.
The experimental determination of the coupling parameter k3 is uncertain, owing to the different
order of magnitude between the amplitudes of phason and phonon fields.

The Rayleigh wave speeds for the two materials are given by the condition detH, =0 (for
n =1,1I) and correspond to rmjy; = 0.920 and 1 = 0.917, respectively.

The variations of oscillation indices y; and y» with the crack speed are shown in figure 3. The
level sets of phonon and phason stress components are shown in figure 4. They refer to the crack-
tip speed o1 =v/cs1 = 0.6 and to any loading that determine the energy release rate defined at
page 14 and stress intensity factors K; =i and K, = 0.1i. The distributions of the standard stress
fields are similar to those obtained for an interface crack propagating in classical elastic bi-material
and display singular oscillatory behaviour very near to the crack tip. The phason stress field also
displays a similar behaviour near the crack tip, even if its magnitude is much smaller than that of
the standard stress. Figure 5 depicts the scenario in mode I conditions.

Eventually, figure 6 shows the way in which the determinant of D varies as the ratio myg
increases. Figures 3—-6—we repeat—refer to the closed-form solution in the case £ =0.

4. Analysis including the phason self-action

The same path is difficult to follow in the presence of a phason self-action. From a purely formal
viewpoint, when ¢ # 0 even in the simplest linear case, we shift from a problem of the type Aw =0
to Aw = aw, with some vector field w and scalar «; so, it is hard to directly apply Stroh formalism.
In any case, beyond questions of convenience in the development of formal analyses, since the
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Figure 5. Distribution of the phason and phonon displacements near the tip for a speed equal to my = v /cs = 0.6 and the
complex stress intensity factors K, = i and K, = 0.1i.

derivation of the balance equations for quasicrystals does not exclude the presence of a phason
self-action, we need to account for it and to compare results with the case discussed above. Itself,
the comparison with direct experiments based on the evaluation of the stress distribution on a bi-
material plate which can indicate whether the particular constitutive choice to consider phasonic
self-action null has a universal character or not.
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Figure 6. Variation of 1/det D versus the ratio my between crack tip and shear wave speeds for material I.

We perform the analysis using standard finite elements and refer to statics; indeed, our aim is
just to check the influence of £ on ¢ and S around the crack tip.

(a) Boundary conditions \cup

We partition t\ﬁg %oundary 9B into hNE)C%%irs of disjoin\tcgepts. Specifically, we choose 08 =9dB" A
aBt, with 8% 8 aBt =@ and a8 =93B" A 3BT, with IB” ¥ BT =¢; dB* and B’ are the parts of
the boundary where essential boundary conditions are prescribed, and 33 and 357 are those
where natural boundary conditions are assigned. Formally, possible boundary conditions are as
follows:

and Sn=1t, xedBt,

where il and  are prescribed vectors of phonon and phason degrees of freedom, respectively,
and 7 are prescribed phonon and phason tractions, respectively, and 7 is the unit vector normal
to dB. Indeed, the only reasonable choices for b and 7 at the external boundary are null, that is,

p=0 ondB' and 7T=0 ondB,

because v refers to degrees of freedom that are inside the material elements at continuum scale
and we neither know nor imagine any loading device able to act directly on v through the body
boundary.

(b) Finite-element discretization

We start from the weak form of the balance equations involving test fields §u and §v which belong
to H(B), that is, they admit weak derivatives that are square integrable, and vanish at the body
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boundary. With t = o1 and © = Sn, where 1 is the outward unit normal to any oriented surface in
B, for any finite element b in 3, we have

/V(Su-adx+fV8v~8dx+/8v-§dx=/ (Su-tdﬁ—i—/ Sv-tde, (4.1)
b b b ab ab

where d¢ is the line measure.

The matrix notation used for the computations is given below. Displacement and phason
degrees of freedom, their spatial derivatives, the relevant stresses and body forces are collected in
the following vectors:

w=lu] =[]

o1u1 a1V
32111 321)1
Du= , Dv=
v d1u? Y a1 v
dputp dv2
o11 S11
. | o1 s | S t 7 by
and o= , S= , t= , T= , b=
021 Sa1 |:’t2:| |:T2:| |:b2:|
(%) S
Also, we have
| [c K][pu
S| |KT K||Dv]|
where
Adt2u 0 0 A
_ 0 [T 0
€= 0 [T 0
A0 0 Ad2u
and
k3 0 0 ks kq 0 0 k
0 —ks k3 0 0 ki -k 0
K = K=
0 —k3 k3 0 ! 0 _k2 kl 0
—k3 0 0 —k3 krh 0 0 K

Some points (finite in number) of BB represent the integration nodes, where both displacement
and phason degrees of freedom are controlled. The nodal values of the basic fields are collected
in the vectors U and V, respectively, and the interpolations

u(x)=Ny(x)U and v(x)=N,x)V

hold, where N, and N, are the matrixes of shape functions for the displacement and the phason
degrees of freedom. We choose also the test fields in equation (4.1) to be such that

Sdu(x) =Ny (x)sU and 8v(x) =N, (x)§V.

With these notations, the virtual power identity equation (4.1), referred to a finite element b,

reads
Kmt Kuv 8} — Fll
K, K,+Al|lV F,|’

80905207 281 Y 205§ 204g edsy/jeuinof/iobuysiigndiaaposiefos



a8 HHH )

06

0.4

02t H 4

021

04 -

-06

08

L I I
-1 0.5 [1] 05 1

Figure 7. Mesh with quadrilateral elements (specimen size: 2m x 2m); the red element is the 5020th, where the internal
power and the tangent matrix computed with Voigt's and intrinsic approaches have been compared, finding that they coincide.

where
Ku= [ (ONTCON) dx, K= [ (ON)TK (DN, d,
K,, = /b (DN,)'K(DN,)dx, A= /b NlaN, dx
and F,= / Nltde, F,= [ Nlzde.
ab ab

At the external boundary, it is natural to assume F,, = 0 while, inside the body, the phason traction
is continuous at the finite-element interface.

We use standard quadrilateral elements with linear shape functions for both displacement and
phason fields. The mesh, selected on a 2m x 2m specimen, is shown in figure 7. We refer to a
standard finite-element approach because our focus is not on numerical methods, but rather on
the will to explore differences in behaviour described by a scheme in which we foresee a phason
self-action, although only with a conservative character, with respect to an analogous scheme
in which the phason self-action is left out with a convenient reduction to standard elasticity,
although in a higher-dimensional ambient setting. The above formulation in terms of Voigt’s
notation has been complemented by a parallel intrinsic approach for comparison. We report
here only the numerical results obtained in terms of Voigt’s notation. Convergence is achieved
in a single iteration: in terms of norms, we move from 107! to 10713 in one step. A uniformly
distributed traction of 1 N'm~! is imposed at the top and bottom of the specimen in figure 7; they
determine mode I conditions.

Figure 8 shows the maps of the standard vector norms [|u|| and ||v||; material parameters are
those in §3e; the parameter determining the self-action ¢, that is, g, is taken to be equal to 1N m4.
Figure 9 shows the isostress lines for the stress components 022, 012, Sx2 and Sy». Differences with
figure 4 are evident: ¢ increases the natural lack of symmetry around the crack, induced by the
different nature of the materials on the two sides of the crack itself. For higher values of the self-
action, the phason degrees of freedom are more and more frozen. We show in figures 10 and 11
the counterparts of figures 8 and 9 fora=2- 102 N'm™.
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Figure 9. Standard and phason stress levels (isolines) under mode I loading conditions when a = 1N m~* (specimen size:

2m X 2m).

5. Configurational forces at the crack tip

A general theory concerning the analysis of configurational forces on cracks in general complex
bodies under large strains was presented in [40,41]. The structures of the emerging laws are
irrespective of the specific nature of the microstructure, provided that they are represented by
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Figure 11. Standard and phason stress levels (isolines) under mode | loading conditions when a = 2 - 10 N m~* (specimen
size:2m x 2m).

phase fields (intended as descriptors of the material morphology on low spatial scales) that
take values on spaces endowed at least with the geometric structure of a geodesic complete
Riemannian manifold. Of course, R? considered here has this geometric structure. Thus, we take
from [41] essential conceptual elements derived there, reducing them to the small strain regime
considered here.



For simplicity, we do not account for peculiar tip free energy; we merely consider the value ¢
of the surface energy density at the tip.

Consider a disc Dy with radius r, centred at the tip, with contour y. We indicate by n the
outward unit normal to y in the plane and by 7 its value parallel to the bi-material interface which,
we recall, is planar. In the small strain setting considered here, the balance of configurational
actions at the tip is given by

J—b=gup i,
where gyjp, is a configurational force on the tip while | is the version of J-integral that is appropriate
for the present setting. It is given by

- 1 .
Ji=1- }%/A(P—F 5,o|u — I+ VH)Vtip|2)7’l da,
v

where vy is the tip velocity with structure vy, = Viipit, with Vi a positive scalar and
P=vyl—(Vu) o —(Vv)'S

is the Hamilton—Eshelby stress; da is the area measure (the superscript T indicates transposition).
The tensor P satisfies in the bulk the local balance

divP — ([ + Vu) " (b — pil) — dee + =0,

where 9, indicates explicit derivative with respect to x, computed maintaining fixed all the state
variables. The vector f is a bulk configurational force that is undetermined in the circumstance
discussed here; we can set it equal to zero in the absence of material bond breaking outside the
interface considered. Let m be the unit normal to the planar interface considered. Concerning the
frame of reference in figure 2, m coincides with the unit vector of the x-axis. We indicate by P*
and P~ the limit values at the interface computed from the positive and negative orientation of
m, respectively. As usual we denote by [P] the jump P — P~. Since the interface is planar, along
it we have
m-[Plm=0 and #n-[Plm=0,

(see proofs in [41]).

Assume that the interface is weaker that the surrounding medium. Write w for its strength,
which we may assume to be constant imagining that the two half-planes are uniformly glued.
According to a terminology adopted in [45], we say that g;p is subcritical, critical or supercritical
when, respectively,

gtip‘ﬁ<w/ gtip‘ﬁ:w/ gtip‘fl>w-

In this last case, we have evolution and the tip configurational balance becomes
] - ¢ = ,@Vtip/
with § is a positive constant.

In the setting sketched above, when inertia is absent and no bulk standard forces occur, since
the interface is planar, the J-integral is path independent.

6. Concluding remarks

We have discussed the behaviour of cracks along planar interfaces between quasi-crystalline
alloys in the small strain regime and with linear elasticity. When we neglect the phason self-action,
we are able to furnish a closed-form solution under conditions of subsonic crack propagation.
However, by finite-element analyses, we realize that the phason self-action can significantly alter
the distributions of standard and phason stresses around the tip, although the self-action itself
does not directly appear in the J-integral. Considering or avoiding the phason self-action in the
elasticity of quasicrystals affects first and foremost qualitatively the stress distribution.

The techniques used in the present analysis can be adopted in other multi-field descriptions of
bodies with different ‘active’ microstructures.
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